2.5. IlpeoOpa3zoBanue Jlaniaca

[TpeoOpazosanue Jlamnaca mMmo3BOJIAET pacliupuTh mHpuiioxkeHne Dypbe-
npeoOpa3oBaHus, B YaCTHOCTH, B 00J1aCTh aHAJIM3a M CHHTE3a CUCTeM 00padoT-

KM JAHHBIX, B TOM YHCJIC C UCIIOJIb30BAHUCM BCHBJICTOB.

2.5.1. OnpenesieHus

Kak 6pu10 oTMeueHo BhITIe, J00as (PyHKIMS MPEACTaBUMa B BUJIC WHTE-
rpana Dypbe, €CaH TOJBKO OHA a0COMIOTHO HHTErpupyeMa (cM. ¢opmyiy
(2.2.1a)). AGconmroTHO wWHTErpUpyemas (YHKIMS AO/DKHA OBITh 3aTyXaromiei,

T.e. f (t) — 0 mpu ‘t‘ — oo, OHAKO, JJIS 1EJIOTO PsAa BaXKHBIX B TEOPUM aHAJIN3a

1, 0COOCHHO, TCOPHH cUCTEeM, (DYHKIIHH 3TO YCJIOBHE HE BBITIOIHSACTCS, B YaCT-
HOCTH, JUIs (PYHKITHH THIIA € TMHUYHOTO CKAYKa WJIH HEe3aTyXaloIMX rapMOHUYC-

ckux koyicOanuii. UToOBI cenath B 3TUX Caydasx npeodOpazoBaHue Oypbe BO3-
MO>KHBIM, YMHOXKAIOT HE3aTyXAMOLTy0 (DYHKLHMIO HA SKCIIOHEHTY € °', BhIOpaB

o >0 Taxum, atobs yxe dynkmus T (t)= f(t)e " — 0 npu ‘t‘ — oo, Torna

ycy10BHE aGCOMOTHON CXOAMMOCTH BBITIONHAETCS s ynkmmn T (t)e %

dt < oo (2.5.1)

[rve=

IPHA HEKOTOPBIX MOCTOSHHBIX O iy <O < O pay -

B srom cnydae mis dyHKIMH f(t), "B3BEILCHHOMH" SKCIOHEHTOH € 7',

CTpaBeUTHBHI TIPSMOE M oOpaTHoe npeoOpazoBanus Oypbe (2.2.1):
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~ L1 [F (el ™dt.
27[

—0Q0

folt)=

[lepenumem nocaeHION GOPMYITy B BHIC

—ot 1 b Ja)t 0'+Jcoaf
e f(t)= 27zj dij dé.

Orciona mostyaum s T (t)

(e}

_i (0'+Ja)t 0'+Ja)af
)= j dw j £(& dé. (25.2)

Bsenem 0003naueHnsa

S=0+ jw

- J f(t)e . (2.5.3)

ds
Torma dw =—, nipenenpl HHTETPUPOBAHUS 1O S B mepBoM uHTErpaie (2.5.2)

OyAyT JIe:KaTh B MPEAENIax OT 0 — W 10 O+ |@ U
f(t)=ia+j Floketds (2.5.4)
2rj -
o-jo

®opmyna (2.5.3) HazeBaetTcs npsivwuiv (06ycmoponnum), a (2.5.4) — o06-
pamueiv ipeodpazoBaHueM Jlamnaca.

JIns KpaTKOCTH HaMMCaHUS MPAMOTO M 00paTHOTO mpeodpa3zoBaHuii Jlamna-
ca uacto ynotpeGmsmorcs obosHauenms  F(s)=L[f(t)s]=L[f(t)] wmm

F(s) o f(t).

[Ipeobpazosanne Jlammaca ects @yukyuoHanvHoe npeobpazosarue,

89



casbiBatomnee Touku F(S) B mpoctpanctse uzofpaxcenuii ¢ Toukamu f(t) B

npocTpaHcTBe opucunanos (m. 1.1).

HMuaue rosops1, npeodpa3oBanue Jlammaca — 310 ®ypbe-nipeoOpazoBaHue

dbyHKIIHN f(t)e_(’t, Il SKCIOHCHUMANBHBINA Bec (yHkmmit e °' "yayuamaer"

(hyHKIHIO f(t) TakuM 00pa3oM, uToObl mpeodpazoBaHue Oyphbe CTAI0 BO3MOXK-

HbIM. [Tpr 3TOM mHTErpalt (2.5.3) MOXKET CXOAUTHCS HE TIPH BCEX 3HAUCHUSAX S.

Te 3naueHus S, IIPHA KOTOPBIX 3TOT HHTCTPAT CXOAUTCA, HA3BIBACTCS obna-

j&}: m(:s;) L]

o =R,(3)
D-m:'n| /O A T "

Puc. 2.9.
Obaacms cxooumocmiu
npeoodpaszoeanus Jlannaca

cmoio  cxooumocmu  ROC  (Region  of
Convergence).

Tak Kak CXOAMMOCTb ONpPEACIACTCA
BEJIMUMHONW O, TO 00JacTh CXOJUMOCTH
MPEACTAaBIACT CO0O0M MOJIOCHl HA TWIOCKOCTH S,

napajuieJibHble  OCH @, OTpaHUYCHHBIC

3HAUEHUSAMHU Oy > 0 > Opin (puc.  2.9).

Ecimm ock jw naxomutcs BHyTpr ROC i HekoTOpol (QyHKIMH f(t), KaK Ha

puc. 2.9, To mig 3TOl (PYHKIMU CYIECTBYET Takke mpeoOpazoBanue Dypse.

F(S) ABseTcd GyHKIMEH KOMIJIEKCHON NMEePeMEHHOM, cle0BaTelbHO, Ul Hee

CIIPaBEJIBBI COOTBETCTBYIOIINE TIOJOKCHUS TEOPUH (DYHKITUH KOMIUICKCHOM

MEPEMEHHOM.

Ecnu curnan sABieTca NPaBOCTOPOHHUM, T.€. PaBEH Hyso npu t<ty, To-

Jm A jﬁ_} L
(A2 LS Yo
R o(5)> O / s R (3)< D'mx/
e
G 0 ” / 0 /| -
Puc. 2.10. Puc. 2.11.

Obaacms cxooumocmiu
HPABOCMOPOHHE20 CUCHAIA

90

Obaacms cxooumocmiu
J1e8OCMOPOHHE20 CUCHAIA



ria ROC Oyaer mnpaBOCTOPOHHEH, T.€. OHAa MPOCTUPAETCA OT HEKOTOpOi

BepTHKanbHON muauu o = Ry(s) (R, — BemecTsennas uacte, |, — MHEMas
4acTh KOMIUIEKCHOTO YHWCIIA), TAC CXOMUTCs mpeoOpazoBanne Dypbe QyHKIHAH
f (t)e_Ot, JI0 TUTOC OECKOHEYHOCTH. I TEBOCTOPOHHETO CUTHAJIA, PABHOTO HY-
mo npu t>t;, ROC Oyaer mpocTtuparbecss OT COOTBETCTBYIOIIEN BEPTUKAIBHON
JUHAHA 10 MHHYC OeckoHeuHnoctw (puc. 2.10, 2.11). Jlns curHajga KOHEUHOM
JIUTENbHOCTH 00J1acThio cxoaumMocT ROC sBisieTca BCs KOMIUIEKCHAsS ILUIOC-

kocTh S. Ecnu curnan asnsercs apyctroponanM, ROC npenacrasiser codoi me-

peceuenue ROC ero neBo- ¥ mpaBOCTOPOHHUX YaCTEH, T.€. TOJOCY B IJIOCKOCTH
S (puc. 2.9).

