ŔŘŐĚŁŠĹŘŐĆĂŊĹĚ ŚĹŇŇĚŠŘĹŮŊŐĽ ŇĂŠŘĹŰŻ ŊĂ ŁŐŊŞŚ ŊĚŐŠŘĹŰĂŠĚŃĲŊŐ ŐŔŘĚĎĚŃĚŊŊŻŢ ŇĂŠŘĹŰ

Ć.Ŋ.Ňăńőğěňőć (Ďőłńăď ŋă áěňĺŋăàě, 20.10.98)

1^o. Ŕőńőęĺň N = 1 : n. Ć ńĺŋěľŋőň ćěéěáâćěŋŋőň ŕàőáâàăŋáâćě R^{NN} łćăďàăâŋëå ňăâàĺæ A = A[N, N] ććěďěň áłăńïàŋőě ŕàőĺğćěďěŋĺě ⟨A, B⟩ = n∑ i,j=1 A[i, j] · B[i, j]

ĺ ŋőàňã ‖A‖ = ⟨A, A⟩^{12} . Ůěàěğ tr (A) őąőğŋăçĺň áńěď ňăâàĺæë A : tr (A) = n∑ i=1 A[i, i].

ŃĚŇŇĂ 1. Śŕàăćěďńĺćă äőàňãńă ⟨A, B⟩ = tr (AB^T ). (1) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň

tr (AB^T ) = n∑ i=1 A[i, N] · B^T [N, i] =

= n∑ i=1 n∑ j=1 A[i, j] · B[i, j] = ⟨A, B⟩. �

ŃĚŇŇĂ 2. Śŕàăćěďńĺćă äőàňãńă tr (AB) = tr (BA). (2)

Typeset by AMS-TEX 1

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň

tr (AB) = n∑ i=1 A[i, N] · B[N, i] = n∑ i=1 n∑ j=1 A[i, j] · B[j, i],

tr (BA) = n∑ j=1 B[j, N] · A[N, j] = n∑ j=1 n∑ i=1 B[j, i] · A[i, j]. Őâáîďă őçěćĺďŋëň őąàăğőň áńěďãěâ (2). �

ŃĚŇŇĂ 3. Śŕàăćěďńĺćă äőàňãńă ‖A + B‖^2 = ‖A‖^2 + ‖B‖^2 + 2⟨A, B⟩. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őçěćĺďŋő, çâő

tr (AB^T ) = tr ( (AB^T )^T ) = tr (BA^T ).

Şçĺâëćăï íâőâ äăłâ, ŕőńãçăěň

‖A + B‖^2 = ⟨A + B, A + B⟩ = tr [ (A + B)(A^T + B^T ) ] = tr (AA^T ) + tr (BB^T ) + 2tr (AB^T ) = ‖A‖^2 + ‖B‖^2 + 2⟨A, B⟩. � Ňăâàĺæă P ∈ R^{NN} ŋăğëćăěâáï őàâőčőŋăńìŋőľ, ěáńĺ ěě áâőńąæë p_1, . . . , p_n őàâőŋőàňĺàőćăŋë. Ďàãčĺňĺ áńőćăňĺ, ěáńĺ P^T P = E. Ŕőáłőńìłã ć íâőň áńãçăě ĺ P P^T = E, âő ŋăàïďã á P őàâőčőŋăńìŋőľ ïćńïěâáï ĺ ňăâàĺæă P^T .

ŃĚŇŇĂ 4. Ŕãáâì P ĺ Q őàâőčőŋăńìŋëě ňăâàĺæë. Šőčďă ‖P AQ‖ = ‖A‖. (3) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (1) ĺ (2) ĺňěěň ‖P AQ‖^2 = tr ( P A(QQ^T )A^T P^T ) = tr ( AA^T (P^T P ) ) = = tr (AA^T ) = ‖A‖^2. �

2^o. Őąőğŋăçĺň çěàěğ M^n ⊂ R^{NN} ŕőďŕàőáâàăŋáâćő áĺňňěâàĺçŋëå ňăâàĺæ, ă çěàěğ K^n ⊂ M^n { łőŋãá áĺňňěâàĺçŋëå ŋěőâàĺæăâěńìŋő őŕàěďěńěŋŋëå ňăâàĺæ. Őçěćĺďŋő, çâő K^n { ćëŕãłńëľ łőŋãá.

