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Abstract — New algorithms of the simultaneously perturbation stochastic
approximation (SPSA) are considered under “almost” arbitrary noise in mea-
surements of an unknown multi-variable minimized function. The function is
measured sequently not at a point of the previous estimate but at estimate’s
slightly excited position for all vector components simultaneously. The of-
fered algorithms use only one or two values of noisy measurements of the
unknown function per each iteration. They give not only consistent estimates
of unknown parameters but also they have so simple form that these algo-
rithms “are naturally included” into implementation on new quantum elec-
tronic device for calculation of approximate value of the gradient vector of
multi-variable function.

Indexr Terms— Multi-dimensional optimization, parameter estimation, ran-
domized algorithm, SPSA, simultaneous perturbation, stochastic approxima-
tion, random direction, linear regression, filtering, prediction, quantum com-
puting.

[. INTRODUCTION

Recently electronics development has closely approached to creating intelligent control
devices. Even now we have a real possibility of effective use of new algorithms of mathe-
matical theories of optimization, optimal and adaptive control, identification of dynamic
systems unknown parameters and design of experiments for practice problems solving.
Earlier for some problems we could only try to get the most probable set that contains
a vector of unknown parameters of the functioning dynamic system (or plant). But now
the opportunity to get more precise solutions for them appears.

The exact solution of any problem can be found in the case when there is a precise
formulation. In our real existing world all connections and relationships are so difficult
and many-sided that it is impossible to give a strict mathematical description for many
phenomena. Typically theoretic approach is to choose a mathematical model close to a
real process and to include different noises (disturbances) into it. Noises represent some
kind of “roughness” of the mathematical model from the one side and are characteristics
of outside uncontrolled perturbations of a plant or a system from the other. During the
last 50 years in majority of mathematical researches some “useful” probabilistic properties
are arrogated to “noises” so that it would be easy to develop algorithms for task solving
and then to prove mathematically the consistency of algorithms based on these properties.
For instance, the most frequent assumptions are measurements noises independence and

10.N.Granichin is with the Department of Mathematics and Mechanics, St. Petersburg State Univer-
sity (e-mail: Oleg_granitchin@mail.ru)



zero—mean. In the engineering the validity of the algorithms that are based on “least—
squares method” or on “maximum likelihood method” is mostly grounded at probabilistic
noise properties assumptions without enough basis. As a matter of fact it is inexpedient
to use these algorithms in the conditions of a possible enemy counteraction. It is well
known to specialists in the theory of the unknown parameters identification that if the
“noise” is a deterministic unknown function (an enemy “jam” a signal) or the observation
noise is a probabilistic “dependent” sequence, then the getting decisions is wrong. Then
some theorists say that observation sequence is “degenerate” (not rich) and the solutions
of such kind of problems are not studied at all. Another relevant problem is insufficient
“variety” of the observations sequence. For example, the main purpose of adaptive control
synthesis is a minimization of system state vector deviation from the specific trajectory
that frequently turns to the “degenerate” sequence of observations. It causes complexity
of the identification problem, for successful realization of which a ”variety” of observations
should be supplied.

At the case of the “bad” observation noise the ground of a new approach to solving of
problems of estimation and optimization is the using of trial simultaneous perturbations
(disturbances). For the purpose of “enriching” information in the observation channel
sometimes there is a possibility to include a new simultaneous perturbation with well—
known probabilistic properties into the input system channel. In several problems the
measurable random process that is already presented in a system is a such simultaneous
perturbation. In control systems it is natural to add the trial simultaneous perturbations
(actions) through a control channel. In other cases the simultaneous perturbation role can
be played by randomization of an experiment design. Frequently it is possible to apply
the methods which already became conventional for updated system with the simultane-
ous perturbation in order to research the convergence of new algorithms and their fields
of applicability. Sometimes this updated system is the rewritten old one in the other
form. One of the remarkable characteristics of such type of algorithms is a convergence
under the “almost” arbitrary noise. A considerable restriction for using these algorithms
is an assumption of “weak correlation” or “independence” of the measurement noise and
the simultaneous perturbation which is added into the system, while there are no other
assumptions about measurement noise properties. This restriction is natural in the case
when the noise is generated from either an “unknown but bounded” deterministic func-
tion or by an enemy, who does not know real values and probabilistic properties of our
simultaneous perturbation.

It is enough strangely that for a long time it was not the understanding that searching
algorithms with sequential estimate {f,} changing in an axis direction of some random
centered vector A, (mean value is zero)

Hn = anl - AnYTn;

can converge to a true parameters vector #* in the conditions when the observations Y,
are done with an ”almost” arbitrary noise and Y,, are determined by previous estimate
0,1 and the vector A,, of simultaneous perturbation. In this paper the algorithms of such
type are named “randomized algorithms of an estimation” because the substantiation of



their convergence under “almost” arbitrary noise essentially uses a “stochastic” nature of
the simultaneous perturbation. In the nearest future the caution attitude to stochastic
algorithms and their outcomes will be significantly changed. The modern generation of
computers will be replaced with a new kind of quantum computers. These new computers
are stochastic systems, because their work is based on Heisenberg uncertainty principle of
quantum mechanics. Probably, taking into account capabilities of quantum parallelism,
the randomized algorithms of the optimization and estimation will lie down naturally into
the basis of the future quantum computing devices.

A. Preview Example

Let’s consider a problem of the detecting of the scalar “useful” signal ¢,, which is
known and can be present or be absent in an observation channel. Suppose that {p,} is
the realization of some sequence of independent identically distributed random values with
the mean value M, and the finite dispersion afa. At each time moment n the measurement
Yn is made with additive bounded noise v,. Assume that cases {#* = 1} and {6* = 0}
correspond to the situation when a signal is present or absent in the receiver. We can

write the sequence of equations
Yn = Pntl +vp, m=1,2,.. ..

The our objective is to determine the value of 8* based on available input-output mea-
surements v;, ©;, ¢ < N.

A classical approach to a solving of this problem is the consideration of stochastic
problem setting where noises are generated by the sequence of random variables with
known probabilistic properties. For instance consider the sequence of estimates {6,}
which are generated by the least mean squares method
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It is well-known that in the case of independent identically distributed random noises v,
the sequence {6,} converges with the probability 1 to the true value 6* when random
sequences {¢,} and {v,} are independent, {v,} is bounded in the mean squares sense
and the mean value of v, is equal zero (M, = 0). In the case M, # 0 it converges to the
value

M, M,
o2 .
When the mean value M, is unknown and absolute value of the second item is more the
1 the previous estimates does not help us to solve the problem.
An alternative method is the membership set approach which based on a priori infor-

mation about the level C', of measurement noises:

0* +

lon| < Cpy n=1,2,....
Then at the time moment N the membership set

Oy = ﬂﬁ;l{e €eR: |yn - ¢n0| < Cv}

3



is the set of all possible values of parameter that are consistent with the observation
scheme. But it is not possible to show the convergence of the sets sequence {Oy} to the
point #* as N — oo under some general assumptions. An advantage of this approach
is that it doesn’t require any specific conditions on the noise types. The disadvantage
is, however, that an accuracy of the estimation directly depends on a noise level. The
quality of estimates isn’t so good when a noise level is high. This approach leads to the
pessimistic answer for the question about possibility to precisely identify the unknown
value of parameter #*. The main purpose of this contribution is to show that in the
sufficiently general cases this pessimistic answer not close the possibility to solve the
identification problem.

How to solve the initial problem? Denote A, = ¢, — M,, n = 1,2,... are centered
inputs. Suppose that E{|A,|*} < oo, Ay # 0 and sequences {A,} and {v,} are indepen-
dent ( or {v,} is formed by an “unknown but bounded” deterministic function). Let’s
both parts of equation for y, are multiplied by A,,. We derive

Apyn = A20% + A M0 + A,

and
1 n 1 n - 1 n X 1 n A
— Ay = — A0+ — AL M 0% + — =1,2,....
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The first and second terms in the right part converge to 039 and zero with the probability
1 as n — oo. It is possible to show that the last term converges to zero too. Hence the
sequence {0,}, n=1,2,..., formed by the rules
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converges to 0* with the probability 1. So we can get a precise solution of the initial

problem for sufficiently large N. In the recurrent form the last method can be rewritten
as randomized algorithm which is above.

B. Earlier Works

=1,2,...

