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Abstract— In this paper application of the stochastic approx-
imation algorithm with randomized differences to the minimum
tracking problem for the non-constrained optimization is con-
sidered. The upper bound of mean-squared estimation error
is derived in the case of once differentiable functional and
almost arbitrary observation noise. Numerical simulation of the
estimates stabilization for the multidimensional optimization
with unknown but bounded deterministic noise is provided.
Stabilization bound has sufficiently small level comparing to
significant level of noise.

I. INTRODUCTION

Stochastic approximation was introduced in a 1951 ar-
ticle in the Annals of Mathematical Statistics by Robbins
and Monro [1] and was further developed for optimization
problems by Kiefer and Wolfowitz [2]. It originally appeared
as a tool for statistical computations, it was further developed
to the separate field of control theory. Now this topic has
wide variety of applications in such areas as adaptive signal
processing, adaptive resource allocation in communication
networks, system identification, adaptive control, etc.

The applications of stochastic approximation algorithms
arise in the field of adaptive systems. SA algorithms have
properties allowing to track typical behavior of a system in
uncertain environment. The algorithm analyzed in this article
is also very computationally efficient and needs very small
amount of memory. It makes the algorithm applicable in
highly dynamic environment.

The properties mentioned above make the SA algorithms
applicable in such a new field as soft computing. They are
used there for “parameter tuning.” Notable among these are
algorithms for training neural networks and algorithms for
reinforcement learning, a popular learning paradigm for au-
tonomous software agents with applications in e-commerce,
robotics, etc. They are also widely applied in economic
theory, providing a good model for collective phenomena,
when the algorithm models behavior of individual bounded
rational agents.

Non-stationary optimization problems can be described
in discrete or continuous time. In our paper we consider
only discrete time models. Let f(x,n) be a functional we
are optimizing at the moment of time n (n € N). In [3]
the Newton method and gradient method are applied to
problems like that, but they are applicable only in case of
two times differentiable functionals and | < V2f(z,n) <
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L. Both methods require the possibility of direct gradient
measurement in arbitrary point.

Algorithms of the SPSA-type with one or two measure-
ments per each iteration appeared in papers of different
researchers in the end of the 1980s [4], [7], [5], [6]. These
algorithms are known for their applicability to problems with
almost arbitrary noise [8], [9]. Moreover, the number of
measurements made on each iteration is only one or two
and is independent from the number of dimensions d of the
state space. This property sufficiently increases the number
of function evaluations needed for the algorithms iteration in
multidimensional case (d >> 1) while the asymptotic rate of
convergence is not changed. Detailed review of development
of such methods is provided in [8], [10].

Stochastic approximation algorithms were initially proven
in case of the stationary functional. The gradient algorithm
for the case of minimum tracking is provided in [3], how-
ever the stochastic setting is not discussed there. Further
development of these ideas could be found in paper [11],
where conditions of drift pace were relaxed. The book [12]
uses the ordinary differential equations (ODE) approach to
describe stochastic approximation. It addresses the issue
of applications of stochastic approximation to tracking and
time-varying systems in a following way: it is proven there
that when the step size goes to zero in the same time as
the number of the algorithm’s iterates over a finite time
interval tends to infinity, then the minimum estimates tend
to true minimum values. This is not the case here, since
we consider the number of iterates per unit of time to be
fixed. In this paper we consider an application of simul-
taneous perturbation stochastic approximation algorithm to
the problem of tracking of the functional minimum. SPSA
algorithm does not rely on direct gradient measurement and
is more robust to non-random noise than gradient-based
methods mentioned earlier. The closest case was studied in
[13], but we do not use the ODE approach and we establish
more wide conditions for the estimates stabilization. In the
following section we will give a problem statement that
is more general than in [3], [11], in the third section we
provide the algorithm, in the fourth section stabilization of
the algorithm’s estimates in the sense of the existence of
the asymptotic upper bound for the mean squared estimation
error is proved, then in the last section a numerical example
illustrating stabilization is presented.



II. PROBLEM STATEMENT

Consider the problem of minimum tracking for an aver-
aged risk functional:

f(z,n) = Ex{F(z,w,n)} — mTin, )]
where d,p € N, x € R, w € RP, n € N, w is defined
on the basic probability space {Q, F, P}, E,{-} — mean
value conditioned on the minimal o-algebra in which w is
measurable.

