ŐĄŐĄŹĚŊĹĚ ŤŐŘŇŞŃŻ ŸĚŘŇĂŊĂ|ŇŐŘŘĹŚŐŊĂ Ĺ ĄŃĹĞŁĹĚ ĆŐŔŘŐŚŻ

Ć.Ŋ.Ňăńőğěňőć (Ďőłńăď ŋă áěňĺŋăàě 29.12.98)

1^o. ŠĚŐŘĚŇĂ 1. Ŕãáâì A | őąàăâĺňăï (n × n)-ňăâàĺæă, X, Y | (n × r)-ňăâàĺæë, čďě r ∈ 1 : n, ĺ E_r | ěďĺŋĺçŋăï ňăâàĺæă ŕőàïďłă r. Ňăâàĺæă D = A − XY^T (1) őąàăâĺňă âőčďă ĺ âőńìłő âőčďă, łőčďă őąàăâĺňă ňăâàĺæă r-čő ŕőàïďłă P = E_r − Y^T A^{−1}X. Ŕàĺ íâőň D^{−1} = A^{−1} + A^{−1}XP^{−1}Y^T A^{−1}. (2) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőğìňěň àěèěŋĺě u_0 őďŋőàőďŋőľ áĺáâěňë Du = 0. Śőčńăáŋő (1) ĺňěěň Au_0 = XY^T u_0, âăł çâő u_0 = A^{−1}XY^T u_0. (3) Şňŋőęĺć ŋă Y^T áńěćă, ŕőńãçĺň

(E_r − Y^T A^{−1}X)Y^T u_0 = 0, ĺńĺ P Y^T u_0 = 0.

Ěáńĺ ňăâàĺæă P őąàăâĺňă, âő Y^T u_0 = 0, őâłãďă ć áĺńã (3) áńěďãěâ, çâő u_0 = 0. Şáâăŋőćńěŋő, çâő őąàăâĺňőáâì ňăâàĺæë P čăàăŋâĺàãěâ őąàăâĺňőáâì ňăâàĺæë D.

Ŋăőąőàőâ, ŕãáâì őąàăâĺňőľ ąãďěâ ňăâàĺæă D. Ŕőłăęěň, çâő ĺ ňăâàĺæă P őąàăâĺňă. Ćőğìňěň àěèěŋĺě v_0 őďŋőàőďŋőľ áĺáâěňë P v = 0. Śőčńăáŋő őŕàěďěńěŋĺî ňăâàĺæë P ĺňěěň v_0 = Y^T A^{−1}Xv_0.

Ŕőńőęĺň u_0 = A^{−1}Xv_0. Šőčďă Au_0 = Xv_0, v_0 = Y^T u_0 ĺ Du_0 = Au_0 − XY^T u_0 = 0.

Typeset by AMS-TEX 1

Ć áĺńã őąàăâĺňőáâĺ ňăâàĺæë D ŕőńãçăěň u_0 = 0. Ŕőáłőńìłã v_0 = Y^T u_0, âő ĺ v_0 = 0. Šăłĺň őąàăğőň, ĺğ őąàăâĺňőáâĺ ňăâàĺæë D áńěďãěâ őąàăâĺňőáâì ňăâàĺæë P.

Ćëćěďěň äőàňãńã (2). Śőčńăáŋő (1) DA^{−1}X = X − X(Y^T A^{−1}X) = X(E_r − Y^T A^{−1}X) = XP, DA^{−1}XP^{−1}Y^T = XY^T = A − D. Şňŋőęĺć ŕőáńěďŋěě àăćěŋáâćő áńěćă ŋă D^{−1}, ŕőńãçĺň A^{−1}XP^{−1}Y^T = D^{−1}A − E_n, ĺńĺ D^{−1}A = E_n + A^{−1}XP^{−1}Y^T . (4) Őáâăěâáï ãňŋőęĺâì (4) ŋă A^{−1} áŕàăćă. Šěőàěňă ďőłăğăŋă.

Ŕàĺ r = 1 ŕàĺåőďĺň ł áńěďãîéěňã ãâćěàęďěŋĺî. Ŕãáâì x, y | n-ňěàŋëě ćěłâőà-áâőńąæë ĺ A | őąàăâĺňăï ňăâàĺæă ŕőàïďłă n. Ňăâàĺæă D = A − xy^T őąàăâĺňă âőčďă ĺ âőńìłő âőčďă, łőčďă çĺáńő α = 1 − ⟨y, A^{−1}x⟩ őâńĺçŋő őâ ŋãńï. Ŕàĺ íâőň D^{−1} = A^{−1} + α^{−1}A^{−1}xy^T A^{−1}. (5) Ťőàňãńă (5) ŋăğëćăěâáï äőàňãńőľ Ÿěàňăŋă|Ňőààĺáőŋă.

