T'masa 2
IIpuGanrkeHHOE BBIYNCIEHNE NHTErPAJIOB

§1 NHuTeprionsiimoHHble KBaApaTypHbie (POPMYJIbI

OcHoBHO#T €110cO0 MPUOJIMKEHHOTO BBIYUCICHUS WHTEPAJIOB — 9TO KBaJpaTypPHBIE
dopmysibl. JIpyroe ux HasBaHue, HECKOJILKO yCTapeBIliee, XOTs B HEKOTOPBIX CJIydasX U
UCI0JIb3yeMoe, — (hOPMYJIbl MEXAHUIECKUX KBAPATYDP.

Onpenenenne. Keadpamyproti ghopmy.aoti HazuiBaeTcst (hopMyia IPUOINKEeHHOTO BbI-
YUC/IEHAsT UHTerpaJia

b n
[ rade =y At 1)

Baeck yaave T 1 Koapduyuenmu, (6eca) Ay He 3aBUCIT OT MHTErPUPYEMOil (DYyHKIIUH
(MOXKHO CKa3aTh, 9TO KBajpaTypHas Gopmy/ia — 370 HAGOD y3/710B U KOI(DMOUIMEHTOR).

Bce y3ibl KBapaTypHOil (DOPMYJIBI CIMTAIOTCS PA3JIXIHBIMEUY, U 9allle BCEro OHU IIPH-
HaJ[JIeXKaT IPOMEXKYTKY UHTErPUPOBAHUs: Ty € [a,b], HO JenaTh Takoe HpPenoIoKeHue,
ec/id He OTOBOPEHO IIPOTUBHOE, MBI He GyIeM.

Bouee obmiee monsitue — KBagpaTypHast (hopMysia ¢ BecoM (BecoBoii dyHKImeit) w(x).

9T10
[ @@ e~ Y Ao, 2)

3nech xp 1 Aj He 3aBUCAT OT (PYHKIUU f, HO ONPEIETISIOTCS BECOM W.

CMBICJT BBeJIEHUST BECOBBIX (DYHKITUI COCTOUT B TOM, YTO YACTO IMPUXOINTCS BHITUCIATD
MHOTO HHTErPAJIOB OT (DYHKITHI, KOTOPBIE CO/IepKaT OOINiT MHOYKUTEH, KOTOPBIH yI00HO
caurtaTh BecoM. [Ipu 9TOM TIaBHOI 0COOEHHOCTDIO SIBJIsIETCST TO, 9TO hopMyita (2) 0ObIIHO
MOZKET JIaBaTh JIOCTATOTHO XOpOoIliee TPUOINKEHNe K HHTerpaJLy, ecin GyHKiusa f obsa-
JaeT Xopolied TIaJKOCThIo (HalpuMep, MHOIOKPATHO HelpepbiBHO TuddepeHimpyema),
a 9TO Kacaercss BecoBoil (byHKIMI w(x), TO OHA MOXKET MMeTh OCOOEHHOCTH, HAIIPUMED, B
HEKOTOPBIX TOYKaX 00paIiaThbcs B O6CKOHETHOCTh. TaK ITO BBE/ICHUE BECOBBIX (DYHKITUIT —
9TO OJMH M3 CIOCODOB YUUTBIBATH OCOOEHHOCTH MHTEerpupyeMoil ¢pyuknuu. B gactHocTH,
910 OyIeT BUIHO U3 JOKA3bIBEMOM HUzKe TeopeMbl 3. B aroM naparpade paccMarpuBaeTcst
6ostee obmmast hopmyra (2) — dopmyiy (1) MOKHO CIMTATH YACTHBIM CIydaeM (hOPMYIIbI
(2) mpu w(z) = 1.

Bynem nHasbiBaTh mpaByio 9acTb GopMysbl (2) KBaIpaTypHOH cymMMoil u 0603HAYAT
ee uepe3 @, (f), a nmorpemocts dopmyiibl (octaTok) depes R, (f):

n b
Q) = 3 At @), Balf) = [ w(o)f(a)ds = Qu(1).
k=1 a

Bamerum, 4to (), u R, ob1agaoT cBOHCTBOM JIMHEHHOCTH:

Qnlarfi +azfo) = a1Qn(f1) + @2Qn(f2),  Rnlarfi+asfs) = a1 Ru(f1) + aaRu(f2).

*Kak u B mpeIbIayIeit riaBe, Ha3bIBasi TOUYKI HEKOTOPO CHCTEMBI y3JIaMU, MbI BCETIa OyIeM CIUTATH
UX HOIAPHO Pa3/IMYHBbIMUA.
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[* Ha s3pike dynKimonampaoro anammsa (), u R, — 910 juHeiiHble QYHKINOHAJIL,
paccMarpuBaeMble OOBITHO KakK (yHKIMOHAIb B ipocTpancTBe C[A, B] HenmpepbIBHBIX HA
npomexkyTke [A, B| dyukmmii (mpomexyrok [A, B comepxkur [a,b] u Bce y3ibl KBajpa-
TypHOit dopmyiibr).*]

[Ipocreiimuii criocob mocrpoennst GopMysibl (2) COCTOUT B CJISYIONIEM: IPOU3BOJIBHO
BBIOMPAIOTCST Y3JIBI, U 3HAUEHUE MHTErPasIa OT KayK 101 (DyHKITUH CANTAETC TTPUOINKEHHO
PABHBIM WHTETPAJIy OT HHTEPIOJISIIINOHHOTO TOJIMHOMA P, _1 3TOl (pyHKINHN, ITOCTPOEHHOTO
10 BHIOPAHHBIM y3j1aM. Ec/im mHTepIIoIsanOHHbIN TOJIMHOM 3anucaTh B hopme Jlarpamxka

w(z)

(& =z )o ()

Poa(w) = (@) fla), l(x) =
k=1

riae w(x) = (r — x1)(r — x3) ... (x — x,), TO NPUOIMIKEHHOE PABEHCTBO, O KOTOPOM HJIET
pedb, IPUHUMAET B/

/a w(e)f(z) do ~ / @) Por(@) do =
: ’; [oniore s - kXZ:Akf(I’“)’ te= [ vt ar

[Tocennee paBeHCTBO W MPUHUMAETCS 38 (hOpMaJIbHOE OIpejeIeHre NHTEPIOISIITHOHHON
KBaIpaTypHOI (POPMYJIbL:

Onpepesienne. Gopmyia (2) Ha3BIBAETCS UHMEPNOAAUUOHHOT Keadpamyprol gop-
myaot (MKD), eciin ee koaunmeHTs BhIpazKaoTcst depes y3ibl hopMyIamu

= bw:): r)dr = bwzz wiz) dz
A= [o@i@ = [ o) 50— Q
Brecs w(x) = (z — x1)(x — x2) ... (r — zy), & lx(x) — dyHIaAMEHTATBHDBIE MTOIUHOMBI

NHTEPIOJIAINNA 110 BbI6paHHbIM y3J1aM.

Taxum o6pazom, UKD npu 3aiansoM Bece w () MOTHOCTHIO OMPEIETSIETC YKa3aHIeM
ee y3JI0B.

Onpepesienne. [lycrs d > 0 menoe unciao. Tosopsar, aro dbopmyna (2) umeer ai-
rebpandeckyto crermenb Tounoct (ACT) d, ecam ona ToUHA JJIsi BCeX aareOPamvecKix
o iMHOMOB crenern He Bbitie d (R, (pg) = 0 mis Beex pg € Py) u cymecrByer Xors Obl
OJIMH TIOJIUHOM Pgyq € Pgyq, /utst KoToporo ona we Touna (R, (pgr1) # 0).

Bameganune 1. OueBuino, uro mjis Toro urobsl opmyra (2) mmena ACT d, Heob-
XOJIMO U JIOCTATOYHO, UTOOLI OHA Oblia TouHa Jyis cremeneit ¥ mpu k = 0,...,d u ne
obL1a Touna s 4 (R, (2%) =0 mpu k =0,1,...,d, R,(x?) #£0).

Teopema 1. /[1st Toro arobbr hopmysna (2) Oblia HHTEPIOISIHOHHON HEOOXOAUMO 1
Jgocrarodno, 9robbr ee ACT d ymoBierBopsiia HepaBeHCTBY d > n — 1.

HoxkaszarenbcrBo. 1) Heobxomumocts. [lycrs (2) — UKD u p € P,,_; — HEKOTODBIiT
IIOJIMHOM CTeIleHH He Bbiie n — 1. VHTepHo/IsuoHHbBINA OJUHOM JIJIsl P, IIOCTPOEHHBIH 110
y3iaam {xy} obsi3aH COBmAJIAThL ¢ HUM caMuM, W mpejcraBus ero B ¢dpopme Jlarpanxka u
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[IPOMHTErPUPOBAB C BECOM W, BOCIOJIL30BABIIHCH (hOpMYJIOit (3), MBI IPHJIEM K DABEHCTBY
R,(p) = 0. Urak, dopmymna (2) TouHa i BCeX MOJMHOMOB CTEIIEHU He BbIie 1 — 1, 1
nmoromy d > n — 1.

2) Hocrarounocts. Ecmu ACT dopmynst (2) d > n — 1, 10 oHa TOYHA, B 9aCTHOCTH,
JIJIS TIOJTMHOMOB [, (), KOTOpbIe MMEIOT CTereHb N — 1, OTKy/a 1 BeITeKAoT hopMyIibl (3),
HOCKOJIBKY @, (lx) = Ar. W

Bameuanne 2. Qopmyna (2) moxer nmers ACT d > n — 1. Ho ecim Bec w(z)

coxpansgeT Ha [a,b] 3HaK, TO d < 2n — 1. [eiictBurensbuo, hopmMyra 3aBeOMO HE TOYHA
i noymuoMa w(x) crenenu 2n, MOCKOIbKY Q) (w?) = 0.

O6osznaunm [epes [A, B] HanMeHbIHA TPOMEXKYTOK, cojepxKaiuii [a,b] u Bce y3ubl
KBaIpaTYPHOI (POPMYJIbI T .

Onpepesienne. [oBopsit, uro KBajparyphas dbopmyna (2) umeem npedcmasierue
ocmamxa 6 gopme Jlazpanoica, ecim CymecTBYIOT TaKOe HATYypaJabHOE M U TaKas TOCTO-
saunasg C, ato Jyis 1060it m pa3 HenpepbiBHO auddepeniupyemoit na [A, B] dynkinum
f(z) (f € C™[A, B)) naitnerca takas touka & € [A, B], uto R, (f) = Cf™(¢€).

Sameuanue 3. Kagparypras dbopmysia MOXKET U He uUMemb IPEJCTABICHI OCTa-
TKa B popme Jlarpamnxka.

Teopema 2. Eciu kBajpaTypHasi popMysia UMeeT HMpeJcTaBjeHue OCTaTKa B (popme
Jlarpamzka ¢ mponsBogHOI opsijka m, o st ee ACT Boimostasiercst papeacTBo d = m—1.
JlokaszaTeJbCTBO OYEBUIHO.

Teopema 3. Eciin ACT chopmyier (2) ects d, To jst moboii ¢pyaknun f € C[A, B]
BBIIOJIHSICTCS OIICHKA,

Ea(f), (4)

b n
uaqﬂsl/huwwx+§jmu

e Eq(f) — nammydmee npubimkenne hyHKuu [ HOJTHHOMAMHE CTelleHH d Ha IPOMe-
KyTKe [A, BJ.

Hokazarenbcrso. Ilycrs P; € Py ectb nosimnoM Hamstydmero npub/mzkenns GyHK-
mn f, Tak 4ro upu Beex « € [A, B] |f(x) — Py(x)| < E4(f). Torna tak kax R, (P;) = 0,
TO

| B ()] = |Ru(f) = Ru(Fa)| = | Ru(f — Pa)| =

n

/ w(x) (f(x) - Pd(x)) dx — ZAk (f(xk) - Pd(xk)) )

k=1

OTKY/la JIET'KO CJIEAYET NOKa3bIiBaceMasd OLEHKA. |

By,ZLGM CHUTaTb, 9TO JaHa I10CJIeJ0BaTE/JIbHOCTL KBaJApPaTypPHbIX Cl)Oprly.H
b n
[ @@~ Y A s,
@ k=1

(xkBasparypHublil mporecc). ACT dopmysibl ¢ HOMepoM n cauTaeM paBHOM d,, U COXPAHUM
1t atux popmyst obosuadenus Q,,(f) u R,(f).
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CaencrBue. Ecii Bee y3ibl T} JI€KaT Ha IPOMEXYTKe [a,b|, IpH HeKoTOpO# mocto-
sanoit C' u Beex n Yy, |A}] < C u d,, — 00, T0 JIs /10601 HEnpepbIBHOH (DyHKIIH

f€Cla,b]
Qu(f) = Af(ap) — / w(@) () da
k=1 a

(rOBODSIT, YTO KBAJAPATYPHBII TPOIECC CXOMUTCS JJIsl BCEX HENPEPBIBHBIX (DYHKITHIA).

[* Bameuanue 4. Ha sa3bike DyHKIMOHATHLHOIO aHAJIN3a YTBEPK/IEHIE CJIEICTBHU
O3HAYAET, YTO IPU BBIMOJTHEHUN YKA3aHHBIX YCJIOBHUI MOCICI0BATEIHLHOCTD JICHCTBYIONIIX
B upoctpancrse C|a, b] muHefiHBIX DyHKIOHATIOB (), cAa60 cxodumcs. CXOAUMOCTD ITUX
dbyHKIMOHATIOB 10 HOpMe HEBO3MOXKHA (cM. 3aady 4 B KOHIE 5TOro naparpada).®|

CrestaeMm K Teopeme 3 eIre 0JIHO 3aMedaHue.