The goal is to estimate 6,, — minimum point of functional
f(x,n), changing over time: 6,, = argmin, f(x,n).

Let us assume that on the iteration we can measure:

)

where x,, is an arbitrary measurement point chosen by algo-
rithm, w,, is a random value, that represents non-controlled
uncertainty and v,, is an observation noise.

Time in our model is discrete and implemented in number
of iteration n.

yn = F(xnawnyn) + vn7

III. ALGORITHM

In this section we introduce a modification of SPSA
algorithm provided by H.-F. Chen et al [14], which takes one
perturbed and one non-perturbed measurement on each step.
In this paper we try to illustrate the possibility of using such
an algorithm for minimum tracking both theoretically by
proving its convergence when certain conditions are satisfied
and practically by providing a numerical example.

Let the perturbation sequence {A,} be an independent
sequence of Bernoulli random vectors, with component val-
ues £1/ V/d with probability % Let vector fy € R be the
initial estimation. We will estimate a sequence of minimum
points {#,,} with sequence {6,,} which is generated by the
algorithm with fixed stepsize a € R and parameter 3 € R
a, 8 > 0, which is applied to the observations model (2) :

Top—1 = é2n727 Ton = Oan_o + BAL,
3)
O2n, = O2p—2 — %An(an - y2n—1); O2p—1 = O2p—2.

IV. STABILIZATION OF ESTIMATES

To analyze the quality of estimates we will apply the
following definition:

Definition A sequence of mean-squared estimation errors
EHén — 0,,||? has upper bound L > 0 if

lim (E||0, —6,]*)Y? < L.

This definition is similar to the definition of L,-stability
in the work of Guo [15] (p = 2).

Further we will assume that the following conditions are
true.

(A) Function f(-,n) is strictly convex for each n and some
peR, u>0: (Vf(z,n),z—0,) > ullz — 0,2

(B) Gradient VF (-, w, n) is Lipschitz Vn, Vw with param-
eter M € R, M > 0:
HVF(J?,’LU,TZ) - VF(ya w, n)” < MHJ: - y”

(C) Local Lebesgue property for the function
VE(z,w,n): Yz € R¥3I neigbourhood U, such
that Vo' € U, [[VF(z,w,n)| < @,n,(w) where

®pn(w) : RP — R is integrable by w: [, P, (w)dw < oo
(D) Boundedness of the gradient of F'(z,w,n) in the

minimum point, with Fi, F» € R, Fi > 0, F, > O

E|VF (0, wp,n)|| < Fi, E||[VF(0,,w,,n)||* < Fy;

Let us denote expectation conditioned on random
values 6;...,0,, 91,...,én as E,{}, conditioned on
01...00,0n11,0n40, 01,...,0, as E,{-}.

Drift satisfies:

(E) In case of random drift,

gnfl - Enflgn é AOv

Enlegn - 077,71” S Ala

En_1]|0n — 0n_1|)* < As,
En—2(0n — 0n—1)" (6n—1 — 0p—2) < As.
If drift is not random, then
0n—1 — En—16, < Ao,
[|6n, — On—1]] < A1 = As = As.

(F) Constraint on the function values’ change in arbitrary
point z with CY € R fori=1,2, j =0,1,2:

Eﬂl{F(xawnan)_F(xawn—hn_l)} < 011”33_0"—1“_"0?7
En(F(z,wn,n) — F(z,w,_1,n —1))* <
Cillz = Opr|? + Ca |l — s + C3.

(G) The observation noise v,, satisfies: |va, —van—1| < 071,
or if it has statistical nature then: Fa,_1(va, — v2,_1)? <
02, Eon_1|van — van—1] < 01.

Here we should make several notes:

1). Sequence {v, } could be of non-statistical but unknown
deterministic nature. 2). In the typical case of f(x,n) =
F(xz,w,n) both constants Fy, F» from the condition (D)
are equal to 0. 3). Constraint (E) allows both random and
deterministic drift. Similar condition is introduced in [3], it
is slightly relaxed in [11]. In [9] the following drift model
is proposed:

(E/) On = D10,,_1 + Do + &n,s

where &, is random value. If the matrix A! is known it is
easy to include it directly to the algorithm. For Dy = I
(unit diagonal matrix) condition (E) is more general than
(E’) with AQ = —DQ - Efn, A1 = ||D2|| + Ean”, AQ =
| D12 + 2/ D2l Ellénl + Ellgal >

In this paper we will only consider drift constraints in
the form (E). Existence of finite asymptotically effective
bound for the estimates under the condition (E) implies the
applicability of the algorithm proposed to a wide variety of
problems.