Őŋă íääěłâĺćŋő ĺáŕőńìğãěâáï ŕàĺ őąàăéěŋĺĺ ňăâàĺæ.

ŔŘĹŇĚŘ. Ć őąàăâĺňőľ ňăâàĺæě n-čő ŕőàïďłă A ğăňěŋĺň

p-ľ áâőńąěæ a_p ŋă ćěłâőà b. Ŋőćăï ňăâàĺæă D ŕàĺňěâ ćĺď D = A − (a_p − b)e^T_p , čďě e_p | p-ľ őàâ. Łőčďă ňăâàĺæă D ąãďěâ őąàăâĺňőľ?

Ć ďăŋŋőň áńãçăě α = 1 − ⟨e_p, A^{−1}(a_p − b)⟩ = ⟨e_p, A^{−1}b⟩. Őąőğŋăçĺň z = A^{−1}b. Šőčďă α = z[p]. Łàĺâěàĺěň őąàăâĺňőáâĺ ňăâàĺæë D ïćńïěâáï ãáńőćĺě z[p] ≠ 0. Ŕàĺ íâőň D^{−1} = A^{−1} + (z[p])^{−1}A^{−1}(a_p − b)e^T_p A^{−1} =

= A^{−1} + (z[p])^{−1}(e_p − z)e^T_p A^{−1}. (6)

Őąőğŋăçĺň çěàěğ A^{−1}_p p-î áâàőłã ňăâàĺæë A^{−1} ĺ ŕěàěŕĺèěň ňăâàĺçŋőě àăćěŋáâćő (6) ć ćĺďě àăćěŋáâćă áâàőł. Şçĺâëćăï, çâő e^T_p A^{−1} = A^{−1}_p , ŕőńãçăěň

D^{−1}_p = A^{−1}_p + (z[p])^{−1}(1 − z[p])A^{−1}_p = (z[p])^{−1}A^{−1}_p

ĺ ŕàĺ k ≠ p D^{−1}_k = A^{−1}_k − z[k]D^{−1}_p .

İâő ĺğćěáâŋëě äőàňãńë ŕěàěáçěâă őąàăâŋőľ ňăâàĺæë. Śâàőłă D^{−1}_p ŋăğëćăěâáï àăąőçěľ áâàőłőľ.

2^o. Řăááňőâàĺň ćőŕàőá őą őąàăâĺňőáâĺ ąńőçŋőľ ňăâàĺæë G ćĺďă G = `_{A X} Y^T H ´_{. (7)}

ŠĚŐŘĚŇĂ 2. Ŕàěďŕőńőęĺň, çâő ňăâàĺæă A ĺňěěâ

őąàăâŋãî. Łàĺâěàĺěň őąàăâĺňőáâĺ ňăâàĺæë G ïćńïěâáï őąàăâĺňőáâì ňăâàĺæë r-čő ŕőàïďłă F = H − Y^T A^{−1}X. Ŕàĺ íâőň

G^{−1} = `_{A−1 + A−1XF −1Y T A−1 −A−1XF −1} −F^{−1}Y^T A^{−1} F^{−1}

´_{. (8)}

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőğìňěň àěèěŋĺě (u_0, v_0) őďŋőàőďŋőľ áĺáâěňë Au + Xv = 0, Y^T u + Hv = 0. (9)

Ĺňěěň u_0 = −A^{−1}Xv_0, Hv_0 − Y^T A^{−1}Xv_0 = 0. Ŕőáńěďŋěě àăćěŋáâćő ňőęŋő ŕěàěŕĺáăâì ć ćĺďě F v_0 = 0. Ěáńĺ ňăâàĺæă F őąàăâĺňă, âő v_0 = 0, ă âőčďă ĺ u_0 = 0. Şáâăŋőćńěŋő, çâő ĺğ őąàăâĺňőáâĺ ňăâàĺæë F áńěďãěâ őąàăâĺňőáâì ňăâàĺæë G.

Ŕàěďŕőńőęĺň âěŕěàì, çâő ňăâàĺæă G őąàăâĺňă, ĺ ŕàőćěàĺň őąàăâĺňőáâì ňăâàĺæë F. Ćőğìňěň àěèěŋĺě v_0 őďŋőàőďŋőľ áĺáâěňë F v = 0. Śőčńăáŋő őŕàěďěńěŋĺî ňăâàĺæë F ĺňěěň

Hv_0 − Y^T A^{−1}Xv_0 = 0.

