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�â  £« ¢  ®¡é¥¬ â¥¬ â¨ç¥áª ï { ®  ¥ á¢ï§   á® á¯¥æ¨ä¨ª®© á®¡áâ¢¥® ¬ â¥-
¬ â¨ç¥áª®£®   «¨§ . �ñ æ¥«ì ¢ëà ¡®â âì ®¡éãî â¥à¬¨®«®£¨î ¨ ®¡®§ ç¥¨ï, ®â®-
áïé¨¥áï ª ¡ §®¢ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ¯®ïâ¨ï¬ { \ãâ¢¥à¦¤¥¨¥", \¬®¦¥áâ¢®", \®â®¡-
à ¦¥¨¥" ¨ \¢¥é¥áâ¢¥®¥ ç¨á«®". �ë ¥ ¡ã¤¥¬ ¨å ®¯à¥¤¥«ïâì (á¢®¤¨âì ª ¤àã£¨¬
¯®ïâ¨ï¬) ¯® ®ç¥ì ¯à®áâ®© ¯à¨ç¨¥ { «î¡ ï æ¥¯®çª  ®¯à¥¤¥«¥¨© ¨¬¥¥â  ç «®, ¢
ª®â®à®¬ ¨á¯®«ì§ãîâáï ¥ª®â®àë¥ ¯¥à¢¨çë¥ (â. ¥. ¥ ®¯à¥¤¥«ï¥¬ë¥) ¯®ïâ¨ï. �¥« -
â¥«ì®, çâ®¡ë ®¨ ¡ë«¨ ¨âã¨â¨¢® ïáë¬¨ ¨ çâ®¡ë ¨¬¥«áï ®¯à¥¤¥«ñë©  ¢ëª ¢
¨å ¨á¯®«ì§®¢ ¨¨. �   è ¢§£«ï¤ ãª § ë¥ ç¥âëà¥ ¯®ïâ¨ï ¢¯®«¥ ã¤®¢«¥â¢®àïîâ
íâ®¬ã ¯®¦¥« ¨î. �âª §ë¢ ïáì ¨å ®¯à¥¤¥«ïâì, ¬ë â¥¬ ¥ ¬¥¥¥ áç¨â ¥¬ á®¢¥àè¥®
¥®¡å®¤¨¬ë¬ ®¡áã¤¨âì ª ª á ¬¨ íâ¨ ¯®ïâ¨ï, â ª ¨ à §«¨çë¥ á¨âã æ¨¨, á¢ï§ ë¥ á
¨å ¨á¯®«ì§®¢ ¨¥¬.

§1. �â¢¥à¦¤¥¨¥

�®¤ ãâ¢¥à¦¤¥¨¥¬ (¢ëáª §ë¢ ¨¥¬) ¬ë ¡ã¤¥¬ ¯®¨¬ âì ¯à¥¤«®¦¥¨¥, ¤«ï ª®â®à®-
£® ¨¬¥¥â á¬ëá« ¢®¯à®á \¨áâ¨® ®® ¨«¨ «®¦®?". �â® ¥ ®§ ç ¥â, çâ® ®â¢¥â   â ª®©
¢®¯à®á ¨§¢¥áâ¥ { ¥ ¨áª«îç¥®, çâ® ¨ªâ® ¥ § ¥â ®â¢¥â  (â. ¥. ¯à®¡«¥¬  \®âªàëâ ").
� ¯à¨¬¥à, ¢®¯à®áë \¯®©¤ñâ «¨ á¥£ 10 ï¢ àï 2046 ¢ �¥â¥à¡ãà£¥?" ¨ \áãé¥áâ¢ãîâ «¨
¥çñâë¥ á®¢¥àè¥ë¥*) ç¨á« ?" ®âªàëâë¥ ¤® á¨å ¯®à (®á¥ì 2019 £®¤ ) ¯à®¡«¥¬ë. � -
àï¤ã á íâ¨¬ ¬ëá«¨¬ë ãâ¢¥à¦¤¥¨ï, ¨áâ¨®áâì ª®â®àëå ¢àï¤ «¨ ª®£¤ -¨¡ã¤ì ¡ã¤¥â
ãáâ ®¢«¥  ¨«¨ ®¯à®¢¥à£ãâ  ( ¯à¨¬¥à, \¨§®¡à¥â â¥«ì ª®«¥á  ¡ë« «¥¢è®©"). � ¦®,
çâ®   ¯®áâ ¢«¥ë¥ ¢®¯à®áë ¢®§¬®¦ë «¨èì ®â¢¥âë \¤ " ¨«¨ \¥â". � §ã¬¥¥âáï, ¥
á ª ¦¤ë¬ ¯à¥¤«®¦¥¨¥¬ àãááª®£® ï§ëª  ¬®¦® á¢ï§ âì ¯®¤®¡ë© ¢®¯à®á {  ¯à¨¬¥à,
\¯®©¤¨ âã¤ , ¥ § î ªã¤ , ¯à¨¥á¨ â®, ¥ § î çâ®".

� ¤ «ì¥©è¥¬ ®á®¡ãî à®«ì ¤«ï  á ¡ã¤¥â ¨£à âì ¢®§¬®¦®áâì, ¨áå®¤ï ¨§ ®¤®£®
¨«¨ ¤¢ãå ¤ ëå ãâ¢¥à¦¤¥¨©, ¯®áâà®¨âì ¥éñ ®¤® ãâ¢¥à¦¤¥¨¥. � é¥ ¢á¥£® ¨á¯®«ì-
§ãîâáï á«¥¤ãîé¨¥ ¯ïâì ª®áâàãªæ¨©.

(1) �âà¨æ ¨¥. � ¦¤®¬ã ãâ¢¥à¦¤¥¨î P ¬®¦® á®¯®áâ ¢¨âì ¥£® ®âà¨æ ¨¥, ®¡®-
§ ç ¥¬®¥ P ¨«¨ ⌉P, { ®¢®¥ ãâ¢¥à¦¤¥¨¥, ª®â®à®¥ ¨áâ¨®, ¥á«¨ P «®¦®, ¨
«®¦®, ¥á«¨ P ¨áâ¨®.

(2) �®£¨ç¥áª®¥ ¯à®¨§¢¥¤¥¨¥ (ª®êîªæ¨ï). �®êîªæ¨ï ¤¢ãå ãâ¢¥à¦¤¥¨© P ¨

Q { ®¢®¥ ãâ¢¥à¦¤¥¨¥, ®¡®§ ç ¥¬®¥ P ∧ Q ¨«¨

{P
Q
, ª®â®à®¥ ¨áâ¨® «¨èì ¢

â®¬ á«ãç ¥, ª®£¤  ¨áâ¨ë ®¡  ãâ¢¥à¦¤¥¨ï P ¨ Q.
(3) �®£¨ç¥áª ï áã¬¬  (¤¨§êîªæ¨ï). �¨§êîªæ¨ï ¤¢ãå ãâ¢¥à¦¤¥¨© P ¨ Q { ®-

¢®¥ ãâ¢¥à¦¤¥¨¥, ®¡®§ ç ¥¬®¥ P ∨ Q ¨«¨

[
P
Q
, ª®â®à®¥ ¨áâ¨®, ¥á«¨ ¨áâ¨®

å®âï ¡ë ®¤® ¨§ ãâ¢¥à¦¤¥¨© P ¨ Q (â. ¥. P ∨ Q «®¦® «¨èì ¢ á«ãç ¥, ª®£¤ 
«®¦ë ®¡  ãâ¢¥à¦¤¥¨ï P ¨ Q).

*)�®¢¥àè¥®¥ ç¨á«® { ¯®«®¦¨â¥«ì®¥ æ¥«®¥ ç¨á«® à ¢®¥ áã¬¬¥ ¢á¥å á¢®¨å ¤¥«¨â¥«¥©, ªà®¬¥
¥£® á ¬®£®;  ¯à¨¬¥à, 28=1+2+4+7+14.
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(4) � ¢®á¨«ì®áâì (íª¢¨¢ «¥â®áâì). �ëáª §ë¢ ¨¥ \ãâ¢¥à¦¤¥¨ï P ¨ Q à ¢®-
á¨«ìë" (®¡®§ ç¥¨¥ P ⇔ Q) ¨áâ¨®, ¥á«¨ \¨áâ¨®áâ¨" ãâ¢¥à¦¤¥¨© P ¨
Q á®¢¯ ¤ îâ, â. ¥. P ⇔ Q ¨áâ¨®¥ ãâ¢¥à¦¤¥¨¥ ¢ ¤¢ãå á«ãç ïå: ª®£¤  ®¡ 
ãâ¢¥à¦¤¥¨ï P ¨ Q ¨áâ¨ë ¨«¨ ®¡  ®¨ «®¦ë.

(5) �«¥¤®¢ ¨¥ (¨¬¯«¨ª æ¨ï). \�§ ãâ¢¥à¦¤¥¨ï P á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ Q" (¤àã-
£¨¬¨ á«®¢ ¬¨ \¥á«¨ P, â® Q" ¨«¨ \ãâ¢¥à¦¤¥¨¥ P á¨«ì¥¥ ãâ¢¥à¦¤¥¨ï Q")
{ íâ® ®¢®¥ ãâ¢¥à¦¤¥¨¥ (®¡®§ ç¥¨¥ P ⇒ Q), ª®â®à®¥ «®¦® «¨èì ¢ á«ãç ¥,
ª®£¤  P ¨áâ¨®,   Q «®¦®.

�â¬¥â¨¬ ç áâë© á«ãç ©, ¢ë§ë¢ îé¨©  ¨¡®«ìè¨¥ § âàã¤¥¨ï: ¥á«¨ P «®¦®,
â® ¢ëáª §ë¢ ¨¥ P ⇒ Q ¨áâ¨® ¤«ï ¢á¥å ãâ¢¥à¦¤¥¨© Q (¨§ «®¦®© ¯à¥¤¯®áë«ª¨
á«¥¤ã¥â ¢áñ, çâ® ã£®¤®). �  ¯¥à¢ë© ¢§£«ï¤ íâ® ¥ ¢¯®«¥ á®£« áã¥âáï á ¨âã¨æ¨¥©.
�® ¯à®â¨¢®à¥ç¨¥ §¤¥áì ª ¦ãé¥¥áï. �®ïá¨¬ íâ®   âà ¤¨æ¨®®¬ ¯à¨¬¥à¥: \¥á«¨ áã-
é¥áâ¢ãîâ àãá «ª¨ (ãâ¢¥à¦¤¥¨¥ P), â® ¨å ¢®«®áë §¥«ñë¥ (ãâ¢¥à¦¤¥¨¥ Q)" { íâ®
¨áâ¨®¥ ¢ëáª §ë¢ ¨¥. �«¥¤ã¥â ¯®¤ç¥àªãâì, çâ® ¢ ñ¬ ¥ ãâ¢¥à¦¤ ¥âáï, çâ® ã àãá -
«®ª ¢®«®áë ¤¥©áâ¢¨â¥«ì® §¥«ñ®£® æ¢¥â  (ãâ¢¥à¦¤¥¨¥ Q). �®¢®àï, çâ® ¢ëáª §ë¢ ¨¥
P ⇒ Q ¨áâ¨®, ¬ë ¥ ®¡áã¦¤ ¥¬ ¨áâ¨®áâì ãâ¢¥à¦¤¥¨¨© P ¨ Q, ¬ë ãâ¢¥à¦¤ ¥¬
¨áâ¨®áâì ®¢®£®, âà¥âì¥£® ¢ëáª §ë¢ ¨ï \¢ë¢®¤ á¤¥«  ¢¥à®". �®íâ®¬ã  àï¤ã á
P ⇒ Q ¨áâ¨ë¬ ï¢«ï¥âáï ¢ëáª §ë¢ ¨¥ P ⇒ R, £¤¥ R { ãâ¢¥à¦¤¥¨¥, çâ® ¢á¥ àãá «-
ª¨ ¡àî¥âª¨. � ª¨¬ ®¡à §®¬, ¨áâ¨®áâì ãâ¢¥à¦¤¥¨© P ⇒ Q ¨ P ⇒ R ¥ á¢ï§   á
¨áâ¨®áâìî ãâ¢¥à¦¤¥¨© Q ¨ R (â ª ª ª P «®¦®). � ç¥ £®¢®àï, ¢ ®¡®¨å á«ãç ïå
¢ë¢®¤ á¤¥«  ¢¥à®,   â® çâ® ® ¯à¨¢ñ« ª á®¬¨â¥«ìë¬ § ª«îç¥¨ï¬, ®¡êïáï¥âáï
«®¦®© ¯à¥¤¯®áë«ª®© (ãâ¢¥à¦¤¥¨¥ P).