SBameuanue 5. Ecim d > 0%, To BBuIy paBeHCTBA

;Ak = /abw(x)dx

B carydae w(z) > 0 u AY > 0 onenky (4) MOKHO IepenucaTb B BUJIE

b
R(f)] <2 / w(z) dx Ey(f).

[Iycrs w(x) > 0. Eciu cpeau koadbdurmentoB Ay, ectb oTpHIlATebHBIE, TO B CJIydae

d>0
n b
Sl > [ wle)ds,
k=1 a

u oreHKa (4) XyzKe, 9eM B CJIydae MOJIOKATEIbHBIX Kodhdunmentos. [Tosromy B paccmar-
PUBAEMOM CJIydae KeJIaTeIbHO MCIOJIbL30BaTh KBaIpaTypHbIe bOPMYJIbI, Bee Koadhduim-
eHTBI KOTOPBIX MOJIOKUTEILHLL. DTO TPeOOBAHUE CYIIECTBEHHO eIle B OQHOM OTHOIICHUN.
Eciu snavenust f () MbI BBIYUC/IAEM C MOTPEITHOCTAMHE £, TIPO KOTOPBIE U3BECTHO JIUIIb,
910 |e)| < €, TO BBI3BaHHAS STUMHU HOTPEITHOCTSIME ONMOKA B KBAJAPATYPHOI CyMMe OTie-
HUBaeTCs depe3 y ,_, |Axle, mpudem sta onenka neymy«maema. PopMynaMu, y KOTOPBIX
IIPU TOJIOKUTEILHOM Bece cpefy KO3 PUIMEeHTOB UMEIOTCS OTPUIATEILHbIC, OOLIMHO HE
HOJIL3YIOTCSL.

Bagaua 1. Ilycte ACT dbopmyast (2) ects d. Haitnercest in HOJTUHOM P49 cTeneHn d—+2, 1yist KOTOPOTo
ona to4yHa?

Bagaua 2. [Iycrs w(z) > 0 u k yznos dbopmyssl (2) npunajyiexar (a,b), a ocTajbHbIe JEKAT BHE
sroro mpoMexyrka. [Tokazars, uro Torma ACT d <n + k — 1.

3amaya 3. [lokazarb, 4T0 KBaJpaTypHas (popMyJia

1
L/fumwmﬂ@,
0

rie a € (0,1) u a # 1/2, He uMeer npejicTaBIeHns ocTaTKa B hopme Jlarpanxka.

*Mpl OyneM Tak IHUcaTh, €CId KBaJApaTypHas (GOpMYyJIa umeem HEKOTOPYIO aaredpandecKyio CTeleHb
’
TOYHOCTH, T.€. OHa TOYHAaA OJId IIOCTOAHHBIX.
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Bapaua 4. lokasars, aro npu w(z) > 0* koaddumment npu Fq(f) B npasoit uactu onesku (4) ectsb
Hopma aunetinozo Gyrnryuonara Ry, neiicrsyomero B npocrpatcrse Cla,b], me. sup{ Rn(f) | If[| < 1}

paBeH 3TOMy KO3DDUINEHTY.

§2 KBaaparypHble OpMYJIbl C IOCTOSSHHBIM BECOM.
Dopmysbr Koreca

[IycTs KBagpaTypHyIo popMyTy
b n
[ #a) s =3 Auf@) = Qh) 1)
a k=1

MbI XOTUM HUCIOJIb30BATh JIJIs BBIYUCICHUS HHTErpaia oT GyHKIUU ¢(y) M0 IMPOMEXKYTKY

[c,d]. CnenaB B mHTErpasie mo y € [c,d| nuHeiinyio 3aMeHy IepeMEHHONH MHTErPUPOBa-

HUA Y = %(l’ — a) + ¢ 1 IPUMEHUB /I BBHIYUCACHU TIOJIyIeHHOTO HHTErpaJa 1o [a, bl

KBajipaTypHyto dhopmysy (1), Mbl mpueM K nNpuOJIIZKEHHOMY PaBEHCTBY (KBaJpaTypHO
dbopmyie)

/ sy~ Buglu) = Q2(g). 2)

rie
d—c d—c
b_aAk, yk—b_a(xk_a)"'_c- (3)

By =

Ounpenesnenne. Kpajparypuas dopmysia (2) HaseiBaercs: nodobnot popmyie (1), ec-
JIU Y3716l 1 KoM DUIuenTsl 51ux hopMyJsI CBA3aHbl paBeHCTBaMu (3).

OTMeTHM OCHOBHBIE CBOWCTBA KBAAPATYPHBIX (POPMYJI € IOCTOSHHBIM BECOM |, B 9aCT-
HOCTH, CBOHCTBA OJ00HBIX (POPMY.I.

(1) Ecun dopmyna (1) Touna st MOCTOSHHBIX (T.e. UMEET HEKOTOPYIO ajrebpande-
CKYIO CTEICHb TOYHOCTH), TO » ., Ay = b — a.

(2) CoorHotenue mogo0ust peghrekcusHo, T.e. KazKjiasi KBaapaTypHast hopmyJia mogo0-
Ha caMoii cebe, cummempuyro, T.€. eCJIM BTOpas KBaJipaTypHas (hpopMyiia 11o/100Ha IIepBoii,
TO U IepBas HOJO00HA BTOPOIL, U MPaH3UMUEHO, T.€. €CIA IBe KBaJAPATypPHbLIE (DOPMYJIbI
HOPO3HB MOJOOHBI TPETHEi, TO OHM MOJOOHBI U MEXKLy COBOI.

(3) Asnrebpanveckue CTENeHr TOYHOCTH TOJ0OHBIX (hOPMYJI COBIIAIAIOT.

CaoiictBa (1) - (3) oueBHIHBL

(4) Ecmu ogaa u3 momoOHBIX KBAJIPATYPHBIX (DOPMYJI — WHTEPIOJISIUOHHAS, TO U
JIpyTasi TOXKe.

D10 cBOCTBO HEMEIEHHO cieayeT u3 (3) u TeopeMbl 1 mpespyLyniero naparpada.
Taxum 06pazOM, €C/IU Y3460 MHTEPIIOJISIIIUOHHBIX KBaapaTypHbix (opmyi (1) u (2) ceaza-
Hbl hopmysioit (3), To 91 HopMyIIBI M0K00HBI — cooTHOIeHUs (3) 1711 KoahHUIneHTon
BBINOJIHAIOTCS aBTOMATUIECKH.

(5) Ecu dopmyna (1) — uHTepHOIANMOHHAS U BCE €€ y3JIbl PACIOJIOKEHbI CHMMeT-
pudHO (11pw BceX k Ty + Tpy1-x = a + ), To ipu Beex k Ay = Api1 k.

*B ,ZLefICTBHTeJIbHOCTH 9TO YCJIOBUEC ABJIACTCA U3JIUIITHIM.
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IIpespiaymiee CBOHCTBO MO3BOJIAECT JOKA3BIBATH 9TO JIUIIL Jis IIPOMEXKyTKa [—1, 1],
a B 9TOM CJIydae JIOCTATOYHO COCIATHCS Ha OUYEBHIHOE DABEHCTBO I (DYH/IaMEHTaIb-
HBIX [TOJIMHOMOB HHTEPIOJISIIA B CJIy9Iae CHMMETPUIHO PACIOIOKEHHBIX Ha [—1, 1] y37108B:
lk(llf) = ln+1_k(—l’).

(6) Ecim y3i1bI HHTEPIOIAIIMORHOM KBaAPaTyPHOH (DOPMYJIBI PACIIONOKEHBI CHMMET-
putuno, To ee ACT ecTh HEUeTHOE YHCIIO.

eitctBuTenbHo, CBOSA 3a7ady ONATh K CJIydalo HpoMexyTka |[—1,1] u ucnosnsys
IPeJIbILyIee CBOMCTBO, JIETKO 3aMETHTh, ITO Hala (pOpMysa TOUHA s BCEX HEUETHBIX
[IOJIMHOMOB.

(7) Eciim kBagparypuas dopmyiia (1) nmeer npejcrasienne ocratrka B opme Jlarpan-
wa: RL(f) = CLf™(€), To u (2) mveer Takoe npexcrapienne: R2(g) = Cag™ (1), e

d — e m+1
02 - ( ) Cl-
b—a
JeiicTBuTe/IbHO, TOJIaras JJisd m pa3 HelnpepblBHO AuddepeHnupyeMoil (pyHKIuu ¢
f(x )—g( (:B—a)—l—c), nMeeM

/cdg(y b—a/ flz ;[Qi(f)+R;(f)] _

o o m+1
:@i<g>+§_§ f<m><s>=@i<g>+(d ST

b—a

re = =5(¢ —a) + c.
(8) Ecomm ACT nono6ubix dopmyit (1) u (2) pasubl g u RE(z#+) = r, To

o put2
o= (§=5)

JlocraTodno nokazaTh 3T0 cBoiicTBo npH [a,b] = [0, 1]. Beuxy smumeiinoctn R2 nmeen:

Ry(y"™h) =Ry ((y — o)) =
—(d—¢) [/ (d— ey Ttattde =y (d— e At | =

=(d — c)"**R} (z"t1).

[Tpexxe 9eM IepexoauTh K KOHKPETHBIM KBaJApPaTyPHBIM (OpMy/IaM € IOCTOAHHBIM
BECOM, JIOKAKEM JIEMMY, KOTOpas MOJIe3Ha IIPU BBIBOJE MPEICTABICHIA OCTATOYHBIX HJIe-
HOB.

Jlemma. Ilycrb q(x) — uarerpupyemast pyuaknusi, npudem q(x) > 0, ¢yakmmus u(x)
HenpepbiBHA Ha [a,b] 1 {(x) — npousBosibHOE (6€3 KAKHX-/THO0 NPENOIOKEeHHH O Helpe-
DPBIBHOCTH) OTOOpaKeHne IpoMeKyTKa |a, b] B cebs1. Econ HamucanHbli HuxKe mHTErpaJt I
CcyIecTByeT, TO Haijjiercst Takasi Touka 1) € [a, b], 4To

b b
1= [ a@ule@)ds = [ atw)do-uto)
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Hokazarenbcrso. [lomoxkum M = maxu(x), m = minu(z). Torma

b
mgl// q(z)de =G < M.

Bynyuu nenpepbiBHOI, (DyHKIUS © TPUHUMAET B HEKOTOPOW TOYKE 1) 3HAYCHUE, PABHOE

G.

Ob6parumMcst K HEKOTOPBIM KOHKPETHBIM (DOPMYJIaM.
Dopmyaoli cpedHuT NPAMOY20ALHUKOS HAZBIBACTCS UHTEPIIOJIAIIUOHHAS KBaIPpATypHAs
dopmyta ¢ eMHCTBEHHBIM Y3/I0M — CEPEIMHOM MPOMEKYTKa HHTErPUPOBAHIA:

[ @ a=o-or () 0

DopMysia UMeeT OUEBHIHBI TeOMETPUYECKHUIl CMBICJI — ee IpaBasi 4aCTh €CThb ILIONIAJlb
npsIMOyTOJIbHIKA €O croponamu b—a u f((a+b)/2) (cm. pucynok A), oTCIO1a IPOHCXOAUT

g= @ g Y= 0

N | \

o b2 B =x INa g
A b.

HazBaHne HhopMymbl. V13 camMoro onpesiesieHus BUIHO, YTO (DOPMYJIBI CPETHUX MTPAMOYTOITb-
HUKOB JIJIsI BCEX ITPOMEXKYTKOB T000HBI. Jlerko Bujerh, uro ACT stux dopmyr d > 1
(oHU TOYHBI JIJIs1 TIOCTOSTHHBIX, siBJstorcss UKD u “y3es1 pactiosiozken cuMMeTpUIHO”, Tak
qr0 d HevdetHO). [IpescraBienne ocTaTKa Moty IuM cHadasa Jyist mpoMexyTka [—1, 1]. s
f € C?[—1,1], ucnoms3ysa jeMmMy, HMeeM:

[ f@rde= [ (50)+a7©)+ 3£ €@)de = 260) + 31

Baech 2f(0) — aro "kBajgparyprasi cymma' (hOpPMYyIIbI IPAMOYTOJIBHUKOB, U IOTOMY JIJIsT
npomexkyTka [—1, 1] mpencrasienne ocrarka B dbopme Jlarpam:ka nosydeno. CormacHo
cBoiicTBY (7) B cilydae IPOMEKYTKa |a,b| octaTounerii wien ¢opmyisl (4) mMeer mpe-
cTaBJIeHUe

24
Orcioma, B wactaoctH, ciaeayer, 910 ACT dbopMmy/ibl IpsMOyroJIbHIKOB paBHa 1.
Dopmyaamu Komeca naspiBatorca UKD, y3mamMu KOTOPBHIX ABJIAIOTCA KOHIIBI ITPOME-
JKyTKa WHTEIPUPOBAHUSI 1 TOYKHU JIEJIEHUsT TPOMEXKYTKa Ha (n— 1) paBHBIX dacTeil (ducio
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y3710B 1). DopMyia MOJTHOCTBIO OMPEIeNsIeTCs TPOMEXKYTKOM U IHCJIoM y3710B. Bee dop-
Mmystbl Koreca ¢ omanm ancaom y3o0B moaooubl. s ACT d corstacao Teopeme 1 u3 §1 u
cBoiicTBy (6) TOTydaroOTCst ONeHKN: mpu 9eTHoM . d > n — 1, npu HedetHom — d > n. B
JIEACTBUTEILHOCTH B 9TUX HEPABEHCTBAX MOYKHO IMOCTABUTH 3HAK PABEHCTBA (JI0KA3bIBATH
9T0, KpOMe cIydaeB n = 2,3, He 6yjem).