(H) We will further assume that random values A,, are
not dependent on 6y, wy , 90 and on vy, (if they are assumed



to have random nature) for £ = 1,2,...,2n and random
sequences {0} and {wy} are independent.
Ta, 2
Let us define Ky = M2 +29M + Sk = oK, —
0
2% 41, Hy = BM? +2M Fy + C} M 4220 CPEAN

2004 0C: | h = 02 (Ha + 440 K2) + a(BM — 8142) + 44y,

Ly =22 L BF\M + Fy + COM + oy M + 290l
W, l = 062(L2 + 2A1H2 + 2(A2 + Ag)KQ) +
Oé(QﬁAlM - 4(A2 + Ag)%) + 2(A2 + Ag)

Theorem 4.1. Assume that conditions (A)-(H) on func-
tions f, I and VF and values 6,,, én, Un, Wy, Yn and A, are
satisfied. The constants «, 3 > 0 are chosen as 0 < k < 1.

Then the sequence of mean-squared estimation errors
provided by the algorithm (3) have upper bound L:
hmn—>oo (E”én - enHQ)l/Q S L,

(i

L =

21— k) h2

and they can be bounded as

E||6n —0n* < (k +¢/2)"||60 — o]|* + (1 — (k+¢/2)") L?,

i),

where € = g—j(\/l +41(1 — k)h=2 — 1). Furthermore, the
following property holds:

P{Yn YA > 0 ]|0,—0, % < L34 (k+€/2)"(|60—00]>+N)} >

E||0o — 6o]”
3 .

See the proof of Theorem 4.1 in the appendix. Conditions
(A)-(D),(G)—(H) are standard for SPSA algorithms [8].
Conditions (E),(E’), (F) are related to drift. See the proof
of Theorem 4.1 in appendix.

The next result is inspired by the work of L. Guo and
L. Ljung [17] where the performance of linear tracking de-
pending on the step-size parameter is described. Least mean
squares, recursive least squares and Kalman-type algorithms
are chosen for analysis. The authors demonstrate a trade-off
in performance of the algorithms between the sensitivity of
the algorithm estimates to noise and the size of the drift. In
this paper, we consider a nonlinear case.

Theorem 4.2. Assume the conditions of the Theorem 4.1
hold.

Then following asymptotic expansion holds:

>1-

L:2_AO_|_2(5_M_2AO)_AOK2 1 As + A3

p Ap P2 4Ay | AAou
+a((32450) T BM (? + Ag + Az — 1)+
+(16p2A0) T (4P +4p2 (1— Ag— Ag)+ Ko p— Ko ( Ao+ As) ) —
Ky(BM +24A0)  Hy+4ApK>
— 3 _|_
2 1%
where Hy = 2MFy + C1M + 2% + 2—M(01+D5)+01F1 +
201012+C§ and Ky = M2 +2CIBM + %
The result of the Theorem 2 shows that to make an effect
of drift smaller, o should be made bigger (see the first term).

+

) + o(a) (e — 0),

700

Fig. 1. Case of 2-dimensional drift for 0.5||z — 0, ]|2 +vn, z,0, € R2.
There were 100 runs of the algoritms performed, each with 100 iterations
starting from the point fp = (10.0,10.0)7T. The solid lines are minimal,
average and maximal squared estimation error ||@,, — 6, ]|2.. Line marked
with circles is the theoretical bound according to the first statement of the
Theorem 4.1, line with triangles is the probabilistic 50%-boundary and line
marked with stars is 95-% boundary, according to the second statement of
the Theorem 4.1.

Also, noise level is a constituent of Hy which is multiplied by
«, making effect of noise arbitrarily small with small a. So,
there is a tradeoff between minimizing the effects of noise
and sustaining the drift. This tradeoff was demonstrated also
in case of the linear system [9] for slightly different drift
model.

The formula presented in the Theorem 4.2 can be used for
optimal choice of step size (sometimes called gain) o when
« is supposed to be small.

Earlier the proof of the Theorem similar to 4.1 was
given in [16] with more strict conditions. Here the bound
is improved so that Theorem 4.2 holds.