�ëïá¥¨¥ ¨áâ¨®áâ¨ «î¡®£® áª®«ì ã£®¤® á«®¦®£® ¢ëáª §ë¢ ¨ï, ¯®áâà®¥-
®£® á ¯®¬®éìî ª®¥ç®£® ç¨á«  ®¯¥à æ¨© (1)-(5) ¨§ ª®¥ç®£® ç¨á«  ãâ¢¥à¦¤¥¨©,
¨áâ¨®áâì ª®â®àëå ¨§¢¥áâ , àãâ¨®¥ § ïâ¨¥. �à¨ íâ®¬ ¬®£ãâ ®ª § âìáï ¯®«¥§ë-
¬¨ \â ¡«¨æë ¨áâ¨®áâ¨" (¢ ¨å ¨á¯®«ì§ãîâáï á®ªà é¥¨ï \�", \�" ¤«ï ®¡®§ ç¥¨ï
¨áâ¨®£® ¨ «®¦®£® ãâ¢¥à¦¤¥¨©).

�â¬¥â¨¬ ®ç¥¢¨¤ë¥ («¥£ª® ¯à®¢¥àï¥¬ë¥ á ¯®¬®éìî â ¡«¨æ ¨áâ¨®áâ¨) á¢®©áâ¢ .

10. ⌉(⌉P) ⇔ P.

20. P ∧ P «®¦® ¢á¥£¤ ; P ∨
(
P
)
¨áâ¨® ¢á¥£¤ .

30. (P ∧Q) ⇔ (Q∧ P) ; (P ∨Q) ⇔ (Q∨ P) .
40. (P ∧Q) ⇔

(
P ∨Q

)
; (P ∨Q) ⇔

(
P ∧Q

)
; (P ⇒ Q) ⇔

(
P ∧Q

)
.

50. (P ⇒ Q) ⇔
(
Q ⇒ P

)
{ áå¥¬  ¤®ª § â¥«ìáâ¢  ¬¥â®¤®¬ \®â ¯à®â¨¢®£®" (P {

ãá«®¢¨¥ â¥®à¥¬ë, Q { ¥ñ ãâ¢¥à¦¤¥¨¥).

60. (P ∨ (Q∨R)) ⇔ ((P ∨Q) ∨R) ; (P ∧ (Q∧R)) ⇔ ((P ∧Q) ∧R) { ¯®íâ®¬ã
®¡ëç® ¢ â ª¨å á¨âã æ¨ïå áª®¡ª¨ ¥ áâ ¢ïâ ¨ ¯¨èãâ ªà âª®: P ∨Q ∨R; P ∧Q ∧R.

70. (P ∨ (Q∧R)) ⇔ ((P ∨Q) ∧ (P ∨R)) .

80. (P ∧ (Q∨R)) ⇔ ((P ∧Q) ∨ (P ∧R)) .
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�¬¥áâ® P ⇒ Q ¨ P ⇔ Q ç áâ® ¯¨èãâ P ; Q ¨ P < Q.

�¯à ¦¥¨¥. �®ª ¦¨â¥   ª®ªà¥âëå ¯à¨¬¥à å, çâ®
(P ∨ (Q∧R)) < ((P ∨Q) ∧R) ¨ (P ∧ (Q∨R)) < ((P ∧Q) ∨R) ,

â. ¥. áª®¡ª¨ ¢ íâ¨å á«ãç ïå ¥®¡å®¤¨¬ë.

�¡ëç® ¯à¨å®¤¨âáï ¨¬¥âì ¤¥«® á ¢ëáª §ë¢ ¨ï¬¨, § ¢¨áïé¨¬¨ ®â ®¤®£® ¨«¨
¥áª®«ìª¨å ¯ à ¬¥âà®¢. � ¯à¨¬¥à, ãâ¢¥à¦¤¥¨¥ P(x) = (x > 5) ¨áâ¨® ¤«ï ¢á¥å
x ∈ (5,∞) ¨ «®¦® ¤«ï x ∈ (−∞, 5]. �â¢¥à¦¤¥¨¥ P(x, y) = (x2 + y2 6 1) ¨áâ¨® ¢
ªàã£¥ à ¤¨ãá  1 á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â ¨ «®¦® ¢¥ ¥£®. �áâ¥áâ¢¥® ç¥à¥§ P(x)
®¡®§ ç âì ¯à®â¨¢®¯®«®¦®¥ ¢ëáª §ë¢ ¨¥, § ¢¨áïé¥¥ ®â ¯ à ¬¥âà  x, â. ¥. ¤«ï ª ¦-
¤®£® ¯ à ¬¥âà  x ãâ¢¥à¦¤¥¨¥ P(x) ¨áâ¨® «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  ãâ¢¥à¦¤¥¨¥
P(x) «®¦®.

� ª ¦¤ë¬ ãâ¢¥à¦¤¥¨¥¬ P(x), § ¢¨áïé¨¬ ®â ¯ à ¬¥âà  x, ¬®¦® á¢ï§ âì ¤¢ 
®¢ëå ãâ¢¥à¦¤¥¨ï:

P∗ = (ãâ¢¥à¦¤¥¨¥ P(x) ¨áâ¨® ¤«ï ¢á¥å § ç¥¨© x);
P∗ = (áãé¥áâ¢ã¥â å®âï ¡ë ®¤® â ª®¥ § ç¥¨¥ ¯ à ¬¥âà  x, çâ® ãâ¢¥à¦¤¥¨¥ P(x)

¨áâ¨®).
�«ï § ¯¨á¨ íâ¨å ãâ¢¥à¦¤¥¨© ¨á¯®«ì§ãîâáï á¯¥æ¨ «ìë¥ § çª¨ (ª¢ â®àë) { \∀"

¨ \∃". ∀ { ª¢ â®à ¢á¥®¡é®áâ¨, ∃ { ª¢ â®à áãé¥áâ¢®¢ ¨ï. � ª¨¬ ®¡à §®¬,

P∗ = (∀x P(x) ¨áâ¨®); P∗ = (∃x P(x) ¨áâ¨®).

�à¨ íâ®¬ ¨¬¥¥âáï ¢¢¨¤ã, çâ® à áá¬ âà¨¢ îâáï «¨èì \¤®¯ãáâ¨¬ë¥" § ç¥¨ï ¯ à ¬¥âà 
x, â. ¥. â¥, ¤«ï ª®â®àëå ¨¬¥¥â á¬ëá« ãâ¢¥à¦¤¥¨¥ P(x). �â¨ § ç¥¨ï «¨¡® ®£®¢ à¨¢ -
îâáï § à ¥¥, «¨¡® ïáë ¨§ ª®â¥ªáâ .

� ¤ «ì¥©è¥¬ ¡®«ìèãî à®«ì ¨£à ¥â ã¬¥¨¥ ¯à ¢¨«ì® áâà®¨âì ®âà¨æ ¨¥ ãâ¢¥à-
¦¤¥¨© P∗ ¨ P∗. �á®, çâ®

P∗ ⇔ (∃x P(x) «®¦®) ⇔
(
∃x P(x) ¨áâ¨®

)
;

P∗ ⇔ (∀x P(x) «®¦®) ⇔
(
∀x P(x) ¨áâ¨®

)
(ª¢ â®àë ¨§¬¥ïîâáï,   ãâ¢¥à¦¤¥¨¥ P § ¬¥ï¥âáï   ¯à®â¨¢®¯®«®¦®¥).

� § ª«îç¥¨¥ íâ®£® ¯ à £à ä  à áá¬®âà¨¬ ç áâ® ¢áâà¥ç îéãîáï á¨âã æ¨î, ª®£¤ 
¢ëáª §ë¢ ¨¥ § ¢¨á¨â ®â ¤¢ãå ¯ à ¬¥âà®¢ x ¨ y, â. ¥. ¤«ï ª ¦¤®© ¯ àë x ¨ y \¤®¯ã-
áâ¨¬ëå" § ç¥¨© ¯ à ¬¥âà®¢ P(x, y) { ¢ëáª §ë¢ ¨¥, ¨áâ¨®áâì ª®â®à®£® § ¢¨á¨â ®â
ª®ªà¥âëå § ç¥¨© x ¨ y. �®áâà®¨¬ ¢®á¥¬ì ®¢ëå ¢ëáª §ë¢ ¨©:

P1 = (∀x ∀y P(x, y) ¨áâ¨®); P2 = (∀y ∀x P(x, y) ¨áâ¨®);

P3 = (∃x ∃y P(x, y) ¨áâ¨®); P4 = (∃y ∃x P(x, y) ¨áâ¨®);

P5 = (∀x ∃y P(x, y) ¨áâ¨®); P6 = (∃y ∀x P(x, y) ¨áâ¨®);

P7 = (∃x ∀y P(x, y) ¨áâ¨®); P8 = (∀y ∃x P(x, y) ¨áâ¨®).

�á®, çâ® P1 ⇔ P2 ¨ P3 ⇔ P4, â. ¥. ®¤¨ ª®¢ë¥ ª¢ â®àë ¬®¦® ¬¥ïâì ¬¥áâ ¬¨. �
â® ¦¥ ¢à¥¬ï ¥âàã¤® ¯à¨¢¥áâ¨ ¯à¨¬¥àë ¢ëáª §ë¢ ¨ï P(x, y), ¤«ï ª®â®à®£® P5 <
P6 ¨ P7 < P8, â. ¥. ¯®àï¤®ª á«¥¤®¢ ¨ï à §«¨çëå ª¢ â®à®¢ áãé¥áâ¢¥¥. � íâ®¬
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«¥£ª® ã¡¥¤¨âìáï   á«¥¤ãîé¥¬ ¯à¨¬¥à¥: P(x, y) = (áâã¤¥â x ãá¯¥è® á¤ « íª§ ¬¥ y).
�ç¥¢¨¤®, çâ® P7 ãâ¢¥à¦¤ ¥â, çâ® ¥ ¢á¥ áâã¤¥âë \å¢®áâ¨áâë",   P8 ãâ¢¥à¦¤ ¥â, çâ®
áà¥¤¨ ãç¥¡ëå ¤¨áæ¨¯«¨ ¥â ¥¤®áâã¯ëå. �á®, çâ® P8 < P7.

�¯à ¦¥¨¥. �â® ãâ¢¥à¦¤ îâ P5 ¨ P6 ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à¨¬¥à¥? � ª®¥
¨§ ãâ¢¥à¦¤¥¨© P5 ¨ P6 á¨«ì¥¥, â. ¥. ª ª®¥ ¨§ ãâ¢¥à¦¤¥¨© P5 ⇒ P6 ¨«¨ P6 ⇒ P5

¨áâ¨®?

