I'maBa 5
YHucaennoe penieHue 3aga4 Komm
IJisi OOBIKHOBEHHBIX AuddepeHnnaIbHbIX YPaBHEHUN

§1 IIpocreiinine meToabl

Byuem pacemarpusars 3ana1y Komm jyist 06pikHOBeHHOTO /b depeHImaabHoro ypas-
uerns (OLY)
v =flz,y),  y(xo) = yo. (1)

YucnenHnoe pereHne 3TOi 3a/1a9d — IIOCTPOEHUE TabJINILI TPUOJIMKEHHOIO PEITeHHsI, da-
I1e BCEro Jisl PABHOOTCTOAIINX Y3JI0B Ty = Xg + kh (h > 0 — mar): yx ~ y(xg).

Memod Diisepa.
B rouke x( Jierko HaiiTu nponsBojnyto pertenust: y'(zo) = f(xo, yo). [Tockoabky (mpu
MaJioM miare h)

y(x1) = y(zo + h) = yo + hy'(x0) = yo + hf (20, yo),

TO MOXKHO HOJIOKUTD Y1 = Yo + hf(xo, yo). [To anamormanoit hopmyse MOKHO HAWTH Yo 1
T.;1. B 3TOM u cocTout meros Ditiepa:

Y(Tht1) = Ykr1 = Yk + hf (2, yi)- (2)

B merozie Ditiepa He 06s13aTEIbHO CIUTATH Y3JIbI T) PABHOOTCTOAIUMEI. B ob1mieM ciyuae,
eC X411 = Tk + hy, TO B pasoit yactu (2) h ciemyer 3aMeHuTH Ha hy.

Metos Ditepa uMeeT mpocToii reoMeTpudeckuii cMbic1. Ecii Kaxk iy 1oy (Tx, Yk )
COEJINHUTHL OTPE3KOM CO CJIEIYIOIIE, TO MBI TOJTyIUM JIOMAHYIO JIMHUIO — TpaduK Mmpu-
ommkenHoro pernennd. [losTomy meron Ditepa Ha3BIBAIOT WHOTIA MEMOJOM AOMAHDIL.
3BeHbsI ITOIl JIOMAHOW — OTPE3KU KACATE/IbHBIX, IPOBEJICHHBIX B TOYKE (T, Yk) K IPOXO-
JAIIeil 4yepes 3Ty TOYKY UHTEerPabHON KPUBOA.

Ecnu dynkiuio f caurars quddepeHnupyeMoil, To MorpentHocTb MeToia Jiljiepa Ha
OJIHOM Tare umMeer Topa ok Manoctu O(h?). To o3HadaeT, YTO B NPEIOJ0KEHUH, UTO
yr = y(xr) 6yaer y(zrs1) — yps1 = O(h?). B jeiicTBUTe/ILHOCTH, KPOME OMIUOKHU, Bbl-
3BAHHOI TeM, 4T0 B ¢opmyse Teitsiopa Mbl OrPAHUIUINCH JIAI JABYMS UICHAMU, B Y1
BOWJIET elrle U “HacJie/ICTBeHHAsT” ONINOKA — Ygi1 HE COBIAMAET C Y(Tjy1), B YACTHOCTH, U
10 TO¥ IPUYUHE, YTO BCE MPEIAbIAYIINE SHAYCHUS Y, . . . , Y1 ObLIM HaliJgeHbl HeTo4dHo. Jljist
HOJTyYeHUsT PEIeHNs HaIlleil 3a/1a9i Ha IPOMEXKYTKe [Xo, X | HaM IpHIeTCs CIeIaTh Ipu-
MepHo (X —g)/h maros, n Tak Kak Ha KazKJIOM IIare Mbl JIOIyCKaeM OIMHOKY nopsjika h?,
TO MOYKHO OKMJIATh, 9TO OIIMOKA, JIOIYIIEHHAs Ha BCEM IIPOMEXKYTKE, OyIeT mopsiaKa h.
Bimmsinne “Hac/1eICTBEHHBIX OMMOOK 3aBUCUT OT CBOMCTB peliaeMoro ypasHenus. B dqact-
HOCTH, €CJI UHTerpaJibHble JIMHUK C POCTOM x cOmkaioTcs (1o Tak, ecau Jf /0y < 0),
TO BJIMSIHUE “HACJICJCTBEHHBIX OIMMOOK’ yObIBaeT, a eciu pacxomarcd (Of /Jy > 0), To
BO3PACTAET.

Merom Ditnepa npoct. I IaBHBII €ro HEIOCTATOK — MaJias TOYHOCTh. B ¢BsI3M ¢ 3TUM
paccMaTpUBalOTC HEKOTOPbIE YCOBEPIIEeHCTBOBaHUs 3Toro Meroga. Cam meron Ditzepa
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JOITYCKa€T TaKyl0 TPaKTOBKY: B PaBEHCTBE

Th+41

y(@en) = ylow) + / Ty dt = ya) + / F(t () dt 3)

T T

CTOSAIIMI B IPABON YaCTU MHTErpaJl PUOIMKeHHO 3aMensiercs Ha hf (xy, yi). YcoBepiieH-
CTBOBaHUS CBI3aHBI ¢ OOJIee TOYHBIM MMPUOINKEHNEM 9TOTO MHTETPAJIa.

1-1 ycosepwerncmeosartvili Memod.

YVIOMSHYTBIH BbIIIEe HHTErPaJI OYIeM BBIYUCIATH 110 (OPMYJie CPETHUX MPAMOYTOIhb-
HUKOB, IIPUYeM HEeM3BeCTHOe HaM 3HaUeHWe TOLIHTErPATbHON (DYHKITNN B CEPEIITHE MPO-
MEXKYTKa Oy/IeM HAXOJUTh C IOMOIIBIO MeTo/a Diljaepa. DTO MPUBOIUT K CJICAYIONIEMY
AJITOPUTMY:

h h
Y1 = Yp + 1 f <Ik + bR yk+1/2) y T Yk+i/2 = Yk + §f(xkv Yk).-

O1eHrM MOrPEITHOCTD TON (POPMYJIBI HA OJHOM Iare (/i KpATKOCTH 00O3HAYEHUH —
Ha TIEPBOM), cuuTas npu SToM (yHKIWO [ Hy:XKHOe 4ucio pa3 guddepeniupyemoii. B
MMOHATHBIX 0003HAYEHUSIX [IJIsT TOYHOTO PEIIeHNsT TMeeM

2

h
y(x1) = yo + hyo + —

Jlst IpubIMKEHHOTO PeleHus:

h h,
Y1 = Yot+hf (xo + 50 Y0 + 5%) =
h? h?
= yo + hf(wo,y0) + ?f:; + ?yéf@; + O(h?) = y(a1) + O(R?).

TaK, IOrpenTHOCTh METO/a Ha OJHOM IIare mMeeT IOPAI0K MajgocTn he.

2-01 YycosepuLeHcmeo8aHHvIl Memod.

Unrerpas, crosmuii B npapoii yactu (3), OymeM BbIUUCAATH 10 (GOpMYyJIe Tparermii,
OIIATH UCTIOJIb3YS JIJIsT IPUOJINKEHNsT HEM3BECTHOTO 3HAYEHNUsT TIOABIHTErPATBHON (hyHKITIN
Ha [IPABOM KOHIIE TIPOMEKYTKA MeTO Jitepa:

h - -
Yk+1 = Yk + 5 (f(fck, Yk) + f(Traa, yk+1)), e Gey1 = Yk + hf(r, yi)-

HpI/I OIICHKE OIIIIOKU 3TOrO MeETOJa Ha OJHOM IIare 6y,ZL€M JJId TOYHOI'O penieHud UCIIOJIb-
30BaTb TO 2K€ pa3JIozKECHHE, 9TO U BbIIIEC, a IJId HpI/I6III/I}KeHHOFOZ

h /
Yy = y0+§(f(550> Yo) + f(xo + h,yo + hyp)) =
h? h?
=1y + hf(l’o, yo) + ?fg/c + ?y(l)‘f; + O(hg) = y(l’l) + O(hg)

HUTax, ommbOKa 3TOr0 METO/Ia Ha OJHOM IIare TaKzKe MMeeT HOPSIoK Majoctu hS.
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[Tpu pemenun 3a1a4an (1) Ha 38JAaHHOM MPOMEXKYTKE 0OOUME ITUMH YCOBEPIIIEHCTBO-
BAHHBIMU METOJIaMU MOYKHO OKHJIaTh HorpernocTsb nopsaka O(h?).

Obpammoiiic memod Fisepa. Dopmysta 3TOro MeToa mMoaydaerca n3 Gpopmysibl Teii-
aopa: y(zx) = y(rrr1) — hy' (xpe1) u umeer BUI Yri1 = Yk + f(Tpr1, Yrs1). Hocimennee
PABEHCTBO CJIe/IyeT pacCMaTPUBAThH KaK ypaBHEHNE OTHOCUTEIHHO ¥y 11, KOTOPOE M MPUXO0-
JINTCST PerraTh Ha KaxkIoM Imare Metoja. [lorpemucTs 3Toro MeToa Ha OJTHOM IITare nMeeT
TOT ¥Ke TOPSJIOK MaJIOCTH OTHOCUTENILHO K, uTo u Meroja Dittepa — O(h?), Ho KaxKblil
mar Tpedyet GoJibIeit 3aTpaThl Tpyaa. O HEKOTOPBIX MPENMYIIECTBAX ITOI0 METO/1a ITePe]T
MeTooM Ditepa Oyjier cka3aHo B § 5.

Bagaua. HaiiTu Opsi/ioK MOrPENTHOCTH HA OJHOM IIAre MeTOJIa, ONPeNessieMoro (Ha MepBoM Iare)
dbopmymamun:

h - h h
U1 =yo +hf(zo,y0), Y12 =vo+ §f($0,y0)7 g1 ="Y1/2 + §f (iCo + §,y1/2) ;

Y1 =291 — Y-

§2 Metoapr Agamca.

Keadpamypnovie dopmyav, Adamca.

[Ipr paccMoTpeHnnm BO BTOPOI TJIaBe WHTEPIIOIANMOHHBIX KBaJIPATYPHBIX (DOPMYIT
HPEIIOJIOKEHIE O TOM, YTO Y3JIbl 9TUX (DOPMYJI IPUHAIIEIKAIN IPOMEXKYTKY HHTEIPUPO-
BaHUsI, KaK IIPABUJIO, HE JIEIaJI0Ch. V XOTs 3T0 ObLIO TaK B IPUBEIECHHBIX TaM KOHKPETHBIX
dopmystax, HOIBIINHCTBO Pe3y/IbTATOB BEPHO U B TOM CJIydae, KOTJA IaCTh Y3/I0B JIEXKUAT
BHE NPOMEXKYTKa WHTerpupoBanus. K umciay Takux (GOPMYyT OTHOCITCS KBapPaTypHbBIE
dopmyssr Aganvca

Onpenenenue. DKcmpanossyuOHHLMU KE8aOPAMYPHOLMU Gopmyramu Adamca Ha3bI-
BalOTCs MHTEPIOJISIMOHHbIE KBaJIpaTypHble (DOPMYJILI IS BBIYUCACHUSI MHTErpaJja IIo
npomexkyTky [0, 1] ¢ yamamu 0, —1,..., —p:

| st@ra =3 alo(=i) )

a TaKzKe MoJ00HbIe UM (POPMYJIBI™.

Iorpentaocts (ocraTodmnblii diem) dhopMy/sl obo3nadnM depe3 R, (g):
1 p
Rlg) = [ gla)do— 3" alg(~i).
0 -
7=0

CorJracHO OTIPe/Ie/IEHUIO0 MHTEPIIOJISIIIUOHHBIX KBAIPATYPHBIX (hopMYJT KO3 DUImeHTht
a? BBIYUCJIAIOTCS 110 IIPABUILY

p_ ! W(ZE) .
% ‘/o CET P

*Onpeenenne moMOOHBIX KBAIPATYPHBIX (POPMYJI CM. B § 2 BTOPOIi IJIaBHI.
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rie w(z) = [[i_o(z + k).

Haiizem npescrapierne ocraTogroro wiena Gopmyisl (1) B IPeanoIoKeHnn JT0JIK-
noit nuddepennupyemocrn dyukmuu g. Ilycrs Py(r) — HHTEPHOIAIMOHHDIN ITOTHHOM
dyuknun g, mocrpoennsrit mo y3uam 0, —1, ..., —p. [lockoabky dopmyra (1) uarepros-
[IUOHHALA. TO

Rp(g):/0 (g(x)—Pp(x)) dz:( 1 )!/0 w(l’)g(p+l)(77(l’)) dx

p+1
1
o [ @) g = A6, € (-p)

MBI BOCIOJIB30BAJIUCH TIPEJICTABJIEHUEM OCTATKA WHTEPIIOJIANNN, JIeMMOi u3 § 1 ryraBbr 2
I HEOTPHUIATEILHOCTHIO monHoMa w () Ha mpomexkyTke [0, 1].

[Ipusesiem Tabumiy kKoddduimeHToB oz? dbopmysbr (1) mis mepBbIX 3HaUeHHi p, a
TaKzKe 3HaYeHUN Ko3puuueHToB A, B IpPeICTaB/ICHIN OCTATOYHOIO UJIEHA.

j=0]j=1]j=2]j=3] 4,
p=1]| 3/2 | -1/2 5/12
p=2|23/12| -4/3 | 5/12 3/8
p=3155/24|-59/24 | 37/24 | -3/8 | 251/720

Onpenenenne. HUHmepnossyuonnvmu keadpamyproimu dopmysamu Adamca Ha3bI-
BalOTCs MHTEPIOJISIHOHHbIE KBaJIpaTypHble (DOPMYJIbI IS BBIYUCACHUS] WHTErpaJja IIo
upomexxyTky [0, 1] ¢ yamamu 1,0, —1,...,—(p—1):

/ﬁmm:i@mw+&@, @)

0 ]:_1

a TakKKe IMOJ00HbIe UM (DOPMYJIBI.
[Ipu p = 1 sTa bopmyna cosnagaer ¢ dhopmysoi Tpamneruit. Kosadbdunmentsr ﬁf BbI-
YUCTISIOTCS 110 (hOpMYyJIaM:

L e
@‘1A<x+ﬂwwq>

rie Ha 9T0T pa3 w(x) = (x — Da(x +1) ... (x+p—1). [lockonbKy w(z) He MeHsIET 3HAKA
ma [0, 1], To, Kak W B cirydae SKCTPANOIANMOHHON (hopMysbl Anamca, JIerKOo MOy dInTh

dx,

IpeacraBjacHrue OCTaTOIHOI'O YJIEHa B (bopMe ﬂarpaﬂma:

R,(9) = B,g®™(¢),

p

(p+ 1)!

