I'maBa 1
IIpubnunkenne byHKIUA 1 MTHTEPIOJIAINSA

§1. PaBHoMepHOoe npubsim>kenue yukiuii. [Tostmaombr Yebbinena.

W en npubsimzkenns HYHKIUN TPOHU3BIBAIOT BCIO BHIYUCIUTEIBHYIO MATEMATHKY.

SBajaga TpUOIMKEHUST COCTOUT B TOM, UTO JIJIsd 3aJIAHHOM (DYHKIIUU MBI HUIeM OJn3-
KYI0 K Heit 6oiee mpocTyio. Bosnukaer jBa Borpoca: Kakue (DyHKIUNA CIUTATh TPOCTBIMU
1 9TO 3HAYUT 6JIN30CTh (PyHKIHIT. Y T0 KacaeTcs mepBoro BOIpoca, TO MbI OYIeM paccMaT-
pUBATH B OCHOBHOM TpUOJIMKeHue (PYHKIUI MoInHoOMaMu. Bimm3ocTh hyHKIN MBI Oy1em
MOHUMATH KaK PABHOMEPHYIO OJIN30CTD.

[Hosicamm, aTo 910 3HAYNT. MHOXKECTBO BenecTBEHHBIX (DYHKIUI, 33/ IAHHBIX U HEIlpe-
PBIBHBIX Ha IPOMEXKYTKE [a, b], oboznaunm gepe3 C' = Cla, b|*, u kaxnoit pynknun f € C
conocrapuM uncio || f|| = [|f|lc = max,ep | f(x)|, nassBaemoe nopmoit dynxkmun f (B
npocrpancrse C'). OTMETHM OYEBUIHBIE CBOWCTBA HOPMBIL:

(1) Hna moboit bynknmn f € C' ||f|| > 0 u ||f|| = 0 B Tom 1 TOIBKO B TOM CiIydae,
eci f TOXKJIECTBEHHO paBHA HYJIIO.

(2) Hng moboit dyakmuu f € C' 1 JI000ro BEIMIECTBEHHOTO YHC/IA (v BBITOJIHAETCSI
pasencrso [l f| = |af | £]|

(3) Hutst srobbix dyukimii f,g € C' BBINOIHSIETCS TaK HA3BIBAEMOE HEPABEHCTBO TPe-
yromeauka: [|f + gl < [Lf]| + llgll-

U3 cpoitcrBa (3) cienyer, uro jyist a06bix dbyukmuit f,g € C' BBITOTHSIETCS] HEPABEH-
creo ||| f] = llgll } < ||f = gl|. AeitcrBurensho, cunras s oupenenaenuoctu || f|| > ||g]l,
mveeM || f[ =g+ (f =gl < If —gll + llgl-

[Iycrs mana nocienoBarenbHocts dyuknuii { f, } € C. Coornorrenne || f,, — f|| — 0
(KOTOpOEe eCcTeCTBEHHO HAa3bIBATH CXOJMMOCTHIO 110 HOpMe B (') 03HAYaeT PABHOMEDHYIO
cxopuMocThb nocaenosarensaoctu { f, } k f.

Beenem obosnauenne: P, = { P,} — MHOKeCTBO BCeX MOJIMHOMOB CTEIIEHU He BBIIIE 7.

B TtepmuHax HOpMBI M3BeCTHasI U3 Kypca aHaau3a 1-s Teopema Beiteprirpacca Moxker
ObITH cHOPMYIUPOBAHA B BUJIE

Teopema (1-s teopema Beitepurrpacca). st jiro6oii ¢pyaknuu f € C mo Jobomy
e > 0 maiigyrcst takoe n u Takoii moymaom P, € P, uro ||f — P,|| < €.

Onpenenenne. Haurywwum npubsuscenuem dyaxmuu f € C' moTMHOMAMI CTEIIEHN
N HA3BIBACTCS UUCTIO

Eu(f) = inf |f = P,

[Mosmnom P, € P, HasbIBaeTCs NOAUHOMOM HAUAYHULE20 NPUbAUMICEHUA PYHKIUA [, ec/iu
Bameuanue 1. 910 onpesenenne u BeeieHHoe obo3Hadenue Bocxonar K 11.J1. Yebnimesy.
[eomerpuiecku HOpMy pasHocTH || f — B, || MOKHO mpesicTaBIsaTh cebe Kak pacCTOsTHUe

or f no P,, u rorna E,(f) — paccrosaue or f 10 MHOXKecTBa P, & OJIMHOM HAMITYIIIIErO
npubKenus — oymkaiimas Kk f “rouka” muoxkectBa P,.

*VYkaszaHue MpoMexyTKa [a, b], KOTJa U3 KOHTEKCTA SICHO, O KAKOM IIPOMEXKYTKE MJET PEUb, MbI, KaK
MIPaBWIO, OYJIEM OITyCKATh.



[* Bameganue 2. MuoxkecrBo mosmmHOMOB P,, MOXKHO paccMaTpuBaTh Kak MOJIPO-
cTpaHcTBO IpocTpancTsa C' pa3MepHOCTH N+ 1, 1 B 9TOM OTHOIIEHUH JIAHHOE OIIPe/Ie/IeHIe
JIOITyCKAeT IUPOKOoe 0DoOIeHne: MycTh F' — HOpMHPOBaHHOE TTpocTpaHcTBo u F, C F —
ero KonedHoMepHoe noanpocrpaucTso. Qs f € F uncino Ep, (f) = infy cp, ||f — fol| —
9TO HamIydinee IpubIuzKeHue sJeMeHTa f 3JeMeHTaMu II0AIpoCTpancTBa Fy,, 1 Tak Ke,
KaK BBIIIE, OIPEJIE/ISeTCs 3JIEMEHT HAUTYIIero npub/anzKenns. [eoMeTpuieck HauTy d-
mee npubsukenne Er (f) MOXKHO MpeICTaBIATh KaK PACCTOSHEE dJIeMeHTa, f 710 MOIpo-
crpaHcTBa Fy,, a 9JIeMEHT HaujIydniero npuonKeHus f, Kak OjvKaifmuilt K f s1emeHT
nojpocrpancTsa F, . ¥|

Teopema Beiteprrpacca o3nadaer, 9to s jaoboit pyakmun f € C npuw n — 00
BBITIOJIHsACTCs cooTHotmenue E,(f) — 0.

JlokarkeM CyIecTBOBaHUE TIOJTMHOMA HAWJIYYIIero npudnzkenus. Mbr OyieM paccmart-
puBarh nosuaoMm P, € P, Kak (QyHKIMIO HE TOJILKO apryMeHTa I, HO U ero Kodddu-
eHToB, u obo3Hadast depes A Bekrop A = (ag,ay,...,a,), mucars P, = P,(A,x) =
apt™ + ap 12" N+ -+ ag.

Jlemma 1. @yuknus n + 1 aprymenra F(A) = Flag,...,a,) = ||f — Pullc ects
HEIIpephIBHAS (DYHKIUS CBOUX apryMEHTOB.

Hoxkazarenncrso. [logoxkum ¢ = max{|al, |b|}. Torna, obosnauast BekTOp Hpupa-
meHnit apryMeHToB a; epes AA = (Aag, Aay, . .., Aa,) 1 npuMeHsist HepaBeHCTBO Kormm
- BynsikoBckoro, nmeem

n

IF(A+AA) — FA)| < | Aga|| <Y JAald < [ Aa2, | > e,
k=0 k=0 k=0

k=0

YTO ¥ JIOKA3bIBAET HEIpepbiBHOCTH Harnelt dyuknuun. W

JIlemma 2. CymectByer Takas nocrosaaas m > 0, 3aBucsamias JHUIIbL OT N U IPOMe-
JKyTKa |a, b, aro g moboro P, € P, (P, = ag+ -+ -+ a,2") BBIIOJIHSIETCS HEPABEHCTBO

n 1/2
|Pall = m Y a
k=0

Jloka3aTeJibCTBO 3TOI JIeMMBbI OYJET IOJIy9IeHO mo3aHee, B §1 raBbl 3, Kak CJie/i-
cTBHE OOJIee ODIIEro YTBEPZKICHUS.

[*3ameuanue 3. 1o Gosee 0b1IEe YTBEPKIEHUE €CTh TI0 CYIIECTBY U3BECTHASI TEO-
peMa O TOM, YTO B KOHEYHOMEPHOM IPOCTPAHCTBE BCE HOPMbI SKBUBAJIEHUTHLL. ¥|

Teopema 1. s jroboii pyakmuu f € Cla,b| cymecTByer moJHHOM HAHILYYIIETO
npubnkeans P, € P,,.

Hoxkaszarenbcrso. Tpebyercsa mokasars, 4ro HenpepbiBHas dyukims F'(A), onpe-
JleJICHHAs B JIeMMe 1, ocTuraeT cBoero Hammemnblnero 3uadenus. [lomoxum R = 2| f||/m
(m > 0 — gnciao u3 gemmsl 2). B mape S = { A } S a2 < R?} dynkuua F(A) noctu-
raeT CBOEro HAMMEHBINEro 3HaYeHUsl B HEKOTOPOiil Touke A* € Sk (T.K. Sk — 3aMKHYyTOE
orpaHmydeHHoe MHOXKecTBO). Eciun e A ¢ Sg, 10

F(A) = [If = Pa(A, ) Z [[Pa(A, ) = IFll > mB = |[f]] = [[f] = F(0) = F(A"),
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tak 9ro A* — Touka ryiobaspHOoro MuanMyMa. Ml

NzBectro, 9TO 11 1106011 HenpepbiBHOW GyuKIMN f € C' ee MOJMHOM HAWIYUIIEro
npubnzKenus B Kiacce P, e IMHCTBEHHDIH, HO 3TO YTBEPXKICHUE OCTABUM 0€3 I0KA3aTe b
cTBa.

PacemorpuM oy 9acTHyIO, HO OUeHb BayKHYIO 3ajady. Ha npomexyrtke [—1,1] s
dbyukim f(x) = z™ Tpebyercs MOCTPOUTH ee TIOJHHOM HAUTYYIINero MpUOJINZKEeHHsT CTe-
nean n — 1. Ecau nmommuaom QQ,_1 € P,_; pemraer mocraBieHHYIO 3aJa4y, TO HOJUHOM
P,(z) = 2" — Q,_1(x) ecTb mONMHOM cTeneH N cO crapmuM KoddbduimenTom 1, perra-
IOIIMIE 3aa9y: Cpeau BCEX MOJMHOMOB CTEIEHH 1 CO CTAPIIUM KoM MUIMEHTOM, PABHBIM
¢/IUMHUIE, HAWTH TOT, Il KOTOPOTo HOpMA || P, ||c[—1,1) MEHAMAJIbHA (3TH JBE 33141 K-
BuBaJsieHTHBI). [loJmHOM, peraornuii Bropyio 3aa4y, Ha3bIBAETCS NOAUHOMOM, HAUMEHEE
yrAOHAOUUMCS 0m HYyaA. OOpaTUMCs K PEIIeHUIO 3TON 3a/1a4u.

Omnpenenenne. [Tomuromom Yebblmesa crenenn n Ha3blBaeTCs (DYHKIMSA, 3a1aBae-
Mas Ha TpoMexyTke [—1, 1] dopmymoit

T, (z) = cos(n arccos x).

3 dopmyist cos(n + 2)§ = 2cosf cos(n + 1) — cos nf nmoacranoskoit § = arccos(z)
JIETKO TIOJTy9aeTCsA PEKYPPEHMHAA HOPMYAQ IJTsT MHOTOUIEHOB elbImena:

Tn+2(£) = 21’Tn+1(1’) - Tn(I),

koropast (yaurbiBas, uro To(z) = 1, Ti(x) = x) MO3BOJIAET JIETKO JTOKA3ATh METOJIOM WH-
aykiuu, 9ro T, () ecTh moauHOM creneHu n co crapumM koadgdunuentom (pu n > 1),
pasubiv 2!, TlepoHavabLHO 3a/IaHHbIE JIMIIL Ha TpoMesKyTke [—1, 1], mosmmomer He-
ObIIIEBA OIPEJIEIIEHDI, PA3YMEETCs, [T BCEX BEIECTBEHHBIX (MM JIayKe KOMILIEKCHBIX)
IpUYeM UX 3HAYCHHs B JIO0OH TOYKE MOXKHO BBIUUCJIATH C IOMOIIBIO YKA3aHHON PeKyp-
PEHTHOI (POPMYJIDI.

B mmpokoM cMmbIce nmoJuHOMaMu JeObleBa Ha3bIBAIOT TAKAKE MOJUHOMDI, OTIMYIAIO-
muecsi 0T T}, () MOCTOSTHHBIM HE PABHBIM HYJTIO MHOXKUTEJIEM.

Hemnocpencrsenno us onpegenennst scuo, 4ro |1, |cr-1,1) < 1, n jerko HaxojsaTcs
KOpHU ), nosmuoMa T, i Bce Te Toukn Yy € [—1, 1], B koTopsix |1, (yx)| =1 :

km (2k — )m
=cos— (k=0,...,n), xp=cos———— (k=1,...,n).
yo=cos .o T )
IIpu stom 1 > 21 > 29 > - -+ > x, > —1, IPyrux KOpHeii, KpoOMe Ty, TOJUHOM deObIIeBa
HE MMeeT, U Kpome Toro yo = 1 > y; > -+ > y, = —1, Tp(yx) = (=1)¥, Tak uro
|Tullof-1,9 = 1.

Teopema 2. HammeHnee yKJIOHSIIOIDUMCS OT HYyJISI sIBJISIeTCS TaK HA3bIBACMBIH npuee-
derrniii Maorowten Yebbimesa T, (x) = st T ().
JJokazaTelbCcTBO. ||Tn||c[_1,1} = 27D JlokaspBas TEOpeMy OT IIPOTHBHOTO,
MIPEJITOJIOZKIM, UTO Hallescd Takoi noymaoMm P, € P, co crapmum KoaddunmenTom, pas-
HEM eummTie, UTo || Py ||or-11y < 27V, Torma T, (yr) — Puly) = (—1)F2-=D — P, (yy),
U B 9TOil pasHOCTH yMEHBIIAEMOe 10 MOJYJIIO OOJIbIIe, YeM BBIYUTAEMOE, U IIOTOMY 3HAK
sToit pasHoctu ecth (—1)F. Taxk uTO Ha KOHIAX KazKJOrO MPOMEKYTKA [Yri1,Yr] (31eCh
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k=0,1,...,n — 1) noaunom T, n — P, nmpunuMaer 3HaYe€HUs TMPOTUBOIIOIOXKHBIX 3HAKOB
U IIOTOMY BHYTPHU TaKOI'O IMPOMEXKYTKa UMeET XOTs ObI OJUH KOPEHb, U 00Iee YUCI0 €ro
KopHeil He Menee n. Ho crenennb sToro mosmHoma He 6ojiee n — 1, U MOTOMY OH MOXKET
OBITH TOJILKO TOXKJICCTBEHHBIM HyJsieM, 9T0 HeBo3MOKHO. [l

YunuTeBasg YKa3aHHYIO BBIIIE CBA3b 33149l O MOJMHOME HauMeHee YKJIOHSIONEMCT OT
HYJIS ¢ 33J1a9eil 0 HaWIydIeM MpUOInyKeHnn (PyHKINN " TMOJNHOMAMH CTeleHn N — 1,
cpazy Ke IMoJIydaeM

Cnencrsue 1. /s npomeskytka [—1, 1] Bomosnsiercs pagenctso B, 1 (z") = 1/2771.

[Tosimrom YebblimmeBa sBJsieTcsi PElIeHreM U JIPYroil sKcTpeMasbHoil 3a1aun. Ilycrs
3aaHbl anciaa a u A, Takue 910 |a| > 1 A # 0.

Teopema 3. Cpenu Bcex moymuaomoB P, € P, takux uro P,(a) = A, HauMeHbIIyIO
mopmy B npocrpancrse C[—1, 1] umeer momaom YebbineBa, HOpMHPOBAHHBIH STHM yCJIO0-
uem: T (x) = AT, (z)/T,(a).

JokasarenbcTBo. 3aMeTnM Ipekje BCErO, UTO TaK KaK BCE KODHH IIOJIHHOMA
Heboimesa exar B uarepsasie (—1,1), To T,,(a) # 0. Ilycts nonunom P, € P, TakoB, 110
P,(a) = A. Joka3eiBast TeOpeMy OT IPOTUBHOTO, IIPEIIIOIOKNAM, 4TO IIpU Beex & € [—1, 1]
|Po(z)] < [|[Tx|lci=1, = |Al/|Tw(a)|. Torna, kak u mpu JOKa3aTeIbCTBE TEOPEMBbI 2, B
TouKax Yy 3HaKW pasHocreit T (yy) — P.(yx) wepenytorcs, w npu k = 0,1,...,n — 1
KaK/IBIl IPOMEXKYTOK (Yk41, Yk) COAECPIKAT XOTH OJUH KOpeHDb mnosunoma 1, — P, a Tak
KaK TOYKa T = ( TaKKe sIBJISIeTCs KOPHEM, TO 9TOT IIOJIMHOM CTEIIeHN He BBIIE 7 IMeeT
He Menee (n + 1) KopHeit, Tak 9TO HOIUHOMBI P, 1 1)" TOXKJECTBEHHBI, 9TO HEBO3MOKHO,
Tak Kak || B,| < [|7]. W

Caencrue 2. /s oboro nomnoma P, € P, B mroboii Touke a ¢ [—1, 1] BbrmosHs-
eTcsl OIICHKA,

[Pu(a)| < [To(a)l | Pallor-1.-

Hoxkazarenbcrso. [lonoxkus A = P,(a) n ucnosib3ys J0Ka3aHHYIO TEOPEMY, IMeeM

(A Twllopy _ [Pa(a)l
T (a)] T (a)|”

| Palle=1,1 =

9TO PaBHOCUJIBHO JOKa3bIBAEMOMY HEPABEHCTBY. |

[Ipu dopmyIMpOBKE U JIOKA3aTE/ILCTBE TECOPEM 2 U 3 UCKJIIOYUTEIbHYIO POJIb UTPaJl
npoMekyTok [—1, 1]. OqHaKo ¢ MOMOIIBIO JIMHEHHO 3aMeHbI IePEMEHHO 9T Pe3yJIbTaThl
JIETKO MOTYT OBITB IIEpEHECEHbI Ha CIydail JJI000ro Apyroro mpoMexkyTka. Tak, Halpumep,
IIOJTMHOMOM CTEIIeHU 7 CO CTAPIIIM KO3(p(DUIIMEHTOM, PABHBIM €IUHUIE, HAMMEHee YKJIO-
HSIIOIIUMCSL OT HyJ/Isd Ha HPOMEXKYTKe [a,b] (nmeromumM MuHEMAIBHYIO HOPMY || Py ||cas),
ABJAETCA TOJTMHOM "

b—a\" - [(2z—(a+Db)
P.(z) = T, | ———=
2 b—a
CdopmynupyeM ere OIMH TaCTHBIN CIydail MepeHeceHnsl TeOpeMbl 3 Ha JIPYTOi IpoMe-
JKYTOK. DTOT YaCTHBIH Clydail MOHAI00UTCS HAM HIXKe, B TJiaBe 3.
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CaenctBue 3. Ilycts 0 < m < M. Cpemn Bcex mosmaomoB P, € P, takux, 910
P,(0) = 1, manmennuryro HopMmy B nmpocrpanctse C[m, M| umeer nosmaOM*

Qn(z) = (=1)"T,

2z — (M +m) M+m
M —m /Tn M —m

CuresicTBUE 2 TIO3BOJIAET, 3HAS ONEHKY TonHoMa P, € P, Ha HEKOTOPOM ITPOMEKYTKE
[a, b], HOJTyYUTH OIEHKY €ro 3HaYeHUs B JHOOON JPYToil TOUKE.