The idea of using random inputs to eliminate bias was put forward by Fisher [1] as
the randomized principle in the design of experiments. The problem of linear regression
parameters estimation was considered in [2-7] at the case of nonstandard assumptions
about the observation noises. Some generalization of the usual LR problem setting were
discussed in the [2] and [3]. There were supposed that the vector of unknown param-
eters can be time-varying and the algorithms for the estimation of the mean value of
parameters were offered. In the partial case of centered random input signals and time
invariant regression parameters the linear regression problems were considered by Plyak
and Goldenshluger [4] with an arbitrary noise. But the algorithms which were suggested
in [4] doesn’t achieve an optimal rate of convergence in the general case. The possibility
to get strongly consistent parameter estimates was also discussed in [5] when the noises
are bounded and deterministic and the input sequences are suitably chosen.
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As an important partial case of the randomized estimation algorithms there are algo-
rithms of the simultaneously perturbation stochastic approximation (SPSA) [8-12]. The
main features of the SPSA algorithms are the following: at each algorithm iteration we
need only one or two values of an unknown minimized function measurements and the
unknown function is measured not at a point of the previous estimate but at estimate’s
slightly excited position for all unknown vector components simultaneously. The con-
vergence analysis of SPSA algorithm under the “almost” arbitrary noise was originated
in [8]. In Polyak and Tsybakov [9] the algorithms of the same type were considered in
“good” observation noise conditions, and their asymptotic optimality among a wide class
of recurrent algorithms was proved. The term “SPSA algorithm” was offered in the [11] by
Spall. He showed that in multi-dimensional case the essential reduction of measurements
quantity at each iteration, in comparison with a classical Kiefer-Wolfowitz procedure of
stochastic approximation, does not increase amount of iterations, which are necessary for
obtaining the same accuracy of the estimation. Historically many authors (see [13, 14])
have been using another term, random direction stochastic approximation (RDSA) for
denomination of the algorithms being looked at in the papers mentioned above. For the
“training” of neuron networks SPSA algorithms were also offered in the [15] and [16]. The
competence of SPSA algorithms under the “almost” arbitrary noise were considered in
[7, 17-21].

The filtering problems with random inputs in an observation channel were discussed
in Zhang [22, 23] for linear systems with non-Gaussian disturbances and in [7, 24] with
almost arbitrary noise.

One of the possible way of a representation of the SPSA algorithm as quantum com-
puting circuit is given in [20].

C. Contents of This Paper

The paper is organized as follows. In the next section, we state the problem of a
minimization of an unknow function and main assumptions about the functions. We
consider the multi-variable objective function like an average risk and we suppose that it
is possible to measure values of the integrand loss function with the ”almost” arbitrary
noise only. This approach is more general than it usually studied. In Section III, we offer
three types of SPSA algorithms. There is shown that the sequence of received estimates
converges to the true value of the unknown parameters with the probability 1 and in the
mean-square sense. In Section IV, we study the question how to increase the mean-square
rate of convergence. In Section V, we formulate the linear regression problem and the
main assumptions about inputs (regressors) and noises. Further we offer the randomized
stochastic approximation (RSA) and mean squares (RMS) algorithms for estimation of the
vector of the unknown LR parameters. There is shown that the sequences of generated
estimates converges to the true value of the unknown parameters almost sure and in
the mean-square sense. In Section VI, we study the filtering problem at the case of
random inputs (regressors) in an observation channel and mixed type of uncertainties.
The process, which is being filtered, is generated from a white noise sequence through a
stable linear filter. The observation noises are formed from the values of an “unknown but



bounded” deterministic function or at the case of random observation noise we assume
that it is bounded in the mean square sense and independent with inputs. There is
offered to use the randomized least mean squares (RLMS) algorithm for the prediction.
The upper boundary of the mean value of the prediction errors is established. It can be
sufficiently small under appropriate choice of the probabilistic distribution of regressors. In
Section VII, we give examples and numerical simulations to demonstrate the performance
of our schemes. Under various types of observation noises the typical behavior of the
offered estimates compares with the one of the standard LMS or KF estimates. The
numerical results indicate two facts when observation noises don’t satisfy any “good”
statistical properties. Firstly, our estimation and filtering schemes outperform standard
algorithms. Secondly, it is possible to achieve the value of averaged errors much less
then the observation noise level. Section VIII is devoted to the representation of SPSA
algorithms on a quantum computing device. In Appendix, we go through the proofs of
the main results.

[I. PROBLEM STATEMENT AND MAIN ASSUMPTIONS

Let F'(w,0): R? xR? — R! be a continuously differentiatable on the second argument
of the function, xy,x5... is an observation plan, a sequence of points selected by an
experimenter where the observation value of the unknown function F'(w,,-) is accessible
at each iteration n = 1,2, ... with additive noise v,

Yn = F(wnaxn) + V-

Here {w,} is an uncontrollable sequence of random vectors w, € RP with an identical
unknown distribution P, () which has a finite support.

Problem statement. It is required to find the unknown vector 8* which minimizes a
function

£(6) = / F(w, 0)Pu(d)

by using the observations yi,ys . ... Usually the problem of function f(-) minimization is
considered when using more simple observation model

Yn = f(xn) + Un,

which is easily included in above. Generalization made in the problem statement is
dictated, as a minimum, by tendency to take into account the case of multiplicative noise
in observations

Yn = wnf(xn) + Vg
This case is included in the general scheme with the function F(w,x) = wf(z).
We adopt the following notations. E{-} is used to denote the expectation of a random

variable. The Euclidean norm of a vector z in R? is denoted by [|z||. The scalar product
in R? is denoted by (-,-). Tis d-dimensional identity matrix. The trace of a matrix A
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is denoted by Tr[A]. A > 0 means that A is a positive definite matrix. The maximum
(minimum) eigenvalue of A is denoted by Apax(A) (Amin(A)), and the Euclidean norm of
A is defined as its maximum singular value, i.e.

Al = v/ Amax (AAT).

Let’s formulate the main assumptions.

(A.1) Function f(-) has a unique root in R? at some point 6* = 6*(f(-)) and

(@ = 0°(f(), Vf(x)) > pllz = 0*(fF()|?, Vo e R
with some constant p > 0.

(A.2) the gradient of a f(-) Lipschitz condition holds
IVf(z) = V@O < Allz —0]], Va,0 € R
with some constant A > p.

(A.3) Function f(-) € C*is (~times continuously differentiable and for all its partial
derivatives up to the order ¢ the Holder condition of order p (0 < p < 1), holds on
R? so that )
7(2) = Y2 DT 0) (@ — )| < Mife — o],

n<e

where v = (+ p > 2, M — some constant,
[=(IM,... 17" e N is a multi-index, (¥ >0,i=1,...,d,
1= 1D . 10 = (1. )y

ze R, ol = (W) L (@)D D= gl /(9z W) .. (9z@)1
If v =2 then M = A/2 in the condition (A.1) .

III. BASIC ALGORITHMS AND TRIAL SIMULTANEOUS
PERTURBATIONS

Let {A,}n=12,. is an observable sequence of independent random vectors. {A,} is
called trial simultaneous perturbation. A, € R? and its distribution function is P, ().

Let 6y € © be some initial vector and {a, }, {3,} — some numerical sequences tending
to zero. Consider three algorithms for constructing the plan of experiments {z,} and the
sequence of estimates {6, }. The first one is

Tn = én—l + BnAna Yn = F(wnamn) + Uy,

(1)



that uses one measurement per each iteration. Next algorithms, the “smoothed” versions
of the Kiefer-Wolfowitz procedure, use two measurements

Ton = énfl + ﬁnAna Ton—1 = énfl - ﬁnAna
(2)

én = én—l - ZCMTT; n(An)(an o y2n_1)’

Top = én—l + 5nAna Top—1 = én—la
(3)

én - énfl - g_z n(An)(y2n - y2n71)-

In all algorithms there are some smoothed vector-functions (kernels) K,,(+) : R — R?, n =
1,2,... with the finite support: K, (z) = 0 for ||z|| > Ca, where Cx is some constant.
These functions and the trial simultaneous perturbation distribution functions P, (-) sat-
isfy the following conditions

/ Ko (2)P, (dz) = 0, / K, ()0 P, (d) = 1, (4)

sup/||ICn(:E)||2Pn(dx) coo, m=1,2,....