V. EXAMPLES

Simple practical application of the algorithm (3) is the
estimation of the multidimensional moving point coordinates
when only information about distance from arbitrary point to
the moving point is available with additive noise. As a result
of Theorem 4.1, the algorithm (3) provides the point estimate
in case of limited drift of the point and limited observation
noise. In [16] the drift with formula 6,, = 6,1 + ( was
considered, where ( is uniformly distributed on the sphere:
I[€]l = 1. Here we also provide this example and show
how theoretical results about the behavior of the algorithm
optimizing this function correspond to the practical evidence.
Firstly we consider the case when the dimension of argument
d=2.

The function f(z,n) = F(z,w,n) = %[z — 0,]* was
measured with additional non-random unknown but bounded
noise sequence ||v,|| < 1. This sequence was generated

using formulas vy, = 1 — (n mod 3) and vo,—1 = 1 —
(n mod 7)/3.

In this case we have p = M = 1, Fi = F» = 0,
Ay =0, A1 =4y =A43=1,C} = C2 = 1,09 = —0.5,
Ci =—1,C8 =0.25. 01 = 2, 09 = 4. The estimates have

shown convergence to the theoretically proven interval. This
example is illustrated at Figure 1.
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Fig. 2. Case of 100-dimensional drift for 0.5z — 05| + vn, x,0n €
R0, There were 100 runs of the algoritms performed each with 1000
iterations starting from the point g = (17.0,17.0, ...,17.0)T. The solid
lines are minimal, average and maximal squared estlmatlon error ||9n —
0 ||?. Dashed line is the theoretical bound 2.

The next example is with the same function and noise
as before, but the dimension of argument is equal to 100.
This example is aimed to demonstrate good behavior of
the algorithm’s estimates in highly dimensional spaces, see
Figure 2. The theoretical boundary is far from precise.

VI. CONCLUSION

In our work we apply the SPSA-type algorithm to the
problem of extreme point tracking with almost arbitrary
noise. Drift is assumed to be limited, which includes random
and directed drift. It was proven that the estimation error of
this algorithm is limited with constant value. The modeling
was performed on a multidimensional case.

The authors want next to prove more precise boundaries
of the estimation error. The stabilization of estimates for
arbitrary p rather than for p = 2 (as in this paper) could
be considered. It could be also interesting to modify the
algorithm to work with unknown polynomial drift, using the
technique of polynomial fitting demonstrated in [19].
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VIII. APPENDIX

Lemma 1. If v < kv2 | + hvp_1 +1 n €
N,k € (0,1). Then v2 < (k + ¢/2)"v3 + (2(1h w1+
V1+41(1—k)h=2))2, or limnéoovn < 5s k)(l +
V1+41(1—k)h=2), where € = 2-( (VT+ 41— k)h2 -
1).

Proof. kv2_|+hv,_1+1 < (k+e/2)v%_1+g‘—z+l, where
e > 0. For sufficiently small ¢, k + €/2 < 1, so

(B D1 (k+e/2)m)
1—Fk—e¢/2 ’

vp < (k+¢€/2)"v0 +

B2
5o +1

< n _— .
vp < (k+¢€/2) U0+1—k—e/2

“)

Minimizing the last term by e,
—hZ 4\ /hi4+4(1—k)lh— .
+ +( ) Obviously, €, > 0 because

Vh2 +4l( 1—k)h 2 > h. Also, €min/2 < 1 — k. Sub-
h2

we get €min =

3 l
stituting €,,;, into the inequality, we get % =
(gt (L + V1 + 41— k)h=2))*.

O
Proof of Theorem 4.1. According to (3) and the property
[[An|l =1 we have:

||92n — 92n||2 = H92n 9 — 92n|| — 2<92n 2 — ban,
6(3/271 Yon— 1) >+ || (an Yoan— 1)” (5)

Consider the second term in (5). We can say that
EQn—Q{An(an - yzn—l)} =
= EQn—Q{AnF(éQn—Q + ﬁAnm W2, 2’/7,)} <
S EQn—Q{AnF(éQn—27 Wan 2n)}+
_ R M
+Eon 2 {An(VF (0o -2, wan, 2n), BAn)} + =% (6)

The first term because of the property (H) is equal to 0, and
the second term Es, _o{A, <VF(92n 2, Wan, 2n), BAL)} =

BV f (B, 2n).

