T'nmasa 4
IIpuGau>keHHOe pellieHre HeJIMHEMHbIX YPaBHEHUN W CHUCTEM

§1. Meron ureparuu. IIpuHiumn cxkaTbIix oTOOpa>keHUit

[IycTs nano ypaBHeHHE
t=¢(t), (1)

rjie (¢ — BelllecTBeHHas (PYHKIUS BeIeCTBEHHOM mepemennoit t. Meron ureparuun Jijist
peIeHust 3TOro ypaBHEHUsI COCTOUT B TOM, UTO, HAUNHAS ¢ HEKOTOPOT'O HAYaJbHOI'O IIPH-
OmKeHns ty, CTPOUTCS MOCIEI0BATEILHOCTD

lst1 = QO(tS)'

OuernHo, uTo ecau ynknus ¢(t) nernpepbiHa u ty — t*, T0 t* — KOpeHb ypaBHEHUsI
(1). I'pacdudeckn t* — 510 abcrmeca ToYKN mepecedenns: rpaduka Gyukimm o(t) ¢ Guc-
CEKTPUCOIi IEPBOTr0 KOOPAMHATHOIO yria. MeTo urepaiuy umeer Takoil reoMeTpuIecKuii
embic. Ha rpaduke 1o npegbuyiyiemy mpub/InKeHuto (st OlpeIe/IeHHOCTH tg) CJIeLyTo-
mee (t1) crpouTcst TakKuM 00pa30M: Uepe3 TOUKY ¢ KoopauHatamu (to, ¢(tg)) TpoBOaAUTCsI
npsiMasi, TTapasutesibHas ocu aberuce, u aberucca (paBHast OpJIMHATE) TOYKHI ee Mepecede-
HUsI ¢ OUCCEKTPUCON TIEPBOr0 KOOPJIMHATHOTO yrjla W ecTh t1. Ha mpuBoamMom pucyHke
n300pazkeHbl TpaduKN, COOTBETCTBYIOIINE PA3JINIHBIM CJIyUdasiM HoBejieHnst QyHKImn ¢(t)
B OKpecTHOCTH KopHs t*. VI3 paccMoTpennst 3Tux rpadpuKoB MOXKHO CIeJIaTh CJIELYIONIIe
BLIBOJIDI.
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1) Ecm |¢'(t)| < 1 (rpaduxu A u B), To caeayer 0KuaTh CXOIUMOCTH METO/IA.

2) Ecim |¢(t)| > 1 (rpaduk B), To ciegayer 0Knmarh pacxoauMoCTh METOJIA.

3) Ecim 0 < ¢/(t) < 1 (rpaduk A), To npuOIHKEHUSA g JI€XKAT 1O OJHY CTOPOHY OT
perennus t*.

4) Ecm —1 < ¢/(t) < 0 (rpadux B), To nmeer MecTo ajqprepHUPYIOMAsd CXOIUMOCTD,
T.e. t* JIEKUT MEXKLy MOCJIEe0BATEIbHBIME TIPUOIHKEHUAMU tg U tgy1.
OiHaKo J1es1aTh CTPOTHE BBIBOJIBI MBI Oy/1eM cpasy sl CHCTEMBI HEJIMHEHHBIX yPABHEHMIIL.

[IycTh nana cucreMa HEJTMHEHHBIX YpaBHEHUIT

gk:@k(gl,-.-,£n>7 ]{321,...,72,,
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KOTOPYIO OyJIeM 3aIiChIBATH B BEKTOPHOI (popMme
z = O(z), (2)

e ¢ = (&,...,&,) € R*, &(z) = (¢1(x),...,pn(z)). Merom urepaiuu cocTouT B TOM,
910, BBIOPAB HaYaJbHOE MPUOJIIZKEHNE T, Mbl CTPOUM IIOC/IEI0BATEbHBIE TPUOJIIZKEHHSI
o dopmyite xs11 = P(z4). danbine M canraem, uro B R™ BBesiena HekoTopast Hopma |||,
orobpazkenne $ 3aman0 B HeKoTopoit obsactu 2 C R™. Kpome Toro Gyjem mosib3oBaThes
obosnauenuem S,(y) = {z € R" | |z — y|| < r} — map (coorsercrBylomuii BBeeHHOI
HopMe!) pajyca 1 ¢ EHTPOM B TOUKE Y.

[* Bameuanue 1. JokasbiBacmasi HuKe TeopeMa 1 ecTh YacTHBI ciiydail 6osee 00-
meit TeopeMbl 2 u3 §4, KOTOpasg B CBOIO O4Yepe/lb CJAeAyeT W3 IPHUHIINIA CXKATHIX 0T00-
pazkKeHWil B METPUYECKHUX HpocTpaHcTBax (Teopema 1 B Tom ke §4). IloarororenHomy
YUTATEI0 MOXKHO MOCOBETOBATH BMECTO UTEHHS HEIOCPEJCTBEHHO CJICAYIONICH 3a 9THM
3aMedaHneM TeopeMbl 0OpaTUThCA cpaly K TeopemaMm 1 m 2 m3 §4 — HIpPUBOIMMBIE TaM
JIOKa3aTeIbcTBa 6oJiee OOIMIUX YTBEPKICHIUNA B HEKOTOPOM CMBICIE Jlazke Tporie. *|

Teopema 1. Ilyctb xg € §) U BBIIOJHEHDBI CJICIYIONHE YCIOBHS:

0. 9 (z0) — woll < m,

2. cymecrsyer uucio q < 1, takoe uro st Jobbix Todek x', x" € ) BbIOMHSIETCS
mepaserctso || P(x') — &(2")|| < q||l2’ — 2",

3. S (20) C€Q, e r =m/(1 —q).
Torna

a) B obsiactu §) cyniecTByer W MPHTOM €JHMHCTBEHHOE pelienne x* ypasHerns (1),

6) x* € S.(xo),

B) x5 — 7,

') BBIITOJIHSIIOTCST OI[EHKH ITOTDEITHOCTH:

lzs —a*| < L g — 2] < 2
1—gq 1—gq

|25 — @sa]-

HokaszarenbcrBo. JJokakeM CHadaja METOJOM MHJYKIIUH, 4TO IpU Beex § > 0
a) x5 € Sp(xg) u B) ||zsy1 — xs|| < mq®. HeiticrBurensro, npu s = 0 @) 0YeBUIHO U
o yesosuio 10 ||z — xg]] < m, Tak uro () Taxkxke BbIOAHEHO. J[OKAXkKEM BO3MOXKHOCTD
VHJIyKTUBHOI'O TIepexojia oT S K s + 1:
@) |[wepr = 2ol < |21 —xs[| 4+ + [|[21 — 20| < m@® +mg* 4 +m <m/(1—q) =1;
B) lrnss — Zasrl| = 1B(asn) — B(za)]| < gllars — 2al] < mg*".

U3 () caemyer, 9ro npu JIE0G0M HATYPATHHOM P

[2s1p = 25l < N[ @s4p = Torpall + -+ [l2s0 — 2] <

mq’® (3)

qus+”_1+~-~+mqs§1——>0,
—q

TaK 9TO TOCIEI0BATENbHOCTh {T} cxomures B cebe, u mMOTOMY cxomutcs: r, — x*. U3
cooTHOIeHUsI Ty € S, (o) BbITEKaeT, 910 u x* € S,(x(), & U3 HEMPEPHIBHOCTH 0TOOpaKe-
aust ¢, uro ¥ = O(z*). DruMm cyrecTBOBaHUE PEICHUsT U YTBEPKIeHUsI 6) U B) TE€OPEMbI
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JOKa3aHbl. [lepBast 3 OIEHOK I') TOJIyYaeTcs IPEeIeTbHBIM [ePEXOI0M pu p — 00 u3 (3),
a BTOpas TaKXKe IIPe/IeJIbHBIM IIEPEXOJIOM 110 P U3 CJEIYIONIEr0 HEPABEHCTBA!

[Zs4p = Ts|| < oty = Torpall + -+ [[Ts1 — 26| <

<@+ )l - rl < a

||xs - xs—l”;

KOTOPOE CJIeAyeT U3 Toro, 4to ||z41 — x| = ||P(z;) — ®(xj-1)|| < ¢llz; — xj-1]]. Exun-
CTBEHHOCTDb PeIIeHusl JOKa3blBaeTcss OT mpoTuBHOTO. Ilycts *, 2** € () — naBa pemenus.
Torma

2" — 2™ = [|®(2") — @(z™)]| < gllz” — 2™,

oTkyma caenyer, uro z*¥ = x**. M

Bameuanune 2. Pemenne ypaBaenns (2) 0ObIYIHO HA3BIBAIOT HENOGUNHCHOT MOUKOT
otobpazkenusa ®. Orobpazkenne ®, ynosiersopsiomee ycaosuio 20 TeopeMbl, HA3LIBAIOT
CoOtCamulM WA cotcumatouyum. B cBasu ¢ srum teopemy 1 (Mm HEKOTOPBIE ee MOIU(bDUKA-
1K) OOBIYHO HA3BIBAIOT NPUHUUNOM CHCAMBLT 0MOOPaHcenuti. DTO OIUH U3 NPUHUUNOE
HEeNoJGUANCHOT MOUKU.

Bameuanune 3. [lepBast u3 ONEHOK T) sIBJISIETCST anpuopHotl, a BTopas — anocmepu-
0pHOU. DTN TOHATHA yKe ObLIN BBeJIeHbI paHee B § 5 ryiaBbl 3.

Beegem monsrne unrerpasia ot BekTop-dynkiun. Ilycts BekTop x(t) HempepbIBHO 3a-
BucuT 0T ¢ € [a,b]. Torna mo onpenesenuo

b b
/a:(t)dt:y:(m,...,nn), e nk:/ k(1) dt.

Jlemma. Bbrroiasiercst HepaBeHCTBO

/abx(t) dt|| < /ab ()| d.

_ _ 1
HokaszaTensctso. [Ipn marypansubix N nonoxnm h = (b—a)/N, t; = a+(j—3)h
uQy =hN x(t;), Tak 40 k-as KOMIOHEHTA BeKTOpa QN €CTh KBAJIPATYPHAS CyMMA
N = j=1T\lj); P N JAPaTyp y
bopMyJIBL CpeIHUX TIPSIMOYTOJIBHUKOB i uHTerpasa or (t) u moromy mpu N — 00
CXOJIUTCS K MHTErpasy OT 9TOil KOMIOHEHThI. TakuM o6pa3oM BEKTOPBI )y CXOIATCS K
N
unrerpany ot x(t). Ouesnmno nepasencreo ||Qn| < A3 75, [|z(t;)]. Ocraerca cosep-
IIUTH TIPEJETILHBIN [EePeXo/ B 9TOM HEPABEHCTBE, 3aMETUB, UTO IIpaBas ero YecTb eCThb
COOTBETCTBYIOIIAs KBapaTypHas cyMMa jiuis uaTerpasa ot ||z(t)||. 1

Orobpaxkenne ® mHasbiBaeTca auddepeHIupyeMbIM B TOUKE T, €CJIH B 9TOH TOUKe
JpdepeHImpyeMbl BCE €ro COCTABJISIONINE Q. B 9TOM ciiydae ucnoib3yercs 0603HavueHne
' (o) — maTpuna fkobu:

Iy
/ k
P'(x0) = A (o)
J
Orobpazkenne ¢ nenpepoiBuo nuddepeniupyemo B {2, ecjii TAKOBBI BCE Q.

Mur IIO-IIpE2KHEMY CHUTaeM, 9TO B R”™ BBe€Jl€Ha HEKOTOpPad BEKTOPHAasd HOPMa, 1 HOpMa
MaTpHUIIbl — 9TO BCeEr'a OII€paTOpHasd HOPpMa, IIOPOXKIACHHAA BBeﬂeHHOﬁ BeKTOpHOﬁ.
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Teopema 2. Ilycrs obracts §) BoiTyKJ1a, oTobpazkerne ® HenmpepbIBHO g pepeH -
pyemo B ) u npu Beex x € ) BomosHsiercs Hepaperctso |9 (z)|| < ¢. Torma mrs Beex
o2 e Q| 0(z') — (2| < gll2” — 2|,

Hoxkaszarenbcro. Jua npoussosbubix /,2” € Q mpu ¢t € |[0,1] pacemorpum
BEKTOP-(DYHKITHIO

y(t) = (m@),....m()) = @((1 — t)a' + ta") = & (2 + t(z" — 2'))

(BBuy Boimykiaoctu (1 — )2’ + tz” € Q). Ouennjno, uro

y(0) = @), y(1)=2(z"), m(t) = pr(a"+ 1" —2)).

y(1) —y(0) = /0 (2" + t(z" — ")) - (2" — ') dt,
[@(2") — @)l = lly(1) —y(0)|| <

1
< [ 10+t =) o = e < glle” - ).
0

Jokazannasi Teopema MO3BOJISIET B HPUHIAIE CKATBHIX OoToOparkenuii (Teopema 1) B
ciydae BbIIyKJIol obsactu € yenosue 20 saMenuThb Ha 6oJlee JKeCTKOe, HO 4aCTO Jier-
ve nposepsiemoe yesosue ||[®'(x)|| < g < 1 npu Becex z € 2. OOBIYHO TIPU TPUMEHEHUN
[OJIy9eHHOTO YTBEPK/IeHUsT Hanbosee yao0HO HCIOIB30BaTh HOPMY || « |loo mom || - ||1,
[OCKOJIbKY UMEHHO JIJIsl 9TUX BEKTOPHBIX HOPM IOPOXKJIEHHBIE UMW MATPUIHBIE BBIUUC/ISI-
I0TCS IO TIPOCTBIM (POPMYJIaM.