�à¨ ¤®ª § â¥«ìáâ¢¥ à §«¨çëå ãâ¢¥à¦¤¥¨© ç áâ® ¨á¯®«ì§ãîâ ¬¥â®¤ ¤®ª § â¥«ì-
áâ¢  \®â ¯à®â¨¢®£®": ¢¬¥áâ® â®£®, çâ®¡ë ¤®ª §ë¢ âì P ⇒ Q ¤®ª §ë¢ îâ Q ⇒ P.
�à¨ íâ®¬ ãâ¢¥à¦¤¥¨ï P ¨ Q ®¡ëç® § ¢¨áïâ ®â ®¤®£® ¨«¨ ¥áª®«ìª¨å ¯ à ¬¥âà®¢.
�®íâ®¬ã ã¬¥¨¥ ¯à ¢¨«ì® ä®à¬ã«¨à®¢ âì ®âà¨æ ¨¥ ãâ¢¥à¦¤¥¨© â¨¯  P1 − P8 á®-
¢¥àè¥® ¥®¡å®¤¨¬® ¤«ï ¯®¨¬ ¨ï ¬®£¨å ¬ â¥¬ â¨ç¥áª¨å à ááã¦¤¥¨©. �®áâà®¨¬,
 ¯à¨¬¥à, ®âà¨æ ¨¥ ãâ¢¥à¦¤¥¨ï P5 (¯à¨ íâ®¬ ¯®«¥§® ¨¬¥âì ¢¢¨¤ã â®«ìª® çâ® à á-
á¬®âà¥ãî ª®ªà¥âãî à¥ «¨§ æ¨î ãâ¢¥à¦¤¥¨ï P(x, y) (x { áâã¤¥â, y { íª§ ¬¥).
P5 =⌉(∀x ∃y P(x, y) ¨áâ¨®) ®§ ç ¥â, çâ® ¥ ¤«ï ¢á¥å x á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥-
¨¥ (∃y P(x, y) ¨áâ¨®). � ç¥ £®¢®àï,  ©¤¥âáï â ª®© ¯ à ¬¥âà x, ¤«ï ª®â®à®£®
ãâ¢¥à¦¤¥¨¥ (∃y P(x, y) ¨áâ¨®) «®¦®: P5 ⇔ (∃x ⌉(∃y P(x, y) ¨áâ¨®)). �âà¨-
æ ¨¥ ãâ¢¥à¦¤¥¨ï (∃y P(x, y) ¨áâ¨®) ®§ ç ¥â, çâ® ¥ áãé¥áâ¢ã¥â y, ¤«ï ª®â®à®£®
ãâ¢¥à¦¤¥¨¥ P(x, y) ¨áâ¨®, â. ¥. ¤«ï ¢á¥å y P(x, y) «®¦®: ⌉(∃y P(x, y) ¨áâ¨®) ⇔
(∀y P(x, y) ¨áâ¨®). �â ª, P5 ⇔ (∃x ∀y P(x, y) ¨áâ¨®).

�¯à ¦¥¨¥. �ä®à¬ã«¨àã©â¥ ®âà¨æ ¨ï ãâ¢¥à¦¤¥¨© P1 − P8 ¨ ã¡¥¤¨â¥áì â¥¬
á ¬ë¬ ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¥£® ¯à ¢¨« : ¯à¨ ¯®áâà®¥¨¨ ®âà¨æ ¨ï ãâ¢¥à¦¤¥-
¨ï, § ¢¨áïé¥£® ®â ¯ à ¬¥âà®¢, ¢á¥ ª¢ â®àë ¨§¬¥ïîâáï (  \¯à®â¨¢®¯®«®¦ë¥"),  
ä¨ «ì®¥ ãâ¢¥à¦¤¥¨¥ § ¬¥ï¥âáï   ¥£® ®âà¨æ ¨¥.

§2. �®¦¥áâ¢®

� àï¤ã á â¥à¬¨®¬ \¬®¦¥áâ¢®" ã¯®âà¥¡¨â¥«ìë ¨ ¬®£®ç¨á«¥ë¥ ¥£® á¨®¨-
¬ë:  ¡®à, á®¢®ªã¯®áâì, ª®««¥ªæ¨ï, á®¡à ¨¥, ¨ â.¤.*) � ¦¤®¥ ¬®¦¥áâ¢® ®¤®§ ç®
®¯à¥¤¥«ï¥âáï ®¡ê¥ªâ ¬¨, ¢å®¤ïé¨¬¨ ¢ ¥£®. �â¨ ®¡ê¥ªâë ¯à¨ïâ®  §ë¢ âì í«¥¬¥-
â ¬¨ ¨«¨ â®çª ¬¨ ¬®¦¥áâ¢ . �¡ëç® ï¢® ¨«¨ ¥ï¢® ¯®¤à §ã¬¥¢ ¥âáï, çâ® ¨¬¥¥âáï
¥ª®â®à®¥ ®á®¢®¥ ¬®¦¥áâ¢®, â®çª¨ ª®â®à®£® ¨á¯®«ì§ãîâáï ¯à¨ ¯®áâà®¥¨¨ ¨«¨ ®¯¨-
á ¨¨ ¤àã£¨å ¬®¦¥áâ¢. � ª¨¬ ®¡à §®¬, ¤«ï «î¡®© â®çª¨ a (¨§ ®á®¢®£® ¬®¦¥áâ¢ )
¨ ¥ª®â®à®£® ¬®¦¥áâ¢  A ¨¬¥îâ á¬ëá« ãâ¢¥à¦¤¥¨ï \a ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã A"
¨ \a ¥ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã A". �¥à¢®¥ ¨§ ¨å § ¯¨áë¢ ¥âáï a ∈ A,   ¢â®à®¥ {
a ∈ A (¨«¨ a /∈ A).

�«ï ®¯¨á ¨ï (§ ¤ ¨ï, ¯®áâà®¥¨ï ¨ â.¤.) ¥ª®â®à®£® ¬®¦¥áâ¢  A ç é¥ ¢á¥£® ¨á-
¯®«ì§ãîâ á«¥¤ãîé¨¥ ¤¢  á¯®á®¡ : ¯¥à¥ç¨á«¥¨¥ ¢á¥å í«¥¬¥â®¢ ¬®¦¥áâ¢ ,  ¯à¨¬¥à,
A = {a, 0, ∗,

√
3} { ¬®¦¥áâ¢® á®¤¥à¦ é¥¥ ç¥âëà¥ ª®ªà¥âëå í«¥¬¥â  { a, 0, ∗,

√
3

(ª ¦¤ë© í«¥¬¥â, ¯à¨ ¤«¥¦ é¨© ¬®¦¥áâ¢ã, ãª §ë¢ ¥âáï à®¢® ®¤¨ à §; ¯®íâ®¬ã

¯®¤à §ã¬¥¢ ¥âáï, ¢ ç áâ®áâ¨, çâ® a ̸=
√
3). �â®â ¯à®áâ¥©è¨© á¯®á®¡ ¯à¨£®¤¥ «¨èì

*)�¥ª®â®àë¥  ¢â®àë ¢ â®¬ ¦¥ á¬ëá«¥ ã¯®âà¥¡«ïîâ ¨ á«®¢® \á¥¬¥©áâ¢®", ® ¬®£¨¥, ¢ â®¬ ç¨á«¥
¨ ¬ë, ã¯®âà¥¡«ï¥¬ ¥£® ¢ ¤àã£®¬ á¬ëá«¥ (á¬. á«¥¤ãîé¨© ¯ à £à ä).
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¤«ï ¬®¦¥áâ¢ ¤®áâ â®ç® \¡¥¤ëå" ¯®  ¡®àã á¢®¨å í«¥¬¥â®¢. � ¡®«¥¥ á«®¦ëå á«ã-
ç ïå ¨á¯®«ì§ãîâ ®¯¨á ¨¥ ¬®¦¥áâ¢  á ¯®¬®éìî å à ªâ¥à¨§ãîé¥£® ¥£® á¢®©áâ¢ : à á-
á¬ âà¨¢ ¥âáï ¥ª®â®à®¥ ãâ¢¥à¦¤¥¨¥ P(a), § ¢¨áïé¥¥ ®â ¯ à ¬¥âà  a (¨§ ®á®¢®£®
¬®¦¥áâ¢ ). �®¢®àïâ, çâ® í«¥¬¥â a ®¡« ¤ ¥â á¢®©áâ¢®¬ P, ¥á«¨ P(a) { ¨áâ¨®¥ ãâ¢¥à-
¦¤¥¨¥. �á¥ í«¥¬¥âë, ®¡« ¤ îé¨¥ á¢®©áâ¢®¬ P, ®¡à §ãîâ ¥ª®â®à®¥ ¬®¦¥áâ¢® A,
ª®â®à®¥ § ¯¨áë¢ îâ â ª A = {a| P(a) ¨áâ¨®}. �¥ª®â®àë¥,  ¨¡®«¥¥ ç áâ® ¢áâà¥ç -
îé¨¥áï ¬®¦¥áâ¢  ¨¬¥îâ ä¨ªá¨à®¢ ë¥, ®¡é¥¯à¨ïâë¥ ®¡®§ ç¥¨ï:

Z { ¬®¦¥áâ¢® ¢á¥å æ¥«ëå ç¨á¥«;

N { ¬®¦¥áâ¢® ¢á¥å  âãà «ìëå ç¨á¥« ¨«¨ ®¬¥à®¢ ( âãà «ìë© àï¤);

Q { ¬®¦¥áâ¢® ¢á¥å à æ¨® «ìëå ç¨á¥« (¤à®¡¥©);

R { ¬®¦¥áâ¢® ¢á¥å ¢¥é¥áâ¢¥ëå (¤¥©áâ¢¨â¥«ìëå) ç¨á¥«;

C { ¬®¦¥áâ¢® ¢á¥å ª®¬¯«¥ªáëå ç¨á¥«.

�â¬¥â¨¬ â ª¦¥ ®¡®§ ç¥¨ï ¯à®¬¥¦ãâª®¢ à §«¨çëå â¨¯®¢ á ª®æ ¬¨ a ¨ b ¨§ R:

[a, b] = {x| x ∈ R ∧ x > a ∧ x 6 b} − § ¬ªãâë© ¯à®¬¥¦ãâ®ª ¨«¨ ®âà¥§®ª;

(a, b) = {x| x ∈ R ∧ x > a ∧ x < b} − ®âªàëâë© ¯à®¬¥¦ãâ®ª ¨«¨ ¨â¥à¢ «;

[a, b) = {x| x ∈ R ∧ x > a ∧ x < b} − ¯à®¬¥¦ãâ®ª § ¬ªãâë© á«¥¢  ¨ ®âªàëâë© á¯à ¢ ;

(a, b] = {x| x ∈ R ∧ x > a ∧ x 6 b} − ¯à®¬¥¦ãâ®ª ®âªàëâë© á«¥¢  ¨ § ¬ªãâë© á¯à ¢ .

� ç áâãî â¨¯ ¯à®¬¥¦ãâª  á ª®æ ¬¨ a ¨ b ¥áãé¥áâ¢¥¥ ¨«¨ ¥¨§¢¥áâ¥. �«ï ¢á¥å
ç¥âëàñå â ª¨å ¯à®¬¥¦ãâª®¢ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡é¥¥ ®¡®§ ç¥¨¥ ⟨a, b⟩. � á«ãç ¥
a > b ¥ áãé¥áâ¢ã¥â ¨ ®¤®£® ¢¥é¥áâ¢¥®£® ç¨á« , á®¤¥à¦ é¥£®áï ¢ ¯à®¬¥¦ãâª å á
ª®æ ¬¨ a ¨ b. � â ª®© á¨âã æ¨¨ ã¤®¡® ¯®ïâ¨¥ ¯ãáâ®£® ¬®¦¥áâ¢ , ª®â®à®¥ ®¡®-
§ ç ¥âáï ∅, { íâ® ¬®¦¥áâ¢®, ¥ á®¤¥à¦ é¥¥ ¨ ®¤®£® í«¥¬¥â : ∀a a ∈ ∅ { «®¦®¥
ãâ¢¥à¦¤¥¨¥.

�®¦¥áâ¢® ¬®¦¥â á®¤¥à¦ âì ¡¥áª®¥ç® ¬®£® â®ç¥ª (¡¥áª®¥ç®¥ ¬®¦¥áâ¢®) ¨«¨
ª®¥ç®¥ ç¨á«® â®ç¥ª (ª®¥ç®¥ ¬®¦¥áâ¢®). �®¥ç®¥ ¬®¦¥áâ¢® ¬®¦¥â ¥ á®¤¥à¦ âì
¨ ®¤®£® í«¥¬¥â  (¯ãáâ®¥ ¬®¦¥áâ¢®) ¨«¨ á®¤¥à¦ âì «¨èì ®¤¨ í«¥¬¥â (®¤®â®ç¥ç-
®¥ ¬®¦¥áâ¢®). �¥ á«¥¤ã¥â ¯ãâ âì ®¤®â®ç¥ç®¥ ¬®¦¥áâ¢® {a} ¨ â®çªã a, ®¡à §ãîéãî
íâ® ¬®¦¥áâ¢®. � ¯à¨¬¥à, áâã¤¥ç¥áª ï £àã¯¯  �à, ¨§ ª®â®à®© ®âç¨á«¥ë ¢á¥ áâã¤¥-
âë ªà®¬¥ áâã¤¥â  s, { ®¤®â®ç¥ç®¥ ¬®¦¥áâ¢®: �à = {s}. �¡ê¥ªâë �à ¨ s à §«¨çë
{ ¤«ï ¯¥à¢®£® ¨§ ¨å (® ¥ ¤«ï ¢â®à®£®) ®â¢¥¤¥® ¬¥áâ® ¢ à á¯¨á ¨¨ § ïâ¨©, § â®
¢â®à®© (® ¥ ¯¥à¢ë©) ¬®¦¥â § à¥£¨áâà¨à®¢ âì á¢®© ¡à ª á ¤àã£¨¬ ®¡ê¥ªâ®¬ s̃.