Ĺğćěáâŋő [1, c.47], çâő ďńï łăęďőľ ňăâàĺæë A ∈ M^n áãéěáâćãěâ őàâőčőŋăńìŋăï ňăâàĺæă P, âăłăï çâő

P^T AP = ~, (4)

čďě ~ = diag (λ_1, . . . , λ_n) { ďĺăčőŋăńìŋăï ňăâàĺæă, ŋă ďĺăčőŋăńĺ łőâőàőľ áâőïâ áőąáâćěŋŋëě çĺáńă ňăâàĺæë A. Ĺğ (4) áńěďãěâ, çâő

A = P ~P^T = n∑ i=1 λ_ip_ip^T_i . (5)

Şçĺâëćăï (3) ĺ (5), ŕàĺåőďĺň ł àăćěŋáâćã

‖A‖^2 = ‖~‖^2 = tr (~^2) = n∑ i=1 λ^2_i .

ŃĚŇŇĂ 5. Ŕãáâì A ĺ B ňăâàĺæë ĺğ łőŋãáă K^n, ŕàĺçěň A ŋěŋãńěćăï, ă B ŕőńőęĺâěńìŋő őŕàěďěńěŋŋăï. Šőčďă ⟨A, B⟩ > 0.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Šăł łăł ňăâàĺæă B ŕőńőęĺâěńìŋő őŕàěďěńěŋă, âő ŋăľďěâáï ŋěőáőąěŋŋăï ňăâàĺæă C, âăłăï çâő C^T AC = V, C^T BC = E, (6) čďě V { ďĺăčőŋăńìŋăï ňăâàĺæă, ŋă ďĺăčőŋăńĺ łőâőàőľ áâőïâ őąőąéěŋŋëě áőąáâćěŋŋëě çĺáńă v_1, . . . , v_n ňăâàĺæë A [1, c.45]. Ŋěőâàĺæăâěńìŋăï őŕàěďěńěŋŋőáâì ňăâàĺæë A čăàăŋâĺàãěâ ŋěőâàĺæăâěńìŋőáâì çĺáěń v_1, . . . , v_n. Śàěďĺ ŋĺå ěáâì ĺ ŕőńőęĺâěńìŋőě, ŕőáłőńìłã A ≠ 0.

Śőčńăáŋő (6) ĺňěěň ⟨A, B⟩ = tr ( (C^T )^{−1}V C^{−1}(C^T )^{−1}C^{−1} ) = = tr ( V (C^T C)^{−1}C^{−1}(C^T )^{−1} ) = tr ( V (C^T C)^{−2} ) . Ňăâàĺæă C^T C áĺňňěâàĺçŋăï ĺ ŕőńőęĺâěńìŋő őŕàěďěńěŋŋăï, ŕőíâőňã ć ěě áŕěłâàăńìŋőň àăğńőęěŋĺĺ

C^T C = n∑ i=1 μ_iq_iq^T_i (7) ćáě áőąáâćěŋŋëě çĺáńă μ_i ŕőńőęĺâěńìŋë. Ĺğ (7) áńěďãěâ àăćěŋáâćő

(C^T C)^{−2} = n∑ i=1 (μ_i)^{−2}q_iq^T_i .

Şçĺâëćăï ěčő, ŕőńãçăěň ⟨A, B⟩ = tr ( V (C^T C)^{−2} ) = n∑ i=1 (μ_i)^{−2}tr (V q_iq^T_i ) =

= n∑ i=1 (μ_i)^{−2} n∑ j=1 v_j(q_i[j])^2.

Ůĺáńă h_i = ∑_n j=1 v_j(q_i[j])^2 ŋěőâàĺæăâěńìŋë. Őáâăěâáï ŕőłăğăâì, çâő ŋě ćáě őŋĺ àăćŋë ŋãńî.