_ . a
—FEon_2{(02n—2 — O2n, BAn(an —Yon—1)} <

<——||92n 2—92n|\2+0¢5—|\92n 2 — ban_2|.
Next, we analyze the third term in (5). We use
the representation yo, Y1 = F(fon_a +

BAp, wap, 2n) — F(02n—2, W, 2n) + F (021 —2, w2, 21) —
F(02,,—2,wan—1,2n — 1). Let us note that:

Eopo{F(B2n—a + BAn, wan, 2n) — F(fan_2, wan,

A M
2n)} < BM||02n—2 — 02, || + BF1 + 6275

EQn—Q{(F(éQn—Q + BA,, wap, 2n) — F(éQn—Q; Wan,

2n))?} < B2M?||02n—2 — O2n|* + 28M
2

M
(5F1+52 )||92n o — Oon|| + B*Fo + BPMF, + B*—

Using the property (F) we get

— 6 A «
EQn—Q{(BAn(an —yon-1))?} < 1022 — 92n||2—2

(ﬁ2M2+CQ+2ﬂMcl)+”92n 2= 92n 1” (QﬁM(ﬂFl‘f'

M
+°5) + O3 + 201 (BF + 62—) + 26MC? +201C1 +

+2018M) + (BQFQ + B3R M + 54 + CY + oyt

52

(6F1+62 )Cl +20'1(5F1 +ﬂ2 )+20’10?) @)



We conclude that Egn,g{Hégn — 0o’} < kﬂ\égn,g —
92n||2 + thggn,Q — 92n|| + Iy, where k1 = 1 — 2% +
(M2 + 29 1+ ) by = o2(BM? + 2MF, + O} M +
oMt I | 201G 103 4 M, 1) = a2(B 2L 4
BEAM + Fyt C9M 40, M 428000y Clboad2n Yy

We need to consider two steps back, moving from
02, to O5,_o in the left side of _inequality. We observe
that Foy,_ 2{”9271 2 — 02} < H92n 2 — Oapa| + 2415
Eapo{||02n—2—02,]1?} < [|02n—2—02n_o|>+4A0]|f2,—2—
Oan—2|| + 242 + 2A3. To do those steps, we take the
expectation Fs,_2{-} from the both sides of the inequality
obtained.

Ean—o{||02n — 02, ?} < E||f2n—2 — Oap o>+

+h||é2n72 - 92n72H + la

®)

where k = k1; h = hy + 4A40k1; 1 =11 + 2A1hq + 2(A2 +
As)ki. By the conditions of the Theorem 4.1, k € (0,1).
Applying the Lemma 1 to the sequence of unconditional
expectations E{||é2n — 02,]|?} we finish the proof of the
first statement.

The second statement 1is proved adapting the
methodology of the Lemma 4 from [20]. Let us
2 n 2 2
deﬁne. Zn = . ”92n*92n” (lzlj—:é?%)nEHGO 90“ —L
Z, is a super-martingale. Then according to [2 1]

P{maxo<n<n, Zn > )\} s A
— L2+ L%+ (k+¢/2)" E{||o— 90||}

A(k+e/2)™
according to the

1(EZ0 + EZJO) <
no—oo E{[100 — Oo[2}A71,
Zno

first statement, where

—min{Z,0,0}. The result follows from P{Vvn Z, <
A} >1-— E{|\90;90||2}. O]
Proof of Theorem 4.2 Let us get an expansion for ﬁ

while o — 0. Analyzing formula for k, we see that ;=5

é% for k = 1 —da —ea?, h = aa® + ba + c.
We derive then ;2. = &  bdoce 4 (2(“‘1225) cey +
o(e). That is, (& = 2;‘0 + 5M — 4A, Agﬁ@ +
2,1H2+(SAL»;ZI—EM—QAL))KQa + o(a).

New, U = qusfsbrionst = oy et

o(a?). Using the formula /1 + a(z) = 1—1—% (z)+o(a(zx))
for a(z) — 0 (z — 0) we derive 1 + /1 +1(1 —k)h=2=

A+ A 2A0K2+8A M
2+H+2+3a+ 0 K2+8Aop—p 2_|_0( )

16A2 64A3
Finding ‘the multiplication of both formulas derived before,
we get the result expansion of the Theorem 4.2. O
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