B zakouenue naparpada chopmysimpyeM 0€3 J0Ka3aTeIbCTBA HEKOTOPBIE YTBEPXK Ie-
HUsl, KACAIOIINEeCsd HAWIYUIINX OJUHOMUAJILHBIX HpubsmKenuit. /lokazaTebecTBa 9TUX
yTBep2KieHuit Moxkuo Hajitu B kaurax M. I1. Hamancon wmu U. K. /layeasem [1].

Kak BujHO U3 j10Ka3aTe/ibcTBa TEOPEMbI 2, jijisd GyHKIUU £ U ee TMOJIUHOMA HAUJTY -
I11ero TPUOJINKEH s CTeeHn 1 — 1 HAIINCE Takue 1+ 1 TOUKE (9T0 TOUKH Y ), B KOTOPBIX
PA3HOCTDH MEKJy HUMH JOCTHTAaeT MaKCHMAJIbHOTO IO aOCOTIOTHON BeJIMUNHE 3HAYEHUS C
YepeIyIoNIUMUCS 3HaKaMu. DTo — obiiee siBjienue. Bepha

Teopewma I1./I.Yebnmmesa. Ilycrs f € C, P, € P,. s Toro arobsr P, 6bL1 1m0oHHO-
MOM HAHJIYdINero IpHOIIKEHAsT (PYHKIHA [, HEOOXOIUMO U JJOCTATOTHO CYIIIECTBOBAHHE
YeOVIUEBCKO20 AALMEPHAHCA: TAKHX TOTEK a < T < -+ < Tpio < b, 9TO

1) |f(zx) = Pa(zp)| = [|f = Bl

2) sign(f(zx) — Pu(xr)) = —sign(f(wps1) — Pal@i1))-

B Teopeme Beitepmirpacca HIYEro He TOBOPHUTCS O TOM, HACKOJBKO BEJIMKO HOJIZKHO
OBITH 7, YTOOBI HUMJIyUIIIee MPUOJIMKEHNE 38/ IaHHONl HeNPEepBIBHON (DYHKIUN OKa3aJ10Ch
MeHbIITe HeKOTOpOoTro . OKa3biBaeTcs1, 9To st (PYHKIINN, 0018 IaI0IMMIX OOJIBIION TIaIKO-
CTHIO, HAMJTYUIIe TPUOJIMKEHIST CTPEMATCS K HYJII0O O9eHb OBICTPO. B Havgase mpomnioro
Beka /1. /Izxkekconom (D.Jackson) 6bu10 okazano, 4to ecyiu byHKIWs f HA HEKOTOPOM IIPO-
MEXKYTKE p pa3 HelpepbIBHO JudpepeHnupyemMa, TO ee HAWIy 9iliie MPUOJINKEeHNs Ha 3TOM
POMEKYTKe yOBIBAIOT He Mejyientee, yeM 1/nP. Bosee mosmuuit pesynbrar (H.F.Sinwel,
1981) Taxos:

Teopema. Ecin yrknus f(x) Ha npomexxyrke [a,b] p pa3 HempepbiBHO juhhepet-
nqupyema, To upu n > p — 1
b—a\” (n+1—-p)
2 (n+1)!

i !
E.(f) < 5 1| o

3anmaya 1. JTokazaTb J0CTaTOYHOCTH B Teopeme UebbImeBa 06 ajbTepHAHCE.

Bagaua 2. Jloka3aTh Te€OpEMY O €IMHCTBEHHOCTHU [TOJIMHOMA, HAMJTY JIIIEer0 MPUOJINYKEHUs], UCIIOIb3Y s

TeopeMmy 00 abTepHaHCE.

§2. Koneunnle u pa3s/ieJIeHHbIe PA3HOCTU

B srom maparpade maercs orpejiesieHre KOHEIHBIX U pa3JdeeHHbIX pasHocTeil pyHK-
IIUN ¥ U3yJal0TCsI UX CBoicTBa. KOHedHbIe U pa3/ie/leHHbIe Pa3HOCTH SIBJISTIOTCST allllapaToOM
paboThl ¢ TabUIAMEU (PYHKITHI.

*B nmpuBomumMoit popMmysie yIUTHIBAETCS, ITO IIPU YETHBIX N MOJMHOM JeObimieBa 1), 9eTHBIA, a npu
HEYeTHOM 7, — HeYeTHBIN
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Onpeaenenue. /lano yuciao h > 0. Koneunot pazdrnocmuvio ¢ maroMm h HelpepbIBHOM
dbyuxumu f € Cla,b] naspBaerca byukuusa Af(z) = f(x + h) — f(x).

Koneunbre pazHOCTH BBICIINX MTOPSIKOB ONMPEIETIAIOTCA PEKyPPeHTHO. Koneuhot pas-
nocmwto nopaoka k dbynxkmun f(z) naseibaerca AF f(x) = A1 f(z + h) — AL f(2).

Koneunas pasnocts AF f zanana na npomexxyrke [a, b — kh).

CnoBo "komeuHasi" B Ha3BaHWM PA3HOCTH IMTPOTUBOIOCTABIISIET ee He MUQMUIECKON
(mecymectByioreii) "GeckoHedHON pasHocTH" | a GeCKOHETHO-MaJoi pasHocTH — ud-
depenruaity.

Koneunbie pasnoctun — armmapar paboThl ¢ DYHKIUAME, 38 JaHHBIMI TaOJIUIHO B PaB-
HOOTCTOSIIIUX TOYKAX, HA3bIBAEMBIX OOBITHO y3/1aMu. Fc/in HaMm n3BecTHBI 3HAYeHUsT (DYHK-
mn f B TouKax x; = xo+jh, j =0,..., N, 70 B Tex ke y3max npu j = 0, ..., N —k moryT
OBITH BBIamCsens! 1 3uadenus AF f. B Tabimmax GyHKIMI B caydae paBHOOTCTOAIHX y3-
JIOB HAPSIY CO 3HAUEHUSIMU caMUX (DYHKIUH 9aCTO YKA3bIBAIOTCS M 3HATEHUS] KOHETHBIX
pasHocTell 70 HEKOTOPOro Mopsijika. B 9ToM ciiydae 0OBITHO MPUHSITO pa3sMeIaTh 3HAUe-
HUe Pa3HOCTH MOPsiJIKa k Ha MOJCTPOKU HUXKE, YeM 3HAUYEHHe PA3HOCTH Mopsika k — 1 st
TOT'O JKe apryMeHTa. 3HadeHne (pyHKIUU B y3JI€ T, MbI OyJeM MoMedYaTh WHIEKCOM 1, TaK
aro AFf, = AF(z,) = AF L f, 1 —AFLf tax aTo A* f,, mosyuaeTcs kKak pa3sHOCTD 9mcer,
CTOSATIINX B CTOJIOIE CJIeBa Ha MOJICTPOKN HUKe W Ha TOJCTPOKH BBIMIE. 1abauma B KOTO-
poii HBpSIAY CO 3HAYEHUSIMU (DYHKIMKM IPUBOAATCI U 3HAYEHUs] €€ KOHEYHDLIX pasHOCTei
BBITJISITAT OOBIYHO TaK (€C/IM IPUBOISITCS KOHEUHBIE PA3HOCTH JI0 TPETHErO TOPSIJIKA):

x f Af A*f A’f
Tn—1 fn—l Az.fn—2
Afn—l A3fn—2
Tn In A2fn—1
Afn Agfn—l
Tpt1 | far A f,

OTMeTuM OCHOBHBLIE CBOICTBA, KOHEYHBLIX Pa3HOCTEI.

(1) Ecrm f = ayg1 + aage, To AFf = a1 AFg) + apAFgy. I10 cBoficTBO OWeBHHO T
HAa3bIBAETCA JIUHENHOCTBHIO.

(2) Ecrm P, € P, — mosmmiowm crerniern n, To AP, — mommnom crerernn n— 1, AFP, —
LOJIMHOM cTerenu n — k, B yactHoctu, A" P, — I0CTOAHHAs, & PA3HOCTH 00JIee BBICOKIX
HOPAJIKOB TOXKJICCTBEHHO pPaBHBLI HYJIIO. BBUY IEpBOro CBOICTBA JOKA3aTEJILCTBO 3TOIO
cBoiicTBa cBOIUTCA K caydato P,(x) = ™, /st KoToporo 0HO OYeBUJIHO.

(3) HemocpecTBeHHO Uepe3 3HaUEHHsT caMoii (DyHKIINE KOHEIHbIE DA3HOCTH BbIpayKa-
10Tca POpMyJIOit:

A*fo = fr — Cpfoer + CRfra + -+ (=1)" fo.

Baecy C} — ounommanbuble KodddummenTo. PopMysa JIETKO JTOKA3BIBACTCS METOIOM
3
. Yl :
VH/IYKIIA C y9eToM u3BecTHOro pasencrsa C | + CY ") = Cf.
Ecsin BBecTu “oneparop cusura” Ef(z) = f(x + h), To npusenennast popmysia MOKeT

ObITH 3amucana B cumBomyeckoit bopme AF = (E — 1)k, Umeercst B Bujty, uTo npabas
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JaCTh PacKpbiBaeTcs 1o ¢gopmysie bunoma Hporora. DTa cuMmBomaeckast popMmyia mos-
BOJISIET JIETKO 3allOMHUTH COPMYINPOBAHHOE CBOMCTBO KOHEUYHBIX pas3HocTeil. Brpodewm,
IIPU HEKOTOPOM HABBIKE pabOTHI ¢ JIMHEHHBIMU OIIEPATOPAMU €€ MOXKHO PAcCMaTPUBATDH U
KaK JIOKa3aTeJLCTBO CBOMCTBa (3).

(4) 3navenune GyHKImMU f B TOYKE T, MOXKET OBITH BBIPAXKEHO UYepe3 3HAUCHUS ee
Pa3HOCTENA B TOYKE Zq:

fo=fo+ CyllAfo + C,%AQfo + -+ A" fo.

Dopmyia TakzKe JIETKO JIOKA3bIBACTCs MeTO0M HHtyKIiuu. [Ipu n = 1 ona odeBuna. s
UHJIYKTUBHOTO TIepexojia OT 1 — 1 K 1 BOCIIOJIb3yeMcsl paBeHCTBOM f, = f,_1 + Af,_1 u
MHIyKTABHBIM IIPE/IToI0KeHneM it pyukmit f u Af:

foc1=fo +CL Afo+C? A%fy +...+ A",
Afpg = Afo+Co (Nfo +...+Cr iAo +A" fo,

U TS 3aBEPINEHNUs JOKA3ATEIbCTBA OCTACTCA CJIOXKUTH 9TH PABEHCTBA, ONATH YIUTHIBAI,
aro C) |+ V71 = (.

BaroMHUTh JIOKA3aHHOE CBOWCTBO MOMOTAeT CUMBOJINYeCKoe paBencTBo £ = (1+ A)"

(5) Ecrm dbynxmus f r pas menpepsisro audddepenmupyema (f € C), To TakoBb ke
u ee Koneunsie pasnoctn, npuaeM (AFf)(z) = (AFfM)(x). Do coiicTBO OUeBMIHO.

(6) Eciu dyukus f k pas senpepbiBHO uddepeHimpyeMa, 1o ist 060 TOIKN
z € [a,b — kh] naiizerca takas Touxa £ € (z,z + kh), uro AF(x) = hEfR(E). Tpu
k = 1 mokasbiBaeMoe CBOWCTBO ecTh ¢opmya Jlarpamxka. Bo3aMoKHOCTH MHIYKTUBHOTO
nepexojia CJaeayeT U3 IMEernOvYKd PABEHCTB:

Aff(a) = A f(x 4+ h) — A f(x) = RAMF) () = RAMLF () = REFP(€).

3neck n € (x,2 4+ h), £ € (n,n+ (k—1)h) C (z,2 + kh).
[Ipu pabore ¢ TabJIMIHO 3aJaHHBIMU (DYHKIUSAME IIPU HEPABHOOTCTOSIIUX y3J1aX KO-
HEYHBbIE PA3HOCTU 3aMEHSIIOTCSI pa3/ieIeHHBIM.

Onpepesienne. Pasdesernotll pasnocmvio (pazHoCmHbM 0MHOWEHUEM) TIEPBOTO O~
psiika dyuknuu f(z) HasbiBaeTCs (DYHKIMS JBYX TTEPEMEHHBIX

f(x1) — f(zo)

Ty — Zo

f(xo, 1) = (21 # x0).
Pa3,IL€JI6HHbIe Pa3HOCTU BBICHINX IIOPAJIKOB OIIDEAC/IAIOTCA PEKYPCUBHO, IIPpUYEM pa3/Ie-
JIEHHAsl PA3HOCTb k-ro Topsijika ecTh (yukius (k + 1) monapHo He COBHAJAIONINX apry-
MEHTOB:
f(:(fl, e ,LL’k) — f(:(f(],l’l, e ,S(Zk_l)

T — To )

f(:(f(],l’l, e ,S(Zk) =

[Tepeuncaum OCHOBHBIE CBOWCTBA, Pa3/IC/ICHHBIX PA3HOCTEI.
(1) Ecin f = a91 + asgs, TO

f(xo, ... x) = a1g1(xo, - . ., k) + 2g2(T0, - . ., Tp).

DTO CBONUCTBO OYEeBHUAHO 1 Ha3bIBaeTCA JIMHEUHOCTBHIO.
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(2) CrupaBe/ymBo Hpe/ICTaBICHNAE:

_ f (o) fla)
Flo,- ) = (zo — 21) . .. (T0 — T i (21 = wo) (21 = w3) . (1 — xk>+
. S (@)

(LL’k — LL’()) Ce (S(Ik — S(Zk_l) '

JlokaszaTe bCTBO IPOBOAUTCA MeTogoM HHAYKIMU. [Ipu k = 1 dhopmysra odeBu-
Ha. Bo3aMOXKHOCTD MHyKTUBHOTO Tepexojia oT k K k + 1 mokazkeM TOJBKO jiad k = 1 —
oOIuii caydail He CJI0KHee B UJICHHOM OTHOINEHUU, HO I'POMO3/I0K. VTaxk,

_ fla, ) = flwo,v1)
f(x07x17x2> - —
T2 — To

1 [f(xl) n f($2)}_ 1 [f(xo) n f(z1)

To —Xg | X1 — T2 To — X1 To —Xg | Xog — 1 1 — X
_ f(zo) n f(z1) { 1 } n f(z2)
(56’0 - 56’1)(% - 56’2) Ty —XTo [T1 — T2 T1 — o (56’2 - xo)(ﬁfz - 56’1)

n OCTaeTCd 3aME€TUTL, ITO

1 1 o Ty — X -
1 — T2 1T — X (ZL’l — .CL’(])(LUl — ZL’Q) )
(3) Pasznenennast pasuoctsb f(xg,...,Tr) ecTb cuMMerpudHas (YHKIUS CBOUX apry-

MEHTOB, T.e. OT IIePECTAHOBKM apr'yMEHTOB €€ 3HadYeHue He MEHSeTCs. DTO CBOHCTBO €CTh
HEIIOCPEJICTBEHHOE CJICJICTBHE IPEIbILYIIEro.

Temeps MOXKHO CKa3aTh, 9TO pas3jie/leHHas Pa3HOCTh k-TO MOPsiIKa €CTh IepBasl pas-
nesieHHasi pasHocThb or (k — 1)-oif o Jr060My U3 ee apryMeHTOB.

(4) Ecom P, € P, — moJHOM CTelleHu n, TO pas/eJieHHas Pa3HOCTh Mopsaaka k ecTh
noyinHOM crerienn n—k ot k+1 aprymenTos. /lokazaTeibCTBO TOCTATOYHO TPOBECTHU JIUIIH
TSl TIEPBOI pa3jie/IeHHOil pa3HOCTU U, MCHOJIb3Ysl JIUHEHHOCT, Jiuib st P,(x) = 2™, a
9TOT CJIydail OUeBHJIEH.

B wacraocru, P, (zo, x1,. .., Z,) €CTh IOCTOSIHHAS, & Pa3jieJIeHHbIe PA3HOCTH DOJIee BbI-
COKOTO TIOPSIJIKA — TOYKJIECTBEHHBIE HYJIH.

(5) CupaBe/TMBO IIPEJICTABICHUE

f(xn) = f(xo)+(n — o) f (w0, 1) + (20 — 20) (¥ — 1) f (@0, 1, T2) + -+ +
+ (xn —x0) - (T — Tne1) f(T0s -+, T).

Jloka3zaTeJyibcTBO IpoBoAUTCH MeTojoM unaykiuu. [Ipu n = 1 dbopmyna oueBui-
Ha. [TokakeM BO3SMOXKHOCTH MHIYKTUBHOTO Ilepexo/ia oT n — 1 K n. Mcnonb3ys mHIyKTUB-
HOE TIPEJIIIOJIOZKEHIE JIJIS TOYEK X, . . . , Tp—2, Lp, AMEEM

f(xn) = f(wo)+(zn — x0) f(T0, 1) + - -+
+ <$” - xo) s (xn - xn—2)f($0, ey T2, xn)’

" OCTaeTCd BOCIIOJIB30BaTHCA TeM, qTO
f(zo, . oy Tn2,xn) = f(zo, ...  Tp_o, Tp_1) + f(T0, -, Tne1, Tn) (Tn, — Tpe1)-
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(6) Ilyctb @ = minzy, f = maxzy. Ecau vHa npomexyrtke [a, 3] dynkuus f n pa3
nenpepsisro auddepernmupyema (f € C™) To maiinerca Takas Touka & € (a, 3), aTo

1
f(fC(J’ ce ,SCn) = gf(n)(f)-
,HOKaB aTeJIbCTBO. PaCCMOTpI/IM IIOJIMHOM CTeEIIeHUu N

P,(z) = f(zo) + (x — x0) f(xo,21) + - -+ (. — 20) ... (x — Tp1) f (20, - ., T0)

u bynkumio o(z) = f(z) — P,(x). Ouesuano, uro ¢ € C™. Ilpn x = x;, cymMmMa, KOTOpOif
npejicrapigerca Py, oOpbiBaeTcd Ha k-OM cjlaraeMoM, U COTJIACHO MPEJIBIIYIIIEMY CBOHCTBY
P,(zx) = f(zx) (k=0,...,n), Tak uro dyHKIUA @ nMeeT Ha [, [§] He Menee deM n + 1
pasmnaabix Kopreii. [To Teopeme Postst ¢’ umeer Ha («, 3) He MeHee n KopHeii, ¢ — He
Menee, geM 1 — 1, 1 @™ 10 MenbIeit Mepe oguH Kopenb £. OcTaeTcs BOCIONB30BAThCH
Tem, uto 0 = ™ (&) = f™ (&) —nlf(zg,...,7,). W

JokazanHoe CBOWCTBO MO3BOJISET HAM JIOOIPEICIUTD 110 HEIIPEPBIBHOCTH Pa3IeIeHHYIO
Pa3HOCTH HMOPAIKA 1 Ha CIydail, KOrJa BCe WM HEKOTOPBIE U3 €€ apIyMEHTOB COBIIAIAIOT.