Ňăâàĺæă Q, áőáâăćńěŋŋăï ĺğ áâőńąæőć q_1, . . . , q_n, őàâőčőŋăńìŋă, ŕőíâőňã QQ^T = E. Ć çăáâŋőáâĺ, n∑ i=1 (q_i[j])^2 = 1 ŕàĺ ćáěå j ∈ 1 : n.

Šěŕěàì ĺňěěň n∑ i=1 h_i = n∑ j=1 v_j n∑ i=1 (q_i[j])^2 = n∑ j=1 v_j.

Łăł őâňěçăńőáì, ∑_n j=1 v_j > 0. Ğŋăçĺâ, áàěďĺ ŋěőâàĺæăâěńìŋëå çĺáěń h_i ĺňěěâáï ŋěŋãńěćőě. Ńěňňă ďőłăğăŋă. �

Őąőğŋăçĺň çěàěğ (K^n)^+ łőŋãá, áőŕàïęěŋŋëľ K^n ć ŕőďŕàőáâàăŋáâćě M^n, â.ě.

(K^n)^+ = { A ∈ M^n | | | ⟨A, X⟩ ≥ 0 ∀ X ∈ K^n } . ŠĚŐŘĚŇĂ 1. Śŕàăćěďńĺćő àăćěŋáâćő

(K^n)^+ = K^n.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋăçŋěň á ćłńîçěŋĺï K^n ⊂ (K^n)^+. Ğăäĺłáĺàãěň ňăâàĺæã A ĺğ K^n. Ŋãęŋő ŕàőćěàĺâì, çâő ⟨A, X⟩ ≥ 0 ∀ X ∈ K^n. (8) Ěáńĺ A { ŋěŋãńěćăï ňăâàĺæă, âő íâő őçěćĺďŋő. Ć ďăńìŋěľèěň áçĺâăěň, çâő A { ŋěŋãńěćăï ňăâàĺæă.

Ňăâàĺæě X ∈ K^n áőŕőáâăćĺň ňăâàĺæã X_ε = X + εE, čďě ε > 0. Ňăâàĺæă X_ε áĺňňěâàĺçŋă ĺ ŕőńőęĺâěńìŋő őŕàěďěńěŋă. Śőčńăáŋő ńěňňě 5, ⟨A, X_ε⟩ > 0. Ąőńěě ŕőďàőąŋő: ⟨A, X⟩+ε⟨A, E⟩ > 0. Ŕěàěåőďï ć íâőň ŋěàăćěŋáâćě ł ŕàěďěńã ŕàĺ ε → +0, ŕőńãçăěň (8).

Őąàăâŋőě ćłńîçěŋĺě (K^n)^+ ⊂ K^n ąãďěň ďőłăğëćăâì őâ ŕàőâĺćŋőčő. Ŕãáâì A ∈ (K^n)^+, ŋő A /∈ K^n. Ŕőáńěďŋěě őğŋăçăěâ, çâő ã A ĺňěěâáï őâàĺæăâěńìŋőě áőąáâćěŋŋőě çĺáńő, ŋăŕàĺňěà, λ_1 < 0. Ğăŕĺèěň áŕěłâàăńìŋőě àăğńőęěŋĺě ňăâàĺæë A A = n∑ i=1 λ_ip_ip^T_i ĺ ććěďěň ňăâàĺæã X = p_1p^T_1 . Ĺňěěň X ∈ K^n ĺ ⟨A, X⟩ = n∑ i=1 λ_i⟨p_ip^T_i , p_1p^T_1 ⟩ = n∑ i=1 λ_i · tr (p_ip^T_i p_1p^T_1 ) =

= λ_1 · tr (p_1p^T_1 ) = λ_1 < 0.