3anmaya 1. CchopmyanpoBaTh TPUHITUI CZKATHIX 0TOOparKeHUit B TOI (hopMe, KaK TO IPEJJIaraeTcs B
nocsieanaeM abzare. O6paTuTh BHUMAaHUE, YTO IPEIIOJIOKEHUS O BBILYKJI0CTH 00JacTh §) He Tpebyercs (3a
UCKJIOUEHNEM YTBEPK/IEHHsI O €JIMHCTBEHHOCTH) — JIOCTATOYHO BOCIOJIB30BATHCS BBITYKIOCTBIO Sy (Z0).

Bapaua 2. Ilokasarsk, 4TO mpapasi 9acTh BO BTODOI M3 OIEHOK T') B Teopeme 1 Bcerja He GoJbine
IIPABO# 4aCTU B IIEPBOM.

3ama4da 3. [lokasaTh, 4T0 B § 5 ry1aBbl 3 TeopeMa 2 MOXKeT OBITH IOJIyYeHa KaK CJIeJICTBUAE JOKA3aHHON

B 9TOM maparpade Teopemsbr 1.

§2. Meroa ureparuu (pogoJKeHue)

B sTom nmaparpade cocperoTodeHbl pe3yabTaThl, UMEIONNEe JJOKAJIbHBINA XapakTep. Mbl
OymeM TperoaraTb, 9TO CHCTEMa HEJIMHEHHBIX yPaBHEHMI WMeeT pelreHne ', m Hac
OyIeT mHTEepecoBaTh BOIPOC, MIPU KAKNUX YCJIOBUSIX IPHU JTIOOOM HATATHLHOM TPUOJIMKEHHIH,
JIOCTATOYHO OJIU3KOM K TOYHOMY PEIIeHHIO, METOJ UTepaiun OyaerT K HeMy CXOIUTHCS, a
TakzKe Xxapakrep (ObICTpOTa) TOM CXOIUMOCTH.
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HamomuwnM u3 Kypca ananaumsa: QyHKIws n nepeMeHHbiX ¢(x) (z € R™) HasbiBaeTcst
nuddepeHIpyeMoil B TOUKe T, €M OHa UMeeT B 9TOfi TOUKe YacTHbIE IPOU3BO/IHBIE 1
o BesskoMy € > 0 maitnercsa Takoe 0 > 0, ato npn ||z — xoll2 < 0

n
d¢ 0
p(z) — p(x0) — Z (& = &) <ellz — o2
= 9
Orcioza JIerko ciejyer, 9ro JaHHOMY B IpebLiylneM mnaparpade onpesenenuio audde-
peripyemMoctu orobpazkenust P(x) B TOUKe x( IKBUBAJIEHTHO CJIEJYIOIIEE: MO BCAKOMY
e > 0 nmaitgercs takoe 0 > 0, aro npu ||z — zg|l2 < 0

|®(x) = ®(w0) — (o) (2 — wo)l2 < €llx — oll2-

BBujy sKBUBAJIEHTHOCTH BCEX 3aJlaHHBIX B R™ HOpM HOpMY || - ||2 B 9TuM HepaBeHcTB
MOXKHO 3aMEHUTDb Ha JIIOOYIO JIPYTYIO — MOJIYIUTCH SKBUBAJIEHTHOE OIIPEJIe/ICHIUE.

Huxke, kax u B npepyiyiiem maparpade, HopMa MaTPUIILI — 9TO BCETJIA OllepaTopHast
HOpMa, ITOpPOXKIeHHas BBegeHHON B R™ BEeKTOPHOII.

[Iycts @ : Q +— R™ (2 C R™) — orobpazkenue, MMerOIee HEMOJABUKHYIO TOUKY ¥ € ()
x* = ®(z*). llycrp x* upunasgexur () BMeCTe ¢ HEKOTOPOW OKPECTHOCTHIO. Paccmar-
pHUBaeTcs UTepaTUBHAs MOCIEI0BATEIbHOCT: Tgy1 = P(5) P HEKOTOPOM HAYAIBHOM
HPUOJIHKEHUN T(.

Teopema 1. Ecimn orobpaxkenne ® mucdepeniupyemo B T0UKe T* U BBIIOJHIETCS
mepaserctso || @' (x*)|| < 1, To mafiercss rakoe § > 0, 410 1pH JIO60M HAYATHHOM HPH-
OJIKEeHHH, YJIOBIE€TBOPSIIONIeM HepaBeHCTBY ||xg — x*|| < 0§, mocrenosarenprocts {xg}
cxoauTes K .

HoxkazarenbcrBo. Beibepem umcio ¢ tak, aro ||®'(z*)|| < ¢ < 1, n momoxum
e =q— ||®'(2*)]. Ilo sToMy € maiinercsa Takoe § > 0, uro map Ss(x*) comepxkurcs B € n
u3 HepaBeHCTBa ||z — z*|| < d cienyer uro ||P(z) — P(x*) — @' (z*)(x — z*)|| < el|lz — z*||.
Ecmun z € Ss(x*), To

[®(z) — ™| = |®(z) — ()| < V(") - |z — 2" + ellz — 2™ = qllz — 2.

[Tosromy, B wacrnocrn, || ®(z) —z*|| < 0. I3 aToro ciemyer, 4To ecyin HavaabHOE TPUOIIH-
JKeHHe YJIOBJIETBOPSIET HEPABEHCTBY ||xg—x*|| < d, To TakoMy Ke HEPABEHCTBY YIOBJIETBO-
PSIIOT U BCE MOCJIe Y IOIIe TPUOJINKEHNS, a TaKyKe HepaBeHCTBa, || g1 — || < gllzs — x|,
otkyna ||zs — 2*|| < ¢°||lxo — 2*||, m 9Tum noKazaTenbeTBO Teopemer 3aBepiicHo. M

[Ipn npumeHeHHn 9TOH TEOPEMBI B PACIIOPSKEHUH HCCJIE/IOBATENST HAXOJAUTCS Iapa-
MeTp ¢, JICZKAIAI B YKA3aHHBIX Ipejeax. ¥YBeJIMIeHre TOr0 napaMeTpa ocjaabisgeT Ha-
[PAIIBAIONIEECST YTBEPAKJCHAE O CKOPOCTH CXOAMMOCTH, HO YBEJINYIUBACT BO3MOKHYIO
obacThb BRIOOpa HavYaJIbHOrO npubsmkenns. Kpome toro, ¢hopMysInpoBKa TEOPEMBI He
UHBAPUAHMHG OTHOCUTEILHO BBEIeHHON B R™ HOPMBI, Tak ITO 9Ta HOpMa — eIrle OJUH HH-
CTPYMEHT, HAaXOJAIIUICA B PyKax HCcIe1oBaressd. B 1eficTBUTeIbHOCTH BEPHO HECKOIBKO
6osee cumbHoe yTBepxkaenue: yeiosne ||(x*)|| < 1 moxkeT OBITH 3aMeHEHO Ha YCIIOBHE,
He 3aBHcsIee oT BbGpanHoil HopMbl: p(®'(z*)) < 1. Bmecs p(P'(z*)) — cuexrpasbHbLL
paguyc marpurpl Jkobu ¢ (x*). D1o yTBepKIeHMe OyIeT JT0Ka3aHO HUKe, B § 4.
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[IepeiiieM K paccMOTPEHUIO BOIIPOCOB OBICTPOTHI CXOJMMOCTU UTEPATUBHON ITOCTIETO-
BATEJILHOCTH.

Onpepesienne. [lycrs o > 1 u gana mocse0BaTeIbHOCTE BEKTOPOB { a; . ['oBopsr,
YTO 3Ta IMOCJIE/I0BATEILHOCTD CXOJIUTCS K BEKTOPY a* ¢ nopAdkom (v, €CJii CYIIeCTBYIOT
takue nocroguubie C' u g € (0,1), uro npu Beex s

las — a*|| < Cq™.

['py6o roBopst, CXOAUMOCTD C MOPSAJIKOM (v O3HAYAET, 9TO Ha, KaryKJIOM Iiare IPUBEJICH-
Hasl OIleHKa IOTPENTHOCTA BO3BOJIUTCS B CTEINEHDb (.

[IycTh mMeercst HEKOTOPBIH MeTOJ| (AJIrOPUTM), KOTOPBI UCXOJS U3 HPOU3BOJIBHOIO
BEKTOPA Lo CTPOUT IOCJIEI0BATELHOCTh NPUOJINZKEHNl Ty K UHTEPECYIONeMy HaC BeK-
topy «*. ToBopsT, 9T0 STOT METOJ| NPUOIMKEHNST UCKOMOIO ¥ CXOAUTCA ¢ Nopadkom «,
eCJIM CyIIeCTBYeT Takoe 0 > (), 9TO IPHU BBIIOIHEHUN YCJIOBHUA ||Tg — 2*|| < § mocsenoBa-
TEJILHOCTD {3} CXOAUTCS K ¥ ¢ MOPSIIKOM (V.

Bameuanue 1. CXoquMOCTh ¢ HOPAAKOM (v = 2 Ha3bIBACTCS KBAJAPATHIHOMM, ¢ IOPSAI-
KoM 3 — kybuueckoii. CymectByior eme u Takue TepMmunbl. [lociaemsosarenbaocts { a,, }
cxonuTest K a* JmHEeRHO (¢ GBICTPOTON TeOMETPHYECKON MPOrpeccHn €O 3HaMeHaTeeM
q < 1), ecnu cymecrByer Takas mocrosinaas C', aro npu Beex s ||las — a*|| < Cq¢®, n
CBEPXJIMHEIHO, ecu 1pu Jiobom ¢ > 0 ||as — a*||/¢® — 0. Ilousitue yuneiinoit u cBepx-
JIMHEHHON CXOAMMOCTH IEPEHOCUTCS U Ha METOJbI IOCTPOCHH II0C/IeI0BATEILHOCTEI.

SBameuanue 2. Jlerko BuIeTh, YTO MOHITHA CXOJAUMOCTH C TIOPSIKOM (v, JIMHEHHOM
U CBEPXJIUHEHHON CXOMMOCTH MHBAPUAHTHBI OTHOCUTE/IHLHO BBeJIeHHON B R"” HOPMBL.

Sameuanue 3. B upeapuiyineii riaBe Mbl yzKe BCTPEYaJIUCh ¢ METOJAMU, UMEIOIINMU
JIMHEHHYO0 CXOJUMOCTh. DTO (IIPU BBIIOJIHEHUN COOTBETCTBYIOIIUX YCJIOBUI) METOIBI IIPO-
cToil ureparuu u 3aiijiesisd peleHnusl CUCTeM JIMHEHHBIX YPaBHEHUN U CTEIEHHON MeTo/T
HAXOXKJIEHUsI MepBOro (HAMOOJIBINEro Mo MOJYI0) COOCTBEHHOTO YHCIa MATPUIBL Pac-
CMOTPEHHBIH B § 6 IPebIyIIeil IIaBbl METO/ YTOUHEeHNsT OOPATHON MaTPHUILI IMEeT BTO-
POit TIOPSIJIOK CXOAUMOCTH; (hOPMATBLHO TOBOPSI, 9TO yTBEPKJICHUE TPeOyeT MepeHeCeHUs
MOHATHA TOPSAIKA CXOIUMOCTU Ha, TOCJIEI0BATEIHbHOCTH MATPUIL, YTO, BIPOYEM, BIIOJTHE
OYEBU/IHO.

Jlemma. Ilycrs mocienoBarenbHOCTh {Ts} CXOMUTCS K T*, M — HATypaJbHOE THCJIO
H Ys = Tyys. ECam mocaenoBaTelbHOCTh {ys} CXOMUTest K ©* ¢ MOPSIKOM (v, TO STHM Ke
CBOICTBOM 00J1a/1a€T U IOCIEI0BATEILHOCTD {Ts}.

HokazaTennbctBo. Ham nzsectno cymecrsosanue takux Cop u gy < 1, 910 IpH Beex
s |lys —a*|| < Coqg‘s. Haiiyiem uncio g u3 ycjioBus qam+s = q&s, T.e. ¢ = e¥ "M Upcro q
3aBHUCHT JIMIIH OT ¢y U M, HO He OT S, mpuieM ¢ < 1, mockoabKy In gy < 0. Tenepsr mmeem
|Zmss — ]| = |lys —2*|| < Cog®™"", me. ||zs — 2*|| < Coqg® upm s > m. Tlomoxum Tereps
C) = maxsop, ||vs — 2%]|/¢* . Torma npu Beex s =0, 1,2, ... okaxerca ||z° — x*|| < Cq™,
rae C' = max{Cy, C;}. B

Sameuanue 4. norya ncnonb3yercs Takas TEPMUHOJIOTHA. [0BOPAT, UTO MOCTIEI0-
BaTEIHLHOCTD Ty OKOHYAMEALHO 00Aa0aem HEKOTOPBIM CBOWCTBOM, €CJIH JjI HEKOTOPOTrO
M STUM CBOMCTBOM OOJIQJIaeT MOCIEI0BATENBHOCTD Ys = Lppis. B ITUX TePMHUHAX JOKa-
3aHHAas JIEeMMa MOKeT ObITh ¢(hOpPMyIMPOBaHA TaK: €CJIM HEKOTOpas MOCJeI0BATEIHLHOCTD
BEKTOPOB OKOHYATEJIHHO CXOJUTCS C MOPAJIKOM (v, TO OHA CXOJIUTCA C TMOPSATKOM (.
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Teopema 2. Ilycrb « > 1, nociaenoBarenbaocts {xs} C R"™ exonurest k x* u Takosa,
gT0 Ipu HEKOoTopoi mocrosaaoi C' 1 Beex s

251 — 2™ < Cllag — 2| (1)

Torma T, CXOMUTCA K T* C IIOPSIKOM (.