(7) Ecmu dynknus f n pas HenpepbIBHO juddepeHnnpyema Ha MpoOMexXyTKe [a, b], To
npu k < n pasiesennasi pasHoctb f(xg, ..., T)) MOXKET ObITH IPOJIOJIXKEHA 110 HEIIPEPHIB-
HoCTH Ha Bech “ky6” [a, b)*!, npudem eciu xg = 11 = -+ - = 3y, TO

Fwo, 70, - 20) = %f(k)(:co), (1)

a €CJIM CpeJId apryMEeHTOB Tg, . .., T UMEIOTCA XOThH /IBa Pa3/IMYHbIX (,ZL.HH OIIpeJeJICHHOCTHU
*
Lo 7é Zlfk), TO

fxy,...xp) — f(zo,- ., Th1)
flzo, ..., xx) = : (2)
Tk — Xo

s goonpesiesieHHBIX TaKUM 0Opa30M 110 HENPEPBIBHOCTH Pa3JIE/IEHHBIX PA3HOCTEH CO-
xpaHugioTcs coiicTa (1), (3)-(6).

JokaszareabcTBO. 3aMETHM IPEXKJIE BCETO, UTO ecau f(Xg, ..., Tx) JOOIpeIe/ieHa
10 HENPEPBIBHOCTH Ha CJIydail XOTs Obl HECKOJBKHUX COBIIQJIAIONINX apryMEHTOB, TO JIJIst
Hee BBINOJHAIOTCH cBojicTBa (1), (3)-(6). DTO JIerko TOKa3BIBACTCS MPEIETBHBIM Hepe-
xoziom. HempepoiBHOCTh oomnpesienentoit dpopmynamu (1)-(2) Ha ciaydaii coBmaarommx
apryMeHTOB Pas3Je/IeHHoil Pa3HOCTH JOKa3bIBAeTCa MHIAYKIMEH 1o k 1 caeayer u3 Hempe-
peisrocty npoussoaubx f*) (k< n). W

ApryMenTsl pasie/IeHHON pasHOCTH acTO HA3LIBAIOT y3jaMu. Ecim HeKOTOPbIi y3er
BCTPEYAETCS CPeJl apryMeHTOB pasJeeHHOl pasHocTu k pas, TO ero Ha3BIBAIOT y3JI0M
kparHoctu k. g moro urobbr Beraucauts f(zo, ..., x,), cormacao dopmynam (1)-(2)
JIOCTATOYHO 3HATL B KarKJIOM y3JIe T) 3HadeHue caMoil GyHKIMN f U ee IPOU3BOIHBIX 10
nopsizika m — 1 BKJIIOYUTEIBHO, €CJIM KPATHOCTH 3TOr0 y3ja ecTh m. Ecau dynknus f
n pas HeupepbiBHO auddepeHnmpyemMa, TO ee paseJIeHHble PA3HOCTU HOPIKA BBIIIE 7
OlPEJIe/IEHbl ¥ HEIPEPBIBHBI [T T€X 3HAYEHUI apryMeHTOB, KOTJa KPATHOCTH KarKJOrO
y3J1a HE IPEBBIIIAET N.

*O6paruM BHUMAHHUE, YTO ITO pekyppenmuoe (110 k) onpejeseHue.
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(8) Ecsin TOYKM X PABHOOTCTOSINN: T) = To + kh, TO OUeBH/IHA CBsI3b MEXKy KOHEU-
HBIMH 1 pa3JdeJeHHBIMIA Pa3HOCTSIMU:

1
hnn!

f(xo,...,x,) = A" f(xg).

Ta6m/1ua pa3ge/IeHHbIX paBHOCTeﬁ OOBIYHO BBITVIAIUT TaK:

X .f(x) f($7y) f(I,y,Z) f(x7y7z7t)
T | f(o)

f(ffo,l"l)
vy | f(a1) f(xo, 21, 22)

f(Il,SL’z) f(Io,SL’hSL’z,x?,)
Ty | f(w2) f(@1, 2, 23)

f(ffz,l"?,) f(I1,272,933,I4)
r3 | f(x3) [ (o, 23, 24)

BaMeTI/IM, 9TO €CJIM apPr'yMEHTbI PacCIIOJIOZKEHDBI B IIOPAJKE BO3PpAaCTaHUA U CPEAU ITUX
Y3JI0B UMEIOTCA KPaTHbIC, IIPUYEM B KPAaTHbIX Y3JlaX HaM M3BECTHDLI H€O6XO,ILI/IMBIG 3Ha4de-
HuA IIPOU3BOJHBIX q)yHKLH/II/I f, TO BBIYHCJICHHE BCEX HaXOJAIIMXCA B Ta6JII/IHe 3HaYCHU
pa3Jie/IeHHbIX PA3HOCTEN He COCTABISET TPY/Aa U B 9TOM CJIydae.

3amaya. [lycte N > M > 0 uesible. Jlokasars:

n ' B
Z(_l)nfkck (N+Ek)! JO mpuN-M<n

~ "(M+k)!  |n! npu N—M=n.

§3. Anrebpamvyeckasi MHTEPHOJISAIAS

Ob1as mocTaHOBKA 3aJ1a9K MHTEPIOJsIIny Takoa. Ha mpomexkyTke [a, b] 3amana cu-
crema nenpepbBHBIX GyHKImi {@r(x)} (K = 0,...,n). Jluneitnple KoMOMHATIUN STHX
dbyukuumit HazbBaOTCs 0600IEHHBIME ToJITHOMaMU (10 cucteme {pg}). 3aganbl momap-
HO Pa3/IMvIHbIe TOYKA T, . . ., T, IPOMEKYTKA [a,b], HaspiBaeMmble y3maMmu®. CraBuTcs 3a-
Jada; Jyisl IPOU3BOJIBHO 3aaHHoil Ha [a,b] dynkmun f(x) mocTpouts Takoii “mosmHoM”
¢ =Y po@KPr, KOTODBI yaoBieTBopsi 6bl pasencrBaM ¢(zy) = f(xx) (K =0,...,n).

MOo2KHO OTMETUTD JIBa CJIydasi, KOTJ@ PEIIeHue MOCTABICHHON 3a/1a91 HAXOUT IIPaK-
TUYECKOe TIPUMeHeHne. Bo-TepBhIX, 9acTO BOSHUKAECT HEOOXOJIMMOCTH 3aMEHbl HEKOTOPOU
"croxuoit" dbyukmum f 6osee mpocroit. Ham wacTo npuxoguTess BBIYUCIATH 3HAYECHUS
91oit "coxkuoit" pyHKINN B PA3JIMIHBIX TOYKAX, U 3TO TpeOyeT OOJIBINOI 3aTpaThl TPy/ia.
Torma MOXKHO 10 OTHOCUTEJILHO HEOOJIBIIIOMY YUC/IY €€ 3HAYCHUIl MOCTPOUTD MHTEPIIOJIs-
UOHHBI "mosmHOM" ¢, KOTOPBIH 630K Ha BCeM TPOMERKYTKe [a,b] Kk dyHkImn f, u B
JIAJILHERIIIeM 3aMeHsITh 3Had9eHus MYHKINN [ 3HAYCHUSIMU 9TOTO IIPOCTO BBIYUC/IAEMOTO
[IOJIMHOMA..

*Kora TO4KN HEKOTOPOIi CHCTEMBI TOUEK OY/IyT Ha3bIBATHCS y3JIaMHU, TO BCErIa OyIeT UMEThCS B BUILY,
YTO OHM IIOIIAPHO PAa3JIMYHBI.
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Bo-BTophix, 9acTo ObIBaeT Tak, 9YTO HEKOTOpas (DYHKIMS M3BECTHA HAM JIUIIb B KO-
HEYHOM YHCJIe TOYeK (HAIPUMED, ST 3HAUEHUsI [TOJIYIEeHbl U3 SKCIEPUMEHTa), & HAC WH-
TEPECYIOT ee 3HAYeHWS W B JPYTMX TOYKAX. 1OTJa eCTEeCTBEHHO 3aMEeHHUTDb 3Ty (DYHKITHIO
Ha HEKOTOPOM IPOMEXKYTKE [, b] MHTEPHOIAIMOHHBIM ITOJHHOMOM, TOCTPOCHHBIM IO €€
U3BECTHBIM 3HaUYeHUsIM. TaKoBO IPUMEHEHHE UHTEPIOJIANNE U IIPH padoTe ¢ TabIUIaMI
dyHKIN.

Creyer 3aMeTuTh, 9TO WM WHTEPIOJANNHA TPOHU3BIBAIOT BCIO BBIUNUCIUTEIBHYIO
MaTeMaTuky. JlaybIne 9To OyeT BUIHO Ha mpuMepax auddepeHnnpoBanns, BbIYUCICHIS
HHTErpaJioB, pemienns anddepeHnuajibHbIX YpaBHEHHIA.

Ob6paTuMcest K BOIIPOCAM Pa3penInMOCTH IIOCTABJIEHHON 3a/1a9i HHTEPIIO/ISAIIAN.

Onpegnenenne. Cucrema dynximit {y }7_, Ha3bBaeTcs uebviwesckol na [a, b], ecan
mo6oii HeTPUBHANILHBIA “nosmHOM” ¢ = Y ,_, appy (T.e. Takoil, YT0 XOTb OAMH M3 €ro
K03 DUIIEHTOB ay, OTINYEH OT HyJIsl) UMeeT Ha [a, b] He Gosee n KOpHEIL.

Teopema 1. /list Toro 4robnr cucrema { @ }r_, Obl1a 4eOBIIIEBCKOM, HEOOXOIUMO U

JIOCTATOYHO, YTOOBI sl JIFOGOro Habopa IONAPHO PAa3JIHIHBIX TOYEK Xg,...,T, € |a,b]
oIpene/IuTe b
wo(o) .. wnlz0)
Axg, ... xp) =1 ... ...
wo(Tn) oo ©nlxy)

OBLT OTJIMICH OT HYJIS.

JlokasaTenbcTBO. JJoKaxKeM, 9T0 JjIsI TOTO YTOOBI HAIA CUCTEMa He Ovlaa IeObl-
IIEBCKOI, HEOOXOMMO U JOCTATOIHO, ITOOBI HAILINCH TaKUe MOMApPHO Pa3/IMIHbIE TOUKI
xg, 910 A(Zq, ..., x,) = 0. [JeiicTBuTesibHO, eci cucreMa He deOblleBCKast, TO Hafiercs
HETPUBHUAJBHBIN “TIOJIMHOM ¢, KOTOPBIII MMeeT 10 MeHbIneit mepe n + 1 kopenb. IlycTb
Xg, ..., T, — ero Kopuu. Torma ero K03 UINEHTHI YIOBICTBOPIIOT CHCTEME yPaBHEHUI

apo(To) + - + anpn(wo) =0
(1)

aopo(Tn) + -+ + anpn(z,) =0

Urax, cucrema oJHOPOIHBIX ypaBHeHHUit (1) mMeer HeHyJIeBOe PeIlleHne 1, 3HAYUT, ee OIpe-
nemurenb A(zo, ..., x,) = 0. O6parHO, MyCTh HAILINCH TaKHe TONAPHO PAa3IHMIHbIE TOU-
KU X, . . ., Ty, 970 A(Zg, ..., 2z,) = 0. Torma cucrema ojHOpoHBIX ypaBHenuii (1) nmeer
HEHYJIEBOE PeIIeHne, ¥ KOMIIOHEHTLI 3TOro perienus OyayT Koadduimenramu “nojamnoma’’,
KOTOPBIIl MMeeT BCe TOYKH X, . . . , L, cBouMu KopHavu. W

Teopema 2. /[1st Toro 910061 /151 JIF0OOI CHCTEMBI Y3JI0B Xy, . . ., Ly € |a, b] mHTEpIIO-
JISTIHOHHAST 3aj1a4a q(Ty) = fr Oblia oHO3HATHO paspeninMa, HeOOXOIUMO H JIOCTATOIHO,
q9T00bI cucTeMa { @y} OblIa YeObIIEBCKOIL.

HokaszaTenscrso. Ecm nckars nosmuoM B opme ¢(z) = D7, appr(x) ¢ Heompe-
JesieHHbIME Koadh dunmenTamu ay, To rpeboBanus ¢(ry) = fi magyr cucremy (n+1) auHeit-
HBIX YPaBHEHU{T OTHOCUTEIBHO ero (n+1) koaddurmentos ¢ onpeaeaurenem A(zg, ..., n).
HeobxomMbIM 1 JIOCTATOYHBIM YCIOBHEM OJIHO3HAYHON PAa3PEIINMOCTH ITONH CUCTEMBI 51B-
JISIETCsl OTJINYHE OT HyJIs ee oupejesuresis. [loaTomy ocraercs cocmaThbes Ha IPEIBLILYILYIO
teopemy. W
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[Tockouibky Jst060it ostmHOM P, € P, uMeeT He OoJiee N MONAPHO PA3JIMIHBIX KOPHEIT,
to cucrema {1,z,...,x"} gBisgercs YeOBINIEBCKON Ha JIIOOOM TIPOMeXyTKe [a,b|, n u3
TeOpeMbl 2 HEMEJIJIEHHO BBITEKaeT

CrnencrBue. KakoBbl ObI HU OBLIH Y3JIBI X, . . . , T, W 9UCaA fo, ..., f, CyliecTByer u
npuUTOM eJuHCTBeHHbIH nomuaoM P, € P, takoii uro npu k =0,...,n P,(xx) = f.

Ecin f;, — 910 3HaueHus B y3iax HeKoTOpOil dyHKImu f(z), To P, Ha3bIBACTCS WH-
TEPHOJIANMOHHBIM TOJUHOMOM (DYHKIUU f.

Jabie OyieM paccMaTpuBaTh 3a/1ady MOCTPOCHUS AJIreOpamdecKoro MHTEPIOJISIII-
OHHOT'O TIOJIMHOMA.

O6o3HauNM Uepes [y (x) HOJMHOM, perarouil HHTEPIOISIMOHHY0 3a/1ady™

le(x5) = Og;- (2)

Jlerko Buzerb, uro torga noiuuom P,(x) = Y7 k() fr yooBierBopsier paBeHcTBaM
P,(z;) = f;. Ilosromy nnTepnomsmuonnstii mosuHoM dbyHKImn f(z) MOXkKeT ObITH 3aInCaH
B BUJIE

Po() =)L) f(an). (3)

Ara dopMyia HAZBIBAETCS UHMEPNOAAUUOHHOT popmyaot Jlaepanstca, a TOTUHOMBI [ ()
— dyHIaMEHTATLHBIMY TOJTMHOMAMU WHTEPIIOJISIINN WU ITOJIMHOMAMU BUsAHUA Jlarpan-
»Ka. [I1g 9TUX MoJIMHOMOB HETPY/IHO YKa3aTh dBHOE IIPEJ/ICTaB/ICHHE:

(x — ) ... (x —xp_1)(x — Tpa1) ... (T — zp) _ w(x)
() —x0) . (o — 1) (@ — Tppr) - (T — 1) (T — xp) W (T8)

lk(l’) =

riae w(z) = (x — xg)...(x — z,). To, aro monuuOM l(x), 3aaBaeMblil IEPBBIM U3 ITUX
IIPEJICTABIIEHNI, YIOBJIETBOPSET PaBEeHCTBAM i (%;) = Ok;, OIeBHAHO. JHCIHTENb B 9TOM
npejcraBiennn ectb w(x)/(x — xy), a 3Hamenarenb — w'(zy). [ocaennee BumHO, HAPU-
Mep, U3 TOro, 9To ipu & — ), w(x)/(x—x)) — W'(z)) (T.K. w(xk) = 0). DTUM JTOKA3AHO U
BTOpOE TipejicTaBiienue noiuHoMa li(z). Urak, narepnonsinuonnast dopmysa Jlarpanka
MOXKET OBITh 3aIlUCaHa B BUJIE

Pux) = el CONTNY

po (x — zg) W'(zk)

JIpyroe mpejicTaB/ieHre UHTEPIOJIAIMOHHOTO ITOJTMHOMa, TpUHAIeKuT HboTomny:

P,(z) = f(zo) + (z — o) f(xo,x1) + -+ (. —20) ... (x — 2po1) f (20, - . -, Tn).

D10 — unHTepnossinuontas dbopmyiaa Heiorona. [loamuom P, ucrob30Bascs pH J0Ka-
3aTesIbCTBE CBOMCTBA (6) Pa3/IeJCHHBIX PA3HOCTEl, TaM U OBLIO OKA3aHO, ITO OH YIOBJIC-
TBOpsier paBeHcTBaM P, (zx) = f(xy).

CpaBHUM 9TH JiBe 3aIlUCU HHTePIoJIsioHHOro nosmaoMma. Popmysta Heiorona yinobHa,
B YACTHOCTHU, TE€M, YTO Mbl MOXKEM He DellaTh 3apaHee, CKOJIbKO y3JI0B U KaKhue MMEHHO

*0rj — cumBon Kponekepa: 0p = 1 mmpu j # k dx; = 0.
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MBI BBIOEPEM U3 T€X TOYEK, B KOTOPBIX HAM M3BECTHDBI 3HAYCHUS] HHTEPIOIUPYEMOil (hyHK-
1IN, a TOCJIE/I0OBATE/ILHO BBIOMPATH MX OJUH 3a JIPYTHM, YIUTLIBAad y?Ke JOCTUTHYTBIN
pesyabTar. KeraTu, npu 9TOM He 00g3aTe/IbHO CTPOUTDL 3apanee TaOJHILY pa3IeeHHbIX
pasuocteit. Eciu nosmaoM P, y2Ke moCTPOEH, U Mbl XOTUM IIPUBJIEYD €Ie OJIUH Y3€JT Ty,
To J1st Kodpdunmenra f(xo, ..., Ty, Tpe1) B clepyomeM wiere popmysibl Hprorona Mox-
HO BOCITOJIB30BATHCA (DOPMYJIOit

f(@ni1) = Pal@ng)
Tri1 — 20)(Tnp1 — 1) -+ - (Tng1 — )

fxo, z1,. ., Tp, Tpa1) = (

(pasmeseHHas pa3HOCTD TOpsiKa 1+ 1 HyHKIuM f coBHajaer ¢ pasieeHHol Pa3HOCTHIO
f — P, Tak Kak pasjejeHHas Pa3sHOCTh MOJUHOMA P, paBHA HyIIO).

Qopwmyiia Jlarpamxka ymobHa B TEOPETUYECKUX BOIPOCAX WHTEPIOJIANNH. B mpakTu-
YeCKUX IPUMEHEHHAX OoHa yjobHee dopmysbl HbioTona, ecim B OHON U TOI 2Ke TOYKE
TpebyeTcss BBIYNCIUTH 3HAYEHHS WHTEPIOJIATMOHHBIX TTOJUNHOMOB MHOTUX (DYHKIHN T10
OJIHOIl M TOM »Ke CHCTeMe Y3JIOB, IIOCKOJIbKY (DyHIaMeHTAJIbHbIE MOJIUHOMBI HHTEPIIOJIsI-
[N HE 3aBUCAT OT MHTEPIIOIUPYEMOM (DYHKIINHN.