Obparumcest K 9acTHBIM cirydaaM dpopmyn Koreca. Haanem ¢ n = 2. V35bl a10it dop-
MyJIbl — @ 1 b, 1 TOCKOJIBKY KoadbduimenTsr paBHbl (cBoitcTBo (5)) U B cymme naioT b—a,
TO caMa OHa MMeeT BU]T

b b—a
[ rtarde =20 @) + £0)

¥ BBH/JIy OYEBHJIHOI'O I'€OMETPUIECKOIO CMBbIC/IA (CM. PHCYHOK B BbIllle — KBaJpaTypHas
CyMMa eCTb ILJIOMIa b TPAIEIUH ¢ BbICOTON b— a u ocHoBarusmu f(a) u f(b)) HaspiBaercs
dopmy.aotc mpaneyud. Ilpencrapienne ocrarka 510l GOPMYJIBI MOIYIUM CHAYATA JJIs
npomexkyTxa [0, 1]. dsa f € C?0, 1], ncnonb3ys TeopeMy 0 MpeJCTaBICHIN OCTATOYHOTO
WIeHA UHTEPHOJISIIUN, UMEEeM

f(x) = Pi(x) - w

rjie P, — MHTEPHOJISIUOHHbBINA 1ojiuHOM (yHKIMU f, moctpoennsiit o y3aam 0 u 1. Ilo-
9TOMY, OIIATH UCIOJb3Yyd JIEMMY U PaBEHCTBO

Qulf) = Qu(Py) = / Py(x) dr,

z(1—x)

" 1 "
@) do = 1)

Ro(f) = /0 Fw)dr — Qu(f) = - /0

B citydae mpon3BoIbHOTO IPOMEKYTKA [a, b], ncmosb3ys coiictBo (7), mMeem

(b—a)®

Rolf) = =21

OTuM, B 9aCTHOCTH, JJI aareOpamdecKoil CTelleHn TOTHOCTH (DOPMYJIbI TpATenuii JoKa-
3aHO paBeHcTBO d = 1.

[Ipu n = 3 bopmysra Koreca vazbiBaercs gopmyaoti Cumncona. ITocTpoum ee cHauaia
it pomexkyTka [—1, 1]. B sTom ciyaae yaibr dopmyist -1, 0 u 1, a koaddunmenTst
VJIOBJIETBOPSIOT paBeHcTBaM: A1 = Az, Ay + Ay + Az = 2. ITockoabky

1 1 4
Ay :/ lg(:)s)da::/ (1—2?)de = -,
1 1 3
to Ay = A3z = 1/3, u g npou3BOIbHOTO mpomexkyTka (opmyaa CHUMICOHA BBINISIAT

o /abf(x)d:c%bga{f(a)+4f<a;b)+f(b>}'
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BreiBeieM IpecTaBieHne OCTATOYHOTO “jIeHA CHavasaa Jyist npomexyrtka [—1,1]. g
bynkmuu f € CTV[—1,1] nocrpounm SpMUTOBCKHIT MHTEPIOJIAIMOHHbBIN HomuHOM P3(1)
o y3iaM -1 u 1 nepsoit kparnoctu u 0 — Bropoii. Torma

F() = Po(e) + A0 ), 0r) = ~a(1 —2?),

I TaK KaK
Qs3(f) = Q3(P3) = / Ps(x) du,
-1
b 1 ! 2 2\ eIV 1 v
R =3 [ 0= e =~ o),

a B CIydae IMPOM3BOJIBHOIO MPOMEXKYTKA [a, b]

rin) =5 (50) 170

DTuM oIpejiesisieTcs U ajaredpandeckas cTereHb TodHocTu popmyasbl Cummcona — d = 3.
[Tpusenem ere 6e3 Boiosa dhopmyiy Koreca mpu n = 4, HasbiBaeMyo npasuiom 3/8
Hvromona:

[ =t (s (P50 var (C52) 4 s0).

r) = (50) 170

Hauunas ¢ n = 9 cpean koapdurnmento dpopmyn Koreca mogpistioTes oTpuIiaTesib-
HbIE, U IIPA N — 0O CyMMa abCOJIIOTHBIX BEJIMIUH KOI(MMUIIMEHTOB OBICTPO CTPEMHUTCSI K
6eckoneanoctu. [losromy mpu 6osbimmx n dopmysisl Koreca He HaXOAAT IpUMEHEHHS.

Bapaua. ITokasare, uro ecsim UKD umeer ACT, paBayo n — 1 (n — 9UCIO y37I0B) U UMEET IIPEJ-
cTaBJieHne ocTaTka B (popme Jlarpamka, TO B 9TOM IPeJICTaBIEHUN

b
/ w(z)dr, w(z)= H(:v —x).

C—l

Tl

§3 CocraBHble (pOpMYJIbI

PaCCMOTpI/IM CUTYyaluio, Korjga JJdJisI BbIYUCJICHUA UHTEIr'paJia

I = /abf(x) dz (1)

MBI XOTUM HTPUMEHUTH KBaJIPATyPHYIO (hOPMYITY

/0 g(w)dr =3 Ajg(m;) + R(g) = Qo) + R(g). 2)

=1

*O6paTuM BHEMaHME Ha TO, 9TO MHOKHTETb 2 (1 — 22) HeoTpunaTesien, 9To MO3BOIAET UCIOIb30BAT
JIEMMY.
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Y3JIBL KOTOPOii NpUHAJJIE’)KAT IPOMEXKYTKY uHTerpuposamus: z; € [0,1], Ho dopmya,
noo6Has (2), He maer HyxXKHOW TouHOCTH. Toraa MOXKHO pasOUTh MPOMEKYTOK [a,b] Ha
N paBHBIX YacTell U K HHTErPasy [0 KazKJI0i 9acTi MPUMEHUTH (bOpMYyILy, 000y (2).
DTO NPUBOIUT HAC K (hopMyJIe

N—-1 n

I:hZZAjf(yk+h$j)+RN(f):QN(f)_'_RN(f)? (3)

k=0 j=1

rie h = (b—a)/N, yx = a + kh. Qopmyna (3) HasbBaeTCst cOCMasHol UYL 60ALWOU, &
dbopmyma (2) mo orHomeHUO K Heit ucrodnot. CoctaBrast hopMmysta comepKut Nn y3ioB,
ecsm XoTs ObI onHa u3 Touek 0, 1 me saBisercs ysmom s dopmyist (2), u N(n —1) 4+ 1
y3€J B IPOTUBHOM CJIydae.

O6paTuMCcs K OCHOBHBIM CBOMCTBAM COCTABHBIX (DOPMYJI.

(1) Ocratox Ry(f) dopmynsl (3) npencraBuM B BHJE

Rmnziﬁmm,RMﬂ=/%7mm~hiﬂﬁm+mn
k=0

Yk j=1

npuuem R (f) — 3T0 ocraTku KBapaTypHbIX GOPMYI, MOM06HBIX (2).

(2) Ecim ACT dbopmyant (2) ects d u R(x%h) =7, 1o Ry (241) = (b — a)hdtir.

JokaszaTeabcTBO HEMEJIEHHO CJIE/lyeT U3 MPeIbIIYINEro CBOficTBa 1 CBOiicTBa (8)
o106HbIX hbopmyit (§2).

(3). ACT dopmyn (2) u (3) coBnaaror.

HoxkaszarenbcrBo. OueBugno, auro ACT dhopmyiier (3) He MeHbIne, yeM (hOpPMYJIbE
(2). ObpaTHOe HeMeJIEHHO BbITEKAeT u3 mpeblayiiero ceoiicrea. M

(4). Eciu bopmyra (2) nmeer npencrabiienne ocratka B dopme Jlarpamxka:

R(g) = Cg"™(¢),
TO 1 (3) MMeeT TaKoe Mpe/ICTaBICHIE:
Ry(f) = Cnf™ (),

rie

CN = C(b — a)hm

HoxkaszarenbcrBo. [Ipumensis cBoiictBo (7) mogobHBIX (hopmy1, nMeeM

RE(f) =h™CF ™ (), 1 € (Yhes Yar),

N-—1
Ry(f) =h"'C )" ™ (),
k=0

U TaK KakK Haii/lercs Takasi TOYKa 1), UTO fo:_ol f™ () = Nf™(n), (ucmomssyercs
nenpepsisrocTh Gynkmun f™) u Nh = b — a), To aTuM cBoiicTBo moKasano. W

Hasee paccMaTpuBaeTcst n0caedo8amesvbHOCMb COCTABHBIX (DOPMYJT: HCXOIHAsT (hOPMY-
Jla cauTaeTcsi (pUKCHpoBaHHOM, a N — 00.
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(5). st Toro uTobel 115t 110601 HepepbIBHON (DYHKIMH f MOC/IeI0BATETbHOCTD KBA/I-
parypubix cymMm Qn(f) cxommiachk k uarerpany (r.e. Ry(f) — 0), Heobxomumo u jocTa-
TOYHO, 4TOObI MCXOMHas dhopMyna (2) Oblia TOYHA It TOCTOSHHBIX .

HoxkaszarenbcTBo. B npejicrasienun KBajaparypHoii cymmbl (dopmyita (3)) mepe-
MEHUM IOPSIJIOK CyMMUPOBAHMUS:

=>4 th (yr + h;).
j=1

Kaxxnas BHyTpeHHAS CyMMa 3/eCh €CTh CyMMa PrMana 11 pacCMaTpUBaeMOro HHTEIPa-
naa I u motomy pu N — 00 K HeMy cxoauTcsd. Takum o6pasoM, KBaJIpaTypHBIE CyMMbI
cocTaBHBIX popmyJ1 (TIpU 3aJIaHHO UCXO/IHOI) Beerma cxomsres: Qn(f) — Z;L=1 Al u
JIUIST TOrO 9TOOLI IIpeesl ObLT paBeH uHTerpay I, HeoOXOAUMO M JOCTATOYHO PABEHCTBO
Z?:l Aj = 1 .

Omnpenenenne Bynem roBoputh, 910 /ist GYHKINN [ TOCTEI0BATEIHHOCTD KBaIpa-
TypHbIX dhopmyi (3) crodumcs ¢ nopsadkom m, eciu Haiiercsa Takag nocrosgauast C'; 94To
npu Becex N |Ry(f)| < Ch™.

(6). st Toro utober mist Jr000i m pas HenpepbiBHO TuddepeniupyeMoil hyHKINn
f (f € C™)) mocnenoBare bHOCTD KBaAPATYPHBIX GOpMYIT (3) CXOMMIACH C TIOPAIKOM M,
HeoOxoauMo u joctarodno uTobbl g ACT ucexomaHoi (hopMysbl d BBITOIHSIIOCH HEpa-
BeHcTBO d > m — 1.

Joxaszarteancrso. 1. Jocrarounocrs.!. Ilycrs f € C™ npoussombna, d > m — 1.
Homomum M = max,y | f™ (z)| 1 1714 Kazka0T0 TPOMERKYTKA [Yk, Yk-+1] 0603HATHM Tepes
EX(f) naunyumee npubmmkenne byHKIuM f Ha 9TOM HPOMEKYTKe:

Es(f) = (;I;leiﬁ ”f - qd||0[yk7yk+ﬂ'

Ucrnonp3yeM OIEHKY OcTaTKa KBaIpaTyPHOH (hOPMYyIIbl depe3 HAM/IyHIiee IIPHOINKEHIE
(reopema 3 u3 §1):

RE(f) < [h+h) A ES(f).

BaiimMeMcs OIEHKOI 9THX HAWIYdIuX IpuOmKenuii. Ha KazxKIoM IPOMEKYTKE [Yk, Yki1)
sarmrieM f(x) mo dopmyste Teitiopa:

F@) = @ =) )+ + S o

(m —1)!
(x — )"
m!

I 0 ) = (o) + £ ()

31echb pp_1 € P,,_1 C Py, npuuem

M, .,
1f = Pm-1llcyrumi < ﬁh ’

*10 MoKeT OBITH BbIpakeno Taxxe caoBaMmm: ACT dopmynot (2) d > 0 mwmu Y A; = 1.
TEciu ucxonmas dbopMyaa mMeer IpejcTaBieHHe ocTaTKa B (opMe Jlarpamzka, TO JOCTATOYHOCTD
JIETKO CJIEJIyeT M3 3TOTO IIPEICTABICHHS.
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TaK 4TO U HauTydiiee npubmkenne EY(f) dynkuun f mosmuomamu crenenu ne pbime d
Ha [IPOMEXKYTKE [Yk, Yk11] VIOBIETBOPSIET HEPABEHCTBY

M m
E;(f) < %h :

[ojicTaB/IsAs ST HEPABEHCTBA B ONeHKH 1t Ry (f), cyMMupyst ux 1o k u y4uTbIBasi, 4TO
Nh =b— a, nonygaem Ry(f) < Ch™, tne C = M(b—a)[l+ Y |A;|]/ml.