�®¢®àïâ, çâ® ¬®¦¥áâ¢® A á®¤¥à¦¨âáï ¢ ¬®¦¥áâ¢¥ B ¨«¨ A { ¯®¤¬®¦¥áâ¢®
¬®¦¥áâ¢  B (§ ¯¨áì A ⊂ B), ¥á«¨ ∀a ∈ A a ∈ B. �«¥¤ã¥â ®¡à â¨âì ¢¨¬ ¨¥  
à §«¨ç¨¥ ¢ ã¯®âà¥¡«¥¨¨ § ª®¢ \ ⊂ " ¨ \ ∈ ". �¥à¢ë© ¨§ ¨å ¯à¨¬¥ï¥âáï ª ¤¢ã¬
¬®¦¥áâ¢ ¬ (A ⊂ B),   ¢â®à®© { ª â®çª¥ ¨ ¬®¦¥áâ¢ã (a ∈ A). �á®, çâ® ∅ ⊂ A ¤«ï
«î¡®£® ¬®¦¥áâ¢  A.

�®¦¥áâ¢  A ¨ B à ¢ë (§ ¯¨áì A = B), ¥á«¨ (A ⊂ B)∧ (B ⊂ A). � ª¨¬ ®¡à §®¬,
¯à®¢¥àª  à ¢¥áâ¢  A = B á®áâ®¨â ¨§ ¤¢ãå íâ ¯®¢:

I. ∀a ∈ A a ∈ B (â. ¥. A ⊂ B) II. ∀b ∈ B b ∈ A (â. ¥. B ⊂ A).
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� ¯®¬¨¬ ®¯à¥¤¥«¥¨ï ®á®¢ëå ®¯¥à æ¨©  ¤ ¬®¦¥áâ¢ ¬¨:

A ∪B = {x| x ∈ A ∨ x ∈ B} { ®¡ê¥¤¨¥¨¥ ¬®¦¥áâ¢ A ¨ B;

A ∩B = {x| x ∈ A ∧ x ∈ B} { ¯¥à¥á¥ç¥¨¥ ¬®¦¥áâ¢ A ¨ B;

A \B = {x| x ∈ A ∧ x /∈ B} { à §®áâì ¬®¦¥áâ¢ A ¨ B;

A′ = {x| x /∈ A} { ¤®¯®«¥¨¥ ¬®¦¥áâ¢  A (¤® ®á®¢®£® ¬®¦¥áâ¢ ).

�á®, çâ® ¤¢  ¬®¦¥áâ¢  à ¢ë «¨èì â®£¤ , ª®£¤  à ¢ë ¨å ¤®¯®«¥¨ï. � ¬¥â¨¬ ¥éñ,
çâ® (A′)

′
= A, A ∪B = B ∪A ¨ A ∩B = B ∩A, ® ¥ ¤«ï ¢á¥å ¬®¦¥áâ¢ A \B = B \A.

�¯à ¦¥¨¥. � ª ª®¬ á«ãç ¥ ¢¥à® ¯®á«¥¤¥¥ à ¢¥áâ¢®?

�«¥¤ãîé¨¥ ¤¢  à ¢¥áâ¢  (ä®à¬ã«ë �¥ �®à£   ¨«¨ ä®à¬ã«ë ¤¢®©áâ¢¥®áâ¨
¤«ï ¤¢ãå ¬®¦¥áâ¢) ®ª §ë¢ îâáï ¯®«¥§ë¬¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ à §«¨çëå â¥®à¥â¨ª®-
¬®¦¥áâ¢¥ëå ãâ¢¥à¦¤¥¨©:

(A ∪B)′ = A′ ∩B′; (A ∩B)′ = A′ ∪B′.

�¥à¢®¥ ¨§ ¨å ¢ëâ¥ª ¥â ¨å á«¥¤ãîé¥© æ¥¯®çª¨ à ¢®á¨«ìëå ãâ¢¥à¦¤¥¨©
x ∈ (A ∪B)′ ⇔ x /∈ A ∪B ⇔⌉(x ∈ A ∨ x ∈ B) ⇔ ((⌉x ∈ A) ∧ (⌉x ∈ B)) ⇔
⇔ ((x /∈ A) ∧ (x /∈ B)) ⇔ ((x ∈ A′) ∧ (x ∈ B′)) ⇔ x ∈ A′ ∩B′.
�®ª § â¥«ìáâ¢® ¢â®à®£® à ¢¥áâ¢    «®£¨ç®. �à®¬¥ â®£®, ¥£® ¬®¦® á¢¥áâ¨ ª

ã¦¥ ¤®ª § ®¬ã ¯¥à¢®¬ã à ¢¥áâ¢ã { ¢¥¤ì ¤®áâ â®ç® ¯®ª § âì, çâ® ¯à ¢ ï ¨ «¥¢ ï
ç áâ¨ ¢â®à®£® à ¢¥áâ¢  ¨¬¥îâ à ¢ë¥ ¤®¯®«¥¨ï.

� ¬¥ç ¨¥. �§ ¯à ¢¨« ¯®áâà®¥¨ï ®âà¨æ ¨© ¤«ï ãâ¢¥à¦¤¥¨© P ∨ Q ¨ P ∧ Q
¥¬¥¤«¥® á«¥¤ã¥â, çâ®

x /∈ A ∪B ⇔ (x /∈ A ∧ x /∈ B);

x /∈ A ∩B ⇔ (x /∈ A ∨ x /∈ B);

x /∈ A \B ⇔ (x /∈ A ∨ x ∈ B).

�¯à ¦¥¨¥. �ëïá¨â¥, ª ª¨¥ ¨§ á«¥¤ãîé¨å ¢ª«îç¥¨© ¢¥àë:

1. A ∪B ⊂
⊃
(A \B) ∪ (B \A);

2. (A \B) \D ⊂
⊃
(A ∩D) \ (B ∩D);

3. A ∩ (B ∪D)⊂
⊃
(A ∩B) ∪ (A ∩D);

4. (A \B) \D ⊂
⊃
A \ (B \D);

5. (A \B) \D ⊂
⊃
A \ (B ∪D).

� ª®¥æ, à áá¬®âà¨¬ ¥éñ ®¤ã ®¯¥à æ¨î  ¤ ¬®¦¥áâ¢ ¬¨. �«ï íâ®£®  ¯®¬¨¬,
çâ® ã¯®àï¤®ç¥ ï ¯ à  (a, b) ®¯à¥¤¥«ï¥âáï ¥ â®«ìª® á¢®¨¬¨ í«¥¬¥â ¬¨ (\ª®®à¤¨-
 â ¬¨"), ® ¨ ¨å ¯®àï¤ª®¬, â. ¥. ãª § ¨¥¬, ª ª®© í«¥¬¥â ¯ àë ï¢«ï¥âáï ¯¥à¢ë¬

(\¯¥à¢®© ª®®à¤¨ â®©"),   ª ª®© { ¢â®à®©. � ç¥ £®¢®àï, à ¢¥áâ¢® ¯ à (a, b) ¨ (ã, b̃)
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à ¢®á¨«ì® ãâ¢¥à¦¤¥¨î (a = ã) ∧ (b = b̃). � ®â«¨ç¨¥ ®â ¤¢ãåâ®ç¥ç®£® ¬®¦¥áâ¢ 
{a, b}, ª®â®à®¥ ®¡à §®¢ ® à §«¨çë¬¨ â®çª ¬¨ a ¨ b, ã¯®àï¤®ç¥ ï ¯ à  ¬®¦¥â ¡ëâì
®¡à §®¢   à ¢ë¬¨ í«¥¬¥â ¬¨ { (a, a). �¥ª àâ®¢ë¬ (¨«¨ ¯àï¬ë¬) ¯à®¨§¢¥¤¥¨¥¬
A × B ¤¢ãå ¬®¦¥áâ¢ A ¨ B (áãé¥áâ¢¥®, çâ® A { ¯¥à¢®¥,   B { ¢â®à®¥ ¬®¦¥áâ¢®)
 §ë¢ ¥âáï ¬®¦¥áâ¢® ¢á¥å â ª¨å ã¯®àï¤®ç¥ëå ¯ à (a, b), çâ® a ∈ A ¨ b ∈ B, â. ¥.
A×B = {(a, b)| a ∈ A ∧ b ∈ B}.

� «®£¨çë¬ ®¡à §®¬ ¤«ï «î¡®£® n ∈ N (n > 3) ¢¢®¤ïâáï ã¯®àï¤®ç¥ë¥  ¡®àë
(a1, . . . , an) ¨§ n í«¥¬¥â®¢ ¨ ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ A1×· · ·×An ¬®¦¥áâ¢ A1, . . . , An. �
ç áâ®¬ á«ãç ¥, ª®£¤  ¢á¥ íâ¨ ¬®¦¥áâ¢  á®¢¯ ¤ îâ á ¥ª®â®àë¬ ¬®¦¥áâ¢®¬ A, ¢¬¥áâ®
A× · · · × A ¯¨èãâ ªà âª® An { ¬®¦¥áâ¢® ¢á¥å ã¯®àï¤®ç¥ëå  ¡®à®¢ (a1, . . . , an), ã
ª®â®àëå ¢á¥ ª®®à¤¨ âë a1, . . . , an ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã A. � ç áâ®áâ¨, R2 ¬®¦®
¨áâ®«ª®¢ë¢ âì ª ª ¯«®áª®áâì, Z2 ª ª \à¥èñâªã æ¥«®ç¨á«¥ëå ¢¥ªâ®à®¢" ¢ R2 ¨ â.¤.

�®¦¥áâ¢® A × B ã¤®¡® ¨§®¡à ¦ âì £à ä¨ç¥áª¨, ¥á«¨ A,B ⊂ R. � ¯à¨¬¥à, ¤«ï
A = [1, 2] ¨ B = [1, 4] ¨¬¥¥¬

�â®â ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¢®®¡é¥ £®¢®àï, A×B ̸= B×A, â. ¥. ¯®àï¤®ª \á®¬®¦¨â¥-
«¥©" áãé¥áâ¢¥¥ ¢ ®¯à¥¤¥«¥¨¨ ¤¥ª àâ®¢  ¯à®¨§¢¥¤¥¨ï. �¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬,
çâ® ¤«ï ¥¯ãáâëå ¬®¦¥áâ¢ A ¨ B à ¢¥áâ¢® A×B = B ×A ¢®§¬®¦® «¨èì ¢ á«ãç ¥
A = B.

�à¨¬¥¬ ¯® ®¯à¥¤¥«¥¨î, çâ® A×∅=∅ ¨ ∅×B=∅ ¤«ï «î¡ëå ¬®¦¥áâ¢ A ¨ B.