®ynkmmsa F(s) warme Beero mpenctasuma

h

()]
o B BHJC JIPOOHO-palMOHANBHOM (DYHKIIMH Kak
OTHOIIIEHHE TIOJTMHOMOB OT S, IPHYEM CTETECHb
ol R.(s)
"R o * MOJMHOMA YMCIUTENSA, KaK IPaBHIIO, MEHBIIIE
CTENEHN TOJIMHOMOB 3HameHarend. OcoObIMu
[—_
TOYKAMHA ITOH HKIIUA SBIIAIOTCA  NOJHOCHL
Puc. 2.12. (by n

Llpumep pacnonodicenus nomocos — (xopHu TONMHOMA 3HAMEHATENsA) M HyIH
(*) Jlannacosa obpaza gynxyuu

f(t) - F(s) (kopHu  momMHOMA  uuchourens). [
BemecTBeHHOM (ynkmuu () TomOcH Bcerna ABIAIOTCA  KOMIUIEKCHO-

CONPSKEHHBIMH, T.€. UIMEIOT BUI Oy T j@, (puc. 2.12).

Hurerpan (2.5.3) MoxHO pa30uTh Ha IBa MHTETpaIA:

_ () St

F(s)_Jf( te dt+£f(t)e dt 255
=L[f(=t)-s|+L[f(t) 5]

rae f(—t) — neocroponnsas wacte dyrxman f(t), a f(t) — ee mpasocTopoHHAS

JacCTb.

JInnsa kay3anvheix CATHAIOB, paBHBIX HYO TipH t < O, mepBbIii HHTETpaJT pa-
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BEH HYJI0. Toraa uMeeT MecTo ooHocmoponnee npeobpaszosanue Jlamnaca:

[}

F(s)= j f (et (2.5.6)

OnHOCTOpOHHEE MPeoOpa3OBaHUE CYINECTBYET A O = ©°, TaK KakK ¢

TOJIBKO YMCHBIIACTCA. Benuunna

yBEJIMUEHHEM O (PyHKIMA ‘fo(t)‘:‘f(t)e—at‘

KE O pin» KOTOPast HOCHT HA3BaHUE aOCYUCCHL AOCOMIOMHOL CXOOUMOCU, OTIPE-

aensercs Uil Kakaoh (yHKIHH f(t) oTnenapHo. Tak, Hampumep, WA

f(t)=e* (a>0) unrerpan (2.5.6) cxomurcs npu Gy, =—¢. Ecmn F(s)

npeacTaBuMa B BUAE APOOHO-PALIMOHANBHON (DYHKIMH, YTO YacTo ObIBAeT MpHU
UCCIIE0BAHUN PEATIbHBIX JTMHEHHBIX CUCTEM, TO O i, AOJIKHO HAXOAWTHCS Mpa-
Bee camoro Tpaporo momoca dynkrmu F(s).

B nenmom, mns cxogumocty uHTerpana (2.5.6) Heodxoaumo, 4to0bl PyHK-
NGE: f(t) pociia HE ObICTpee HEKOTOPOH TMOKa3aTeNbHOH  (PYHKIIHMH:
‘f(t)‘ <Me%' rre M m O\min — IOCTOSIHHBIE, TOTJA OIA O > Opyipy» T.€. A

BCEX TOUEK, JeKaIMX npapee npsaMoi Ry(S) =0y, (prc. 2.10), nomyuum

[}

o]

O — O
o min

N3 Beipakenus (2.5.5) cnenyer, 9yTo IByCTOpPOHHEE MPEeoOpa3OBaHUE CXO-

JIATCS TOT/1a M TOIBKO TOTAa, Koraa oba uurerpana L[ f (t), s| u L[f( t),— s| a6-

COJIIOTHO CXOOATCA. ObnacTtbio CXOAUMOCTH AJIA JICBOCTOPOHHCIO CHI'HAJIA IIPH

3TOM OyAET 4acTh KOMIUIEKCHOM S -TIJIOCKOCTH, JIeXKAIleH JIEBee caMoro JIEBOro

nomoca F(S), Tak kak Ipu 0 — —co (yHKIMSA ‘f(—t)eat‘ YMEHBIIIAETCS, HAUH-

Hasl C HEKOTOPOH O = O gy - 10TIa OOIACTHIO CXOMMMOCTH JBYCTOPOHHETO TIpe-

o0Opa3oBaHMs, KaK YK€ OTMEUaIOCch, OYAET Mojioca B S-IJIOCKOCTH, OTMPECIICH-
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Has ABYMs a0crpccaMu abCOFOTHOM cXxoauMocTH (puc. 2.9).
2.5.2. O6paTHOe mpeoOpa3zoBaHue

®opmyna obpamenus (2.5.4) nossonser maxomuts Gynkmmo () mo ee
JlammacoBy HM300pakKeHUIO F(S). Ha ocHoBanuu nemmsbl XKopjiaHa MHTETrPHPO-
Banue (2.5.4) B nmpeaenax oT O — jeo JI0 O + oo MOXKET OBITh 3aMEHEHO MHTET-
PHPOBAHHEM TIO 3aMKHYTOMY KOHTYpY, oGpa3oBaHHOMY mpsmoii R.(S)=c u
3aMBIKAIOMICH ee KOHIIBI MOJyOKpPYKHOCTBIO paanyca R. Ilpwm sToM mist mpaBo-
CTOPOHHETO CHTHANA BCE TIOMIOCH (BYHKIHH F (S) JOKHBI J1eKAaTh BHYTPH KOH-
Typa CjieBa OT MPsAMOit Re(s) =0 (puc. 2.12).

Torna, cormacHo TeopeMe o BbiueTax, naTerpai (2.5.4) paBeH cymme BbIUe-

toB (ReS) moapiHTErpaabHOM QyHKINN F(S)eSt OTHOCHTEIIEHO BCEX M 0COOBIX
TOYEK S 3TOH (DYHKINH, JIe)KAIIMX BHYTPH KOHTYypa HHTETPUPOBAHUS, T.€.

Oyt joo m

f(t)=2—i]_ JF(s)eStds=ZRes[F(si)e$t], (25.7)

01— jeo
IPUYEM Oq = O i, -
He BnaBaschk B feTany, ¢ KOTOPHIMU MOKHO O3HAKOMMTBCA B CIIELUATIbHON

JUTCPATypEC, OTMCTHUM JIMIb, YTO BBIYCTELI OTHOCHUTCJIBHO IMPOCTOIoO IIOJIKOCA SO

OTIPENENAIOTCS TT0 (hopMyIIE:

Res@(s)]= lim(s—sp)p(s)=e¥ lim(s—))F(s).  (25.8)

= lim
S— S—
rae 0003HAUYCHO
@(s)=F(s)e.
BeiueT oTHOCUTENBHO MOOCA N-OM KPAaTHOCTH B TOUKE Sy ONpEAeNseTcs

KaK

93



RGS[@(SO )] = (n }1)! s“—>ns10 jsr:_ll [(S— SO)”@(S)]- (2.5.9)

JI7ist o0ierueHust BBIYMCIEHUA PSAMOro U o0paTHoro npeodpazoanuit Jla-

M1aca UMEIOTCS CheluaibHbie TaOMUIbl. 3J€Ch KE MPUBEAEM HECKOJBKO TMpH-

MEpOB.

[Tpumep 2.4.

1
ITycth F(S) =— — JlammacoB 06pa3 MpaBOCTOPOHHETO CHTHAjA. JTa (PyHK-
S

U UMEET €JUHCTBEHHYIO 0co0YI0 TOuky Sy=0, u unrerpuposanue B (2.5.7)

BelleTcsA TI0 KOHTYpY creBa oT mpamoii R.(S)=o0;>0. Tlo dopmyne (2.5.8)

HMECM.

Res®(sy)]=e¥ lim(s—0)F(s)= limst =1

s—0 s—0 S

CrnenosatenbHo, Gynkuus f (t) MMeeT BHI € MHIYHOrO CKauKa:

f(t)=ut)=1 ama t>0

f(t)=0 mma t<O.

[Tpumep 2.5.
1
ITycth F(S)=— — JlanmacoB o0pa3 MpaBOCTOPOHHETO CHrHama. JTa
s+a

(I)YHKI_[I/IH HUMCCT eI[HHCTBeHHBIﬁ IMOJIOC B TOYKEC S=—a, U HHICTPUPOBAHHUC B

(2.5.7) Benetcs cnesa ot npsamoit R,(S)= o, > —a. ITo popmyne (2.5.8) mmeem:
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1 1 1

(5+1)(5+2) s+l s anacos oopas mpa:

Iycts dyrxmus F(s)=

BOCTOPOHHEr0 CHTHajla C TONIOCAMH B TOukax S =-1 mw S, =-2. Oy,
pacrosio;keHa MpaBee caMoro MpaBoro noica, T.€. Oy > —1 1 UHTerpupoBa-
Hue B (2.5.7) Bemercsa ciaeBa OT MpAMO Re(S)=—1. ®ynxmma T (t) mpu srom
paBHA CyMMe BBIYETOB B TOUKaX S| U S, T.€.

flt)=e'—e™®, t>0.