Hoxasarenncrso. Homoxnm 8 = 1/(a—1) u onpeaenum aucna r, = CPllzs —x*||.
[TocKOMLKY B CHIIy JOKA3aHHON JIeMMBI HAM JOCTATOYHO JOKA3aTh, YTO MOCJICIOBATEIb-
HOCTH {5} OKOMuAMEALHO CXOMUTCs ¢ MOPAIKOM « (cM. 3aMevanue 4), Mbl, He yMaJisis
OOLIHOCTH, B IIPaBEe CUUTATDH, YTO BLIIOJIHACTCS HEPABEHCTBO ¢ = 7o < 1. YMHOXKUM Hepa-
sercteo (1) ma CF. Torma B cumy pasenctsa 1+ 3 = a3 ero MOXKHO 3amucaTh B BHE
Tsr1 < 7%, U TIOCTEOBATENIHHO TIPUMEHSIsT TIOCIe/Hee HePaBeHCTBO, Mbl HOTyHInM 7y < g%
u Tem cambM ||z, — 2% < C ¢, W

Bameuanue 5. Hepasenctro (1) 4acTo npuHUMAIOT 3a ONPEIEIEHUE TIOHATUS TIOPSIJI-
Ka CXOJUMOCTH I0C/IeIoBaTeIbHOCTel. [JJoKaszanHast TeopeMa IIOKa3bIBAeT, 9YTO IOCIeI0Ba-
TEJILHOCTD, CXOSIIAACH C MOPSIKOM (¢ B CMBIC/IE TAKOTO OIPEIEICHUs, CXOIUTCS C TEM 2K
HOPLAIKOM ¥ B CMBICJIE JIAHHOIO BbIIIe onpeaeaenns. O6parnoe, BoobOIIe roBops, HEBEPHO.
Hampumep, |anciioBast IocIeJoBaTeIbHOCTD a, = % /s (3mech ¢ < 1, a > 1, s =1,2,...)
CXOJIUTCA K HYJIIO C TIOPSIIKOM (v, XOTsI HEPaBeHCTBO (1) /1jig Hee He BBINOJIHAETCH.

BepHemcst K MeTO/y WTepanum Jyis CUCTEM HeJIMHeHbIX ypasHeHuii. IIpexie dem
JIOKAa3bIBATH HEKOTOPBIil IPU3HAK CXOJUMOCTH 9TOIO METOJIA C TOPSIJIKOM (v, BBEJIeM Y106~
HOe O0O3HAYEHME JJIsi YACTHBIX MPOU3BOJHBIX (DYHKI[MU MHOIUX II€PEMEHHBIX. BekTop
J = (J1,J2,- -+, Jn) C IEJBIMH HEOTPHUIATEIHHBIMEI KOMIIOHEHTAMU OyJIeM HA3BIBATH MYJlb-
THUHJEKCOM, a aucio |J| = > _, j, — ero mymuoii. [Iycrs f(x) — dyrknus n nepemen-
HBIX, UMEOIAsl COOTBETCTBYIOIIIE YaCTHbIE IPOU3BO/HBE. TOria MOJI0KIM

J i
D@ = pe e

JlokazaTebCTBO MPU3HAKA CXOUMOCTU ¢ HEKOTOPBIM TIOPSIIKOM METO/Ia UTeparuii Oy-
JIET OCHOBAHO Ha CJIEIYIONIEM M3BECTHOM U3 Kypca aHajmsa yTepxkjennu. [lycts dbynk-
st () (z € R™) m + 1 pa3 nenpepsisHO JuddepeHipyeMa Ha OTKPBITOM MHOYKECTBE
QC R ¢ e Qu M C ) — Boimykjag 3aMKHyTadg OKpecTHoCcTh Touku x*. Ilycrh
T, (p, ) — "orpesok psija Teitopa" (yHKIMU o, comepKAII 3HAYCHUST TTPOU3BOIHBIX
GyHKIMK B TOUKe ¥ JI0 TOPSIIKA M BKIIOUIATE/IbHO. Torma Haiijgercs Takast MoCTOTHHAS
C, 9o j1s1 Beex Touek & € M BBIOJIHSIETCST HEPABEHCTBO

|o(@) = Tn(, 2)] < Cllw — ™|,

[Mocrosinuas C' 3aBucut, KOHEYHO, OT QYHKIMU @ (0T ONEHOK B M NPOU3BOIHBIX (¢ IO-
psizika m + 1) u BBIOPAHHOI BEKTOPHON HOPMBIL.

Teopema 3. [Iyctp x* HenmogBuKkHas Todka orobpazkernst O: O(x*) = z*, mpmaem Bce
dyurmun o (x) m + 1 pa3 HenpepbiBHO JchepeHIIpYeMbl B HEKOTOPOH OKPECTHOCTH
TOoYKH x* m 1pu Beex k = 1,2,... n U JIsT BceX MYJbTHUHICKCOB J, JTHHA KOTOPBIX HE
mpesocxorur m (1 < |J| < m), D?p(2*) = 0. Torma Meros urepamun Jijisl HAXOXK JCHHS
x* cxomurest ¢ mopsygkoMm m + 1.

113



HoxaszaTenbcTso. Mcnonb3yss MHBAPUAHTHOCTD HOPSAIKA CXOAUMOCTH OTHOCUTE -
HO BEKTODHOIW HOPMBI, BBIOEDEM B KadecTBe 3TOH HOPMBI || + ||o. Bbibepem HekoTOpBIit
"map" (oTHocuTeasno BeGpanmoit nopmb) M = {z € R" | ||z — 2"« < 6 }, B KOTOpOM
Bece dyukuuu pr m + 1 pas menpepoiBHO JuddepennupyeMbl. Torma s BeeX TOYEK
x € M ¢ HekoTopbIME HOCTOSHHLIME (), BBIIOJHSIOTCS HEPABEHCTBA

|on(2) = Ton ok, 2)| < Cll — 2"

Ho T, (pr, x) = @r(z*), mockosbKy Bce mpousBojHbIe (DYHKIUI @) B Touke x* obpara-
10TCst B HOJIb, 1 Tioyiarast C' = max Cl, mjist Bcex € M Mbl nMeeM

12(2) — 27| = () = 2(2") [l < Clla — 2" [,

M TeM CaMbIM, €CJIH § BLIGPAHO HACTOJILKO MajibiM, uro 6™ < 1, ipu 9 € M Bee ujenbl
UTEPATUBHON OC/Ie0BATEIbHOCTH sy = P(xs) Takxke OyiayT cojepxarbes B M u jjis
HUX OYJIeT BBIIOJTHATHC HEPABEHCTBO ||T5y1 — 7|00 < Ol — z*||™F, T.e. mepaBencTso
(1) u3 Teopembl 2, Ha KOTOPYIO U ocTaercsa cocaarbest. M

§3. Meroa Hprorona

Metox HeioTona cravasa paccMOTpUM J1ist oJfHOTo ypaBHeHus f(t) = 0 u 3a0/1HO KpaT-
KO YKaxKeM HEKOTOpPBIE JIPyTrue MeTOIbl pelieHus HeJauHeidnbix ypasuennii. [lycts dyHK-
st f JIBayK/Ibl HENPEPBIBHO AuddepeHimpyeMa B OKPECTHOCTH KOPHSI t* 9TOTO ypaBHe-
HUSI U TIyCTh HAM U3BECTHO JOCTATOTHO OJIM3KOe mpubmKeHue ty K 5ToMy KopHio. Tora,
ucrnob3yd dpopmysty Teitopa,

0= J(E) = ft0) + (& =S (t0) + 5(t° ~ /(7).
[TocsieiHee ciaraeMoe B IIPaBOH YaCTH MaJIo, U UM MOXKHO IIpeHeOpedb, Tak 4To t* ¢ Xo-
portieii TOIHOCTBIO yioBaeTBopseT ypasuennio f(ty) + (t — to) f'(to) = 0. Permmenue sroro
ypaBHenusi t; = to — f(to)/f'(to) npuHUMaercs 3a cienyolnee MPUOJNKEHe K pere-
uuio. Vrtak, meron Herorona cocrour B coeyrormem. Buibupaercs HEKOTOpOe HAYATIbHOE
npubIMKeHne ty U CTPOUTCS MOCTIEI0BATETHHOCTD

_ f(ts)
ts+1 =t — f’(ts) : (1)

Metos Hpiorona mmMeer mpocToil TeOMETPUYIECKUN CMBICT: 411 €CTh adDCIUCCa TOYKH IIe-
pecedennst KacaTeIbHOI K TpaduKy MYHKIUN f, TOCTPOEHHON B TOUKe (ts, f (ts)), C OCBIO
abciuce. [losromy B ciaydae oaHoro ypasHeHusi MeTo HbioToHa Ha3bIBalOT MHOIA Me-
modom KacameabHbT.

WNuorna okasbiBaeTcs yI0OHBIM HE MEPECUNTHIBATD HA KarKJIOM Iare IMpOU3BOIHYIO U
[IOJTb30BAThCA YIPOIIEHHONW (hOopMYJIOit

N (S
=l T )

DTOT MeTOJ| Ha3bIBaeTCd Moduduyuposarnvim memodom Hvromona. OdeBuno, 4to ecaun
ty = to, To m t; = t1. MoaudunupoBanubiii Meros HpioToHa Tak:Ke mMeeT OUYEBUTHBII
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reoMeTpudeckuii cMmbicy. [lepBoe mpubnkenue fl, MOCTPOEHHOE 3TUM METOJIOM, COBIIA-
JaeT ¢ ty, mocTpoeHHbIM MeTojoM HbioTona, a jajiee depe3 TOUKY (fl, f (fl)) rpacduka
dyukmn f TPOBOIUTCA TpsiMasi, TMapaJie/ibHast KacaTeIbHOW B TOYKE (to, f (to)) a 3a
ceyronee IpudInKeHne to IPUHUMAETCA abCIICCa TOUYKH IIePEecedeHrs] ITOM IPAMOi
¢ ockio abcruee. Taxk ke u JjIsg BeeX CAEAYIONINX IIPHUOJIMKEHUI depe3 TOUKHI (fs, f (fs))
IIPOBOJATCS IPSIMBIE, TapaJsiieIbHbIE caMOil IePBOil KacaTe/IbHOM. DTH rpaduiecKue mo-
CTpOeHUsI N300parKeHbl Ha, PUCYHKE.

f

B ciaygae TpysHOCTEH ¢ BBHIYUCIEHUEM POU3BOJHON €€ 3HAYEHUs MOYKHO 3aMEHATD,
UCIIOIb3Yd ducaeHHoe auddepeniupoBanue. [IycTb B3ATH JiBa OJTU3KUX K TOTHOMY pellie-
HUIO HAYaJIbHBIX HPUOJMKeHus ty u t1. Torja MOXKHO HOCTPOUTD CJIEYIONIEe TPUOIHIZKe-
uue 110 dopmyite to = t1 — f(t1)/ f(to, 1), 3amenus B hopmyiie (1) mpu s = 1 nponU3BOIHYIO
f'(t1) na pasmenennyto pasnoctsb f(tg,t1). DTO IPUBOIUT K MOCIEIOBATEIHHOCTI

f(ts) ts - ts—l
ts-l—l - ts f(ts_l, tg) - ts f(tg) — f(ts—l)f(ts> (2)
Dror MeTon HasbBaeTcs memodom cexyuyux. OUeBUIEH MeOMETPUUCCKUIT CMBIC 9TOIO
MeTOoJIa: IPUOIMKEHNe 1 €CTh abCIcca epecedeHrs ¢ OChIo abCICe XOpabl rpaduka
dyuKIMKM f — TpAMOil, MPOXOsIIell Yepe3 TOUKI (ts, f (ts)) u (ts_l, f (ts_l)).

Nuorma ynorpebstior Takzke memod xopd. Ilpeanoraraercst, 970 n3BeCTHBI HAYAIBHBIE
npubsmzkenus ty u ty, Takue 9ro f(tg) u f(t;) UMe0T IPOTUBONOIOKHBIE 3HaKU. Toraa
nocrpoernoe 1o dpopmyiie (2) (mpu s = 1) npubiuzkenue to JIeKUT MKy to u tq1. 13 mpo-
MEXKYTKOB [tg, ta] 1 [t2,t1] BbIOMpaeTcs TOT, Ha KOHIAX KOTOPOro (byHKIWs f IpUHUMAET
3HAYCHUs PA3HBIX 3HAKOB, W JICJIAETCA HOBBIA IIar, aHAJOMMYHBIA IIPEIbLILyIIeMY.

Bepuemcst k Merony Hetorona. @opmysy (1) MoxkHO paccMaTpuBaTh Kak (hOpMYITy
MeToja uTeparmii st ypaBaenus t = ¢(t), tae o(t) =t — f(t)/f'(t). Jlerko npoBepuTts,
aro @' (t*) = 0. [Tosromy, B CBA3M ¢ pe3ybraTaMy IIPeJbIIyIIero maparpada, ciemayer
OKIJIATH KBaJAPATUIHYIO CXOAMMOCTH METO/IA.