The first time the algorithm (2) was proposed by Kushner and Clark in the book
[13] for the case of uniform distributed trial perturbation and functions K, (z) = z. In
the [8] the algorithm (1) was considered with the same kernel function but with more
general type of the trial distribution under “almost” arbitrary measurement noise. Both
algorithms (1) and (2) were proposed by Polyak and Tsybakov in the [9] with kernel vector-
functions KC,,(+) of the more general type and the uniform distributed trial simultaneous
perturbation. In the [11] Spall began to consider the algorithm (2) with general type of
the trial simultaneous perturbation distribution and the vector-functions

Ko(A) = | 27

In the [19] was offered the algorithm (3) with the same vector-functions /() and the
same type of the trial simultaneous perturbation distribution
For some technical reasons we modify the algorithm (1)

Ty = énfl + 5nAn; Yn = F(wn;xn) + v, ;

én - PGn(én—l - g_:Kn(An)yn)a



where {0, } is a sequence of convex closed sets ©,, C RY, which contain the point 6, for
all sufficiently large n > 1, Pg, is a projector on ©,. Let d, = diam©,, be Euclidean
diameter of the set ©,,. If we know beforehand the convex closed set ©, which contains the
point * then ©,, = ©. In the contra case the sequence {d, } can be infinitely increasing.

Denote W = supp(P,,(-)) C R?; F,_, — o-algebra generated by 0,0, ..., 0, 1, which
are formed by algorithm (5) (or (2), or (3)); for algorithms (2) or (3)

— — Wan
Up = V2p — U2p—1, Wy = ) dnzla
Wan—1

for the algorithm (5)
Up = Up, W, = Wy.
Theorem 1 If the condition (A.1) is held for the function f(0) = E{F(w,#0)};
(A.2) for functions F(w,-) Yw € W;
(4) for functions K, () and P,(-), n=1,2,...;
VO € R? functions F(-,0) and VoF(-,0) uniformly bounded on W;
Vn > 1 random values vy, . . ., v, and vectors wy, . .., W,_1 don’t depend on w,, A,,, random
vector w,, doesn’t depend on A,;
E{v?} <02, n=1,2,....
If Y a, =00 and oy, — 0, B, — 0, @26, %(1 +d +02) = 0 as n — o0,
then the sequence of estimates {0,}, generated by the algorithm (5) (or (2), or (3)),
converges to the point 0* in the mean-square sense E{||0, — 0*||*} = 0 as n — oo.
Moreover, if Y a, B2 < oo and with the probability 1

S 2521+ B{2lFa}) < oo,

then 6, — 6* as n — oo with the probability 1.

The proof of Theorem 1 is given in Appendix.

Remark 1. For the function F(w,z) = wf(x) conditions (A.1,2) of Theorem 1 are
held when they are satisfied for the function f(z).

Remark 2. Under fulfillment of Theorem 1 conditions, measurement noises v, are
“almost” arbitrary one in some sense. They can be either the nonrandom ”unknown but
bounded” deterministic sequence or the realization of some stochastic process with any
kind of internal dependences. In particular, it is not necessary to assume anything about
the dependence between v, and o-algebra F, ;.

Remark 3. The condition of independence of measurement noise and trial simultaneous
perturbation can be loosed. As in [18] it is enough to require the tending to zero the
conditional correlation between v, and K, (4A,) as n — oo with the rate being not less

than
an)

[E{wnKa( M)l Fa i} = O(F

with the probability 1.



IV. RATE OF CONVERGENCE

Let’s consider a particular structure of the trial simultaneous perturbation distribution
functions and some special kind of vector functions IC,(-), n = 1,2,... which satisfy
the conditions (4). By using these functions, the algorithm (2)( or (3), or (5)) achieves

asymptotically optimum mean—square rate of convergence O(n~ ;1) as in the [9], provided
the researched function satisfies to the condition of a smoothness (A.3).

Let independent random vectors {A,} be distributed identically at n = 1,2,...; all
components of the vectors A,, are independent among themselves and have symmetrical
as to zero identical scalar distribution function P distinct from zero only within some
interval [—CA, CA] C R, Ca > 0.

Further we shall consider vector functions IC,(-) independent from n

Kn(z) = K(z) = (KY(z),..., KD, ze R n=1,2,...,

components of which X®(-), i = 1,...,d are calculated using the formulas
KO (z) = Ko(z@) [] K1(aD), i,j=1,....d, z € R (6)
J#

determined by two scalar bounded functions Ky(-) and K;(-) (kernels) with the finite
support [—Ca, Cal, satisfying the conditions

/qu(u)PA(du) - 1,/ukK0(u)PA(du) —0, k=0,2,....0,

/Kl(u)PA(du) _1, /ukKl(u)PA(du) S0 k=1, (-1

In particular, for the scalar case (d = 1) the definition of K(-) is K(z) = Ky(z).
It is simple to be convinced that functions K(+) together with the distribution function
of a trial simultaneous perturbation

P,(z) = P(z) = HPA(:A )

satisfies the conditions (4) while fulfilling the conditions (7).

Let’s indicate some possible ways of the construction of kernels functions Ky(-) and
K, (-) which satisfy the conditions (7). Let {p,(-)},—, is some system of polynomials on
an interval [—-Ca, Cal, orthogonal relative to a measure generated by distribution P ().
Let’s take

KO(U) = Z ampm(u) ) // PA du)

m=0
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= i bmpm(u) ) pm / / PA du)

and check that so defined functions Ky(-) and K;(-) satisfy the conditions (7). Really, the
function u* can be presented as

k
uF = eipj(u)
=0

where ¢; are numeric coefficients. Therefore, for the kernel Ky(-) which is constructed by
orthogonal polynomials, we get

¢
/u Ko(u)Pa(du) = ZZ/ amCiPm (W)pj(u)Pa(du) =

=0 j

C]p] —(Sk 1,

QMk

after taking a derivative from the formula of the u* expansion and then putting u = 0.
Here §,; = 1 if i = j, and 0;; = 0 otherwise. The kernel K (-) satisfies to conditions (7)
too. This fact is proved more simply.

For the construction of kernels Ky(-) and K;(-) on an interval [—1/2, 1/2] it was offered
in [9] to use orthogonal Legendre’s polynomials p,,(-),m = 0,1,...,¢ with the uniform
probabilistic distribution of trial perturbation components on an interval [—1/2,1/2]. In
this case for initial values of £ = 1,2 (i.e. 2 <~ < 3) we have
Ko(u) = 12u, Ky (u) = 1,
for next values of £ =3,4 (i.e. 3 <y <5)

Ko(u) = 5u(15 — 84u?), Ki(u) =9/4 — 15u>.
Note, that by definitions Ky(u) =0 and K;(u) =0 as |u| > 1/2.

In many practical cases the possibility of using more general (than in [9]) consideration
of the trial simultaneous perturbation distributions and the other orthogonal polynomials
set, is caused by the problem statement itself, which sometimes contains a type of the trial
perturbation distribution P or suggests more convenient one. Solving some problems it
is possible to use trial simultaneous perturbation distributions belonging to some narrow
fixed class only.

The following theorem gives sufficient conditions where the asymptotic rate of conver-
gence of algorithm (2) ( or (5)) is optimal.

Theorem 2 Let be o, = an™t, B, = Bn_%, 8> 0.

If the followning conditions are fulfilled:

(A.1,3) under v > 2, aff > 3I— for the function f(0) = E{F(w,0)};

(A.2) for functions F(w,-) Vw eWw;

(7) for functions Ko(-), Ki(-) and Pa(-);

VO € RY functions F(-,0) and VoF(-,0) uniformly bounded on W;

dnan% — 0 asn — oo;

Vn > 1 random vectors w,,, A,don’t depend on v4,...,0,, W1, ..., W,_1, random vector A,
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doesn’t depend on wy,;
E{(U2n - U?n—1)2/2} S O-%a (E{Uz} S U%);

then for the sequence of estimates {6,}, generated by the algorithm (2) ( or (5)), the
mean-square convergence rate is

E{16, — "]} = O(n™)
asymptotically when n — oo.

The proof of Theorem 2 is also given in Appendix.