2. Heobxommmocts. Coracto cBoiictBy (2) ocrarok Ry (f) misa dyukium f(x) = x
ectb (b — a)hdtr, u B ciaydae d < m — 1 okaxkercs Ry(f)/h™ — oo B

d+1

Kak BugHO U3 10Ka3aTeIbCTBA, B 9aCTH HEOOXOAUMOCTH 9TO YTBEP:KJICHHE JIOIIyCKAET
YCHJICHUE: CJIOBA ‘I JII000i m pa3 HenpepbiBHO JuddepeHnupyeMoit (pyHKIIH MOXKHO
3aMEHUTDL Ha ‘I JII0O0ro MOJMHOMA, .

HauboJtee yrorpeOuTeIbHBIME ABJISIOTCA COCTABHBIE (POPMYJIBI CPEJHUX TPAMOYTOTb-
HUKOB, Tpanenuit u Cumicona. Bemmmmem stu popmysisl. [Ipu sToMm npeacraBienne ocrta-
TOYHOTO UJIEHA CPa3y »Ke IMOJIyIaeTcs U3 MPEICTABICHUS] OCTATOYHOTO HJIeHa MCXO/IHOMN
dopmysbr pumenenunem cpoiicrBa (4). Koneuno, npusojguMbie (DOPMYJIBI JIJIT OCTATKA
BEPHBI JIMIIIbL B TOM CJIydae, eCIu HMOAbIHTerpajibHas (DYHKIINs HyKHOE THCIO0 pa3 Helpe-
puIBHO S depeHtmpyema.

CocraBHast (hopMysa CpeTHIX TPAMOYTOJIbHUKOR:

N—

1 2% + 1 b—a b—a. .,
kzof(cHTh), =" Rip) =)

/abf(:z)d:)s%h

CocraBnast (hopmysia Tpamermii:

b h «— h b—a b—a .,
[ ra)de = S@+h Y k) £ g r0), b= RO = ),
a k=1

12

Kaxk BuHO U3 IIpejicTaBIeHnsT OCTATKOB 9THX JABYX (DOPMYJI, €CJIM BTOPas TPOM3BOTHA
dbyukiu f coxpanser Ha [a, b] 3HAK, TO KBaJPATYPHBIE CYyMMBI CPETHUX IIPAMOYTOJIbHI-
KOB U TpaIleluil JIaloT JBYXCTOPOHHUE MPUOIMAKEHUS K UHTETPAJLY.

[Tepexons k cocraBHoit hopmysie CumiicoHa, 0603HAYNM JITMHBI YaCTUIHBIX ITPOME-
JKYTKOB, Ha KOTOPBIE JECJUTC IPOMEXKYTOK [a, b] aepe3 2h, Tak 910 h — 9T0 paccrosHue
MeZKJTy JIBYMsl COCEIHUMU y3JIaMu (HATIOMHIIM, 9TO B HCXO/HOI (hopmysie Cumiicona y3ma-
M SIBJISTFOTCsI KOHITBI TPOMEXKYTKA 1 ero cepeuHa). Torma cocrasras dhopmyna CumMicona
IIPUHUAMAET BUJL:

b N-1 N
/ f(x)dx zg fla)+2> " fla+2kh)+4) " fla+ (2k—1)h) + f(b)] ,
=t R =)

2N’ 180

Bapaua. Tlokasars, uro coiictsa (3) u (4) cocraBHbIx dhOpMyI (BTOPOE U3 HUX C U3MEHEHUEM IIPEeJI-
crapierns st Cy) COXPAHSIOTCSA M B TOM CJIy9ae, €CJH COCTaBHAs (HhOPMyYJIa CTPOUTCS Ha OCHOBE HEPAG-

HOMEPHO20 pa3bueHus OTpe3Ka [a, b] Ha vacru.
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§4 KBaaparypHbie bopMyJibl TayccOBa THUIIA

Bepuemcs k pacemorpenuto dhopmyit ¢ Becom w(x). Ha Becem nporsizkenun naparpada
dyHKIMIO W OyIeM CUYATATL CYMMHUPYEMO, HEOTPHUIATEIHLHON U OTJIUYIHONW OT HYyJs Ha
MHOXKECTBE TOJIOKHUTETbHON Mepbl. KBanparypHast dopMmyra ¢ n y31aMu CONEPKUT 21
mapaMeTpoB — KpoMe y3J0B ere n Koaddummentel. Tpedoanne, arodbwr ee ACT Onirta
He HuKe d, Hajgaraer Ha 9TH napamerpsl d + 1 yemosue (Tounocts mist 27, j = 0,...,d).
[TosToMy MOKHO PACCUNTHIBATEL HA CYIIECTBOBAHUE KBAIPATYPHOUN (hOPMYJIBI C N y3/I1aMU
u ACT, pasnoit 2n — 1. O takux dhopmynax u ujaer pedb B 3roM maparpade. Ho cragasa
HEKOTOPBIE BCIIOMOTATe/IbHbIE CBE/IEHUSI.

JIst moTmHOMOB f, ¢ OTIpeiesTuM CKaIIpHOe TTPON3BEIeHNe:

(f,g):/ w(z)f(z)g(x) dx.

Omno 061a1aeT OOBIYHBIMU CBOICTBAME CKAJIFAPHOTO IPOU3BEIeHUsI: 1) JIMHEHHOCTD 110 KaXK-
nomy aprymenty, 2) cavmmerpust: (g, f) = (f,9), 3) (f, f) > 0, u (f, f) = 0 Torma u ToabKO
TOra, KOIJa HOJMHOM [ TOXKIECTBEHHO paBeH Hyso. IloauHOMBI f M ¢ HA30BEM OPTOro-
HaJIbHBIME YT Apyry, ecau (f, g) = 0. Ecam f oproronasen g, u gs, T0O OH OPTOrOHAJIEH
1 UX JTHHEHHON KOMOMHAINHT (v g1 + (iags.

OTmeTuM 09eBUIHBINA PAKT: €CJIM ¢, — IIOJMHOMBI CTEIEHN B TOYHOCTH Kk, TO JIOOOI
HOJIMHOM P, € P, omyckaer npejcrasienue Buja p,(x) = Y p_o crqi(z).

Teopema 1. CymecrByer u OpUTOM E€IHHCTBEHHBIH € TOYHOCTHIO JIO ITOCTOSIHHOI'O
MHOXKHTEJISI MOJIHHOM Wy, () CTEeHn N, OPTOrOHAJBHBIH BCEM MOJMHOMAM (1 € P,_1.
ITostuHOMBI w,, HA3BIBAIOTCSI OPTOTOHAJIBHBIMH C BECOM W MOJTHHOMAMH.

HoxazaTteanbcTBo. [lomoxum wy = 1.

1) CymrecTBoBaHIe JOKayKeM METOIOM HHIYKIMU. [Ipu n = 1 10CTaToYHO MOJIOKUTH
wy =x —a, e a = (x,1)/(1,1). llyers gyt & = 1,...,n — 1 cymecTBoBanue wy yKe
nokazano. [losmnom

wp(z) = 2" — ap_qwp_1(z) — - — apwo(x), ar = (2", wi)/ (Wi, W),

OPTOTOHAJIECH TIOJIMHOMAM wy, IpH BeexX k = 0,1,....n — 1, a 3HAYUT, U BCeM X JIMHEHHBIM
KOMOUHAIINAM, T.e. BCeM MOJMHOMAM ¢,_1 € P,_1.

2) EamacTBeHHOCTD J0KaXkeM OT mpoTuBHOrO. IlycTh w, U w), — 1Ba OPTOroHAIbLHBIX
HOJIMHOMa €O crapiMu Koddhduimentamu a, u a,. Torna wy,/a, — W) /al, — MHOrOWIEH
CTEIECHN He BBIIIE 1 — 1, OPTOrOHAJIBHBIN caM cebe 1 IIOTOMY TOXKICCTBEHHO PABHBIN HYIIIO,
Tak 910 w), = (a,/a,)w,. M

Jlokazannast TeopeMa 0O3HAYAET, B YACTHOCTH, ITO OPTOIOHAJIBHBII IOJIMHOM 3a/IaHHO
CTEIEHN CO CTapIIAM KOI(DMOHUITMEHTOM, PABHBIM €IUHUIE, ¢IMHCTBEHHBII.

Teopema 2. Bce KopHI OPTOrOHAJILHOIO MHOIOUIEHA Wy, () BEIeCTBEHHDI, DA3JIHIHBI
o npuHaje;kaT uHTepBay (a,b).

HokaszarenbcTBo. Yoeaumes, 4T0 w, umeer Ha (a,b) m TOYEK IEpEMEHbI 3HaKa
(T.e.kopHeii HeyeTHOl KparHOCTH). IIycTh UX M < 1 U 9TO Ty, ..., Ty. Torga moaokum
() = (x —21) ... (x — ) € Ppoq. Pynxnus w(z)w @)y () coxpanger Ha (a,b) 3HaK,
1 TOTOMY (Wp, @) # 0, a0 mpoTHBOpednT oproronHassrocTH. M
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Teopema 3. /[y1s1 Toro 9Tobbl KBajpaTypHast popMyJia
b n
[ w@s@ e~ 3" A = Qi) &
a k=1

nmesta anarebpamdeckyio cremens tognoctu (ACT) 2n — 1, HeobxoamMo H JOCTATOTHO
BBITIOJTHEHHE JIBYX VCJIOBHIL:

1) popmyna (1) uarepnosmmponnas (MK®),

2) y3JIbl T}, 3TOH POPMYJIBI CYyTh KOPHH OPTOrOHAJIBHOIO MOJIHHOMA, W, .

Hoxkaszarenbcto. 1) HeobxoaumocTs miepBoro yeaioBus cieyer u3 reopeMsbr 1 (§ 1)
00 ACT unTEpnoganmoOHHbIX KBaIpaTypPHBIX hopMyt. JlokazxkeM HEOOXOIUMOCTH BTOPOTO.
[Tycrs dopmyna (1) Touna mjis Beex moauHOMOB p € Py, 1. TlocTpoum nommsaoM w, () =
(x —x1)(x — x2) ... (x — x,), mw nycTh ¢ € P, npousBosien. Torga wy,q,—1 € Po,_1 u
HIOTOMY

n
(wrw qn—l) = Z Akwn(xk)Qn—l(xk) =0,
k=1
TaK YTO W, — OPTOrOHAJBHBIN IIOJUHOM.

2) Hocrarounocts. Ilycrs BoimosiHenst yeaosus 1) u 2). [Tokaxkem, aro dpopmyita (1)
TOYHA JIJIsi BCEX MOJUHOMOB CTelieHu He Bbie 2n — 1. BosbMem Ji06oit Takoit momHoM
Py,—1(x) u mo y3maM xj MOCTPOUM JIJIsi HETO WHTEPIOJIAMOHHbI TOJIUHOM 7y, 1 € P, _q,
TaK 9T0 11 (k) = Pap_1(xy), k = 1,...,n. Homunom Py, _1—r,_1 UMeET TOYKHI Tj, CBOUMU
KODHSMH, U TIOTOMY JIEJIUTCS HA Wy (x) = (v —x1) (2 —x2) ... (x — ), Tak 910 Pop_1 () =
wn(T)Gn-1(x) + rp_1(x), THE ¢p1 € P71 — cooTBeTCTBYIOIIEE YaCTHOE. Y UUTHIBAsI, ITO
(1) Kak MHTEPIOJSIIUOHHAS KBAIPATypHas (GOpMyJ/Ia TOUHA JIJI BCEX MOJUHOMOB CTEIEHH
He BbIIIe N — 1, mMeeM

/ Ww(2) Py 1 () dar = / w(@)wn (2)gn1(2) dz + / w(@)r 1 (z) dz =
= / w(z)r,_1(z)dr = Z Aprp_1(zg) = Z Ay Pop ().
a k=1 k=1

ITockonbKy KBagpaTypHasg (opMysa ¢ HEOTPHUIATEILHBIM BECOM U 71 y3JIaMHU HE MOXKET
mverb ACT Gosbimie 2n — 1 (cm. 3amedanne 2 B §1), To stum Teopema jokasana. M

Ounpenenenne. Popmyia (1), umeroras npu n ysiaax ACT 2n — 1, naseiBaercst ghop-
MYA0T 20YCCOBG MUNG T POPMYAOT HAUBLCULET CNMENEHU MOYHOCTIIU.

CaencrBue 1. [Ipu HamoxkeHHbIX Ha Bec w(x) YCJOBHSX HOPU KaXKJIOM 1 hopMysia
rayccoBa THIIA CYIIECTBYeT H €JMHCTBEHHA.