Amnasornano moaudunuposanubiii MerTo HpioToHa MOXKHO paccMaTpuBaTh KaK METOI
ureparn i ypasaenus t = ¢(t), tae @(t) = t — f(t)/f'(to) Bmecs @' (ty) = 0, u
[PU JIOCTATOYHO XOPOIIEM HAYAJIBLHOM MPUOIUKEHUN MOXKHO OKHJIATH CXOAUMOCTE ITOIO
MeToJIa ¢ OBICTPOTON TeOMETPUIECKON TIPOIPECCUE ¢ MAJIBIM 3HAMEHATEIEM.

Uccnenosanue meronos Hporona n MoaudunupoBanioro 0yaeM IPOBOIUTH JJIsd CIIy-
Jas CUCTEMbI ypaBHEHUIA

F(x) =0, (3)



rne v = (&,...,&) €R", F(z) = (fi(z),..., fa(z)). Cornacro popmyme Teiinopa
O = F(a*) = F(x) + F'(xo)(x* — o)

(mamomumM, aro F'(xg) — marpuna dkobu). Tak 910 nexosst u3 HAYATBHOTO MTPUOITIZKE-
HUS T TOCJIeytonue mo Meroay Hpiorona crpostes mo dopmysie, BIOIHE aHAJIOTTIHOM
dbopmye (1):

o1 = T — [F'(25)] ' F(xs). (4)

@opmysta MOIUMUITUPOBAHHOTO METOIA:
Bopr = &5 — [F'(20)] ' F (&), (5)

Peanbno B Merone Hbroorona Haxoxenue z,yq Tpebyer He obparieHusi MaTpuIpl (ITo
HEPAIMOHAJIBHO), & PEIeHIs] CHCTEMbI JIMHEHHBIX YPABHEHUIL:

Toy1 = Ts + Azy,  Fl(x)Axy = —F(zy).

B mMomudunmpoBanHOM MeTOde OOpallleHre MAaTPHUIIbI MOYKET OKa3aThCs OIpPaBIaHHBIM,
xoTst 60JIee ecTecTBEHHO UCHob3oBaTh LU-pasnoxenne marpurbl F/(xg).

Teopema 1 (o merone Hotorona). ITycrs x* — perrenne cucrembl ypasaenii (1). ITycrs
B HEKOTOPOI OKPECTHOCTH TOUKH x* oTobparkernue F(x) TpuzKk bl HermpepbIBHO g depe-
mupyemo u det F'(x*) # 0. Torya meron HproroHa cxomurest Jist T KBaJPATHIECKH.

Hoxkazarenbcro. OueBngno, uro F'(x) — F'(2*) upn x — z*. Ho npu yciaosun
| F'(x) — F'(z*)] - ||[F'(z*)] || < 1 marpuna STkobu F’(z) Takzke obparnma (MbI HCIIOJb-
3yeMm Teopemy 5 u3 §2 mrassl 3). [losromy juist mekoroporo r > 0 Tpu Beex Tex , st
KOTOpBIX ||z —z*| < r, cymectByer marpuna I'(z) = [F'(x)]™! = {7;;(z)}. Jlerko Bumers,
1o QyHKIUA Vi () ABazK bl HenpepbBHO quddepennupyemsl. Meros Huiorona reneps
BalUIIEeTCd Tak: Tsy = Ts — L (x5)F(xs) = P(x5). Orobpazkenne P (x) mBazkiapl Hempe-
poiBHO A dEpeHiupyeMo B OKPECTHOCTH TOUKH ¥, 1 IT0ObI BOCIIOIB30BATHCS TCOPEMOii
2 u3 mpepIyIIero maparpada, 1ocrarodro yoeanthbest, aro O (z*) = 0. g kommoHeHT
orobpaxkerust ¢ nmeem

op(r) = & — Z’ij(x) : fj(fb’)7

% 5= 3 [ @)+
9& = L9 ’ oG

[Ipu z = z* nepBble ciaraeMbie B KBaJIpATHBIX CKOOKaX 0OpaIaioTcsd B HOJIb, & CYyMMa, 110
J BTODBIX ecTh (K, 1)-brit ssement Marpunst ['(2*)F'(2*) = E, re. ;. UTak, Bce a/1eMeHTHI
marpunbl Y (z*) pasusl myito, ' (x*) = 0, u s 3aBepieHnsT TOKA3ATEIHLCTBA OCTACTCSI

BOCIIOJIb30BaThCsd Teopemoit 2 u3 §2. W

SBameuanue 1. B ycmoBusx 9roit TeopeMbl TpeboBaHUE Ha TJIQJIKOCTh OTOOPAYKEHHS
F 3aBpImeno — B JIeHCTBUTEIBHOCTH JOCTATOTHO ABYKPATHON MuddepeHnpyeMocTn.

Bameuanne 2. Yeaosue det F'(z*) # 0 TeopeMbl CyIecTBeHHO — 6e3 HEro KBaIpa-
TUYIHON CXOIMMOCTH MOKET U He ObITh. IIpuBeeM cOOTBETCTBYIONINUIT IPUMEP B OJHOMED-
nom caydae. Ilycrs f(t) = t2. Kopenn t* = 0 ypasuenus f(t) = 0 taxos, uto f'(t*) = 0.
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s meroya Hprorona Jjierko mostydaem tg 1 = %ts, u pu ty # 0 CXOMMOCTBH METOJa BCEro
JINIL JITHENHA.

[* 3ameuganue 3. Merox Heiorona jomyckaer obobIiienne Ha cirydaii HeJIMHERHBIX
ypaBHEHUI B HOPMHPOBAHHBIX IPOCTpaHcTBaxX. Takoe oboOIeHNEe OBLIO TPEJIOXKEHO U
riay6oko uccaenosano JI.B.Kanroposuuem (cm., manpumep mr. XVIII kauru Kanmoposuy
JI.B. u Axunoe I'Il.), u B cBA3M ¢ 9TUM OOBIYHO Ha3bIBAeTCsl MeTo0oM KaHTOpoBHYA.
Teopewmnr JI.B.Kantoposuya o merosie Hpiorona st ypaBHenuit B HOpMUPOBAHHBIX ITPO-
CTPAHCTBAX SIBJIAIOTCS MEOPEMAMU CYWECMBOBAHUA U COUHCMEEHHOCU TOIHOTO pelle-
HIS B HEKOTOPOI OKPECTHOCTHU U3BECTHOrO pubmKeHHoro pemrenusi. [loapobuee 06 sTux
Teopemax OyeT ckazano B § 5. Teopembr KanropoBuda HaxomsT cyniecTBeHHbIE IPUMEHe-
HUsI TIPU UCCJIEI0OAHNE HeJIMHEHHBIX (DyHKIIMOHAIBHBIX ypaBHeHuit. *|

Teopema 2 (o momudurmposanaom meroie Heiorona). Ilyers x* — pernrenne ypas-
wvernst F'(x) = 0, u B HEKOTOPOIi ero oKpecTHocTH oToOpazkerne F' jiBazk bl HEIPEPBIBHO
Juggepentupyemo. Ilyers det F'(x*) # 0. Torga maiigyrces rakue § > 0 uw ¢ > 0, a0
pu g € Ss(z*) momucpunmposannsiii Meros; HpioToHa cX0quTes ¢ GBICTPOTOH TeOMETpH-
geckoii nporpeccunt: ||Ts — x*|| < ¢°||lxg — *||, nae ¢ = c||lzo — 2*|| < 1.

Hoxkaszarenbcrso. O6o3HaIMM Uepes 1 payc Toro mapa S, (z*), B KoTopoM 0T06-
paxkenue F' JIBaxKbl HellpepbIBHO Jnddepentupyemo. Haitiercss Takas mocTodHHas ¢y,
gyro jug &', 2" € S.(z*) Bemosmsierca uepasercTBo ||[F'(z') — F'(2")]| < eifla’ — 2”]).
Boibepenm o < 7 Tak, uro ||[F'(z*)]7|ciro < 3. ITo Teopeme 5 u3 §2 rasbr 4 11s Beex
r € S,,(z*) cymecrsyer obparnag marpuna ['(x) = [F'(z)]™' u ||T'(2)| < 2||T(z*)| = ca.
[Tostoxkum ¢ = 2c1co 1 BbIOEpeM 0 Tak, 9to 0 < 19 m ¢d < 1. Urak, ¢ u 0 BbIOpa-
ubl. [Tokazkem, aro onu Tpebyempre. Ilycrs xy € Ss(x*). B momudurnmpoBanroM MeTo-
ne Hotorona Tg = xg u Tsy1 = P(T), tme ®(x) = x — ToF(x), Iy = T'(zg). Tak kax
' (z) = E—ToF'(z) =To(F'(x0) — F'(z)),r0 upn ||z — 2*|| < ||z — 2*|| Gyzer

12" ()| < cacallzo — 2| < crea(fleo — ™[ + |z = 27[]) < clleo — 2" = ¢ < 1.

[Tostomy 1o Teopeme 2 u3 §1 st Ji0bObIx Touek ', x”, Takux uro ||z’ — x*|| < ||z — z¥||
u ||z — x| < |lwo — 2], myeenm

|®(z') — ®(2")|| < qlla’ — 2"|.
Orcrona
12 — 2*|| = [|®(Zs-1) — @(z*)|| < qllZsy — 27| < -+ < @*flwo — 27

OtuM Teopema jokazana. M

N3BecTHbI MeTOIBI U O0JIee BBICOKOI'O, IeM BTOPOii, mopsgaaka cxogumocTtu. Hampumep,
MEeTOJIaMU TPETHEro IMOPSIIKA SABJSIOTCA METO/bl KacaTeJIbHbIX rurtepbos u YeOblmiesa.
Boeraucaurenbubie (hopMyJibl 3TUX METOJIOB B CJIydae OJHOIO BEINIeCTBEHHOI'O YpaBHEHHSI
f(t) = 0 BBINISAIAT COOTBETCTBEHHO TAK:

1)
s = b = T i)
L= o /()
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JE) S () f(Es)
20/ (t:))* ) f(Es)

MeTO,ZLbI BbICHIUX IIOPAIKOB OOBIYHO MEHee SCbeQKTI/IBHbI, geM METO/ HbIOTOHa, 0CO-

ts—i-l:ts_ 1"‘

OeHHO B cilydae cucTeM ypaBHeHnit. Hampumep, nmpu perreHnn cucrteM yKa3aHHBIE METOIbI
TPETHEro TMOPSIKA Ha OJHOM Iare TpeGyIoT BBIYUCICHNsT caMuX (DYHKIWH ¢f (UX 1), UX
TIepPBBIX TPOM3BOMHLIX (uX n?) 1 BTOPHIX (KX N?) U pelleHns IByX CHCTeM JUHEHHBIX ypaB-
HeHU mopsaka n. Tak 9To OJMH IMar TakKoro MeToja 0oJiee TPYJA0EeMOK, 9eM JBa, Iara
Meroga HeroTona. B To Ke Bpemsi, rpy00 TOBOpsi, OJIUH IIIar TAKOTO METOa BO3BOIUT IIO-
I'PEITHOCTD B TPETHIO CTEIeHb, B TO BpeMs Kak JIBa Imara MeToia HpioToHa — B 9eTBEpTYIO.
Ho 6p1BatoT cirydan, Korja HadaabHOE TPUOINZKEHNE IeM-TO OCOOEHHO TTPOCTO — B 9TOM
TOYKE y>Ke U3BECTHBI BCE IMPOU3BO/IHDIE, CPeI HUX MHOTO HyJse# u T.1. Ecau ogHoro mrara
Meroga HbroToHa 3/1€Cch He XBaTaeT sl JOCTHKEHHUS HY>KHOH TOYHOCTH, TO IPUMEHEHHe
METO/IOB BBICIIErO TOPsJIKa OIpaBIaHo. BO3MOXKHO, METObl BBICIINX IOPSIIKOB HMEIOT
HEKOTOPOE TIPENMYIIECTBO TIPU paclapasieIMBAHNN BbIIUCINTE/HHBIX MTPOIECCOB.

Bagaua 1. [Tokazarh, 9T0 B CJIy4ae OJHONO YPABHEHUs JJIsl YETHIPEIK bl HEIIPEPBIBHO TudepeHty-
pyemoii dyuknuu f meronnl HebblmeBa U KacaTeJbHBIX TUIEPOOT UMEIOT TPETUl MOPSIIOK CXOIUMOCTH.

3agaua 2. [lokasarb, uro B ciydae oguoro ypasaenus f(t) = 0 merox Heiorona juis xopast t*
cxomurest Kybuaeckn, eciu f/(t*) #£ 0, f(¢*) = 0.

Bapaua 3. [TokaszaTh, 9T0 MeTO, peleHus: cucreMbl ypasHeruii F'(z) = 0, B KOTOpOM 4epeayrorcs
mero Herorona n MmoaudumpoBaHHbIii:

Toptr1 = Toy — [F'(12,)] L F(2,),

Topro = Topr1 — [F'(02,)]  F(22,41)

(v =0,1,2,...), mMeeT HOPSAIOK cxomuMocTH o = /3. * TIpeanonaraercs, uro det F'(x*) # 0.
[* §4. JdomosiHuTesbHbIE CBEJIeHUSI O METO/Ie UTEPAIAN

B srom maparpade Oyger yKazaHo HeKoTopoe 0000IIeHne IPUHIIAIA CKATBIX 0TOOpa-
JKEHMH ¥ JI0Ka3aHO yTBEPKJEHNe, NPUBEACHHOE 6e3 J0Ka3aTelbCTBA B KOMMEHTAPUU K
Teopeme 1 B §2.