§3. �â®¡à ¦¥¨¥

�â®¡à ¦¥¨¥ ¬®¦¥áâ¢  X ¢ ¬®¦¥áâ¢® Y { íâ® ¯à ¢¨«® (á¯®á®¡) F, á®¯®áâ ¢«ï-
îé¥¥ ª ¦¤®¬ã í«¥¬¥âã x ¬®¦¥áâ¢  X ¥ª®â®àë©, ¢¯®«¥ ®¯à¥¤¥«ñë© ¤«ï ¥£®
(¨, á«¥¤®¢ â¥«ì®, ¥¤¨áâ¢¥ë©) í«¥¬¥â y ¬®¦¥áâ¢  Y. � íâ®¬ á«ãç ¥ y  §ë¢ îâ
§ ç¥¨¥¬ ®â®¡à ¦¥¨ï F ¢ â®çª¥ x ¨ ¯¨èãâ y = F (x). �¥à¬¨ \®â®¡à ¦¥¨¥" ¨¬¥¥â
¡®«ìè®¥ ç¨á«® á¨®¨¬®¢: ®¯¥à â®à, ¯à ¢¨«®, ¬®àä¨§¬, á¥¬¥©áâ¢®, ¯à¥®¡à §®¢ ¨¥ ¨
¤à. �®à®è® ¨§¢¥áâë© â¥à¬¨ \äãªæ¨ï" ¬®£¨¬¨  ¢â®à ¬¨ â ª¦¥ áç¨â ¥âáï ®¤¨¬ ¨§
á¨®¨¬®¢. �ë ¥ ¢¯®«¥ à §¤¥«ï¥¬ íâã â®çªã §à¥¨ï, áç¨â ï æ¥«¥á®®¡à §ë¬ § ªà¥-
¯¨âì â¥à¬¨ \äãªæ¨ï" §  ¢ ¦¥©è¨¬ ç áâë¬ á«ãç ¥¬ ®â®¡à ¦¥¨ï { ®â®¡à ¦¥¨ï,
¯à¨¨¬ îé¥£® «¨èì ç¨á«®¢ë¥ § ç¥¨ï (â. ¥. Y ⊂ R ¨«¨ Y ⊂ C).

� à §«¨çëå á¨âã æ¨ïå ¨á¯®«ì§ãîâáï à §®®¡à §ë¥ á¯®á®¡ë ¤«ï ®¡®§ ç¥¨ï
®â®¡à ¦¥¨ï F. �â¬¥â¨¬ ¥ª®â®àë¥ ¨§ ¨å: F : X → Y, y = F (x), x 7→ F (x),
{F (x)}x∈X . � ¯®á«¥¤¥¬ á«ãç ¥ ®¡ëç® £®¢®àïâ ® á¥¬¥©áâ¢¥ í«¥¬¥â®¢ F (x), ¯ à -
¬¥âà¨§®¢ ®¬ á ¯®¬®éìî ¨¤¥ªá  x ¨§ ¬®¦¥áâ¢  X. �à¨ íâ®¬ ç áâ® ¨á¯®«ì§ãîâ
ãª®à®ç¥ãî § ¯¨áì: {Fx}x∈X .
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�§ áª § ®£® ïá®, çâ® ¤«ï § ¤ ¨ï ®â®¡à ¦¥¨ï ¥®¡å®¤¨¬® ãª § âì âà¨ ®¡ê¥ªâ :

¬®¦¥áâ¢®  à£ã¬¥â®¢ (¬®¦¥áâ¢® ®¯à¥¤¥«¥¨ï ¨«¨ § ¤ ¨ï ®â®¡à ¦¥¨ï) X;

¬®¦¥áâ¢® Y, ¢ ª®â®à®¥ ®â®¡à ¦ îâáï íâ¨  à£ã¬¥âë;

á®¡áâ¢¥® ¯à ¢¨«® F, á®¯®áâ ¢«ïîé¥¥ ª ¦¤®¬ã  à£ã¬¥âã x § ç¥¨¥ y = F (x).

� ª¨¬ ®¡à §®¬, á ä®à¬ «ì®© â®çª¨ §à¥¨ï, ®â®¡à ¦¥¨¥ { íâ® ã¯®àï¤®ç¥ ï âà®©ª 

(X,Y, F ). �®íâ®¬ã à ¢¥áâ¢® ®â®¡à ¦¥¨© F : X → Y ¨ F̃ : X̃ → Ỹ ®§ ç ¥â, çâ®
X = X̃,

Y = Ỹ ,

F = F̃ ;

¨«¨ ¯®¤à®¡¥¥


X = X̃,

Y = Ỹ ,

∀x ∈ X F (x) = F̃ (x).

�®¤ç¥àªñ¬, çâ®   ¯à¨à®¤ã ¬®¦¥áâ¢ X ¨ Y ¥  ª« ¤ë¢ ¥âáï ¨ª ª¨å ®£à ¨-
ç¥¨©: íâ® ¬®£ãâ ¡ëâì ç¨á«®¢ë¥ ¬®¦¥áâ¢ , ¬®¦¥áâ¢ , ®¡à §®¢ ë¥ á«®¢ ¬¨, £¥®-
£à ä¨ç¥áª¨¬¨ ®¡ê¥ªâ ¬¨ ¨ â.¤. �â¬¥â¨¬ ¥áª®«ìª® ç áâëå á«ãç ¥¢ ®â®¡à ¦¥¨©,
 ¨¡®«¥¥ ¢ ¦ëå ¤«ï  á ¢ ¤ «ì¥©è¥¬.

�ãªæ¨ï. �á«¨ Y ⊂ R (¨«¨ Y ⊂ C), â® ®â®¡à ¦¥¨¥ f : X → Y  §ë¢ îâ äãªæ¨-
¥© (¢¥é¥áâ¢¥®© ¨«¨ ª®¬¯«¥ªá®©), ®¯à¥¤¥«ñ®©   ¬®¦¥áâ¢¥ X. �á®¡¥® ¢ ¦ë
á«ãç ¨ Y = R ¨«¨ Y = C, â ª ª ª ¯à¨ â ª®¬ ¢ë¡®à¥ Y ¥áâ¥áâ¢¥® ®¯à¥¤¥«ïîâáï  à¨ä-
¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨  ¤ äãªæ¨ï¬¨: f + g, f − g, fg, constf, |f |, f

g (¥á«¨ g(x) ̸= 0

∀x ∈ X). � ¯à¨¬¥à, ¤«ï ¤¢ãå äãªæ¨© f, g : X → C ¨å áã¬¬  { íâ® ®¢®¥ ®â®¡à ¦¥¨¥
(f+g) ¨§X ¢ C, ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã ∀x ∈ X (f+g)(x) = f(x)+g(x). � ¢¥é¥áâ¢¥®¬
á«ãç ¥ (Y ⊂ R) ¯®¤®¡ë¬ ¦¥ ®¡à §®¬ ®¯à¥¤¥«ïîâáï äãªæ¨¨ max(f, g) ¨ min(f, g) :
∀x ∈ X max(f, g)(x) = f(x), min(f, g)(x) = g(x), ¥á«¨ f(x) > g(x), ¨ max(f, g)(x) =
g(x), min(f, g)(x) = f(x) ¢ ¯à®â¨¢®¬ á«ãç ¥.

�¥« ï ¯®¤ç¥àªãâì, çâ® ¥ â®«ìª® ¬®¦¥áâ¢® Y, ® ¨ X ï¢«ï¥âáï ç¨á«®¢ë¬ (â. ¥.
X ⊂ R ¨«¨ X ⊂ C), £®¢®àïâ, çâ® ®â®¡à ¦¥¨¥ f : X → Y { ç¨á«®¢ ï äãªæ¨ï.

� ª ¨ ¢ á«ãç ¥ ¯à®¨§¢®«ìëå ®â®¡à ¦¥¨©, ¤¢¥ äãªæ¨¨ f ¨ g áç¨â îâáï à ¢ë-
¬¨, ¥á«¨ ®¨ ¨¬¥îâ ®¡é¥¥ ¬®¦¥áâ¢® § ¤ ¨ï X, ¤¥©áâ¢ãîâ ¢ ®¤® ¨ â® ¦¥ ç¨á«®¢®¥
¬®¦¥áâ¢® Y ¨ f(x) = g(x) ¤«ï ¢á¥å x ∈ X.

�®á«¥¤®¢ â¥«ì®áâì. �â®¡à ¦¥¨¥ F : N → Y  §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì®áâìî
¢ Y. � ç áâ®áâ¨, ¥á«¨ Y ⊂ R ¨«¨ Y ⊂ C, â® £®¢®àïâ ® ç¨á«®¢®© (¢¥é¥áâ¢¥®© ¨«¨
ª®¬¯«¥ªá®©) ¯®á«¥¤®¢ â¥«ì®áâ¨. �®¤ç¥àªñ¬, çâ® á®£« á® íâ®¬ã ®¯à¥¤¥«¥¨î, ¯®-
á«¥¤®¢ â¥«ì®áâì ¢ Y { íâ® ç áâë© á«ãç © ®â®¡à ¦¥¨ï ¢ Y (ª®â®à®¥ § ¤ ®   N),  
¥ ¯®¤¬®¦¥áâ¢® ¢ Y. � ç áâ®áâ¨, ¤«ï ç¨á«®¢ëå ¯®á«¥¤®¢ â¥«ì®áâ¥© F : N → R (¨«¨
C) ®¯à¥¤¥«¥ë  à¨ä¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨.

� ç¥¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ F : N → Y ¢ â®çª¥ n ∈ N  §ë¢ îâ n-ë¬ ç«¥®¬
¯®á«¥¤®¢ â¥«ì®áâ¨ ¨ ¢¬¥áâ® § ¯¨á¨ F (n) ¨á¯®«ì§ãîâ ¡®«¥¥ ª®à®âªãî { Fn. �®íâ®¬ã
ç é¥ ¢á¥£® ¯®á«¥¤®¢ â¥«ì®áâì F : N → Y § ¯¨áë¢ îâ ¢ ¢¨¤¥ á¥¬¥©áâ¢  {Fn}n∈N.
�®áª®«ìªã ãª § ¨¥ {n ∈ N} ïá® ¨§ ª®â¥ªáâ , ¥£® ¥à¥¤ª® ®¯ãáª îâ ¨ ¯¨èãâ ªà âª®
{Fn}.

� ª®¥æ, ®â¬¥â¨¬, çâ® ¨®£¤  ¯à¨å®¤¨âáï à áá¬ âà¨¢ âì ¯®á«¥¤®¢ â¥«ì®áâ¨,
®¯à¥¤¥«ñë¥ ¥    âãà «ì®¬ àï¤¥ N,     ¬®¦¥áâ¢¥ Z ¢á¥å æ¥«ëå ç¨á¥« (¤¢ã-
áâ®à®¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨) ¨«¨   ¬®¦¥áâ¢ å ¢¨¤  {n| n ∈ Z ∧ n > c}, £¤¥ c -
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ä¨ªá¨à®¢ ®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®. � é¥ ¢á¥£® c = 0. �á¯®«ì§ã¥¬ë¥ §¤¥áì ®¡®§ ç¥-
¨ï ¢¯®«¥ ¥áâ¥áâ¢¥ë: {Fn}n∈Z ¨ {Fn}n>c.

�®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì (ã¯®àï¤®ç¥ë©  ¡®à). �ãáâì X = {1, . . . , N}, £¤¥
N ∈ N. �â®¡à ¦¥¨¥ F : X → Y  §ë¢ ¥âáï ª®¥ç®© ¯®á«¥¤®¢ â¥«ì®áâìî ¨«¨ ã¯®-
àï¤®ç¥ë¬  ¡®à®¬ ¨§ N í«¥¬¥â®¢ ¬®¦¥áâ¢  Y. � ¯¨áì { (F1, . . . , FN ). � áâë©
á«ãç © N = 2 { ã¯®àï¤®ç¥ ï ¯ à , ¬ë ®¡áã¦¤ «¨ ¥£® ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥.

�®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥. �ãáâì X = Y ¨ ®â®¡à ¦¥¨¥ F : X → X â ª®¢®, çâ®
F (x) = x ¤«ï ¢á¥å x ∈ X. � ª®¥ ®â®¡à ¦¥¨¥  §ë ¥âáï â®¦¤¥áâ¢¥ë¬ ®â®¡à ¦¥¨¥¬
¬®¦¥áâ¢  X ¨ ®¡®§ ç ¥âáï idX (¨«¨ ¯à®áâ® id, ¥á«¨ ïá®,   ª ª®¬ ¬®¦¥áâ¢¥ ®®
§ ¤ ®).