HoxkazarenbcrBo. [eiicrBuresbio, BecoBas (PyHKIMs W OJHO3HAYHO (C TOYHO-
CTBIO JI0 MOCTOSIHHOTO MHOYKUTEJIsI) OILPEJIEJIsieT OPTOrOHABHBIN ITOJIMHOM W, KOPHU KO-
TOPOTO PA3JIMYHBl U MPHHAJJIEXRAT TPOMEKYTKY (a,b), TaK 9TO MOTYT OBITH B3THI B
Ka4decTBe Y3JI0B KBaJpaTypHoil dopmy/ibl, u oHHU, Kak g Bcsakoit MK®, oxnosznatdno
onpenenaior ee Koapdurmentol. W

OrmeruMm cBoiicTBa (hOPMYJI rayccoBa THUIIA.
(1) Koaddurmenrsr Takoit ¢hopmysibl mojoxkuTesbabl: Ay > 0.
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Hokasarenbcrso. lna nomunomos [i(z), tae lx(x) — dyHgaMenTaibube Mo/m-
HOMBI HHTEpPIHOJIAHN 110 y3aaM Ty (lx(x;) = Jk;), nMeonmx crenens 2n — 2, dbopMyna
touna. [Tosromy

b n
0< / w(x)li(x) dr = Z Al (7)) = A, 1
a ]:1

(2) ®opmya rayccoBa THIIA MMeeT MpeJcTaBieHre octaTka B (hopme Jlarpamxa:

2n o 1 ’ 2
Roll) = Cf @), Cu= oy / w(z)w?(z) dz,

rae crapimit KO3 OUIMEHT OPTOrOHATIBHOIO OJMHOMA W, () PaBeH eIMHUIIE.
Joxaszarteabcrso. daa dyukmun f € CCY [a, b] ocTpOMM SPMHUTOBCKUIT MHTEP-
MOJIATUOHHBIN TToJIMHOM P, 1 € Py, 1 10 y371aMm z Kparaoctu 2. Torga

) = Porcs(o) = S0 1(2)), (o) = 2 0)
u T.K. R, (Py,_1) =0, tak uro R, (f) = Ru(f — Pop—1) 1 Qu(f) = Qn(Pon_1), TO

b . b
Raf) = [ 0@ ) 1) de = o [Cula)(ende - 7000

(MBI BOCIIOJTB30BAHCH JieMMoit u3 §2). W
(3) Hnst ocraTovynoro wiena hOpMyJIbl ClipaBe/[InBa OIeHKA

R.(f) < 2/ w(x) dz By 1(f).

DTO — HEMOCPEJICTBEHHOE CJIEJICTBUE TeopeMbl 3 u3 § 1.
(4) Jns moboit nenpepbiBroit dyukmuu f € Cla,b] upu n — oo

b

DTO HEMEICHHO ceyeT u3 (3).
[lepeiiiem K cirydato OCTOSTHHON BecoBoit dyukmu w(x) = 1.

Onpepenienne. Kpajparypaas dopmyiia rayccoBa Tuma Jijisd npoMexyTtka [—1,1] ¢
BecoM w(x) = 1 HasbiBaercsa keadpamyproli opmyaot Laycca.

Bameuanne 1. [Jng moboro mpomexyTka [a, b dopmya, mogobuas dopmyie Laye-
ca, oyner nmerh Ty ke ACT 2n — 1 u motomy Oyzer dbopmyiioit rayccosa tuma. OObITHO
dopmyiel, ogobuble dhopmyse [aycca, Takaxke HasbiBaioT (hopmystamu [aycca.

Onpenenenne. Mrozounrenom Jleoswcandpa crerienn n Ha3bIBAETCS



Teopema 4. Muorouen JlexkaHapa ecTb opTOroHAIBHBIH Ha npoMexkyTke [—1,1] ¢
Becom w(z) = 1 nmosmroM. Ero crapimii koahpuimenT paBeH eJnHATe.

HokazaTeabcTBO. 10, uT0 P, €cTb IOJMHOM CTEIeHU N CO CTapIinM Ko3hduim-
€HTOM €IMHUIA, 09eBUIHO. [loKazkeM OopTOroHaJIbHOCTE. Y UNTHIBas, 9TO pu k < n

dk 9
i CRl e

U UHTETPUPYs 0 FaCTdAM, JIJId JIIOOOTO ToJMHOMA ¢, 1 € P, 1 uMeem

[y S

. 2n)! ) | dzn
T ! dr
—(-1) w/_lpn(x)qu_l(x) dv =0,

dn _
TK. Zqu-1(z) =0. W
Kopnu muorounena Jlexanapa siBiisiorest y3imaMu KBajpaTypHoi ¢dopmyisr Laycca.

CaM 9TOT MHOTOWIEH B 3aBHCHMOCTH OT YCTHOCTH WM HEYCTHOCTH N SIBJISIETCS TETHOM
win HederHoit dyukiueit. [Tosromy (cMm. Takzke coiictso (5) u3 §2) BepHa

Teopema 5. V3ibr kBajparypHoii hopmysr [aycca cumMerpudabl (IpU HYMEpPAILHT
B HOPSIJIKE BO3PACTAHUS Ty = —Tpi1_), & KOIDDUIHEHTH IPH CHMMETDHIHBIX V3JI1aX
paBabl (A = Apii_k).

Borauciaum ko3 uiimeHT B mnpecTaBIeHIn ocTaTovHoro wiena dopmysibl [aycca B
dopme Jlarpamxka.

Jlemma. CrpaBesinBo paBeHCTBO
! 2n)!!
L= [ (1= 22y = 220"
/_1( v = 2

JlokaszaTeabcTBO. [IpuMensas uHTErpupoBaHue MO YacTIM, UMEEM

1 1 1
I, :/ (1—a®)"' (1 —a?)de = [,y — 3 / r22(1 — 2*)" )dr =
-1 1
=11+ L[ [(1—a2*)") dx =1, 1 — iI
— 1in—1 2n _1$ = Ip-1 2n ns

Tak 4ro I, = % n—1 U OCTAETCd IPUMEHHTb METOJ MAaTeMaTUIeCKON MHIYKIINH, yIU-
teiBas, uto [, =2. W

CaencrBue 2. CrnpaBeanBo paBeHCTBO

1 | 1
B 9 _,ont o @mlt
In = /_1 P (z)dx = 2(2n)! Gn s 1)”71..

JlokaszaTenbcTBO. HTErpupys 1Mo 9actsam n pas:

_ e — 1 —
I~ | Pl =171

| 1 |
- L / PO (2)(2? — 1)"dx = ——nlI,,



(31€Ch YUITEHO, YITO pm (x) = n!), u ocraercs Bocnosb3oBaThes gemmoit. M

Teopema 6. /It kBasgparyproii oopmyiaer Taycca npu f € C?V[—1,1] cnpasesmmso
[pE/ICTABICHAEC OCTATKA

22n+1(n!)4
(2n+ 1)[(2n)1]*

Ru(f) = Cuf®M(€), Co=

HokaszarennctBo. Commacno CBOWCTBY (2) JOKa3bIBAEMOE HPE/ICTABICHIEC MMEET
mecto npu Oy, = = .J,. Ocraercss BOCIONB30BATLCA JIOKAZAHHBIM CJICJICTBIEM U PABEH-

T (2n)!
CcTBaMU @ @ 1)(2n)!
n+1)! n+ n)!
Il = 9"l Il = =
2n)ll =2"n!, (2n+ D! = G S| [

SBameuanue 2. [locrogausie C), ogennb ObicTpo yobIBaroT. [IpnBeieM HECKOJIBKO TTE€p-
BBIX U3 HUX:

! 1 1
T 1357 P T 157507 YT 3472875

Bameganne 3. B ciyuae npon3BoJbHOTO TPOMEXKYTKa [a, b] ocrarounblii dieH dop-
Mysbl [aycca nmeer Bu/I

Cy

_ 2n+1
e N S

SBameuanue 4. [Ipu n = 1 dpopmyna Faycca coBnamaer ¢ popMysioit cpeHUX MIpsi-
MOYTOJTbHUKOB.

SBameuanue 5. [Ipy n = 2 B npeacrapieHne ocTaToOvIHOTO WieHa dopMmysbl [aycca,
Kak 1 st popmysabl CUMIICOHA, BXOAUT 4-ast MPOU3BOIHAL, HO KO MUIIMEHTHI TP HUX
UMEIOT IIPOTUBOIIOIOKHBIE 3HaKU. [losaToMy ecin deTBepTas mpousBoaHast (DYHKIUNA CO-
XpaHgeT 3HAK Ha MPOMeKyTKe WHTerPUPOBAaHUs, TO KBaJpaTypHble cyMMbl [aycca (mpu
n = 2) u CuMIICOHA Jal0T JBYCTOPOHHUE MPUOJIMZKEHNsT K MHTerpaJty. 1o yKe OTHOCUTCS 1
K TIOCTPOEHHBIM Ha OCHOBE 3THX (DOPMYJI COCTABHBIM KBaIPATYPHBIM (hOPMYJIaM.

Jlns mpumenenusi KBajpaTypHoit ¢opmysbl [aycca, Konedno, He TpeOyeTcss KazK Iblii
pa3 BBIYHUCIATD €€ Y3JIbl U KO puiueHTsl. Tadb uIbl 9TUX y3/I0B U KOIMDPHUITUECHTOB UMe-
I0TCA TOYTH B KaKJIOM y4YeOHWKE, IJIe TOBOPUTCA O MPUOJTUKEHHOM BBLIYUC/ICHUN WHTE-
rpaJioB. 3aMEeTUM IOIYTHO, 9TO UMEIOTCH OYECHb IMO/IPOOHDbIC TAOJIUIBI y3JI0B U KO3 Ppu-
[IEHTOB (DOPMYJT rayccoBa THIIA I BBIYUCJICHUS HWHTErPAJIOB IO HPOMEXKYTKY [—1,1]
¢ Becopbivmu ynkimamu w(z) = (1 — x)%(1 + )P, KoTopble eCTECTBEHHO UCIOJIL30BAT
IIPUA BBIYHUC/ICHUU WHTErPAJIOB OT (PYHKITHI, MMEIONIUX B HEKOTOPBIX TOYKaX MPOMEKYTKA
UHTEIPUPOBAHUSA OCOOEHHOCTU CTEIIEHHOI'O THUIIA.

3agaua 1. /JokazaThb OPTOrOHAJIBLHOCTH MHOrO4YIeHOB Uebbimesa na npomexytke [—1,1] ¢ Becom
w(z) =1/v1 — 22

Ba,ua‘{a 2. HyCTb Wn, (.I) OpTOI‘OHaJ'H)HI)II';I OTHOCHUTEJIbHO Be€Ca W IIOJIMHOM CO CTapIIUM KO3(1)(1)I/H_H/I—

euroM 1, u p,(z) 060l MOJMHOM cTemeHu n ¢ TakuM ke crapumM kosbddunuenrom. Jlokazarb, 910

TOT1a
b

b
[ w@la@Pds > [ w@)on(@)d.

a
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Banaga 3. ITokasars, 9ro mius nocroguuoil C), B IPEACTABICHAN OCTATOYHOIO JI€HA /A (HhOPMYIL
rayccosa Tuna (CBocTBO (2)) B ciyuae IpoMexyTKa [a, b] = [—1, 1] BepHa oneHKa

1 1
< ——FF .
Cp < T2 (3)] /lw(x) dx

Kak uaMeHuTCs 9Ta OLEHKA B CJIydae IPOU3BOJILHOIO POMEXKYTKa [a, b] 7

Bapaua 4. [Tycrs a2 u Ay, (k=1,...,n) — y3asl u koaddurmenTsr bopmyssl TayccoBa THna, Wi (T)
(k=0,1,...) — opTOroHaJIbHbIE [IOJIMHOMBI, HODMUPOBAaHHBIE yca0BUeM (Wi, W) = 1. Joka3arsb, 4To
kY4 Ala\}o(.fl) \/AQ(./J()(IQ) e kY4 An(ﬁo(a:n)
A — AV Alﬁl(xl) \/AQ(./Jl(IQ) e AV An(ﬁl(a:n)

VAG_1(z1) VAsDn_1(x2) ... VApGn_1(zn)
oproronanbuast marpuia (AAT = F).

3amada 5. [Tokazars, 410 KO3 PUIMEHTHI KBaIPATyPHOU (OPMYJIbI I'ayCCOBa TUIA MOMXKHO BBIUKC-

JIATH 110 (bopMyIam:
-1

n—1
Ap = D83 ()
j=0

Bagaua 6. Ilycrs w(x) monoxkurenbubii Bec. [lokasaTs, 9TO IpH JIO60M HATYPAJBLHOM 1 CYIIECTBYET
U IPUTOM €JINHCTBEHHAs KBaJparTypHas GpopMysia BUIa

b n
| w@) @ de m A5(@) + 3 At @) + BIO).
a k=1

unmetorasgs ACT d = 2n + 1. Kakossl ee y3ibl u koaddunmentor? Takue hopMy/Ibl Ha3bIBAIOTCS HOPMY-

samu Mapkosa.

§5 UnrerpmpoBanmne nepuogndecKnx (pyHKIUA

PaccemorpuM 3a1a4y mocTpoenns: KBaIpaTypHBIX (hOPMYJT BUJIA

[ e Y At 1)
a k=1

JIJIE KHTEIPUPOBaHUs 27T-IIepUOANIeCKUX (DYHKIUI. BBUIY epruoandIHOCTH CTOAIINI CJTe-
Ba MHTErPaJl He 3aBUCHT OT @, & Y3JIbI (DOPMYJIbI MOKHO CIUTATH ITPUHAICIKAITUMEI HEKO-
TOPOMY MPOMEKYTKY JUIMHOM 27: 1 < Tg < -+ - < T, < T1 + 27.