PacemorpuM cirydait paBHOOTCTOSAIINX y3JI0B: Xy = Xg + kh. B aToM ciydae nipu nipu-
MEHEHUU WHTEePIOJISIHOHHON (dopMmysibl HbI0TOHA ecTecTBEHHO, COriacHO CBOiiCcTBY (8)
pa3/IeeHHbIX Pa3HOCTel, 3aMEHUTh UX Ha KOHEYHbIe pa3HocTH. Kak OObIYHO IpH IIpu-
Menenunn popmysibl HpioToHa, MBI He OyIeM Ha3bIBATh BCE UCIOJIb3YyeMbIe Y3JIbI, a OyaemM
YKa3bIBATD JIUIIH TMOPSIOK UX ITPUBJIETEHNUS.

1. Ilycrs 3navenust dyukiwn f(x) U3BECTHBI B y371aX Xo, L1, ... ¥ TOYKA T, B KOTOPOIi
HAM HYKHO HAWTHU ee 3HAYEHHE, JIEXKUT BOJM3M To. Torma mpuB/eKasl Y3JIbl B IHOPSIIKE
X, T1,. .., Jeas 3aMeHy & = xo+th u yaureiBas, uto © —x) = h(t—k) u f(zo,...,zx) =

1 Ak
A" fo, umeem

P(LL’O +th) = fO "‘tAfo + %A%ﬂ] -+ W

A3 fo+ ...,

910 — hopmysna HeroTona /111 Hadasia Tab/misl. V3 BRIMHCAHHBIX YJIEHOB 3TO# (hOPMYJIbI
HETPY/IHO IMOHSITh, KAKOBBI Oy/IyT Mocaeayomme. Tak ke 00CTOUT JIeJI0 U ¢ ABYMS JIPYTUMHE
dopmyamMu, KOTOpble TPUBOJISATCI HUKE.

2. Ilycre 3Havenus dyskiwmn f(x) U3BECTHBI B TOYKAX ..., T, 9, Tn_1, LTy, U TOUKA
UHTEPIOJIANIN T JICXKUT BOJTU3U TOUKU Tp,. FCTECTBEHHBIN MOPSIOK HMPUBJICUYCHUS Y3JI0B
Tny Tp_1,Tp_2,.... 1aK 2Ke, KaK B MPEJBIIYIIEM CJIy4ae, YIUThIBas MPH 3TOM, UYTO IIPHU
3aMeHe Pa3JIeJIeHHON pa3HOCTU KOHEYHON apryMeHTOM Yy KOHEJIHOU pas3HOoCTH OyaeT Hau-
MEHBIINNA U3 apryMEeHTOB Pa3/esIcHHOM, NMeeM:

tHt+1)

Ht+1)(t +2)
2l

a A3 f a4 .. ..

P($n+th) - fn‘l'tA.fn—l + A2fn—2+
910 — dopmyna HeroTona sy KoHIA TaOIAIIHL.
3. [Tycrob sHavenns dyHKImn f(2) U3BECTHBI B Y3JIaX ..., T _9,T_1, X0, L1, ... T TOUKA

NHTEPIHOJIAIMN T JICZKUT MEXKJIY Lo U T7. By,ILeM IIPpUBJIEKATb Y3JIbl UHTEPIIOJIAIIMN B II0-
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pAJIKe T, X1, L_1, L2, T_9,.... LOrJa TaK Ke KaK B JABYX HPEIbLIYIINX CJIyYadX ITOJTYIUM

Plaot i) = fo+1afy+ o Dy, LHEED oy
NG TSNS PO TR ES R I

910 — dopmyna Herorona - [aycca st cepeuabl TaOIATIL

Bagaua 1. [lokazars, o ecn dbyukmus g(r) Takosa, 4To Ha mpoMexyTke [a,b] g™ (z) > 0, To Ha
3TOM TIPOMEKyTKe cucteMa bynkmuit 1,2, 22, ..., 2" 1 g(x) gebbimesckas.

2z
sy

3ama4a 2. [Tokazars, uro cucrema pyHKImii 1, e”, e ™" 1ebbIeBcKas Ha JI0OOM ITPOMEXKYTKE.

§4 IlorpermHoCTb MHTEPIOJISIIAN

B sTom naparpade MbI cauTaeMm 3aJlaHHbIM HEKOTODBIH TPOMEXKYTOK |a, b], KoTopomy
pPUHAIEYKAT Y3JIbl HHTEPIIOIAINNA U TOYKA T, B KOTOPBIX Mbl PACCMATPUBAEM HHTEPIIO-
JISIIUOHHBIN TTOJIMHOM

[Iycrs wHa [a,b] 3amansl y3iubl X, ..., T,. Qig ynknun f € Cla,b] ee unrepmos-
[UOHHBIH IIOJIMHOM, IIOCTPOEHHLIN 110 3TUM y3JaM, yCIOBUMCS 0003HaYaThL depe3 (Q, f, a
3HAYEHHUE ITOTO TOJIMHOMA B TOUKe T depe3 @, (f;x). OTMerum oueBuHbIE CBOHCTBA!

1. JIna moboit pyukmun f € C Q,f € Py;

2. CBOWMCTBO JIMHEHHOCTH: JiJTs1 JTIOOBIX (DyHKIWA f1, fo € C' u a00bIX qncen aq, ap € R
Qnlarfi + asfo) = a1Qn f1 + 2@y fo;

3. mg joboro noysmuaoma P, € P, Q. P, = P,.

Pasnocrs R, (f;2) = f(z) — Qn(f;x) ecTb morpemuocTs (OCTATOYHBIN “JI€H) WHTEPIIOJISI-
mun. Ocrarok R, (f;x) obiagaer caeayromuMe OYeBUIHBIMEI CBORCTBAMU:

1. Jluneitnocts: R, (aqf1 + asfo; ) = aqg Ry (f1; ) + ae Ry (fo; x);

2. ps jioboro nosmaoma P, € P, R, (P,) = 0;

3. s jioboro ysina xy u joboit dyukiun f R, (f;xx) = 0.

[*3ameuanue 1. B repmunax dbysukimonasbaoro anamusa @, u R, — 310 auned-
Hble onepamopul, neiictByomue B npocrpancTse C. Omneparop (), — 3TO NPoexuyuoHHvil
onepamop, TpOEKTUPYIoIHii mpocTpancTBo C' Ha Mo IpocTpancTBo P, *|

Cremytonas TeopeMa J1aeT HeKOTOPYIO OIEHKY IOIPEIIHOCTH HHTEPIIOJISAIIN.

Teopema 1. Ecim ¢pyuarmnust f n + 1 pa3 HenpepbIBHO augepeHiupyeMa Ha IpoMe-
xyTre [a,b], (f € C™Va,b]), To gra xaxxgoit Toukn x € [a,b] Haiigercs Takas TOUKa
¢ € (a,b), aro

R(fi7) = 2205 () ee wla) = (e —wo)(w =) Gz m) (1)

(n+1)

Hokazarenbcrso. Ecam x coBnagaer ¢ oqaum u3 y3/108, 1o (1) oueBuHo — jesas
U IpaBasl YaCTH PABHLI HYJIO. IIpM & OTJIMYHOM OT BCeX Y3J10B BOCIIOJIB3YeMCs CBOHCTBOM
(5) paslesleHHBIX PA3HOCTEN JIsl Y3JI0B X, . . ., Ty, T (BKIIOYUB TOYKY T B UHCJIO Y3JIOB
paszesienHoil pasnocrn). Torma umeem:

f(@) = Qu(f;2) + w(@)f (2o, . -, 20, @),
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U JIJIsI 3aBepIIeHHs] TOKA3aTeIbLCTBa OCTAETCs BOCIIOIB30BAThCs CBOMCTBOM (6) pasjeseH-
vbix pasuocreit. W

OcranoBuMCcs Ha JIByX 3aJiad9ax BbIOOpa y3JI0B mHTepnoJdnuu. [Iycrs 3a1aH HEKOTO-
polit Kiace HenpepbiBHbIX byHKIMA U C Cla,b]. [Ipu 3aqaHHbIX y3/1ax HHTEPIOIAINT
BBeJIeM ODO3HAYEHMSI:

R,(Usz) = sup |R,(f;2)], Ra(U) =sup||Rufllc —
feu feu

norperrHocTy (ocTaTKu) uHTEpnoAiyn Ha Kiaacce U. Jlns kiacca dyHkimii
KC(n—i—l) — {f c C(n—i—l) ‘ Hf(n+1)HC < K} (K > 0)

9THU IMOT'PEHIHOCTU JIETKO BBIYUCJIAIOTCA:

Teopema 2. CupaBe/yinBbI paBeHCTBA:

_ Klw()

Al _ Kllwlle
(n+ 1)V

R, (KC™HD. 1) R, (KC™HD) = CESE

HokaszaTrenbcTBo. To, 9T0 JieBast 9aCTh IIEPBOTO U3 STUX PABEHCTB HE MPEBOCXOIUT
paBoii, cpasy ke cienyer u3 reopeMbl 1. Jlokaxkem obparHoe HepaBeHCTBO. PaccMorpum
- _K (n+1) _ n+1
dyukmuo fo(r) = mw(a:) Taxk kax f; = K, 10 fy € KC®"Y . OueBmano, 4o

Qnfo =0, u moTomy @)
Klw(x
|Rn(fo; )| = | fo(z)| = m>

4TO U 3aBepIIaeT J0Ka3aTeILCTBO IePBOro paBeHcTBa. Bropoe ciieyeT u3 1epBoro BBULY
ouesmtHOr0 TOsKAeCTBa R, (KC"HY)) = sup, R, (KC™Y;z). W

[Tpu 3agannom kinacce U (nmm 3aauabix Kaacce U u Touke x) Besmuanua R, (U) (co-
orBercTBeHHO R, (U; 7)) ecTh QyHKIMS Y37I0B, U MOXKHO CTABUTH 33129y O MUHUMU3AIUN
sroii dyukiuu. Te yambl, Ha KoTopbix dyukmus R, (U) mocTuraeT MUHAMAJILHOTO 3HAYE-
HUsI, HA3BIBAIOTCS ONMUMAALHLMY y3TaMu s Kiaacca U (nim kiaacca U u Touky ).

3adaua 1. Ilyctsb Ha mpoMexyTKe [a, b] 3amano 6osbinoe KomndectBo y3a0B N > n+ 1,
B KOTOPBIX HAM M3BECTHBI 3HAYEHUs KaKnx-To (pyHkimii. Hac maTepecyioT 3HaveHns STux
yHKIMIT B HEKOTOPO TOYKE T, OTJIMIHON OT BCeX y3/0B. [ljisi BbIUMCICHUST 9TUX 3HA-
YeHUI MBI XOTUM HUCIIOJIb30BATH MHTEPIIOJISIIIO I0 1 + 1 y31y. 3ajad9a COCTOUT B TAKOM
BBIOOpE ITUX Y3/I0B U3 UHCJA JAHHBIX, 9TOOBI JJI HEKOTOPOTO 3aJAaHHOTO Kjacca (PyHK-
it U Benmauna R, (U; x) Oblia MEHIMAIBHON. DTa 3a/a4a JErKO PeIaeTcst I KIacca,
U = KC™) | JleficrBuTebHO, B TOJTYYEHHOM B TeopeMe 2 IPEJICTABICHHH OCTATKA OT
Y3JI0B 3aBUCAT TOJILKO MHOXKUTEJIb |w ()|, €ro-To 1 Hy?KHO MUHUMHU3UPOBATH, a JIJIsl 9TOIO
cjejtyer BeIOpaTh u3 Hammx N y3J/10B OIuKaiime K TOYKe . 3aMEeTHM, YTO TOT IPHHITATT
YUIUTBIBAJICA JJI BBIOOPA MTOPSIIKA TTPUBICIEHINS Y3JI0B IIPU TIOCTPOEHUH WHTEPIIOJISIIINOH-
HBIX (DOPMYJT ¢ PABHOOTCTOSIIIIUMU Y3JIaMH B § 3.

3adavwa 2 — 3TO 3a7a4Ua O BBIOOpE ONTUMAJBHBIX y3JI0B Jjid Kjacca U, T.e. Takux
Y3JI0B, JiJIst KOTOPbIX BesimauHa R, (U) MuHuMAaIbHA. DTa JOCTATOUHO CJIOXKHASI B OOIIEM
cilydae 3aada OTHOCHTEIBLHO JIerko permaerca g Knace K CMHD[—1,1). Drum ciygaem
MBI ceifidyac u 3afiMeMcd.
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Teopema 3. OnruMasbHbIMEA y3/1aMI A1 Kaacca ¢ynxmmii K CMH [—1, 1] stBaIsTIOTCST

kopuu nosmmaOMa Hebbresa T, 11 (x): T = cos % (k=0,...,n), Ha3pIBACMBIC y3/IaMH
Yebormresa. [list 91X y3/10B
K
Ry(KC™Y[-1,1]) = ——. 2
(KCUI1,1)) = ot 2

Hoxkazarenncrso. dus ysnos Yebsimena w(x) = T,,41(x), n paBeHcTBO (2) HEME/-
JIeHHo caeyer u3 reopeMsl 2 u pasenctsa || 1,41 |lc = 5+ [ockosbky nommom Jebbimesa
HanMeHee YKJIOHSETCs OT HyJIsl U JJIst JTIOOBIX y3/I0B w(2) €CTh HOJMHOM CTerneHu n + 1 co

crapuy kKosdbdurmentom, pasupiM 1, 1o Beerna ||wllo > || Tosllc = -, M IIOTOMY [Isl
MobbIxX y310B R, (KCM+1) > % |

Bameuanue 2. B ciayuae nponsBoIbHOIO IPOMEXKYTKa [a, b] oTHMAaIbHBIE Y3JIbI J1JIs
knacca K CT[a, b] MOKHO MOTYYHTH, €CIIU ¢ HOMOIIBIO JIMHEHHOM 3aMEHbI TIepeMeHHO
IPOMEKYTOK [a, b] cBecT K poMeRyTKy [—1, 1] — obpassl y3108 Hebblmesa

+b—a 14 (2k+ 1)m
Tr = a COS ———
k 2 om + 2

n 6y,ZLyT OIITUMAJIbHBIMU Y3JIaMU IJId 9TOr'O KJjlaCCa, U JJid 9TUX Y3JI0B

" b—a\"" K

Jlpyroit 1moxo/1 K OIEHKEe MOTPEITHOCTH UHTEPIIOJISIUN CBI3aH C MOHATUEM (DyHKITUT
u noctosauubix Jlebera.

Onpenenenne. Oyukiueit Jlebera y3/oB xg, . . ., T, Ha3bIBAETCI
n
M) = 3 (@)l
k=0

Baech li(x) — dyHmamenTanibHble noauHOMbI HHTepIOsAmN. [locrostauoit JleGera ysion
HA3BIBACTCS A, = MaXyc[q,p) An ().

[*Bameuanue 3. Jlerko Buserh, 9t0 A, () ecTh HOpMA JEHCTBYIOIIETO B MIPOCTPAH-
cree C MHERHOTO (PyHKIMOHAA, KOTOPLIA byukimu f € C' cTaBUT B COOTBETCTBUE YUCJIO

Q.(f;x), a N\, — Hopma omeparopa Q. *|
Jlemwma 1. Jlst siro6oii pyakmnun f € Cla, b] BbIIOTHSIIOTCS HEpaBEHCTBA

Qn(f52)] < M@ flle, [1@nflle < Xallflic- (3)

Hoxkaszarenbcrso. [lepBoe u3 HepaBeHCTB (3) €CTh OYEBUIHOE CJIEJICTBIE HHTEPIIO-
Jianuonnoit popmysiel Jlarpamxka. s mokazaTeabcTBa BTOPOro JIOCTATOYHO B3ATh MAaK-
CUMYM II0 & OT JIeBOi u npaBoit yactu nepsoro. M

Teopema 4. /s sroboii Gpyakmnun | € Cla,b] BbionHsiorcst HepaBeHCTBA*

[Ra(fi2)] < (Aa(@) + D) EL(f),  [Ra(HII < An+ 1) En(f)-

*Hamomuum, uro F,(f) — 1o namwiydriee npubnmkenne pyakinuu f nojguaomamu kiacca Py, cm. § 1.
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HoxazaTteabcTBo. llyers P, € P, — monmHOM HamIydIero npubamkeHns HyHK-

mn f(||f — Pl = E.(f)). Torna umeem

| B (f; )| < [f(2) = Po(2)] + | Po(z) — @u(fs2) = | f(2) — Pu(z)|+
+ |Qn(Pn - f7£lf)| < En(f) + )‘n($)||Pn - f”C = ()‘n(i) + I)En(f)

ODTuUM JI0OKa3aHO MEPBOEe HEPABEHCTBO. BTopoe mosyvuaercst U3 MepBOro, eCjii B JIEBOH U
paBoil ero yactu nepeitn Kk Makcumymam o x. M

C dyuxuumeii n nocrogunoii Jlebera cBa3aHbl BOIPOCHI CXOIMMOCTH HHTEPIOIAITOHHBIX
[OJIMHOMOB K (DYHKIMU. ByieM roBopuTh, 9To JIJIsi IPOMEXKYTKa [a, b| 3a71aH MHTEpIOJIs-
IMOHHBII [IPOIIECC, €CIIN PN KazKJI0M 1 Ha 9TOM IPOMEXKYTKE 33/[aHbl Y3JIbI T{), L], . .., ).
Torya Q,(f;x) — UHTEPHOIANMOHHDBIE TTOJUHOMBI (DYHKIUE [, TIOCTPOECHHBIE [0 STUM Y3~
jgaM. ToBOpAT, YTO MHTEPHOJISIUOHHDBIA mporece s GYHKIUKE [ CXOAUTCA B TOUYKE I,
eciu pu . — 00 oyaer Q,(f;x) — f(z). Uarepnossimuonnslii mporece st GyHkimn f
cxonuTest paaoMepHo, ecan || f — Qnfllc — 0, (Te. Q,f cxomsrest K f paBHOMEPHO Ha
[a,b]). U3 Teopembr 4 cpasy ke BbITEKaeT

CaencrBue 1. Ecm jisi HeKOTOPO# HENpepbIBHON (DYHKIUH [ BBIIOJHSIETCS COOT-
Homerue A, (z)E,(f) — 0, To uHTepnOIsIUOHHBIH TpoIiecc A1 9TOH (DYHKIHH CXOJHTCST
B rTouke x. Ecin ke N\, E,(f) — 0, T0 HHTePHOISIMOHHBI 1IPOIECC JIIST HEe CXOJUTCS
PABHOMEDHO.

W3BecTHO, 9TO 711 JTI0O0N0 MHTEPIIOJSIIMOHHOrO Iporecca A, — 00. C 5TuM cBs3aHa
teopema Pabepa (06a 9TUX yTBEPKIEHUS OCTaB/sgeM 6e3 J0Ka3aTeIbCTBa):

Teopema (Dabep). /st 106010 HHTEPIOISIIIHOHHOIO IPOI[ECCa HAHJIETCST TAKasT HEIIPe-
PbIBHAasT (DYHKIIHS, JJIsI KOTOPOI 9TOT IIPOIIECC HE CXOQUTCSI PABHOMEDHO.