BamMeTum IpezK/ie BCEro, 4To MPUHITAI C2KATHIX OTOOpasKEeHHH, JToKa3aHHbIH B § 1, 710~
IycKaeT MIUPOKoe 0000IIeHre Ha CIydail ypaBHEHUI B METPUIECKUX IPOCTPAHCTBAX.

[Tycts X — mOJIHOE METPHUYECKOE TPOCTPAHCTBO ¢ MeTpUUECKoil (yHkIimeit (paccro-
sauem) p(z’, "), n mycte ® — orobpakenue npocrpancra X B cebsi. Touka z* € X
HA3bIBAETCsI HEMOJBUKHOI TOUKOi oTobpaxkenus: ®, eciim $(z*) = z*.

Teopema 1 (mpunnun cxkarbix orobpazkenuii). Ilycrs Hariock Takoe ducio q < 1,
qT0 I Beex Todek ¥, 2" € X BBIIOIHAETCS HepaBeHCTBO!

p(2(2), (")) < qp(a’, a"). (1)

Torma:
1) orobpazkenue ¢ mveer u IPUTOM €HHCTBEHHYIO HEIOJBUXKHYIO TOUKY T*;

*TIoCKOJIbKY TIOCTIE BBIYUCICHUST To, 4] BBIYUCJIEHUE Tg,1o TPEOYET CYNMIECTBEHHO MEHBIIEr0 YHUC/Ia
apudMeTHIeCKIX ONepalyii, TaKON MeTo/T 9acTo OKa3biBaeTcst 60iee 3(hheKTUBHBIM, YeM "qucThiit" MeTos
Hryrorona.

fOro6pazkenue ®, yI0BIETBOPAIONIEE STOMY YCJIOBUIO, HABBIBACTCS COHCATbLM W COHCUMANOULUM.
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2) npm 1060M HaYaJIbHOM NPHOIIKEHUN Ty € X HTepaTHBHAS ITOCIC/[OBATECIHHOCTD
rs = P(xs_1) (s=1,2,...) cxonures K x*;
3) BBIIOJIHSIIOTCS OILIeHKH

S
. q % q
plxs, z*) < ip(l"o,ifl), p(zs,z*) < qp(ifs—l#’fs)-
JokaszaTe bCTB0.3aMETHM IIPEKJIE BCErO, YTO IIPU HAJIOKEHHOM YCIOBIU OTOODa-
xkenne ¢ HenpepbiBHO. Bo3bMeM MPOUBBOMILHYIO TOUKY To € X U IIOCTPOUM UTEPATUBHYIO
OCJIEIOBATEIILHOCTD Tsi1 = P(xs) (s =0,1,2,...). Torma

p($s+1a xs) = p(é(zs)a (I)(xs—l> S qp(l's, xs—l)'

[Tpumensist peKypPEHTHO 9TO HEPABEHCTBO, MBI OJIydnM: p(Tsi1, To) < ¢°p(x1, To), U Tpu
JIIOOBIX HATYPAJIbHBIX S U P

p(xs+p7 xs) < p(xs+p7 xs—i—p—l) + p(xs—i-p—la xs+p—2) +oee p(xs—i-la xs) <

¢ (2)

< (@7 TP+ ) plao, ) < 1—gq p(@1, o).
[IpaBast 9acTh 5TOTO HEPABEHCTBA HE 3aBUCHUT OT P U CTPEMUTCS K HYJIIO IIPA § — 00. ITO
O3HAYAET, YTO MOCJIEIOBATEIbHOCTh {Ts} CXOMUTCSA B cebe U MOTOMY B CHJIY TOJHOTHI X
CXOJIUTCA K HEKoTopoMy 3jementy x* € X. Ilepexossa K mpejiesy npu s — 0O B PABEHCTBE
Tsr1 = P(xs) Mbl mostyunm * = O(z*), T.e. ¥ — HEMOABUKHASI TOUKA. DTUM JOKAZAHO
CyIIIeCTBOBAaHNE HEIIOIBUKHON TOUKU U CXOAUMOCTb METO/a UTEPAIUN IIPU JTI0OOM HAYA b
HOM IPHUOJIMZKEHNN K HEKOTOPOI HEIOABMXKHON TodKe. JIerko jmokasaTh eIuHCTBEHHOCTD
HEIOJABUKHOI Touku. [leficrBurenbHo, ecan x* n ™" — HENOABUXKHBIE TOYKHU, TO

p(x*,a™) = p(0(a"), (™) < gp(a”,2™),

YTO BO3MOXKHO Jinilb 1ipu ™ = ™. [lepexons K npejesy npu p — o0 u (hUKCUPOBAHHOM §
B HEpaBEHCTBE (2), Mbl MOJIyYUM HEPBYIO U3 JOKA3BIBAEMBIX OIICHOK. BTOpas moJrydaercs
U3 [EPBOM, €CIM PACCMOTPETh HOBOE HAYAIBHOE HPUOJIIZKEHUE T, = Ts_1 U JJIS OINEHKN
HOTPEINTHOCTH TI€PBOTO HMPUOIKEHIA T) = Ty IPUMEHUTH 9TY IEPBYIO ONEHKY. [

Kak ciresicTBrE 9TOI TEOpEMBI JIETKO MOIYyInTh 00001eHre TeopeMbl 1 u3 § 1 Ha ciryvaii
YPaBHEHMIT B METPUYECKUX ITPOCTPAHCTBAX, Mpe/Ioaras, 9To orobpaxkenne P sapisercs
C2KUMAIOIIUM JIUITb B HEKOTOPOH OKPECTHOCTH TOUYKU L.

CaencrBue 1. [Iycte X — noJimoe MeTpuieckKoe MIPOCTPAHCTBO, Xo € X H HAILIHUChH
takme qucaa m >0 m 0 < g < 1, 9T0 BBIIOJHEHBI YCIOBHSI:

19 p(®(x0),20) < m,

20, s Beex rouek o', 7" € S, rae S = {z € X | p(z,m) < m/(1 —q)} —
"map" ¢ neaTpoM B TOUKe Xy U pajuycoM 7 = m/(1 — q), BBIIOJHIETCS YCIOBHE CXKATHST
p(q)(:c’),q)(x”)) < gp(z',x").

Torna

a) B mape S CyniecTByeT eJMHCTBEHHAsI HEIIOJBIXKHAasT TOUYKa T* orobpakenus P,

6) mreparuBHAS MOCJIEI0BATEIBHOCTh Tgr1 = P(xs) (s = 0,1,2,...) cxomurcss K x*:
P (xs - I*) — 0,

119



B) BDBIIIOJIHATIOTCA OII€HKH

plrs — ") < ——, plrs — ") < —q P(Ts, Ts—1).

HoxkazarenbcrBo. Ilap S ¢ mMerpuueckoii dyHKiumeir p ecrb mojHoe (BBUIY 3a-
MKHYTOCTH S) MeTPUYIeCKOe IIPOCTPAHCTBO, U JIJIsi TOIO, YTOOBI BOCIIOJIB30BATHCS JIOKA-
3aHHOI T€OPEeMOii, TpedyeTcs JIUIIb MMOKa3aTh, 4To ¢ orobpazKkaeT 3TOT 1map B cebs. rTax,
nycts x € S. Torna

p(®(x),x0) < p(®(2), ®(20)) + p(P(20), 20) < gp(x,20) +m < g 1—”_1(1 +m = 1&_(]7

tak aro ¢(z) € S. M

Sameuanune 1. Kak BuIHO U3 JI0KA3aTEIbCTBA, B YCJIOBUAX CJIEJICTBHUS METOJ, UTE-
paruu 6yJIeT CXOJAUThCs [P JIIOOOM HavaJbHOM HpuOsmkenun &' € S.

SBameuanue 2. Teopema 1 B § 1 ecTh 9acTHBII ciIydail JJOKA3aHHOTO CJIEICTBUS, KOTIA
POJIb METPUYECKOTO IIPOCTPAaHCTBa X UI'PaeT MPOCTPaHCcTBO R™ ¢ BBEIEHHOI TaM HOPMOIi.
BameTum erre, YT0 KOHEIHOMEPHOCTH IpocTpancTBa R” He urpaer B 9TO Teopeme poJiu,
U ero MOXKHO 3aMEHUTh Ha JTI000€e MOJIHOE HOPMUPOBAHHOE IIPOCTPAHCTBO.

B CJIG,ILyIOLU;ef/'I TeopeMe 3a CHET HEKOTOPOI'0 AOIIOJIHUTE/JIbHOT'O IIPEAITIOJIOZKEHNA O MET-
PUIECKOM IIPOCTPAHCTBE (KOMH&KTHOCTB) MBI OCJIaONM CccJIaHHoe B TeOpeEMeE 1 IIPEeAIoJIo-
KeHunue o CxKaTHuu.

Teopewma 2. I[Iyctp oTobpazkerue P 1o IHOrO0 KOMIIAKTHOTO METPHIECKOI'O MPOCTPAaH-
crBa X B cebst TaKoBO, 4TO JIsA Jiioobix Todek x',x” € X, rakux uyro x' # x”, BbIIOJ-
msiercst crporoe nepasencrso p(®(z'), ®(z")) < p(a’,2"). Torza ® mmeer exuncrsenHyro
HenmoABIKHYI0 TOUKy x* (P(x*) = z*), n ureparuBHAs MOCICIOBATEIBHOCTD Tsy1 = P(xy)
CXOJIUTCSI K 9TOH HEMOABUXKHOI TOYKe (I — x*) npu JI060M HAYATLHOM TPHOIHKEHUN
xo € X.

JlokaszaTenbcTBo. [Iycrs Touka zy € X npousBosibHa. [locTponMm mocieioBaTe b-
HOCTh Tgy1 = (). IocmenoBarenprocts oy = p(Tsy1,Ts) = p(q)(xs), @(ms_l)) He
BO3PACTaeT M OIPAHMYCHA CHU3Y HYJIEM, TaK 9TO OHA CXOIUTCA: (v, — (. BBHIY KOM-
nakTHOCTH X U3 TOCTIEJ0BATEIHLHOCTH {Zs} MOXKHO BBIOpPATH YACTUUHYIO CXOJSILYIOCH:
xs, — x* € X. Ilepexosa K Tpejiesly B PaBeHCTBE vy, = p(é[)(xsm),xsm) U HCIIOJIb3Yys
HelpepbIBHOCTL P, mosrydaem p(q)(x*), :c*) = «. TouHO Tak 2Ke IpeIeIbHBIM IIEPEXOIOM B
paBencTse o, ., = p(P(P(xs,,)), P(x,,,)) nomydaerca pasencrso o = (O (P(z*)), P(z*)),
orkyaa cuenyer, ato p(®(®(z*)), ®(z*)) = p(P(2*),2*), 9T0 1O yCIOBUIO HEBO3MOKHO,
ecm D(x*) # x*. Urak, cymiecTBOBAHUE HENOJBUKHON TOUKH JIOKa3aHO. Eé eauHcTBen-
HOCTH OYEBHIHA: €CJIU KpoMe T* ecTh elé u x**, To 0Ka3aa0Ch ObI

pla®, x™) = p(@(z7)), B(z™) < p(a”, ™),

qro Hesterno. Kak 6bL1o mokazano, Jirobas mpejesibHas TOYKa HocaeaoBaTeabHocTn {x,}
SIBJISIETCS HEIIOJBIKHOM, ¥ IIOTOMY COBIIQJIAeT C T*, a TaK KaK 9Ta II0C/Ie/I0BATeTbHOCTD
JIEZKNT B KOMIAKTHOM X, TO Bcg OHa cxomuTcsd K x*. Ocraércs TOJBKO HAIOMHUTB, YTO
TouKa Ty € X Obura BblOpaHa nponssojbHO. M
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Bameuanne 3. Orobpaxenne ®, nogunnennoe yciaosuo p(®(z'), ®(2”)) < p(z’, 2”)
npu ' # x’, Ha3bIBaeTCsl HEPACTSTUBAIOIIMM. YCJIOBHE KOMIIAKTHOCTH IPOCTpaHCTBa X
B yCJIOBUSIX TeopeMbl cyriectBerno. Bor npumep. Ilycte X = [0,00) ¢ ecrecrBeHHOl
merpukoii. Torga orobpaxkenue p(t) = t + 1/(1 + t) upocrpancrea X B cebst, KOTOpoe
HepacTArMBaIoIIee, MOCKOJIbKY 1pu Beex t > 0 0 < /() < 1, He uMeeT HEIOBUKHBIX
TOYEK.

Bameuanue 4. B ycroBusx TeopeMbl CXOIMMOCTH METOAA UTEPAIMH MOMKET ObITh
OYeHb MeJJIeHHOI. BOo3bMEM HOC/Ie0BaTE/ILHOCTD ty, KOTOpas, MOHOTOHHO YOLIBasd, CTpe-
MUTCS K HYJTIO, IPUIEM PA3HOCTH b, —1,, 1 TaK:Ke MOHOTOHHO yObIBaioT. Oupeneanm hyHK-
o () caemytonm obpazoM: p(0) = 0, (ts) = ts11 1 HA KaXKIOM IPOMEXKYTKE [tsi1, T
©(t) nuueitna. Torga ¢ — HepacrsaruBaroriee orobpazkenne orpeska [0, o] B cebs, u npu
HaYaTIbHOM MpUOIKeHnn ty {ts} ecTh Moc/Ie10BaTeIbHOCTD, TIOJIyYeHHAs METOIOM UTe-
paruu. MoKHO MOJIOKUTD, Hanpumep, by = (s + 1), e € > 0 cKoJIb yrOJHO MAJjo, u
TOrJIa TIOCJIeIOBATEILHOCTD {ts} CXOMUTCs K HYJIFO YPE3BbIUAHO MEJ[JIEHHO.

