ŮĹŚŃĂ ŚŠĹŘŃĹŊČĂ

Ć. Ŋ. Ňăńőğěňőć (Ďőłńăď ŋă áěňĺŋăàě 7.09.1999) 1^∘. Ůĺáńă Śâĺàńĺŋčă ŕěàćőčő àőďă {α_{mk}}, k ∈ 1 : m, m = 1, 2, . . . , őŕàěďěńïîâáï łăł łőíääĺæĺěŋâë àăğńőęěŋĺï

q_m(x) := x(x − 1) · · · (x − m + 1) = m∑ k=1 (−1)^{m−k} α_{mk} x^k. (1)

Ŕőáłőńìłã q_1(x) = x, q_2(x) = x(x − 1), âő α_{11} = 1, α_{21} = α_{22} = 1. (2) ŠĚŐŘĚŇĂ 1. Śŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě α_{mk} = (m − 1) α_{m−1,k} + α_{m−1,k−1}, k ∈ 2 : m − 1, (3) α_{m1} = (m − 1)! , α_{mm} = 1, m = 3, 4, . . . (4) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őçěćĺďŋő, çâő α_{mm} = 1. Ďăńěě (−1)^{m−1} α_{m1} = q^′_m(0) = { x[(x − 1) · · · (x − m + 1)] }_′ x=0 = (−1)^{m−1} (m − 1)! , őâłãďă áńěďãěâ, çâő α_{m1} = (m − 1)! .

Šěŕěàì ğăŕĺèěň

q_m(x) = q_{m−1}(x) (x − m + 1) = m−1∑ k=1 (−1)^{m−1−k} α_{m−1,k} x^{k+1}+

+(m − 1) m−1∑ k=1 (−1)^{m−k} α_{m−1,k} x^k = α_{m−1,m−1} x^m+ + m−1∑ k=2 (−1)^{m−k} [α_{m−1,k−1} + (m − 1) α_{m−1,k}] x^k + (−1)^{m−1} (m − 1) α_{m−1,1} x. Śàăćŋĺć íâő á (1), ŕőńãçĺň (3). �

Śőőâŋőèěŋĺï (2){(4) ŕőğćőńïîâ ŕőáâàőĺâì âăąńĺæã çĺáěń Śâĺàńĺŋčă ŕěàćőčő àőďă ŕàĺ m ∈ 1 : 6. m \ k 1 2 3 4 5 6 1 1 2 1 1 3 2 3 1 4 6 11 6 1 5 24 50 35 10 1 6 120 274 255 85 15 1

Őâňěâĺň, çâő ŕàĺ m ≥ 2 m∑ k=1 (−1)^{m−k} α_{mk} = 0. Ůâőąë ãąěďĺâìáï ć íâőň, ďőáâăâőçŋő ŕőńőęĺâì ć (1) x = 1.

Ňőęŋő àăáèĺàĺâì ŕőŋïâĺě çĺáěń Śâĺàńĺŋčă ŕěàćőčő àőďă, ŕàĺŋïć α_{mk} = 0 ŕàĺ k /∈ 1 : m, k ∈ Z. Ć íâőň áńãçăě ćáï âăąńĺæă {α_{mk}}, m = 1, 2, . . ., k ∈ Z, ąãďěâ őŕàěďěńïâìáï ŕěàćőľ áâàőłőľ . . . 0, 0, 1, 0, 0, . . . ĺ àěłãààěŋâŋëň áőőâŋőèěŋĺěň α_{mk} = (m − 1) α_{m−1,k} + α_{m−1,k−1}, k ∈ Z, m = 2, 3, . . . 2^∘. Ůĺáńă Śâĺàńĺŋčă ćâőàőčő àőďă {β_{mk}}, k ∈ 1 : m, m = 1, 2, . . . , őŕàěďěńïîâáï łăł łőíääĺæĺěŋâë àăğńőęěŋĺï

x^m = m∑ k=1 β_{mk} x(x − 1) · · · (x − k + 1) = = β_{m1} x + β_{m2} x(x − 1) + . . . + β_{mm} x(x − 1) · · · (x − m + 1). (5) Őçěćĺďŋő, çâő β_{11} = 1, β_{21} = β_{22} = 1. (6) ŠĚŐŘĚŇĂ 2. Śŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě β_{mk} = k β_{m−1,k} + β_{m−1,k−1}, k ∈ 2 : m − 1, (7) β_{m1} = β_{mm} = 1, m = 3, 4, . . . (8) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőńőęĺć ć (5) x = 1, ŕőńãçĺň β_{m1} = 1. Ĺğ (5) áńěďãěâ âăłęě, çâő β_{mm} = 1. Ŕőáłőńìłã x^2 (x − 1) . . . (x − k + 1) − x(x − 1) . . . (x − k) = k x(x − 1) . . . (x − k + 1), âő x^m = x^{m−1} x = m−1∑ k=1 β_{m−1,k} [x(x − 1) · · · (x − k) + k x(x − 1) . . . (x − k + 1)] = = β_{m−1,m−1} x(x − 1) · · · (x − m + 1)+ + m−1∑ k=2 [β_{m−1,k−1} + k β_{m−1,k}] x(x − 1) · · · (x − k + 1) + β_{m−1,1} x. Śàăćŋĺć íâő á (5), ŕàĺďěň ł (7). �

Śőőâŋőèěŋĺï (6){(8) ŕőğćőńïîâ ŕőáâàőĺâì âăąńĺæã çĺáěń Śâĺàńĺŋčă ćâőàőčő àőďă ŕàĺ m ∈ 1 : 6.

m \ k 1 2 3 4 5 6 1 1 2 1 1 3 1 3 1 4 1 7 6 1 5 1 15 25 10 1 6 1 31 90 65 15 1

Ťőàňãńă (5) ïćńïěâáï ŕő áãéěáâćã ŕàěďáâăćńěŋĺěň ŕőńĺŋőňă x^m ć ŋìîâőŋőćőľ äőàňě. Łőíääĺæĺěŋâë âăłőčő ŕàěďáâăćńěŋĺï ňőęŋő ğăŕĺáăâì á ŕőňőéìî àăğďěńěŋŋëå àăğŋőáâěľ: β_{mk} = x^m[0, 1, . . . , k] = 1 k! k∑ s=0 (−1)^s C^s_k (k − s)^m, k ∈ 1 : m. (9)

Šěň áăňëň ďńï çĺáěń Śâĺàńĺŋčă ćâőàőčő àőďă ãłăğăŋ ïćŋëľ ćĺď.

Ďăńěě, áőčńăáŋő (1) ĺ (5) ĺňěěň

q_m(x) = m∑ k=1 (−1)^{m−k} α_{mk} {^k∑ s=1 β_{ks} q_s(x) } =

= m∑ s=1 {^m∑ k=s (−1)^{m−k} α_{mk} β_{ks} } q_s(x). Śńăčăěňőě ć ŕàăćőľ çăáâĺ ŕàĺ s = m àăćŋő q_m(x). Şçĺâëćăï íâő, ŕàĺåőďĺň ł âőęďěáâćã_{m−1} ∑ s=1 {^m∑ k=s (−1)^{m−k} α_{mk} β_{ks} } q_s(x) ≡ 0, ĺğ łőâőàőčő áńěďãěâ, çâő m∑ k=s (−1)^{m−k} α_{mk} β_{ks} = 0, s ∈ 1 : m − 1. Ňőęŋő àăáèĺàĺâì ŕőŋïâĺě çĺáěń Śâĺàńĺŋčă ćâőàőčő àőďă, ŕőńőęĺć β_{mk} = 0 ŕàĺ k /∈ 1 : m, k ∈ Z. Ć íâőň áńãçăě âăąńĺæă {β_{mk}}, m = 1, 2, . . .,

k ∈ Z, ąãďěâ őŕàěďěńïâìáï ŕěàćőľ áâàőłőľ . . . 0, 0, 1, 0, 0, . . . ĺ àěłãààěŋâ-

ŋëň áőőâŋőèěŋĺěň β_{mk} = k β_{m−1,k} + β_{m−1,k−1}, k ∈ Z, m = 2, 3, . . . 3^∘. Ůĺáńă Śâĺàńĺŋčă ćâőàőčő àőďă ŕőïćńïîâáï ć äőàňãńě ďńï ňőňěŋâőć ąĺŋőňĺăńìŋőčő àăáŕàěďěńěŋĺï.

ŠĚŐŘĚŇĂ 3. Ŕàĺ m, n = 1, 2, . . . áŕàăćěďńĺćő âőęďěáâćő n∑ j=0 j^m C^j_n x^j (1 − x)^{n−j} = n∑ k=0 k! C^k_n β_{mk} x^k. (10) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Şáâăŋőćĺň ąőńěě őąéěě âőęďěáâćő n∑ j=0 y(j) C^j_n x^j (1 − x)^{n−j} = n∑ k=0 C^k_n ´^ky(0) β_{mk} x^k, (11) čďě {y(j)} | ŕàőĺğćőńìŋăï çĺáńőćăï ŕőáńěďőćăâěńìŋőáâì ĺ ´^ky(0) = k∑ s=0 (−1)^s C^s_k y(k − s) | łőŋěçŋăï àăğŋőáâì k-čő ŕőàïďłă. Ĺňěěň

B_n(x) := n∑ j=0 y(j) C^j_n x^j (1 − x)^{n−j} = n∑ l=0 y(n − l) C^l_n x^{n−l} (1 − x)^l =

= n∑ l=0 y(n − l) C^l_n x^{n−l} l∑ s=0 (−1)^{l−s} C^s_l x^{l−s} = = n∑ s=0 (^n∑ l=s (−1)^{l−s} C^l_n C^s_l y(n − l) ) x^{n−s}. Ŕőáłőńìłã C^l_n C^s_l = C^s_n C^{l−s}_{n−s}, âő B_n(x) = n∑ s=0 (^n∑ l=s (−1)^{l−s} C^{l−s}_{n−s} y(n − l) ) C^s_n x^{n−s} =

= n∑ k=0 (^n∑ l=n−k (−1)^{l+k−n} C^{l+k−n}_k y(n − l) ) C^k_n x^k. Őáâăěâáï ãçěáâì, çâő n∑ l=n−k (−1)^{l+k−n} C^{l+k−n}_k y(n − l) = k∑ s=0 (−1)^s C^s_k y(k − s) = ´^ky(0).