[lepuoauueckne GpYHKIUN €CTECTBEHHO MPUOINAKATH TPUTOHOMETPUIECKUMU TOJTIHHO-
MaMu, U MbI 6yJieM ToBOPUTh, 4T0 (1) MMeeT TPUrOHOMETPUIECKYIO CTEleHb TOYHOCTH d,
€CJIM OHA TOYHA JIJIsT BCEX TPUTOHOMETPUIECKUX ITOJTUHOMOB MOPSIIKa He BbIie d U HeTOU-
Ha XOTb JIJIT OJTHOTO TOJIMHOMA TOpsAaKa d+ 1, IpyruMu cioBaMu, OHA TOIHA JJTs (DyHKITIIT
1,cosx,sinz, ...,cosdr,sindr u HeToUHA XOTsI ObI It ofHON M3 dyHKIwWiA cos(d + 1)z,
sin(d + 1)x. 3ameruM, 9To ecau Mbl TpebyeM, 4To0bI ajqrebpandeckas CTelneHb TOYHOCTH
ObL1a He MeHee d, TO 9TO HAKJIA/IbIBACT HA Y3JIbI U KOI(DMUIMEHTHI KB IPaTyPHOH (hopmy-
JIbl n+1 yciioBHe, a Takoe ke TpebOBaHMe 110 OTHOMIEHNIO K TPUTOHOMETPUYIECKOH CTeleHn
TouHoCTH — 2n + 1 ycaoBue. [losToMy ecTecTBEHHO Clle/IyIolee yTBEPK I€HTE.

Teopema 1. Tpuronomerpudeckasi cremeHb TodHOCTH hopmyiibl (1) He Gostee, dem
n — 1.
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JlokazaTenbcTBO. OyHKINI

H 1 — cos(z — xy))

€CTh TPUTOHOMETPUIECKUHT MOJMHOM TOpsiika 1. OH NPUHUMAET JINIIb HEOTPHUIATETHbHbIE
3HAYEHNs, 1 MHTErPAJI OT Hero MOJIOKHUTEeH. B To yKe BpeMs BO BCeX y3JIaX OH o0pala-
ercs B HyJIb, M KBaJIpaTypHasl CyMMa paBHa HyJo, Tak 4ro ¢dopmyra (1) He TouHa Jjist
9TOro TpuronoMerpudeckoro mnojguanomMa. Ml

Teopema 2. Kpajsipatyprasi ¢popmyiia

n—1

[ sy far i =@up) =25/ )

k=0

1pa JIFOOOM (v IMEET TPUTOHOMETPUIECKYIO CTEIEeHb TOYHOCTH 1 — 1.
HoxkaszaTenbcTso. Jocratouno ybeaurhest, uro (2) Touna jajis dbyHKmil €™ npu

m=20,...,n— 1. Ipu m = 0 (e’ = 1) unrerpan u KpajpaTypHas cyMMa DaBHBI 2T.

[Iycts 1 < m < n— 1. Torma unrerpas pasen Hy/o. [logcanraem KBaIpaTypHyIO CyMMY.

1— einmh

1 ,
- Q zmx § ezm(a—i—kh zma E ezmkh elma ' =0
h 1 — emh ’

T.K. €M = 2™ — ] a nockosbky 0 < mh < 2w, To " #1. N

Bameuanne 1. Popmyiy (2) HABIBAIOT HOPMYAOT HAUBHICULET MPUZOHOMEMPUYE-
ckoti cmeneny moyrocmu. B oryimane oT ajaredbpandeckoro ciaydasi, (popmyJia HauBBICIIEH
TPUTOHOMETPUYECKON CTEIeH! TOYHOCTH He €IUHCTBEHHa — B HAIEeM PaCIHOPSXKEHUN Ha-
XOJIUTCSI TapaMeTp (.

Bameuanue 2. Kak yxe 0TMeUaI0Ch, JIJIs IEPUOJANICCKUX (DYHKIHI HHTETPAJI, CTO-
ammit B jieBoit yactu dpopmyser (2), He 3aBucut or a. Ecim caurars a = o — h/2, 10 (2)
eCcTh cocTaBHast (OPMyJIa CPeIHUX MPSIMOYTOJILHUKOB. Ecin canrath a = « u nepenucarhb
KBaIPATYPHYIO CYMMY B BHJIE

n—1

Qu(f) = ( 5@+ 3 Fla+kn) + L fatom) ),

2
k=1

To (2) mpejcraner, Kak coctaBHas opmysia Tparenuii. Takum o6pa3oM, mpu WHTErPH-
pPOBaHUU 2T-TIEPUOAMIECKAX (PYHKINN MO MPOMEXKYTKY JJIMHON 27 cocTaBHBIE (DOPMYITBI
IIPAMOYTOJIBHAKOB U Tpalleluii UMEIOT HAWBBICHIYIO TPUIOHOMETPUYECKYIO CTEIleHb TOY-
HOCTH.

C mHTerpnpoBaHMEM MEPUOINIECKNX (DYHKINI CBsI3aHa keadpamypHas gopmyaa Me-
A€pPa, K PACCMOTPEHUIO KOTOPON MBI CEYaC MEPEXOIAM.
Paccmorpum mHTErpad

I:/_z\/%f(x)d:c
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U cllesiaeM B HEM 3aMeHy nepeMenHoil z = cos 6. Torma momyanm
s 1 s

I= / f(cos®)db = 5/ f(cos ) db
0 —T

(MBI Y9Il YETHOCTD TIOIBIHTErPATLHOM (byHKIWMN). 111 BBIYUCIEH ST TOCJIeTHEIO HHTerPa-
Jia IPUMEHUM COCTABHYIO (DOPMYITY CPEIHUX IPSAMOYTOJIBHUKOB C 2n y3/1aMu, 3Ta (hopmyia
TOYHA JIjIg TPUTOHOMETPUYECKUX MTOJMHOMOB TOpsiJiKa He Bhite 2n — 1. Torma moxydnm

2n

T
I~ — cosf
k=1
rae O, = —m + (2k — 1)m/(2n). Y3asl cos by 5Toit KBaIpaTypHON (DOPMYIIBI YAOBICTBO-
PSIOT paBeHCTBaM coS 0,1 p = cosfy, Tak Kak 0,1 p = —0;. [losTomy cymma mep-

BBIX 7 CJIATAEMBIX B KBAJIPATYPHOI CyMMe COBIAJAET C CyMMON HOCICTHUX 7, ¥ 3aMCHSIsA
KBaJIPATYPHYIO CYMMY Ha YIBOCHHYIO CYMMY HOCJETHHAX 7 CJIAra€MbIX U yIUTHIBAs, ITO
Onir = (2k — 1)7/(2n), OKOHYIATEIBHO Oy daeM

L | Ty (2k — )7
/_liﬁ_ﬁf(z)dxwg;f Co8 ————

OTa KBaJparypHas Gpopmysia n HazbBaeTca dopmysioil Mesepa.

Ecau dyuknus f ectsh moauHoM crenernn e Bbiiie 2n— 1, To dyukius ¢(0) = f(cos )
€CTh TPUTOHOMETPUIECKH TTOJIMHOM TTOPSI/IKa HE BhINIe 2n — 1, U TOT1a TpUMEHeHHAsT JIJTsT
BBIUNCIEHUSI WHTErpaJja OT 3To# (PyHKIUU cocTaBHas (hOpMyJia MPSMOYTOJBHUKOB C 21
y3JaaMu JaéT TouHblil pesyiabrar. [losromy dpopmyna Mesepa TouHa /st BCeX MOJTUHOMOB
CTEIeHN He BbIe 2n — 1 U gBJsieTcs TaKuM 00pa3oM (hOpMYJIOi rayccoBa THUIIA C BECOM
1/v/1 —22. Yaasl sroit dopmyasl — kophu nosjmuoma Hebbimesa 1), (), Kak u J10K-
HO OBITH B (hOpMYJIaX rayccoBa THIIA, TOCKOJBKY MOJIUHOMBI eObIIeBa OpTOrOHAIBHBI ¢
paccMaTpuBaeMbIM BecoM (cM. 3a7a4y 1 B mpeplaytieM maparpade; KCTaTu, 0 TOi TIpH-
YHE PACCMATPUBACMBIii BEC HA3BIBAETCsI YeOBIIIEBCKUM ). A BOT TOT (pakKT, YTO y OPMYIIbI
rayccoBa THUIIA C YeOBIIMIEBCKUM BECOM Bce KO MUIHMEHTH OJIMHAKOBDI, HETPUBUAJICH.

3amada 1. Haiitu koadduiieHT B IpeicTaB/IeHUN OCTATOYHOro 1ieHa ¢opmyssl Mesepa B dpopme
Jlarpam:xa.

3agaua 2*. Ykasarb Bce COCTABHbIE KBaJpaTypHble (bOpMysbl (YMCIIO IPOMEKYTKOB, Ha KOTODbIE

pa3buT NPOMEKYyTOK UHTerpupoBanus, N > 2), KOTOPbIE sIBJISIOTCS UHTEPIOJISIUOHHBIMU.

[* §6. IIpuGsmm>kenne guHeHbIX (PYyHKIMOHAIOB. OIeHKA ITOrPEITHOCTH

BamMeTnM, 9TO B 9TOH W MpebIAYINeil IylaBaxX yzKe pacCMaTPUBAJINCH 3aJ1a91 TPUOJII-
JKeHUsl JIMHEHHBIX (DYHKIIMOHAJIOB: MPUOJIMKEHNE 3HaYeHN (DYHKIUT B HEKOTOPOIl TOUKe
3HAYEHUEM B 9TON TOUYKE MHTEPIOJIAIUOHHOIO IOJIUHOMA, AHAJOIHYIHAS 3a1a4a INC/IEH-
Horo JuddepeHnupoBanns, MPUOIMKEHe NHTerpaJia KBaIpaTypPHO CyMMOii.

B sToMm maparpade mbl paccMoTpuM npuHaiexkaiii [leaHo MeTo omeHKN morper-
HOCTH MPUOJINKEHNsT JTHHEHHBIX (DYHKIIMOHAJIOB, 3aaHHBIX Ha MPOCTPAHCTBE (DYHKITHIA.

T q THOCHUTCA HE K HHOMY IL I HO KO BCE IyaBe.
*Dra 330298 OTHOCUTC e AHHO aparpa , HO KO BCe aBe
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[Iycte F' — nuHeifiHbIil (DyHKITMOHAJ, ONPEACACHHBIN HA HEKOTOPOM JIMHEHHOM MHO-
ecTBe (DYHKII, 3aAHHBIX U HEMPEPLIBHBIX Ha MPOMEXKYTKe [a,b], m I — apyroit Ta-
KOl (DYHKITMOHAJI, TTPUIEM F f paccmarpuBaerca kak mupubmmkenne K Ff. Tlomoxum
Rf = Ff — Ff. 3anada cOCTOUT B OLCHKE Rf LPU HEKOTOPBIX IPEIIIOIOKCHISIX O (DYHK-
muonasie R u dyuknun f. Ho npeaBapuTebHO MBI JJOKAYKEM JIBE JIEMMBbI.

[Iycrs ®(z,t) menpepbiBHas byHKIUS, 3ajaHHas Ha KBajpare |a,b] X [a,b]. BBegem
dbyukIm onHOM nepemenuoit ¢, (t) = ®(x,t) (Mbl Oyne mucarb Takxke @, = P(z, -)).
Beumy pasroMepHOii HenpepbiBHOCTH (yHKIMU P cemeiictBo dynkuuii {p,} obramgaer
ciaemytomumu cgoiictsamu. 1) Ilpu @ — o ||¢@s — @aollclap) — 0. 2) Oynkimu sT0ro0
ceMeiicTBa paBHOCTEIIEHHO HENPEPBIBHBI, T.€. 10 BeAKOoMy € > () Haiigercsa Takoe d > 0,
410 HEpaBeHCTBO |t' — 1| < 0 daa ecex dbyHKIWMIT cemeiicTBa BiiedeT 3a co0Oil HEPABEHCTBO
|02 (') — @a(t")] <e.

Bymem obosnagars gepes () f KBapaTypHBIE CYMMBI (POPMYJIBI CPETHUX ITPSIMOYTOJThb-

HHNKOB:
N-1

QNthZf(tj), h = oty =jh+ =
7=0

Jlemma 1. IIpm n — 0o mMeeT MecTO paBHOMEPHAS 110 T CXOJUMOCTH (Qnp, K COOT-
BETCTBYIOIHM HHTETDAJIAM:

— 0.
Cla,b]

Joxtea- | oty

JlokazaTenbcTBO. [Io Teopeme o cpesnem st JoObIX x, N U j Halijiercsd Takas
TOUKa T, € [t;,t;41], 9TO

a+(j+1)h
/ a (1) dt = hipy(73),
a+jh

1 TOTIIa,

/ pr(t) dt — Qngpx = hi(‘ﬁx(Tj) - pr(tj))u

npudeM |7; — t;| < h/2. Ocraerca no 3aganmnomy € > 0, HCIOJIBb3Ys PABHOCTEIIECHHYIO
HENPEPLIBHOCTL (PYHKIHI (0, BBIOpATh N HACTOJBLKO OOJIBIITNM, YTOOBI U3 HEPABEHCTBA
|t —t"| < h/2 npu Beex x caenoBaio |p.(t') — . (t")] <e/(b—a) A

Bameuanue 1. /lokazannas jieMMa SIBJISIETCSl 9aCTHBIM CJIyIaeM OOIIEHl TeopeMbr:
eCJIN TIOC/IEIOBATEIBHOCTD JINHEHHBIX (DYHKIIMOHAIOB B DAHAXOBOM IIPOCTPAHCTBE CJ1abO
CXOJINTCST K HEKOTOPOMY (DYHKITHOHAJY, TO 9Ta CXOJAUMOCTH paBHOMepHa Ha JIFOOOM KOM-
MAKTHOM MHOYKECTBE.