C dyuknueit u mocrostaHo Jlebera cBsI3aHa eIe OleHKa MOTPENTHOCTH B MHTEPITOISATIH-
OHHOM IIOJTMHOME, BOSHUKAIOIIEH BCJIEACTBHE HETOYHOI'O BBIUNC/IEHUA 3HAUCHUN DYHKITII
B y3iax. [lycrs npu Bbraucienun 3uadenuii byHkiwn () Mbl JOIMYCTUIA OIMIHOKU Ej,
JITs KOTOPBIX HAM M3BECTHBI JIUIIb OneHKHU || < e. Torma BMeCTO MHTEPHOIAIMOHHOTO
nosimHOMa (Q, (f; ) MBI OJTY UM

Qu(fi2) =) L(x) (f(xr) + &),

TaK 9TO
n

|Qn(fa$) - Qn(fa$)| = Zlk(x)gk < )‘n($)5

k=0

1 ||Qnf — Qnfll < Ane. Obe 5Tn OEHKHN ABIAIOTCS TOUHBIMI B TOM CMBICTIE, ITO eCJTH TIPH
BeeX k |ex| = € U € UMEIOT COOTBETCTBYIOMIM 00PA30M BBIODAHHBIC 3HAKU (71 EPBO
U3 9THUX OIEHOK sign £ = sign [ (x)), To 9TH HepaBeHCTBa 0OPAINAIOTCS B PABEHCTBA.

[Ipocreiimmyu y3maMu SBJISIIOTCS paBHOOTCTOSNME: T = a + kh, tine h = (b — a)/n,
a k = 0,...,n. TTokaxkeMm, 9TO 3TU y3Jbl ABIAIOTCA IJIOXMMU B TOM OTHOIICHHHU, UTO
JUId HUX nocTosgniag Jlebera pacreT Upe3BbIYaiino OBICTPO ¢ POCTOM 1 — € OBLICTPOTOM
reOMETPUYECKON TIPOIPECCUH CO 3HAMeHATeIeM, OOJIBIITNM €MHUIIBL.
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Teopewma 5. /151 mocrosinuoii Jlebera paBHOOTCTOSIIITUX Y3/I0B BBIIIOIHSICTCS HEPABEH-
CTBO .
. 1 /3
n - _ .
3n \ 2
Hokazarenbcrso. Umeem A\, > \,(z*), tae z* = a + h/2. Jlerko Bujerh, 910

[T lz" == (2n — 1) _ 1 @
[Tk loe — 25 20K n — k)2 — 1] 7 2n.27k!(n — k)

|lk(27)] =

Orcrona

(2n — 1)! 1 (2n— 1!
Ap > — = —
2n  2™n! Z k'(n —k) 2n n!

[IpousBesa oueHb rpyoOyIO OIEHKY:

(2n—D! _ 35 2m-1_2/(3\"
e =lg > ,

n!

upujieM K Tpedbyemomy. M

JlokazanHasi B TeopeMe OIeHKa MMPABUILHO OTPaKaeT XapaKTep MOBEJICHU A,y 1, XOTS
1 OYeHb I'Pyba, ITO IMOKa3bIBaeT CJIELyIoNas Tab IuIa;

n | omeHka | A, (z*)
10 1.92 24.6
20| 55.4 7391
40 | 92144 | 2.57-10°

Boicrporii poct nocrosinnoii Jlebera 3acTaBiseT mpemoaraTb, YT0 paBHOMEpPHAs CXO-
JIMMOCTD MHTEPIOJIANMOHHOIO IPOIECCa 110 PABHOOTCTOSIINMM y3JlaM MMeeT MECTO JIUIIh
JTs1 y3Koro Kiracca dbyHkimii. JleficTButesibHO, Kak MozxkeT ObITh nokazano (Cwm. £./1. Pabkun,
E.II.llanupo) 3Tot mporece B ciaydae mpoMexRyTKa [—1, 1] He cXoauTcs paBHOMEDHO st
dyHaKIHIi
P mpmx > 0,

) =
9() 0 upmzx<O

Ipu JI000M HaTypPaJbHOM P, XO0Td YHKIHA g, p— 1 pa3 HenpepriBHO guddepenupyemMa.

Bameuanue 2. U3BecTHo 6oJiee CUIbHOE B HEKOTOPOM CMBIC/IE yYTBEPXKJICHHE, UeM
TeopeMa b: I KaxK/0it TOUKN &, Takoit uro = € (a,b) u x # (a + b)/2, HaiiayTcs Takas
II0CJIC/IOBATEJIBHOCTL HOMEPOB My, M 4HCIO ¢ > 1, 910 A, () > ¢ (cM., Hampumep,
H.11. Hamancon wim U. K. Jlayeasem|[1]).

BosHuKaeT BOIPOC, a CYIIECTBYIOT JIM y3JIbl, JIJId KOTOPBIX IIOCTOstHHAasA Jlebera cyie-
CTBEHHO MEHbIIIe, YeM JIJIsi PABHOOTCTOsIIX ! OKa3bIBAETCs, YTO TAKUMHE Y3JIAMU SIBJISIFOT-
¢, B 9aCTHOCTH, y3Jibl UebObimeBa. B ciydae y3moB HebObieBa B KauecTBE MPOMEKYTKA
[a, b] MBI Oyziem paccmarpuBath [—1, 1] u, Kpome TOr0, yI00HEE OIEHUBATD HE ;) & Ap_1,
TaK 9TO y3Jibl — KOpHU HosnHoMa ebbimesa T, (x):

2k —1
2n

T =cosl,, 0, = ™, k=1,2,...n,
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a CbYH,ZLaMeHTaHbeIe IIOJIMHOMDBI MHTEPIIOJJIAINN NMEIOT BUI:

x) = Tu(z) = n
Ii( >_($_5Ek)T¢/L(5€k)7 k=1,2,...,n.

MBI BOCIIOJIB30BAJICH TEM, YTO JIIs PACCMATPUBAECMbIX Y3JI0B wy,(x) = T,,(1) = 27T, (),
a MHOZKHUTesH 2"~ 1, cTodmme U B Ymc/uTeNIe, U B 3HAMEHATEIe IIPHBOANMOTO IIPE/ICTaBIIe-
Hus i, B3auMHO cokparniaiorcd. [[ockombKy

sin(n arccos x)

i

To BeIOpaB 6 € [0, 7] u3 ycaoBus = = cos §, umeem

n n

JI—a2  singy

T,(x) =n T ()| =

B | cosnd| _
)l = n| cos @ — cos 6| sin Oy

JlokazkeM HECKOJIBKO JIEMM.

Jlemma 2. [Ipn 0 < o < 71/2
) 2
sina > — a.
T
JlokazaTesbcTBOo. OrpannanMcst yKa3aHUeM, UTO 9TO HEPABEHCTBO O3HAYAET, ITO
ist ipoMmekyTka [0, 7/2] rpaduk dyHKIMH Sinz JIEXKUT BbIIE XOPJbI, COETUHSIONIElH

HA4YaJI0 KoopauHaT ¢ Bepiuuoii cunyconapl. M
Jlemma 3. Ecmm 0 < x <z +h<m, 10

2
cosx — cos(x + h) > —2h2.
v
Hoxkazarennscrso. Hanpomexyrke [0, 7—h] pacemorpum dbyHKImIO (1) = cos x—
cos(x + h). OueBuano, aro p(z) > 0 u ¢"(x) = —p(x) < 0, Tak 9TO  He MMeeT Ha
oTKpbITOM TpoMezkyTe (0,7 — h) ToUuek JIOKAJBLHOTO MUHUMYMa. B TO yKe BpeMms

2
(p(O):gp(ﬂ'—h):1—COShZQSin2%22(%) .

OrtuM jiemMa gokasana. M

Jlemma 4. IIpu Beex k=1,2,...,nunx € [—1,1] |lx(z) < 2.
Hokaszarennctso. [lonoxkum x = cos@ (6 € [0, 7]). YunrsiBas, 1ro cosnby = 0 u
970 Tpu JIIoOboM T | sinnT| < n|sin 7|, nmeem

cos nf — cos nb;,

sin 0, =

k()] =

n(cos @ — cos )
sin §(0 — 0y,) - sin 5(0 4 6;)
nsin (6 — 0y,) - sin (0 + 60x)

sin 0, sin 6, + sin 6
T sini(0+6y) T sini(6+6)

sin 0, <

= 2COS%(9—91€) <2,
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9T0 1 TpeboBaaoch jgokaszarh. M

N3 jnokazaHHO# JIeMMBI cpa3y Ke CJIeyeT, 9To A, 1 < 2n, HO MbI XOTUM ITOKa3aTh,
YTO MPHU N — 0O MocTosinHas Jlebera A, crpemMuTcs K OECKOHEYHOCTH eIlle CYNIeCTBEHHO
MeJIJIeHHee.

Teopema 6. /s mocrosinnoii Jlebera yzios UebbieBa BepHa OIeHKA
4
A1 <8+ —Inn.
s

JlokaszaTenbcTBo. g mponsBoabHoit Touku x = cosf, canras 6, < 0 < 6,,.1,
uMeeM

n m—2 m—+2 n
Aci(@) =D (@) =D 4+ +> =S5 +S5+ 8
k=1 1 m—1 m—+3

Ecmm 0 < 0y i 0 > 6,,_3, To cymma Sy miti S3 OTCYTCTBYET, a So MOXKET COIEP:KATh MEHb-
1e, YeM JYeThIpe, CJIaraeMbIX, ITO MPUBEIET JIUIIDb K YIIYUIIIEeHUIO JJOKA3bIBAEMON OIEHKH.
N3 nemmbr 4 cpasy xe ciaemayet, 910 So < 8. CymMmbl S| 1 Sy OIEHUBAIOTCST OJIMHAKOBO.
OneHuM IEPBYIO U3 HUX.

m—2 .
sin 0y,

1
S < — _
b= n?cos@k—cosﬁ

Oyukimst sinu/(cosu — cos @) npu 0 < u < 0 Bozpacraer. [TosTomy

sin 6, sin u

upu u € (O, Okt
cos B, —cos — cosu — cosf b [Or, Or11]

Uurerpupyst 5170 HepaBeHCTBO 1O [0, Ok 11], mMeem

1 (%= sinu 1 1 —cosh 1 2
S < — ———————du=—1In < —In ,
T Jo cosu — cos 0 T  cosb,_1 —cos@ — m cosb,,_1 — cosO,,
u 10 siemmMe 3 (pu h = w/n)
1 2
S < —Inn”*=—Inn.
T T

CymmMma S35 JomyckaeT TaKylo »Ke OIEHKY, W JJIsl 3aBepIleHus J0Ka3aTeIbCTBa OCTACTCS
CJIOZKUTD IOJIyIeHHbIE OIEeHKH JIsd S1, So u S3. M

[Tonyuennast omeHKa MMpaBUJIbHO OTparkaeT XapaKTep PocTa IOCTOSHHOM Jlebera st
y3710B YeObIIeBa, XOTd ¥ HEMHOTO 3aBbIllieHa. /[y cpaBHeHus ¢ Tab/IUIeil HUKHUX OIle-
HOK TIOCTOSIHHBIX Jlebera jjis paBHOOTCTOAIINX Y3JI0B (CM. BBIIIE) IPUBEJIEM JJIsI TEX JKe
nomepoB n = 10, 20, 40 3nadyenus nocroduubix Jlebera yzmos Hebbimesa, coxpaHss TpPU
3HAKa I0CJIe 3aIIITO:

>\10 - 2489, )\20 - 2901, >\40 = 3327

U3 Teopembr 6 u Teopembl JIzkekcona (cM. §1) Jierko mOIyduTh, YTO HHTEPIIOJISAIHOH-
HBII TIpoIiece 1o y3/1aM deObIleBa paBHOMEPHO CXOJIUTCS JIJIsi BCeX HEIpPepbhIBHO audde-
peHInpyeMbIX (DYHKIN; B JeHCTBUTEILHOCTH TaKas CXOAUMOCTh UMEET MECTO JIJIsi TOpas-
J10 DoJiee MUPOKOTo Kiaacca pyHKITHA.
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Nureprionsmus no y3iaM HebbimeBa JTOBOJIBHO 3PMDEKTUBHBIN CIIOCOO TPUOINKEHUS
HENPEPBIBHLIX GyHKIWi mosuHoMaMu. [Ipn me caumkoM GOIBINX N MOTPEITHOCTD TTPH-
OJIMZKEHNsI, MOy 9eHHOIO TAKHM CIOCODOOM, MOXKET OTJIMYATHCA OT HAWIYUIICro IpHO/IH-
JKEHNUST JIAIIb B HeGOJIbINOe Yncsio pad. Jlaxke i TpHOIMKEHUs TOJMHOMAME TAKOil BbI-
cokoii crenenn, Kak 40, BoinosHsercs HepaBeHCTBO Ry(f) < 4.4F4(f) (cm. Teopemy 4).
3amernMm ere, 9TO HOCTPOEHHUE IIOJMHOMA HANUIYUIINEro NPHOJIIZKEHHs TOPa3/o TPy/IHee,
YeM MHTEPIOIAMOHHOIO TOJMHOMA 110 3a/IaHHBIM y3JIaM.

3amadya 1. [Tokasars, 4ro nocrosinHas Jlebera nHBapuaHTHA OTHOCUTE/IBHO JIMHEHHON 3aMeHbI He3a-
BUCHUMOI IEpEMEHHOM, T.€. €CJIU JIMHEHHON 3aMeHOl IIePEMEHHOI MBI TIEPEBOINM IPOMEKYTOK [a, b] B [c, d]
U TOH ke 3aMeHOll nepenocuM Ha [c¢, d] 3amanuble Ha [a,b] y3/bl uHTEpIONANNT, TO HoCTOsHHasA Jlebera
MOJIY YE€HHBIX Y3JI0B COBIAJIAET C MOCTOsTHHOMN Jlebera MCXOMHbIX.

Bagaua 2. Jloka3aThb, 9TO OPU N > 3 UHTEPHOJISIMOHHBINA TOJIMHOM IO y3jaM YebbiieBa Ha mpome-
KyTke [—1, 1] mpubmmzkaer DyHKIMIO COS X JIydIle, 9eM OTPE30K psiia Teitsopa TOi »Ke CTeleHn.

3amada 3. [lokazaTh, 9T0 B CjIydae JIIOOBIX Y3JIOB Jjisd (pyHKIUU Jlebera BHIIOJIHAETCST HEPABEHCTBO
An(z) > 1, npuueM mpu n > 2 3HAK PABEHCTBA UMEET MECTO B TOM U TOJBKO B TOM CJydae, €CIHU T
COBIIAJIAET C OJHUM U3 y3JIOB.

3amava 4. [lokasarb, 4ro mpu n > 2 MeXJIy JABYyMs coceaHumu ysjgamu (yHkius Jlebera mmeer

CAUMHCTBEHHYIO TOYKY MaKCUMYyMa.

§5 DpMuUTOBCKAS MHTEPHOJISAIAS

[Tycrsb Ha ipoMeskyTKe [a, b| 3a1aHbl y3JIbI X, . . . , Tp. [l pumnmimem Kazx 1oMy y31y HeKO-
TOpOe HATYpPaJbHOE THCIIO (v, HA3bIBAMOE KDATHOCTBIO y3ia T. [lomoxum N = > oy — 1.
[Iycrs as nekoTopoit hyHKIUN f B KaXKJI0OM y3J1€ I HaM U3BECTHDBI 3HAYCHUS €€ CaMOil 1
ee TIPOU3BBOJIHBIX JI0 TOPSIKA (v — 1 BKIIOUUTEIBHO. 3a/1a9a SPMUTOBCKON UHTEPIIOJISIITTT

COCTOUT B TOM, UTO Tpebyercst mocTpouTh mnojuaom Py € Py, koTopsrit ipu k = 0,...,n
YJIOBJIETBOPsiJT ObI paBEHCTBaM
PO(xy) = fD(xy), j=0,...,a5—1. (1)

BamMeTnM, 9TO 9UCI0 YCIOBHIA, KOTOPhIE MBI HAJOXKUIA Ha Py, ectb N + 1, T.e. UX CTOJIBKO
JKe, CKOJIbKO K03 duimeHToB y nojunoma crernerau N. [losromy ecim mckaTh 3TOT IMOJIH-
HOM C HeolpeeseHHbIME Koadbdunuentamu, To yeaosus (1) npuseayr k cucreme (N + 1)
JIMHEHHBIX ypaBHeHuii orHocuTebHO (N + 1) ero KoaddurmeHTos.

JlokazkeM OJHO3HAYHYIO Pa3pelIMMOCTh IIOCTaBICHHON 3aa4u.

Teopema 1. Kakopsr Ob on ObuIn qucia by, CyIICCTBYeT U IIPHTOM CJHHCTBCHHBII
nosmmaOM Py € Py, JUIsT KOTOPOro BBITOJIHSIFOTCSI PABEHCTBA

P](\/g)(xk):b?g ]{?:0,,”, .720770%_1

JlokazaTenbcTBO. Kak yKe oTMedasoch, 3aja4a IMOCTPOEHUST TAKOI'O ITOJIUMHOMA
cBozuTes K perennto cucreMbl (N + 1) jsmHeitHbx ypaBHenuit ornocureabao (N + 1) ko-
s durmenTon sroro nosmHOMa. Tpedyercs J10Ka3aTh, 9TO 9Ta CUCTEMA OJTHOZHAYHO Pa3-
peruMa. J[1s1 9TOTO JTOCTATOYHO YOEIUTHCS, 9TO COOTBETCTBYIONIAs OJTHOPO/IHAS CHCTEMa,
uMeeT TOJILKO HyJsieBoe perenue. 1IycThb Py — noymuoM, K03bpUIIEHTB KOTOPOTo V10~
BJICTBOPSIOT 3TOH OJJHOPOJIHOl cucTeMe ypapHeHHil. 9TO 03HaYaeT BBLIIOJIHEHHE PaBeHCTB
p](\?)(xk) =0unpu k=0,...,n,7=0,...,a, — 1, T.e. T} ABJIAETCS KOPHEM TIOJUHOMA pN
KPaTHOCTHU (y, ¥ C yI€TOM KPATHOCTEl 3TOT moJimHOM crerern He Beime N umeer (N 4 1)

27



kopHreit. Ho Torma on ToxXK1eCTBEHHO paBeH HYJIIO, U PaBHBI HYJIIO BCE €r0 KOIMMUITUEHTHI.
Wrak, Hama oHOPOIHASI CUCTEMa YpaBHEHUI uMeeT TObKO HyseBoe permenne. M

OrMeruM YacTHBIA ciiydail mocTaBJIEHHON 3a/a9u, KOIJa MMEeTCsl BCEro JIUIIb OJIH
y3e1 Ty KpaTHOCTH . Torma N = ag — 1 u, KaK JIerKO BUJETh, Py €CTh OTPE30K psjia
Teitnopa dyakmum f:

Pa@) = F(@0) + (& = 2o) () + -+ EI0 100 ).

Bnadenust IpOU3BOIHBIX (QYHKIUKU f B TOUKE Ty MOI'YT OBITH BLIPAXKEHDBI YePe3 Pa3IesIeH-
Hble PA3HOCTH 3TOi (DYHKIMU ¢ KPATHBIM y3JI0M Xy (cBoiicTBO (7) pasjieseHHbIX pPasHO-
creit), u Torga moauMHOM Py 3anumercs B BUJIE

Pn(z) = f(x0) + (x — o) f(z0, 0) + - - + (2 — 20) f(20, . . ., 20)

(B mocJIeTHEM CIaraeMOM pasjieleHHasl PA3HOCTh uMeeT TopsAaoK N). 31ech SpPMUATOBCK Ui
UHTEPIOJISIIIMOHHBIH TOJTMHOM TIPEJICTal B TOM BUJe, Kakoil jaet ¢popmysia Heiorona npu
OOBIYHOM MHTEPIIONAIIE, KOTJIa BCE y3/Ibl UMEIOT MEPBYI0 KPaTHOCTL. OKa3bIBA€TCsI, UTO
U B OOIIEM CIydae SPMUTOBCKUNA UHTEPIIOJISIIIMOHHDIH TIOJIMHOM MOKET OBITh IIPEJICTABIIEH
B (bopme Hbiorona.