TIpeamonoxuM Temeps, uto B nocneaneM mpumepe F(s) ects Jlamacos
00pa3 TOJBKO J1e60CmoponHe20 curHana. Torna o, < —2 1 UHTETPUPOBAHUE B
(2.5.7) noMmKHO MPOUCXOIUTH MO KOHTYPY O YacOBOHM CTPEINIKE crpaBa OT Mps-
Mot Ry(S)=-2. Torna

f(t)=—(et-e?) t<o

[Tpeamonoxum, HaKOHEI, YTO (DYHKITHS F(S) npumepa 2.6 — Jlamiacos 06-
pa3 0s8ycmoponneco curiana. Torma 001acTbiO CXOAMMOCTH F(S) SIBJIAETCS TO-
jJoca B S-MJIOCKOCTH —2< Re(s)<—1. Jlna onpenenenus f(t) mo dopmyse
(2.5.7) uHTErpHpPOBAHKE BEACTCS IO JBYM KOHTypaM. OJUH CJIeBa OT MPSMOWM
R.(s)=-2, Bropoii — cnpasa ot npsmoii R,(s)=-1.

Torma

f(t)=—e"u(-t)-e?u(t).

[Tocnennuii npuMep Moka3biBaeT, YTO B nMpeodpazoBanuax Jlamnaca o0s3a-

TCJIBHO HGO6XOI[I/IMO YUHUTLIBATh 001acTh CXOAHMMOCTH U XapaKTCPp CUIHAJIA.

2.5.3. CBoiicTBa

CaoiicTBa mpeoOpa3oBaHua Jlamjgaca aHaJIOrMUHbBl CBOMCTBAM MpeoOpaso-

BaHusa ®ypre. OTMETHUM HEKOTOPHIC U3 HUX.
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Ceéepmka
f(t)=h(t)*g(t)dt = H(s)G(s) (2.5.10)
C 00JIaCThIO CXOAMUMOCTH, SBJISIFOIICHCS MEepPeceueHUeM o0IacTeld CXOAUMOCTH

H(s) u G(s).

Ilpouseoonas.
f(t)«>sF(s) mpu f(0)=0.
JInsa mokazaTenbCcTBa PacCMOTPUM OJHOCTOPOHHEE mpeobpazoBanue Jlarm-

Jlaca.

L[ ()=

e 3 f/(t)dt.

O 8

HNaTerpupys no 4actsaM, NoJIy4um

[l

L[f(t)]=ef (t): +s j e £ (t)dt = sF(s)— £ (0),

T.K. IpH
Ry(s)=0 > o,
lime¥ f(t)=0.
t—oo

[Tpeobpazosanue Jlannaca N-ol NMpoOU3BOAHON MPU PaBEHCTBE HYJIO Bcex N—1

MPOU3BOHBIX B Touke t =0
0 (t) > s"F(s)

¢ 06J1aCTHIO CXOMMOCTH, COBNaarommeii ¢ o6macTsio cxomumocta F(s).

2.5.4. IlpumeHeHHE K AHAJN3Y CHCTEM
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IIpeoOpazosanne Jlamnaca MO3BOJIAET 3HAUMTEIBHO OOJIETUHUTH PEIICHUE
TuHEHHBIX T depeHIMATEHBIX YPaBHEHUH ¢ TTIOCTOSHHBIMU KO3 (HUITHEHTaAMH,

KOTOPBIC OIMHUCBIBAKOT KJIAaCC JIMHEWHBIX cucteM. CBS3b MCIKAY BXOIAOM f(t) u

BBIXO0M y(t) JIMHEHHOW CUCTEMBbI MOKET ObITh BHIPAXKEHA B BUJIC YPABHCHHUS:
N k
d®yl(t
}:ak_ii)=fay (2.5.11)

rzea, — AeHCTBUTENIbHBIEC YHCIA, 3aBUCALIME OT NApaMETPOB CUCTEMBI.
®ynkumo () HA3EIBAIOT MHOTIA BXOMHEIM BO3ACHCTBHEM CHCTEMBI. IIpu
OTCYTCTBHH TaKOro Bo3jaekcTBHs ypaBHeHue (2.5.11) npespamaercs B IMHEHHOE
omHOpOoAHOE nuddepeHIMAIPHOS YPaBHEHHE.
[Tocne BeimonHenus npeodpaszoBanus Jlammaca (2.5.11) npu HyneBbIX Ha-

YaJIbHBIX YCJIOBHAX, IIOJTYUHUM
Y(s)- Zaksk =F(s), (2.5.12)

rae Y(s) u F(s) — Jlammacossl 06pa3bl BEIXOA M BXOJA CHCTEMBI, COOTBETCT-
BEHHO.
U3 (2.5.12) cnenyer, uro Jlammacos oOpa3 BbIX01a THHEWHON CHCTEMEI CBSI-

3aH ¢ JlanacoswiM 06pasom Bxozna F(S) cooTHomennem
Y(s)=H(s)F(s), (2.5.13)
Y(s) 1

E(s) XN
CR
k=0

rie  H(s)= HOCHUT Ha3BaHUE NepeoamoyHol (yHkyuu cuc-

memol.
[lepenarouHas (yHKIUS XapakTEPH3yeT KOHCTPYKTHBHBIE OCOOCHHOCTH
CHCTEMBI H ITOATOMY, KaK MPaBUJIO, U3BECTHA YIKE HA ATAle MPOSKTHPOBAHMUS.
Beinmonnuss obpatHoe npeodpasosanue (2.5.13) no popmyne (2.5.7), moxkHO

IIOJIYYHTh BBIXOAHOM CHUTHAII y(t) IIPH M3BECTHOM BXOIHOM BO3JIEWCTBHH f(t).
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OnHako 0 CBOMCTBAX CHCTEMBbI MOKHO CYJIUTh TOJIbKO MO OJAHOM MepeaToyHOM
¢dbynakiuu cuctemsr H (S) [Ipn 5TOM, OTHUM W3 BAKHEUIIINX CBOWCTB ABJISAETCS
YCTOMYHABOCTH CUCTEMBI.

Cuctemy Ha3bIBAIOT YCMOUYUBOL, €CIIA TOCJE TMPEKPAIICHUS BXOJHOIO
BO3JICHCTBUA CUCTEMA BO3BPAIIAETCA B MCXOAHOE cOCTOsiHUE. CBUACTEIHCTBOM
YCTOWUMBOCTU CHUCTEMBI ABJIAETCA BHJ PEIIEHUA OJHOPOAHOrO YpPaBHEHUA
(2.5.11) npu paBHO#t Hy;rO TpaBoit yactH. [IpumeHeHue npeodpazoanus Jlan-
Jlaca TMoO3BOJIAET HE TOJBKO YIPOCTUTh 3TO PELIEHUE, HO U UCCIEA0BATh YCTOM-
YUBOCTH CHCTEMBI TT0 COOTHOIIEHUAM MEXKTY KO3(PhUIneHTaM ypaBHCHHAS .

H3BecTHO, 4TO pemeHre O JHOPOIHOTO ypaBHeHus (2.5.11) umeeT Bua:
N
y(t)=>) Ae™, (2.5.14)
i=1

rae A - TIOCTOSHHBIE, 2 S — KOPDHH XapaKTepPUCTUYECKOTO YPaBHEHUA(B IaH-

HOM CJTyJac - HCKpaTHEIE):
D(s)= Y as" =0. (2.5.15)

U3 (2.5.14) cnenyer: urobel dyukimsa Y(t) Gbuia orpaHmueHHoi, (3aTy-
Xaroriei), HeoOxoauMo, 4ToObl KOPHH S ObLIM TMOO0 OTPULATETBHBIMU JCHCT-
BUTEIIHHBIMHA BEJTUUMHAMH, JTMOO KOMIUICKCHBIMHA C OTPUIIATEIIHHBIMHA BEIIECT-
BCHHBIMH YacTAMU. lHaUe TOBOPsI, BCE KOPHU XapaKTEPUCTHICCKOTO YPABHEHUS
JIOJKHBI  HAaXOJUThCA B JIEBOM MOJYIUIOCKOCTH KOMIUIEKCHOW TJIOCKOCTH
S=o0+iw (cm. puc. 2.12).