[Tpusenem Tabsuiy KoahbuIeHToB /Bf u B,.

/0 w(x)de, € (—p+1,1).

j=-11j=0]j=1]j=2] B,
p=1] 1/2 | 1/2 1/12
p=21| 5/12 | 2/3 |-1/12 -1/24
p=31| 3/8 [19/24|-5/24 | 1/24 | -19/720




SamMernM, 9TO B MHTEPIOJIANMOHHON (hopmyse AmamMca paclosiokKeHne y3/10B Oojee
6JIArOIPHUATHO, YeM B SKCTPAIIOJIAIIOHHON, 1 KO3(PUINEenTs! 5, B IPeJACTaIeHIH OCTa-
TOYHOT'O WIEHA [0 MOJYJIIO MEHbIIE COOTBETCTBYIONNX KO3(bdUImenTos A,.

@opmyer Aamca 0OBITHO TTPUMEHSIIOTCS, KOraa GyHKIMs f 3agaHa TabJIuIeil cBoux
3HAYEHUIl B PABHOOTCTOSAIINX Y3JIax Ty = To + kh: f(xy) = fr 1 Tpebyercst BBIYUCINTE
UHTErpaj OT 3TOW (DYHKIUH 10 IPOMEXKYTKY MEXKJLy JABYMs cocequumu y3iaamu. [1pu-
MeHssT (POPMYJIBI, TIOJOOHBIE TPUBEJIEHHBIM BhIIe (opMyaaM Ajamca s TPOMEXKYTKA
[0, 1], Torma mosryanM B cirydae SKCTPAIOJISIMOHHON hopMy bl Aamca

/ - f($) dr ~ hz a?fk—]# Rp(.f) = Aphp+2f(p+1) (6)7 6 € (xk—p7$k+1)a
Tk =0

a B CJIy4dae I/IHTepHOJIHHI/IOHHOﬁ

Tht1 p—l
/ Faydem b S Bhes Rolf) = B2 0(€), € € (axpin, 7).

Tk ]:_1

YacTto 3tu GopMysIbl 3aUCHIBAIOT B JIPYTOM BHUJE, C MCHOJH30BAaHUEM KOHEYHBIX Das-
HOcTeill. leficTBUTETbHO, KBaJpaTypHas CyMMa €CTh WHTerpajl OT WHTEPIOJISIMOHHOTO
noJimHoMa (byHKIIUU f, TOCTPOEHHOTO TI0 y3JIaM KBaJIpaTypHOit hopmysibl. B ciryuae skc-
TPaNoOJIAIMOHHON (hOPMYJIBI Bocoib3yeMcs dhopmysioit HeoTona jijist KoHIa TaOb IuIbI

Ht+1)

o A% fro4 ...

Py(zp +th) = fi +tAfr—1 +

U TeM, UTO
Th+1 1
/ P,(x)dx = h/ P,(x + th) dt.
T 0

Tora moryauM 3KCTPAIOJISIITUOHHY0 hopMmyry Agamca B BUJE:

Pht1 1 ) 3
/ f(.flf) d,’L’ ~ h|:fk + iAfk_l —|— EA2fk_2 + gAgfk_:;—i—
o (3)

251
g st A iy, By(f) = A )
B ciriygae uHTEpIOISAIIMOHHON (DOPMYJIBI
tt+1
Pp(xrs1 +th) = fep +tAfi + ( 5 )A2fk—1 +...,

Th+1 0
/ Pp(il?) dr = h/ Pp($k+1 + th) dt,

-1

TaK 9TO MHTEPIIOJIAIINOHHaA (bOpMYJIa A,ZLaMCa IIpUHUMaET BUJ
Tt 1 1., 1 .,
fl@)dr ~ h| fur = 50fe = 50 iy = 320 fia
& @)

19
_ %A4fk—3 —_—.— prf”fk_pH], Rp(f) - Bphp+2f(p+1)(€)‘
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drcmpanorauuornvild memod Adamca.
Bepuemca k 3amade Korm:

y/ = f(xvy)v y(l’o) = Yo.

Mp1 nimem 3nadenns IpUOIMZKEHHOIO PellleHns B PaBHOOTCTOANIMX y3Jax T = To + jh.
IIycte mpu j = 0,...,k, tme k > p — 1, stu npubimkennsle 3uadenus y; ~ y(r;) yxe
naiijienol. Byjiem nckarh yii1. [lo dopmyse Heiorona - Jleiibuuna

Th+1

Y(wpi1) = y(ar) + / y'(z) du.

Tk

JI/1s1 BLIMuC/IeHns MHTerpaJia BOCIOIL3YeMCsl SKCTPAOIAIMOHHON (bopMy1oit A mamca, 3a-
MEHUB 3HaYeHU: §' B y3/aX HPUOJIIKEHHBIME 3HadeHusaMu y'(x;) & f(x;,y;), 1 3aMeHIM
y(zy) ma yi. Torma, momarast n; = hf(z;,y;), moryanm

1 5
Y+l = Yk + Mk + §A77k—1 + EAZW—2 + o+ ap APy (5)

win B 6e3pa3HocTHOi (hopme

p
Yk+1 =Yk + Z ;-
=0

Merox Anmamca ecrb crocob npodoasicenus TabiauIpl — IepBble 3HAYECHUS HCKOMOI
byHKIME JI0/KHBL OBITH HalIeHbl ApyTuM criocobomM. Ecm Meros npumeHnsiercst B pas-
HOCTHOM hopMe, TO K TOMY MOMEHTY, KOTJIa Mbl BBIYUC/ISEM Yk 1, MbI JOJIZKHBI PACIOJIa-
rathb Tabsmreii (B caydae p = 3)

;j yi | mi | An | APy | Ay,
Tr—2 | Yk—2 | Mk—2 Azﬁk—g

Any_g A3nk—3
Tk—1 | Yk—1 | Mk—1 A2771%—2

Ang_y
Ty Yk Nk

Buauenne Y1 Beraucasgercs no dopmyse (5). B ary dopmyny BxogsT pasnocTH, Ha-
XOJAIINECT B HUKHeH KOCOW CTpoKe NpuBejeHHoil Tabymibl. [locte 9Toro Beramcisercs
M1 = hf(Tka1, Yks1), 3aMOTHSIETCS CAEIYIONIAS KOCAsi CTPOKA PA3HOCTel, M BCe TOTOBO
JUTA CJIeIyIONero mara. be3pasnoctnas popMa MeTO/Ia MO3BOJIIET U30€KATH BHITUCICHUS
KOHEYHBIX pa3HOCTEIl.

Cder ¢ pasHOCTSIME OOBIYHO IPUMEHSIETCS IPH PYYHBIX BbluucaeHusx. OH mMeeT TO
MIPEUMYIIECTBO, UTO MMO3BOJIAET KOHTPOJUPOBATH PA3yMHOCTH BBIOPDAHHOIO TOPSIIKA Me-
Toja p U mara h — mnepseiit or6porenHbil B dopmysie (5) WieH He JOJIZKEH MPEeBOCXO-
JINTh TPUHSATYIO0 TOYHOCTH BBIMUC/IEHUs pelreHnsi. Brpodem, mpu p > 5 MeTos 0OBITHO
HE IPUMEHSIETCs, MOCKOJIbKY B Pa3HOCTAX BBICOKOIO IOPSIIKA CHJILHO BJINSHHIE OITHOOK
OKPYTJICHUS.
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[Ipu cuere Ha KOMIbIOTEpe OOBIYHO NpUMeHseTcs Oe3pasnocTHas dopmysta. Torma
TPeOyIoTCs JIpyrue crocoObl KOHTPOJIA 3a maroM h.

Hnmepnoaayuonnuii memod Adamca.

OTyimame 9TOro MeTo/Ia OT SKCTPAIOIATINOHHOTO COCTOUT B TOM, UTO JIJI BHIYUCICHUST
UHTEerpaja Mo [Ty, Txy1| OT MPOU3BOIHON DPEIIEHUs UCIOIb3YeTCs WHTEPIPOJIAIMOHHAS
KBajipaTypHas ¢popmynaa Amgamvca. Torma Mbl TpuxoanM K GopMmyJie

1 1
Ykt1 = Yk + M1 — §A77k — EAan_l -, (6)

i B 6e3pasHoCTHO dhopme

p—1

Yo =Y+ Y By (7)

j=-1

Korja saM citeyer BBIYUCIUTD Yk 1, BEJIUYUHA 741 (M pasHocTH, BXojsmwe B (6), ec-
JI MBI UCTIOJIB3yeM 3Ty dbopMyny) Ham HemsBecTHa. [losromy (6) mim (7) ciemyer pac-
CMATpPHUBATh KaK YpasHeHue BUAA Ygi1 = @(Yki1), DEIIUB KOTOPOE, MbI U HAHIEM WC-
KOMOE 3HAYCHUE Ui, 1. Y PABHEHHE JIETKO PEIIACTCs METOJOM MTEpaIii: BLIOpAB HavAJIb-
HOe IpUOIIMZKEHHe YY), ;, Mbl cTpouM Hoceayiomue Yy = @(y; 7). Jlerko Bujers, uro
©'(y) = hB% 1 f,(xp41, ). TlockombKy BbIUEC/ICHHSA OOBIMHO BEIYTCA C MAJILIM Iarom h,
9Ta IPOM3BOJHAS MaJia 10 aOCOJIOTHONW BEIMYMHE, W METOJ UTEPAIMH CXOJUTCA OYCHb
obIcTpo. Xopollee HavaIbHOE TPUOITHKEHHE Yy 41 TTOJIY9al0T OOBIMHO, HCHOJIL3Ys SKCTpa-
HOJIANMOHHLIN MeTon Anamca. IIpu UCIO/NIb30BaHUN KOHEYHBIX PA3HOCTE eCTh M JIPYroil
C110Cc00 MOCTPOEHUST HAYaIbHOTO IpubmKenns. OObIIHO 1Iar h BRIOUpaeTcst Tak, UTO IO-
CJIeJIHIE HUCTIOB3yeMble PA3HOCTH TOPAIKA P (1 ONPEJEIeHHOCTH IYCTh p = 3) HOYTH
MOCTOSTHHBI ¢ IPHHSTOf TOYHOCTDIO Bhramcsenuit. [losromy nonarator A3 , = A3,y n
ILyTeM CJIOZKCHUs 3aIOHAIOT KOCYI0 CTPOKY PAasHOCTEH BILIOTH JIO 7)j ,, IOCIIE HYero Yy
HaxosT 10 (hopmyiie (6).

[Tpu BLIMUC/IEHUAX Ha KOMIIbIOTEpe 06€3 pa3sHOCTell 9acTO MCIOJIL3YeTcs KOMOUHAIMS
SKCTPALOJISIUOHHOIO U MHTEPIOISAINOHHOro MeTonoB Anamca. CHadaa BEIYUCIACTCS 110
9KCTPAIIOJISAIMOHHOMY MeTOLy AJlaMca 3HAMCHHE Yj_ ;, M OHO yTOUHSCTCH 10 (HOpMyIie
(7). Tlo pasHOCTH THX JABYX 3HAYEHUIT MOXKHO CY/IUTH O TPUTOJHOCTH BHIOPAHHOIO Iara
BBIYUCJICHU.

Yacro UCHoJIb3yercst TOHATHE MOpsijika MeTojga Ajamca (SKCTPAOJISIMOHHONO HIN
UHTEPHOIATMIOHHOTO). [Topadkom meroma Ajamca Ha3bIBAETCA YUCIO d Y3JI0B UCIOJb-
3yeMoii IIpu ero HOCTpoeHnu Kpaaparyphoii dpopmynnt Amamca. Eciam nmeercs B Bumy
dbopmyma (1) wiu (2), To mopsimok Meroia d = p+ 1. st MmeTosoB Aamca ¢ KOHETHBIMI
Pa3HOCTSIMU IIOPSIIOK METOIa — 9TO MOPSJIOK IIEePBOI OTOPOIIEHHON KOHEYHON PasHOCTU
(manpumep, g dbopmyiibt (5) 310 mo-TipeskHeMy p + 1). 3aMeTuM, 9TO MOTPEIHOCTD Me-
Tofa Ajtamca Ha ognom mare ectb O(h4tl) = O(hP*2). Dro o3navaer, uro eciu pasast
gacTh auddepeHnuaabLHoro ypapuenns — GyHKIus [ — UMeeT JIO0CTATOYHYIO IIAIKOCTh
U BCE BLIMUCICHHBIC HA IIPEABLIYIIIX MIarax 3HAYeHUs COBIAIAIOT CO 3HAYCHUSIME B y3J1aX
TOYHOIO PEIICHHUs, TO BBIYUCICHHOE 110 (hopMmyse Amanmca HOBOE 3HAYCHHE OTIMYACTCA OT
TOYHOIO B TOI K€ TOUKE Ha BEJIMYMHY, UMEIONIYIO YKA3aHHBI MOPSIOK MAJIOCTH.

137



Cucmemul ypasrenuti U YpasHeHUus 6bicuLe20 nopadka.

Meromnl AmaMca TpuMeHNMBI 1 JI7IsI pernenns 3a1a4 Komm st cucrem auddepenim-
aJIbHbIX ypaBHenwuil. [lycts jana 3amada Kommum qia cucrembl quddepennuaabHbIX ypaB-
HEHUI:

yllj(x) :fl/(x7ylay2a"'7yn)7 yV($O)ZyV07 V:172a"'an'
Ecin BBectn Bexrop-pymxmmn Y (z) = (yi(z),...,ya(2)), Y'(2) = (vi(2),...,y,(2)),
F(z,Y) = (fl(a:,Y), . fn(x,Y)) u BeKTOp Yy = (Y10, - - -, Yno), TO Hamry 3amady Kormnm
MOKHO IEPEIUCaTh B BEKTOPHOI (dopme:

Y = F(z,Y), Y(x)="Yo.