Remark J. Define x = 1 when {v,} are independent and mean—zero, y = 2 in other
cases. The constants K = [ ||K(z)|[*P(dz) and K = [ ||z||"||K(z)||P(dz) are bounded
because vector-functions K(-) are bounded and supp(Pa(+)) is finite. At the case M > 0
in the proof of Theorem 2 the best value of parameters and quantitative evaluations of
the asymptotic convergence rate will be established for the algorithms (2) and (5)

or = 1/(uB"), B* = @x(vi + o2 /i) K) = (/3(y — DME) ™S

Eme—m“}<n§ K5 K (*%y
1ty e
=y (= D) A w02 /0) 5 MY, =12

2
Here v; = sup,,cw <F(UJ,9*) + %(VQF(U),Q*))2> , corresponds to the algorithm (5); and
for the algorithm (2) v, =

2
= sup_(2AF(w1,0%) = F(w,0")] + (Vo (w1, 07) + (VoF (s, 0%))*) /8.
w1, w2 EW
In the case of F(w,z) = f(x), the iteration asymptotic convergence rate is always
better for the sequence of estimates formed by the algorithm (2), which using two obser-
vation, than for the algorithm (5), which can be clearly seen from views x; and k3. The
algorithm (2) advantage stops being indisputable if we try to compare the algorithms’
behavior taking into account the number of measurements (twice as much measurements

needs to be made at each iteration when using the algorithm (2)). Comparing values x,

1 1
and 2k,, it is easily convincing that if 27702 — 07 > v; — 27715, then the asymptotic

rate of convergence that takes into account the number of measurements is better for the
algorithm (5) than for (2) .

Let’s consider the scalar case, d = 1, and F(w, z) = f(z), v = 2, the trial perturbation
{A,} formed by uniformly distributed independent random variables lying on an interval
[—3, 3], K(z) =12z, |2] < 1/2 measurement noises {v,} are random independent zero—
mean values,{v,} : E{UZ} < 02, For algorithm (2) we have

B VAV3

and for (5) E{[|6, — 0*]*} < 4,5\/F(0%)2 + 02/(v/6u%) n~ '/ + o(n~"/?). Hence, if f(6*)?

o2, then it is more preferable to use the algorithm (5).

EHW-—WH}_ n'% +o(n
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V. LR PARAMETER ESTIMATION

Consider a linear regression model
Yn = or 05 + v,, O =0"+w, n=01,... (8)

Here y, € R! is an output of the observation made at time n, input ¢, € R? is a vector
that is known at time n, and v, € R!, w, € R? represent the noises (disturbances). The
unknown parameters vector 8* is to be estimated from the observations y;, ©;, ¢ < n.
Let F, be the o-algebra generated by {¢q, ..., @n, Wo, ..., Wy, V1, ..., 0n}, F,, be the
o-algebra generated by {@o, ..., Pn, Wo,..., Wn, Vo, ..., Vnt1}, and ]:"ane the o-algebra
generated by {©o, ..., Qn, Wo, .-y Wni1, Voy-vsUns1}y Foo1 C Fn1 CFn1 C Fn.

We make the following Assumptions.

(A) The inputs {¢y, }n>o form a sequence of independent identically distributed random
vectors with known bounded mean values [|[E{y, }|| = M, < co and ¢, is indepen-
dent of F,_;. The random vectors A,, = ¢, — E{¢,} have a symmetric distribution
function P(-) (i.e. P(Q) = P(—Q) for any Borel set Q2 C R?), E{A,AT} =B > 0,
E{lA*} < My < oo

(B) Vn w, is independent of F,_; and E{w,} = 0. The noises {v,},>1 and {wy}n>1
satisfy one of the conditions:

(4) E{vp|Fai} < 0 <00, as., E{flwa|”} < o7, < o0,

(i) E{v,} < 0} < o0, E{wauy } < Qu < oo,
where o,, 0, are some constants, Q,, is a symmetric matrix.

Note that standard assumptions about observation noise {v,} in LR parameter es-
timation with random inputs are somewhat different [25]. It is assumed, in particular,
that E{v,} = 0, and {v,} is a sequence of independent identically distributed random
variables, and {v,} are independent of {¢,}.

Let’s study the randomized stochastic approximation estimator (RSA) for the model

(8)
én = én—l - anPAn(gpzén—l - yn)a n = ]-7 27 ) (9)

where a;, > 0 is a nonrandom step—size and I' is a positive definite symmetric matrix. We
also suppose that the initial value 6, is an arbitrary nonrandom vector in R?.

Theorem 3 Let Assumption (A) be fulfilled and the sequence {a,} satisfy
Zan:oo, a, -0 as n — oo. (10)
n=1
If Assumption (Bi) holds and Y " a2 < oo then for the estimates generated by the
algorithm (9) we have 6,, — 0* a.s. as n — oc.

If Assumption (Bii) holds then B{(6, — 0*)(8, — 0*)"} = 0 as n — co.
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In the case when I' = B! the result of Theorem 3 follows from Theorem 1 immediately
with )
F(w,z) = §(x — 0 —w) (- 0" —w).
The algorithm (9) is equal to the (2).
The following theorem establishes the rate of convergence for the algorithm (9).

Theorem 4 Let Assumptions (A) and (Bii) be fulfilled, o, = n™', and —I'B + 11 be a
Hurwitz matriz, i.e. all its eigenvalues lie in the left half-plane.
Then for the algorithm (9) we have

E{(0n — 0")(6n — 07"} <n™'S + o(n7"), (11)
where S 1s a solution of matriz equation
I'BS+SBI' — S = I'RI. (12)

Here R = (07(1 + MZp) + M2Tr[Q,])B + E{A,ATQuALAY} and p > 0 is any small
positive constant.

The proof of Theorem 4 is given in Appendix.
Equation (12) can be explicitly solved in the case when I' = B~!, Tr[Q,] = 0 and
M, = 0. For the algorithm

~ ~ ~

gn = gn—l - (nB)_lgpn((P:gn—l - yn)a (13)

we have
E{(6, —0*) (0, —0*)"} <n"'o?B~' + o(n7").
The same rate of convergence holds for the algorithm (13) when v,, are independent zero—
mean random variables, see [25]. Moreover, it was shown in the [25] that this choice of
a,, and I is an optimal for algorithms of similar kinds.
Remark 5: In Theorem 4 statement in the case of equalities in Assumption (Bii) the
equality also holds in the equation (11) for the rate of convergence.

Now we consider the randomized least squares estimator (RMS) for the regression
model (8):

én = én—l - FnAn((PEén—l - yn)a
(14)
1—‘n — anl - anlAnAEanl/(l + AgrnflAn)a 1—‘0 - ’70_117

where 7y > 0 is a small positive number (regularization parameter, see [26, 27]). We again
assume that the initial value 6, is an arbitrary nonrandom vector in R?.

Theorem 5 Let Assumption (A) be fulfilled.
If Assumption (Bi) holds then for the algorithm (14) 0, — 0* a.s. as n — co.
If lv,| < Cy, |lwp]] < Cu, ||Anl] < Ca a.s. then for the algorithm (14)
E{(6, — 0*)(0, —0*)T} - 0 as n — oo. Here C,, Cyy, Ca < 00 are some constants.
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The proof of Theorem 5 is also given in Appendix.

VI. PREDICTION OF THE SIGNAL (FILTERING)

We’ll study the special case of the problem of filtering when the observations are
related by equations

Yn = 0r05 +v,, n=0,1,... (15)

Here y,, € R! is an observation made at time n and ¢, is a d-dimensional vector that is
known at time n, v, € R represents an observation noise, and the vector signal process
{67}, 0% € R? is generated from a white noise sequence through a stable linear filter

0% = AOE + oy, 05 ER, (16)

where A is a known stable matrix (i.e. ||A]| < 1), {w,} and {v,} satisfy conditions (Bii).

It is the objective of the problem of the prediction for one step to estimate the vector
0 .1 from measurements y;, @;, ¢ < n. Let fn.1 be a current estimate of the vector e
The quality of prediction (the filtering performance) is determined by the mean value of
square of the prediction error

E{l0n1 — 05117}
Usually in the filtering problem statement deterministic sequence of vectors {(p,} is con-
sidered. Here we will suppose that vectors ¢,, n = 1,2,... are random and satisfy As-
sumption (A).
The randomized least mean squares algorithm (RLMS) is defined recursively by

Opi1 = AD, — aATAL (010, — yn), n=0,1,..., (17)

where o > 0 is a step—size and I' is a positive definite symmetric matrix. We suppose
that the initial value é[] is some vector in R¢.

The prediction errors satisfy by the following equation which can be obtained by
substituting (15) and (16) into (17):

Onir — 05 = A(T— alALAT) (G, — 0%) — aAT AL (E{p,} (0, — 05) — v,) — w1

If Assumptions (A) and (Bii) hold then successively taking the conditional expectations
with respect to o-algebra F, and F,_; we conclude that

E{l0ns1 = 051 [P Far} < (1= 20Auia(BL) + || TP M)||A|*[16, — 6] +

+ 0 (E{en}" (00 = 05) — va)?[IT*Tr[B] + Tr[Qu).