N3 (2.5.13) cneayet, 4TO KOPHU XapaKTEPUCTHUSCKOTO YPABHEHHS SBIISIOT-
Csl TIOJIIOCaMU iepenarounoit pyakimm H (S) CrnenoBarenibHO, YTOOBI CHCTEMA
OblJla yCTOWYMBOM, HEOOXOAMMO, YTOOBI BCE €€ MOJ0CHl HAXOAWINUCh B JICBOU
MOJTYTIJIOCKOCTH TIEpeMeHHOro S. 3Has nepenatounyro gynkiuo H(S), MoxHO

OTIPe/IETUTh PEAKIMIO CHCTEMBI Ha Ji000e BXOHOe Bosjelictere f(t), a mmen-
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HO, BHITIOJTHSS oOpaTHoe npeodpazosanue Jlammaca o dopmyne (2.5.7)

O+ joo O+ joo

y(t)= i JY(s)eStds = % JH (s)X(s)e¥ds =
(,ﬂ-;_jw ol (2.5.16)
= i J weg ds.
27 3 DI(s)

Peakuus y(t) JMHENHOW CUCTEMBI Ha BXOJHOE BO3JACHCTBHE MOMKET Ha-

YaTbCA HC PAHCC CaMOI'0 BOSHeﬁCTBHH, IMO3TOMY BCCTrAa MOIKHO IIOJIOKHTBL, 4YTO

y(t) =0 npu t<0. 310 03HAYAET, YTO MPU BBIMOJIHEHUH YCIOBUSA aOCOMOTHON

UHTETPUPYEMOCTH (DYHKITHH y(t)e_"t JUTS y(t) CYLLECTBYET OITHOCTOPOHHEE
npeoOpazoBanue Jlamnaca ¢ 00gacThiO CXOAMMOCTH, JIEkKalIEeH MpaBee BEPTU-
KabHOU TpsiMoii Re(S)=0 >0 pjp-

Ecnu stomy ycrnoBuio ynoBieTBopsieT oTHouieHue Jlammacossix o0pa3os
F(s)/D(s), To no (2.5.16) MoxeT GBITH BEITIOIHEHO OOPATHOE MPEOOPa3OBAHHE
v Hadineno Y(t). IIpu 3TOM MHTErpHpPOBAHHE BEIETCA 1O 3aMKHYTOMY KOHTYDY,

OXBATBIBAIOIICMY BCC ocoOnie TOYKH, JICKALIME B JICBOU IMOJYIIIOCKOCTH. B co-

OTBCTCTBHH C TeopeMoﬁ O BBIUCTAX, OTOT HHTCIPaJI pPaBCH CYMMC BBIYCTOB OTHO-

F(s)

CUTEIIBHO TIOJIIOCOB (PyHKIIMH ——

D(s)
O6patHoe npeodpazoBanue Jlamnaca nepenarounoit ¢pynkimn H (S) Ha3bl-

BAarOT UMITYJIbCHBIM OTKJIMKOM CHCTCMBI 0003HaYaIOT KaK h(t)

o+jw
h(t)=2—i]_ [H(s)etas (25.17)

o—jw
Honosxum, uto h(t)=0 mpu t <0 (Takme cHCTEMBI HA3BIBAIOTCA (DHU3HUECKH
peaM3yeMbIMH), 3TO 03HAYALT, UTO NIPH BHIMTOJHEHHN YCIIOBHS a0COIIOTHON WH-
TETPUPYEMOCTH (DYHKITHH h(t)e_"t mwia h(t) cymectsyer omHOCTOpOHHEE TIpe-

oOpazoBanue Jlammaca ¢ 001acThIO CXOJUMOCTH, JI€XKalllel MpaBee BEPTUKAJIb-
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HOM NpsAMOM Re(s): O min- Kpome Toro, o0macte CXOAUMOCTH AOJKHA BKITIO-
9aTh U MHUMYIO OCbh | @, TaK KakK MOJIIOCHI, JIS)KAIe HA MHUMON OCH, IPUBOAAT
K HEYCTOMUMBOM cuUcTeMeE. Ecnm 3TOMy yCIIOBHIO yaoBiIeTBOpseT Jlamiacos 00-
pas 1/D(s), To mo (2.5.17) ¢ TIOMOILIBIO TEOPEMBI O BEIUETAX MOMKET GBITH BBI-

MOJTHEHO 00paTHOE MpeoOpa3oBaHUE U HAMACH UMITYJIbCHBIN OTKITUK h(t).

2.6. Z-npeoOpa3oBaHue

Z -ipeoOpazoBaHre — 0000IIEHHE JUCKPETHOTO BO BpEMEHHU TTpeoOpa3oBa-
Husg Oypee. OHO >PPEKTHBHO MPUMEHSICTCS Ul PEIISHNUS Pa3HOCTHRIX ypaBHE-

HUW B HCCIICIOBAHMS JUCKPETHBIX CUCTEM, B YACTHOCTH, ITU(PPOBHIX (PHUIBTPOB.

2.6.1. Onpenenienue

Kak 65110 oT™MeueHO, psax (cm. 2.4.2a)

[}

X(ej“’)z Z f[njp~len (2.6.1)

N=—oc0

CXOOAUTCA TOJBKO TOrAa, KOoraga mnocjacaoBaTCJIbHOCTD f[n] abCcoMmOTHO CYMMHU-

pyemasi. OHAKO 4acCTO 3TO HE TaK, MO3TOMY, UTOOBI PACIIUPUTH KJIACC JUCKPET-

HbIX (DYHKIHI, TIpeACTaBUMBIX psizamu, f[n] yMHOXaOT Ha cTenennyo (ByHK-

muro " (z> 0), Takyro, uto

[}

D |l <o, (2.6.2)
N=—o00
rne I — MOAyJb HEKOTOPOM HOBOW  KOMIUICKCHOM  TIEPEMEHHOM

z=r-e ¥ -F1ip  j=A+-1.
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Toraa npeoGpazopanue (2.6.1) moxkeT ObITh MOAU(DUIIMPOBAHO B 08YCMO-

ponnee Z-npeodpazoeanue

(e}

X(2)= ) flnk™" (2.6.3)

N=—c0

CXOJMMOCTh KOTOPOTO ONpenesieTcs BeipakeHuem (2.6.2).

[TpenmonmoxkuM, uto (2.6.3) crpaBeqIMBO AT BCEX Z TAKHX, UTO ‘Z‘z r.

DTO MHO)KECTBO TOYEK HA KOMILIEKCHOM Z-TJIOCKOCTH 00pa3yeT OKPYKHOCTb

pamuycom [;. Touno Takxe (2.6.3) MoxeT OBITH CIIPaBEAIMBO IS BCEX Z Ta-
KHX, YTO ‘Z‘ =T1,. B o0mem ciaydae, 001acTbiO CXOAUMOCTH SBJISAETCS KOJIbLIEOO-
pazHas o0JlacTh B Z-TUIOCKOCTH

0<SR <|Z<R, <. (26.4)

3ametum, yro z=0 wim
Z-AROCKOCHG e

R.

e

Z-HAOCKOCH
Z=oco MOIYT OBITh BKJIFOUCHBI

WM HE BKJIIOUYEHBI B 00J1aCTh

R
7/ cxXoauMocTH (cM. puc. 2.13).
7

P
N

a & Paccmotpum puUMep
- RAOCKOCTHS Z=-HAOCKOCHD
/% MOCJIEA0BATEIbHOCTH, ISt
R;
%/ KOTOpOH Z-nipeoOpazoBaHue
6) 2) // CyHICCTBYET, B TO BpEMs KakK
Puc .2.13. JTMCKPETHOE npeoOpa3oBaHue

Obaacme cxooumocmu |Z| = I, -npeodpazosanus
Oypbe — HeT. TakuM npuMeEpoM
a) oowuii cayyaii 0< R < |Z| <R, <o

6) o6racms CXOOUMOCIIU BHYMPU KPY2d ABJSIETCS (DYHKLMSA €AMHAYHOIO
|Z| <R, (z=0 moorcem 6v1ms uckitOyen);

CKauKa
8) 00IaCMb CXOOUMOCIU GHE KDY2A |Z| >R
_ . 1n=0,
(Z = oo mooicem ucknouamocs), u[n] —
2) obnacme cxooumocmu —6csi Z-naockocme (603- 0,n<O0.