[Iycts xp = xg + kh cucTeMa paBHOOTCTOSIIIIAX TOYEK, B KOTOPBIX MbI UIIEM ITPHUO/INZKEH-
Hble 3HAYEHUsI PEIeHUsT MOCTaBJIEHHON 3ajaqu: Y,r ~ Y, (k). [loCcKOIbKY 1pu BbIBOjIE
dopmysbr Agamca it OHOTO D PEpPEeHITNATBPHOTO YPAaBHEHNsT UCIIOIb30BAIOCH JIUIITh
TO 06CTOATENBCTBO, UTO Ny, = hf(xy, yr) ~ hy'(xy), TO Te xKe coobpazkeHUs TIPUBOJIAT K
CI10CcO0y MOCTPOEHUsT TPUOINKEHHBIX 3HAYEHUN pelleHns U B Caydae cucreMbl audde-
peHIINaIbHBIX YPaBHEHMIA:

P
Yvk+1 = Yok + hzaffu(iﬂk—pylk—j, s Ynk—j)
3=0

JJId SKCTPAIIOJIATMOHHOTI'O METOAa A,ZL&MC& n

p—1
Yokl = Yok T h Z ﬁffu(ifk—bylk—ja ce o Ynk—j)

j=—1

B C/lIyda€ MHTEPIIOJIAIINOHHOTI'O METO/da. HpI/I 9TOM IIpeAlloJiaracTcCd, 9TO Ha4aJ/IbHbIEC 3Ha49€-

Hust Y, p, (npu k = 0, ..., p 1as sKeTpanosiiuoraoro meroga u k = 0, ..., p— 1 jyist uaTEp-
HOJISIIIMOHHOTO) Hafi/IeHbl KAaKUM-JIH00 apyrum crocobom. C uermob30BaHneM BBEJEHHBIX
obozHadeHnit GopMyIIBI METOZOB ATaMca, eciu HOJIOKUTE ete Yy = (Yik, - - -, Ynk ), MOLYT

OBITH TIEeperucanbl B BEKTOPHO# hopme:

p
— p
Yk+1 = Yk + h E OéjF(l’k_j, Yk—j)
Jj=0
WIn
p—1
— P
Yiri =Y +h E BiF(x—j, Yi—j)-
j=—1
[Tocenree BeKTOpHOE PABEHCTBO, OTHOCAIIEECST K WHTEPIOJISIIIUOHHOMY MeTOxy Amam-
ca, CJIe/lyeT paccMaTpuBaTh KaK CHCTEMY YPaBHEHHIl OTHOCHTE/IHLHO KOMIIOHEHT BEKTOpa
Yy 11, KoTOpasd, Kak U B cjIiydae OJfHOro JuddepeHnnaabHoro ypaBHEeHUs, OOBITHO JIETKO
peIaeTcsa MEeTOI0OM UTEPAIlNi.
Metoabr Aramca IpUMEHUMBL U JIJIs pertenus 3aaaqn Ko Jjist ypaBHeHHIi BBICIIIEro
MOPSIIKA:

m m— m— m—1
y( ):f(zvyvy,>"'ay( 1))7 y($0):y0a ) y( 1)(x0)=y(() )7
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IOCKOJIBKY 3Ta 3aJa4a JIerKO CBOAMTCA K 3ajade Komm s cHCTeMbl BBEJCHHEM HOBBIX
nenssectHbX bynkmmit 2z =y (1=1,...,m —1):

y(w0) = o, 21(00) = yps - Fmoa(w0) =",

JIBa 3aKJIIOUNTE/HLHBIX 3aMedaHusi. Bo-1IepBhIX, elle pa3 HAIIOMHHUM, 9TO 00a MeToIa
Aamca TpeOyrOT, 9TOOBI HAYAIO TAOIHUITEI OBLIO MTOCTPOEHO KAKUM-JTHO0 JPYTHM CIOCO-
6oM. Bo-BTOpBIX, ecyu B IIpoliecce caeTa HaM IOTPeOOBAJIOCh U3MEHHUTD IIIar HHTErPUPOBa-
HUsI, TO 9TO CBA3aHO ¢ HEOOXOINMOCTBIO IIOCTPOEHUS HOBOIO HadaJ a TaOJINIbI, ITO MOXKET
OBITH CIAEIAHO, HAIIPUMED, C IOMOIIBIO0 HMHTEPIIOJISIIIAN.

Banaya. O0bsacHUTD CBsI3b MeKAY Kodbdunuenramu A, u B), ocraTo4nbx wieHOB (hopmyst Ananca
¢ koabdunuentamu dbopmya (3) u (4):

Ap = apy1, By =bpi1.

§ 3. CnocobbI mocTpoeHUs HaYaJIa TAOJIUIIBI

B stom maparpade mnaraiorcst HEKOTOPbIE CIHOCOOBI MOCTPOCHUsT HAYAJA TaOJIUID,
T.e. BBIMHUCJICHNS IPUOJIMKEHHBIX 3Hadennit y; ~ y(z;) (x; = xo + jh) pemtenns 3amzan
Komm

v = f(z,y), y(zo) =10 (1)
npu MaJjbix j. [locTpoennst 3Tux HAYAIBHBIX 3HAYEHUN TPeOyroT MeToabl Ajamca.

1. Pasnooicenue pewenus 6 pad Tetinopa.
[Tycrs y(x) — perenne namei 3agaqu: y'(x) = f (:L', y(a:)) Huddepennupyst 370 TOXK-
JectBo (cumrast, 9To PYHKIMs [ MMeeT HyKHbIE TIPOU3BOJIHBIE), MbI TIOJLY IHM:

"(z) = [z, y(2)) + [ (2, y(2))y' (z),
"(x) = fr(xy(@) + 210, (zy()y (@) + £, (2, y(2) [y (2)]*+
+ [y (z,y(x))y" (x)

u, upooszKas AuddepeHnupoBanne, IPeICTaBIeHNe CIELYIONMX TPOU3BOJAHBIX. Y UUThI-
Bast, uTo ' (x¢) = f(o, Yo), U MOJCTABIISISA T( B IPUBEJIEHHBIC (DOPMYJIBI, MBI MOYKEM HANTU
B 9TOfi TOUKE 3HAUCHHUs MPOU3BOAHBIX pemtenns %) (zy) = y(()u). [Tocsie sToro pubImKeH-
Hble 3HAYEHUs PElIeHUs] B UHTEPECYIOINX HAC TOYKaX HaxoasaTcsa u3 (opmysisl Teitiopa:

: jh)? Jh)"
y(xj)%yj=y0+(Jh)y6+(2,) y6’+---+<n,> v

)
)

HpI/I IIOCTPOEHUHN HadaJla Ta6JII/IILbI Ha4daJIbHbIE TOYKHM BBII'OJHO 6paTb KaK IIpaBee, TaK
n JjieBee TOYKHU XTg. HaHpI/IMep, €CJIN MbI CO6I/Ipa€MCH IIPUMCECHATDb METO/ A,IL&MC& IIATOIO
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MOPsIJIKA U HaM TpeOyeTcsl 3HATH IsITh Ha9aIbHBIX 3HAYEHNUI, TO B KAUeCTBE NX apryMeHTOB
OepyT T_o,X_1,Tq, L1, Ty. DTO JIyUIlle, IeM Ig, L1, T2, T3, L4, TOCKOJIBKY MMO3BOJISIET OPATH
MeHBIIe YJIeHOB B pas3/ioxkeHun Teiiopa.

2. Umepamuenviti memod (memod A.H.Kpuiiosa)

g onpenenennocT Oy/ieM CUUTaThH, 9TO TPEOYETCs TIOCTPOUTH (KPOME M3BECTHOTO
Yo) ellle TpU TEPBBIX 3HadeHusl pertenus 3agadn (1) yq, Y2, y3. Herpyano mocrponts uH-
TEPIOJIAIMOHHBIE KBaIpaTypPHbIe (DOPMYJIBI

k+1 3
/ g(r)do ~ 3" Abg(G), k=0,1,2 2)
k =0

k.
[pusenem Tabmuiy ux kosbduuentos Aj:

J=0]Jj=1]7=2|7=3
k=0 3/8 | 19/24 | -5/24 | 1/24
k=1|-1/24 | 13/24 | 13/24 | -1/24
k=2|1/24 | -5/24 | 19/24 | 3/8

Torna, ucnob3yst KBaapaTypHble (hOPMYIIbI, Mog00HbIe (2), mis pernerus y(x) nMeem

vaw) —vto) = [y @e = [ fey@)de = 0SS A 0) = A

Zp Ty =0

Taxkum obpazom st HemsBecTHbIX Ayy (K = 0,1,2) Mbl moaydaem (yduTbiBasi, 9TO Yo
U3BECTHO) CUCTEMY YPaBHEHUIL

Ayk = gpk(Ay()v Aylv Ay2)7 k= 07 17 2. (3)

31ech
j—1

3
Or(Ayo, Ayr, Ays) = hz A?f(f% Yyj), ThC Yj = Yo+ Z Ay
j=0 =0

[Ipu masbix h npousBojHbIe DYHKIUN ) MaJbl, U JJIs PEHIeHUs] CHCTEMbI OBICTPO CXO-
JTCST METOJI UTepalu. B TepMuHaX NpUOJMKEHUN Y, & y(Xy) UTEepATUBHBI HpoIece
peIlleHnsT CHCTeMbI ypaBHeHuit (3) BBINISIAUT Tak (BepXHUN HHJEKC Y y — HOMEp IIPHOJIN-
JKEHWsI ):

3
s+1 __ s+1 _ , s+1 k s _
i =ve, T =yt Y AN (), k=1,2,3.
Jj=0
Hauasbnoe npubzkenue 30, 49, 5 MoxkKeT GbITh HOCTPOEHO, HAIPUMED, MeTo oM Diiaepa.

O6a HU3JIO2KEHHBIX METOJa IIPUMEHHMBI U B CJIy49ac 3a/a49u Kommu JJId CUCTEMbI ,ILI/I(i)—
depeHInaIbHBIX yPABHEHUI, & 3HAYUT, U JIJIs YPABHEHUN BBICIIIErO MOPSIIKA.

,HJIH IIOCTPpOEHUA HadaJIa Ta6III/IHbI MO2KHO IIPpUMEHATDH TaKzKe u3JjaraeMblii B CJIeIYIO-
meM naparpade meros Pynre - Kyrra.

3anmava. O6bsicaurs cBa3b npu k = 0 u k = 2 kosddunuentos Af, MIPUBEEHHBIX B TabJnIe, C

koaddunmenTaMu KBapaTypHO HHTEPIOJISIITMOHHON hopmysbl A amca.
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§4 Meton Pynre - Kyrrta

Haunem cpasy ¢ Beranciaurenbubix gopmyi. yers ausa 3agaan Ko

y, = f(l’, y)a y(ZL'Q) = Yo (1)

yzKe HaiijleHo Tpub/IKeHHOe 3HAUYEHHEe PEIIeHUs B TOUKe T Y(x,) & y,, U Tpedyercs
HAWTHU pEIIeHne B TOYKE XTp11 = T, + h. Cornacuo merony Pynre - Kyrra sto nenaercs
o popMmytam:

h k
kl = hf(xm yn)> k2 = h.f <$n + §a Yn + ?1) )
ko

_) 5 k4:h'f(xn+ha yn+k3)>

2

h
kSth<$n+_ayn+ 9

1
Ynt1 = Yn + 6(1{51 + 2ky + 2k3 + ky). (2)

910 — HGKOTOprfI aHaJIOT IIpPUMEHEHU A JIgd BBIYMCJICHUA NHTEeI'PaJia B PaBECHCTBE

Y(2sr) = ylaa) + / e

kBaparTypHoii popmysbl Cumicona. eitcrsurensho, ki ~ hy'(x,,), ke u k3 — HeKoTOpBIE
npubmkenns K hy'(z, + h/2), a ks — & hy' (2p41)-

OCHOBHBIM U HEOYEBHIHBIM CBOficTBOM Meroja Pynre - Kyrra spisiercs To, 910 €ro
IIOIPENIHOCTh Ha OJHOM Inmare mmeeT mopsaok majgoctu O(h%). 9To osHauaer, 4To ecin
dbyukums f umeer Hy)KHOE YUCJIO TPOU3BOJHBIX, a ¥, TOYHO cOBIAIaeT ¢ y(x,) U MbI
pasIoKuM (T, 4 1) ¥ IPABYIO YaCTh PABEHCTBA (2) 10 cTeneHsIM h, TO PACXOXKICHUST B ITUX
Pa3JIOZKeHUAX HAMHYTCs JIMIIH ¢ 4IeHOB, cojepxkamux h°. CBs3aHHbBIC ¢ 9THM BBIKJIAIKI
IPE3BBIYANHO IPOMO3/JIKU™ U MBI X IIPUBOIUTE He Oy1eM.

Meron Pynre - Kyrra npumenum u st cucreM juddepeHInaibHbIX ypaBHEHUI, a
3HAYWT, W JIJIsl ypaBHEHWIT BhICIIEero mopsiaka. Gopmysbsl MeTosa B ciiydae 3ajgadn Kormm
JITST CHCTEMbBI yPaBHEHHI

Y'=F(z,Y), Y(x) =Y

MBI IPUBeJIeM cpady B BeKTopHOil dhopme. Te Bermannsl kj;, KOTOpbIE OABUINCH B (hOPMY-
JlaX MeTOoja Jjisl OJTHOIO YPaBHEHUsI, CTAHYT TelepPb BEKTOPHBIMU, U OYAyT 0003HAYATHCS
saraBHbIME OyKBamu. Tak, mycrh npub/InKeHHOe 3HAUYEHUe pelieHns Yy &2 Y () yxe

naiineno. Torma gy monydenust Yy ~ Y (xpy1), 00 Tpr1 = Tx + h, UCIOIB3YIOTCS
dopmyIIbI

K :hF(LL’k, Yk),

K4 :hF(xk + h, Yk + Kg),

1
Yie1 =Y + 6(Kl +2K5 4+ 2K5 + Ky).

*Nx moxkuo Hayitu B kaure M.I1. Muvicoscxuz.
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OTrmeTnM HEKOTOPBIE CBOiicTBa MeTo1a Pynre - KyrTa B cpaBHennn ¢ Mmeromamu A mam-
ca. Ha oxnom mrare meros Pynre - KyTTa mMeer morpentHocTb TOro »Ke Mopsjka, 9To 1
MeToIbl A Tamca deTBepToro nopsiaka (p = 3). B To ke BpeMst B 9KCTPANOSIIHOHHOM METO-
nte Aamca Ha 0IHOM Iare Tpebyercst BBIYUC/ISTD JIMIIbL OJHO 3HAYEHUe IIPaBoil yacTtu f, B
HHTEPIOJIAIMOHHOM — B 3aBUCUMOCTH OT YHCJIa UTEPAIHil, B CPEIHEM MOXKHO CIUTATH 2-3
3HaveHus, a B Meroje Pynre - Kyrra 4 snadenns. Ecim ucnonbsoBath MeToanl Amamca
npu p = 4,5, TO U MAar B 3TUX METOJaX MOYKHO BBIOMpATh OoJibie. Tak aro meron Pyn-
re - Kyrra cymecrBerro OoJiee TpymoeMoK, dem metoisl Amamca. [lo 9roit npuanne 10
HOSIBJIEHUsT KOMITbIOTEpOB MeTo Pynre - KyrTa paccmarpuBasics B OCHOBHOM KakK CIIOCOD
OCTpOeHUsT Hadasa Tabauibl. Ho ¢ mosgsieHneM KOMIIBIOTEPOB Ha IEPBBIN ILIAH BBIILIN
HEKOTOPBIE IpenMylnecTBa Meroja Pynre - Kyrra, 0 KOTOphIX OyIeT cKa3aHO HUXKE, U
9TOT MEeTOJI IIPUMEHSeTCsT JIJIsl peltenns 3a1a49 Ko Ha 60IbInX IpoMexKyTKax. Bipo-
TeM, ecu perrenne 3ajad Kormm sB/steTcs coCTaBHON 9acThbio OOJIBINMNX BBIYUCIEHW, 1
TaKUX 3a/J1a9 TPeOyeTcs: PelnTh 09eHb MHOT0, TO (haKTOP TPYI0EMKOCTH MOYKET OKa3aThCs
OY€HDb CYyIIECTBEHHDIM.