Further, taking the unconditional expectation from the last inequality we obtain for the
mean value of the square of prediction errors with any p > 0

E{lfus1 = 0507} < b(e B0 — ;1P + o*(1+ Myp) TP Te[Bloy + Tr[Qu),
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where
1
b0 p) = (1 = 20 (BT) + [T [P JAJ + 0 (M, + )My [TIPTHB]. (19

The next result follows directly from the last inequality.

Theorem 6: Let Assumption (A) and (Bii) be fulfilled. Then the mean value of the
square of prediction errors of the estimates {6, } generated from the algorithms (17) Vp > 0
and sufficiently small a: b(«, p) < 1, satisfy the next inequality

Tr[Qu] + o*(1 + Myp) | T||*Tr[Bloy
1 - b(aa p)

where the constant b(«, p) is determining from (18). A
Let’s suppose that ' =B~ ||A|| 2 =1+ O(a?®) E{||fy — 65]|*} = 0. Denote

E{lfns1 — 05,1 ]1%) < + b(a, )"E{[160 — 0511},

My+ (M, +1/p)
r(p) = 2N (B)

min

M, Tr[B]

In this case for the sufficiently small o result of Theorem 6 leads to the inequality

E{l0ns1 — 05117} < D(a,p) + O(a?),

where

(19)

Dlerp) = QI (5 + o)+ (0 + U Mop) Tr{Blo, )).

Tr[Qu]A%in(B)

From the last expression the trade—offs between the filtering ability and noise sensi-
tivity are clearly visible. If M, = 0 then the similar result one can get directly from the
[28] (theorem 4, p. 764) for the tracking problem solving.

Minimizing the expression for D(«, p) with respect to a one obtain

. _ o (14 Mop")Tr[Blo?\ 2
o = (T( ) TY[Qw])\fmn(B) ) )

where p* is the minimum point of the function

D(p) = §TH[Q) (r<p>+2¢r<p>2 (1+ M) Te[BJo?A,2%,(B )/Tr[Qw]>- (20)

If M, = 0 then the function D(«, p) is independent of p. Hence we get

_ Tr[Qu]
o 2A;1“(B)\/M2Tr[Qw] TN

min

(B)Tr[Bloy

and

D= AJQ(’“];) <M4 +20/ M3 + 222, (B) Tx[B]o2 /Tr[Qw]> .

min
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Fig. 1. Detecting useful signal

In the case when regressor’s vectors can be arbitrary chosen from d-dimensional cube
[—1,1]% it is easy to conclude from the last equation that random vectors with the prob-
abilistic distribution of Bernoulli (+1) are more appropriate as regressors.

Let d = 1, 02 = Tr[Q,] << 02 and {p,} be a scalar independent Bernoulli process
(Prob{p, = ¢} = Prob{p, = —¢} = 1/2). We have o*ATl" ~ 0,,/|@|0,. Note that this
value equals approximately the limit value of Kalman coefficient for the optimal Kalman
filter when noises {v,} are independent and equal +o, with the identical probability.

VII. EXPERIMENTAL RESULTS

A. Signal detecting

Let’s consider a problem of the detecting of a known signal ¢, which was stated in
introduction. At each time moment n the measurement ,, is made with additive bounded
noise vy,:

Yn = Op0* +v,, n=1,2,....

The case {6* = 1} corresponds to the situation when a signal is present in the receiver and
{0* = 0} is absent. The our objective is to determine the value of §* based on available
input-output measurements y;, @;, t < N.
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Fig.2 Tracking useful signal

At the simulation on the computer the useful signal {¢,} was selected as uniformly
distributed on an interval [0.5,1.5] and was also observed on a hum of noises, which
were determined from an "unknown but bounded” deterministic function, |v,| < C, = 2.
Fig. 1 shows the typical trajectories of estimates which were generated by the three
algorithms in the two cases when useful signal was (or wasn’t ) present in the receiver.
Some deterministic sequence with average value more than +1 (displaced from zero) was
used as an observation noise in the simulation on computer. The level of observation
noise is so high that estimates generated from the ordinary mean squares (MS) algorithm
exceed the decisionmaking level almost always without the dependence from presence or
absence of a signal, while the algorithms (9)and (14) give the correct answers after 50
iterations.

In the following example the useful signals {¢,} and observation noises {v,} satisfy
above conditions but useful signals “are actuated” in an observation channel temporarily,
though its value are accessible to the experimenter during the all observation period. The
problem is to design a rule, on which at each moment one could answer the question: does
the useful signal acts in the observation channel or there is just noise being registered.
The observation noises were formed by some deterministic sequence which average value
is zero. But first half of its values are the positive numbers with average value more than
+1 and last half are the negative numbers with average value less than —1. Comparison
RLMS with the ordinary least mean squares algorithm (LMS) shows that RLMS tracking
the changes of useful signal parameters more precisely, it gives only 13% of incorrect
answers, see Fig.2.

B. Filtering

Let’s consider the simple scalar case: d = 1. Investigated process {67} is generated
through a stable linear filter (16)

05,1 = 0.99990; + w, i1, n=0,1,...

with A = 0.9999 and 6§ = 0 from the values of an independent process {w,} uniformly
distributed on interval [—1, 3]: E{w,} =0, E{w2} = &. At each time moment n one can

measure the values ¢,, and y, which are related with 6% by the equation (15), where v,
represent immeasurable bounded noise (disturbance): |v,| < 2.
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Fig. 3. Estimates of filtering at white noises case

At the computer simulation the random values {¢,} was selected as uniformly dis-
tributed on an interval [0.5, 1.5]. Observations of the process {#%} were made on the time
interval from n =1 to 199. A quality of the prediction was determined by

199

_n* 2

Minimizing function D(p) (see (20)) with respect to p one can obtain p* = 0.269. Hence
for the RLMS algorithm (15) an optimal step-size o* is 11.3808, I' = 1/48, and the
correspondence value of D(a*, p*) is 1.3699 that less than o2 = 4.

Under different kind of observation noises we compare the performances of three tra-
jectories of prediction estimates which were generated by the RLMS

Opi1 = 0.9999(8, — 0.2371 (0 — 1.0) (0 — 1)), (21)
by the ordinary least mean squares algorithm (LMS)
Op1 = 0.9999(0,, — 0.23710p (Lnbn — yn)), (22)

and by the Kalman filter (KF)

Oni1 = 0.99990, — kpon(0nbn — yn), (23)
0.9999~,, 242 2
n= 7712, Yo = 1099997 — =l 20—,
3 T In— 195 3 + rYnfl(pn 81

Fig. 3 and 4 are shovvlng in the typical cases of them behaviors.
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Fig. 4. Estimates of filtering at "unknown but bounded” non-random noises
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The numerical results are summarized in Table I. It is well-known that KF estimates
(23) give an optimal performance index when {v,} and {w,} are Gaussian white noises,
behavior of the LMS estimates (22) is sufficiently good when {v,} and {w,} are centered
independent random processes. Therefore behavior of the estimates (22),(23) is sufficiently
good in the first case though the level of the observation noises {wv,} is high (see Fig. 3).
In the second case when the observation noises {v,} is zero-mean but non-regular and in
the case of unknown constant noise the mean values of the prediction errors of algorithms
(22) and (23) are equal approximately to the square of the level of observation noises (see
Fig. 4). But the performance indexes of the RLMS estimates are approximately identical
in all considered cases and they are in 5-7 times less than the square of the level of the
observation noises.

TABLE I
AVERAGED ERRORS OF VARIOUS ALGORITHMS

D((21)) | D((22)) | D((23))
Un = 4.0 % (rand() — 0.5) 0.5309 | 0.1803 | 0.1256
Un = 0.1 % sin(n) + 1.9 * sign(50 — nmodl100) | 0.5700 | 2.8254 | 2.2640
Un = 2.0 0.5954 | 3.1387 | 2.5335
Un = —2.0 0.7826 | 3.4980 | 3.9582

VIII. QUANTUM COMPUTER AND RANDOMIZED ALGORITHMS

During the last couple of years the area of the randomized stochastic approximation
algorithms has been constantly getting wider. The algorithms’ implementation simplicity
allows to use them not only in special computing devices but also in the design of a
classical type electronic devices with an immediate use of “simultaneous perturbation”
principal [29]. Effectiveness of a method is explained from two basic moments:

e Only one or two measurements of function values are required for the calculation of
the approximate value of a multivariable function gradient.

e Algorithms have robustness qualities of a very high degree in a sense that the estimation
algorithms convergence is proved under the “almost” arbitrary noises in function
measurements.