[Ipu u3I0:KeHUN CJIeIYIONIEro BOIpOca HaM IOTpedyeTcst OHA TeopeMa, JT0Ka3aTe Ib-
CTBO KOTOPOIt OBLIIO MPEJIOYKEHO B KaTeCTBe 3a/1a9 K § 2 TpeTheil IJIaBbl.

Teopema 3. /[t mponsposibHOi MaTpuiibl A € M, BbIIOIHSIETCST pABEHCTBO
Jim /AT = p(4).

Bnecy p(A) — crnekrpanabhblii pajyc marpuipl A, a || - || — npomnsBosbHass MaTpruHast
HOpMa.

HokazarenbcrBo. [Ipexkie Bcero 3aMernM, 9TO €CJIU JIOKA3BIBAEMOE PABEHCTBO
BEPHO JIJIs1 HEKOTOPOil MaTpuvHOit HOPMSBI || « ||, TO OHO BepHO U Jij1s1 JTE000iH JipyTOii. [eii-
CTBUTEJILHO, BBUJIY 9KBUBAJICHTHOCTH BCEX MATPUIHBIX HOPM TP HEKOTOPBIX TIOCTOSHHBIX
Ch, Cy > 0 6ymer C||A%||. < ||A%|| < Cy||A%||«, n ocTaéTCs n3BIICTb N3 YICHOB 9TOIO HEpa-
BCHCTBA KOPEHb CTEIEHN § ¥ HepeiiTn K mpeesy upu s — 0o. [losromy Bupeas Mbr Gymem

CYUTATh, 9TO MaTpudHas HopMma — omeparopHad. Torma p(A) = /p(A4A%) < /||A%||, n

IOTOMY
lim /[[A°] > p(A).

Jlokaxxkem oOpaTHyIO OlleHKYy. Bo3bMEéM mpou3BoIbHO Majioe € > () U MOCTPOUM MATPUILY
B= m A. Torma p(B) = p(A)/(p(A) +¢) < 1 u mostomy 110 Teopeme 1 u3 § 2 Tpernei
r1aBel B® — 0, tak uto npu gocrarouno Goabmmx s ||A%||/(p(A) +e)* = ||B*| <1u

1A% < (p(A) +€)", VN4 < p(A) +e,  Tm /A% < p(A) +e.

BBuy npon3BoIbHOCTH €
lim /][ A% < p(A),
YTO BMECTE C MPEJbIIYIIUM HEPaBeHCTBOM j1aéT Tpedyemoe pasenctso. M

Jlemma. Ilycte A € M, mwe > 0. /st o1ux A m € Haifiaércst Takass BEKTOPHAS HOPMA
| - |le, 94TO 15T TOPOXKIAEHHOMH €10 MATPHYHOI HOPMBI 1 MATPUIBI A BBIIOIHSIETCST HEPa-
Berctso ||A|l. < p(A) +e.

HokaszarenbcTso. Bocronb3yeMest NpOU3BOJILHON BEKTOPHOI HOpMOii || - || 1 mo-
POXKJIEHHOI €10 onepaTopHoil MarpuuHoii. VI3 TeopeMbl 2 cieiyer, 94To HailIeéTcs CTOJb
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Gombmoe s, uto /|| A% < p(A) + & u motomy [|A%|| < (p(A) +¢)°. Oupenerm Tpebye-
MYIO HOPMY (hOPMYJIOi

Izll. = (p(A) + )"l + (p(A) + &) || Az]| + -+ (p(A) + &) | A 2| + [ A5 ]

I[Tposepka Toro, 4o || - ||. meiicTBuTensHo HOpMa, 3emMenTapHa. Torjia s J11060ro Bek-
TOpa T MMeeM:

| Azll. = (p(A) + )" | Azl + (p(A) + &) || A%|| + - + (p(A) + ) [ A" al| + | A2

Yucao § BHIOPAHO TAK, YTO JJIsl TIOCJEHErO CJIAraeMOro B IPABON YaCTU BBIIOJIHACTCSI
nepasenctso ||A%z|| < (p(A) +¢)°||z|. Ucnombsys sty onenky u jeas e Ipasyio HacThb
IepBBIM CJlaraeMbIM, cpasy zxe noaydaeM: ||Az||. < (p(A) + ¢)| x|, n oTum memma noxa-
zana. M

JlokazkeM Terepb TeopeMy, KOTopasl sIBJISEeTCsI YCUIeHneM TeopeMbl 1 u3 § 2. D9T1o yTBep-
JKJIEHUE YK€ OTMEeYaJoCh B KOMMEHTAPUU K yIIOMAHYTOi# Teopeme. [lycTh ¥ — HemnoiBuxK-
*

Hast Touka orobpazkenust ¢ mekoroporo muokectBa 2 C R™ B R™: z* = &(x*), npuaem
x* comepxkuTcs B () BMeCTe C HEKOTOPOU OKPECTHOCTBIO.

Teopema 4. Ecsiu orobpakenne ¢ gupdepernupyemo B touke x* u p(P'(z*)) < 1
(p(®'(z*)) — cmerTpasbHBIH pajyc 9TOH MATPHIBL), TO HaiAeTCs Takoe 6 > 0, 9410 1npH
yeqoBuu ||xg — x*|| < 0 mreparuBHAsT HOC/IEI0BATEILHOCTD Tsy = P(xs) cxomures K ¥,
npuaém 1o Jjirobomy € > 0 Hainérest takas mnocrosinast C., uto ||xs — z*|| < C.q°, nae
q=p(®(z")) +e.

JokaszarenncTBo. Bocmombp3yemest TeM, 9TO yTBEPIK/ICHAE TEOPEMBI HHBAPUAHT-
HO OTHOCHTEJIbHO BBIGOpa BEKTOPHOII HOPMBI, U BbIGEpeM €€ Tak, 4TOObI BBIIOJIHSIOCH
uepaseHcTBo ||P'(2%)| < p(P'(2*)) +€/2, rae € > 0 HACTOJIBKO MaJo, UTO IpaBas IacTh
9TOI0 HEPABEHCTBA MEHbIIE eJMHUIIBI (MBI BOCIIOIB30BAJIUCH JOKa3aHHOI jiemmoit). Torma
COTJIACHO y2Ke YITIOMUHAaBIIIelics Teopeme 1 u3 S 2 Haiijgércs takoe § > (), 9T0 HEPABEHCTBO
|zo — 2*|] < 0 rapaHTEpyeT CXOMMMOCTb K T* HTEPATHBHON MOCIEI0BATEILHOCTH {4} C
OBICTPOTOI TeOMETPHUIECKOl Iporpeccnut co 3uamenareneM ¢ > ||®(z*)||, ckomp yrommo
6am3kuM K HOpMe 910ii Marpuripl. W

Caencrsue 2. Ecin p(®(2*)) = 0, To npu gocrarodno 6Ju3KoM K & HaYaIbHOM
OPUOGJIYKEHHH Ty METOJ] HTEPAI[HH UMEeT CBEPXJIMHEHHYIO CXOJUMOCTbD.

[To noBoy TOHSITHSI CBEPXJIMHEHHON cXoquMocTH ¢M. TOT ke § 2. *|
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[* § 5. IIpunmun maxkopaunt. Teopembr KantopoBuua

B Tpernem naparpade yxke ynomunasucs Teopembr JI.B.Kanroposu1a o merojie Hbio-
TOHA. DTU TEOPEMBI SBJISIOTCS OJHOBPEMEHHO TEOPEMaMU CYIIECTBOBAHUA U €UHCTBEH-
HOCTH PeIeHn! HeJIMHENHBIX yPaBHEHN B OaHAXOBBIX TPOCTPAHCTBAX, YTO TO3BOJISIET UX
HPUMEHSTh, HAIPUMED, K HEeJIMHEHHBIM JTuddepeHnnaabHbIM UIH UHTEIPAJIbHBIM yPaB-
nenusM. OCHOBOH JIjIs JI0KA3aTe/IbCTBA ITUX TEOPEM CJIYKHUT TaKKe ITPUHAJIeYKAITUI
JI.B.KanTopoBuuy npuHIun mMazkopaHT*. DTHM BOIPOCAM M IMOCBSIIEH 3TOT maparpad.
Nx uznoxenue Tpedyer ammapata quddepeHnupoBans 1 UHTETPUPOBAHUSA B OaHAXOBBIX
npocTpaHcTBax. He nMest BOSMOXKHOCTH M3JI0KEHNS STUX BOIIPOCOB C MOJIPOOHBIMU JTOKa-
3aTeIbCTBAMHI, OIPAHNYNMCS MTePEINCIEHIEM OIIPeIeIEHNl 1 OCHOBHBIX CBOMCTB BBO/IU-
MBIX 9TUMHU OIPEJICICHUSIMU MOHATUN ¢ HEKOTOPBIMU KOMMEHTAPUIME, B YACTHOCTHU, YKa-
3aHUSIMUA Ha BO3MOXKHBIN IIyTh JIOKA3aTe/ILCTBA. PeKOMEHIyeTcs yeMaTpuBaTh aHAJIOTUIO
M3J1araeMOT0 C U3BECTHBIMU Pe3yJIbTaTaMU JJIs BEIeCTBEHHBIX (DYHKIINN BENeCTBEHHOTO
apryMeHTa, a TakkKe ¢ KOHEYHOMEDHBIM CJIydaeM (HEKOTOPble Pe3yJbTaThl TaKOro Pojia
u3araiuch B §§ 1 u 2).

[Iycte X m Y — GanaxoBbI IpOCTpaHCTBa U [ — 3aJJaHHBII HA OTKPBITOM MHOXKECTBE
) C X omeparop co 3HaueHusIME B IpocTpaHcTBe Y. Onpenenmm, 9To Takoe muddepen-
IAPYEMOCTDb omepaTopa F BIIOJIHE aHAJOTMIHO TOMY, KaK 00 9TOM TOBOPUJIOCH B 2 JIJIsI
orneparopoB (0TOOpayKeHWil) B KOHETHOMEPHOM BEKTOPHOM ITPOCTPAHCTBE.

Onpenenenne. ['oBopsar, uro oneparop F duppepenyupyem B TOUke 9 € (), ecin
cyImecTByer Takoil snHeitublit oneparop A € L(X, Y)T, 9TO 110 Jitobomy € > 0 Haiijercs
Takoe 0 > (), 9T0 HEPABEHCTBO || —p|| < d Baeder || F(x)—F(xg)—A(x—z0)|| < el|lz—x0]].
Omeparop A HasbIBaOT MPOU3BOIHON omnepartopa F' B Touke x¢ u mumytr A = F'(xy). B
cJIydae CyIeCTBOBaHUS €JIMHCTBEHHOCTh TaKOTO omepaTopa A odeBuiHa.

Kak 06 3TOM y2Ke TOBOPUJIOCH pamee, IMPOU3BO/IHAS OllepaTopa, JEHCTBYIONIEro B KO-
HEYHOMEPHOM BEKTOPHOM IIPOCTPAHCTBE — 3TO Marpuiia JAxkoom.

SBameuganue 1. OupeesleHHYIO BBIITE TPOM3BOIHYIO HA3BIBAIOT TAKKe CUAbHOU ITPO-
U3BOIHON Wl npoudsodroti Ppewe. EcThb ele nmonsaTue caaboti TpOU3BOIHON WX Npou3-
600101 [amo, HO HAM OHO HE ITOHAJI0OUTCS.

[Tepeuncum mipocTeiiiue cBoiicTBa M MEPEHITUPYEMbBIX OIIEPATOPOB. BOJILITHHCTBO
U3 3TUX CBOWCTB OYEBUJIHO.

1Y, Ecim onepaTop F' muddepenimpyem B TOUKe T, TO A/ JT1060T0 v1eMenta Az € X

lirrol F(xg+ tA;E) — F(xg)
t—

= F'(zg)Ax.

CxomMOoCTh 371eCh PABHOMEDHA OTHOCUTEIBHO Beex Ax u3 exauaugnoro mapa: ||Az|| < 1.
20, Ecmm onepatop F auddepenmpyeM B TOUKe T, TO OH B 9TOH TOUKE HEIPEPLIBEH.

3°. Eciu oneparopsl F) u Fy nuddepennupyeMbl B TOUKe T, To muddepeHnupyeMa,
u smobag ux JuHeiiHag KomOuHanus, npudeM ecau S(z) = aFy(z) + fFa(x), To S'(x) =
aF(xo) + BFy(z0).

*OTOT TPUHIUI HMCIIOJIB30BAJICS B JAJbHEUIIEM MHOTAMU ABTOPAME JIJIsI UCCJIEIOBAHUS PA3IHIHBIX
UTEPATUBHBIX METOJOB PEIeHNs HeJTMHEHHBIX (DYHKITMOHAIBHBIX YPABHEHUIA.

TYepes L£(X,Y) obosHauaeTcsa 6aHAXOBO IIPOCTPAHCTBO HENPEPHIBHLIX JTHHEHHLIX OTePaTOPOB, Jeii-
crBytomux u3 X B Y.

123



4°. Ecom oneparop F ymmeitnniit (F € L(X,Y)), To npu mobom = F'(z) = F.