[Tycts yo, - . ., YN — HEKOTOpAs EPECTAHOBKA Y3JIOB Iy, . . . , T, C IOBTOPEHUSIMH, B KO-
TOPO#i KaxKJIblii y3esI Xp BCTPEYaeTcs CTOJbKO pa3, KaKoBa ero KpaTHOCTh. Pactiosarast
suamenuamu fU)(z) (k=0,1,...,n, j =0,1,...,a; — 1), MBI HIMeeM BO3MOKHOCTD BbI-
YHCIUTH Pa3JIeIeHHy0 pasHocThb f(yo, ..., yn). CTporo roBopsi, Korjaa BBOIMINCH Pas3/ie-
JIEHHbIE PA3HOCTH ¢ KPATHBIMHI Y3JaMH, TPeboBaIoCh, YTo6k! mponssoanas f Y Geira
HEIlPePBIBHA 110 MEHbIIel Mepe B OKPECTHOCTH TOYKH T, & Celdac Mbl 3HAEM TOJIBKO
CyIIIECTBOBaHUE STOM MPOU3BOIHON B caMOil TOUke xp. Bosiee Toro, ecjam Mbl peniaem WH-
TEPIIOJIAIMOHHYIO 3a/1a49y B IIOCTAHOBKE TeOPeMbI 1, To HUKakoil (byHkimu f y Hac BoobIie
Her, XoTs ey cantars b, suadenuem fU) (1), nie f o6aaeT My KHBIMI HEIPEPHIBHBIMIT
pou3BOIHBIMU, TO f (Yo, ..., Yn) MBI MOKEM BBIYUCIATH. UTOOBI pA3pPENTUTh Ty KOJLIH-
3UI0, MBI OyJeM cautarh, 910 f(Yo, ..., YnN) €CTh pasjieleHHasl Pa3HOCTh SPMUTOBCKOIO
UHTEPIIOJISIIIMOHHOIO MIOJTMHOMA, CYINECTBOBAHKE KOTOPOIO Jloka3aHo B Teopeme 1. Jljst
HEro BBIMOJIHAETCsT paBeHCTBO Py (Yo, ..., yn) = f(Yo,-- -, YN ), €CJIH TOJBKO f JOCTATOYHO
rnajaKag GyHkmus, aa koropoit fU)(x,) = bi. Tax moxkuo moHUMATH f (Yo, .. .,Yyn) (7
pas/ie/ieHHble PA3HOCTH HUBIIMX HOPSIKOB) B CJIEYIOIIEil Teopeme.

Teopewma 2. Ilycts yo,vy1,--.,Yn — HPOU3BOJBHAS ITEPECTAHOBKA Y3JIOB Xy, . .., T, C
IIOBTOPEHUSIMH, B KOTOPOH KaKJIbIil y3eJ Tj, BCTpedaeTcsl CTOJIbKO pa3, KaKoBa €ro Kpar-
HoCTh. Tor1a SpMUTOBCKHE WHTEPIOSIIMOHHBIN MTOJTHHOM HUMEET MPEeCTaB/ICHHe

Py(z) = f(yo) + ( — yo) f(Wo, 1) + -+ (. —wo) - - (x —yn-1) [ (Yo, - - -, yn)-

OTa hopMyta Ha3bIBACTCS IPEJACTABICHUEM SPMHUTOBCKOIO HHTEPIOJISIIHOHHOTO IIOJIHHO-
Ma B popme HproToHA.

JlokazaTenbcTBO. [[oKaxkeMm, 9TO BBIIUCAHHBIN MMTOJIUHOM Py yJI0BJIETBOpPSIET WH-
TEPHOJIANMOHHBIM YCIOBUAM. 3aMETUM, 9TO €CJIH g, . . . , YN PASAUIHDBIE Y3JIbI U 20, . . . , ZN
UX IIPOM3BOJIbHAS IEPECTAHOBKA, TO BBIIOJJIHAECTCA PABEHCTBO OJMHOMOB

f(o) + (@ = yo) f(Wo, 1) + -+ (= wo) ... (& —yn—1) (o, - .-, yn) =
= f(ZQ) + (ZIZ' — Z())f(Z(), Zl) 4+ 4 (ZIZ' — Z()) e (ZIZ' — ZN—l)f(ZO> ey ZN),
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TaK Kak JieBas U MpaBasi 9acTH COBIAIAIOT KaK HHTEPIIOJISIIMOHHDBIC TIOJIMHOMBI (DYHKITHI
f, mocTpoeHHBIE TIO OJTHON U TO# Ke cucTeMe y3/10B. [I0CKOIBKY pasjiesleHHble Pa3HOCTH
CyTb HeNIPePbIBHbIC (DYHKIMI CBOUX apTyMEHTORB, TO 3TO K€ PABEHCTBO COOIIOIACTCS U IPH
HaJIMYUU KPaTHBIX y3JI0B. [losTOMy 1pm jloKazaTebcTBEe paBEHCTBA P](\? )(a:k) =f (j)(xk)
MBI BIIpaBe CYUTATh, YTO Yo = - -+ = Yq,—1 = Tk. LOIJa

Py () =f(ax) + (x — o) f (@, x) + -+ (0 — 2p)™ 7 f (2, .. 2) + R(z) =

(;L’ — l’k)ak_l f(ak_l)(xk) + R(SL’),

= flaw) + (@ =) fian) -+ =

rae R(x) — mosuHoM, cofeprKaIimii MHOKATEIb (T — xy ). OTciona BUIHO, 9TO JefiCTBH-
TesibHO Tpu j < o — 1 Gyzer P](\?)(:L’k) = fO(zp). W

YKazKeM Terepb OJIHO IPUMEHeHUe JJoKa3aHHoi TeopeMbl. [TycTb Ha nmpomexkyTKe [a, ]
3aJIaHbl TIONAPHO PA3JIMYHbIE y3JIbl MHTEPIOJIANNY, 3aBucsime or mapamerpa t € (0, d]
zr(t) (k=0,1,...,N), mpudem tipu t — 0 ap U3 TUX Y3JIOB CXOJATCS K Yo, O — K
Y1, 1 T.J., @y Y3I0B — K Yy, (D j = N + 1), npudem y37bl y; HOMApHO Pa3andHbl. depes
Qni(f;x) 6ymem 0603HAYATH HHTEPIOJISAIMOHHbIH MOJTMHOM (DYHKIMA f | TIOCTPOEHHBIH 110
y3aam . (t).

CaencrBue. IlycTtp BBITOJIHEHBI yKa3aHHBIE YCJIOBHS U (PYHKIHs f TakoBa, 9TO B
HEKOTOPOIl OKPECTHOCTH KazKJOr0 y3J/1a Y; OHa (u;— 1 pa3 HeIpephIBHO JHgdepeHIupyeMa.
Torma npu t — 0 nosmaoMbl Qn¢(f;x) paBHOMEpHO Ha HpoMexRyTKe [a,b] cxomsarcs K
Pn () — 9pMHTOBCKOMY HHTEPIIOJISIIIHOHHOMY IHOJHHOMY (QYHKIHU [, IIOCTPOCHHOMY IO
y3y1aM Y; KpaTHOCTEH ;.

JokaszaTebcTBO HEMEJIEHHO CJIEIyeT U3 MPeCTaBIeHnsT MOJTHHOMOB (Qn¢(f, ) u
Py (x) B dopme HbroroHa 1 HEITPEPHIBHOCTH MIPU HAJIOKEHHBIX Ha (QYHKIUIO f yCIOBUSIX
ee pazgenennbix pasnocreii. M

[TorpeImHocTh 3pMUTOBCKOI MHTEPHIOJISIIAI MOXKHO ONEHUBATL, UCIOIL3YH CICLYIO-
IILYIO TEOPEMY.

Teopewma 3. Ilycro ¢pyukius f N+1 paz wenpepbiBHO juchbpepeHinpyemMma Ha HeKOTO-
poM npoMexKyTKe |a, b], comepakaiiem Bee y3/ipl U TOUKY uHTepHossn x. Toryga naigercs
rakast Touka £ € (a,b), 4ro

_ Qz) N+1
f(x) = Py(x) = mf( )(f)-

Baece Qx) = (x — x9)* ... (x — x,)* — mosmmom crenenn N + 1.

JokaszaTe bCTBO NOYTH JOCTOBHO [IOBTOPSET JIOKA3ATEIbCTBO TEOPEMBI 1 U3 IpeJIbl-
ayiero naparpada. Cirydaii, Korja ToYka T COBHAJAET € OJHUM W3 y3JI0B, OUEBHUJICH, U
MbI OyJleM CUUTaTh, 4TO 1pHU BeeX k x # xy. Vcmonb3ys csoiictso (5) pasjieieHHbIX
pasHocreil (npejcraBieHne 3HadeHUsi QYHKIUKE B IIOCJIEHEM y3Ji€ Yepe3 pasjiesleHHbIe
Pa3HOCTH), KOTOPOe, KaK yrKe OTMedYasoCh, BEPHO U B CJIydae HAJIMYUsl KPATHBIX y3JIOB,
JUIST Y3JI0B Yo, . . ., YN, & (Y3IBI y; Te Ke, 9TO B TeopeMe 2, U K HEUM elle J00aBiIeH y3erl T
IIEPBOIl KPATHOCTH ), UMEEeM

f(x) = Py(x) + Q) f(yo, - - yn, @),
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I OCTAETCsI BOCIOIL30BAThCA CBOicTBOM (6) pasienennsix pasnocreil. M

BamMernM, 4TO B 3a/a9e IPMUTOBCKON MHTEPIIOIANMA B KaxXKJIOM y3Jie Xy IPOU3BOIHBIE
3aJIaHbl “0€3 MPOITYCKOB’, T.€. €CJIM JIJId TOCTPOCHUS MHTEPIOIAIMOHHOIO MOJTUHOMA UC-
nosp3yerca npoussomraa f™ (1), To m Bee mpenpyrymme fU9) (xy) mpm j = 0,1,...,m—1.
MoKHO CTaBUTH 3aJ1a91, B KOTOPBIX 9TO MPABUJIO HE COOJIIOIAETCS — B HEKOTOPBIX y3J1ax
IPOM3BOIHBIE 3aaHbl C IPOIyCKaMu. Takue 3a/1a49i MOI'YT OKa3aThCsl HEPA3PEIIIMbIMH.
C sruM cBsA3aHbl POPMYJIMPYEMbIE HUXKE 33 1a91

Banaga 1. Ilokasars, 9ro unTepnossiuonnas 3anada Ps(zy) = ak, Py (zr) = by (K = 0,1) oxgno-
3HAYHO pa3pemunMa.

Bapaua 2. [Tokazars, 9T0 MHTEpHOIANMOHHAs 3ama4da Pa(—1) = a, P3(0) = b, P2(1) = ¢, BooGuie
TOBOPsI, HEPA3PEITNMa, U HAWTU YCAOBUE €€ Pa3peruMOCTH, HAJOKEHHOe Ha IUC/Ia a, b, ¢, U TOr/1a 3a,/1a9a

nMeeT OECKOHEYHO MHOI'O DEIIeHuit.

§6 Yucaennoe nuddepeHmupoBaHue

Yucennoe quddepennupoBanne— 3TO NPUOJINZKEHHOE BEIYUCICHUE TTPOU3BOIHBIX (DyH-
KIUH, 3aaHHON TaOJIMIHO.

IIycts maM m3BecTHBI 3HaveHns YHKIMN f B y37aX T;, JeKAIINX Ha IIPOMEKYTKe
[a, b]. Tpebyerca maiiTn 3navenue mpoussoanoil aroit dynxmun f*)(x) B mexkoropoit Tou-
Ke X, KOTopas MOXKeT U COBIAJATh ¢ KaKUM-HHOyIb u3 y3/0B. Crocob pemreHus 3Toit
3aJ1a9M TAKOB — TI0 y3JIaM, B KOTODBIX M3BECTHO 3HaueHne (byHKIMH, (MM 9aCTH U3 HUX)
CTPOUTCSA WHTEPIIOJISIIIUOHHBIN TOJIMHOM, W 3a NMPUOJIMKEHHOE 3HAYeHNe IMPOU3BOIHON B
TOYKe T TTPUHUMAETCSI 3HAUEHUe B 9TON TOUKE MPOU3BOIHON MHTEPIIOIATINOHHOTO TTOJIMHO-
Ma. Eciu jaj1st mHTeproianu ObLIN BEIOPAHbI Y36l L, . . ., Ly U P, — COOTBETCTBYIOIIHIIA
HHTEPIOJIAIUOHHBI MHOTOU/IEH, TO (popMyIa IUCIeHHOTO JuddepeHIMPOBAHN:

fO(x) = PP(x).

SaiiMeMcs OIEHKON MOTPEITHOCTH 3TOH (DOPMYJIbI.

Teopewma. Ilycre ¢pyukmus f n + 1 pa3 dernpepbiBHO JucbhepeHIIupyemMa Ha Ipo-
MEXKYTKe [a,b], comepKaleM y3/IbI HHTEPIOJISIAI H TOYKY T, B KOTOPOH BBIYHCISCTCS
npounspognasi. Ilycre k < n u mycrb BbIIOJHSIETCS OJHO U3 ycaoBuii: a) x & (c,d), rie
c¢=minz;, d =maxz;, mm6) k = 1 ux copuagaer ¢ ogunm u3 y308B x;. Torma Haiigercs
rakas rouka & € (a,b), 410

Fr(E)
R(z) = f®(z) = PP (z) = w®(2)—22,  w(z) = (z —x0) ... (z — ).
(n+1)!

HokazaTeabcTBO. JlokaspiBaeMoe MpeJcTaBieHne IOIPerHOCTH (DOPMaJIbHO BhI-
IVISTAT TaK, KaK Oy/ITO MBI IIPOCTO NTpoaud depeHmpoBain (popMyIry IpeacTaBIeHUs 10
IPEIHOCTH WHTEPIOJIsInU, yKasanuyio B §4 (teopema 1). Omgmako, momobuoe “mudde-
peHnupoBanne”’, pazyMeeTcs, He3aKOHHO, MOCKOJIBKY TOYKa £ B MPEJICTABICHUN OCTATKA
UHTEPIOJISIINA 3aBUCAT OT x. Tenepb 06paTUMCs HEMOCPEJICTBEHHO K J0KA3ATEIbCTRY.

Beuy a) mwmm 6) w® (1) # 0. [onoxum A = [f*)(z) — p¥ (2)]/w® () 1 onpenemm
dyukimo ¢(z2) = f(2) — P, (2) — Aw(z). ¥Yamer ; (j = 0,...,n) SBIAOTCS KOPHIME TOM
dbyukiwm, Tak aro Ha [c,d| ona mmeer (n + 1) pasmmaabix KopHeil. Ilo Teopeme Postis
©®) umeer na (c,d) n + 1 — k KopHeii, He coBIaIaIONuUX ¢ ToUKoi . Ilocieamee ciemyer
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u3 Toro, 4to B ciaydae a) x ¢ (¢,d), a B caydae 6) — U3 TOro, 4TO 1O Teopeme Posiis
CYIIECTBYET KOPEHBb HEPBOii MPOU3BOMHON (DYHKINH, JICZKAIINIT CTPOrO MEXKLy KOPHAMHE
camoii atoit pynknuu. Mtak, Touka & €cTh KOPEHb <p(k), OTJIMYHBIA OT COCYUTAHHBIX paHee
n 4 1 — k xopmeit, Tak uro Ha [a, b ©*) nveer me memee n + 2 — k xopmeit. ITpomomKast
IPUMeHATH Teopemy Posurs, mommyanm, aro npomssognas @t (z) = fH(2) — A(n+1)!
mveeT ma (a,b) xora 661 omuH Kopenb ¢. Ocraerca npupasuath " (¢) mymo. W

Bameuanue. Yeiaosus a), 6) reopeMbl cyiiectBentbl. Hamnpumep, it Tex TOYeK .,
B KoTopex w)(z) = 0, noKasbBaeMas HOPMyIa BHINIAIETA ObI HEJTEIO.

[TocTpoum HEKOTOPBIE KOHKPETHDBIE (DOPMYJIBI YUC/IEHHOTO TudMepEeHITMPOBAHNS B CITy-
Jae PABHOOTCTOAIINX Y3JI0B M TOUKN JudHepeHnnpoBaHus, COBIAIAOINIEH ¢ OJHIM U3
y370B. IIpu 3TOM ecTecTBEHHO UCIOIB30BATH UHTEPIOJIANMOHHBIE (DOPMYJIbI ¢ KOHEUHDI-
MM Pa3HOCTIMHU, OCTpoeHHble B §3. B arux dopmynax jeranach 3aMeHa IepeMEHHOM

_ _ d _14d
T = o+ th (wm r = x, + th), u ciexyer nMeTh B BUIY, UTO 4- = 4.

Huddepennupys dpopmyny Hurorona g nadasia TabIUIbI, ©MeeM

_ 1 d

1 2t

2
— |Afo+ A Jo+
h
[Tosrarasg B 3To0it dpopmyse ¢t = 0, coxpaHsds B KBaJpaTHBIX CKOOKaX JIMIIb OJIHO WJIM JIBa
CJIAraeMbIX W UCIOJIB3Ysl JIJIsl OCTATOYHOIO WieHa R JI0Ka3aHHYIO0 TeopeMy (371eCh BBIIOJ-
HeHo ycsoBue 6) ), umeem Jyist f(xg) caemytomue GhopMyIIbL:

hodo_Dpne),

1 1 1 2—3f0+4f1—f2 B2 (1)
f' (o) =7 {Afo - §A2f0} + R = 5h + gfm(g)-

RN

Touno Tak ke, muddepennupysa dopmyay Hbiorona g KoHIa TaOIUIBI, MOXKHO TIOJTY-
IUTh:

/ _ fn_fn—l h " / o 3fn_4fn—1+fn—2 h? "
flan) = 20 g D), ey = P ea b B g,
Huddepennuposanne dpopmysisl Hoiorona - [aycca maer:
P'(z) —liP( +th) =5 |Afo+ 7A2f +.
T T hdl Lo o+t -1
1" 1 d2 2
P (I):ﬁﬁp(%ﬂ%h) h2[A fa+.]

COXpaHHH B KBaJpaTHBIX CKOOKaX BBIMNCAHHDLIC YJIECHDI U HCIIOJIB3Yyd B ClIydae HepBOﬁ
HpOI/ISBO,ILHOfI TeopeMy O IIpejacTaBJICHUN OCTATOYHOI'O YJICHA, UMEEM

_ 2
Pl =3 [an - go2a| 4 r= 22 T, £l
flan) = A 4 R= DT ®
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Unrepecro cpasauth dopmyny (2) ¢ meppoii u3 dopmya (1). B mpaseix gacrax Toit u
JPYTOil MCIIOJIB3YIOTCs JiBa 3Hadenus: GyHKiwu f, Ho dopmyra (2) numeer BTOpoil mopsi-
JIOK TOYHOCTU OTHOCUTEJLHO h, a mepBast u3 dopmy. (1) sumb nepssriit. [Ipubankenns K
IIPOM3BOJIHOM, JaBaeMble 3TUMU (POPMYJIaMU, CYTh YIJIOBbIE KO3 (PUIMEHTHI XOP/I, IPOBe-
JIEHHBIX K rpaduKky DyHKIuu [ depe3 TOUKu (1’0, f (:L’O)> — (5171, f (5171)) B OJ[HOM CJIydae, u
yepes (x_l, f (SL’_l)) — (:cl, f (SL’l)) — B apyrom. 13 pacemorpennst rpaduka (CM. PHCYHOK)
IPEJCTABIACTCA €CTECTBEHHBIM, 9TO BTOPasg U3 3TUX (POPMYJI OOBIYHO JIOJIKHA JaBaTh
JIy9Iuil pe3ysibrat, deM mepsasi. Ha rpaduke, nzobparkennom Ha pucyHke, f'(xg) = tgy,

V4

npub/imzKenne, gaBaeMoe mnepBoii u3 dhopmyn (1) — tg g, a dopmysoit (2) — tgs.