Meton Pynre - KyTrra mMmeer aBa BaKHBIX IIPEUMYINECTBa Iepell MeTogaMu AgaMca.
Bo-nepBrix, oH He TpeOyeT MpeIBapuTeIbHOIO IMOCTPOEHNsT Hadaja TabJUuIbl U caM M-
TOJIEH JIJIsT TAKOT'O ITOCTPOeHUsi. Bo-BTOPBIX, IIAar B 9TOM MeTOjIe He 00s13aTeTbHO TOCTOSH-
HBII, U €ero u3MeHeHne B JII0O0H MOMEHT He CBSI3aHO C JIOTIOJHUTETHHBIMEU TPYTHOCTSIMHU.
Hanomamm, uro B Meromax Ajamca mepexojl K HOBOMY IIary CBA3aH ¢ HEOOXOIMMOCTHIO
CTPOUTH HOBOE HAYAJIO TaOJIUIIBI.

JLnist KoHTPOJIA 3a BBIOOpOM Imara B Metojie Pynre - KyTra nnorga npuMensercs mpo-
CYeT OJHOW 3a/1a9M ¢ pa3HBIMU ITATaMHu.

3agaua. Jokazars ocHoBHOE cBOiicTBO MeToa Pynre - KyTra (HOPsIOK TOYHOCTH Ha OJHOM IIare)

JUTsi catydas npocredimero quddepennuanbaoro ypasaenus y' = f(x).

§5. Bompocsl ycroitunBoctu. 2Kectkue cucreMbl ypaBHEHUA

Henbro nannoro naparpada saBisieTcs KpaTKoe 3HAKOMCTBO ¢ TeMU ITPOOIeMaMu YCTO -
YUBOCTHU, KOTOPbIE BOZHUKAIOT [IPU YUCJIEHHOM periennn quddepennnaabublX ypaBHEHHH,
U YKeCTKUMU cucTeMaMu JnddepeHmaabHbIX YPaBHEHNN, IPU PENIeHNH KOTOPBIX TaKne
BOIIPOCHI SIBJIAIOTCA HamboJsiee cymecTBeHHbIMU. Ho cHavama ciaemyer odpaTuThCd K pas-
HOCTHOLM YPABHEHUAM, CBEJIEHUSI O KOTOPBIX BCKOPE HAM HOTPEOYIOTCH.

PasnocTabiM ypaBHEHUEM MOPSAIKA 1M HA3BIBAETCA YpPaBHEHUE BUJIA

Ur = f(B, Yr—1:Yk—2: - s Yk=m), k=m,m+1m+2....

OquI/I,ZLHO, qTo ec/id 3aJdaHbl HaAYaAbHbLE SHAYEHUA Yo, Y15 - -+ y Ym—1, TO PASHOCTHOE ypPaB-
HEHUs ompejiesiseT Bee 3uadenusd Yy (kK =0,1,2,...), ecim TOJIBKO BCe apryMeHThI (DYHK-
I f II0IIa/1aI0T B O6ﬂaCTb ee 3aJaHud. PaSHOCTHbIe YpaBHEHUSA B 3HaQUYUTEJILHON CTElleHU
AHAJIOTUIHBI IO MEPEHITNATBHBIM. DTO CTAHOBUTCS OCOOEHHO HATJISITHBIM, €CJIN PACCMaT-
PpHUBATb Y9JICHBI IIOCJIEIOBATE/IbHOCTHU YY) KaK 3HAYCHUA HeKOTOpOﬁ beHKHI/H/I B II€JIOYUCJICH-
HBIX TOYKaX U BOCIIOJIB30BATHLCA N3BECTHOMN (bOpMyJ‘IOﬁ JJId KOHCYHDBIX pa3HOCTeﬁ (HpI/I I11a-
re h=1) yp—p =2 iy Ch_ AYg_y. DTO NO3BOIUT LEPEIUCATH PASHOCTHOE yDABHEHNUE
B BUJIC
A™y; = g(G, Ay, AR Py yy), 5=0,1,2,0,
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IpUYeM 3aJIaHie HAYAIbBHBIX 3HAYCHUN Yo, Y1, - - -, Ym—1 PABHOCHIBHO 33/IAHUIO 3HAYUCHUN
Yo, Ayo, - . ., A™ Ly, Bpouem, 3amuchbio pPasHOCTHLIX YPABHEHHUIH B TAKOM BUJIE MBI TI0JTb-
30BaTbCs HE OyJjieM.

Hac 6ymyt unrepecoBarh 0drnopodrvie auretinbie Pa3HOCTHBIE YPABHEHUS C ITOCTOSIH-
HbIMU KO3hduImenTaMu:

Yk + G 1Yp—1 + GmoYp—2+ -+ aYp—m =0, k=mm=1m+2,.... (1)

Kosddumuenr ay cauraercs OTIMYHBIM OT HyJsl — HHA4Ye 3TO ypaBHeHHe 00Jjiee HU3KOro
nopgaka. [omauom P, (A) = A™ + @y 1 AL+ - - - + g HasbIBAETCA XapPaKTEePUCTUUECKUM
HIOJIMHOMOM 3TOT0 ypasHenus. Hac OymeT nuaTepecoBaTh BOIIPOC, TP KAKUX YCJIOBUAX IIPU
JIEOOOM 33JIAHUN HAYAJILHBIX 3HAYEHUTT Yo, Y1, - - - , Ym_1 PEIIEHUE ypaBHeHus (1) crpemurcs
K HyJI0: Y — 0 pu k — 00.

BBeeném B paccMOTpeHmne MaTpUILy

—Ap—-1 —Ap-2 —Ap-3 ... —04A1 —q
1 0 0 .. 0 0
A= 0 1 0 . 0 0
0 0 0 | 0
BameruM, uro |det A| = |ag| # 0, m moToMy Bce COOCTBEHHBIC HHCIA 9TOH MATPHIIBI

OTJIMYHBI OT HYJIA.

Jlemma. /[ist Toro 4robbpl ducjo \ OBLIO KOPHEM XapaKTEPHCTHIECKOTO ITOJIHHOMA
P,.(\), HEOOXOIMMO U JIOCTATOYHO, ITOOBI OHO OBLIO COOCTBEHHBIM YHCJIOM MATPHUIIBI A.

JlokaszaTenbcTBO. [Iycth A — cobcTBeHHOE YHMCIO MaTpUIBl A, a COOTBETCTBYIO-
muit emy cobcTBeHHbIT BeKTOp — 2 = ((1,(2,--.,(n). Tora BBHIMOTHSIIOTCS PABEHCTBA
)‘Cl + am—lCl +a'm—2<2 + -+ a’OCm =0m opn v = 1>2a"'am -1 CV = )\Cu-i-l' 9ro
I03BOJIAET BBIPA3UTH BCe KOMHOHEHTHI (j; depe3 (i (i = AN F(,, u, moicrasigsa 5TH
3HAYEHUS B PABEHCTBO, BBIIMCAHHOE BBIIIE I IEPBLIX KOMIIOHEHT BEKTOPOB 2z U Az,
crenathb BbIBOI, 9T0 P, (A) = 0. Ta ke cBA3b MeXKJly KOMIIOHEHTAMU BEKTOPOB z M Az
I03BOJIIeT 3aKIIOUUTh, 4To e Pp,(\) = 0, To (A™™ 1 A™=2 1) ecTh coGCTBEHHBIIT
BEKTOp MaTpuilbl A, coorsercrBytonuii cobcreraoMy ducay A. W

SBameuanue. Bum marpunpl A TeCHO CBsi3aH ¢ TaK HA3BIBAEMOI MEPBOIl eCTeCTBEH-
HOIT HOpMaJTbHOI (opmoit MaTpurpl (em. @.P.[anmmazep, ¢.126). B neiicrBuresbHOCTH
nosimHOM Py, () sIBJIsIeTCsl OJJHOBPEMEHHO ¥ XapaKTEPUCTHIECKUM MOJMHOMOM MaTPHUITBI

A.

Teopema 1. /I Toro 4Tobbl Ipu JIIOOBIX HAYAJIBHBIX JJAHHBIX Yo, Y1, - - - » Ym—1 IS
pelrieHnst pasHocTHoro ypasHennsi (1) okazanock yy — 0 npu k — 00, HEOOXOIUMO U
JIOCTATOYHO, ITOOBI BCE KOPHU XapAKTEPUCTHIECKOro nojmHoMa Py, () 6bL1u mo Mosyro
MeHbIIe €IUHUAIBL.

HokaszarenbcrBo. Beeaém m-mepubie BeKTOPBI Yy = (Yktm—1, Yktm—2 - - - Yk)- B
CUJIy PA3HOCTHOI'O yPaBHEHWs I 9THX BEKTOPOB BBITOJTHSIETCS PaBEHCTBO Y1 = AY,
rie A — BBeJASHHAA BBIMIe MaTpHIa, n noromy Y = AFY;. OdueBnaHo, 4To cooTHOIIEHME
yr, — 0 paBHOCHJIBHO TOMY, 9TO Y}, — 0, 1 HaM 0CTaéTcsl BOCIIOIL30BATLCA TeopeMoil 1 u3
§ 2 miaBer 3 u gokazannoit jemmoii. M
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PaccmoTrpenne BOIpocoB yCTOMYUBOCTH MbI HAYHEM € IIPOCTEfiIiel 3a1aqu
/
y +ay=0, y(0)=A4, (2)

I7Ie a - HEKOTOpasi KOMILJIEKCHAas TOCTOsAHHAs, Takas 4To Re a > 0. Pemrenue sToit 3a1a4n
y = Ae™% cTpeMuTCs K HYJIIO IIPA & — 00. ByieM cuuTarh, 9T0 IPUOIUKEHHOE PEeIeHne
3aj1a4u (2) MBI UIIEM B PABHOOTCTOSIIUX TOYKAX Ty = kh (h > 0) ofHUM U3 pA3HOCTHBIX
METO0B:

m
y(@k) & Yk = Yeo1 +h Y Yifrej (3)
=0
Baech f, — 3Hadenme npapoii gactu auddepennuaabuoro ypaBHeHusa B ToUke (1, Y,),
JJIA Hamlemn 3aJa491 fl/ = —ay,. Ecan Yo = 0, TO METO/ Ha3bIBa€TCA IKCTPAIIOJIATMOH-
HBIM, a B IIPOTUBHOM CJIy4d9a€ MHTEPIIOJIAINNOHHBIM. C‘{I/ITaeTCH, YTO HaYaJIbHbIC 3HaYCHNA
Yo, Y1, - - - s Ym—1 HAM 33JIaHBL. B 9aCTHOCTH, TAKMMHU PA3HOCTHBIMU METOJIAMHU SABJISIOTCH
paccMoTpennble B § 2 Meropl Atamca. B skerpanosnsnuonsom ciydae (3) ecthb JmHeiHOe
Pa3HOCTHOE YpaBHEHUE PACCMOTPEHHOI'O BbIIIEC BH/a, & B MHTEPIIOJIAITMOHHOM — B IIPEAIIO-
JIOZKeHHH, uTo hryy # 1, OHO IIPUBOIUTCS K TAKOMY BHJLY IIyTeM Pa3pelleHusa OTHOCUTEILHO
Y. 3amernm, uTo nuddepeHnnaabHoe ypaBHeHIe Nepe020 IOPAIKa Mbl IPHOINZKEHHO 3a-
MEHIJIA PA3HOCTHLIM ypaBHEHUEM NopAdKa m.

st 3ayiaqm (2) pasHocrHoe ypaBHeHue (3) MeperuiieM B BUIe

Yk — Y1+ ahz YiYr—j =0
=0

i, BBels obosHadenue H = ah,

(1+ Hyo)yr — (1= Hyyeor + H D 955 = 0. (4)

Jj=2

Merog, (3) perenust 3aaqu (2) npu 3aIaHHOM M1are h HA3BIBAETCS YCMOUHUGHIM, €CITH
BCe pellleHns] Pa3HOCTHOTO ypaBHeHusl (4) cTpeMaTces K HYIO mpu k — 00.

HazbiBasg KOpHE XapaKTEPUCTHYECKOT'O IMOJUHOMA Pa3HOCTHOTO YpPaBHEHHS XapaKTe-
PUCTUYECKUMU YUCJAMU STOTO yPaBHEHUS W UCIOJIb3Ys JJOKA3aHHYIO TEOPEMY, Mbl HEME -
JIEHHO MTPUXO/IUM K yTBEPKJICHUIO:

Teopema 2. /List Toro urobsr Metos (2) mst pemenust 3agaqn (1) npu mare h ObL1
YCTOHYHB, HEOOXO[UMO M JIOCTATOYHO, ITOOBI MOJIYJIH BCEX XapaKTePUCTUICCKUX TUCE]T
PA3HOCTHOIO ypaBHeHwusl (4) ObLIH MEHbIIE €JIUHHUIIBL.