MOUCHO, 30 uckniovenuem Z=0 u Z=oo)
OueBUAHO, UYTO YCJIOBHE

a0COIOTHOM CYMMHUPYEMOCTH HE BBITIOJHAETCS, B TO BPpeMs Kak:
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Z\u[n]\ r" =Zr‘” <oo, mpH >1,
n=0

n=0
T.€. 00JIACTh CXOJUMOCTH JIEKUT BHE EIMHUUHON OKPYKHOCTH.

3ameTnM, 4TO Z-mpeoOpa3oBaHKe, ONMPEACIICHHOS HAa €IWHUYHOM OKPYIK-

HocTH Z=e? | coBnamaer ¢ aucKpeTHeM npeoGpazosanneM dypse (2.6.1). [pu
oToM [Z=1,a argz= @ =const:

[}

F(2),_gio = F(ei“’)= Z f[nglen, (2.6.5)

N=—co
Otcroga creayer BaXHBIA BBIBOJ O TOM, UTO eciu 001dCb CXOOUMOCHU
BKIIOUAC COUHUYHYIO OKPYICHOCHb, MO OUCKpemHoe npeobpazosarue Pypwe
DTFT nocreooeamenvrnocmu cyupecmgyem, B NPOTUBHOM CJIydae — HET.
YcraHoBUM CBs3b Z-mpeoOpa3oBaHus ¢ npeoOpaszoBanuem Jlamaca. s
ATOrO BBHIMIOJIHUM JIBYCTOPOHHUE mpeoOpa3oBanus Jlamnaca jeBod W mpaBoit
gacreii Beipakenuns (2.3.11) mpu 4 =1. [lonyuum:

[}

Fu(s)= Zf[n]e‘”s.

N=—o0

CpasHuBas nocieanee Beipaxenne ¢ (2.6.3), BUauM, uto

FAe)=F(@) = 3 f(ne™

N=—c0

Oynkmma F,(S) — 27 -nepuommdeckas Baoms npaMoit juamH R, (S)= 0, Tak

KaK

[} [}

Fi(s+j2r)= Zf[n]e‘”(s+j2”) =) flnE™e?™ =F,(s).

N=—o0 N=—oc0
PaccmoTpuM CBSI3b MEXAY HM300PAKEHHEM HA KOMILIEKCHOM TMJIOCKOCTH

NEPEeMEHHON S=0+ W W TEPEeMEHHOH Z=(+ |7}, CBS3aHHOW ¢

SCOOTHOIIIEHHEM Z = €°.
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C ydeTroM 53TOro, KOOPAMHATH TPOWM3BONBHBIX TOUEK Z =&+ |7} Z-
IUNIOCKOCTH U S = O, + J@; S-TUIOCKOCTH CBSA3aHBI MEXIY COOOI0 CIIeIyIOIINM

00pazoM:

(ci+jm)

z =g +jm =e :
& =€e% cosw;, (2.6.6a)
n =€’ sinaw;.
[IpeacTaBmsis Z B MONAPHBIX KoopauHatax Z=rel¥9 2 momyunm mist Tou-
KM Z:
2 2 O;
=z =Vs +n =€, (2.6.60)
argz, = w; + 27K.
W3 cootHomenuii (2.6.6) nerko BUACTH, YTO BCE TOUKH OTPE3Ka MHHMOM

ocu S-tuiockoctd oT O 10 27 mepexoAsaT B Z-TJIOCKOCTH B OKPY>KHOCTb pany-

ca Ip=1, tak kak npu stoM 0; =0, a argz, usmenserca or 0 go 2«
(puc. 2.14). [lpn aBUMKEHHUH TOUKH IO MHHMOH OCH j@ OT — joo 0 + joo S-

MJIOCKOCTH B Z-TJIOCKOCTHA OHA OyAeT OECKOHEUHOE YMCIIO pa3 OOXOJUTh yKa-

3aHHYIO OKPY>KHOCTb.

Imz Z-RAQCKOCHb J, S-FICAOCROCHb

Jeeas AQIVIVIOCKOCHb
S-FAOCKOCHIN

Puc. 2.14.
Tpancghopmayus npsamorx SNAOCKOCHU 6 OKPYICHOCHIU 8 Z-NI0CKOCHU
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PaccMoTpuM Temeph NMPOW3BOJIBHYIO MPAMYIO S-INIOCKOCTH O = O, Ta-
pajienibHyto ocd @ . Torma w3 cootHomeHwid (2.6.6) OymeT ciiemoBarbh, 4TO

npu oy >0 Bce Touku oTpeska 3Tod npsamol or O mo 27 nepexondaTr B Z-
TIOCKOCTH B OKPYXKHOCTb pamuyca Iy =€%° >1. [lpu 0, <0 311 Touku obpa-

3yIOT OKPYKHOCTb pajauyca ly = e ?° <1. Touka, mpoberaromas B S-IIOCKOCTH
BAOJIb MPAMOI OT Op— jeo 10 O+ jeo, OymeT OECKOHEUHOE YMCIO pa3 Bpa-

IIATHCS TI0 COOTBETCTBYIOIIECH OKPY>KHOCTH.
MHOXXECTBO TOUEK MONYIIOCKOCTH, JICXKAIIEeH JieBee JI000H M3 YKa3aHHbBIX
MPAMBIX S-TUIOCKOCTH, B Z-TUIOCKOCTH OKaXKyTCA BHYTPH COOTBETCTBYIOIICH

OKPYKHOCTH, TdK KaK UX PaAUlyChI-BCKTOPEL I’i < I’O.

AHaAJIOTHYHO, TpaBas TMOJYIIOCKOCTh TPAaHC(HOPMHUPYETCS BO BHEIIHIOKO
9acTh COOTBETCTBYIOIIETO KPyra Z-TUTOCKOCTH.

OTMeTHM TakKe, 4TO YKa3aHHe 00JIacTH CXOJUMOCTH, TaK ke Kak u B Jlan-
JACOBOM MpeoOpa3oBaHuM, AJid Z-NpeoOpa3oBaHUs SABJISAETCA 00S3aTEIbHBIM,
TaK KaKk OJTHOMY M TOMY K¢ Z-TIpeoOpa3oBaHUIO, ONMPEACICHHOMY B Pa3JIMUHBIX
001acTAX CXOAUMOCTH, COOTBETCTBYIOT PA3IMUYHBIC MCXOIHBIC TOCIICIOBATEITb-
HOCTH. Ecim mocienoBaTebHOCTh TPABOCTOPOHHSSA (JIEBOCTOPOHHSA) 00JIacTh
CXOJMMOCTH PaCIPOCTPAHSACTCS 3a Tpeaeibl (BHYTPh) OKPYKHOCTH C PAIAYCOM,
COOTBETCTBYIOIIIMM MOJYJIIO KpaiiHero BHemrHero (BHyTpeHHEro) monoca. Ha-
MIOMHHM, 4TO B S-TUIOCKOCTH — 3TO 001acTh cipasa (ciieBa) NpsMOM, mapasuiesib-
HOM ocn Jw (cM.puc.2.13.6 1 6), eclii MOCAEAOBATEILHOCTh ABYCTOPOHHSS, 00-
JacTh CXOAMMOCTH TPEACTaBIsseT coOol kombio (cm.puc.2.13.a); B S-
TUTOCKOCTH — 3TO MOJIOCA.