�®áâ®ï®¥ ®â®¡à ¦¥¨¥. �â®¡à ¦¥¨¥ F : X → Y ¯®áâ®ï®, ¥á«¨ áãé¥áâ¢ã¥â
â ª®© í«¥¬¥â y0 ∈ Y, çâ® F (x) = y0 ¤«ï ¢á¥å x ∈ X.

�¡áã¤¨¬ â¥¯¥àì ¤àã£®¥ ¯®ïâ¨¥, â¥á® á¢ï§ ®¥ á ¯®ïâ¨¥¬ ®â®¡à ¦¥¨ï, | £à -
ä¨ª. �® ¨£à ¥â ¡®«ìèãî à®«ì ¢ ¬ â¥¬ â¨ª¥, â ª ª ª á ¥£® ¯®¬®éìî ¥áâ¥áâ¢¥®
áâ ¢ïâáï ¨«¨ à¥è îâáï ¬®£¨¥ ¬ â¥¬ â¨ç¥áª¨¥ ¯à®¡«¥¬ë.

�¯à¥¤¥«¥¨¥. �à ä¨ª®¬ ®â®¡à ¦¥¨ï F : X → Y  §ë¢ ¥âáï ¬®¦¥áâ¢®
�F = {(x, y)| x ∈ X ∧ y ∈ Y ∧ y = F (x)} (¨«¨ ª®à®ç¥ �F = {(x, F (x))| x ∈ X}).

�á®, çâ® �F ⊂ X × Y. � ¢¥áâ¢® ¤¢ãå ®â®¡à ¦¥¨© F,G : X → Y à ¢®á¨«ì®
á®¢¯ ¤¥¨î ¨å £à ä¨ª®¢. �â¬¥â¨¬ ¤¢  ®á®¢ëå á¢®©áâ¢  £à ä¨ª  ®â®¡à ¦¥¨ï F :
X → Y { ∀x ∈ X ∃y ∈ Y (x, y) ∈ �F ,

((x, y1) ∈ �F ∧ (x, y2) ∈ �F ) ⇒ y1 = y2.

�¯à ¦¥¨¥. �®ª ¦¨â¥, çâ® íâ¨ ¤¢  á¢®©áâ¢  ¨áç¥à¯ë¢ îé¨¬ ®¡à §®¬ ®¯¨áë¢ îâ
¢á¥ £à ä¨ª¨. �®ç¥¥, á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥¨ï ® ¬®¦¥áâ¢¥ � ⊂ X × Y à ¢®á¨«ì-
ë:

I. �− £à ä¨ª ¥ª®â®à®£® ®â®¡à ¦¥¨ï F : X → Y, â. ¥. � = �F ,

II.

{ ∀x ∈ X ∃y ∈ Y (x, y) ∈ �,

((x, y1) ∈ � ∧ (x, y2) ∈ �) ⇒ y1 = y2.

�«ï ç¨á«®¢ëå äãªæ¨©, â. ¥. ¢ á«ãç ¥ � ⊂ R2, íâ® ®¯¨á ¨¥ «¥£ª® ¨áâ®«ª®¢ âì £à ä¨-
ç¥áª¨ { «î¡ ï ¢¥àâ¨ª «ì ï ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ ¬®¦¥áâ¢® X, à®¢® ¢ ®¤®©
â®çª¥ ¯¥à¥á¥ª ¥â ¬®¦¥áâ¢® �.

�®â ä ªâ, çâ® á ®¤®© áâ®à®ë, £à ä¨ª ®¤®§ ç® ®¯à¥¤¥«ï¥â ®â®¡à ¦¥¨¥,  
á ¤àã£®© áâ®à®ë, ¢á¥ ¯®¤¬®¦¥áâ¢  ¯à®¨§¢¥¤¥¨ï X × Y, ï¢«ïîé¨¥áï £à ä¨ª ¬¨,
¯®«®áâìî ®¯¨áë¢ îâáï, ¯®§¢®«ï¥â ¤ âì â¥®à¥â¨ª®-¬®¦¥áâ¢¥®¥ ®¯à¥¤¥«¥¨¥ ®â®¡-
à ¦¥¨ï, ¢ ª®â®à®¬ ¯®ïâ¨ï \®â®¡à ¦¥¨¥" ¨ \£à ä¨ª ®â®¡à ¦¥¨ï" ®â®¦¤¥áâ¢«ïîâ-
áï: £à ä¨ª®¬ (®â®¡à ¦¥¨¥¬)  §ë¢ ¥âáï «î¡®¥ ¯®¤¬®¦¥áâ¢® � ¯à®¨§¢¥¤¥¨ï X × Y,
®¡« ¤ îé¥¥ ¤¢ã¬ï á¢®©áâ¢ ¬¨, ãª § ë¬¨ ¢ ¯®á«¥¤¥¬ ã¯à ¦¥¨¨.

�¯à¥¤¥«¥¨¥. �¡à §®¬ ¬®¦¥áâ¢  A ⊂ X ¯à¨ ®â®¡à ¦¥¨¨ F : X → Y  -
§ë¢ ¥âáï ¬®¦¥áâ¢® F (A) = {y| ∃x ∈ A ∧ y = F (x)} (ª®à®ç¥ F (A) = {F (x)|x ∈ A}).
�à®®¡à §®¬ ¬®¦¥áâ¢  B ⊂ Y  §ë¢ ¥âáï ¬®¦¥áâ¢® F−1(B)={x|x∈X∧F (x)∈B}.
�®¦¥áâ¢® F (X)  §ë¢ îâ ¯®«ë¬ ®¡à §®¬ ¯à¨ ®â®¡à ¦¥¨¨ F ¨«¨ á®¢®ªã¯®áâìî
¢á¥å § ç¥¨© F.
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�¥£ª® ¢¨¤¥âì, çâ®

F (A) ⊂ Y, F−1(B) ⊂ X;

F (∅) = ∅, F−1(∅) = ∅;
(A ̸= ∅ ∧A ⊂ X) ⇒ F (A) ̸= ∅;
(B ̸= ∅ ∧B ⊂ Y ) ; F−1(B) ̸= ∅;
F−1(B) ̸= ∅ ⇔ B ∩ F (X) ̸= ∅;
F−1(B) = X ⇔ F (X) ⊂ B.

�à¨¬¥à. �ãáâì X = R, Y = R ¨ F (x) = x2. �®£¤ 

F (R) = [0,∞), F−1(R) = F−1([0,∞)) = R, F−1([−2,−1]) = ∅,

F ([1, 2]) = F ([−2,−1]) = [1, 4], F−1([1, 4]) = [−2,−1] ∪ [1, 2].

�®á«¥¤¨¥ ¤¢  à ¢¥áâ¢  ¯®ª §ë¢ îâ, çâ® ¢®®¡é¥ £®¢®àï, F−1(F (A)) ̸= A. �®¦®
ãâ¢¥à¦¤ âì «¨èì, çâ® F−1(F (A)) ⊃ A.

�¯à ¦¥¨¥. �ãáâì F : X → Y ¨ B ⊂ Y. �¥à® «¨ à ¢¥áâ¢® F (F−1(B)) = B?

�¯à¥¤¥«¥¨¥. �ãáâì ®â®¡à ¦¥¨¥ F ¤¥©áâ¢ã¥â ¨§ X ¢ Y. �®£¤ 
I. F  §ë¢ ¥âáï áîàê¥ªæ¨¥© (¨«¨ F ¤¥©áâ¢ã¥â ¨§ X   Y ), ¥á«¨ ∀y ∈ Y ∃x ∈ X y =
F (x), â. ¥. F (X) = Y (£®¢®àï ¨ë¬¨ á«®¢ ¬¨, ãà ¢¥¨¥ F (x) = y à §à¥è¨¬®  
¬®¦¥áâ¢¥ X ¤«ï «î¡®© ¯à ¢®© ç áâ¨ ¨§ Y );
II. F  §ë¢ ¥âáï ¨ê¥ªæ¨¥© (F ¢§ ¨¬® ®¤®§ ç®   X), ¥á«¨ ∀x1 ∈ X ∀x2 ∈
X x1 ̸= x2 ⇒ F (x1) ̸= F (x2), â. ¥. à §«¨çë¬  à£ã¬¥â ¬ á®®â¢¥âáâ¢ãîâ à §-
«¨çë¥ § ç¥¨ï ®â®¡à ¦¥¨ï (£®¢®àï ¨ë¬¨ á«®¢ ¬¨, ãà ¢¥¨¥ F (x) = y ¨¬¥¥â  
¬®¦¥áâ¢¥ X ¥ ¡®«¥¥ ®¤®£® à¥è¥¨ï ¤«ï «î¡®© ¯à ¢®© ç áâ¨ ¨§ Y );
III. F  §ë¢ ¥âáï ¡¨¥ªæ¨¥©, ¥á«¨ ®® ®¤®¢à¥¬¥® ¨ áîàê¥ªæ¨ï, ¨ ¨ê¥ªæ¨ï (£®¢®àï
¨ë¬¨ á«®¢ ¬¨, ãà ¢¥¨¥ F (x) = y ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥   ¬®¦¥áâ¢¥ X
¤«ï «î¡®© ¯à ¢®© ç áâ¨ ¨§ Y ).

�ç¥¢¨¤®, çâ® â®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥ ¡¨¥ªâ¨¢®. �à®¨§¢®«ì®¥ ®â®¡à ¦¥¨¥
F : X → Y ¬®¦¥â ¥ ®¡« ¤ âì ¨ ®¤¨¬ ¨§ ®¯¨á ëå ¢ ®¯à¥¤¥«¥¨¨ á¢®©áâ¢.

�à¨¬¥à. �ãáâì X = R, Y = R. �á®, çâ® äãªæ¨¨ x 7→ x3, x 7→ 3
√
x { ¡¨¥ª-

æ¨¨. � ¯à®â¨¢, äãªæ¨ï x 7→ x2 ¥ â®«ìª® ¥ áîàê¥ªâ¨¢  (ãà ¢¥¨¥ x2 = −1 ¥
à §à¥è¨¬® ¢ R), ® ¨ ¥ ¨ê¥ªâ¨¢  (ãà ¢¥¨¥ x2 = 4 ¨¬¥¥â ¤¢  ª®àï).

� ¬¥¨¢ (ã¬¥ìè¨¢) ¬®¦¥áâ¢® Y   Ỹ = F (X), ¯®«ãç¨¬ ®¢®¥ ®â®¡à ¦¥¨¥ {
áîàê¥ªæ¨î, ¤¥©áâ¢ãîéãî   X ¯® ¯à¥¦¥¬ã ¯à ¢¨«ã. � «®£¨ç®, § ¬¥¨¢ ¬®¦¥-

áâ¢®X   ¯®¤å®¤ïé¥¥ ¬®¦¥áâ¢® X̃ ⊂ X, ¬®¦® ¤®¡¨âìáï ¨ê¥ªâ¨¢®áâ¨ ®â®¡à ¦¥¨ï.

�à®é¥ ¢á¥£® ¢§ïâì ®¤®â®ç¥ç®¥ ¯®¤¬®¦¥áâ¢® X̃, ® íâ® ¯à¨¢®¤¨â ª áãé¥áâ¢¥®-
¬ã ã¬¥ìè¥¨î á®¢®ªã¯®áâ¨ § ç¥¨© ®â®¡à ¦¥¨ï. �¤ ª® ¨âã¨â¨¢® ïá®, çâ®

¬®¦® â ª ¯®¤®¡à âì ¬®¦¥áâ¢® X̃, çâ® íâ®£® ¥ ¯à®¨§®©¤ñâ. �¨âã æ¨ï, ª®£¤  ¥ ¬¥-
ïï á ¬®£® ¯à ¢¨«  F, ã¬¥ìè îâ ¬®¦¥áâ¢® ¥£® § ¤ ¨ï, ¤®¢®«ì® ç áâ ï, ¨ ¤«ï ¥ñ
®¯¨á ¨ï ¨¬¥¥âáï ®¡é¥¯à¨ïâ ï â¥à¬¨®«®£¨ï ¨ ®¡®§ ç¥¨¥ (¢ ®â«¨ç¨¥ ®â á¨âã æ¨¨,
á¢ï§ ®© á ¨§¬¥¥¨¥¬ ¬®¦¥áâ¢  Y ).
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�¯à¥¤¥«¥¨¥. �ã¦¥¨¥¬ ®â®¡à ¦¥¨ï F : X → Y   ¬®¦¥áâ¢® X̃ ⊂ X

 §ë¢ ¥âáï â ª®¥ ®â®¡à ¦¥¨¥ F̃ : X̃ → Y, çâ® ∀x ∈ X̃ F̃ (x) = F (x). �¡®§ ç¥¨¥:

F̃ = F
∣∣∣
X̃
.