Eme pa3 moguepkHéM, 9TO XapaKTepUCTUUECKIe YHCIa ypaBHeHus (4) — 9T0 KOPHU
XapaKTEPUCTUIECKOTO TTOJTUHOMA,

Pp(A) = (14 Hyo)A™ — (1 — Hy)A™ ! + HZ%-X“‘]'-
j=2

[Tosicuum HEDOpPMAJIbHBIN CMBICJI TTPUBEJICHHOIO OIpe/ieeHus ycroiunBoctu. Koad-
unuenTs! v; IPIMEHAEMOT0 METOIa BLIOMPAIOTCA C TAKHM PacueToM, YTOOBI 110 MEHBIIIEi
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Mepe TIPU MaJIBbIX h MOXKHO OBLIO PACCIUTHIBATH HA OJM30CTH 3HAYEHUN ¥, K 3HATEHUSIM
TOYHOrO perienus juddepeHnnaabHoro ypapuenns y(ry). Tak 9ro MOKHO pacCUUTHI-
BaTh, UTO CPEJM PeIleHnit pa3HOCTHOTO yPaBHEHWs] MMeeTCsl TaKoe, KOTOpoe OJM3KO K
Tabsuie 3HavYeHuil B Toukax xp = kh pemienus auddepennuaabuoro ypasuenus. Ho
BBIOpaHHbIE HAMU HadaJIbHbIE SHAYCHUS Yo, Y1, - - -  Ym—1 OOBITHO HE COBIAIAIOT TOYHO CO
sHaderusMu y(xy). Kpome TOro, mpu BBIYHCIEHUN KAXKJIOTO CJIEIYIONIEro 3HAYEHUsT Yy
Hen30eKHBI OMUOKN OKpyryieHus. TakumM oOpa3oM, OT pelieHnsi pa3HOCTHOIO YpaBHEHUS
(4), 6im3koro K perternio aud epeHmaaTbLHOr0 YPABHEHUS, MBI ¢ KaXK/BIM IIANOM TIepe-
XOJIUM K HEKOTOPOMY JIPYTOMY PEIIeHHIO ¢ HadaJIbHBIMI YCJIOBUSIMU, 38 JaHHBIMU B TOUKAX
Yks Yk—1s - - + s Yk—m- YCTOMYINBOCTH, KAK OHA ObL/Ia OIIpEIe/IeHa BBIIIe, FapaHTHPYET, YTO IIPH
CTPEMJICHIN apryMeHTa K OECKOHEUHOCTU PA3HOCTh MEK/LY STUMU JIBYMS PEHICHUSIMEI Pas3-
HOCTHOT'O ypaBHEHUsI cTpeMuTcs K Hymo. C Apyroit CTOPOHBI, HEYCTONIHMBOCTH Pa3HOCT-
HOTO MeTOJIa O3HAYAeT, UITO JOMYIIeHHas Ha KAaKOM-TO Iare Majas OIMMOKa ITPUBO/INT,
BOODIIIE TOBOPS, K CTPEMSIIIMCH K OECKOHEYHOCTH ONIMOKAM B IIOC/IEAYIONINX 3HAYEHUIX
[IPU CTPEMJICHUH K GECKOHETHOCTU apryMeHTOB (HOMEPOB TOYEK).

Tounoe perierne 3aja4qu (2) U3BECTHO, W MOITOMY MPUMEHEHHE K HEMY DPa3HOCTHBIX
MEeTO/0B NPHUOJINKEHHOIO peIleHnsI caMo 110 cebe He mHTepecHO. Mbl OCTAHOBMJIMCH HA
3ajade (2) moToMmy, 9TO 3Ta 3ajada (2) dBJisieTcst TPOCTOi Modeavio 3amad Komm st
boJiee CJIOKHBIX U PEepeHITNaAIbLHBIX YPABHEHUI, TPUMEHEHNE K KOTOPBIM ITPHOJIMZKEH-
HBIX METOJO0B HEM30€:KHO. DTa MOJE/b, OyAydn JOCTATOIHO IIPOCTOM JIJIsi UCCICTOBAHMSI,
[IO3BOJISIET TOHATH, KAKHe TPYIHOCTH MOIYT BO3HUKHYTH IPHU IPUMEHEHUH pPa3HOCTHBIX
METOJIOB K PEIIEHUIO “CJI0KHBIX  auddepeHnnaabHblX YpaBHEHUI U, B YaCTHOCTU, KaK
celyeT BBIOMPATH IMar B Pa3HOCTHOM METOJIe, ITOOBI JIOMYIEHHBIE MMPU BBITHCIEHUIX
MaJIble ONMMNOKY He TPWBOININ K CYIIECTBEHHOMY MCKAaYKEHUIO MTPUOIUKEHHOTO PENTeHus .

SameTumM elre, ITo Ipeanooxkenne a > 0 ¢cBa3aHO ¢ TeM, 9To pu a < 0 camo perieHne
3ajia4n (2) cTpeMuTcst K GECKOHETHOCTH; TAKOBO K€ JIOJZKHO ObITH U XOpoIiee Mpubiu-
JKEHHOe DellleHne, a TOTJIa CPEJIN XapaKTePUCTHIECKUX YUCesl PA3HOCTHOrO ypaBHeHus (4)
HEN30e2KHO JIOJIZKHO ObITH OOJIbIIIee eIMHUIIBI 110 Moy 0. Ha cBazannoit ¢ sTum mpodJie-
MaTHUKOW MBI OCTAHAB/INBATHLCSA HE OyIeM.

Nrak, paccmoTpuM Tenepb 3agady Korru

y = f(z,y), w(0)=1yo (5)

By/iem npe/imosiaraTh, 9To B HEKOTOPOii OKPECTHOCTH TOYHOI'O PeleHust y* (&) BBIIOIHSeT-
ca nepasencTso f, (z,y) < 0. Ecym pernenne aroit 3191 MHTEPECYeT HAC Ha TPOMEIKY TKE
[0, X], To B mocsiegaem Hepasencrse Takxke = € [0, X]. [Tycers g perenus Hareii 3a1a9u
IpUMeHsieTcs pa3HoCTHBIN Mero (3). Hac urrepecyer Bompoc, Kak HeOOJIbINAs OIIIOKA,
JIONYIIEHHAs] B 3HAYEHWUN Yk,, CKAYKETCs HA MOCIEYIONUX 3HAYEHUAX HPUOIUKEHHOTO
perenns. B Toukax (z,y), 6JU3KUX K (Tk,, Yk, ) BBIIOTHSIETCST TPUOIMKEHHOE PABEHCTBO

f(x,y) ~ f(xkovyko) + f:::(xkov yko)(x - xko) + fg;(xkovyko)(y - yko)v

U pasHoCTHOe ypaBHenue (3) okakercsa npu k, GJU3KUX K ko, OJU3KUM K JIHHEHHOMY,
JJIsT KOTOPOTO COOTBETCTBYIOIIEE €My OJHOPOJHOE ypaBHeHHe coBiajaer ¢ (4), B KOTO-
pom H = ah, a = f?: (Tko» Yky ). DTH COOOPAZKEHUsT BMECTE C ITPOBEJEHHBIM HCCIEOBAHTEM
Pa3HOCTHOTO MeTOJa IS YpaBHEeHUs (3) MO3BOJIAIOT CJIEIaTh BBIBOJ, YTO €CJIH B HEKO-
TOPO# OKPECTHOCTH TOYHOTO PEIieHHs BHIIOJIHATC HepaseHcTo —a < f(7,y) < 0 m
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HAIIl PA3HOCTHBIl METOJ yCTONYMB Jisi ypaBHeHUs (2), TO CIeIyeT OXKUIATh, 9TO JOILY-
IIEHHBIE B IIPOIECCE BBIYUCICHUI MaJjble OMMOKU He OYIyT KaTacTpoUIECKUM 00pa3oM
CKa3bIBATHCS Ha HAIleM MTPUOJIMKEHHOM pereHnn .

CormacHo TeopeMme 2 yCTONIHBOCTD WM HEYCTONIMBOCTH MeToda (3) i 3amadn (2)
3aBUCUT He 0T Ko bUIMenTa a u mara h 110 OTJebHOCTH, a TOJIBKO OT UX TPOM3BeIeH st
H = ah. 910 M03BOJAT HAM TOBOPUTH 00 YCTONYHBOCTH MM HEYCTORYIMBOCTH MeTO/a (3)
KaK TAKOBOI'O OE30THOCHTEIHHO K TOMY, K KAKOMY YPaBHEHUIO BH/IA (2) U ¢ KAKUM IIATOM
h MBI cobupaeMcs ero IPUMEHATD. YCIOBUMCH B CJIe/Iyomnieil TepmuHosorui. Byaem roso-
pUTH, 9TO MeTO, (3) abcoamomno ycmotiuus, ecin oH ycroiians npu mobom H (Re H > 0).
DTO 03HAYAET, UTO OH YCTOWIHUB /I 106020 ypasuenns Buga (2) (Rea > 0) npu aobom
swibope mara h. Meron abcoa.mmuo neycmotivus, ecim oH HeycToians npu Beex H (u mem
caMbIM Jist JIIOOBIX @ 1pu Beex h). MeTos Ha3blBaeTCs Yea06HO YCmotuu6vim, eCI TP
HEKOTOPBIX H OH yCcTO#|uB, a Ipu JAPYrux HEyCTOHIuB. B mocaeHeM ciydae MHOKECTBO
2 rex H, U1 KOTOPBIX OH YCTOWYHB, HA3BIBACTCA 004GCMbIO Ycmotuusocmu MeToTa (3).
B sToM ciydae BBIOOD Iara HIpU PEIICHAM KOHKPETHOTO ypaBHEHHS (2) ompe/essercs
tpeboBanuem ah € 2. OgeBUHO, 9TO ) — 3TO OTKPBITOE MHOXKECTBO, JIeyKalllee B IIPaBOit
KOMILIEKCHOI mostymiockocetn (st A € 2 Re A > 0).

BaiiMeMcst Terepb MCCIIEI0BAHIEM YCTOHIUBOCTH (/1 33189 (2)) HEKOTOPBIX METO-
TIOB.

1°. Memoo Dtinepa. Berameaurenbnas GopMysia 3TOTO METOIA Y = Yp—1 + hfp_1, 1
ntst 3ajaqu (2)

=1 —ah)ye—1, yp— (1 —H)yp—1 =0, tme H = ah.

XapakTepucTuIecKnit IOJTMHOM 9TOTO PA3HOCTHOTO YPAaBHEHUS MMEET IEPBYIO CTEICHb, U
ero Kopenb ectb A = 1 — H. [Tosromy meros Ditiepa yeJIOBHO yCTONYIUB U 00JIACTD €ro
YCTORYMBOCTH oOlpejiesisieTcss HepaBeHcTBoM |1 — H| < 1, T.e. ecTh Kpyr Ha KOMILIEKC-
HOI IJIOCKOCTH C IIEHTPOM B TOYKe 1 U eauHuYHbIM pajimycoM. llomyTHO 3amerum, 1TO
HETPY/IHO YCTAHOBUTH CXOJMMOCTH MeTojia Ditiepa mist 3agaun (2) npu h — 0. eiicru-
TeJILHO, TIPEJIIoaras Jjisd MPOCTOTDHI, YTO it ToYKu X Tmar i MPpUHAMAET JUCKPETHYIO
HOCIeI0BATeIbHOCTD 3Hauennit h = X /N u yuutbiBasi, 910 yg = A, nmeem

aX\V
yN:(l—ah)NyozA 1—W —>Ae_“X:y*(X).

Brech y*(r) — TOUHOE pEIIeHue 3a,/1a4n.

[TocmoTpuM Ha prMepe (CM. PUCYHOK ), KAK MOYKET IIPOSBJIATH cebsl HEYCTONINBOCTb.
[Tycts mbI pemaem 3amaay Komm y' + 20y = 0, y(0) = 1, TouHOe perieHre KOTOPOit
y* = e 2% ouenn GBLICTPO CTPEMUTCA K HYJIIO, MeTogoM Ditnepa ¢ marom h = 0.1. Toraa
H = 2, u ycioBue yCTOWYMBOCTU HE BBINOJIHEHO. C/IM BOCHOJIB30BATHCS MPUBEIECHHOM
BBIMIe (bOPMYJIOit, To TosmyanTes, 9o Yy = (1 — H)yr_1 = —Yp_1, Tax ato y, = (—1)k.

*C sroit mpobsieMaTUKO cBsizaHa 3a7a4a 3 K § 2 riiaBbl 3.

f910 cBOlCTBO ecTecTBEHHO, TTOCKOIBKY BesmdnHa H HHBapHAHTHA (Tak e Kak yCTONYUBOCTH MJIK
HEYCTOWINBOCTH) OTHOCUTENILHO JINHEHHOM 3aMeHbI HE3aBUCUMOIL IIepeMeHHON B ypaBHeHun (2), ecym co-
OTBETCTBEHHO U3MEHUTH U h.
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Ha pucynke m300pazkeHbl TpadUKu TOYHOTO W IIPUOIMZKEHHOTO DPeIieHusl (IPUOJINKEH-
HOE pelleHre B IPOMEKYTOUHBIX MEXK/IY y3J/IaMH TOYKaX BOCCTAHAB/IMBACTCA C IIOMOIIBIO
JIMHEHHOW MHTEPIIOJISITIIH ).

['pacdukn, mogo0HbIEe IpadUKy TOCTPOSHHOIO MTPUOJIMKEHHOIO PEIieHus, OOBIYHO Ha-
3pIBaroT “rimtoobpasubiMu’. Ecim 6b1 Mbl B3siin miar b (win koadduimenT ypaBHeHus
a = 20) HeMHOTO GOJIBIIE, TO “BBICOTA 3yOBEB MBI € KAKJIBIM IArOM YBEJIUIUBAJIACH U
crpeMuiach K 6eckonednoctn. [losiBienue “mumaioodpa3HbIxX’ peIieHuil T0BOJIbHO JacTO B
cIydae HEyCTOMYUBOCTH U SIBJSCTCH XapPaKTEPHBIM €€ TTPU3HAKOM.

2°. O6pammwiti memod Diinepa. Borameamrensuas (opmysa 3TOro MeTosia I ypas-
HeHust (2) TakoBa:

1

ot B = Uht — ahuk = Uet — Hye,  Uh = —— Yoy,
Yk = Yk—1 + Nfr = Yr—1 — ahyr = yr—1 Yre  Yn = Ty Ykt

XapaKTepuCTHIeCKOe YUCIO STOT0 PA3HOCTHOrO ypasuerust ectb A = 1/(1+ H). [Tockosib-
Ky Re H > 0, To npu jo6oMm mmare h |A| < 1, Tak 910 MeTOs abCOTIOTHO yeroitunB. B
9TOM U COCTOWT OTMedaBIlieecs Oe3 mosicHennit B § 1 cyIecTBeHHOE MTPENMYIIEeCTBO 00paT-
HOTO MeTo/1a Ditjilepa mepe 1 MeToIoM Ditjiepa, XOTs TOCIeTHII peain3yercs 3HAIUTeTbHO
npoie. HamomunMm, 9T0 B caydae o0IIero ypaBHeHus: 1 0OpaTHOTO MeTo/1a Jiliepa 3Hade-
HUe MPHUOJIMXKEHHOI'O PeIeHus B KayKJI0i CJIeIYIONell TOUKe HAXOAUTCA IIyTeM PeIIeHus
HEKOTOPOT'O yPAaBHEHUS.