The main problem of a convergence substantiation which arises in practical use of
SPSA algorithms is the way of generation of trial simultaneous perturbations. They are
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to be independent from noises in the observation channel as well as the components of a
trial simultaneous perturbation vector should be independent between themselves. The
efficiency of offered algorithms reduces when we use a classical computer? that sequentially
executes elementary operations one by one ( in comparison with theoretical results).
The title “simultaneous perturbation” itself has an insistent demand for practical use to
be “parallel”. At the same time the problem of a parallel calculations organization on
computers of classical type is difficult when it deals with the large dimensionality of a
function arguments vector (five, tens, ..., thousands).

In the given section, the model of “hypothetical” quantum computer will be con-
sidered. Offered above algorithms can be realized most efficiently on this new kind of
computers. In other words, it will be considered below is an example of design of an
electronic quantum device that calculates for “one step” the “good” approximation of the
gradient vector of an unknown multivariable function with rather high degree of an ac-
curacy. The word “hypothetical” is consciously quoted since after the P. Shor report [30]
on the Berlin mathematical congress in 1998 many serious authors began to write about
quantum computers as an engineering of the nearest future. In August 2000 the first
practical successive result was declared (Reuters, "IBM Says It Develops Most Advanced
Quantum Computer”).

A. The Quantum Circuit Model

Firstly let’s describe the mathematical model of quantum computer producing cal-
culation on determined circuits. There have been a considerable number of important
developments in the field of an extension of classical information—theoretic concepts to
a quantum—mechanical setting (see [31],[32]). The classical computer treats bits, receiv-
ing values from the set {0,1}. It is equipped with a final set of schemes, which can be
applied to the sets of bits. The quantum computer treats the quantum bits (or qubits),
representing typically a two—state microscopic system, possibly an atom or nuclear spin or
polarized photon, the behavior of which (e.g., entanglement, interference, superposition,
stochasticity, ...) can be accurately explained using the rules of quantum theory [33] only.
Mathematically, a state (more precisely, a pure state) of a qubit is a unit vector in the
complex space C? with inner product. The quantum states are invariant concerning multi-
plication by scalar value. Let’s denote base vectors of this space |0), |1). Assume that the
quantum computer is equipped with a discrete set of fundamental components, called by
quantum schemes. Each quantum scheme is an unitary transformation, which acts on a
fixed number of qubits. One of the fundamental principles of a quantum computer model
is that the joint quantum state space of a system, consisting from k two—state systems, is
the tensor products of their individual Hilbert spaces. Thus, the quantum state space of
k qubits systems is the complex projective space C?". The basis vectors set of this state
space can be parameterized by bits lines of length &

?By term “classical” we mean “nonquantum” throughout this paper.
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Let’s assume, that the “classical” information, bits line of the length [, [ < k, is a
quantum computer input. Originally in the quantum calculation the last qubits with
number i > [ get the value of |0). The executed circuit is created from the final quantity
of quantum schemes operating with these qubits. At the end of calculation the quantum
computer comes into some state, which is a unit vector in the space C?". This state can

be presented as
W= Z ¢s|3>a

where the summation by s is done for all binary lines of length k, ¢s € C, Y |¢hs]* = 1.
Sizes |1s| are named as probabilistic amplitudes, and W is named as a superposition of
the basis vectors |s). The quantum mechanics uncertainty Heisenberg principle states
that it is impossible to measure the quantum system received state precisely. However
some capabilities to execute the measurement for all qubits (or subset of qubits) exist.
The quantum system state space is a Hilbert space. The state measurement concept is
equivalent to a scalar product in this Hilbert space with some specific vector V'

(VW) (= (VIW)).

Usually the projection on some basis state is used for measuring. The measurement result
is an outcome of calculation.

B. Quantum Circuit for the Approximation of a Function Gradient

Let’s consider the part of the SPSA algorithm (1) with Bernoulli trial simultaneous
perturbation and IC,(z) = x, which calculates the approximation of a gradient vector
VF(X) =~ (§V(X), 52 (X),...,5D(X))T of a function f(-) : R® — R at a point X € R%
Suppose that p binary digit is used for representation of numbers in our computer (in
modern computers, most frequently p = 16,32,64) and k = p x d. For all x € R binary

representation of x in the form of the bits line is denoted as s, = BV . b Let’s assume

that we have some quantum circuit that calculates function f(X) values. To be more
precise, it is possible to consider that the unitary transformation is given: Uy : " - ¢,
It maps one basis element

b(P) b(l) b(P) >

— (M
|S:1:(1) cee SI(d)> = |b$(1) SN DI o) R W )
to another basis element

[57(0)00...0) = b5y . BTL00...0) = Up|s,on . .. sp00)
for all X = (2, ... z@)T ¢ R?

Assume that our “hypothetical” quantum calculator contains at least three k—qubits
registers: input Z, transferring the “classical” input data to the “quantum”; worker W,
permitting to manipulate the “quantum” data; and simultaneous perturbation A. For the
quantum circuit design, which realizes the approximate calculation of a gradient vector
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of a function f(-), several “standard” quantum (unitary) transformations are required.
They can be applied to the data stored in registers. The outcome of transformation is
saved in the register to which transformation was applied.

Sum U, g. It adds to the vector another one which is stored in register R.

Turn of the first qubits Ur, ., 4 1, - 1t transforms the state of qubits numbered as
Lp+1,...,(d—1)p+1 to the state %(|O> + |1)).

Shift by j qubits Usg,. It shifts state vector by j qubits, adding new |0).

For the approximate calculation of a function f(-) gradient at the point X the following
algorithm can be used.

1. To send zero to all three registers Z, W, A.

2. To submit the line of bits sx to an input register Z. To transform the register A :

7 :=l|sg), A:=Ug,,,, A

..... (d=1)p+1—"
3. To calculate function’s value f(X +277A), 0 < j <p— 1 in register W

W = UfU_|_IUS]. U+AVV,

4. To measure the outcome of calculations

g(i) (X) = <US—(i—1)pA7 W) (= <US—(i—1)pA|UfU+IU5j UsalW)), i=1,2,....d.

The last expressions are equivalent to the function f(-) gradient approximation expression
VX))~ Af(X +277A).

It is not so hard to show that the approximate accuracy represents smallness size
0(279). If it was known that the function f(-) has continuous partial derivatives up to the
order ¢ > 3 inclusively then it is possible to make measurements (step 4) not with vector
A but with some extent transformation Ui A by the analogy to Theorem 2. Probably, an
order of approximation error will decrease.

C. One Approach of Creating the Intelligent System

Let’s look at some achievements in the contemporary mathematics and computer
engineering of the past century which allow us to look with a great optimism at the solution
of the problem in the future. The first computers were specialized for solution of the
concrete tasks. It was based both on the economic reasons and on the weak development
of electronic components. For a short time the engineering progress has allowed to develop
the universal computer and theoretical development has made it possible to effectively
solve many of the tasks set. The final conception of the universal programming language
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appeared in the middle of 70th and during the 80-90th years the programming technology
has been on a top of its development. However we are still left with considerable problems
tied with the machine’s ability to make a quick and effective decision in tasks with a large
data dimension (matrix transformation, large number factorization, Fourier or Laplace
transformation, calculation of function convolution and so on). A lot of them form a
minimal base of any artificial intelligence system.

Today the most practical way is a creation of fast computing devices for solving con-
crete tasks based on a possibility of the development of “parallel” fastest algorithms for
processing the large sizes of data. Two directions are the most perspective. The first
one (almost developed) is to create the classical electronic devices as VLSIC using the
high-speed technologies. Such devices will allow in the real time to convert matrixes of
the large dimensionalities which is necessary in many tasks of recognition. Second and
even more perspective direction in the development of computing devices in a future is
the use of “quantum computers”. Channels for data transfer in such computer will be
more informative. For implementation of a fixed structure of parallel calculations the
special set of atoms (molecule) will be used. Probably in a future it will be possible to
attain the highest speed of calculations by using the equivalence of the descriptions of
many phenomenons in micro and macro world.

