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1 PREVIEW EXAMPLE 2

1 The scalar “useful" signal detecting

Yn = ot + v, n=12,...

{on} — random known useful signal
with known mean valur M, and 05‘) > ()
{0 =1} — signal is present
{6~ =0} — signal is absent
{vp} — bounded measurement disturbances

Least—squares method

s D1 PEYE . x MM,y
0, = — 5 0" + 5 a.s.
2 k=1 P 74
§ = Mgéw -+ % — level of decisionmaking

%
If 0, < o0 then signal s absent

Otherwise — signal is present

Usual assumptions:
My =0 and {v,} is a random i.i.d.
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Let M, be unknown and
{vp} doesn’t depend on {y}
or {vp, } is a nonrandom unknown but bounded

Membership set approach
If lop| < Cy, n=1,2,... then at the time
moment /N the membership set is

On =N {0 eR: |yp — onb| < Cy}.

0" € On
Does the sequence {© n} converges to 6% 777

e How to solve the problem?

e What is an appropriate result of measure-
ments?

e [s it necessary to have many independent
measurements with zero-mean?



1 PREVIEW EXAMPLE 4
Denote Ay = ¢ — M,

Dk=1 BkYE _ pe , 2uk=1 Bk(Mob” + vp)
> k=1 A > k1%

Randomized least—squares method

6 _ 2kt BkYk o
n — Zn AQ ? a.S.
k=18

Level of decisionmaking is 6 = 1/2.

Randomized algorithms:
én — én—l — ApYhy

Ay, 18 a trial sitmultaneous perturbation
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Examples

{on} is a random i.i.d.: ¢, € [0.5,1.5]
{vp} is a nonrandom wnknown but bounded
sequence: |vp| < 2

Let n=1.....100,350.....500
{6% =0} — signal is absent
n =101, ..., 349
{0 = 1} — signal is present

250 500
St Y v
n=1 n=250

én = én—l — O-lSﬁn(SOnén—l — ?/n)
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2 Problem statement and main assumption

Let F(w,0) : RP x R? — Rl be diff. on 6,

xr1,X9 ... 1s an observation plan,

yn = F(wp, Tn) + vn,
{wpy} is an uncontrollable i.i.d. wy, € RP with

unknown distribution Py(+).

[t is required to find the unknown vector 6%
which minimizes a function

7(6) = /R F(w,0)Pu(dw

by using the observations y1,vyo .. ..

More simple observation model:

Yn — f(xn) T Up.
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Assumptions:

(A.1) f(-) has a unique root in R? at 6*

(x— 0",V f(x)) > pllz— 6| Vo eR?
with some constant p > 0.

(A.2) Lipschitz condition for the gradient
[V f(2)=VfO)l| < Alo—0|, ¥z,0 € R

with some constant A > pu.

(A.3) Function f(-) € C* is £ times continu-
ously differentiable and for all its partial
derivatives up to the order ¢ the Holder
condition of order p (0 < p < 1), holds
on R so that

L [
Fla)= 3 3D f(O)x=0)| < Mllz—0]]",
1]<¢
where v =0+ p > 2, M — some constant,
[ e N%is a multi-index,
[f vy =2then M = A/2.



3 SPSA 11

3 SPSA algorithms and trial simultaneous perturba-
tion

Let {Ap} be trial simultaneous perturbation.
Ay € RY its distribution function is Pp(+).

One measurement form of SPSA method

/ ~
In = en—l -+ BnAn

§ Yn = F(wn, ) +vp (1)

AN

On = én—l — %Kﬂﬁn)yn

\

“Smoothed" versions of the Kiefer-Wolfowitz procedure

AN

Ton = Op—1+ Bnln

§ Top—1 = én—l — Bnln (2)

\ Op = 0,1 — o8- Kon(An) (y2n — y2n—1)
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/

\

Top = Op—1 + Bnly

Top—1 = Op_1 (3)

AN

@7

O =0, 1 — K (An)(y2n — yon—1)

Here KCn() : RY — RY are smoothed kernels
with the finite support:

/lCn(a:)xTPn(dx) = ]