39, IIpumep abcorrommo neycmotinucozo memoda. PaccMOTpUM PasHOCTHBIH MeToJI,
UMEIOTINN BEITUCIUTEIBHYIO (DOPMYITY Y = Y2+ 2h fr_1. DTO aBHBII MeTO, TPEOYIOMINit
3aJlaHnsl, KPOMe HAJYaJbHOIO 3HAYCHUS Yo, emie u ;. HerpymHo ybeaurhbes, aro (mpu
COOTBETCTBYIOIIUX TPEJIOJOKEHUSX O TJIAJKOCTH PEIeHNs) OH UMEeT Ha OJHOM Iare
IIOrPeNIHOCTh Hopsaka Majoctd h3. Jlna ypasHenus (2) pasHOCTHOE ypaBHEHHE U €ro
XapPaKTEPUCTUICCKUIT TTOJTMHOM TaKOBBI:

Yr = Yp—o — 2Hyp_1, Po(A) =\ +2H) — 1.

[IpousBeierre KOpHeit 9TOTO MOJUHOMA €CTh -1, TaK 9TO 110 MEHbIIEei Mepe OJINH U3 HUX 110
MOJIYJIIO He MEHDIIE €JIMHUIILI, ¥ METOJ HEyCTONYUB IpH JII0O0M BbIOOpE miara h. Bymydun
abCOJTIOTHO HEYCTONYUBLIM, PACCMOTPEHHBIN METO/I TPAKTUICCKN HUKOT 1A HE TPUMEHSICT-
csd, XOTs OH HE CJIOYKHEee MeToja Diliepa 1 UMeeT Ha OJIHOM Iare JIydInyl TOYHOCTD.
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Metos Ditstepa 1 00paTHBI MeTOT Ditilepa MOKHO PacCMaTPUBATHL KaK COOTBETCTBEH-
HO 3KCTPATIOJISIIINOHHBIN ¥ WHTEPIOJIATIMOHHBI MeTo Amamca mepBoro mopsijaka. Obpa-
TUMCsI Terephb K MeTojaM Ajamca 60j1ee BBICOKOTO TTOPSIKA.

4%, Hnmepnoasvyuornviti memod Adamca 2-20 nopadka. Boraucaurenbnas dopiyiia
9TOr0 METOJIa B Cilydae ypaBHeHus (2):

2—-H

h H
Y = Yp—1 + §(fk + fr-1) = Yr—1 — E(yk +Yk—1), Yk = 2 g Uk

XapaKTepuCcTHIeCKOe YUC/I0 9TOr0 PA3HOCTHOrO ypaBHenust A = (2— H)/(2+ H) o moy-
JII0 BCETJIa MEHbIIe €UHUIBI (MOLy/Ib BEIeCTBEHHON YaCTH IMCIUTENsI MEHBINE MOJLYJIsT
BEIIECTBEHHON YaCTU 3HAMEHATEJIsI, 4 MHUMbIE YACTH OTJIMIAIOTCS JIMIIh 3HAKOM). Tak
9TO 9TOT METOJ, aGCOMOTHO YCTONINB.

Bamerum ere, 9TO CXOAUMOCTD I 33Jadu (2) 3TOro MeToja u OOPAaTHOro MeToja
Ditsepa TOKA3BIBACTCA TOYHO TaK K€, KAK 3TO ObLIO CIEJIaHO BBIIE B CAydYae METOIa
Ditnepa.

Caenyromue fBa MeTosia AjlaMca Mbl Oy/IeEM PacCMaTPUBATH JIHIIh [IPU JIOIOTHATE b~
HOM IPEJIIIOJIOKEHUI, YTO YUCIO @ > () BEIECTBEHHO.

50, Oxempanorsyuornvii memod Adamca 2-20 nopadka. BerauciuTenbHasa gopmyia
MeTosia I 3a7adn (2) U XapaKTepUCTHYECKOe YPaBHEHHE COOTBETCTBYIOIIETO Pa3HOCT-
HOI'O YPABHEHUS:

Yk =Yp—1 — H gyk—l_%yk—2 , BA)=N—(1-— ) A== =0.
st mpeenbroro 3uadennst H = 0 kopuu 3toro ypashenusi 0 u 1, a Ipu TOJIOKUTETbHBIX
H ouu BelecTBeHHBI ¥ Pa3HbIX 3HAKOB. EC/IHM MOJIOXKUTEIbHBIH KOPEHb 3TOr0 yPaBHEHUSI
paccMaTpuBaTh Kak HesiBHYIO dyHKImio A aprymenta H (mpuuem A(0) = 1), To, Kak
Herpyauo yoemurbes, A'(0) < 0, u moromy mpu gocrarouno maabix H A(H) < 1. Ho
H = 0 — 310 efuHCTBeHHOE 3HadeHue, npu Koropom P(1) = 0, Tak 9T0 MOJIOXKUTENb-
HBIX KOPHeii, 60JIbIuX euHuIlbl, moanHoM P () He umeer. OTpuriarebHbli KOPeHb, KAk
HenpepbiBHast yukiysa H, npu H = 0 umeer upejenbioe suadenre 0 u 3Hadenus -1
jocturaet B eguacTBenHoit Touke H = 1. [Tostomy npu H < 1 on 6ouibiite -1. Urtax, npu
H < 1 xapakTepucTUYeCKre YUC/Ia HAIIErO PA3HOCTHOIO YPABHEHUsI 110 MOJLYJII0 MEHbBIIE
eIMHUTIBL, ¥ Juib ipu H < 1 paccMarpuBaeMblii METOJ YCTOWIHNB.

6°. Mnmepnoasuyuornviti memod Adamca 3-z20 nopadka. JIas 9TOro MeTona BLIYHCIN-
TebHasg (GpopMyJia U XapaKTepUCTUIECKOe YpaBHEHNE TaKOBBI:

B I 5 +2 1
Yk =Yk-1 12 Yk Byk—l 12 Yk—2 |,
5 2 1
1+ —H|MN-(1-ZH|X-—H=0.
+12 A 3 A 12 0

Kak n B mpefpIayIiemM myHKTe U TEMHU K€ CPEJICTBAMHE ITOKA3bIBAETCsI, ITO KOPHU XapaKTe-
PUCTUYECKOTO yPaBHEHUS BEIIECTBEHHBI I UMEIOT Pa3Hble 3HAKM, TOJIOKUTETHHBII KOPEHb
MEHbIIIe €JIMHUIIBI, a OTpUlaTeIbHbIN paBen -1 tpu H = 6, octaBasich nipu H < 6 60JbI11e
-1. Takum obpazom meroj ycroitaus npu H < 6.
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Wrak, sKCTpAIOSIMOHHBIN MeTO AtamMca BTOPOTO MOPSIKA U WHTEPIO/ISIIINOHHBIN
METOJI, TPETHEr0 MOPSAJIKA YCIOBHO YCTONYIUBHI, U 00JIaCTh YCTOWIMBOCTH TIEPBOTO W3 HUX
BKJIIOUaeT B cebst orpe3ok Bemiectsennoit ocu (0, 1), a Broporo — (0,6).

Bamernm, 9TO SBHBIE pasHOCTHBIE MeTOJBI (3) (79 = 0) He MOryT OBITH abGCOTIOTHO
YCTOMYUBBIMU. DTO CJlelyeT U3 TOro, 4To upu H — 0o ajis Tex j mpu KOTOphIX ¥, # 0,
COOTBETCTBYIOINE KOIPMUIIMEHTHI XapaKTePUCTUIECKOTO TTOJNHOMA CTPEMSITCS K OeCcKo-
HegHocTH, u popmys Buera. Hro Kacaercs MmeTo10B A mamca, TO ¢ yBeJIMIeHUEM UX TTOPSJI-
Ka 00JTaCTh YCTOMIMBOCTH YMEHBINAETCS U JIJI HHTEPIIOIAIINOHHBIX METOIOB 9Ta 001aCTh
60JIbIIIe, YeM JIJIst SKCTPAIOJIAINOHHBIX.

Pacemorpennbie B §1 ycoBepriencTBoBannbie MeTO/bl Jitiiepa u B §4 mertoq Pynre-
Kyrra He ykiaazapBatorcs B popmyiay (3), HO 3a1a4da (2) U Jjist 3TUX METOJOB MOXKET CJIy-
JKUTH MOJENbHOM Jyist ucbdepeHImanibHbIX ypaBHEHUH IePBOToO TIOPsJIKA, paBas IacThb
KOTOPBIX B OKPECTHOCTH DelleHus yaoBaersopaer ycuosuio fy(z,y) < 0. Merom us sroii
rpymibl (Win mog0OHBIH UM METOJ[) €CTECTBEHHO CYUTATh YCTONUUBBIM TIpU miare h st
sagaqan (2), ecin npn siro6oM HadaabHoM yeaoBud y(0) = A HOCTPOECHHOE STHM METOOM
npubsmzkenHoe perterne {yx} crpemurcsa K nymo. s sagadn (2) mocsienoBaTebHOCTh
{yx} B mepeunciieHHBIX BbIIIE MeTO/AX (KaK, BUIMMO, U B JIOObIX Pa3yMHBIX UX 0600Iie-
HUSIX) 3aBUCHUT JIWIIL OT TIpou3Bejienns H = ah, HO He OT KaXKJIOr0 U3 3TUX IIapAMEeTPOB
B OTJEJLHOCTH. DTO MO3BOJIsIET IIEPEHECTH HA PACCMATPUBAEMbIH Cydaii moHaTus 6es-
YCJIOBHOM U YCJIOBHOHM yCTONYIMBOCTH U O€3yCJIOBHOW HEYCTOWYIMBOCTHU, & TaKKe 00JIACTU
ycroitanBoctu. s 3amaqun (2) mocTpoenne TPUOINKEHHOTO DEIeHns B pacCMaTpUBa-
eMbIX MeTojlax cBoguTcsa K dbopmyne yp = @(H)yx_1, TIe @ — ompeieisemMas MeTOJ0M
dbyukIms, 061aCTHIO 3aaHUg KOTOPOH MbI CYMTAEM MPABYIO KOMILIEKCHYIO IOJIYILIOC-
kocTh: Re H > 0. OueBngno, uro ecm npu Bcex H u3 obmactu 3amanus |¢(H)| < 1, To
MeToI abCOTIOTHO yeToituns, ecin npu Becex H |o(H)| > 1, 1o abcomoTHO HEycTOHInB,
a B CJIydae YCJIOBHOHM yCcTORUIMBOCTH 00JIACTH YCTOWIMBOCTH OIPEIEISETCS HEPABEHCTBOM
|p(H)| < 1. [TpogeMoHCcTpHpYeM CKa3aHHOE Ha TIPUMEPE MEPBOro YCOBEPIIIEHCTBOBAHHOTO
MeTojia Jitiepa.

7°. Ilepswiii ycosepuercmeosantiviti memod Jtiaepa. HamoMamM BoraucmTe babe hop-
MYJIBI 3TOTO METOoJIa:

h
Yk—1/2 = Yk—1 T §fk—17 Yk = Yr—1 + Nfr_1/2,

rje Jyist 3agaan (2)
Jeo1 = —ayr—1, fk—1/2 = —aYk-1/2

1 TaKuM 00pa3oM

ah H?
Ye = Y1 —ha | Yp—1 — = Yp1 | =Y (1 —H+— | = @(H)yk—y

2 2
IIpu ucciieoBaHUM yCTORYUBOCTHA 3TOTO METO/a OIPAHUYIUMCS, KaK U B HEKOTOPBIX CJIy-
Jagx BbIIIe, JUMb BenecTBeHubiMy 3Hadernsvu H. [lpn 0 < H <2 0 < p(H) < 1, a
npu H > 2 o(H) > 1, TaK 9T0 EpBbIii yCOBEPIIEHCTBOBAHHBIN METOJI YCJIOBHO YCTORINB,
nprdeM 00JIacTh YCTOWYIMBOCTH BKIIIOUAET B cebs 0Tpe3oK BemecTBenHoii ocu (0,2).
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[IpocThie BBIKIAIKHT, AHAJOTHYIHBIC TOJBKO YTO ITPOBEICHHBIM, ITOKA3BIBAIOT, UTO JIJIs
3asaun (2) BTOPOil yCOBEPIIEHCTBOBAHHBIN MeToJ| Diliepa COBIAJaeT ¢ MePBBIM YCOBEP-
IMIEHCTBOBAHHBIM, & TEM CaMbIM COBITQJIAIOT U YCJIOBUA YCTONIUBOCTH.

8%, Memod Pynze - Kymma. Ha 9ToM MeTo/ie OCTaHOBUMCS COBCeM KOPOTKO. Jljis Hero,

o — 1
KaK HeTPY/HO MoKazaTh, bynkmus o(H) Takosa: ¢ = 1+ ¢ (V1 + 20, + 203 + 14), T11e

1 1
’191 == —H, ’192 == —H(]. —|— 5’[91), ’193 = —H(l + 5’(92), ’194 == —H(l +193)

Tak uaro p(H) ectb nosmuOM 4-if cremenn co cBOOOMHBIM WieHOM 1 U Ko3bdUImeHTOM
npu H, paBubiMm -1 . [losromy meron Pynre-KyrTa ycToituuB npu J0CTATOYHO MaJsIbIX
MOJIOKUTEIbHBIX H 1 cjieioBaTe/IbHO TaKKe YCJIOBHO YCTOWYMB. PacdeTsl 1MOKa3bIBAIOT,
4To Tpu BemecTBeHHbIX H < 2.78 Mmeros ycroitums, a npu H = 2.79 yxKe HEyCTOWYNB.