Ŋő íâő ŕàőâĺćőàěçĺâ ãáńőćĺî A ∈ (K^n)^+. Šěőàěňă ďőłăğăŋă. � 3^o. Ğăäĺłáĺàãěň áĺňňěâàĺçŋãî ňăâàĺæã A ĺ, áńěďãï Ś. Ě. Ňĺåěěćã, àăááňőâàĺň íłáâàěňăńìŋãî ğăďăçã F (X) := ‖X − A‖ → inf_{X∈K}n . (9) Ňăâàĺæă A ĺňěěâ áŕěłâàăńìŋőě àăğńőęěŋĺě (5). Ććěďěň ňăâàĺæã

A_+ = n∑ i=1 (λ_i)_+p_ip^T_i ,

čďě (λ_i)_+ = max{0, λ_i}.

ŠĚŐŘĚŇĂ 2. Ňăâàĺæă A_+ ïćńïěâáï ěďĺŋáâćěŋŋëň àěèěŋĺěň ğăďăçĺ (9). Ŕàĺ íâőň

F (A_+) = ∑ {i |λi<0} (λ_i)^2 1 2 . Ňë ŕàĺćěďěň ďćă ďőłăğăâěńìáâćă ďăŋŋőľ âěőàěňë. Ŕěàćőě őáŋőćăŋő ŋă âěőàěňě 1, ćâőàőě ĺáŕőńìğãěâ ŕőďåőď Ś.Ě.Ňĺåěěćă.

Ŕ ě à ć ő ě ď ő ł ă ğ ă â ě ń ì á â ć ő. Őąőğŋăçĺň ~_+ = diag ( (λ_1)_+, . . . , (λ_n)_+ ) . Ĺňěěň

A_+ − A = n∑ i=1 [(λ_i)_+ − λ_i]p_ip^T_i = P (~_+ − ~)P^T .

Őçěćĺďŋő, çâő áőąáâćěŋŋëě çĺáńă áĺňňěâàĺçŋőľ ňăâàĺæë A_+ −A ŋěőâàĺæăâěńìŋë. İâő čăàăŋâĺàãěâ ěě ŋěőâàĺæăâěńìŋãî őŕàěďěńěŋŋőáâì. Śőčńăáŋő âěőàěňě 1 ⟨X, A_+ − A⟩ ≥ 0 ∀ X ∈ K^n. (10) Őâňěâĺň âăłęě, çâő

⟨A_+, A_+ − A⟩ = tr ( P ~_+P^T P (~_+ − ~)P^T ) = = tr ( ~_+(~_+ − ~) ) = n∑ i=1 (λ_i)_+ · [(λ_i)_+ − λ_i] = 0. (11)

Ć áĺńã ńěňňë 3

‖X − A‖^2 = ‖(X − A_+) + (A_+ − A)‖^2 = = ‖X − A_+‖^2 + ‖A_+ − A‖^2 + 2⟨X − A_+, A_+ − A⟩.

Ďńï ćáěå X ∈ K^n áőčńăáŋő (10) ĺ (11) ćëŕőńŋïěâáï ŋěàăćěŋáâćő ⟨X − A_+, A_+ − A⟩ ≥ 0. Ŕőíâőňã ‖X − A‖^2 ≥ ‖X − A_+‖^2 + ‖A_+ − A‖^2 ∀ X ∈ K^n.

Őâáîďă őçěćĺďŋëň őąàăğőň áńěďãěâ ğăłńîçěŋĺě âěőàěňë. � Ć â ő à ő ě ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő ńěňňě 4 ĺ äőàňãńě (4) ‖X − A‖^2 = ‖P^T (X − A)P ‖^2 = ‖P^T XP − ~‖^2. Ŕàĺ X ∈ K^n ňăâàĺæă Y = P^T XP âăłęě ŕàĺŋăďńěęĺâ K^n. Şçĺâëćăï íâő, ŕőńãçăěň ‖X − A‖^2 ≥ inf_{Y ∈K}n ‖Y − ~‖^2 ∀ X ∈ K^n. (12) Ďăńěě ‖Y − ~‖^2 ≥ n∑ i=1 (Y [i, i] − λ_i)^2.