//Cn(CE)Pn<dZE> =0 (4)

sup [ 1€ (2)][?Pu(de) < o0
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Let {©y,} is a sequence of convex closed sets:
0, € ©, C RY for sufficiently large n > 1
(

Ln = én—l T 5nAn

§ Yn = F(wn, ) +vp (5)

n

\ én = 7D@n<én—1 — %KWJ(AH)?/%)

Pe, 1s a projector on O,
Denote W = supp(Pw(+)),
Fn_1 — o-algebra {6y, 01,...,0, 1},

_ _ w9
Up = Vop — V21, wn:< w;’ 1>,dn=1
n_

for (2) or (3)
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T. 1 If the condition (A.1) is held for f(6);
(A.2) for F(w,-) Yw € W;

(4) for ICn(+) and Pp(-);

F(-,0), VoF(-,0) uniformly bounded on W

V1,...,0n, W1, ..., WsH_1 don’t depend on Wy, Ay,
Wy, doesn’t depend on Ay ;

E{t2} < o?.

If >, ap =00 and
an — 0, B — 0, 28, %(1+d2 +02) = 0
then

E{[|0, — 6*]]*} = 0 as n — co.

Moreover, if Y., anf2 < 0o and
Z a2 821 + E{v2| Fp_1}) < > as.
n

then 6,, — 0* as n — 0o a.s.
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Newton method

én — én—l — [v2f<én—1)]_1vf<én—1)

(V2 f(0,_1)] 1 is replaced by an,.
Let Vf(0,_1) be unknown.

Vf(én—l)@) ~

- f(On—1+ Bnei) — f(én—l — Bne;)

20n
2d measurements per iteration

{A,} —iid. random vectors:

cov{AnAj} = 0p5 1, E{Apvp} =0

One measurement form of SPSA method

/ N
Yn = F<wn7 Op—1+ 5nAn) + Un,

én — én—l — %An?/n
\ n
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Denote Dy, = (6, — 0)?

E{D,|6;,i <n} < D,_; — ;

(0,1 — OE{Awy,l0;,i < n}+

BQE{Anynw i<n} =D, 1—

_5_<9n L — OB{ALf(On_1 + B, 7 < n}+

B’;E{ynw i< n}.

Taylor series
f<An 1+06nA ) — f<An 1)"‘571 nvf<An—1)+
"‘577,@% Cn [ n—1, en 1 T 671 ]

Since E{A,} =0
A 1

_O‘n(én—l — e)vf(én—l) T fnv
En = E{anBnC2/2 + a2 6, %y2l6;,i < n}

—> { Dy} is almost semimartingal
E{Dy|0;,i < n} < (1= yn) D1+ &n,
VY = Uaip — apfn/2
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4 Rate of convergence

Let Pp(-) = PA(+) and
Kn(z) = K(z) = (KW (z),..., KD (a)T

KW(2) = Ko« TT m1aY)) (6)
JF#i
T. 2 Let be ay = an™ L, B, =08n" 217
If the following conditions are fulleled

(A.1,3) under v > 2, af8 > WA_W for f(0);
(A.2) for F(w,-) Yw € W;

F(-,0), VoF(-,0) uniformly bounded on W
/uKo(u)PA(du) = 1,/ukK0(u)PA(du) =0, k=0,2,...,¢,

(7)

/Kl(u)PA(du) =1, /ukKl(u)PA(du) =0, k=1,..., 0 —1;
Wn, Ny, don’t depend on vq, ..., 0n, W1, ..., WH_1,

Ay, doesn’t depend on wy,;
E{(van — v2n-1)7/2} < 03, (E{v3} < of);

1L
dnn H?V—)O as n — 0o
then
1

2 *112 —1—
E{||0n, — 07|} =O(n 7 ) as n — oo.
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If {Ay,} is uniformly distributed on [—1/2,1/2]
then for £ =1,2 (i.e. 2 <y < 3) we have
Ko(u) = 12u, K{(u) =1,

for £ =3,4 (ie. 3 <y <5)

Ko(u) = 5u(15 — 84u?), Kj(u) =2 — 150>
Note, Ko(u) = 0 and Ky(u) =0as |u| > 1/2.