VYes10BUsE TEOPEMBI O TIPEJCTABICHIN OCTATOYHOIO YJIeHa HE BBIIOJHEHDI B CIydae (op-
myibl (3). Bostee Toro, w”(xg) = 0, u B yka3aHHOil B Teopeme (hopMe OCTATOK BBIPAYKATHCSI
He MOXKeT. JIjist TmoJtydeHus pejicTaBienns octaTka (pOpMyIIbl (3) MbI HCIOJIB3YEM JIPY-
roii npuem. [Ipe/monaras B OKPECTHOCTH TOYKH Lo (DYHKIUIO [ IE€THIPEXK /bl HEIIPEPHIBHO
nuddepenpyeMoit, ucnoab3yeM s Hee dpopmyity Teiiopa, B KOTOPOii 3HAYEHUs BCEX
[IPOU3BOJIHBIX, KPOME MOC/IE/IHUX, BEIYUCIAIOTCA B TOYKE Tg:

fi=fo+hf + h—zf” + h—3fm + h—4flv(51)
2 6 24 ’

h? h3 ht
f—l :fO . hf/ + ?f” . EJc/// + ﬂflv(&)'

BBIaTe U3 cyMMBI 9THX pas3jioxkeHnii 2f, n nogenms Ha h?, IpujeM K paBeHCTBY

Ji—=2fo+ [
h2

BameTus, 4T0 MeKIy ToUKaMu &1 u £ Haiijercsa Takasi Touka £, YTO BBIIOJHAECTCA PABEH-
crBo fUVI(&)) + fIV)(&) = 2fUV)(€), okomUATEILHO IOy THM:

filag) = D2 S I pvg (@)
h? 12

OcranoBUMCsl Terepb Ha BJIUSHUU ONIMOOK, JOMYIIEHHBIX B 3HAYCHUAX (DYHKIMU, HA

IIOJIyYeHHbIe B Pe3yJibTare YUCJeHHOTO jnddepeHImpoBatns Pe3yibTaTbl Ha IIPUMepe
dbopmyssr (2).

Ecu 111 OKpecTHOCTH TOYKH Ty HaM u3BecTHa oteHka | f”(x)| < M u m3BecTHO, 9TO

[P MCIIOJIb30BaHUK (bOPMYJIbI (2) HOTPEITHOCTH B 3HAYCHUIX (DYHKIMA f B TOUKAX 1 U

T_1 10 MOJIYJIIO HE MPEBOCXOJAT HEKOTOPOrO €, TO CyMMapHas IOIPENIHOCTh B 3HAYCHUM

2
= f"(x0) + %[fm/) (&) + FU(&)).
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f'(o) onenupaercst Bemwaunoii € /h+Mh? /6. Tlpu MasbIx h BIUsHAE OMMUOOK B 3HAYCHUSIX
GYHKIMN OKa3bIBAETCs Ype3BbIYaitHo GosbimuM. FKcim y Hac ecTh BO3MOXKHOCTD BBIOOpa
mara h, TO 1elecoo0pa3sHO HAXOAUTh €ro M3 YCJIOBUS MUHUMYyMa IPUBEIEHHON OIEHKN
norpentaocTd. Takum o6pazoM Ham ciemyer HafiTu ToYKy mMuHuMyMa GyHKmuun @(h) =
e/h + Mh?/6. TlpupaBHuBas HyJIO NPOM3BOJHYIO 3TOH (DYHKIMH, JIEFKO HAXOIUM 3TY
TOYKY U ONEHKY F TOTperrHocT Ipu TaKOM BBIOOpE Trmara:

/ 1
hozsg—j\j, E:§39M52.

SaMeTI/IM, YTO IIPUHIUIINAJIBHO HEBO3MO2KHO ITOJIYYUTDH SHaYECHUE HpOI/I3BO,ZLHOI>’I CbYHKHI/H/I
C IIOI'PEMIHOCTBIO TOI'O 2K€ IIOPAJKa, YTO B 3HAYCHUAX caMOIi 3TOM (byHKHI/H/I
Banmava 1. HuddepennmpoBanneM JIMHEHHOTO UHTEPIIOSIIHOHHOTO TOJUHOMA JIETKO IOJIYJIAeTCsT

dopmyna )
flay = LTI | g )

Houyuurs B cayaae f € C?) mpencrasienne ocrarka R(f;x):

1 [ooth t—xg npu t < x
R(f;z) = — K(z,t)f"(t)dt, K(z,t) = ’
g =g [ Ko Kep= 70T

Bamaua 2. ITokasars, 9T0 npu o < & < o + h Haiigercs raxas ynkmus f € C?)| aas KoTopoit
He CyILIecTByeT Takoil Touku & € (xg, o + h), 9rober 1y dopmyssl (5) okazaaocs

R(f;x) = f7(©), wlz) = (z—xo)(x —z0 — h).

Bagauya 3. Oupenesnurs Hamnydmuii war h B ¢dopmyse (4) npu Hamuauu ommbOK OKPYIJICHUS B

3HAYEHUAX (DYHKITAN.

§7 Tpuronomerpuyeckasi THTEPHOJISAIIUS.
JuckperHoe npeobpazoBanue Pypbe

[Tepuouueckue OyHKIMI €CTECTBEHHO TPUO/IMKATE niepuondeckumu. [Ipocreitmumvm
2m-11epuoInIecKUMU (PYHKIIUSIMU SBJISIIOTCS TPUTOHOMETPUUECKHUE TTOJTUMHOMBI:

T.(z) = ag+ Z(ak cos kx + by sin kx).
k=1

Ecmm xorh ogun u3 Ko3pOUIUEHTOB @, Win b, OTJIUYEH OT HYJIsd, TO N HA3BIBACTCH IO-
psaarom momHOMa, T),. MHOXKECTBO TPUTOHOMETPUIECKUX TTOJNHOMOB TOPSIIKA HE BBIIIE
n obo3HaunM depe3 T,,. OCHOBHBIE CBOMCTBA TPUTOHOMETPUIECKUX IIOJTHHOMOB:

1) Ecmu T,,U, € T,, To u ux JjuHeiiHas KOMOMHAINS €CTh TPUTOHOMETPUIECKUIl
HOJIMHOM TTopsifiKa He Boitte n: o1, + U, € T, (nuHeitHOCTS).

2) st K03(hDUIMEHTOB TPUTOHOMETPUIECKOTO MOJMHOMA, BBITOTHSIIOTCST DABEHCTBA,

(k=1,2,...,n):

1 [T I L[
a =5 [ Tu(x)ds, ak:;/ T, () cos kx d, bk:_/ T () sin kx dx.

—T —Tr —T
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3) Eciu T,, € T,, ecrb yerHas dbyHKIwmsi, To Ipn Beex k by = 0, a eciu HeYeTHAs, TO
Q. — 0.

Ecymm nounom T), umeeT KOpeHb =¥, TO OH UMeeT OECKOHEYHO MHOTO KOPHEl, TAKOBBIMU
apysiiorcsa x* + 25w, Takue KOpHE Ha3bIBAIOTCs SKBUBAJICHTHBIMHU.

Teopema 1. OriH4HBIH OT TOXKJECTBEHHOI'O HYJISI TPHUTOHOMETPHYCCKHI ITOJTHHOM
T, € T, umeer He 60j1€e 2n MOMaPHO HESKBUBAJCHTHBIX KOPHEI].

JlokazaTenbcTBo. cnonb3ys dopmymasr ditaepa

eikx + e—ik:c eik:c _ e—ik:c
coskr = —, sinkx = : ,
2 21

npuBeneM 1, K BUITY

n 2n
Tn(l') _ Z Ckeikx _ 6—inx Z dkeikx _ 6—inxp2n(z)’
k=—n k=0

2
e ¢ U dy = Cp—p, — KOMILIEKCHBIE, BOOOIIE roBopst, Koo dunuenrst, Py, (z) = > " dyz

— IIOJIMHOM CTEIleHU He BhImie 2n u z = . Ecim xg — xopenb 1), TO 25 = €' — KOpeHb

k

P, ecmu 1y m 1 — HESKBUBAJIEHTHBIE KOPHU 1),, TO zg W z| — Pa3JndHble KOpHU P,
Tak 910 P5, MMeeT He MeHee pa3IMIHBIX KOPHei, uem 1), monapHo HesKBUBaJeHTHbIX. Ho
P, nmeer we Oosee 2n pasznnaabix KopHeil. W

OueBuaHO, UTO IPHU JIOOOM @ BCe KOPHH TpHUTOHOMeTpudeckoro moiaunoma 1, € T,
JIeZKaIle Ha MPOMexKyTKe a < x < a + 27, TOoIMapHO HEeIKBUBAJICHTHDBI, U B TO K€ BpPeMs
JUTsT JTIOOOTO KOpHSI TIOJIMHOMAa 1), HaIeTcsl SKBUBAJIEHTHBI eMy KOpeHb Ha 3TOM IIPO-
MEKyTKe, TaK 9TO IIPH JI0O0M @ dncyio Kopueit 1), Ha [a,a + 27) cOBHAJAET € TUCIOM
IIOIIAPHO HEIKBUBAJEHTHBIX KOPHEH 3TOro MojnHoOMa. B dacTHOCTH, M3 JOKa3aHHON Teo-
peMBbI HEMe [JIEHHO BBITEKAET

CrnencrBue 1. Cucrema ¢yukimii 1, cosx,sinx, ..., cosnx,sin nx JeObIIIeBCKast Ha
J060M mpoMeskyTKe [a, b], ecn Tosbko b < a + 27.

CaeacrBue 2. KakoBbl ObI HI OBLIH TOUKH To < X1 < -+ < To, < Tg+ 2T H 4duCIA
fo, - fon CyIIECTBYET M IPHTOM €AUHCTBEHHDI TpUronoMerpudeckuii moamuom T,, € T,
rakoii aro T, (zy) = fr npu k =0,...,2n.

DTO CJIE/ICTBIE HEIOCPECTBEHHO BBITEKAET U3 TeopeMsbl 2 (§3).

[Tpu npubIMKEHIN IIEPUOIIECKO PYHKIMU ¢ IOMOIIBIO MHTEPIOJISIIAT TPUTOHOMET-
PUYECKUM TIOJHHOMOM Ha IPOMEXKYTKe JIMHBI 277 (He yMaJisis oOIHOCTH, OyeM CIUTaTh,
410 9710 [0, 27]) €cTecTBEHHO BHIOPATH PABHOOTCTOSIIIHE Y3JIbI, IPUIEM UX UUCIO JOJK-
HO OBITH HedeTHO, Tak 4ro z; = jh (j = 0,...,2n), h = 27/N, tne N = 2n + 1. B
9TOM CJIydae yJIaeTcs MOJIYyUUTh ABHOE BhIpazKeHNe KO3(MPUIMEHTOB HHTEPIIOIAIIMOHHOIO
HOJIMHOMA, Yepe3 3HAYCHUs B y3J1aX UHTEPIOJINPYeMOi (byHKIIUH.

B nepBoii u3 10Ka3bIBA€MBIX HUZKE JIEMM MBI He OyeM IIpeanoaararh 9uciao N Heder-
HBIM (Kak u Belme, r; = 2mj/N).

Jlemma 1. CnpaeqmmBo paBeHCTBO

= — N upum=0
= 0 mpum=1,...,N—1.
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JlokazaTtenbcTtBOo. [Ipy m = 0 paserctBo oueBuano. Eemm 1 < m < N — 1, To
Om=1+q+-+¢ ' e ¢ =e>/N £ 1, w noromy o, = (1 —¢")/(1 — ¢q) =0, Tax
kKak ¢V = =1. N

CaencrBue 3. CupaBeinBbl PABEHCTBA

N-1
N =0
Cn = Z cosmx; = { i =

o 0 mpum=1,...,N—1,

S = simmz; =0, m=0,...,N—1
=0
JlokaszaTesnbcTBO. JlocTATOUHO pa3ie/nTh BEIMIECTBEHHYIO U MHUMYIO JaCTH B pa-
BeHCTBe, yKazaHnHoMm B jemme 1. W
Bepnemcs Tenepn K ciydaro, Korja duciao N unederno: N = 2n + 1.

Jlemma 2. Ilycts 0 < k,1 < n. Torza

on 2n+1 upu k=1=0,
Zcos kxjcosle; = ¢ (2n+1)/2 upu k=1#0,
=0 0 pu k # 1,
2n
2 1)/2 k=1+#0
Zsinkxj sinla; = (2n+1)/2 1pu 70,
= 0 upu k # [ wm k=1=0,

2n
g cos kx;sinlx; = 0.

=0

JlokaszaTenbcTBo. Canras g onpeieleHHOCTH k > | 1 UCTIONb3ysa (hOPMYITy

cos kx; cosly; zlcos k+1Dx; + cos(k — 1)z,
J J 2 J J

nMeeM
2n

1
Z cos kxjcosle; = §[C’k+l + Ci_i].

Jj=0
CoBepIleHHO aHAJIOTUYIHO

2n
1
Z sin kx; sin lx; = §[C’k_l — Chydl,

§=0
2n 1
Z cos kz;sinlx; = §[Sk+l + Sjie—y]-

=0

N3 stux PaBE€HCTB U CJICACTBUA 3 JIETKO BBITEKAIOT JOKa3bIBacMbIC. [
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Teopema 2. Kosppurmentor nomnoma T, € T, , perraroriero HHTEPHOISITHOHHYTO
3a/1ady

To(xj) = ao+ Z(ak coskx; + bysinkz;) = f;, j=0,...,2n, (1)
k=1
Jatorcst popmynavu (k=1,...,n)

2n 2n
1 2
0= gyt =g 2 ficoske
7=0 7=0
. )
2

Hokaszarenncrso. Jocrarouno ymuoxkuTh pasencrsBa (1) ma coslz; mmm sinlz;,
mpocyMMHpOBaTh 1o j oT 0 1o 2n u Bocnonab3oBarhed gemMMoil 2. Il

Ha cdopmyiet (1) u (2) Bo3mozkHa jipyrast Touka 3penust. [lycrs F' = (fy, ..., fon) IPO-
I3BOJIBHBIN BEKTOp. Ero KOMIOHEHTBI MOXKHO pacCMaTpUBATh KaK 3HAaYEHHS B y3JaX T;
HEKOTOPOIO TPUTOHOMETPHYECKOTO TIOJHHOMA, U 10 dopmysnaM (2) MOCTaBUTH €My B CO-
orBercTBue BeKTOp A = (ag, a1, by, ..., a,,b,) K03 dumenTos sToro mosuHOMAa. KoMmo-
HEHTBI BeKTOpa F BOCCTaHABJIMBAIOTCS TI0 KOMIIOHEHTaM BekTopa A coracHo dpopmysiam
(1). Bekrop A nassiBator duckpemmvim npeobpasosanuem Pypve sekropa F. Ilpomecc mo-
cTpoeHnst A MOXKHO pacCMaTpUBATh KaK MepepasyiokeHrne BekTopa F' mo HoBoMy Gasucy
B IpocTpancTe R* | KoMIOHEHTH HOBOTO GA3MCHOTO BEKTOPA ABJISIOTCA 3HAYCHUAMU B
y3max dyukiunit cos kx nin sin kx. CymiecTBo JTOKa3aHHoi BBIIIE JIEMMbI 2 COCTOUT B TOM,
YTO ITOT HA3UC ABJSETCS OPTOTOHATBLHBIM. 3aMETHUM €Ile, YTO T€ CyMMbI, KOTOPBIE IIPHU-
JETCsL BLIMUC/IATH IPU HAXOXKIEHUH 3HadeHui TojnHoMa 1), B TOUKax &; (BOCCTAHOB/ICHHE
BekTOopa I’ 1o BekTopy A) BIOJIHE aHAJIOMMYHBI CyMMaM (opmyir (2).

B BorancsmrenbHoi pakTUKe Mpu paboTe ¢ HEKOTOPBIM BEKTOPOM YaCTO OKA3bIBACTCS
yJI00HEee UMETh JIEIO € €ro JIMCKPETHBIM ITpeobpaszoBanueM Dypbe, U 9TO mpeodpasoBaHue
HAXOJIUT MIUPOKOE ITPUMEHEHNE.

Hanpumep, mycrs Tpedyercs nepeiars 1o KaHaty ¢Basu 2n + 1 qucio fo, ..., fo,. O1H
YHCJIa MOYKHO PAcCMaTpPUBATh KaK 3HAYEHHs B TOYKAX Z; TPUIOHOMETPHYECKOIO HOJIMHO-
ma: f; = T,(x;). KoabdummenTs: sroro mosmmmnoma BerMucaAiorces mo opmyaam (2), n
UHOTJIa UMEHHO 9TU KOI(MDUIMEHTH 0KA3bIBACTCS 11E7eCO00PA3HBIM MIEPE/IABATH 10 KaHa-
JIy CBsI3U BMeCTO ducen f; (Hampumep, cpe K03 OUINEHTOB MHOTO OYeHb MAJICHbKIX, I
UX MOKHO 3aMeHHTD Hy/IsiMu). Boccranosienne qucen f; Ha IpyroM KOHIE KaHAJIa CBSI3H
0 TIOJIy9IeHHBIM KO3 dUineHTaM Tak:kKe HeTPYIHO.

CyInecTByIoT U ApyTHe IpeoOpa3soBaHusd BEKTOPOB, TAKKE HA3LIBAEMBIC IUCKPETHLIM
npeobpazosanneM ®Pypbe. HekoTopnle uaen, cBA3aHHBLIC ¢ AUCKPETHLIME IIPeoOpa3oBa-
nuaMu Pypbe, Mbl HOSCHUM Ha OJHOM HamboJee IPOCTOM YacTHOM ciydae, Ipeodpa-
30BAHNMH BEKTOPOB C KOMILIEKCHBIME KommoHenTamu. Jng y € CV ycromMes mmcartnb
v = (Yo,...,yn_1). B npocrpancree C Takux BeKTOPOB CKaJIsIpHOE MTPOU3BE/ICHUE 3a,1a-
ercs dopmyIioit (y, z) = Zg:o YkZk. (Zx — 9TO 9IMCJIO, KOMILJIEKCHO COTIPSIZKEHHOE KOMIIO-
HenTe BekTopa 7). Ilomoxkum h = 1/N u pacemorpum 8 CV cucremy BekTopos

€ —

(1’ 627ri(kh)’ e27rz'(2kh)’ e

AMIN=DRY e — 0 N — 1.
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STI/I BEKTOPbLI OKa3bIBaIOTCA OPTOrOHaJIbHBIMM:
(ek, €j) = Nékj,

JleficTBUTE/ILHO, cUUTas I OMPEICJACHHOCTU Kk > J, UMeeM

P

(ek’ ej) — e2m’(k—j)lh’

N
Il
o

I OCTaeTCsa BOCHOJIL30BaThca jemMoit 1. Tax 4To e), obpasyior 6asuc B CV, m moboit
BEKTOP Y MOXKET OBITh PA3JIOKEH I10 3TOMY DA3UCY:

N-1

vy = p2mi(kjh)
a;e; Yp = E a;e
=0 =

Bsuny oproromamsroctu 6asuca { ey } ko3hdUIMEHTDI @ JTerKO HAXOATCH:
1 V=
o — (v, 6] _ Z o~ 2mi(kih)
] T - )
(6J7 eﬁ N k=0

Y9TO MO2KHO IIepeliucaThb elie B BUJIC

=
2mi(kjh .
aN_j:N ype2™ kN =1 . N,
k=0
Bexkrop (ag, . . ., an_1) HasbBaeTcs jauckperHbiM peobpasoBaruem Oypoe (II1D) BekTo-

pa y.