Őąőğŋăçĺň u_0 = −A^{−1}Xv_0. Ć íâőň áńãçăě Au_0 + Xv_0 = 0, Hv_0 + Y^T u_0 = 0, â. ě. ŕăàă (u_0, v_0) ãďőćńěâćőàïěâ őďŋőàőďŋőľ áĺáâěňě (9). Ć áĺńã őąàăâĺňőáâĺ ňăâàĺæë G ŕőńãçăěň u_0 = 0, v_0 = 0. Şáńőćĺě v_0 = 0 čăàăŋâĺàãěâ őąàăâĺňőáâì ňăâàĺæë F.

Ćëćěďěň äőàňãńã (8). Ŕãáâì

G^{−1} =

`_{K B} C^T L ´_{. (10)}

Šőčďă` A X Y^T H ´`_{K B} C^T L ´_= `_{En} 0 0 Er ´_.

Řăáŕĺèěň íâő àăćěŋáâćő ŕőďàőąŋő: AK + XC^T = E_n, Y^T K + HC^T = 0, AB + XL = 0, Y^T B + HL = E_r. Ŕőńãçăěň

K = A^{−1} − A^{−1}XC^T , Y^T A^{−1} − Y^T A^{−1}XC^T + HC^T = 0, B = −A^{−1}XL, −Y^T A^{−1}XL + HL = E_r. Ŕőáłőńìłã Y^T A^{−1} + F C^T = 0, âő

C^T = −F^{−1}Y^T A^{−1}, K = A^{−1} + A^{−1}XF^{−1}Y^T A^{−1}. Ďăńěě F L = E_r, âăł çâő L = F^{−1}, B = −A^{−1}XF^{−1}. Šěőàěňă ďőłăğăŋă.

Ťőàňãńă (8) ŋăğëćăěâáï äőàňãńőľ Ťàőąěŋĺãáă. Őŋă ĺáŕőńìğãěâáï ć ňěâőďăå őłăľňńěŋĺï.

3^o. Ŕőáâăćĺň őąàăâŋãî ğăďăçã. Ŕãáâì ňăâàĺæă G ćĺďă (7) ĺňěěâ őąàăâŋãî ňăâàĺæã G^{−1} ćĺďă (10). Łőčďă őąàăâĺňă ňăâàĺæă A ?

ŠĚŐŘĚŇĂ 3. Ďńï őąàăâĺňőáâĺ ňăâàĺæë A ŋěőąåőďĺňă

ĺ ďőáâăâőçŋă őąàăâĺňőáâì ňăâàĺæë r-čő ŕőàïďłă L. Ŕàĺ íâőň

A^{−1} = K − BL^{−1}C^T . (11)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì L | őąàăâĺňăï ňăâàĺæă. Ĺğ àăćěŋáâćă AB + XL = 0 (12)

áńěďãěâ, çâő X = −ABL^{−1}. Ŕőďáâăćńïï íâő ćëàăęěŋĺě ć àăćěŋáâćő AK + XC^T = E_n, ŕőńãçăěň A(K − BL^{−1}C^T ) = E_n. Ŕőáńěďŋěě čăàăŋâĺàãěâ ĺ őąàăâĺňőáâì ňăâàĺæë A, ĺ áŕàăćěďńĺćőáâì äőàňãńë (11).

Ďőŕãáâĺň âěŕěàì, çâő L | ćëàőęďěŋŋăï ňăâàĺæă. Šőčďă ŋăľďěâáï ŋěŋãńěćőľ ćěłâőà u_0, âăłőľ, çâő Lu_0 = 0. Şňŋőęĺć őąě çăáâĺ (12) ŋă u_0, ŕőńãçĺň

ABu_0 = 0. (13)

Ĺğ àăćěŋáâćă Y^T B+HL = E_r áńěďãěâ, çâő Y^T Bu_0 = u_0. Ć çăáâŋőáâĺ, ćěłâőà Bu_0 őâńĺçěŋ őâ ŋãńï. Şçĺâëćăï (13), ğăłńîçăěň, çâő A | őáőąăï ňăâàĺæă. Šăłĺň őąàăğőň, ěáńĺ A | ŋěćëàőęďěŋŋăï ňăâàĺæă, âő ŋěőąåőďĺňő ŋěćëàőęďěŋŋőľ ąãďěâ ĺ L.

Šěőàěňă ďőłăğăŋă.