Ŕàĺ Y ∈ K^n ĺňěěň Y [i, i] = ⟨Y e_i, e_i⟩ ≥ 0, ŕőíâőňã

‖Y − ~‖^2 ≥ inf_y i≥0 n∑ i=1 (y_i − λ_i)^2 ∀ Y ∈ K^n. (13)

İłáâàěňăńìŋăï ğăďăçă n∑ i=1 (y_i − λ_i)^2 → inf y_i ≥ 0, i ∈ 1 : n, àăáŕăďăěâáï ŋă n ŋěğăćĺáĺňëå ŕőďğăďăç (y_i − λ_i)^2 → inf, y_i ≥ 0, àěèěŋĺě łőâőàëå őçěćĺďŋő: y^∗_i = (λ_i)_+. Ŕàĺ íâőň

inf_{yi≥0} n∑ i=1 (y_i − λ_i)^2 = n∑ i=1 ((λ_i)_+ − λ_i)^2 = ∑ {i|λi<0} (λ_i)^2. (14)

Ŋă őáŋőćăŋĺĺ (12) { (14) ŕàĺåőďĺň ł ŋěàăćěŋáâćã ‖X − A‖^2 ≥ ∑ {i|λi<0} (λ_i)^2 ∀ X ∈ K^n. (15)

Ŕőńőęĺň

Y^∗ = diag (y^∗_1 , . . . , y^∗_n) = diag ((λ_1)_+, . . . , (λ_n)_+) = ~_+, X^∗ = P Y^∗P^T = P ~_+P^T = A_+.

Őçěćĺďŋő, çâő X^∗ { ěďĺŋáâćěŋŋăï ňăâàĺæă ĺğ K^n, ŋă łőâőàőľ ŋěàăćěŋáâćő (15) őąàăéăěâáï ć àăćěŋáâćő. Šěőàěňă ďőłăğăŋă. � 4^o. Őąőğŋăçĺň çěàěğ G^n ňŋőęěáâćő áĺňňěâàĺçŋëå ňăâàĺæ, ćáě áőąáâćěŋŋëě çĺáńă łőâőàëå ŕő ňőďãńî ŋě ŕàěćőáåőďïâ ěďĺŋĺæë. Ğăäĺłáĺàãěň áĺňňěâàĺçŋãî ňăâàĺæã A ∈ M^n ĺ àăááňőâàĺň íłáâàěňăńìŋãî ğăďăçã ‖X − A‖ → inf_{X∈G}n . (16) Ďőŕãáâĺň, çâő A ĺňěěâ áŕěłâàăńìŋőě àăğńőęěŋĺě A = n∑ k=1 λ_kp_kp^T_k . Ććěďěň äãŋłæĺî s(t) = { t ŕàĺ |t| ≤ 1, sign (t) ŕàĺ |t| > 1.

ŠĚŐŘĚŇĂ. Ěďĺŋáâćěŋŋëň àěèěŋĺěň ğăďăçĺ (16) ïćńïěâáï ňăâàĺæă X_∗ ćĺďă X_∗ = n∑ k=1 s(λ_k)p_kp^T_k . Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őâňěâĺň, çâő

‖X − A‖^2 = ‖P^T (X − A)P ‖^2 = ‖P^T XP − ~‖^2. (17) Ňăâàĺæă Y = P^T XP ĺňěěâ âě ęě áőąáâćěŋŋëě çĺáńă, çâő ĺ X. Ďěľáâćĺâěńìŋő, ŕãáâì XQ = QV, čďě V { ďĺăčőŋăńìŋăï ňăâàĺæă, ă Q { őàâőčőŋăńìŋăï. Šőčďă P^T XQ = P^T QV. Ŕőńőęĺň U = P^T Q. Ć íâőň áńãçăě Q = P U ĺ (P^T XP )U = (P^T P )UV = UV, çâő ĺ âàěąőćăńőáì ŕàőćěàĺâì.