PaccMoTprUM HECKOBKO MPUMEPOB.

[Tpumep 2.7.

[pexmonoxum, aro f[n]=1 mpu N=0 u f[n]=0 BO BCEX OCTaJIbHBIX

ciydasx. Jta (QyHKUMsA OpeAacrasiser coboit anamor O -QyHkiuu Jupaka B
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JMCKPETHOM ClTydae — €IMHUYHBIN nMIyJibc. OHa 0003HAaYaeTCs TaKKe:

5[n]:{1’ n=0
0,n=0.

BeimonHss ee z-npeoOpazoBanue corntacHo (2.6.3), moaydnm:

F(z)= ié[n]z_” =1. (2.6.7)

N=—o0

F(z) cxonuTes Ha Beelt Z-TIOCKOCTH.

[Tpumep 2.8.

[TycTe Teneps f[n]: u[n], T.€. TPeICTaBsAeT coOO0OH €AUHUYHBINA CKayoK,

MPaBOCTOPOHHIOK ITOCICAOBATEC/IBHOCTD.

)= {1, n>0;

0,n<O.
HNmeewm:
F(z)= iz—“ __1 (2.6.8)
~ 1-77+

210 mpeoOpazoBaHKe CXOAMTCSA BO BCEX TOUKAX Z-TUIOCKOCTH, YIOBJIETBO-
PAIOIIUX YCIIOBUIO ‘Z‘ > 1, T.K. UM€ET OJIHY €IMHCTBEHHYIO 0CO0YI0 Touky Z=1.
Hamomuum, uto mist (hyHKIIUH €IUHUYHOTO CKAuKa HE CYIECTBYET JIHC-
KpeTHOTO TpeodpasoBanus Pypee, Tak kak B obmacth cxomumocth (2.6.8) He

BXOOUT CAMHUYHAA OKPYKHOCTD.

[Tpumep 2.9.

Haiitn z-npeoOpazoBaHue 3KCMOHEHIIMAIBHON NOCIE0BATENIBHOCTH

f[n]z{a”, n>0

0,n<O.

Hoxcrasmss f[n] B (2.6.3), monyumm

F(z)= ia”z_” = i(a z‘l)n = % (2.6.9)

n=0 n=0 1-az
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¢ 00J1aCThIO CXOUMOCTH MPH ‘Z‘ > a, TakK Kak F(Z) HMEET TOJIBKO OJIHY 0COOYIO

TOYKY Z=a.

[pumep 2.10.

Haiitn z-mpeoOpa3oBaHne €IMHUYHOTO CKAuKa (JIEBOCTOPOHHEH MOCIIENO-

BaTCIIBHOCTH):

Hmeem

-1

F(z)= Zu[—n—l]z‘” =—i ot (2.6.10)
n=1

1-77+%

N=—oc0

OueBuHO, 9yTO cymMma B (2.6.10) cxoamTes TOBKO T BCEX ‘Z‘ < 1. Caeno-
BaTebHO, F(Z) HMeer 061acTh CXOAMMOCTH ‘Z‘ <1.

OOpatum BHUMaHHE, 4TO Z-Tipeodpasoanus (2.6.8) u (2.6.10) cosnagaroT,
HO WMEIOT COBEPIIICHHO Pa3JIMYHbIE 00JaCTH CXOAMMOCTH, MOTOMY YTO 3TO —
Pa3JIMYHBIC MTOCIIEAOBATSILHOCTH.

[pumep 2.11.

Haiitu z-npeoOpazoBaHne KOMIUIEKCHON SKCTIOHEHTHI

el n>0;

fln|=
[] 0, n<o.

Boiuncnsas z-npeoOpazoBaHue, NOJIyYUM

F(z)= i:oej“’”z‘n = io(z‘lej“’)n - ﬁ (2.6.11)
n= n=

¢ 00J1aCTBIO CXOOUMOCTH ‘Z‘ >1, TaKk Kak €IUHCTBEHHON 0CO00I TOYKON SBJISET-

caz=el?,
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2.6.2. O6paTHOe Z-mpeoOpa3oBaHUeE

CyLIecTBYIOT [Ba TyTH OMpeaeIeHns nocnenoparenpaocta f[n] mo ero z-
mpeoOpa3oBaHUIO F(z). [lepBsrii, hopMabHBIN MyTh, ’TO KOHTYPHOE WHTETPH-
poBanue. Bropoi — pa3noxeHue Ha SJIEMEHTApHBIC IPOOH ¢ TTOCICTYIOIIAM HC-
MOJIb30BaHUEM TaOJIMIIBI OOPAaTHOTO Z-TIpeoOpa3oBaHuUs.

PaccMmoTpum MeTOT KOHTYPHOTO WHTETPUPOBAHWMS, KOTOPBIH YK€ TpHUMeE-
HAJICA MPU BBIYUCICHUH 00paTHOro npeodpazoBanus Jlamnaca.

i. k-1
27

YMHOXUM BeipaxkeHue (2.6.3) cresa u cripaBa Ha [ ] U 3aTeM IIPO-

WHTETPUPYEM PE3YJIBTAT MO KOHTYPY B Z-TIJIOCKOCTH:

1 _ 1 DR _
o F(z)z 1dz=szk LYtk
7 2 il =
Kontyp unTerpuposanus C IOJDKEH OKPYKaTh BCE OCOObIE TOUKU (PYHKIIUH
F(Z) A JIe)KaTh B 00JlacTH CXOAUMOCTH, YTO MO3BOJIACT H3MCHHUTL IIOPAOOK

CYMMHPOBAHUA U UHTETPUPOBAHUSA B PaBoM yacTu. [lomyuum

1 F(2)2"dz= ) f[n] 1 J z " gz |,
27 ¢ ¢

HHTerpai B KPyIJbIX CKOOKax MPaBOM YaCTH MOCIEIHErO BHIPAKEHHS MO-
KET OBITh ONpEIETIEH B COOTBETCTBHM ¢ TeopeMoi Komu. A MMEHHO, HHTErpa
PaBCH CAUMHUIIC TOJIBKO IIPpH k =N, T.€.

i. 7k, — Lk=n;
27 : 0, k#n

M Mbl UMCCM OKOHYATCJIbHO.

fk]= % j F(2)2“dz. (2.6.12)
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KonTtyp nHTErprpoBaHms TOJKEH JI€KaTh B IIpeaeiax 00J1acTi CXOAUMOCTH.

CornacHo TeopeMe O Bbiuerax, uHTErpai (2.6.12) paBeH CymMMe BBIUETOB

MOABIHTETPATTBHON (PYHKITHH F(Z)Zk_1 OTHOCHUTEIIBHO BCEX OCOOBIX TOUEK 3TOH
(dbyHKIIH, JIexKAMX 6HYymMpu KOHTYpa HHTETPUPOBaHUA. J[Ji1 3TOTO MOXKHO BOC-
nojib3oBaThes hopmynamu (2.5.8) u (2.5.9), 3aMeHHB TIpH 3TOM KOMIUICKCHYIO
MEPEMEHHYIO S Ha KOMIUICKCHYIO TIEPEMEHHYIO Z.

Ecnu mnpeobpazoBanue mpeacTaBiaser coOOM  IpoOHO-paIMOHATBHYIO
¢dynkmio, obpatHOoe TMpeoOpa3oBaHUWE JIYUIIe BCETO MPOU3BOIUTH MEmMOOOM
PasznodiceHus Ha saeMeHmapHeie OpooOu ¢ TOCISAYIONUM TOWICHHBIM o0parie-
HUEM C MOMOIIBIO TAOJIHULIBI MPEOOPA3OBAHUIA.

OOpaiiieHre OCyIIeCTBIACTCA Hanbdojiee MPOCTO, €CIH F(z) MOKET OBbITh

-1
Pa3JI05KEHO MO CTEMEHAM Z .
JleWiCTBUTEIIBHO, €CITH, HanpuMeEp, M3BECTHBI BCE MPOCTHIC (HEKPaTHBIC)
HOJIOCHL [0; ¥ HYJU Z, (DYHKLUH F(Z), TO €€ MO>KHO MPEACTABUTh KaK:

M

L-z27)

A A

h-pz?)