Despite of wide use of specialized parallel processors many reseachers agree that we
still don’t have the common methodology for a development of appropriate algorithms and
devices. Probably we move to the necessity to comprehensively analyze a lot of artificial
intelligence tasks. We need to somehow classify their settings and possible algorithms for
their solution and to create a convenient formal logical means for the description of the
tasks, algorithms and data.

Let’s take a look at one of the possible solutions of creating some kind of an intelligent
system. The term “intelligent” means here the ability of a system to adapt to the real
world conditions by making the effective choice of the task to solve in the current moment.
Such system could consist of two parts : internal one and ensuring interaction with the
external world. Set of sensor controls and power installations controlling various organs of
the device will link it with the external world. The internal part will match the following
conditions:

e for each considered particular task the system has the particular device which is able
to optimize the solving of this task by an appropriate choosing of the system’s
parameter from some final set,

e information from external world must be delivered to all such devices simultaneously.

By this conditions the system is able to interpret and to process the data received from
external world through different devices simultaneously (in parallel).

We can imagine many ways of realization of such system. Further we’ll discuss one of
them. Suppose that we want to have a system able to solve any problem of some final

set:
{Pl, b, ..., Pm}.
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Here the m is some integer (may be equal 1,2, 3 or sufficiently large 100000, 1000000). For
instance our “hypothetical” device can be presented as some big complicated molecule
consisting of smaller parts (particular devices)

{D17D27"'7Dm}

curled up in spiral or ball one by another. It is possible to consider each of them as some
“quantum computer”. Such form of spatial representation allows to suppose that some
biological or physical influence acts to the all of particular devices simultaneously. We’ll
assume that the behavior of each of units is determined by their internal structure, input
flow of data and some parameters ) from some set ©®) with final dimension

D; = D;(#D), 60 c 09 =12 ... m.

Suppose that each of units is equipped with special register which indicate the performance
index of data w processing

fi e fz(w,ﬂ(z)), Z — ]_,2, . .,m‘

The parameters of data processing can be passed to devices among with the input data.
The objective of complete system is to make choice of the unit with higher performance

index and to give them the foreground process. The general system’s parameter is denoted
by

p(1)
p2)
6 = : ,heo=00g...000M
gim)
Let’s define the function .
F(w,0) = =) fi(w,09).
i=1

This scheme satisfies both of above conditions.

Here we came to the concept of the “informational resonance”. If a partial performance
index f; of some units “i” tends to +infinity then we’ll say that unit “i” has a resonance.
After the data is delivered from all the sensors to the all devices, these devices begin to
work and solve each its own task. There can be three different situations:

e only one device has resonance,
e several devices have resonance,

e none of the devices has resonance.
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In the first case the resonant device accepts control on the system. In the second case the
system should determine which device to use. It can be done by choosing the device with
the greatest value of f; . The third case means that none of the devices has resonance
with the data but we need to choose the strong rule of a system behavior. Assume that
this rule is determined by setting the system parameter § € © C R%. We have a problem
of the stochastic multi-dimensional optimization. There is an effective SPSA algorithm
(1) for solving this problem. We need to include the quantum circuit of them into our
intelligent system. And in the third case it would be chosen as foreground process.

[X. CONCLUSION

The stochastic optimization considerably expands the range of practical problems,
for which it is possible to find the precisely optimum solution regarding standard de-
terministic methods. The stochastic optimization algorithms effectively allow to decide
problems in such areas as information network analysis, based simulation optimization,
a pattern recognition and classification, neuron networks training, image processing and
a non-linear control. It is expected that the stochastic optimization role will continue
to grow together with thickening of modern systems so as the population increment and
the natural recourse exhaustion initiates using more heavy technologies in spheres where
they were unnecessary before. Since the first quantum computers working on stochastic
principles appeared already, the logic of a modern computers development also lead to
replacement of conventional deterministic algorithms by stochastic ones.

APPENDIX
In this appendix we give the proofs of Theorems 1,2,4 and 5.
A. Proof of Theorem 1

Firstly let’s consider the algorithm (5). Using properties of projection, at rather large
n, when 0* = 0*(f(-)) € ©,, it is easy to get the following inequality

~ o a,
10, — 9*||2 < |01 — 0" — ;KH(An)ynHZ .

Applying the operation of conditional expectation by o—algebra F,, ; to the last inequality,
we have

E{l16n — 6*(*|Faz1} < 1160 — 67~

—2%@_1 — 0% B (AR yn] For 1) + (24)
ap

32 E{ya 1Kn (An) 1| Fna}-

+
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By virtue of Theorem about mean value from the condition (A.2) for the function F(,-)
it follows

[F(w, 2) — Flw,6%)] < %VQF(U),H*) +(A+ )||x |2, = € R
From here by virtue of the function F(-,#) uniform boundedness it is obtained
F(w, 0,1+ Bu2)* < (11 + QA+ 1) (1001 — 0°[ + [|Ba2]1%))°
uniformly on w € W. By virtue of the condition (4) we get

E{op 1Ca(An)II*[Fuzr} < sup Kn(2)%.

For the last term in the right part (24) from the last two inequalities, taking into account
boundedness of vector functions I, (-) and compactness of their support, we have

E{[[ynlI*Ca(An)II*| Far} < 2E{vg|IKn(An)IP|Fumi} +

+2//F(w,9n1+an)2||lCn(x)||2Pn(dx)Pw(dw) <

< Cy 4 Co((d} + 1)|0n1 — 0*[1” + B2) + Csén.

Here and below C;, 1 = 1,2, ... are designated as some positive constants.
Further we shall consider

@ZIE{ynKn(An”]:n—l} =

_ g / / F(w, B + But) o (2)P(d) P (dur)+ (25)

+ B E{0,KCn (AR) | Frz1 )

For the second term by virtue of condition (4) and independence of v,, and A,, the following
could be obtained

B {0, (M) | Fot} = Efvn| Foi} / K, ()P, (dx) = 0.
The function VyF(-,#) is uniform bounded, which implies that

VoF (w,z)P,(dw) =V f(x).

RP

Using the condition (4), we shall transform the first term in right part the (25) to the
following

5 // (w, B+ ) ()P (d) Py (do) = T F(B1) +
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/ (5" / P, fur + G (2)Po(d) — VoF (1, 6,-1) ) Pu(do) = Vf (i)

//IC / (VoF(w,0p_1 + t0,x) — VoF (w, 0,_1))dtP, (dz) Py (dw).

For an absolute value of the second term in the last equality we have

‘//’C / (VoF(w, 0y 1 +tBux) — VoF (w, 0, 1))dtP,(dz)P, (dw)|<

< / / 1o (@) |2l All Bl |Po (d2) P (da) < Cif

by the fulfillment of conditions (4) for I, (-) and (A.2) for any function F(w,-). Hence,
for the second term in the right part of inequality (24) we get

—2%<én—1 - 9*7 E{Icn(An)yn|fn_1}> S —20[n<én—1 N 9*, Vf(én_1)> +

n

+ 2C4003 By || One1 — 07

Using assessments obtained above for the second and third terms of (24), we obtain

E{10, — 0°°1Fu-r} < 1001 — 0°11° = 200(B1 — 6%, V [ (B1)) +

2

+2010m 00y = 0%+ 33 (1 + Col(dl + Dlas = I + 87) + Coy).

Using the condition (A.1) for function f(-) and inequality

e B+ By N1n 1 — 6|2

16,1~ 07] < )

which is true at any € > 0, we get

B8 — 011 Fu 1} < 1801 — 01 (1 = (20— =Ch)an + G028, 2(d2 +1) ) +

+e~ 104an52 + E (Cl + 025 + 05, )
Let’s select the € so small that eCy < p and let n be rather great. Using the conditions

of Theorem 1 for the numeric sequences, we shall transform the last inequality into the
form

E{)1fn — 0*|*|Faz1} < 1Ba-1 — 0*(1 — Cscwa) + Colanfy + an 5 (1 +€2)).

From here by virtue of Theorem 1 conditions > «a, =ocoand ) Z—;’:(l +&2) < oo aus. it is
shown that all conditions of Robbins-Siegmund Lemma [34] necessary for the convergence
with the probability 1 are held and 6,, — 6* as n — oo. For the mean-square convergence
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proof in an appropriate Theorem 1 conditions we shall take unconditional expectation
from both parts of the last inequality

E{ll6, — 6*1”} < E{la—1 — 0*P}(L = Cse) + Colanfy + anf* (1 + 7).