Ťőàňãńă (11) ãáâăŋőćńěŋă Ć. Ă. Ďăãčăćěâ.

4^o. Ŕãáâì A | ćëàőęďěŋŋăï áĺňňěâàĺçŋăï (n×n)-ňăâàĺæă ĺ b | n-ňěàŋëľ ćěłâőà-áâőńąěæ. Śőáâăćĺň ňăâàĺæã S = `_{A b}

b^T 0

´_.

ŠĚŐŘĚŇĂ 4. Ďńï âőčő çâőąë áãéěáâćőćăńă őąàăâŋăï

ňăâàĺæă S^{−1}, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ćëŕőńŋïńĺáì áńěďãîéĺě ãáńőćĺï:

rank(A) = n − 1, b /∈ Im(A). (14)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋ ě ő ą å ő ď ĺ ň ő á â ì. Ŕő ãáńőćĺî

rank(S) = n + 1.

Ŕőáłőńìłã ňăâàĺæă A | ćëàőęďěŋŋăï, âő rank(A) ≤ n − 1. Ěáńĺ rank(A) ≤ n − 2, âő àăŋč ňăâàĺæë (A, b) ŋě ŕàěćőáåőďĺâ n − 1, ă âőčďă rank(S) ≤ n. İâő ŕàőâĺćőàěçĺâ âőňã, çâő rank(S) = n + 1. Ğŋăçĺâ, rank(A) = n − 1.

Ěáńĺ b ∈ Im(A), â. ě. b = Ay_0, âő àăŋč ňăâàĺæë (A, b) àăćěŋ n − 1. Śŋőćă ŕőńãçăěň, çâő rank(S) ≤ n, çâő ŕàőâĺćőàěçĺâ ãáńőćĺî rank(S) = n + 1.

Ď ő á â ă â ő ç ŋ ő á â ì. Ŕőłăęěň, çâő ŕàĺ ćëŕőńŋěŋĺĺ ãáńőćĺľ (14) őďŋőàőďŋăï áĺáâěňă Au +bt = 0, b^T u = 0

ĺňěěâ âőńìłő ŋãńěćőě àěèěŋĺě. Ćőğìňěň ńîąőě àěèěŋĺě (u_0, t_0) íâőľ áĺáâěňë. Šőčďă t_0 = 0, ĺąő ĺŋăçě A(−u_0/t_0) = b, çâő ŕàőâĺćőàěçĺâ ãáńőćĺî b /∈ Im(A). Ĺňěěň

Au_0 = 0, b^T u_0 = 0. (15)

Őąőğŋăçĺň L = { u | Au = 0 }. Łăł ĺğćěáâŋő [2],

dim(L) = n − rank(A).

Ć ŋăèěň áńãçăě rank(A) = n − 1, âăł çâő dim(L) = 1. Ćőğìňěň ŋěŋãńěćőě àěèěŋĺě u_∗ áĺáâěňë Au = 0. Ŕőáłőńìłã u_0 ∈ L, âő u_0 = λ_0u_∗. Ŕàőćěàĺň, çâő λ_0 = 0. İâĺň ğăćěàèĺâáï ďőłăğăâěńìáâćő âěőàěňë.

Ďőŕãáâĺň ŕàőâĺćŋőě: λ_0 ≠ 0. Śőčńăáŋő (15)

0 = b^T u_0 = λ_0b^T u_∗,

őâłãďă áńěďãěâ, çâő b^T u_∗ = 0. Ć áĺńã őďŋőňěàŋőáâĺ ŕőďŕàőáâàăŋáâćă L ŕőńãçăěň b ∈ L^⊥. Ŋő, łăł ĺğćěáâŋő [2], L^⊥ = { x = A^T y | y ∈ R^n }.

Ğŋăçĺâ, b = A^T y_0. Ňăâàĺæă A | áĺňňěâàĺçŋăï, âăł çâő b = Ay_0, ă íâő ŕàőâĺćőàěçĺâ ãáńőćĺî b /∈ Im(A). Šěőàěňă ďőłăğăŋă.

Šěőàěňă 4 áäőàňãńĺàőćăŋă Ť. Ňőŋăłő.

ŃĹŠĚŘĂŠŞŘĂ

1. Broyden C. G. Basic Matrices. An Introduction to Matrix Theory and Practice. London, 1975.

2. Ňăńőğěňőć Ć. Ŋ. Ńĺŋěľŋăï ăńčěąàă ąěğ őŕàěďěńĺâěńěľ. Łćăďàăâĺçŋăï äãŋłæĺï. ŚŔą., 1997.