5°. Ilycrs oneparop F' auddepennupyeM B ToUKe To U JeHCTBYIOMINA U3 IPOCTPAH-
crBa Y B mpocTpaHcTBO Z omneparop () muddepenimpyem B Touke yg = F(xg). Torma
neiicrytormuit u3 X B Z omeparop R(x) = Q(F (x)) nuddepeHIpyeM B TOYKE Ty U
R'(z9) = Q'(y0) F'(x0). B wacTHOM CiIydae, KOTa ofuH U3 oneparopoB F win () JuHeeH,
to R'(z9) = Q' (yo) F’ nmm, coorBercrBenno, R (xg) = QF'(xo).

[Tyctb g, 21 € X. OTPe3KoM, COEIMHSIIONIMM 3TH TOYKU, HA3BIBAETCS MHOMKECTBO TO-
aek [zg, 1] = {z = (1 —t)zo +tzy | t€[0,1]} C X.

6°. Eciu oneparop F' muddepennupyem Bo Beex TOUKax oTpeska [T, x] C €, To

|1F(21) = Fzo)| < sup [[F'(@)] - lz1 — ol|-

z€[x0,21]

D1y dopmyry HazbBaOT HHOTIA GOPMYIIONH KOHEIHBIX mpupariennii. s mokasaress-
CTBa MOXKHO paccMOoTpeTh dyHKImonan F € Y*, rakoit uro | F|| = 1 u Bbmmosnsercs
paserctso F(F(z1) — F(xs)) = ||[F(z1) — F(22)|, u upuvennrs dbopmyity KOHEUHBIX
npupalieHnii K BeniecTsentoi dbyuknun ¢(t) = FF ((1 — 1)z + txl).

7Y, Ecom oneparop F audbdepenuupyenm npu Beex T € (g, To + Az, To

|umim+A$%—F@%)—f%HﬂA$HSOEQJHW@O+9Axy—f%mHLHAxH

(dbopmysia KOHEUHBIX HpUPAIIEHHH € OINEHKOH OCTATKA). DTO CBOWCTBO JIOKA3BIBAETCS
CCBLIKOI Ha mpeplayIiee ¢ 3amenoil F'(x) na F(x) — F'(xg)x.

[lepeiiiem Temepb K ompejesiennio uHTerpasos. Ilycts f(t) HempepbiBHas (dbyHKIUs
BEIeCTBEHHOTO aprymenTa t € [a,b] co 3nadenmsvu B mpoctpancTse X . Vurerpan ot
9TOM (QYHKIIUN 110 IPOMEKYTKY [a, b] ecTh 9jieMeHT mpocTpaHcTBa X U OIPEIEssIeTcs Kak
1pe/ie/l PUMAHOBBIX CyMM, TO €CTh B IPUBBITHBIX 0003HATEHUAX

/f@ﬁ: lim Y A f(7).

max A;—O

OTrmeTnM cBO#ICTBa TAKOIO MHTErPAJIa.

8. Eciim A € L(X,Y) — nuneitnpit onepaTop, To

L%U@ﬁ:Alv@ﬁ.

9°. Ecin o(t) 3agannas Ha |a,b] HenpepbiBHas BellleCTBeHHAs (DYHKIUSA U ONEpPaTop
F zanaerca dopmyoit F(t) = ¢(t)zg, T0

lvmﬁ:l%@ﬁm@

10°. BrmosmnsgeTcs HepaBEHCTBO

|[ s < [Cionae
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11°. Ecsm oneparop F menpepbisio judbepenimpyem Ha IPoMexKyTKe [1g, o + Ax],
TO

1
/ F'(zg + tAz)Ax dt = F(zo + Ax) — F(xo).
0

HokazarenbcrBo — npumenenue dopmysbl Heiorona-/leiibruma K BemecTBeHHON (DYHK-
mn () = FF(xo + tAx), tjie F € Y* — npousBOJIbHBIN JINHEHHBIH yHKITMOHAIL.

OupegesuM Tenepb HHTErpasibl Apyroro tumna. Ilycrts R 3a/1aHHbI Ha OTKPBITOM MHO-
keerse () C X oneparop co 3HAYEHUsIMU B TIPOCTPAHCTBE JIMHEHHbIX oneparopos L(X,Y)
(TakoB, HAIIpUMED, OIEPATOP, KOTOPBIA Touke = € () CTABUT B COOTBETCTBUE 3HAUYCHUE B
510l TOuKe TpousBoaHoil F'(z) muddepennupyemoro oneparopa). Ilycrs man oTpesok
[0, o + Azx] C Q. Torma unTErpas onpeeIsieMoro Tura 3aaaeTcs hbopMyIoi

To+Ax 1
/ R(z)dx = / R(zo + tAz)Ax dt.

x0 0
BHa‘{eHI/Ie 9TOI'0 MHTEeIrpaJia — IJIEMECHT IIPOCTPaHCTBa Y. OTMGTI/IM CBOlCTBa TaKOI'O UH-
Terpalia.

12°. Ecqu onepatop F nenpepbisio muddepennupyem Ha oTpeske [zg, 21] C €, To
1
/ F'(@)dz = F(z,) — F(xo)
xo

(bopmyna Hoiorona - Jleiibnuma /s onepaTopos). 9To — ciejacTsue ceoiictsa 11°.

13°. Tlycts (t) HenpepbiBHast BemecTBeHHast GyHkims. Ecin st © € [z, 71, Takux
910 ||x— 0| < t—1to, BeimOMHsACTC HepaBeHCTBO || R(x)|| < o(t) n ecan ||z — x| < 1 —1o,

b ‘ / R(z)dz| < / " o) dt

to
Hpuryun masrcoparnm. Memod umepayuu
Bynem paccmarpuBarh ypaBHeHUE

r = ®(x), (1)

riae ¢ samansbiii B mape 2 = {x € X } ||t — zo|| < R} menpepsiBHO juddepenimpye-
MBIt omeparop co 3HadenusiMu B npocrpanctse X . Hapsy ¢ (1) Gyzem pacemarpusaTh
ypaBHEHHE

t=p(t), (2)
rIe ¢ BemecTBeHHas (PyHKIMs BEIIeCTBEHHOTO apryMeHTa, HellpephIBHO JuddepeHupy-
eMasl Ha IIPOMEXKYTKe [to, to + 7).

Onpepesienne. Bygem rooputh, uro ypasHeHue (2) Maxkopupyer ypasHenue (1),
ec R > 1 U BBINOJIHSIIOTCS YCJIOBHUSL:

1) [[@(z0) — zol| < ¢(to) — to,

2) || (2)]] < ' (t) mpu ||z — zol| <& —to <7

Teopewma 1. [Iycrs ypasrerue (2) maxkopupyer ypasaenue (1) u mycrb ypapaernune (2)
mmeer Kopenb t* € [to, to + ). Toraa B mape Qg = {z € X | |l — x| < r} cymecrByer
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pertrieane x* ypaBHeHUs (2), H K 9TOMY PENIeHHIO CXOJUTCS HTEePATHBHAS MOCIE/JOBATE b
HOCTD Ty = ®(x5_1) (s = 1,2....). Ecomm t* munuMasbabiii Kopeasb (2) Ha [to, to + 1], TO
BBIITOJIHSIIOTCS OIeHKH ||z — x| < t* — ts, ety = p(ts_1).

HokaszarenbcrBo. Mbl cuntaem, uro () # 2o — B IPOTUBHOM CJIydae o U €CTh
pelienue.

1) TTokazkeMm cHavasIa, ITO TOCTEIOBATETHHOCTD &y CXOAUTCS K MUHUMAJIBHOMY KOPHIO
t* ypaBrenus (2). VI3 BTOporo myHKTa JaHHOTO BBIIE ONPEJEJEHNs CJIELYeT, 9TO MIpPU
Beex ¢ ¢'(t) > 0, a u3 mepBoro, uro t; — ty > 0, Tak uro t; > to. Kpome moro, tg < t*.
Orcro/ia 1o MHIAYKIUA JIETKO TIOJIYYIAeTCsl, 9TO IIPH BCeX § ty < tgyy < t*, u {ts} CXOAUTCA
KaK OrpaHMYeHHAas MOHOTOHHAA IOCJICIOBATE/ILHOCTD, a TaK KaK ee Ipelel — KOPEHb
ypasHenus (2), To 910 t*.

2) MeTosoM HHIIYKITMA MOKAYKeM, 9TO TIPH BeeX § Oyuer ||xs — x5 1| < ts — ts_1. llpm
s = 1 s10 Tak (MepBbIi MyHKT JAHHOTO BbIIIe ompejeserus ). [lokakeM BO3MOKHOCTH
uHyKTUBHOTO niepexoqa. [lycrs npu v < s ||z, — z,41|| <t, —t,—1 . Torma u

—_

s—1 S—

s = 2oll £ 3 lovsr = 2l € 3 (tuss =) =t —

v=0 v

i
o

u tak Kak upu 7 € [0,1] |z, — x5l < t; —ts, THE T = Tsq + T(Ts — XT5-1), &t =
ts—1 + 7(ts — ts—1), TaK 9TO |7, — T0|| < tFr — 0, || P ()| < ¥ (¢,), TO

251 = o]l = [@(z) = P(zs)l = / () da|| <
Ts—1

ts
< / () dt = (ts) — Plts1) = tors — 1.
t

s—1

B gacrrocTH oTCIONa cieayer, uTo Ty € .

3) asee, TOT e TpHeM, ITO BBIIIE, TIO3BOJISET YCTAHOBUTh, UTO TIPH JTI0OOM HATYPaJib-
HOM ) BBIIIOJIHAETCS HEPABEHCTBO ||Tstp — &s|| < topp — T, TAK UTO IIOCIIEI0BATENBHOCTD
{5}, kak u {t}, cxomurcs B cebe, a MOTOMY CXOIUTCA: T3 — & € (g, IPUYIEM IIPEIeIb-
HBIH 1IepexoJ| cpasy ke Jaer paBeHcTBO ®(r*) = x*, 4To U 3aBepIiaeT J0Ka3aTeIbCTBO.

SBameuanne 2. Kak BUaHo u3 10Ka3aTe/IbCTBA, BLIIOJIHSIETCS OOJlee CHIbHAST, BOODIIIE
rOBOPsI, OIIEHKA, YeM B (hOPMYJIMPOBKe TeopeMbl: ||z — xq|| < t* — 1.

Teopema 2 (o equncrBennocTr). [lycTb BBINOJIHEHBI YCJIOBHS TeopeMbl 1 H, KpoMme
Toro, p(tg+71) < to+r ut* — eauHCTBEHHBIH HA TPOMEKYTKE [to, to+T] KOpeHb ypaBHEHHsT
(2). Torna B mape Qg = {x € X | ||z — o < r} kopenb «* ypasuenus (1) eqnHCTBeHHEI]
H IpU JII0O0M HAYaJIbHOM TNPHOIKeHHH To € (g mociaenoBaTebHOCTh Ty = P(Ts 1)
(s=1,2,...) cxomures K .

Hoxasarenncrso. Honoxnm ty = tg + 7, ter1 = @(ts). Torma t; < ty, a Tak Kax
¢'(t) > 0, TO MO MHIYKINI U TIPH BCeX 8 toy1 < t, u T, > t*. IloaTOMY TIOC/IEI0BATEIHHOCTD
t, CXOIUTCS K eJIMHCTBEHHOMY Ha [tg,to + r| KopHIO t*. Bo3bMeM Temepb MpoOu3BOIBbHBII
seMenT Ty € (), Tak uTo ||Tg — || < 1 = fy — to, U TOKayKeM, UTO JJIA TIOCIEI0-
BaTeIbHOCTH Ts = ®(T,_1) IPU BCEX S TAK¥KE BBINOJIHSIETCSI AHAJIOTUYHOE HEPABEHCTBO
|Zs — x4]| < s —ts, TOC T, M t, — Te JKe MOCIEIOBATEILHOCTH, UTO B Teopeme 1. ITycTsb
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yKe fokasaHo, uto mpu v < s — 1 ||Z, — z,|| <&, —t, u |7, — zo| < 7 (1.6 7, € Q). Us
HEPABEHCTBA
s—1 s—1
|Zs—1 — o] < ||Zs—1— 251 +Z |2y — 21| <51 _ts—l_l'Z(tV_tV—l) =ty 1—to<r
v=1

v=1

CJIeJlyeT, ITO B COOTBETCTBYIONIUX TOYKAX Ly U T, IPOMEKYTKOB [Ts_1,Ts—1] U [ts_1,ts1]
Gyzer ||’ (x)|| < ¢'(t) u moromy
Ts—1 ts—1
- , , .
|Zs — zs]| = / O’ () dx §/ O (t) dt =ts — ts.
Ts—1 ts—1

Tak kak ts —ty — 0, TO MOCJIEIOBATEIBHOCTD { T3} UMeeT TOT XKe MpeJIes, 9To U Ty, T.e L.
Wrak, nmpu g1000M Ty CXOMUMOCTDb Ty K ¥ mokazana. Ocraercsa J0Ka3aTh €IUHCTBEHHOCTD
perennst ypasuenus (1) B Qq. Ecsin 661 66110 JApyroe perenue ©**, 10 MOJIOKUB To = o™,
MBI HIOJIY9IUIn Obl T, = o** IpU BCeX S, 9TO HeJeNo, TaK Kak J0JKHO ObITh T, — =¥, W

SBameuganue 3. CXOAUMOCTh T4 K T TIPHU JIIOOOM T O3HAYAET, B 9aCTHOCTH, YCTONIN-
BOCTH METO/Ia UTEPAIUH K JIOIYCKAEMBIM MAJIbIM OIIMMOKAM — IOJIyYeHHOe ¢ HeOOIbIIOoi
IIOTPEITHOCTBIO OYepeIHOe MPHUOJIMKEHNEe MOXKHO BOCIHPHHUMATH KaK HOBOE HAYAJIBLHOE
npubJIMKEHHE.