ObpaTumcst Terepb K BOIPOCAM YCTOWIUBOCTU YHCACHHBIX METOJIOB PEIICHUs CUCTEM
nuddepeHImalIbHbIX ypaBHEHM 11epBoro mopsjaka. CyIiecTByerT MOHATHE YKECTKUX CH-
creM Takux ypasuenunit. Cucrema juddepeHiuaibHbIX yPaBHEHUN

V'=F@Y) (Y= ), F@Y)=(filzY),. .., fuz,Y))

HA3BIBACTCS YKECTKOI, eC/In B HHTepecyIoleil Hac 06pacTy U3MEHEHHA T U Y COOCTBEHHBIC
unciaa Ay marpuist Adkobu F' = {0f;/0y;} takossl, aro Re Aj, < 0 mpu Bcex k u pasdpoc
STHX COOCTBEHHBIX YHCEJN BEJIUK, a NMEHHO BEJUKO YHCJIO

maxk(—‘ﬁe Ak)
ming (—NRe Ay)

(9TO OTHOIIIEHNE MOXKHO CIMTATH KPUTEPUEM YKeCTKOCTH ). [Ipu pertennn takux ypaBHeHMi
BOBHUKAIOT OIPEJIEJIEHHbIE TPYIHOCTU, CBA3aHHBIE C YCTOWIMBOCTHIO. Takue TPy THOCTH
MOKHO HaOJIIOJIATh U B YK€ PACCMOTPEHHOM HaMU cJiydae OJHOro JauddepeHnnaabHoro
ypaBHeHUsI, ecin KO3 UIneHT a B ypaBHeHnu (3) BeJUK WK (YTO TO Ke CaMoe BBUILY
BO3MOXKHOIT JINHETHOI 3aMeHbl HE3aBUCUMOI MepeMeHHOiT) HaM TpebyeTcsl PEIuThb 3a,1a-
qy Koru Ha ogeHb 60JIbIIOM IIPOMEXKYTKE; YCI0BUE YCTONINBOCTH TpeOyeT BhIOOpa OUeHb
MaJIEHbKOT'O TI1ara B CPaBHEHUU C JIIMHOMN IMPOMEXKYTKA, U YUC/I0 HEOOXOTMMBbIX ITATroB Me-
TOJIa MOXKET OKa3aTbCs OYEHDb OOJIBINMUM. DTH BOIMPOCHI MBI PACCMOTPHUM Ha MOJIEIHLHON
3aJlade — CUCTeMe JIMHEHHBIX quddepeHnuaabHbIX YPaBHEHNH ¢ TTOCTOSTHHBIME KO3(hdu-
[UEHTAMH.

Wrak, mycts nana 3aaa4da Kommum s cucteMbl n JIMHERHBIX OJHOPOJHBIX i depen-
[UAJILHBIX YPABHEHUI ¢ TIOCTOAHHBIME KO(DDUITUCHTAMM

Y +AY =0, Y(0) =Y. (7)

O6o3naunMm depe3 A, cobcTBeHHBIE YrCIa MATPHUIBI A 1 GyeM cauTaTh, 9TO IPU BCEX V
Re A, > 0 (910 CBAZAHO € KECTKOCTBHIO chucTeMbl). Toraa Bce PeIeHns Hallleil CUCTEeMbI
YPaBHEHWI CTpeMsATcd K Hy/io npu r — 00. COOTBETCTBYONMNE COOCTBEHHBIE BEKTOPDI
obosnaunm uvepes U,: AU, = A, U,, upudem OyneM cUuTaTh, YTO MATpHUIla A UMeeT I0JI-
HYIO CHCTEMY COOCTBEHHBIX BEKTOPOB.
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[Iycrs nyist perenust 3aqa49u (7) Mbl IPUMEHsIeM Da3HOCTHBINA MeTOJI: BeIOpaB mar h,
CTPOUM IPHUOJIMZKEHHBIE 3HAYCHUA pElleHnus B TOUYKaxX Ty = kh 1o dpopmyiam

Y(rg) Y =Yioa+hY yFij=Yia—hY AYi;, k=mm+1,.... (8)
j=0 j=0
Hauasnpusle snavenus Yy, (K =0,1,...,m — 1) canrarorcs 3aaHHBIMIL.

Kaxk u B cimygae omHoro JndhepeHnuaabHOTO ypaBHeHN, YKA3aHHBI METOT PEIeH s
cucrembl (7) Oy/ieM HA3BIBATDH YCMOUHUEHLM, €CTTH BCE PEIEHUs] BEKTOPHOTO PA3HOCTHOTO
ypaBHenusi (8) crpemsites K Hymo: Yy — 0 mpu k — oo. [l uccienoBanus 310oro Me-
ToMa IpeobpasyeM Hally cucreMy auddepeHImaJlbHbIX YpaBHEeHU, Iepeiiis B n-MepHOM
IIPOCTPAHCTBE K HOBOMY 0Oa3mcy, BLIOpaB B KaueCTBE TAKOBOI'O COOCTBEHHBIE BeKTOPLI U, .
DT0 PaBHOCUILHO MPUBEIEHUI0 MATPHUILI A K AuaroHajabHOil popMe ¢ IIOMOIIbIO HEBLI-
pozkaernoil Marpunbl G: G YAG = A, tae A — amaroHagbHasg MaTpHIla ¢ 9ucaaMu Ay Ha
riaBHoi nuaronasu. CremaeM JMHEHHYIO 3aMeHy UCKOMBIX (DyHKINA, 1010KuB Y = G Z.
[loacrapiss 910 Bhipazkenue B (7) 1 ymHOMKag Ha MaTpuity G 1, Mbl HoayunM, uto Z(x)
ecTb perrenne 3aaa4n Kormm

2+ AZ =0, Z(0)=Z. 9)

Buecs Zy = (29,...,2%) = G7Y,. Ho zamaua Kommu (9) mist cucremnr auddepenn-

aJILHLIX YPaBHEHUI pacliagaercsd Ha n OTAEJbHBIX 3ajad Komm Jjis ypaBHeHuil mepBoro
HOPSIJIKA:

24Nz, =0, 20)=22 v=12...n (10)

Touno Tak ke MbI HOCTYIHM C pasHOCTHbIM ypasHenueMm (8). Torma mosryuennoe Jiist
BEKTOPOB /) = (GY}, BEKTOpHOE Pa3HOCTHOE YPABHEHUE TAKKE PACIAIETCS HA N IUCIOBBIX

PA3HOCTHBLIX YPABHEHUI OTHOCHTEILHO UCKOMBIX KOMIIOHEHT BEKTOPOB Z), = (2F, ..., 2F):
m
~ Sk _ k-1 k—7j o
z(xp) =z, =2z, — hA, E vizy l, k=m,m+1,...,
i=0

YTO SIBJIAETCSI TPU KarKJIOM U Pe3yJbTaTOM IPUMEHEHUsI HaIllero PasHOCTHOIO MeTOjIa
k ypasaenuto (10). ITockoabKy BeKTOpBI Yy U Z) OJHOBPEMEHHO CTPEMSITCSI K HYJIO N
HET, TO U3 CKA3aHHOI'O CJIEAYET BBIBOJL: JJIsl TOIO YTOOBI 38 IaHHbI PA3HOCTHBIA METO ObLI
YCTORUMB Jyisi pertienust 3aa9u (7), He0OOXOMMO U JOCTATOYHO, YTOOBI OH OBLT YCTONYNB
it Beex n 3azad (10).

Orcrofa cireyer, 9To e 00IacTh YyCTOHINBOCTH MeTo/ia ecThb ), To jyist 3ajaqu (7)
oH OyJIeT yCTOWYMB B TOM M TOJIBLKO B TOM CJIydae, €CJI IpHu Beex v = 1,2,...,n ducia
H, = hA, npunamiexar sroit obmactu: H, € (). B wactHOCTH, ec/ii MeTOJ abCOIIOTHO
YCTONYMB, TO OH YCTONYUB Jijisi perienus J1000ii 3aga4uu suaa (7), ecau Tobko Jm A, < 0
JIJIsSI BCeX U/, IIPH J000M BbIOOpe 1mara h.

ObparuMcst Terepb K BOIIPOCAM YCTONYIUBOCTU YCOBEPITIEHCTBOBAHHBIX METOJIOB Difjie-
pa u meroja Pynre-Kyrra npu npumenenun ux K 3a1ade (7) u moKazxKeM, 9TO pe3yJIbTaT
371eCh TOT K€, YTO U BbIIIEe. A MUMEHHO, JJjIs TONO 4TOOBI METO, ObLI YCTONYUB JIJIst 3a/1a-
qu (7) HEOOXOIUMO ¥ JIOCTATOYHO, YTOObI Bee unciaa H, = hA, npunamiexanu obiactu
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YCTOIYIMBOCTH 9TOr0 MeTosa Jist 3a/1a4 (2). Ha nmpuMepe mepBoro ycoBepIieHCTBOBAHHOTO
MeTojIa DilIepa MOKayKeM, YTO PellleHne STUM MeToIoM 3ajaqu (7) paBHOCHUIIBHO MpHMe-
HeHHIO ero K cucreme juddepenuaibubix ypasaenuii (9) aua Z = G71Y, a 310 pasHo-
CIJIBHO IPUMEHEHUI0 METO/a K KaxKIoMy u3 n auddepeHnuajibHbIX YPaBHEHU TepBOTO
HOPsIJIKA, HA KOTOPBIE PACIIAIaeTCsl ITa CHCTeMa U KOTOpbie uMeroT Buj (2) mpu a = A,,.

s 3amaan (7) mepBblii ycoBepiieHCTBOBaHHBI MeTo 1 Ditstepa onpeensgercs Gopmy-
JaMu

h h

2
Yicip=Ye1 — §AYk—17 Vi =Yi1— hAY) 1) = (B — hA+ —A*)Y, 4,

2
mocste 3aMeHbl Y = (GZ U TOMHOXKeHUs JIEBOH M TPaBOil YaCTH MOJIyIeHHOH (hOPMYJIBI Ha
G—l.
: 2
Z, = (E — hA + 7A2)Zk_1

(Mb1 yuin, uro G~1A%G = A?), npuyem 3TO BEKTOPHOE PaBEHCTBO paclaJaeTcsa Ha 7
YHCJIOBBIX

2
1
2= (1 —hA, + %Ai)zﬁ_l =(1-H,+ §H3)zf_1 = p(H,)2"!

(3mecy H, = hA,), a 95170 — HOpMyJIbI IPUMEHEHHsT HAIIIEr0 MeTojla K KaxKJIoMy u3 Jud-
bepentmaTBHBIX ypaBHEHNIT, Ha KOTOPBIe paciajaaercs cucrema (9).

Boobitie jierko BUIETH, YTO €CJIH JI7Ist 3a1a49u (2) TIPUMEeHsIeMbIil TIPHOJINKEHHbI MeTO/T
cBomutest K dopmyre yr = @(H)yg_1, tie o(t) — HEeKOTOpBIi MOJUHOM (Tak 06CTOUT
JieJ10, Hampumep, u st Meroja Pynre-KyTra), 70 npuMeHeHne 5T0oro MeToja K CHCTEMe
ypasuenuit (7) mocie 3amerbl Y = (GZ SKBUBAJIEHTHO MOKOMIIOHEHTHOMY MPUMEHEHUIO
sToro Meroia K cucreme (9): 28 = p(H, )21,

Kpartko mepeducyimM Te pe3ysbTaThbl, KOTOPBIE MOJIYYAIOTCI TAKUM IIyTeM JJIs KOH-
KPETHBIX METOJIOB peliieHnsi cucreMbl uddepeninaababix ypasuennii (7).

1°. Meros, Ditepa ycJIOBHO YCTOHYUB, W IIPH 3TOM 00JIACTh €I'0 YCTOIYHBOCTH €CTh
Q={xeC } IA—1| < 1}, T.e. MeTO yCTORYIMB B TOM M TOJIBKO B TOM CJIydae, eCJIH mar
h BBIOpaH Tak, 9TO BCe coOCTBeHHBIE uncaa A, marpursl A Takossl, uro H, = hA, € €.

20, O6paTHbIit MeTo, Ditsiepa aGCOMIOTHO YCTOHINB.

3%, Pa3HOCTHBIN MeTO, YKa3aHHbI B ILyHKTE 30 s YPaBHEHUN [EepBOI'0 HOPAIKA,
abCOJIIOTHO HEYCTOWYMB M JIJIsi CHCTEM.

49, MlaTepnonannonnelii MeTo AamMca 2-ro mopsika abCoIIOTHO YCTOHYNB.

5%, DKCTpaIOIAIIONHLIH MeTo I, AaMca BTOPOTO IIOPAIKA YCAOBHO yCTOHYIHB 1M 06-
JIACTB €ro yCTOWYIMBOCTH BKIIOYaeT oTpe3ok (0, 1).

6°. VnTepronauonnnii MeTo AjamMca 3-To MOPS/IKA yCJIOBHO YCTOHYHB W 00JACTD
ero ycroitunBoctu BKodaer orpe3ok (0, 6).

7°. YcosepiencTBoBaHHbIC METOBI Diijiepa YCJI0BHO yeTolunBbl, 0Tpe3ok (0, 2) momna-
JlaeT B 00J1aCTh yCTOWINBOCTH.

8°. Meroy Pynre-Kyrra ycnorno yeroitaus u (0, 2.78] C Q.

3ama4da. [locrpouTs BHIYUCIUTEIBHYIO (POPMYJIy PA3HOCTHOIO METO/A, B KOTOPOM 3HAYEHUE Vi, BbI-
YHUCIAETCA KaK 3HAaYCHUE MHTCPIIOJIANUOHHOI'O IIOJIMHOMA Spl\H/ITa C y3JIaMU Tf—1 U T2 BTOpOﬁ Kpar-

HocTu. McciienoBars yCTOWYIUBOCTD 3TOTO METOJIA.
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§ 6. O KpaeBbIX 3ajJjaUax

CymecTByIOT TPUOIHKEHHBIE METOIbI PEIIeHNs KPAeBbIX 3a/ad, O0Iue A1 OOBIKHO-
BeHHBIX T epeHIMalbHbIX YPABHEHUN 1 yPABHEHUH B YACTHBIX IPOU3BOJHBIX (METOJ
CETOK, IPOEKITHOHHBIE METO/IBI). DTH METO/[bl HE BXOJAT B IEPBBIN KPYT BOIPOCOB, M M3Ja-
rarh 371eCh MbI UX He OyJ1eM, OrPaHIIUBIINCH U3JI0KEHIEM TeX, KOTOPbIe CHeIUMUIHBI s
OOBIKHOBEHHBIX (b depeHITna IbHbIX yPaBHEHNH. D9TO METOIbI CBEJICHUsT KPAeBbIX 3a/1a9
K 3a1a9aM Kormm. [lepBblit n3 HUX TaK U HA3BIBAETCH:

Memod ceedenus % 3adavwam Kowu.
Bynem paccmarpuBaTh KpaeByio 3aJady sl AuHEelH020 OOBIKHOBEHHOIO uddepen-
[IAJILHOIO YPAaBHEHMS BTOPOIO HOPSIIKA:

L(y) =y" + p(x)y + q(x)y = f(x),

Agy'(a) + Boy(a) = Do, Awy'(b) + Buy(b) = Dy. (1)

Ob1riee pemenne narrero nuddepeHIuajIbHOr0 ypaBHEHUST UMEET BU/I:

y(x) = Cr21(x) + Caza(7) + yo(z), (2)

rie Yo — Kakoe-mbo dacthoe pemienne (L(yg) = f), a 21 U 2o — JIMHEHHO HE3aBUCHMBIE
periennst onHOpogHOrO ypauenus: L(z;) = 0. Ecau Mbl mocrponM yg, 21 U 2z KakK perire-
HUsI HEKOTOPLIX 3aja4 Ko, To HaM ocraneTcs TOILKO 1og00parh nocrogunbie C u Cy
TaK, 4TOOLI YIOBJIETBOPUTD KPACBBIM YCJIOBUSM. DTO TPEOOBAHNE JACT HAM CUCTEMY JABYX
JIMHEHHBIX YPABHEHUI OTHOCUTEILHO UCKOMBIX IIOCTOSHHDIX.