�á®, çâ® ¤«ï ¨ê¥ªâ¨¢®áâ¨ áã¦¥¨ï ¤®áâ â®ç  (® ¥ ¥®¡å®¤¨¬ ) ¨ê¥ªâ¨¢-
®áâì ¨áå®¤®£® ®â®¡à ¦¥¨ï,   ¥£® áîàê¥ªâ¨¢®áâì ¥®¡å®¤¨¬  (® ¥ ¤®áâ â®ç )
¤«ï áîàê¥ªâ¨¢®áâ¨ áã¦¥¨ï.

�¯à ¦¥¨¥. � áá¬®âà¨¬ ®â®¡à ¦¥¨¥ F : X → Y ¨ ¤¢¥ £àã¯¯ë á¢®©áâ¢,
ª®â®àë¬¨ F ¬®¦¥â ®¡« ¤ âì:

P1 = (F { áîàê¥ªæ¨ï);

P2 = (F { ¨ê¥ªæ¨ï);

P3 = (F { ¡¨¥ªæ¨ï);

¨

Q1 = (∀A1, A2 ⊂ X F (A1 ∩A2) = F (A1) ∩ F (A2)) ;

Q2 =
(
∀B1, B2 ⊂ Y F−1(B1 ∩B2) = F−1(B1) ∩ F−1(B2)

)
;

Q3 = (∀A1, A2 ⊂ X F (A1 ∪A2) = F (A1) ∪ F (A2)) ;

Q4 =
(
∀B1, B2 ⊂ Y F−1(B1 ∪B2) = F−1(B1) ∪ F−1(B2)

)
;

Q5 = (∀A1, A2 ⊂ X F (A1 \A2) = F (A1) \ F (A2)) ;

Q6 =
(
∀B1, B2 ⊂ Y F−1(B1 \B2) = F−1(B1) \ F−1(B2)

)
.

�á®, çâ® ¥ ª ¦¤®¥ ®â®¡à ¦¥¨¥ ®¡« ¤ ¥â ª ª¨¬-¨¡ã¤ì ¨§ á¢®©áâ¢ Pi, i = 1, 2, 3.
�¥à® «¨   «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ ® á¢®©áâ¢ å Qj , j = 1, . . . , 6 ? � ç¥ £®¢®àï, ¥â «¨
áà¥¤¨ ¨å á¢®©áâ¢, ¯à¨áãé¨å «î¡®¬ã ®â®¡à ¦¥¨î?

�¬¥¥âáï «¨ ª ª ï-¨¡ã¤ì á¢ï§ì ¬¥¦¤ã á¢®©áâ¢ ¬¨ ¯¥à¢®© ¨ ¢â®à®© £àã¯¯? �®ç¥¥,
ª ª¨¥ ¨§ ãâ¢¥à¦¤¥¨© Pi ⇒ Qj ¨ Qj ⇒ Pi ¢¥àë ¯à¨ i = 1, 2, 3 ¨ j = 1, . . . , 6 ? �áâì «¨
ãâ¢¥à¦¤¥¨ï Pi à ¢®á¨«ìë¥ ª ª¨¬-¨¡ã¤ì ãâ¢¥à¦¤¥¨ï¬ Qj?

�¯à¥¤¥«¥¨¥. �®¢®àïâ, çâ® ¤«ï ¤¢ãå ®â®¡à ¦¥¨© F : X → Y ¨ G : Z → W
¨¬¥¥â á¬ëá« ª®¬¯®§¨æ¨ï, ¥á«¨ ∀x ∈ X F (x) ∈ Z (â. ¥. F (X) ⊂ Y ∩ Z). � íâ®¬
á«ãç ¥ ®â®¡à ¦¥¨¥ H : X → W, ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã ∀x ∈ X H(x) = G(F (x)),
 §ë¢ ¥âáï ª®¬¯®§¨æ¨¥© (¨«¨ áã¯¥à¯®§¨æ¨¥©) ®â®¡à ¦¥¨© F ¨ G. �¡®§ ç¥¨¥: H =
G ◦ F ¨«¨ H = G(F ).

�à®áâ¥©è¨¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® ®â¡à ¦¥¨ï G(F ) ¨ F (G) ¥ ®¡ï§ ë á®¢-
¯ ¤ âì. � ¯à¨¬¥à, äãªæ¨¨ x 7→ sin2 x ¨ x 7→ sin(x2) à §«¨çë (¯¥à¢ ï ¨§ ¨å
¥®âà¨æ â¥«ì ,   ¢â®à ï ¬¥ï¥â § ª), å®âï ®¡¥ ®¨ ¯®«ãç¥ë ª®¬¯®§¨æ¨¥© ®¤®©
¨ â®© ¦¥ ¯ àë äãªæ¨© F (x) = x2 ¨ G(x) = sinx. �®«¥¥ â®£®, ¨§ â®£®, çâ® ª®¬¯®§¨-
æ¨ï G(F ) ¨¬¥¥â á¬ëá«, ¥ á«¥¤ã¥â, çâ® ¨¬¥¥â á¬ëá« F (G). � ¯à¨¬¥à, ¤«ï äãªæ¨©
F (x) = arcsinx, X = [−1, 1] ¨ G(y) = 2 + y2, Y = R ¨¬¥¥â á¬ëá« «¨èì ª®¬¯®§¨æ¨ï
G(F )(x) = 2 + arcsin2 x, x ∈ X = [−1, 1].

�¯à ¦¥¨¥. �®ª ¦¨â¥, çâ® ª®¬¯®§¨æ¨ï ®â®¡à ¦¥¨© F : X → Y ¨ G : Y → Z,
®¡« ¤ îé¨å ®¤¨¬ ¨§ á¢®©áâ¢ áîàê¥ªâ¨¢®áâì, ¨ê¥ªâ¨¢®áâì ¨«¨ ¡¨¥ªâ¨¢®áâì
â ª¦¥ ®¡« ¤ ¥â íâ¨¬ á¢®©áâ¢®¬.
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�«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥ çà¥§¢ëç ©® ¢ ¦® ¤«ï ¯à ¢¨«ì®£® ¯®¨¬ ¨ï ¬®£¨å
â¥¬, ®¡áã¦¤ ¥¬ëå ¥ â®«ìª® ¢ ªãàá¥ ¬ â¥¬ â¨ç¥áª®£®   «¨§ , ® ¨ ¢ ¤àã£¨å à §¤¥« å
¬ â¥¬ â¨ª¨.

�¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ F : X → Y  §ë¢ ¥âáï ®¡à â¨¬ë¬, ¥á«¨ áãé¥-
áâ¢ã¥â â ª®¥ ®â®¡à ¦¥¨¥ G : Y → X, çâ®

{ ∀x ∈ X G(F (x)) = x, â. ¥. G ◦ F = idX ,

∀y ∈ Y F (G(y)) = y, â. ¥. F ◦G = idY .

� íâ®¬ á«ãç ¥ ®â®¡à ¦¥¨¥ G  §ë¢ ¥âáï ®¡à âë¬ ª F ¨ ®¡®§ ç ¥âáï F−1.

� ¬¥ç ¨ï. 10. �¥ ª ¦¤®¥ ®â®¡à ¦¥¨¥ F ®¡à â¨¬®, ® ¥á«¨ ®® ®¡à â¨¬®, â®

®¡à â®¥ ®â®¡à ¦¥¨¥ G = F−1 â ª¦¥ ®¡à â¨¬® ¨ ¯à¨ íâ®¬ G−1 = F, â. ¥.
(
F−1

)−1
= F.

20. �§ ¯¥à¢®£® âà¥¡®¢ ¨ï ®¯à¥¤¥«¥¨ï ¢ëâ¥ª ¥â ¨ê¥ªâ¨¢®áâì F ¨ áîàê¥ªâ¨¢-
®áâì G,   ¨§ ¢â®à®£® { ¨ê¥ªâ¨¢®áâì G ¨ áîàê¥ªâ¨¢®áâì F. � ª¨¬ ®¡à §®¬, ®¡  ®¨
¡¨¥ªâ¨¢ë.

30. �á«¨ ®â®¡à ¦¥¨¥ F : X → Y ®¡à â¨¬®, â® ®¡à â®¥ ®â®¡à ¦¥¨¥ ¥¤¨áâ¢¥®.

�¥©áâ¢¨â¥«ì®, ¥á«¨ ¥ª®â®à®¥ ®â®¡à ¦¥¨¥ G̃ : Y → X â ª¦¥ ã¤®¢«¥â¢®àï¥â âà¥¡®¢ -

¨ï¬ ®¯à¥¤¥«¥¨ï, â® ∀y ∈ Y F (G(y)) = y = F (G̃(y)). � ª ª ª F ¢§ ¨¬® ®¤®§ ç®,

â® ¨§ à ¢¥áâ¢  F (G(y)) = F (G̃(y)) á«¥¤ã¥â à ¢¥áâ¢® G(y) = G̃(y), ¯à¨çñ¬ ®® ¢¥à®

¤«ï ¢á¥å y ∈ Y. � ª¨¬ ®¡à §®¬, ®â®¡à ¦¥¨ï G ¨ G̃ á®¢¯ ¤ îâ.

40. �«ï «î¡®£® ¬®¦¥áâ¢  X ®â®¡à ¦¥¨¥ idX ®¡à â¨¬® ¨ (idX)
−1

= idX .

�¯à ¦¥¨¥. �®ª ¦¨â¥, çâ® ª®¬¯®§¨æ¨ï ®¡à â¨¬ëå ®â®¡à ¦¥¨© F : X → Y ¨

G : Y → Z â ª¦¥ ®¡à â¨¬  ¨ ¯à¨ íâ®¬ (G ◦ F )−1
= F−1 ◦G−1.

�¥®à¥¬  (¡¨¥ªâ¨¢®áâì ¨ ®¡à â¨¬®áâì ®â®¡à ¦¥¨ï). �ãáâì F : X → Y. �®£¤ 

(F ®¡à â¨¬®) ⇐⇒ (F ¡¨¥ªæ¨ï.)

�®ª § â¥«ìáâ¢®. �¨¥ªâ¨¢®áâì ®¡à â¨¬®£® ®â®¡à ¦¥¨ï ãáâ ®¢«¥  ¢ § ¬¥ç ¨¨
20. �®ª ¦¥¬ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥ { ¡¨¥ªâ¨¢®áâì ¢«¥çñâ ®¡à â¨¬®áâì. �«ï íâ®£®
®¯à¥¤¥«¨¬ ®â®¡à ¦¥¨¥ G : Y → X á«¥¤ãîé¨¬ ®¡à §®¬. �«ï «î¡®£® y ∈ Y ¢ ª -
ç¥áâ¢¥ G(y) ¢®§ì¬ñ¬ à¥è¥¨¥ ãà ¢¥¨ï F (x) = y. � ª ª ª F ¡¨¥ªâ¨¢®, â® â ª®¥
à¥è¥¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®, â. ¥. ®¯à¥¤¥«¥¨¥ ®â®¡à ¦¥¨ï G ª®àà¥ªâ®. �§
¥£® ¥¬¥¤«¥® á«¥¤ã¥â, çâ® ®â®¡à ¦¥¨¥ G ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã F (G(y)) = y  
¢áñ¬ ¬®¦¥áâ¢¥ Y. �áâ «®áì ¤®ª § âì, çâ® G(F (x̃)) = x̃ ¤«ï ¢á¥å x̃ ∈ X. �® ¯® ®¯à¥-
¤¥«¥¨î ®â®¡à ¦¥¨ï G íâ® à ¢®á¨«ì® â®¬ã, çâ® í«¥¬¥â x̃ ¨§ X à¥è ¥â ãà ¢¥¨¥
F (x) = y á ¯à ¢®© ç áâìî y = F (x̃),   íâ® ®ç¥¢¨¤®.