Breraucnenune npeodbpasoBanusg Pypbe BEKTOpPa Y U BOCCTAHOBJICHUE 3TOTO BEKTOPA IO
ero npeobpazoBannio Pypbe (HAXOKIEHUE KOMIIOHEHT ¥j) OCYIIECTBIISIETCS 10 OJMHAKO-
BbIM (C TOYHOCTBIO J10 MHOXKUTEA 1/N) dhopMmyiam 1 TpeOyeT BBIUUCIECHUS CYMM BUA

N-1 _

_ } : 2mi k1

Yr = a;e= N
Jj=0

Ecmu Mbr pacriosaraem tabsmuieii CooTBETCTBYIONIMX CTENEHe 62’”N TO TIPSIMOE BBIYUC-

JeHne Bcex i Tpebyer mpoussectu N2 ymuoxkenuit. Juciio apn(bMeTquCKHX aeficTBuii
MOKHO CYIIIECTBEHHO COKPATUTH, ecu [N eCTb IPOU3BeJleHne HECKOIbKIUX MHOMKUTEJIEH.

Orpanmunmcs ciaydaeM, korga N = 27, Torga nomaras Ny = N/2 = 277t g z = >™/N,
nMeeM
Ni—-1 Ni—1
. 2mk 2m+1k
Yk = g Aom2~" + g 2417 * =
m=0 m=0
Ni—-1 Ni—1

= Za 27 —i—sza 2 =y + 2Py

37



2 2mi/N1 kN
Y

Bmech zp = 27 = e al, = Gom, al = agyy1. U3 paBencrea 2 = 1 BbITEKaer, 9TO
Yn,+k = Yk B Yny4x = Yk, TAK 9TO PEATHHO TpeOyeTca BEIYUCIATD JIUIIb KOMIOHEHTH BeK-
TopoB Y = (Yo, - > Yn,—1) BY" = (Yo, - -, Y, 1) VI3 IpuBeeHnbx Boimme hopMyIT BIIHO,
uro y' my” cyTh mucKpernble npeodbpasosanus Oypoe amd (ag, . . ., ay, 1) 1 (ag, ..., ay, 1)
COOTBETCTBEHHO, U UX MOYKHO BBIYHC/IATH MOIL3YICH TeM ke pueMoM. O60o3HaunM yepe3
(n IUCJIO YMHOYKEHUIT, KOTOPOe MOTPEOHO TPU TPUMEHEHUH TAKOTO MPOIECCa JJIsT BhIUUC-
nenust JITI® Bexropa pasmeprocru N = 2", Torna ¢, = 2¢,—1 + 2" llpu n =0 (N = 1)
JIT® “BexTopa” ecTh OH caM, Tak 9TO ¢y = (. DTO MO3BOJISTET METOIOM WHIYKIIUN JIETKO
JI0Ka3aTh, 910 ¢, = nIN = Nlog, N, Tak 9TO YHCIO YMHOXKEHUIl 10 CDABHEHUIO C IIPHU-
MeHeHHeM HPsAMBIX (OPMYJI CyIIecTBeHHO cokpamaercs. Hanpumep, npu N = 219 = 1024
oymer N2 > 10%, a Nn = 10240, T.e. 6osee gem B 100 pas menbmte. Boraucienue 11O ¢
HCITOJIb30BaHMEM TIPUBEJIEHHOTO MpHeMa Ha3blBaeTCs OBICTPBIM peobpasoBanneM DPypbe
— BIIO.

[osicaum dopmyisr BII® wa npumepe N = 4. Torna z = ¥4 =4, 2z = 22 = —1.
[Tyctsb Tpebyercs BBIMUCTUTH KOIMMUIMEHTHI pa3IoKeHusi BEKTopa y = (Yo, Y1, Y2, Y3) 1O
HOBOMY Oasmucy:

Yo =ao + ar + az + as,
Y1 =g + a1z + a222 + a3z3,
Y2 =ap + CL122 + CL224 + CL326,

3 6 9
Y3 =Qo + a12° + ag2” + azz”.

Torna dopmysibr BII® npunumaior BuI:

Yo = (a0+a2)+1~ (a1+a3) :y{]—i-yg,

y1 = (ao + agz1) + z(a1 +azz1) = y) + 2yy,

Yo = (ag + az) + 2*(ay + as) = y) + 2%yy,

y3 = (ag + azz1) + 2* (a1 + aszz) =y + 22y).
Yo = o + ag, Yy = a1 + as, (@)

yi = Qg + agzy, yi/ =a + aszy.

[Tpu BBIUKCIEHUSAX CHAYAIA UCTIOIB3YIOTCst hopmydasl (4), a 3arem (3).

3amada 1. [Tokazars, yTo cucrema PYHKIU Sin T, . . . , Sin NT ABJIsSIeTCs Y€OBIIIEBCKO HA IIPOMEKY T-
ke [e,m — ¢] upu Jobom € > 0 u He gBagercd debbleBckoil Ha [0, 7 — €] u [g, 7).

3agaua 2. [lokasarb, 9T0 B CjIydae TPUTOHOMETPHYECKON MHTEPIIOJSIIUN 110 TPOU3BOJILHBIM IIO-

ITapHO HEIKBUBAJICHTHBIM Y3JIaM XQ, ..., L2n (byH,ZLaMeHTaIH)HI)Ie IOJIMHOMBI MHTEPIIOJIAINN MOL'YyT OBLITH
3alliCaHbl B BUIE
sin £=%
— 2
lk(.’l]) - H sin Tp—Tj
J#k 2

(Ix — TpuroHOMeTpHUIECKHE IIOIUHOMBI, YIOBJIETBOPIIOIINE PABEHCTBAM Ik (L)) = Og;).
[* § 8. Unrepriossinusi anammtuvdecknx dpyukimii. Teopema B.J1.KpsbiioBa

B srom maparpade mbl Gyiem cunrtarh, uro dbyukmus f(x) (r € [a,b]), mia koro-
pOil paccMaTpuBaeTCd 3aJada UHTEPIOJISIIUN 110 cucreMe y3jios {xg, &1, ..., 2} C [a,b],
3aJlaHa B HEKOTOPOM 06J1aCcTH KOMILIEKCHON IUIOCKOCTH, COJeprKalieil oTpe3ok [a,b], u
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sBJIgeTcd anamTu4deckoir. Hac Oyaer mHTepecoBaTh Npud/nzKeHne 3Toi pyHKIIM HHTEP-
HOJISIIIMOHHBIM  [TOJTMHOMOM TOJIBKO Ha HpOoMexkyTKe [a,b]. Camu 3Havenust yHKIMNA Ha
MIPOMEXKYTKE MbI OyJIEM CIUTATDH BEIEeCTBEHHBIME, KaK 9TO OBLIO MPUHATO B MPEIBLTYIIINX
naparpadax, XoTs, KaK 9T0 MOXKHO yCMOTPETh U3 JaJIbHEHIIero, HUIero 1mo CyIecTBy He
U3MEHUTCSI, €CJIU M Ha 9TOM IPOMEXKYTKe (DYHKIIUs IPUHUMAET KOMILIEKCHbIE 3HAUCHUS.
Mpbr Gy/1eM HCTIOB30BaThH cTapble 0603HavYeHus:: (Q, ( f; ) — UHTEPIOJIAIMOHHBII TTOJMHOM
dbyukium f, mocrpoentsit o yanam xg, R, (f;z) = f(z) — Q.(f; ) — ocrarounslii dien
(MOrpernTHOCTh) WHTEPIOJISIIIH.

[Iycrs ©Q D [a,b] — HekoTOpas 06/1ACTH B KOMIUIEKCHON IUIOCKOCTH, rjie dbyHKIus f
peryisipua, u mnyctb L C ) — HEKOTODBIi KOHTYD, NPUIEM IIPOMEXKYTOK |[a, b] jexKuT
BHYTPHU 3TOI'O KOHTYPA.

Teopema 1. CrpaseamuBo ciemyrolee MpecTaBIeHIe OCTATKA HHTEPIIOJISIIIH KOH-
TYDPHBIM HHTETPAJIOM:

Ry (f;z) =

omi J; w(z)(z —x)  2mi

w(x) f(2)dz w(x)
= 7.
L
Buech w(z) = (z — xo)(z — x1) ... (2 — ).

JlokaszaTesbcTBO. Borancaum maTerpan Z. OH paBeH CymMMe BBIYETOB IOJIBIHTE-
rpajbHOIl PYHKIMU B OCOOBIX TOYKAX, JEXKaIllUX BHYTPU KOHTYpa, YMHOXKEHHON Ha 271.
Oyukius f peryiaspHa, MO3TOMY TaKUMU OCOOBIMH TOYKAMH SIBJISIIOTCS TOJIBKO KOPHH
3HAMeHATes, T.e. T U . COOTBETCTBYIONINE BHIYETHI PABHBI

f (=) S (@) f ()

s~ 7 " —_

w(z [anloe —2)) (op —2) W) (- 2)

Uraxk,

w(z) - w(z)
-7 = f(x) — Z xr) = Ry (f;x
2711 f( ) e (l’ . l’k)w,(l'k)f( k) n(f7 )7
MIOCKOJIBKY BBIYUTAEMOE BO BTOPOI YACTH PABEHCTBA U €CTh MHTEPIOIATIMOHHBIN TIOJIMHOM
dyuknun f B dpopme Jlarpamka. W

PaCCMOT%)I/IM Ternepb I/IHTepHOHHHI/IOHHbH/I Hpouecc [IPHU KaXKJIOM HATYPAaJIbHOM N 33,18~
HBI Y3JIbI ZL’O xy . Ll (), (n) € [a,b], x ") 4 x ) 1ipu k # j). Hac 6ymer unTepecoBarh
BOIIPOC: KAKOM JOJIZKHA OBITH (byHKImﬂ f, qT06bI 10007 TaKON MHTEPIOJIAIINOHHBINH TPO-
IECC CXOJTIIICS TSt Heé PAaBHOMEPHO Ha IIPOMEXKYTKe [a, b].

Beeném obosnauenne | = b — a — mmHa npoMexRyTKa |a,b]. Pagnycom | mposeaém
JIBe OKPY?KHOCTU Ha KOMILIEKCHOH TIJIOCKOCTH C IIEHTPAMH B TOYKaX a U b U 00O3HAYNM
gepes D o0beHeRe COOTBETCTRYIONINX OTKPHITLIX KPYTOB, a 1) — 3aMbIKaHue 00/IacTH
D. Tlycrs L C ) — HeKoTOpBIit KOHTYD, BHYTPH KoToporo jexut D: DL = @.

Jlemma. Haiinéres takoe quciao ¢ < 1, 9ro juist Jobbix Todek x,t € [a,bl mw z € L
BBIIOJIHSIETCST HEpaBeHCTBO |x — t| < glz — ]

JlokaszaTenbcTBo. Haiinérca Takoe uncio d > 0, 910 1714 MobbIX 2 € L 2’ € D
oyer |z — 2’| > d (maorkectBa L n D xommakTHbl). /15 onpeeiéaHocTH GyIeM CHOUTaTh,
gro ¢ > x. Torma 3aMKHYTBIl Kpyr ¢ IIEHTPOM B TOUYKe t W ¢ pajuycom t — x Oyuer
COMIEPIKATLCA B TIPABOM W3 3aMKHYTBIX KPYTOB, COCTABJISAIONX D, U HOTOMY s 060
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Touku 2', jlexKaneil Ha rpaxuiie 0bacTu D, BBIOJHSAETCST HepaBeHCTBo |2/ — t| > |z — t|.
Touky z € L coeauHuM OTPE3KOM C TOYKOM ¢ 1 0003HAYNM Yepe3 2z’ TOUKY HepecedeHnst
9TOro OTpe3Ka ¢ rpanwuiieit obsacru D. Torma

d
lz—t|=| —t|+]z=2| > |z —t|+d > |z -t 1—1—7 ,
u ocraéred nonoxuth ¢ = (1+d/1)~. W
VesioBUMest TOBOPUTD, 4TO (DYHKIHUsL f peryjispHa B HEKOTOPOU 3aMKHYTON o6jacTH,
ec/IM OHA PeryjigpHa B HEKOTOPOil OTKPBITON 06/1acTH, cojlepzKalleil 3Ty 3aMKHyTYIO.

Teopema 2 (B.M1.Kpwuios). Ilycrs f amammrudeckasi ¢yukius. list Toro, 4rodbl
JII000IT HHTEPHOISAIIHOHHBII IIPOLECC CXOAUIICS JIIsi He6é paBHOMEDHO Ha IPOMEXKYTKe [a, b],
JIOCTATOYHO, YTOOKI OHa OBLIa pery/idpHa B 3aMKHYTOI obacTn D, I HeO6XOTIMO, ITOOBI
oHa ObLi1a peryJspHa B objactu D.

Hoxasarenncrso. 1) docrarounocts. Ilycrs f peryaapna B D. Torma maiinérca
Takoit Koutyp L B obactu eé perynapuoctu, urto D ()L = @. Ilycrs :)3((]"), a:§">, e ,:B%")
— [POU3BOJIbHBIE y3Jibl. [[Jisi 1IpejicTaBieHus ocTaTKa HHTEpHompoBanus GyHknuun f 1o
9TUM y3JIaM BOCIIOJIb3yeMCsl TeopeMoil 1, 3ammcaB COOTBETCTBYIONLYIO (DOPMYJIY B BHUJIE

R.(f;z) = f(x) — Qu(f; ) 2m/1—[x—$k f(Z)dz.

Orcrofia, BOCIOJIB30BABIIICEH JIEMMOIi, TTOJIydaeM, 9To pu Beex & € [a, b
1
|Ra(f, )] < Cq"T,

riae C' — HeKoTOpask MOCTOsIHHAs, BKJIIOYAolas B cebs JymHy KouTypa L, onenky |f(2)|
Ha 9TOM KOHTYDe U HUKHIOW OIeHKY |z —z| ipu z € L u x € [a, b]. [Tockombky 0 < ¢ < 1,
TO JIOCTATOYHOCTD ITUM JTOKA3aHA.

2) Heob6xomumocts. [JoctaTodno mokasaTh, 4ro eciau f He peryiasipHa B D, TO y3Jibl
MHTEPIIOJIANMOHHOIO MPOIECCa MOXKHO BBIOpaTh Tak, YTO OH He OyIer CXOIuThcs K f B
HEKOTOPBIX TOYKaX MPOMeXRyTKa [a,b]. Utak, mycrs f e perymspua B D. Paccmorpum
paaer Teitmopa dyukmun f ¢ mearpaMu B ToUkax a u b. Ecim pajanyc cxoauMocTn mepBoro
U3 HUX He MeHbIne [, To [ peryasipHa B JIEBOM M3 KPYTOB, COCTABJSIONMX 00acTh D),
a ecii — BTOPOrO, TO B IPABOM W3 3TUX KPYIOB, TaK 9TO €Cau 00a 9TH pajamyca He
Mmenee [, To f peryasipua B D. Ho 510 He Tak, Tak 4T0 XOTs ObI OAWH U3 3TUX PaJdyCcOB
(mycTh 970 it TOYKE @) ecTh T < . Obo3HaunM depes S, (2) 9acTHBIE CYMMBI 9TOTO PsiJIa
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Teitnopa. s touek = € (b — r,b] S,(x) ne cxomgarca x f(x). Beibepem Touky x* n3
(b—r,b]. dng nee maiiayrest Takoe € > 0 1 Takasi TOCTIEI0BATETLHOCTE HOMEPOB 1y, — 00,
910 |Sp, (%) — f(2*)| > €. VumreBag, 110 S, €CTH SPMUTOBCKUIl MHTEPIOIAINOHHBI
HOIMHOM (DYHKIUHU [, MOCTPOCHHBIA 110 €IMHCTBEHHOMY Y3J1y o = G KPaTHOCTH Ny + 1,
HCIIOJIB3Ysl CJIeJICTBUE U3 TeopeMbl 2 (§5) u BBIOpAB y3J1bl :L'é"k , x&"k), e ,a:g;’“) JIOCTATOYIHO
OJIUBKUMU K @, MbI TIOJTY IHM

Qui(Fia") = Sua) < 5, 1Qu(Fia") = )] > =,

(nk)

TaK ITO MHTEPIOJISIOHHDIN [IPOIECC, UMEIOMNU IPU N = 7 CBOMMH y3JIaMH T;

cxoqures K f B rouke z*. W

, He

Kak BUIHO M3 J0Ka3aTe/lbCTBa JIOCTATOYHOCTH, €CJIU BBIMOJHEHO COOTBETCTBYIOIIEE
YCJIOBHE, TO TIPHU JIIOOOM BBIOOPE Y3JI0B MHTEPIOISIIIMOHHBIE TIOJIMHOMBI CXOISITCS K (DYHK-
I[UK 110 MEHBIIeH Mepe ¢ OBICTPOTO FeOMEeTPUIECKOT IIPOrpeccuu, 3HaMeHaTe b KOTOPOii ¢
(KaK BHJIHO U3 JIOKA3aTEJIbCTBA JIEMMBI) oneHuBaeTcs qucsioM [ /(I + d), 1 HOCKOJIbKY KOH-
Typ L, 3aK/II0OUEHHDIH B 00J1aCTH PEry/ISPHOCTH (PYHKIUKU f, HAXOJUTCA B HAIIEM PacIio-
PSIZKEHUH, IHUCI0 ¢ MOYKET OBITh BBIODAHO TEM MeHbIIe, YeM Iupe 00JIaCTh PeryaIspHOCTH.
B gactHOCTH, 1151 TIENTBIX (DYHKIHI CXOJAUMOCTD WHTEPIOIATNOHHBIX OJTHHOMOB OBICTPEe
CXOJIMMOCTU TEOMETPHIECKON MPOTPECCUU CO CKOJIb YIOAHO MaJibiM 3HaMeHaTegseM. O-
HAKO HE CJIeJyeT JyMaTh, YTO IPU MHTEPIOJANUN PErYJIIPHBIX (DYHKIUH y3JIbI MOKHO
BBIOUpATh "Kak monaJio" | cieiryeT MOMHUTD, 9TO UX BBIOOD OIpEJIE/seT ellle, HACKOJIbKO
BEJTMKO OyJeT BJIMsIHUE OIIMOOK OKPYTJIEHUs, JOMYIIEHHBIX MPHU BBIYUCICHUN 3HAYEHU
dbyukm B yznax. *|
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