A A

ITpu M < N 3T0 BhIpak€HHE NPUBOJAUTCS K BUAY:

Flz)=) 4 (2.6.13)

i1 1— P z*

roe o = (1— p, z‘l)F(z)

z=p

C yuetom (2.6.9) kaxxaoe cimaraeMoe uMeeT oOpaTHOe Z-mpeoOpa3oBaHHe

TUIIA (pi )". Torna umeem:

108



N
£[n]= ;ai(pi) n=0 (2.6.14)
0,n<O.

B Oorniee clioHBIX CITydasx 11e51ecoo0pasHO MONb30BATHCS TaONHIIeH MpeoOpa3oBaHKH.

Tabnuya Z-npeobpazosanuti
0715l NPABOCMOPOHHUX NOCIEO08AMETIbHOCIEI]

[TocnenoBaTenbHOCTD Z-npeoOpa3oBaHue
flkl], k=012, .. N
F(z)= Z f[k]z ™
k=0
1 1
1-7z71
k Z_l
-z2f
k? 14@+z4)
-z2)
-n
[E]’ n:1’2’ ( - )n+1
1- 71
ak 1
1-az?
kak az?
L-azf

2.6.3. CBoiicTBa

CaoiicTBa Z-npeoOpa3oBaHUsl aHAJIOTWYHBI CBOWCTBAM MNpPeoOpa3oBaHUA

Oypbe. OTMETUM HEKOTOPBIE U3 HUX.
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Ceéepmka 60 épemenu. CBepTKa JBYX AMCKPETHBIX MOCIEA0BATEIBHOCTEH

X[n] u y[n] umeer Bux:

Xn]#yln| & X[z]v[z]

Coeuz 6o epemenu.
xn-i]< 27 X(2) (2.6.15)
¢ 06JIaCTHIO CXOMMOCTH, COBMaaromeii ¢ o6macTsio cxogumocta X (z).
Orcrona z-npeoOpa3oBaHve €AUHUYHOTO UMIMYJIbCa, HA3bIBAEMOT0 MHOTA

OTIEPATOPOM 3aJEPIKKH, UMeeT BUI. OlN—i]«> 27 .

-2

Bot mouemy o0o3HaueHUs Z"l,z W T.J. 94aCTO MCIOJB3YIOTCSA B OJIOK-

CXeMax ajisda 0003HaUYeHUSA 3aACPIKCK.

2.6.4. IlpumeHeHHe K AHAJIN3Y JIUHEHHBIX

HHBAPHAHTHBLIX BO BPEMCHH CHUCTECM

[Tpumenenue z-npeoOpa3oBaHUl 3HAUUTENILHO OO0JIETYaeT PEICHHUE JIu-
HEHWHBIX PA3HOCTHBIX YPABHCHHH C MOCTOSTHHBIME KOd(PHUIMEeHTaMM, KOTOPHIMH
OMUCHIBAETCA LIEJIbINA KJIACC AUCKPETHBIX cucTeM. OHO MO3BOMISET BBECTH MOHS-
THE TIEPEAATOYHON (DYHKIIMM TUCKPETHOW CUCTEMBI, aHAJIU3 KOTOPOW AeT BO3-
MOKHOCTb CYJIUTb O €€ CBOMCTBAX, BBOAWUTH KOPPEKTUPYIOIIME JIEMEHTHI A
U3MEHEHUA XaPAKTEPUCTUK CUCTEMBI.

JIvHeitHOE pa3HOCTHOE YPABHEHHE, CBA3BIBAIOIIEE BXO/ X[n] Y BBIXOJ y[n]

CHUCTEMbI MOKHOQO 3aIIuCaTh B BUJIC.
N M
Z a, y[n—k]= Z b x[n—k], (2.6.16)
k=0 k=0

rae a, u b, — nefcTBUTENbHBIE YHCTa, OTPEIEIAIONINAE TTAPAMETPBI CHCTEMBI.
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[Tocne BemosHEHMS Z-Tipeodpa3oanus (2.6.16) ¢ yuetom (2.6.15) pu Hy-

JIEBBIX HAYATHHBIX YCIIOBUAX MOJIYYUM NIEPEIATOUHYIO (DYHKIIAIO CHCTEMBI

M
Zbkz‘k
Y(Z)= k=0
X(z N ’
< 1+Zakz‘k
k=1

KOTOPYIO JIETKO TpuBecTH K BUAy (2.6.13).

H(z)= (2.6.17)

Z -npeoOpa3zoBaHue MEPEAATOYHON (PYHKIIMA €CTh MMITYJIbCHAs IEPEXO/I-
Has QYHKIM quCKpeTHOi cuctems! h[n], Tak kak

H(z)= ih[n]z_”.

N=—o0

[pumep 2.12.

B kauecTBe mpuMepa pacCMOTPHM pa3HOCTHOE ypaBHeHHe (2.6.16) mepsoro
nopsAIKa
yln]=xn]+ Ay[n-1]
¢ HyJIeBbIMH HadaTbHBIME ycitosramu (Y(—1) = 0).

OnHOCTOpOHHEE Z-TIpeoOpa3oBaHNUE UMEET BHU/I

v(z) =X

C1-Az Y

TOT 4.

Y@ _ 1
H(z)= X2~ 1ot

Bocnone30BaBIIUCh TPUBEAECHHOM BBIIIIE TAOIULEH, Oy YUM
hln]= A", n>0.

OueBUaHO, YTO cUCTeMa OyeT yCcToHunBa, ecii A< 1, T.K. B 3TOM cllydae

ZA" < o,
n=0
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2.7. IloHu:;KeHHe ¥ NMOBLIINIEHUE YHCIa OTCUETOB

Kak Oyner BHIHO W3 MAJbHEHIETO, alrOPUTMBI CIICKTPAIbHOTO BEHBIICT-
aHa/M3a BKJIFOYAlOT omneparmmu noHwkeHns (down-sampling) wimm moBsimeHus
(up-sampling) uuciaa OTCYETOB.

HMuorna mporecc MOHMKEHHS YHCIa OTCUYCTOB HA3BIBAIOT JCAMAIIACH
(decimating — TepMuH, KOTOPBIM MPOM3OIIE U3 HCTOPHUYSCKOrO (haKTa YHHUTO-
KCHHS KaXKJIOTO JECITOTO BOWHA MOOCKACHHONW PUMIITHAMH apMHH TIPOTHBHH-
ka). Onepanunio MOBHIIMISHUS YUCIa OTCUCTOB HA3bIBAIOT B OTCUCCTBCHHOM JTUTE-
parype unmepnoiasyueti. Eciu oTCUETBHI B3SATHI M3 HEKOTOPOW HENPEPHIBHOM
(YHKIHH, TO TTIOHM)KEHUE WJIH MOBBIIMICHUE YMCIIa OTCUETOB MOXKET NMPHUBECTH K
HUCKXCHHIO MCXOMHON MH(popMaIuu. [1osToMy 3TH omepariu Beeraa COmpoBo-

XKAAFOTCS DUITBTPAIHCH.

2.7.1. Jenumanust

[ToHmkeHHe YKClIa OTCYETOB (MJIM MPOPEKHBAHUE) IMOCIIEI0BATEIBHOCTH

X(n) Ha nejaoe unciio N — 370 u3barue (OTOpachiBaHHE) BCEX OTCUCTOB, HE
kparasix N . B pesynbrare momydaeM HOBYIO IMOCIEAOBATEIBHOCTH Y[N| Takyo,
4TO

yln]=x[nN].

BnusiHne Takol onepanuy Ha UCXOJHBIM CUTHAJ JIETKO MPOCIeanTs B Oy-

pbe-oomactu. U3 (2.4.4) u (2.4.5) umeem:

112



oA o
X(e”)=x| e 4 :XA(%]:i Y x(g—ki—”].

k:—oo
CnenoBaresibHO:

bl £

k:—oo

3ameHss B mocieHeM BoipaskeHuu nepemennbie K=nNN + |, moayunm

S ]

n=—o |=0

IIpu 4 =1 e =1 s Beex N, MO3TOMY MOJYYUM OKOHYATEIBHO!