The convergence of estimates {6,,} sequence to the point #* in a mean-square sense follows
from [35](ch.2,s.2).
The proof for the algorithm (2) is a little bit different.

B. Proof of Theorem 2.

The proof scheme in many respects repeats the proof of Theorem 1. At first let’s
consider the algorithm (5) . Using properties of projection and applying the operation of
conditional expectation by o-algebra F,,_;, for rather large n, at which 8* € ©,,, we get

E{l0n — 0P| Far} < 1001 — 0°]1° — (26)

~20m 3 (B — 0%, E{gaK(A0)|Fuct }) + 020 B2 IKC(A) || Focs .

By virtue of (6) and condition (7) we have [ K(z)P(dz) = 0. Thus, by the independence
of A, and v, we derive E{v,K(A,)|F,_1} =0, and, hence,

E{y . K(AL)|Frr} = // w, 0,1 + B0~ QVx) (2)P(dx)Py, (dw).

Note that by virtue of (6) and (7) we obtain

570t [ 3 5D (0 R (P () = T f(6,m0)

u|<e :

From the definition of the function f(-) one can get

B2 B{yn K (A) | Fur} = VF(0u1) +

LB In % / (F(On r+ B F2) = 3 %le(énI)B”n_?_lxl)lC(x)P(dx).

lfj<e

Fulfillment of the condition (A.3) implies the inequality

‘/ O + Boz) — Z —D'f(0,-1)B" JT‘ 2K (2)P(dz)| <

|z\<1z :

< M/||:cﬁn‘%||7||lc(x)||}>(dx) < MEZn S,
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Using obtained above assessments for the second and third terms in the right part
(26) from the fulfillment of a condition (A.1) for a function f(-) and inequality

A e m MR e(n B MEBT) |0 — 6%
||9n—1 - 9 || S 9 )

fair at any € > 0 we derive
E{l[0n — 0" 1P| Fn 1} < (1001 = 0*|° = 2080 (001 — 0%,V (00 1)) +

+208n™ T MEF 0,1 — 0]l + o202 T E{2 K (A P Fa 1} <
< oot = O°2(L = aB(2u — e)n") +n 25 (a7 e MK +
—l—a%%x(/ / F(w, 0,1+ ﬁniix)ZP(dx)Pw(dw) +E{v2|F. 1))

As in the proof of Theorem 1 from condition (A.2) we obtain
F(w, 0y + Bn” 27 2)| < /o + (2A+ 1) ([0ny — 077 + 1|80 52 ][?)
uniformly on w € W. Taking into account the unconditional expectation we conclude
B{16, — 1P} < B{llfu 1 = 017} = wn ™ +o(n 1) + Can >+ o(n7 ),

where 1) = af(2u— <), Cy = af> e\ M2K? + o®K x (1 + 02). By lemma 9 from [35] if
Y > (v — 1)/v then for arbitrary ¢ > 0 we have

B8, — 0712} < Cy(aB(2p — &) — 77_1)—1 +o(1). (27)

The inequality ¢ > (v — 1)/~ is equvivalent to the condition 2uaf > (v —1)/7.
The proof for the algorithm (2) is different in some details. In particulary it is nessesary
to use the inequality

1
§(F(w1’ 0+ 1) — F(wy, 0 —x))* < vy + 224+ 1)*(||z]]* + |0 — 6*]]*)?,

which is held uniformly on w € W. In a result of the proof is deduced inequality which is
similar to (27) with the constant Cy = o827 'e L M2K? + 02K x (v, + 02/2) instead the
Cl.

If we want to compare the constants C; and C5 then we can to use the formula
Cy = Cy + Ka?x(vy + 02 — 03/2 — ).

The right part of the (27) (or of the similar inequality for the algorithm (2)) is a
function of «, f and . Optimizing by this parameters we can to derive the optimal
values o*, B* &% =2u/y.

The proof of Theorem 2 and the second remark to it is completed.
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C. Proof of Theorem }

Let n, = én—l — 0, &= — E{SOn}TUn, D, = (én - 9*) (én - 9*)T'
Rewrite the matrix equation (12) as

I'B — %I)S + S(BT — %I) — I'RI.

Since —'B + %I is a Hurwitz matrix, by Lyapunov‘s Lemma there exists a positive definite
matrix S which is a solution of matrix equation (12).

From (8) and (9) taking the conditional expectation sequentially with respect to o-
algebra F, 1 and .7:'n,1 we conclude in view of assumption (A) and the second part of
assumption (Bii) that

E{Dnu}nfl} < Dp 1 —on(I'BD, 1+ DZ—l BI') + aZ(HDn%“E{”An“Zl}FZ"‘

T ((02(1+ M2p) + Dyl + METHQ])B + E{A,ATQ,A,ATHT).

Now, taking the unconditional expectation and making use the first part of Assumption
(Bii), one can obtain for matrix V,, := E{D,}

V, <V, 1 —an(TBV,_1 +V,1BT) + a2TRT + a2 O(|| V.1 ]]),
where R is defined by Theorem 2. This implies V,, — 0 as n — oo by Lemma 3 from
[36].
From the last inequality we have

V, < Vo1 —n 'TBV, ; — n 'V, 1BT 4+ n °TRT + n 20(||V._1)).

Denote W,, = nV,, —S. Then in view of Theorem 2 conditions we obtain
1 1
W,<W, ;—(n-1)""TB- §I)W,H —(n—1)"'W, (Bl - 5I) +n 2O0(|[W,a |-

Hence applying again Lemma 3 of [36] we get W,, — 0 as n — oo and thus Theorem 4
is proved.
D. Proof of Theorem 5

The following auxiliary results from the [4] will be used in the proof of Theorem 5.
Lemg@a 1: Under the conditions of Theorem 5 the next facts hold:

(a) 21 ANTZA, < ooas. and D07 [JAL[* A2, (T)) < oo as.
(b) il ATT, A, = oo as.
Subs’;ituting (14) into (8) we have
16 — 051> = (B2 — 0" = 0 ARATT) (B 1 — 6%) = ToAAT,) + EATTIA, +
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+ ((én—l - 9*)T - UEAnA:Fn)gnFnAn + gnAEFn((én—l —0") — FnAnAznn)-
Taking the conditional expectation with respect to o-algebra F,_1 we obtain by an As-
sumption (A)

E{Hén - 9*||2|-7}n—1} < ||én—1 - 9*||2 + E{(vn — E{Qpn}Tnn)Q |fn—1}E{A:FiAn|fn—l}_
_UEE{AnAEFn|fn—1}(én—l B 9*) B (én—l - 9*)TE{PnAnAE|]~:n—1}77n+
1, E{ AR AT AL AT F 1}

Hence averaging sequentially over w,, and v,, yields

E{ll, — 6*(1P1Faz1} < (1+ E{2MZATTEA, + 1201 X0 (C) | Fai D 1nr — 671> —

- (énfl - 9*)TE{(FnAnAE + AnAEFn”}_nfl}(énfl - 9*) + Uz%;E{HAnW )\Ena:r(rn) |~7:n71}+
+(207 + M2oo ) E{AN T2 Ay | Fo1 )

Further, applying the Robbins-Siegmund Lemma from [34] and taking into account (a)
we conclude that sequence {||6, — 0*||*} has a finite limit a.s. and

D (O — ) E{TRALAT + A AT, [ F 1} (01 — 0%) < oo
n=1

By (b) 322, B{T', A, AT|F, 1} = oo, therefore ||6, — 6*]|> — 0 a.s. as n — oo. The
proof of the first part of Theorem 5 is completed.
It follows from (14) that

On =T, Z Ar(yr = E{¢g }0n 1), Tn = (Z ARAy + D)™
k=1 k=1

Denote e = & + AL (6; — 6*). We have

D, =T, (739*9“ +Y AATE =0 Y AT =70 Y At + ZAZ-A].TQ-G]-) T,
k=1 =1 =1 nj=1
i#j

As in the [4] it is possible to show E{T,A;ATee;T} = 0forany i # 5, 4,5 = 1,..., n
and E{T,y00*Alel,} =0 for i = 1,..., n. Now we obtain by boundedness of v,, w,
and A, for sufficiently large n

E{Dn} = E{T, (30" 0*" + > AyALep)T,} < CE{T,}
k=1

with some constant C'. Since S ;_; ARAT — co as. asn — oo and [|T,|] < 75" we obtain
by the Lebesgue dominated convergence Theorem that E{D,} — 0 as n — oo. This
completes the proof of Theorem 4.
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