Ťőàňãńă (11) ďőłăğăŋă.

Ŕőďáâăćĺň ć (11) y(j) = j^m. Ďńï íâőľ ŕőáńěďőćăâěńìŋőáâĺ ´^ky(0) = k! β_{mk}, k = 0, 1, . . . (12)

Ďěľáâćĺâěńìŋő, ŕàĺ k = 0 àăćěŋáâćő őçěćĺďŋő, ŕàĺ k ∈ 1 : m áńěďãěâ ĺğ (9), ŕàĺ k ≥ m + 1 ć őąěĺå ěčő çăáâïå áâőïâ ŋãńĺ. Ŋă őáŋőćăŋĺĺ (11) ĺ (12) ŕàĺåőďĺň ł (10). �

Ťőàňãńã (10) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě n∑ j=0 j^m C^j_n x^j (1 − x)^{n−j} = min{m,n} ∑ k=1 A^k_n β_{mk} x^k, (13)

čďě A^k_n | çĺáńő àăğňěéěŋĺľ ĺğ n ŕő k. Ć çăáâŋőáâĺ, ŕàĺ x =^1/2 ŕőńãçăěň n∑ j=0 j^m C^j_n = min{m,n} ∑ k=1 A^k_n 2^{n−k}β_{mk}, m, n = 1, 2, . . . Šőęďěáâćő (13) ŕàĺ m ∈ 1 : 4 ãáâăŋőćńěŋő ć [1, á. 140], ć őąéěň áńãçăě ďàãčĺň ŕãâěň | ć [2].

4^∘. Ć ňăâěňăâĺçěáłőľ áâăâĺáâĺłě ĺáŕőńìğãîâáï âăł ŋăğëćăěňëě ńőčĺáâĺçěáłĺě ŕőńĺŋőňë [3]. Őŋĺ őŕàěďěńïîâáï á ŕőňőéìî àěłãààěŋâŋőčő áőőâŋőèěŋĺï P_n(x) = d dx [ x(1 − x) P_{n−1}(x) ] , n = 1, 2, . . . , (14) P_0(x) ≡ 1.

Ć çăáâŋőáâĺ, P_1(x) = 1 − 2x, P_2(x) = 1 − 6x + 6x^2.

ŠĚŐŘĚŇĂ 4. Ŕàĺ ćáěå n = 0, 1, . . . áŕàăćěďńĺćő ïćŋőě ŕàěďáâăćńěŋĺě

P_n(x) = n∑ k=0 (−1)^k (k + 1)! β_{n+1,k+1} x^k, (15)

čďě β_{n+1,k+1} | çĺáńă Śâĺàńĺŋčă ćâőàőčő àőďă.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ n = 0 ĺ n = 1 äőàňãńă (15) őçěćĺďŋă. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ n − 1 ł n.

Ŕěàěŕĺèěň áőőâŋőèěŋĺě (14) ć ćĺďě P_n(x) = (1 − 2x) P_{n−1}(x) + x(1 − x) P^′_{n−1}(x).

Ć áĺńã ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ĺňěěň

P_n(x) = (1 − 2x) n−1∑ k=0 (−1)^k (k + 1)! β_{n,k+1} x^k +

+ (1 − x) n−1∑ k=0 (−1)^k (k + 1)! β_{n,k+1} kx^k =

= n−1∑ k=0 (−1)^k (k + 1)! (k + 1) β_{n,k+1} x^k − n−1∑ k=0 (−1)^k (k + 2)! β_{n,k+1} x^{k+1} =

= β_{n1} + n−1∑ k=1 (−1)^k (k + 1)! [ (k + 1) β_{n,k+1} + β_{nk} ] x^k + (−1)^n (n + 1)! β_{nn} x^n.

Šěŕěàì (15) áńěďãěâ ĺğ (7) ĺ (8). �

ŃĹŠĚŘĂŠŞŘĂ

1. Čőŋçăàőć Ć. Ń. Šěőàĺï ĺŋâěàŕőńĺàőćăŋĺï ĺ ŕàĺąńĺęěŋĺï äãŋłæĺľ.

Ň.-Ń.: ČŠŠĹ, 1934. 316 á.

2. Łőàőąłőćă Ň. Ą. Ďěłăàâőć ąăğĺá çěąëèěćáłőčő ŕőďŕàőáâàăŋáâćă ć C[a, b] ĺ ďĺääěàěŋæĺàőćăŋĺě ŕő áĺáâěňăň Ůěąëèěćă ĺ Ňăàłőćă ć C[a, b]. Ůăáâì ćâőàăï. ŚŔą. Ĺğď-ćő ŚŔąČŠŞ, 1999. 74 á.

3. George E. O., Rousseau C. C. On the logistic midrange // Ann. Inst.

Statist. Math. 1987. Vol. 39. P. 627{635.