SPSA= 160
KW = 65 920

d =412
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5 Linear regression

Un = Puly +vn, 05 = 0" +wn  (8)
yn € RI — output (observation)
©n € R” — input (regressor)
vp € RY, wy, € R — noise (disturbance)

[t is required to find the unknown vector %
by using the observations y;, v;, 1 < n.

(A) {¢n} —1i.i.d., op not depends with F,_1,
Eyp is known: ||Egy| < M, < oo,
An = ©n — By has a symmetric distribution,

(B) wy, doesn’t depend on Fp—1 and Ew, = 0
(i) E{vp|Fpo1} < oy E{unl’} < op,

(i) E{vp} <oy, E{wnwy} < Qu
Fn — o-algebra

A{gpla"'a Spnawla"'awna Ula"'avn}
fn—l {@17"'79071—1711)17"'7wn—lavla°°°avn}
fn—l {901/7\"'7gpnj17w17"'7wnavla"'7vn}

Fn 1 CFh_1CFh_1CFpn.
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én = én—l — @nFAn<¢gén—1 — ?/n) (9)

T. 3 Let Assumption (A) be fulfilled and

0.9
o — 0, Zozn = 0.
n=1

If (Bi) and 3" o < 00
then A
6, — 0 a.s.

If (Bii) then
B0, — 6%)(6,, — 6%)" = 0

[f I' =B~ then (9) = (2) and

F(w,x) = %(az — 0 —w) (z— 0" — w)
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T. 4 If (A) and (Bii) are fulfilled, oy = n= ",
—I'B + %I ws a Hurwitz matrix
then

E{(0n — 00— 0" <n™ 'S + o(nh),
where S is a solution of matrix equation

BS + SBT — S = [R['  (12)

R = (0p(1+ M3p) + MZTr[Qu])B +
+ E{AnA, QuAnAy}

p > 015 any small positive constant

[fT = B™% Tr[Qu] = 0, My, = 0 then for
én = én—l — (nB)_1¢n<¢gén—l — yn)

we have

E{(6,—0")(0,—0)"} <n"'e’B! + o(n™!
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( én = én—l — FnAn<90£én—1 — Yn)

T, 1 A,ALT
I, =1, 1 — n—123n2nln—1

(14)

T. 5 Let (A) be fulfilled.
If (Bi)
then
0, — 0~
If lun| < Cy, [Jwp|| < Cu, ||An]] < Ca
then

E{(0, — 6%)(6,, — 6%)'} — 0.
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6 Filtering

Yp = gpnﬁ* + vy, (15)

|A|| < 1, wy, doesn’t depend on Fp_1
{wy} and {v,} satisfy conditions (Bii)

E[|6n 11 — 65,4/ = min

{on} — random and (A)

Randomized least mean squares algorithm

Opi1 = Abp — aATAp(0, 0, — yp) (17)
Ap = pp — E{Spn}

o > 0step —size, ' >0
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Substitute (15) and (16) into (17):
Opir — 05, = A(I— al'A,AY) (0, — 67)—
—aATA(E{e,} (0, — 07) — 1) — W
Successively take the conditional expectations
E{Hénﬂ - 0;+1||2|fn—1} < (1 = 20Amin(BI)+
+a|[TIPMONAIP NG, — 05117 +
+ 0B} (B, — 0) — v 2ITIPTY(B] + TH{Q).
Taking the unconditional expectation we obtain with any p > 0
E{l0n1 — 05117} < bla, p)E{[10, — 05117} +
+a’(L+ Myp)|IT[*Te[Bo, + Tr[Qu],

where

b, p) = (1 = 20Auin(BL) + o |TIPM) AP+ (18)

o’ (M, +p)M ATI"Tx[B.