Jlemma 2. Ilycrs k > 0 — nemoe uncio, R — JmHEHHbIH (DYHKIIMOHA, 3a/JAHHBII
na muozxectse C®)[a, b] k pas nenpepnisro aupchepermmpyeMbIx GpyHKImMil 1 y10BICTBO-
pstonit yeosmio: st seex f € CR|Rf| < O(||flle + 1 f®]l¢). Hycrs menpepoisnast
byurmust u(x,t) (x,t € [a,b]) k pa3 menpepsiBHO augdepennppyema no T, u QyHKIH
g(x) 3amaercst paBeHCTBOM

b
g(x):/ u(x,t)dt.
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Torna ,
Rg:/ U(t)dt, rtne U(t) = Ru(-,t).

Hokasareancrso. [lonoxkum Sy(z) = Qn(uy) = Qn(u(z, -)). Kak nerko sugers,

RSy =R (hz_: u(:v,tj)) =h 2_: Ru,(t;) = Qn(U). (1)

[pumenss gemmy 1 x by ®(z,t) = u(x,t) u bynkmuu &(z,t) = OFu(x,t)/0xk, Mo
nosyaum, 4910 [[Sy — gllc — O m ||S](\]f) — g®||¢ — 0. ITosToMy BBHLY HAJIOKEHHOTO Ha
dyukmmonan R ycaopus RSy — Rg. Ocrtaercs coBepmnTh MpeJieIbHBIN TEPeXoT B JIEBOI
u npaBoit yactu paserncrsa (1). W

Teopema. Ilycte m — HatTypasabHoe duciao u Ha JuHeiinoMm muoxkecrse D C Cla, bl
onpeJjesieH JIMHEHHDBIH (DYHKIHOHAT R, y/I0BI€TBOPSIONTHIT YCIOBUSIM:

1)D 2 C™ u s seex f e CVRFI < O([[ flle + 1™ Vle),

2) R obpairnaercst B HyJIb Ha BCEX MOJIMHOMAX crereHu He Boime m (Rp,, = 0 jst Bcex
Pm € Pp) *.

Iycrs ¢pyukmnus f m + 1 pasz merpepbisro juggepentupyema. Torja

ni- | Ko ®) £ (1)

e
1 m
—(rx —1 opu t < x,
Eonlt) = R(kn(-18), bl ) = 4 (& 70" oot <
0 npu t > x.
JlokaszaTenbcTBo. Bocombs3yemes: popmyinoit Teitstopa s npeacrapieHust (DyHK-

man [ f(x) = pm(x) + rp(x), Toe

"(a "(a m)(a
pu@) =f(@) + LD gy W g @D

1! 2 m!

Tm(T) :/ Ky (22, 1) f D (8) dt.

KOJIBK m = T = m- JLJIS 3aBepINeHns] T0Ka3aTeJIbCTB TaETCsSI BOC-
[Tocko R 0, To R Rr 3aBepIre 0Ka3aTeTbCTBA OCTAETCI BOC
TIOJTB30BATLCA JIeMMOiT 2, TI0J05KuB U(T,t) = Ky (2, 1) f TV (¢). W

SaMeuganue 2. YCI0BUsI TEOPEMbI MOKHO HECKOJIBKO OCJIa0UTh, B YaCTHOCTH, B OT-
HomeHnn HerpepsirocTH [,

SBameuanue 3. HTerpajabHoe mpecTaBieHne MOTPerTHOCTH R f MOXKHO ObLIO OBI
MOJIYIUTh, UCIOJIb3ys (opmyny Teitopa ¢ mcxoHON TOYKOW HE a, a JI00OH JApyroit u3
npoMexkyTKa [a, b]. Herpyaao ybenurnes, aro saapo K, (t) moayamnaocs 661 Ipu 9TOM TeM
XKe caMbIiM — K, THBapUaHTHO OTHOCHTEIHHO BBIOOPA 9TON TOUKH.

*3aMeTuM CBsI3b 9TOrO YCJIOBUS C MOHSITHEM aJredpamvecKoil CTeleHn TOYHOCTY KBaJpaTyPHBIX hop-
MYJI.
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CaencrBue 1. B ycji0BUsIX TeOpEMbI CIIPaBEIUBBI OICHKH:

b
[Rf| < Gl f" Ve, ¢ :/ [ Km(8)] dt,

b
[RFI < Coll f" Py Co= \// (Kom(t))? dt,
[Rf| < Cull SO0, Cs = max [ Ky (t)].

SBameuanue 4. [I[puBeéHnbIe B CI€ICTBUN OIEHKH SBJISIIOTCS TOYHBIMU B TOM CMBIC-
JIe, 9TO JJId EPBOA M3 HUX

sup{ [Rf| | f: If" Ve <M} =C1M,

1 aHaJIO'MYHbI€ DaBE€HCTBa BEPHLI U JJId JABYX APYIUX OIEHOK. 2T0 Cpa3y 2Ke cJjieayeT
U3 MU3BECTHBLIX PAaBEHCTB IJId HOPM HHTEI'DAJIbHBIX (bYHKLLI/IOHaI[OB B COOTBETCTBYIOIIUX
IIPOCTPpaHCTBaX.

CaencrBue 2. /g Toro 4robbl cymjectBoBaja Takas nocrosanas C, 4To s Jio-
6oit pynxipmn f € O™+ pajinérea Touka ¢ € [a,b], mra xkoropoit Rf = Cfm+1)(6)f
HEOOXOJIUMO H JIOCTAaTOYHO, 4T00bl (pyHkims K, (t) He MeHsIa 3HaKa HA MPOMEXKYTKE
[a, b].

Hokazarenbcrso. 1) JlocTaTOYHOCTL BBITEKAET M3 YKA3AHHOIO B TeOpEMe IPe]l-
crapiaenus Rf, eciu K MHTErpasy B IPaBoil 4acTU HPUMEHUTH TEOPEMY O CPEIHEM.

2) HeobxomuMocTh 10KazKeM OT IpoTuBHOro. Beau s moboit dyukmun f € O+
Rf = Cfm(€), o, noxcrasnsas ciona f(x) = ™!, MbI noayunM, 4o

C= /ame(t) dt.

Ho Torma
sup{|Rf| | f: [If" Ve <1} =[C| <y,
YTO IPOTUBOPEUHUT PABEHCTBY, YKa3aHHOMY B 3amedanuu K ciaegcrsuio 1. W

CaencrBue 3. Ilycrs v — HarypaJjbHOe 4ucsio. Tormga jjist TOro, 9ToObI JIJIST BCEX
MHOTOYJICHOB Py y,, CTEIICHU HE BBIIIIE M+ UV BBIIOJIHSIIOCH PABEHCTBO Rpy,, = 0, He0bXO0-
JIIMO U JIOCTATOYHO 4TOOBI (pyHKIUsT K, OblTa OpTOroHa/IbHA BCeM MHOI'OYJICHAM CTEICHU
v —1, re. mis soboro p,—q € P,_1 BBIIOJIHSIOCH pABEHCTBO

/ Koty yult) d = 0.

,HOKaBaTeJIbCTBO O49eBHUIHO.

[IpuBeiéHHbIE BBIIIE OIEHKU MOTPEITHOCTH MPUOJIMKEHI 3HaYeHUs (pyHKITMoHaa F
3HaveHneM (QyHKIMOHaJ a F' Ha TOi »Ke (DYHKIUU O3BOJIAIOT KCIOJIB30BATh JIJIsT TAKOi

f1.e. uT06bBI OCTaTOUHBI wien Rf npubmmxentoit popmyssl Ff ~ F f umen npeacrasienne B ¢hopme
Jlarpam:xa.
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OIEHKN He TOJILKO MPOU3BOIHYIO (DYHKIMH MaKCHMAJIbHO BO3ZMOYKHOIO TOPSAIKA (B CITy-
Jae KBaJIPATYPHBIX (HOPMYJT — IOPsiJKa Ha €JUHUILY OOJIbINe aJreOpantiecKoil CTerenn
TOYHOCTH ), KOTOpasl y 3aJaHHON (DYyHKIMI MOXKET He CYIIeCTBOBATH, HO W IPOU3BO/HbIE
MEHBIIUX MOPSJIKOB, & TaKKe He depe3 MAaKCUMyM MOJLYJ/Is TAKO# ITPOU3BOMIHON, a depe3
KaKyIo-1100 Jpyryio nopmy. [IpuBeném HEeKOTOpPBIE TTPUMEDDI.

[Ipumep 1. B §6 mepBoif riaBbl MOrpenHOCTb (POPMYJIbI IUCIEHHOTO I depeHI-

POoBaHuU:A
P(f) = o)~ T ZIED g

OIICHUBAJIACH YePe3 MaKCUMYM MO/ TpeTheil mpousBoguoit gpyukiun f. Ilomyanm Te-

nepb OIEeHKY 4epe3 Lo-HOpMY TOi 2Ke npou3BojHoil. Y Hac a = —h, b =h, m = 2,
1 2
Mo —t t<u,
e T
0 npu t > x,
—t uput <0
F(ko(-,1)) = (kao(z, 1)) (0) = -
(kal - 1) = (ka(a,1)2(0) {0 o

Fka(-,1)) = ka(h, 1) ;:2(_h’t> = ﬁ(h —t)%.

Orciofa JIerko moJryvdaem

1 J(t+n)* npnt<O0,
4h | (t —h)?> uput > 0.

Kak u 10/2KHO OBITH COIIACHO CJIEJCTBHUIO 2 (CYIIECTBYET MPEJICTABIEHIE OCTATKA epe3
f"(€)), aapo Ky 3HAKOMOCTOSIHHO. BbIumcmM wHTErpaJ
I h3

h ) h )
[ =2 [ o] = g [ n-ota =15

[Tonygaemasi oTcio/ia OlEHKA OYEBU/IHBIM 00PA30M IEPEHOCUTCs Ha ITPOU3BOJIBLHYIO TOUKY
nuddepeHmpoBatus a:

, a+h)— f(a—nh hv'h ath 2
f(a)—f( + )th( )‘§2\/\/1;0\//a_h (f”/(t)) dt.

BamMeTnM, ITO B 3TOI OIEHKE COBCEM He 00A3aTeTbHO TpeOOBaTh, YTOOBI TPETbS TPOU3-
BofHAsT pyHKIUN [ OblIa HEMPEPBIBHON, JOCTATOYHO, ITOOBI BTOpas ObLIa abCOTIOTHO
HEIPEPBIBHOM, a TpeThs npuHajexana Ly(a — h,a + h).

[Ipumep 2. [Tomyuum OmEHKY HMOTPEINTHOCTH KBaJApaTypHOt ¢popmysabl CUMIICOHA Te-
pe3 MaKCHUMyM BTOPO# Tpon3BOAHON. ArebpantecKast CTEIeHb TOYHOCTH 3TOH (hOPMYJIbI
paBHa TPEM, U KJIACCHYECKOE IPEJCTABICHNE OCTATOYHOIO UJIEHA COJCPXKHUT YEeTBEPTYIO
MIPOU3BO/IHYIO, HO MBI OYJIeM IIPeIIoiaraTh, YTo MoAbIHTerpaabias (pyHkius auddepen-
upyeMa JIMIIb ABazK/bl, U oToMy mojaoxum m = 1. Urak, dopmyna Cumiicona:

F = [ rwa=g (501 (3) 1) = £
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[Ipum =1
x—t upnt<uz, /1 1 2
ki(z,t) = F(k(-,t) = ki(x,t)de = =(1 — )%,
i, 8) {O npu t > x, (1( )) 0 1, ) de 2( )

" IIOCKOJIbKY

TO

K(t)—l t(3t —1) npn ¢ < 1,
U6l —0@2-3t) mput> L.

I'paduk sToro sapa cuMMeTputdeH OTHOCHTEIbHO IpsiMoit t = 1/2 (e Ky (1—t) = Ky(t)) n
CaMo 9TO PO OPTOTOHAIBHO MOTMHOMAM IIEPBOIl CTENEHN, KaK U JOJIZKHO ObITH COIVIACHO
caencruio 3. Terepb MBI MeeM:

1
R(f) < Cllf"llc, tne C:/o K1) dt = -

OcranoBuMcs eIé Ha BOIIPOCE, KaK CBSI3aHbI OICHKHM OCTATKA MOJIOOHBIX U COCTABHBIX
KBa/IPATYPHBIX (DOPMYJI C OIEHKAMHU OCTATKA UCXOIHOM (hOPMYJIBI Yepe3 pa3IudHble HOP-
MBI TPOMU3BOAHBIX. VTak, mycTh 171 KBaApaTypPHOI (hOPMYJIBI

| sttt =3~ awg(t) + Ao

N3BECTHDLI OIICHKMN OCTaTKa:

a) |R(g)] < Cl||9(m)||0[0,1]>
b) |R(9)] < Callg™ |l Lac0.1),s
o) |R(9)] < Cslg" ||10,1)-

Hac unTepecytor oreHKH ocTarka moj00HON (HhOPMYIIbI (IIOCKOIBKY CYIIECTBEHHYIO POJIb
UrpaeT JJIMHA MPOMEXKYTKA, BEPXHUI MpeJiesl HHTerpaa Mbl 0003HAYNM depe3 a + h):

a+h n
/ f(x>dx:hZAkf(xk>+Rh(f>v Tp = a+tph
a k=1

U COCTaBHOMN (POPMYJIbI:

N—-1 n

b
/f(fv)d =h Apf(y; +teh) + Ry(f), h=

7=0 k=1

Cpa3y 2Ke OTMETHUM OYeBUIHbLIC paBEHCTBa:

Ri(f) = hR(g), tne g(t) = fla+th),

ijy] +h

N-—1
= Ralfy), me fi=f],
j=0
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B cayuae momo6uoit hopmyist ucnombsyen pasercrso g™ (1) = A™ £ (a 4-th), uto maér

|Ba(HI < CLb™ £ ™ e,

IRy (f)] < C’ghm“\// (a+th) ) dt = Coh™ 2| F | Ly aasn),

Ra(f)] < Col™! / £ (a+ th)| dt = Coh™ | £ 1asny.