N-1

v(el”)= %Z X (- 27k)/N). 2.7.1)

k=0

W3 nocnegHero BeIpaXKeHUA BBITEKAET, YTO cnekTp Dypbe Npu AeUUMAaliA

pactsaruBaetcss B N pas. O1oT adpdext mumoctpupyercsa puc. 2.15 mpu N = 3.

Xie™)
.fil ]
a
I } a}\.
¢ T 2m 3w 4w  Sm  6xm
L Y(e J.m)
I
7 " g d(o-del
/3 X/@J;AH\/_;XJ@ L 4
- - i -
/’ij (e’ ")
&) - x
<. el
. . . w
0 T Zm 3w 4m  Sm  6m; "
Puc. 2.15.
Hnnrocmpayus Hanoscenus cnekmpos
npu oeyumayuu.
a) UCXOOubIil CHEKMP OUCKPEMUIUPOBAHHO20 KONeOAHUS x[n]; 113
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CpaBauBas ero ¢ puc. 2.5.1, suaum, uto 3pdeKT aermumManuy aHAIOTHYCH JTHUC-

KPETU3allMU CUTHAJIA C YaCTOTOW, MEHBIIIEH €0 MAKCUMAJIbHOW YaCTOTHI.
NMeHHO mO3TOMY MPOUCXOJUT HAJIOKEHUE CHEKTPOB ''MPOPEIKEHHBIX KO-
nedanuii. Kak yke oTMedanoch BBIIIE, TAKOE HAJIOKEHUE BBHI3BIBACT UCKAKEHUE
WCXOAHOrO cUTHana. YToOml ero us-

xfnj—| LP-% ﬁ»@—)yﬁg 0exkaTh, NPOIEAypPe IPOPEIKUBAHHS
JOJDKHA ~ BCErJa  MPEaIISCTBOBAThH

Puc. 2.16.
Hnmocmpayus npoyedyprer npopesicusanus  HA3KOYACTOTHASA (PHIIBTpanmsi ¢ dac-

omcuemos X|n|:

N _ . T 1
LP — nuzkouacmomnvtii punemp; TOTOM OTCEYKU — U YCUJICHHEM —

N\ —ycrosnoe o6osnaenue npopexcuea-

nusa Ha N omcuemos
KaK TIOKa3aHo Ha puc. 2.16

My ibCHBIH OTKIIMK UACATBHOTO (PUITBTpa HUKHUX YaCTOT C YACTOTOM OT-

ceukn /N wmeer Bu:

1 N _ 1sin7zn
)= % a0 =N
2 N 7zn

2 o0
%\I N
Coortnomenue (2.7.1) mone3HO pacIIPUTh HA Z-TJIOCKOCTh (popMaibHOM

samenoit €71¢ na z. Torna, 06o3HAYas KaK MPesk/Ie Wy = g i27/N

, TIOJTY YHM:
N-1
Y(2)= 23 xfwg 24N, (2.7.2)
N k=0

DT0 paBEeHCTBO M, COOTBETCTBEHHO, PaBEHCTBO (2.7.1) MOryT OBIThH TIOJTyUe-
HBI IPYTHM Ty TEM.

PaccmoTpuM mocieaoBaTeNbHOCTh X [n], 3HAYEHUSI KOTOPOH PaBHBI X[n]
NpH 3HaYCHUAX N, KpatHeIX N H HyJTIO B OCTaIBHBIX Cciydasx. Ee criektp Dypbe

OyJeT paBeH
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Hcnonp3yst TOACTAaHOBKY, aHAJIOTWYHYIO NPH BBIBOAE (opmyisl (2.7.1),

npu 4 =1 nonyunm:

N-1
1 2
X(w)=—) Xlo-k—]. 2.7.3
(@)=32 [ N] (2.7.3)
Wnu, nepexons Kk Z-npeoOpa3zoBaHUIO:

N-1
X'(2) = %Z X W z). (2.7.4)
k-0

OTMeTHM, 4TO MOCJICIOBATEILHOCTH y[n] u X [n] OTJIMYAIOTCS HAJIMUKUEM
HyJIEd MEXAY OTCUETaMU X[nN] MOCJIEA0OBATENBHOCTH X [n] OrOpackiBaHue
ATUX HYJIEH — CXKATUE JTAHHBIX, T.€. MEPEX0] K MOCJIeA0BATEIbHOCTH y[n], O3Ha-

gaeT, 4To B Z-npeodpazoBanuu (2.7.4) z HeoOXOAUMO 3aMCHHUTH Ha 2N no-

JY4IHM TIpH 3ToM (2.7.2).

2.7.2. UaTepnoasiuusi

IloBeItIeHHEe yKcia OTCUETOB HA 1iejioe ynciio M — »to mobasnenne M
HYJICBBIX OTCUETOB MEXKAY COCCAHUMHU OTCUETAMH MCXOIHOM MOCIICIOBATEIILHO-

cru x[n], v

y[n]z{x[n/M], n=kM, keZ;

O, B OCTAJIBHBIX CITyYasX.
JT0 BeeT K ymMeHbllleHno Ha M nepuona nquckpernzaumu 4, . CiienoBarensHo,
B ®ypbe obnactu OyaeM UMETh
vlel?)= x(eM=) (2.7.5)
WK B Z-TIJIOCKOCTH

Y(2)=x("). (2.7.6)
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Takoe MOBBIIIIEHHE UNCJIA OTCUYETOB
x[n]—} LP-Tj r —ufn]
BeJAET K cykeHuio B M pa3 crmekrtpa

Puc.2.17. MCXOIHOM TIOCIIEI0BATETBHOCTH.
IIpoyeoypa noswviutenus yucia omcye-
mog. LP — ¢unemp nusicnux vacmom c i Toro, 4YTOOBI MOBBIIICHUE

yacmomaoil OmceyKuy ﬂ/ M T —yC-
KM Y YHClla OTCYETOB HE COMPOBOXKIAIOCH

JI08HOE 0003HAYEHle NPOYedyPbl NOBbI-
e NS YUCTA ONICYEMOa UCKOKECHUSIMA A3-3a M -kpaTHOTO
MMOBTOPCHUST HA TIEpuUoAe 27 CICKTpa
HCXOOHOI'0 CHIrHajia, HeO6XOI[I/IMO MOCJIe ATOM orcpanuu IpHUMCHHUTL HACAJIb-

HbIM (DMJIBTD HMIKHMX 9acTOT € 4acTOTOM OTceukn 77/M, Kak MOKa3aHO Ha
puc. 2.17. VIMnynbCHBINA OTKIMK Takoro (MIbTpa MOJDKEH WMETh YCHIICHWE,
pPaBHOE €TMHHUIIC

sn”"

h[n]zﬂ—r'\]/l.

M

Jlerko Buzets, uto h[kM |= J[k]. Crenosarensro, Ha Beixone duastpa 6y-

JIEM UMETh
uln]= yln]=hln],
u npu N = kM
ulkM |= ylkm = x[k],

T.€. UACATBHBINA QUIBTP, WIN WACANBHBIA HHTEPIIONATOP, MPOIYCKAIOITHI BXO/I-
HBIE OTCYETHI 0€3 UCKAKEHUH, 3aM0HAA MPOMEKYTOUHBIE HEJOCTAIOIINE OTCYE-

TbI.

- H3menenne Y4aCcTOTHI
xfnf— LP:min{"h g 0 T ufnf
OTCUYETOB B HEIEIOE€ YHCJIO Pa3

Puc. 2.18. M
Hsmenenue yacmomet OmMcuemos 6 payuoHaIbHOe (Hanpumep %\| ) momyyaercst
yucno paz. LP — gunemp nuscnux vacmom
C Yacmomoil Omceyxu, pasHot MUHUMATLHOT IIyTEM IMOCJICAOBATCIIBHOT O
u3 08yx %/I un 7%\' o
HUCITIOJb30BAHUA orcpanumu
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MOBBIMICHUA W ITOHHMIKCHHUSA YACTOTBI AJHCKPCTH3dIHWKW C HWHTCPIOIAINHOHHBIM

(bUITETPOM MEXIy HUMH, KaK ITOKa3aHo Ha puc. 2.18.
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