Śőčńăáŋő (17) ďńï ńîąőľ ňăâàĺæë X ∈ G^n áŕàăćěďńĺćő ŋěàăćěŋáâćő ‖X − A‖^2 ≥ inf_{Y ∈G}n ‖Y − ~‖^2. (18)

Ďăńěě, ‖Y − ~‖^2 ≥ n∑ i=1 (Y [i, i] − λ_i)^2. (19)

Ŕőńőęĺň y_i = Y [i, i] ĺ ŕőłăęěň, çâő |y_i| ≤ 1 ŕàĺ ćáěå i ∈ 1 : n. Řăğńőęĺň őàâë e_i ŕő őàâőŋőàňĺàőćăŋŋőňã ąăğĺáã, áőáâőïéěňã ĺğ áőąáâćěŋŋëå ćěłâőàőć ňăâàĺæë Y :

e_i = n∑ j=1 α_{ij} u_j, n∑ j=1 α^2_{ij} = 1.

Ŕőáłőńìłã áőąáâćěŋŋëě çĺáńă v_j ňăâàĺæë Y ŕő ňőďãńî ŋě ŕàěćőáåőďïâ ěďĺŋĺæë, âő

|y_i| = |⟨Y e_i, e_i⟩| = | | | | | ⟨ n∑ j=1 v_jα_{ij} u_j, n∑ j=1 α_{ij}u_j ⟩ | | | | | =

= | | | | | n∑ j=1 v_jα^2_{ij} | | | | | ≤ n∑ j=1 α^2_{ij} = 1.

Šěŕěàì ĺğ (19) áńěďãěâ, çâő ‖Y − ~‖^2 ≥ inf_{|y} i|≤1 n∑ i=1 (y_i − λ_i)^2. (20)

İłáâàěňăńìŋăï ğăďăçă n∑ i=1 (y_i − λ_i)^2 → inf, |y_i| ≤ 1, i ∈ 1 : n, àăáŕăďăěâáï ŋă n ŋěğăćĺáĺňëå ŕőďğăďăç (y_i − λ_i)^2 → inf_{|yi|≤1} .

Řěèěŋĺě łăęďőľ âăłőľ ğăďăçĺ őçěćĺďŋő: y^∗_i = s(λ_i), čďě s { ććěďěŋŋăï ćëèě äãŋłæĺï. Šăłĺň őąàăğőň, inf_{|yi|≤1} n∑ i=1 (y_i − λ_i)^2 = n∑ i=1 (s(λ_i) − λ_i)^2. (21)

Ŋă őáŋőćăŋĺĺ (18){(21) ğăłńîçăěň, çâő ‖X − A‖^2 ≥ n∑ i=1 (s(λ_i) − λ_i)^2 ∀ X ∈ G^n.

Řăćěŋáâćő ć íâőň ŋěàăćěŋáâćě ďőáâĺčăěâáï ńĺèì âőčďă, łőčďă X_∗ = P Y_∗P^T , Y_∗ = diag (s(λ_1), . . . , s(λ_n)).

Šěőàěňă ďőłăğăŋă. �

ĞĂŇĚŮĂŊĹĚ. Őŕàěďěńĺň D^n ⊂ M^n łăł ňŋőęěáâćő áĺňňěâàĺçŋëå ňăâàĺæ, áŕěłâà (ćěłâőà áőąáâćěŋŋëå çĺáěń) łőâőàëå ŕàĺŋăďńěęĺâ n - ňěàŋőňã ňŋőęěáâćã ˙. Ŕàěďŕőńőęĺň, çâő ďńï łăęďőľ ňăâàĺæë Y ∈ D^n ďĺăčőŋăńìŋëľ ćěłâőà (Y [1, 1], . . ., Y [n, n]) âăłęě ŕàĺŋăďńěęĺâ ˙. Šőčďă íłáâàěňăńìŋăï ğăďăçă ‖X − A‖^2 → inf_{X∈D}n áćőďĺâáï ł ąőńěě ŕàőáâőľ ğăďăçě: ∑_n i=1 (y_i − λ_i)^2 → inf, (y_1, . . . , y_n) ∈ ˙.

ŃĹŠĚŘĂŠŞŘĂ 1. Ňăńőğěňőć Ć.Ŋ. Ńĺŋěľŋăï ăńčěąàă ąěğ őŕàěďěńĺâěńěľ.

Łćăďàăâĺçŋăï äãŋłæĺï. ŚŔą, 1997. 80 á.