Bmopas npouseodnas.

Ecmu omepatop F : X = Y muddepennupyem B HeroTopoit obiaactu 2 C X, 1o
KaK/10if Touke x € () mocraBiena B cooTBercTBHe mpomsBognas [(x) € L(X,Y), re.
F’ ectb oneparop, 3aganubiii B (), co snadenusmu B npocrpancrse L(X,Y). Ecau sror
oreparop B €BoIo ouepeab auddepeHnupyeM B TOUYKe Ty, TO €ro IpOoU3BoaHas 0003HAA-
ercs depe3 F”(xy) m HasbiBaercs BTOpPOii mpousBonoil omneparopa F. Ilpu srom F”(xq)
~ 9TO 3JIEMEHT IIPOCTPAHCTBA [,(X CL(X, Y)) [Tpumenus omneparop F”(xg) K s/aeMeHTy
xr1 € X, Mbl moayauM seMeHT npocrpanctBa £(X,Y'), T.e JmHeiHbINH omepaTop, mprMe-
HUB KOTOPBI K 25 € X — 3JIeMEHT IIPOCTPaHCTBa Y, J1JIs KOTOPOIO IPUHATO 0003HATCHHE:
(F"(z0)z1) w2 = F"(0) (22, 71). B 10t 3ammen F”(zo) BblcTymaer kak Guaunetinod one-
pamop.

Heymectnbrit onepatop B(za,x1) (21,22 € X, B(xe,21) € Y) HazbBaercsa ousuned-
HOLM, €CJIU OH aJIIATUBEH M OJHOPOJEH IO KaXKIOMY apryMEHTY U KOHEYHA BEJIMIMHA
|B|| = sup || B(xa, z1)||/(||z1]| - ||x2||), HASBIBaeMas HOpMO# GumHeitHOrO OnepaTopa B.
MHOKeCTBO TaKuX olepaTopos obozHauaercs depes L(X2Y), n mocie ecrecTBEHHOrO
OPEJIECJICHUST CYMMBI TAKUX OIIEPATOPOB M MX YMHOYKEHUsS Ha YUCJIO IPEBPAINACTC B JIN-
HefHOe HOPMUPOBAHHOE IPOCTPAHCTBO, KOTOPOE OKA3bIBAETCS TIOJIHBIM. Mexk 1y pocTpaH-
creamu £(X, £(X,Y)) u £(X?Y) MOKHO yCTAHOBUTD JIHHE{IHOE B3aNMHO-OJHOSHATHOE
COOTBETCTBHE, IOCTABUB KaKJIOMy oreparopy () € E(X CL(X, Y)) B COOTBeTCTBHE (Kak
9TO YKa3bIBAJIOCh BBIIIE [0 OTHOIIEHUIO K omeparopy F”(xg)) , GumuHeiiHbiil omepaTop

B(zy,71) = (Qw1)1s, u TOrya Kaxkapli oneparop B € L(X?Y) okaxkercs comocTas-
JICHHBIM omepaTopy () € E(X CL(X, Y)): Qr = B(-,z). 9T0 COOTBETCTBUE OKA3BIBAETCS
msomerpuanbiM: || B = ||Q||. rak, F”(x) canraercs: GuanHeHHBIM OIIEPATOPOM.

B koneunomeproMm ciaydae (dim X = n, dimY = m) Bropas npoussomnas F”(x)

ouneparopa F(z) = (fi(z),..., fm(z)) (x = (&,...,&)) — 910 “TpexmepHas maTpuia’,
3JIeMEHTBI KOTOpoit — npoussombie O f, /(9E, OE;).
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OTrmeTnM JiBa CBOICTBa BTOPOI MPOM3BOIHON, KOTOPBIE, BIIPOUIEM, HE OYIyT MUCIOJIb-
30BaTbCH HUKE.

14°. Eciu F apaxant nenpepoisao quddepennupyeM B Q u [zg, 1] C €, To

F(x1) = F(xo) + F'(z0)(x1 — x0) + /xl F"(x)(x1 — z, - ) da.

zo

DTO paBEeHCTBO MOXKHO JIOKa3aTh NpHMeHeHHeM paBeHcTBa HbioTona - JleitbHuma
oneparopy Q(z) = F(z) + F'(x)(z1 — z).

15°. Ecn oneparop F nBask sl HenpepbiBHo quddepeHiupyeM B HEKOTOPOi OKpecT-
HOCTH TOYKH T, TO Bropas npoussoanas F”(xg) ecrb cummempuynvili GUIMHERHbIHA Olle-
paTop, T.e. Jyist THOOBIX T1, Lo € X BbimosHsierTcst paBeHcTBO F (xg) (21, x2) = F"(x0) (22, 21).

Ipurnyun mastcoparm. Memod Hvromona

[Iycrs F' — 3ajaHublil u 1BaXK bl HenpepbiBHO juddepeniupyemblii B obractu ) =
{z € X | ||z — x| < R} oneparop co snauecnuanu B Y. Mo GyseM paccvaTpusath
yDaBHEHIE

F(z) =0 (1)

1 HapAdy C HUM YUCJIOBOE€ ypaBHEHUE

¥(t) =0, (2)

rie ¢(t) nBaxkibl HenpepbiBHO Tud depennupyeMas Ha oTpeske [to, to + r| dyHKImSL.
Teopema 3. IIycte R > r u BBITOJHEHBI YCIOBHSI:
1) co = —1/9'(ty) > 0,
2) cymectByer obparusi oneparop L'y = [F'(z0)]™! € L(Y, X),
3) [[ToF (o) < cotb(to),
4) Lol (@) < co"(t) mpu || — zo| <& —to <7,
5) cymectyer t* € [ty,ty + r] — pemenne ypasrenns (2).
Torna ypasrenne (1) nmeer perienne x*, takoe 4uto ||x* — xo|| < t* — t.
Ecim, kpome Toro, (to+1) < 0 ut* — equrcrBennoe Ha [ty, to+7] perienne ypaBHeHus
(2), To x* — exquncrsennoe B mape Qo = {x | ||z — xo|| < r} pewenne ypasnenns (1).
HoxkaszarenbcrBo. Beegem B pacemorpenne oneparop $(x) = 2—TgF(x) u dyHk-
o p(t) =t + coi(t). Kak odeBumHO, ypaBHeHust

r = ®() (3)

t = o(t) (4)
SKBUBAJIEHTHBI COOTBETCTBEHHO ypaBHeHusaM (1) u (2). [Tokazkem, 9T0 B CMBICTIE TAHHOTO
pamnee ompe/iesienns: ypaBaenne (4) maxkopupyer ypasuenue (3). JleiicrBurensHo,

|®(x0) — 2ol = IToF (ol < cotp(to) = @(to) — to,

TaK 9TO [EPBOE yCJIOBUE ITOTO ONPEJIEIEHNs BbIOJHEeHO. [IpoBepuM Tereps Bropoe. [lycrn
|lx — zo|| <t — to. Torma

¥ (z) = E — DoF'(z) = To[F' (o) — F'(z)] = — / ToF"(2) da

o
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u notomy (ucnonb3ys ceoiicteo 13°)

|2 ()]l < CO/t Y'(r)dr = co(¥'(t) = ¥'(t) =1+ ot/ (t) = (%),

TaK 9ITO BBINOJHEHO ¥ BTOPOE YCJIOBHE ONPECTICHNUS, & TEM CAMBIM U YCJIOBHS TCOPEMBI 1,
U JIUIS JIOKA3aTeIbCTBA CYIIECTBOBAHNS PEICHNS T 0CTACTCS COCIATHCS HA 9TY TEOPEMY.

[Iycrs remeps 9(ty + r) < 0. D10 o3Hadaer, uto Y(tg + r) < to + r, & Tak KaK KOp-
HE ypaBHeHuii (2) u (4) COBHAJAIOT. TO BBLINOJHEHBI YCJIOBUSA U TEOPEMBI 2, UTO U JIAET
JTOKA3aTeI6CTBO BTOporo yreepx/achus. M

Bameuanue 4. Mbl He BOCIOJIB30BAJIUCH BTOPBIM YTBEPKICHIEM TeOpeMbl 2 (0 CXO-
JIIMOCTHU MeTOjia urepanuu). Ecim orpaHuanThest ciaydaeM Ty = Zg, TO [0 OTHOIIEHUIO K
ypasHenuo (1) oHO O3HaUaeT CXOAUMOCTDH K x* MoaudunupoBanHoro Merona HeoToHa.
MokHO /10Ka3aTh, 9TO B YCJIOBHUAX TEOPEMBI 3 I HAXOXKJEHUS T CXOMUTCSI U MEeTOJ
Hprorona, HO T0Ka3aTETHCTBO 9TOTO YTBEPKIECHUS CIIOYKHEE.

[Ipumenenne TeopeMbl 3 I JIOKA3aTE/ILCTBA CYIIECTBOBAHUSA U €IUHCTBEHHOCTU pPe-
IIEHUsT HEKOTOPOTro (bYHKITMOHAILHOIO yPaBHEHUsT TPEOYET TOCTPOCHUS MaXKOPUPYIOIIEro
qucsioBoro ypasHenusi (dyukiwm ). MoKHO yKa3aTh HEKOTODBIA CTAHIAPTHBIA BBIGOD
GYHKIMT 1), IpU KOTOPOM IIPOBEPKa YCJIOBHIl TEOpEMbI 3 OTHOCUTEILHO IpocTa. [loso-
KM, cuntad ty = 0,

Y(t) = Kt* — 2t + 2. (5)

st sroit dyukimm ¢g = 1/2. Ionoxkum h = K. Torna KopHu 9T0it hyHKINE TAKOBBL:

1 1—+v1-2h 14++v1—-2h
ro=(1-VI—2Ky) = ==y = 2222,

DTH KOpHU BelecTBeHHbl, ecn h < 1/2.

ITepexong k ypasrenuio (1), HATOMHEUM , 9TO orepaTop F' 1Bazk bl HEIPEPBIBHO -
dbepenrmpyem B obmactn Q@ = {xr € X ‘ |lx — zo]| < R}.

Teopema 4. Ilycrs st ypasrennsi (1) BBIIOIHEHBI YCIOBHS:

1) cymecrByer obparublii onepatop [y = [F'(x0)]™* € L(Y, X),

2) [ToF (xo)| <,

3) mpu ||z —aol| < R [[ToF"(2)]| < K,

4) h=Kn < 3,

5) R > To = 71_\/}@ n.
Torna cymecrByer penrerne x* ypapaennsi (1), takoe qaro ||x* — || < 7.

Kpowme Toro, ecam dmeso v TakoBo, 4ro r < 1y = @
O ={z€X | ||z — x| <r} pemenne x* exuncrsenno.

Jloka3aTebCTBO HEMEJJIEHHO BBITEKACT U3 HPEJBIIYIIEH TeOPeMbl, €C/IH YIeCTh,
qT0 JUIs yKasaHuoi dbyskimu Y(t) n = cop(0) m ¥"(t) = oK. M

n ur < R, To B mape

Bameuanue 5. YeioBus TeopeMbl WHOTIA yio00Hee 1mpoBepsTh B dopme: ||[y]| < B,
F(xg) <7/, |[F"(z)| < K',urornan= By, K=BK', h=BK'r.

Bameuanue 6. B ycsoBusx Teopembl (Ipu BHIOOPE HAYATBLHOTO MPUOIMIKEHUN T() K
pemenuio x* cxousaresa Kak MeTos, HeioroHna, Tak n MoudunupoBannbliii Mmeros HbioTona,
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IIpuYeM BBIIIOJTHAIOTCA OICHKM:

1 s 1 -
2R)¥ =, ||#,—a*|| <t =1, <

s_*<t*_ts<_ )
o — | < ¢~ t. < (20

D1 - vI=2n).

h

U3 51ux o1eHOK BUIHA KBajiparudHas (ipu h < %) cxouMocThb MeTosta HeroTona n cxon-
MOCTDb MO,ILHCI)HHHPOB&HHOFO MeTOda C 6bICTpOTOfI FGOMeTpI/I‘{eCKOﬁ muporpeccun ¢ MaJibIM
3HAMeHaTesIeM, eCI HadalbHOe HPUOJIMKEHUEe Ty JOCTATOYHO OJIU3KO K PEIIeHUI0. DTU
MOCJIeJTHIE Pe3Y/IbTaThl JIOKA3BIBAIICH B § 3 TJIaBbI 4 J1J1si HEJTHHEIHBIX CUCTEM yPaBHEHUI.

*

Bameuanue 7. Eciu pemenne HesmHERHOrO (DyHKIMOHAJLHOIO ypaBHenus (2) x*,
CYIIECTBOBaHIE KOTOPOI'O MbI XOTHM JIOKA3aTh, JefiCTBUTEILHO CYIIECTBYET, B €10 OKPEeCT-
HoCTH oreparop F' Bazk bl HenpepblBHO JuddepeHipyeM 1 cynecTByeT oOpaTHbIil orre-
patop [F'(z*)]7!, To n1a jnoKazaTe beTBa CYIeCcTBOBaHKs ¢ TIOMOIIBLIO TeopeMbl 4 jocTa-
TOYHO HOCTPOUTH GJIM3KOE K ¥ NPUOJINZKEHHOE PeleHne To. *|
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