CkazaHHOe BBIIIE MMO3BOJISIET CBeCTH perenne 3aja4u (1) K pemenuio Tpex 3aa4d Ko-
mu. B neficTBUTEIbHOCTH MOXKHO 00OMTHCH perieHneM JByX 3a/1a4 Ko, Beibepem kakue-
HUOY/Ib 9uCIa Yo, Y), 20 U 2, KOTOpPBIE y/I0BIeTBOPAIOT paseHcTBaM Aoy + Boyo = Do,
Aoz + Bozo = 0 u naiinem pemtenus nByx 3ajad Kormn:

L(yO) = fa yo(@) = Yo, y(,)(a) = yé]a
L(z1) =0, zi(a) =20, 2y(a)=z.

[Tyctb 2o Kakoe-TO pertenne ypapuenus L(zp) = 0, JIMHEHHO HE3aBUCHMOE C 21, TAK ITO
Apzo(a) + Bozz(a) # 0. Pemenune 3amaun (1), ecim oHO CyIIecTByeT, JOJXKHO UMETb BUJL
(2) npu HekoTOPBIX MocTOAHHBIX O U Cy, JJIs ONpe iesIeHnsi KOTOPBIX MbI HMEEM CHCTEMY
ypaBHEHU

(Ao21(a) + Boz1(a))C1 + (Aozp(a) + Boza(a)) Ca + (Aoyy(a) + Boyo(a)) = DO}
(A121(b) + B121(b)) C1 + (A125(b) + B122(b)) Co + (A1yg(b) + Biyo(b)) = Dy

B cuny BRIOOpa HaYaIbHBIX YCJIOBUI i (DYHKIMH Yo U z; IIEPBOE U3 3TUX ypPaBHEHUI
ecrb (Aozh(a) + Boza(a))Cy = 0, me. C3 = 0, 1 U3 BTOPOro ypaBHEHHsI MBI Cpasy Ke
naxoaum C7. Ham ocraercs moctpouts pernienve 3ajaqn (1) Kak JTHHEHHYI0 KOMOMHAIHIO
Yo u 21: Y () = yo(x) + C12z1(x). [Hosromy HaXOAUTH (DYHKIHUIO 25 BOOOIIE He TpebyeTcs,
U yJaeTcd OIPAHMYUTLCA PEHICHUeM JIMIIb ABYX Xajad Komm.
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OTMeTuM OJTHY TPY/IHOCTH, KOTOPask MOYKET BCTPETUTHCS IIPU IPUMEHEHUN STOTO METO-
na. Ecin onHopotaoe ypasaenue L(z) = 0 umeer ObICTPO- U MeJJIEHHOPACTYIIHE PEIIeHNs,
TO MOKET OKa3aThCs, 9TO BOJIU3U IIPABOr0O KOHIA b IPOMEXKYTKA PEIIeHUd Yo U 21 ‘TIOUTH
JINHEIHO 3aBUCUMBI’, ¥ HAM IPUJIETCS CTPOUTH “HEOOJIbINOE” pellleHne Halleil 3a/1a9n Kak
JIMHEHHYIO0 KOMOUHAIIIO “O0/IbIuX’ “NOYTH JIMHEHHO 3aBUCUMBIX (DYHKITU, 9TO CBSI3aHO
¢ morepeit Tounoctu. IIpusemsem

IIpumep. Paccmorpum KpaeByio 3ajiady

Ly)=y"—y —6y=6, y(—1)=y(1)=0.

MbrI 6y1eM MOTb30BATHCS TEM, ITO 00IIee PelieHre COOTBETCTBYIOIIETO OTHOPOIHOTO YPaB-
nernz u3secTHO: C)e3% 4+ Cye™ %, TaK UTO HETPYIHO HAITH PeIeHne HOCTABJICHHON 311
B sIBHOM BHJE, HO TeM He MeHee OyJeM CUUTaTh, YTO ITO PEIIeHHe MbI HUIEM YUCICHHO
PaCCMOTPEHHBIM METOJIOM (MOXKHO CYHTATh, 4TO KOIpdurmenTs! TuddepeHuajIbHOro
YPaBHEHUS epeMeHHble, HO OJIM3KN K HAIMMCAHHBIM ITOCTOSIHHBIM — KadeCTBEHHAsT Kap-
THHA TPH 9TOM OyJier Takas ke). Haiimem yo Kak pererne Hariero audQepeHmaasHoro
ypaBHenwusi pu yciaousix Komm: y(—1) =0, ¢'(—1) = 1:

3 2
yo(x) _ g63(1-}—96) + 36—2(1-1-:(:) _ 17
a z; Kak pemenue 3agaqn Komu L(z) =0, 2(—1) =0, 2/(-1) = 1:
1 1
2 (x) — ge?,u(l—l-m) . 56_2(1+$).

Bynem canTars, 9T0 MBI HAINIIA 9TH (DYHKIME YUCACHHO ¢ 5 BEPHBIME 3HAYAIINMH IAd-
pamu, Tak 970 yo(1) = 241.05, 2z1(1) = 80.682 u nosryvueHHOE perIenue Halleil 3a/1a91 eCTh
vy () = yo(x) + Ciz1(x), tme Cy = —yo(1)/21(1) = —2.9816. Ilpu = = 1/2 mosyuaem
y*(1/2) = 53.030 4+ 17.993C) = —0.619, u 910 3HAYEHHE OTYIUIOCH BCETO JHIIb C 3
BEPHBIMU 3HAKAMU.

PaccmoTpuM Ternepb 9TOT METOJ, JIJIsi CUCTEMbI JIMHEHHBIX UM dMEPEHITNATBHBIX YPaB-
unenuit. Cucremy cpagdy 2Ke 3aluilieM B BEKTOpHO# dhopme:

Y '+ A(z)Y = F(x), (3)

riae Y (z) uckomast, a F'(x) — 3amanHast BeKTOp-hYHKIMH pasMepHocta n, A(x) —n X n
marpuna. Tpebyercs HaifiTu perieHne STOi CUCTEMBI, YJIOBJIETBOPSIONIEE KPAEBBIM YCJIO-
BHSIM

B()Y(CL) = Do, 31Y(b) = Dl, (4)

By u By — matpurpl pasmepHoctd m X n u (n —m) X n coorBercrBenHo (0 < m < n),
Dy € R™u Dy € R"™™ — 3ajannbie BekTopbl. Marpuna By umeer paur m, a By — n—m.

BosbMmeMm kakoii-HuOyIb BEKTOpP Yy, yaoBJIeTBOpsionuii papeacTtsy ByYy = Dy u 1o-
crpouM Y (x) Kak perienne cucreMbl ypaBHenuil (3) upu yciosusx Komm Y(a) = Y.
Cucrema JTUHEHHBIX OJHOPOJIHBIX anrebpamdecknx ypasuenuit ByZ = 0 umeer n — m Jju-
HeitHo HesaBucuMbIX pemtenuit. [lycrs 29 Z9...., 7% — takne pemenus. I[locTpoum
npu k= 1,2,...,n —m Bekrop-byHKIMN Z(x) Kak permenus 3agad Korm

7+ A@)Z, =0, Zi(a) = Z).
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Bynem nckars pemtenne 3agaqan (3)-(4) B Buje

V() = Yola) + Y cuala) )

[Tpu Jiro6bIX OCTOAHHBIX ¢, byHKIus Y () yaoBierBopser cucreme jauddepeHnuaibHbIX
ypaBHeHwuit (3) u mepBoMy U3 KpaeBbix yciosmii (4). Ocraercst moTpe6oBaTh BBITOJTHEHHS
BTOPOTO U3 KPAEBBIX YCJIOBHIl. DTO MPUBOAUT HAC K CHCTEME 1 — 1M JIMHEHHBIX ypaBHEHNU
OTHOCUTEJILHO 7 — 1M TOCTOSHHBIX Cj:

3

—m

> " cwBiZy(b) = Dy — BiYy(b). (6)

k=1

Ecan onpeenmress 9T0i cHCTEMBI OTJIMYEH OT HYJIsl, TO TOJCTAB/ISAs HafiICHHbIC N3 Hee
3HAYCHUS MOCTOSHHBLIX ¢ B GopmMyy (5), MBI MOJIyYNM PEIICHIE TOCTABICHHOM 38/ TatH.
Ecin ke 9T0T OnpemesmTesib paBeH HYIIO, TO COOTBETCTBYIONIAs OHOPOJIHAS CHCTEMA
nMeeT HEHyJieBoe perienue (¢j, ¢, ..., ch ), n npn Jo60il MOCTOSHHOM ¢ OKazKeTCs, ITO
Z(x) =cY " ¢ Zg(x) ecrpb pelieHue 0JHOPOIHOM 3a1auu

7'+ A(x)Z =0, ByZ(a)=0, BiZ(b)=0,

Tak 9To 33/a49a (3)-(4) aubo He nMeeT pereHns, JubO UMeeT UX OECKOHETHO MHOTO.

2. Memod dugdepenyuanvroti npo2onk.
JL71st TPOCTOTHI OIPAHUINMCST PACCMOTPEHHEM 3a,1aT1

L(y) =y" + p(x)y' + q(z)y = f(2), (7)
y'(a) + apy(a) = Bo, ¥'(b) + ary(b) = bi. (8)
Jlemma. Ilycrs o(x) u 3(x) — penrenns augdepeHInaabHbIX ypaBHEHUIT
o +pa—at=q, [F+@p-a)s=rf (9)
Torya Jmroboe perenue juhgpepeHInaabHOro ypaBHEHHST
y +ay=0 (10)

Y/ZI0BJIETBOpSIET ypaBHeHH o (7).
Hoxkaszarenbcro. [lycrs y — pemenne ypasuenus (6). Torna y” = —o'y—ay’+ '
1 [OTOMY
'ty tay=p-a)y+(@—dy+8=p-a)B-ay)+(@—a)y+§ =
=(a®—pa—a' +qy+(p—af+p)=f
u 3TuM Jemma gokasana. M

Wznoxum TEIIEPb aJI'OPUTM METO/1a.
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1) Pemaem 3amaay Korn

o' +pa—a’=q, ala)=ap

2) perraem 3ajady Korm

B +pB—aB=f Bla)= 0

3) HAXOIUM UHCJIA Yy U YY) U3 CUCTEMBI yPaBHEHUI

%+M®w=ﬁ@}.
yi +ay1 =B ’

4) naxonum GyHKIUO Y, () Kak perenne 3a1aan Ko™
y +alx)y =p(x), yb) =y

Teopema. Ilocrpoennasi 110 yKazaHHOMY AJrOpuTMy (GYHKIWMs Y, (T) €cThb perneHue
sagaan (7)-(8).

Hoxkaszarenbcrso. duddepenrmansaomy ypasaennto (7) GyHKIHUA Y, YAOBIETBO-
psieT BBuYy JieMMbl. [lepBoMy u3 ycsioBuii (8) — MOCKOJIBKY OHO SKBUBAJIEHTHO PABEHCTBY
y'(a) + a(a)y(a) = f(a). Haxkonern, Bropomy u3 ycsosuii (8):

Y (0) = B(b) — a(b)y(b) = B(b) — a(b)yr = vy = S —cuy(b). W

BamernmM, uro muddepenrmanabpaoe ypasnenue (5) OTHOCHTEILHO (v HEIMHEHHO, U €ro
pellieHre MOYKeT He CyIIeCTBOBATh Ha NPOMeXYyTKe [a, b]. Torja u3s0KeHHbIH MeTo| OKa-
Kercst HenpuMeHuMbIM. CyIecTBYIOT BAPUAHTHI METOJIA IIPOTOHKH, KOTOPbIE MO3BOJIAIOT
uz6ezkaTh 3Toft HenpusitHoctr!. CaM TepMUH “MeToJ| IPOrOHKN” CBA3aH C TeM, YTO Iy HKTHI
1)-2) aaropurMa MOXKHO TPaKTOBATh Tak, YTO MbI “IPOTOHSAEM”’ KpaeBoe YCJIOBHUE, 3a1aH-
HOE Ha JIEBOM KOHIIE IPOMEZKyTKa, Ha IpaBbiii ero kouern (paserctso y'(b)+a(b)y(b) = B(b)
Jyist pellieHust ypaBHenusi (7) eCThb CJIeJICTBUE KPAeBOro YCJIOBUsl Ha JieBOM KoHIE). Mox-
HO 110Ka3aTh, YTO €CJIU OIPEJEJUTe/Ib CUCTEMbl YPAaBHEHHIl IyHKTa 3) paBeH HYJIIO, TO
9TO O3HAYAET OTCYTCTBUE OJHO3HAYHOI paspernumoctu 3aaun (7)-(8) — pemerne 60
HE CYIIECTBYeET, JIH0O MX GECKOHETHO MHOTO (B COOTBETCTBHH C TEM, MMEET JIH DEIICHUE
crucreMa ypaBHEHHIT 9TOrO IyHKTA).

B metone ceemenns k 3agadam Komm s (7)-(8) maM mpuiiocs OB pemaTh JiBe
sagaun Ko, a B Merosie juddepennuaibhoii nporonku — tpu. Ho B mepBoM ciiydae
910 3ajaun Kormu Jyisi ypaBHEHHiT BTOPOro IOpsijika, & BO BTOPOM — il ypDaBHEHWUi
IIEPBOIO HOPS/IKA.

Bagadua. [TokazaTs, 9T0 IpU peneHnr KPaeBoii 3a/1a9u JIJIsi CHCTEMbBI JIMHEWHBIX Juh depeHnnabHbIX
YPpaBHEHUNI

e+ Y ar(@)y; = fi(@), k=1,....n,
Jj=1

yp(a) =y, k=1,....m, y(b)=yx, k=m+1,....n

METOJIOM CBeJieHusI K 3a1aduam Ko MoxKHo oboiituck pemenueM [+ 1 3agaau Komwu, rue | = min{ m, n—

m}.

*O1y 3amaay Komm mHam npuaercs pemars “B 00paTHOM HaIpaBJIEHWN , JTBUTAsCh OT IPABOTO KOHIA
MMPOMEXKYTKa b K JIEBOMY.
TCm., manpmumep, B.U.Kpvinos, B.B.Bob6kos, I1.U.Monacmuiproit [2]
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