[Tepeitém K cocTaBHBIM (DOPMYJIAM.

N-1
IRy ()] < Coi™ S A ey pem < CLNR™ | £ ooy = Oy (b — a)h™ || ™ | cpay.
j=0
Hamee,
N-1
(B (£)] < Coh™ 2 | A Loy s
j=0
31ech
N-1
1 oty < V- Z 112,00 = VI 1™ ot
7=0
1 TIOTOMY
|Rn(f)] < Cov/b— ah™ | £ || Laay -
Haxkoumerr,
N-1
IRn ()] < Csh™ 1™ Ny g+ = Csh™ 1 Lias)-
j=0

3amada 1. I[TosyunTs npejacraBieHne OCTATOYHOrO 4jieHa (POPMYJIbI YMCJIEHHOTO I depeHIIupPOBa-
Hust (4) (§6 ruaBer 1) METOMOM, M3JI0XKEHHBIM B 3TOM naparpade.

Banmaga 2. IIycte 0 < h < 7 u gzt uw € C[0,h] Q(u;t) = acosz + bsinx — peltenne HHTEPLOJLS-
monsoi 3anaan Q(u;0) = u(0), Q(u; h) = u(h). Haiitn sinpo K (y,t), Takoe 9to s a060it GyHKIMNT
u € C?)[0, h] mMeer MecTO TIPeICTABICHNE OCTATKA HHTEPITOJISITIIT

h
Ry (u) = u(y) — Qusy) = / K (y, 1) (u" (1) + u(t)) dt.

Bazaua 3. B ycnoBugx npegpiymeil 3agaun nokasarh cymecrsosanne Takoil dbynkmuu C(y), 910
st 06X u € CP)0,h] m y € [0.h] maiinéres takas Touxa & € [0, h] YTO OCTATOK HMHTEPHOJIAINH
npescrasny B suge Ry(u) = C(y) (v’ (€) + u(€)). Haitrn sty bynxumo C(y). *|

[* § 7. Ouenka morpemnrtHocTN KBaIpaTypPHOI (bOPMYJIBI Tparenui
B IIEPUOUYECKOM CJIydae

Kaxk 6b110 110Ka3aHO B § 5, IpM BBIMUC/IEHUN UHTErpPaJia OT 27-TMEePUOINIECKON (hyHK-
AN 10 TIPOMEXKYTKY JJIMHHBI 27 (OpMYyJIa Tpalenuii nMeeT HAUBBICIIYIO TPUTOHOMET-
pudeckyio creneHb TouHocTH. OJHAKO, €C/IM UCIOIb30BATh OIEHKY IOTPEITHOCTH STOM
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GOPMyJIBI, TPUTOTHYIO U JIJIsT HEIIEPUOANIeCKUX (DYHKITH, TO TIpu JTF000# IJ1aIKOCTH WH-
TerpupyeMoii (PyHKIMKM MBI yCTAHOBUM CXOJIMMOCTH KBaJIPATYPHON CyMMBI K HHTETIPAJTy
b ¢ 6uicTpoToit O(n~2), Tie n uucio yayios. B sTom naparpade Gyjer nmokazato, 4To
JUIsT TIEPUOANYECKUX (PYHKINNA yObIBAHUE IIOIPEIIHOCTH MOYKET ObITh CYIIECTBEHHO OBICT-
pee.

Nrak, MbI paccmaTrpuBaeM (GOPMYIIy Tpareruii, BbIOpaB B KaIeCTBe MTPOMEXKYTKa MH-
TerpupoBaHust (KOTOPBIN B TIepUOANIecKOM ciydae Gespasimden) [0, 27]:

2w 1

[ e G + 3 1) + 57w | = @ulh),

Baece h = 27w/n, xp = kh. dnsa nepuoguueckoit dyukmuu f(x,) = f(27) = f(xo),
U MBI IEpPENuIneM KBaJPaTypPHYI0 CYMMY, UCIIOJIb3Ys 3TO PABEHCTBO, U BBEJEM OOBITHOE
0603HAYEHNE JIJIA TIOTPEITHOCTH:

—_

n—

Q) =1 fler).  Ra(f) = / " (@) dr— Qu(f).

0

B
Il

Hns onenku R, (f) Mbl Oy/ieM npuMeHsTH ujiero Merosa [leano, n3/10:KeHHOTO B IIPeJIbl-
nymeM naparpade. Hereproanaeckasi pyHKIHS BOCCTAHABIUBACTCA IO CBOEH TTPOM3BO/I-
HOI TOpsijIKa " ¢ TOYHOCTBIO JI0 HOJUHOMAa cTereHu © — 1, u B Meroje Ileano mcroinb-
30BaJIOCh MHTErPAJIbHOE IIPEJCTAB/IeHIEe NHBAPUAHTHON OTHOCUTEIHHO TaKUX IOJTHHOMOB
JacTU IpeJcTaBaIeHns (hYHKIME depe3 IPOU3BOAHYI0. B repuogmdeckoM ciydae Jaeao 00-
crout nHade. [lomuHoMm — HemepuonvaecKas QpyHKIU, U MEPUOITIECKasd (DYHKIUS BOC-
CTAHABJIMBAETCS 10 CBOEH MPOW3BOIHOMN JTFOOOTO MOPSIKA ¢ TOYHOCTBIO 0 TOCTOSTHHOTO
caraemoro. C ororo Mel u HauneM. O6osmauny depes C'7) MHOKECTBO I pa3 HEIPEPLIBHO
s depeHIpyeMbIX 27-ePUONICCKIX (DYHKIUI.

Jlemma 1. @ynnus f € C") umeer nuTerpasbHoe IpeicTaB/IeHe

f(a:):ao+%/

™

pr(t =) fO(t) dt,

rje

1 2m

ayseBoit koagppurment Pypoe, a

(1) 302, IIpH T = 2M 4YeTHOM,

(pT(t> = m+1 0 k;inkt
(=L)"Y o0 =5 mpur = 2m + 1 mevernom.

JlokazaTesbCcTBO. 3aMETUM IPEXKIE BCErO, YTO MPU 7 > 2 PAIbl, KOTOPLIMHI
IPEJICTABIAIOTC (DYHKIMU (©,., CXOJSITCS paBHOMEPHO, a Ipu r = 1 10 MeHbIneil Mepe
B Lo. Oyukmma f pazmaraercs B paBHOMepHO cxojsiiuiicst psit Pypoe. Obo3HaInM depe3
on(f; ) gacTHBIE CyMMBI TOTO psijia:

on(f;z) = ap+ 1/7r Zcosk‘(t—x)f(t)dt.

TS k=1
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Camrast 115 ONPEIESIEHHOCTH 7* = 21m Y€THBIM U IIPOU3BE/IS r'~-KPaTHOE HHTEIPUPOBAHNIE TT0
JaCTsM B HAITMCAHHOM HHTerpasie, nuddepeHupyst [ 1 mHTerpupyst MepBbIii MHOKUTETb,
U YUYUTBIBas, 9TO BBUJYy HMEPUOJIMIHOCTH BCE BHEUHTEI'DAJIbHDLIE C/IaraeMble 0OPaIaioTCs
B HYyJb, MBI IPUJIEM K PaABEHCTBY

M A cos k(t — )

on(fiz) = O @) dt

Jl1s1 3aBepIIeHUs JOKA3aTe/ILCTBA OCTACTCA IIePeiTH K Mpeiely IpH N — 00, YIUThIBad,
uTo pag Oykbe GYHKIMK [ CXOAUTCA K Hefl paBHOMEPHO, & MOJ, 3HAKOM MHTErpasia, CTOUT
JacTHas CyMMa Psijia, CXOJSINEerocst o MeHbIeii mepe B Lo(0,27). W

Jlemma 2. [Ipu Hatypa/JibHOM UV BBIIOJTHSIIOTCS DABEHCTBA!

Qn(sinvx) =0,

27, ecam v/n = j - neJoe,

Qn(cosvr) =

0 B IPOTHUBHOM CJIyYae.

JokaszaTeabcTBo. JIocTaTOYHO BEIMUCAUTD Besnauny @, (€?/?) u paseurhb Belie-
CTBEHHYIO I MHUMYIO 4aCTH.

Qn(eium> — 2_7T eiumk 271' 27r21/k/n — 27T Z ¢~
n k=0 n k=0

rie ¢ = e2™/" Ecnu v He IefnTcs Ha n, TO TOLIA ( # 1 u mocJieHsIsI CyMMa paBHA
(1-¢")/(1—¢q) =0, tak kax ¢" = 1. Eciu ke v = nj, 10 ¢ = 1 u 57a cymma ecrb n. M

Jlasiee MbI OTpAHUYINMCS CJIy9IaeM 7 > 2, U TOTOMY (DYHKIIUSI , HEIPEpPbIBHA.
Jlemma 3. Ecin f € C), 1o

Rn(f>=—1/07r@n(gor(t— ) FO(¢) dt.

™

HokaszarennbcrBo. QopMyna Tpamnenuii TouHa Jjisi MTOCTOSHHBIX, ¥ 110 9TOW IIPHU-
qune R, (f) = R,.(f — ap). Tak kax unrerpai or f — ap paBeH HYJIIO, TO

R.(f) = —Qun(f —ao) = —Qn (1 /027r or(t— ) fO @) dt) _

(MBI BOCIIOJIB30BAJIHCH JIeMMOit 2 u3 mpepiayero maparpada).

Teopewma. /st pyukiuu | € cm crIpaBe/IJINBa OIICHKA
C 2m
T e I
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("] ~ — (r)
Baece || f7]|¢ = max | f(z)].

JlokaszaTeabCTBO JJIs Y6THLIX M HEYETHBIX I HOYTH HE OTINYIAETCS, U MbI JIJIs
ompeeIeHHOCTH OyIeM CIUTATh r = 2m 4éTHbIM. Torma

1 i cos kt cos kx n sin kt sin kx

prlt =) = (~1)"= - =
k=1

U, YIUTBIBad JIEMMY 2,

Qn(SOT(t — )) = (_i)m v Coljrkt Qn(cos k).
k=1

Onsarh obpatumes K jiemme 2. B riocsieiaeii cyMMe OTJIUYHBI OT HYJIs JIUIB T€ CaraeMble,
JIUIst KOTOPBIX kK = nj, U Mepexo/isi OT CyMMUPOBAHUS 10 kK K CyMMUPOBAHUIO I10 j, UMEEM

[e.e]

1 KakK cJeacTBue JIeMMbI 3 ImoJrydaeM:

2 [ | X cos jnt .,
R(f) < —/0 >t e

nT
Jj=1
[MoppiaTerpanbhas (DYHKIWS 37€Ch UMeeT MepUuoi 27 /n, W MOTOMY CaM STOT WHTErPas
paBeH yMHOXKEHHOMY Ha 1 HHTerpaJty 1o npoMexyTKy [0, 27/n]. Jdesas B 9T0M mocsienHeMm
HHTErpaJie 3aMeHy [epeMeHHON ¢ = 7/n, Mbl IpujeM K JjiokasbiBaemoii orenke. W

SBameuganue. To 06CTOATETHLCTBO, UTO TPU (DPUKCUPOBAHHOM 1 K 1 — 00 KO3DDUIm-
enr, crogmuii npu || f) |& B JOKa3aHHOII OIEHKe, CTPEMUTCS K HYJIIO, HE JOJI2KHO BLI3bI-
BaTh HeAoyMeHus. Ecau f ecTh TpUrOHOMETPUIECKHI TOJIMHOM HOPSIKa He BBIIIe 1 — 1,
to R,(f) =0 (cm. §5). Ecim ke dbyukius [ € C'") ormmana OT TAKEX HOIHHOMOB, TO,
KaK MOYKHO MOKa3aTh, IIPH HeKoTopoit moctognuoit ¢ > 0 || f™]| 5 > en’.

3amada 1. Jlokasarh BhICKA3aHHOE B IIOCJIEIHEM 3aMEYaHUU YTBEPKIEHUE.

Banaua 2. IlokasaTs, aro npu ¢ € (0,27) ¢1(t) = 3(t — 7).

Banauga 3. [oxaszars dopmyny muddepennuposanus: ¢, ; = —@,. [lokazaTs, 9T0 Ha IPOMEKYTKe

(0,27) @, ecTb asnrefpanvecKuii MOJIMHOM CTENeHH T *. *]

*OTH HOJMHOMBI JIUIIH JIMHEHHOM 3aMEHOI MEPEMEHHOM M TMOCTOSTHHBIM MHOXKUTEJIEM OTJIHYAIOTCS OT
M3BECTHBIX TOJTUHOMOB BepHyin.
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