T. 6 If (A) and (Bii) are fulfilled
then Vp > 0 and small a: b(a, p) < 1
E{0n41 — 054117} <
_ Te[Qul + a?(1 + Myp)||T|PTx(Bo;
- 1 —b(a, p)
+b(ex, p)"E{[|60 — 651"}

_I_
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[=B LA =1+0(a”)

Denote

_ M+ (My + 1/p)MyTu[B]
202 . (B)

For sufficiently small o

E{l0ns1 = 054117 < D(a,p) + O(a?),

where

r(p)

Dia,p) = STQuI> + (o)t (19

If My, =0 then we get

Tr[Qu]

* _ 93)2
o = 2)‘m1n(B>\/ M2Tr[Qu] + 2X2, (B)Tr[Bo?

min

Let be d = 1 and 02, = Tr[Qq] << o2

Prob{¢, = ¢} = Prob{yp, = —¢} =1/2
We have
o Al = 0 /|00y
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{on} are uniformly distributed on [0.5, 1.5]
{ont: Jop| <2
1 = 0.999967 + wy41,607 =0

{wp} are uniformly distributed on [—l 2]

)

—

w2
w2

199
2
{0n}) = 1992 61— O

o = 0.2371, D(a*, p*¥) = 1.3699, p* = 0.269
By11 = 0.9999(8y, — 0.2371A,(0nbn — yn)),
Ops1 = 0.9999(0y, — 0.23710n(0nbn — yn)),

én—H — 0-99999An — kn@n(@nén — yn)a

L 0.9999, 1
n — m X .
3 Tn— 1¢n
o 2
T = Yn-10.9999° =4, 50 = 0.

2+ -1 8l
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7 Quantum computer and randomized algorithms

The Quantum Chircuit Model

Classical computer treats bits {0, 1}.

Quantum computer treats the quantum bits.

Qubit is a two—state microscopic system (an

atom or nuclear spin or polarized photon).

It is a unit vector in C? with inner product.

Denote base vectors of this space |0}, [1).
The quantum state space of k£ qubits systems

k
is the complex projective space C? .

b1by ... b)) = |b1) ® |by) ® ... R |by)

W = Z¢3|3>7

W — a superposition of |s),

Ys€C, > us] =1,
S

[4g| - probabilistic amplitudes.

The projection on some V' is an outcome

vV, W)
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Quantum parallelism
A black box: {0,1} — {0,1}.

Computation takes 24 hours.

flz): Z* — Z°

30

What time is needed to M = f(0) @ f(1)?

A quantum invertible black box

Ur : |2)y) = |2)ly @ f(=))

Hadamard transform
< 1 1 )
1 —1

Z 1)™y),

&\H

<

0)— H H
Uy

—H

Quantum Fourier transform

1
QFT - |z) >mzemyﬂv|y>:

1
on

ﬂ

(10) + ) (10 + ey ... (jo) + ebelommionos

o)m)



7 QUANTUM COMPUTING 31

Efficient quantum algorithms
1. Quantum Fourier transtform
Factoring is an intractable problem:
e The solution can be easily verified.
e But the solution is hard to find.
If p and q are large prime numbers then

n=pq

can be computed quickly logy p - logs q.
But given n, it is hard to find p and g¢.

The “number field sieve” algorithm requires
| | 2
time = exp{(64/9)3(Inn)3(Inlnn)3}
P. Shor time ~ O[(lnn)?]

2. Quantum database search
Grover’s algorithm time ~ %\/N
3. Quantum bit teleportation
4. Approximation of the gradient of a multi-

variable function (SPSA iteration)?
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Approzimation of a Function Gradient

Up: € 5 ¢ k=pxd

VzeR s, =b" . b
[t maps

|S (1) - "Sx(d)> — |Sf(X)OO...O> = Uf|$ (1) - "Sx(d)>

T

L nput
W — worker

A — simultaneous perturbation

oum U, p

Turn of the first qubits UR1 L (dT)pi1

Shift by 7 qubits US]-

1. Send zero to Z, W, A.

2.1 = |S:C>’ A= URl,p+1,...,(d—1)p+1 '

4. To measure the outcome of of calculations

J(X) = (Us_, ) AW), i =1,2,....d
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Creating the Intelligent System

{Tl,TQ, Ce ,Tm} < {Dl, DQ, Cee Dm}
D; = D0, o) ¢ L)

oV P; the system has D; which is able to optimize the solving of
T, by an appropriate choosing 60

e information from external world must be delivered to all such
devices simultaneously

Performance indexes of data w processing

f@ :f2<w76<2))7 Z.: 1727”’7m

o(1)
(05))

Flw,0)=—Y f;(w,6'%)
1=1

Informational resonance
e only one device has resonance,
e several devices have resonance,

e none of the devices has resonance.
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