�¥®à¥¬  ¤®ª §  .

�à¨¬¥àë. �á«¨ ¯à¨ïâì   ¢¥àã áîàê¥ªâ¨¢®áâì á«¥¤ãîé¨å ®â®¡à ¦¥¨© (¤®-
ª § â¥«ìáâ¢® ¡ã¤¥â ¯à¨¢¥¤¥® ¯®§¦¥ { á¬. �«.II �¥¯à¥àë¢®áâì), â® «¥£ª® ã¡¥¤¨âìáï ¢
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¨å ®¡à â¨¬®áâ¨   ãª § ëå ¬®¦¥áâ¢ å:

X = Y = R x 7→ x2n+1 (n ∈ N);
X = Y = [0,∞) x 7→ x2n (n ∈ N);
X = R, Y = (0,∞) x 7→ ax (a > 0, a ̸= 1);

X =
[
−π

2
,
π

2

]
, Y = [−1, 1] x 7→ sinx;

X = [0, π], Y = [−1, 1] x 7→ cosx;

X =
(
−π

2
,
π

2

)
, Y = R x 7→ tg x;

X = (0, π), Y = R x 7→ ctg x.

�¡à âë¥ äãªæ¨¨, ®ç¥¢¨¤®, â ª®¢ë

y 7→ 2n+1
√
y ∀y ∈ R;

y 7→ 2n
√
y ∀y > 0;

y 7→ loga y ∀y > 0;

y 7→ arcsin y ∀y ∈ [−1, 1];
y 7→ arccos y ∀y ∈ [−1, 1];
y 7→ arctg y ∀y ∈ R;
y 7→ arcctg y ∀y ∈ R.

�¯à ¦¥¨¥. �ãáâì F : X → Y { ®¡à â¨¬®¥ ®â®¡à ¦¥¨¥, B ⊂ Y. � íâ®© á¨âã æ¨¨
á¨¬¢®« F−1(B) ¬®¦® ¯®¨¬ âì ¤¢®ïª® { ¨«¨ ª ª ¯à®®¡à § ¬®¦¥áâ¢  B ¯à¨ ®â®¡à -
¦¥¨¨ F : X → Y, ¨«¨ ª ª ®¡à § íâ®£® ¦¥ ¬®¦¥áâ¢  ¯à¨ ®â®¡à ¦¥¨¨ F−1 : Y → X.
�¡¥¤¨â¥áì, çâ® ¯à¨ íâ®¬ ¯à®â¨¢®à¥ç¨ï ¥ ¢®§¨ª ¥â, â. ¥. ®¡  ¨áâ®«ª®¢ ¨ï ®¯à¥¤¥«ïîâ
®¤® ¨ â® ¦¥ ¬®¦¥áâ¢® ¢ X.

�¥¯¥àì áª ¦¥¬ ¥áª®«ìª® á«®¢ ® â ª  §ë¢ ¥¬ëå ¬®£®§ çëå ®â®¡à ¦¥¨ïå
¨ äãªæ¨ïå, á ª®â®àë¬¨ ç áâ® á¢ï§ ë ¥¤®à §ã¬¥¨ï. �® ¯®¨¬ ¨¥ ®â®¡à ¦¥-
¨ï F : X → Y, ª®â®à®¥ ¡ë«® ¯à¨ïâ®  ¬¨ ¢ íâ®¬ ¯ à £à ä¥, ¥ ®áâ ¢«ï¥â ¬¥áâ 
ª ª®©-«¨¡® ¬®£®§ ç®áâ¨. �¤¨áâ¢¥ ï à §ã¬ ï ¢®§¬®¦®áâì ¤ âì ¨áâ®«ª®¢ -
¨¥ ¯®ïâ¨î \¬®£®§ ç®¥ ®â®¡à ¦¥¨¥" á®áâ®¨â ¢ á«¥¤ãîé¥¬. �¬¥áâ® ®â®¡à ¦¥-
¨ï ¨§ ¬®¦¥áâ¢  X ¢ ¬®¦¥áâ¢® Y à áá¬ âà¨¢ ¥âáï ®â®¡à ¦¥¨¥ F : X → PY , £¤¥
PY = {E| E ⊂ Y } { ¬®¦¥áâ¢® ¢á¥å ¯®¤¬®¦¥áâ¢ ¬®¦¥áâ¢  Y. � ª¨¬ ®¡à §®¬, ¤«ï
«î¡®£® í«¥¬¥â  x ∈ X § ç¥¨¥¬ F(x) ï¢«ï¥âáï ¥ â®çª  ¬®¦¥áâ¢  Y,   ¥ª®â®à®¥
¥£® ¯®¤¬®¦¥áâ¢® (¢®§¬®¦®, ®¤®â®ç¥ç®¥). �á«¨ ¯à¨ «î¡®¬ x ∈ X ¬®¦¥áâ¢® F(x)
á®¤¥à¦¨â «¨èì ¤¢¥ ¨«¨ ®¤ã â®çªã ¨§ Y, â® £®¢®àïâ, çâ® F | ¤¢ã§ ç®¥ ®â®¡à ¦¥¨¥;
¥á«¨ ®® á®¤¥à¦¨â ¥ ¡®«¥¥ âàñå â®ç¥ª, â® | âàñå§ ç®¥ ¨ â.¤.

�¢¥¤¥¨¥ ¬®£®§ çëå äãªæ¨© (â. ¥. ®â®¡à ¦¥¨© F : X → PR ¨«¨ F : X → PC)
á¢ï§ ® á® § ç¨â¥«ìë¬¨ ¥ã¤®¡áâ¢ ¬¨ ( ¯à¨¬¥à, ¥â ¯à®áâ®£®, ¥áâ¥áâ¢¥®£® ®¯à¥-
¤¥«¥¨ï  à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨© á â ª¨¬¨ \äãªæ¨ï¬¨"). �®íâ®¬ã ®¯à¥¤¥«ñãî
æ¥®áâì ¯à¥¤áâ ¢«ï¥â ¯®ïâ¨¥ ¢¥â¢¨ ¬®£®§ ç®£® ®â®¡à ¦¥¨ï. �â®¡à ¦¥¨¥ F :
X → Y  §ë¢ ¥âáï ¢¥â¢ìî ¬®£®§ ç®£® ®â®¡à ¦¥¨ï F : X → PY , ¥á«¨ F (x) ∈ F(x)
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¤«ï «î¡®£® í«¥¬¥â  x ∈ X. �ë¡®à â®© ¨«¨ ¨®© ¢¥â¢¨ ®¯à¥¤¥«ï¥âáï ª ª¨¬¨-â® ¤®¯®«-
¨â¥«ìë¬¨ á®®¡à ¦¥¨ï¬¨. � é¥ ¢á¥£® ¬®£®§ çë¥ ®â®¡à ¦¥¨ï ¢®§¨ª îâ ¯à¨
¯®¯ëâª å à¥è¨âì   ¬®¦¥áâ¢¥ X ãà ¢¥¨¥ F (x) = y, £¤¥ F { ¥ ¢§ ¨¬® ®¤®§ ç®¥
®â®¡à ¦¥¨¥. � íâ®¬ á«ãç ¥ ®¯à¥¤¥«ïîâ ®â®¡à ¦¥¨¥ G : Y → PX , ¤¥©áâ¢ãîé¥¥ ¯®
¯à ¢¨«ã G(y) = F−1({y}) ¤«ï «î¡®£® y ∈ Y. �¥â¢ìî â ª®£® ¬®£®§ ç®£® ®â®¡à ¦¥¨ï
¡ã¤¥â ¢áïª®¥ ®â®¡à ¦¥¨¥ G : Y → X, ¤«ï ª®â®à®£® à ¢¥áâ¢® F (G(y)) = y á¯à ¢¥¤«¨¢®
  ¢áñ¬ ¬®¦¥áâ¢¥ Y.

�à¨¬¥à. �ãáâì X = R, Y = [0,∞) ¨ f(x) = x2. �®£¤  G(y) = {√y,−√
y} ¤«ï y > 0

¨ G(0) = {0}. �à®¬¥ ¤¢ãå \å®à®è¨å" ¢¥â¢¥© íâ®© ¤¢ã§ ç®© äãªæ¨¨ g+(y) =
√
y ¨

g−(y) = −√
y ¨¬¥¥âáï ¥éñ ¡¥áª®¥ç® ¬®£® ¤àã£¨å. �â® ¢á¥ äãªæ¨¨ ¢¨¤  g(y) =

s(y)
√
y, £¤¥ s { «î¡ ï äãªæ¨ï   [0,∞), ¯à¨¨¬ îé ï «¨èì ¤¢  § ç¥¨ï 1 ¨ -1.

� § ª«îç¥¨¥ íâ®£® ¯ à £à ä  à áá¬®âà¨¬ ®¡®¡é¥¨¥ ä®à¬ã« �¥ �®à£     á«ã-
ç ©, ª®£¤  à áá¬ âà¨¢ îâáï ®¡ê¥¤¨¥¨¥ ¨ ¯¥à¥á¥ç¥¨¥ ¥ ¤¢ãå ¬®¦¥áâ¢,   ¯à®¨§¢®«ì-
®£® á¥¬¥©áâ¢  ¬®¦¥áâ¢. �à¨ íâ®¬ ¯®¤ á¥¬¥©áâ¢®¬ {Xα}α∈A ¯®¤¬®¦¥áâ¢ ¥ª®â®à®£®
¬®¦¥áâ¢  X ¬ë ¡ã¤¥¬ ¯®¨¬ âì ®â®¡à ¦¥¨¥ ¬®¦¥áâ¢  \¨¤¥ªá®¢" A ¢ ¬®¦¥áâ¢®
PX ¢á¥å ¯®¤¬®¦¥áâ¢ X, â® ¥áâì ®â®¡à ¦¥¨¥ α 7→ Xα, Xα ⊂ X ∀α ∈ A. �¡ê¥¤¨¥¨¥
¨ ¯¥à¥á¥ç¥¨¥ ¢á¥å ¬®¦¥áâ¢ Xα, α ∈ A ®¯à¥¤¥«ïîâáï ¥áâ¥áâ¢¥®:∪

α∈A

Xα = {x| ∃α ∈ A x ∈ Xα},∩
α∈A

Xα = {x| ∀α ∈ A x ∈ Xα}.

�¥£ª® ¢¨¤¥âì, çâ® ¢ á«ãç ¥ A={1,2} ¬ë ¯®«ãç¨¬ X1 ∪X2 ¨ X1 ∩X2.

�à¨¬¥àë. 10. �ãáâì A = (0, 1) ¨ Xα = (α, 2α). �®£¤ ∪
α∈A

Xα =
∪

0<α<1

(α, 2α) = (0, 2);
∩
α∈A

Xα =
∩

0<α<1

(α, 2α) = ∅.

20. �ãáâì A = (0,∞) ¨ Xα = {(x, y)| (x − α)2 + (y − α)2 6 2α2} { ªàã£ à ¤¨ãá √
2α á æ¥âà®¬ ¢ â®çª¥ (α, α). �®£¤  ¯¥à¥á¥ç¥¨¥

∩
α∈A

Xα á®¤¥à¦¨â «¨èì ®¤ã â®çªã

{  ç «® ª®®à¤¨ â,   ®¡ê¥¤¨¥¨¥
∪

α∈A

Xα ªà®¬¥ ¥ñ á®¤¥à¦¨â ¥éñ ¨ ¯®«ã¯«®áª®áâì

{(x, y)| x+ y > 0} (¤àã£¨å â®ç¥ª ¢ ñ¬ ¥â).

�¯à ¦¥¨¥. �¥¬ã à ¢ë ®¡ê¥¤¨¥¨¥ ¨ ¯¥à¥á¥ç¥¨¥ § ¬ªãâëå ªàã£®¢ Xα =
{(x, y)| x2 + y2 6 α2} ¯à¨ α > 0?

�®à¬ã«ë �¥ �®à£   ¢ íâ®© ¡®«¥¥ ®¡é¥© á¨âã æ¨¨ ¢ë£«ï¤ïâ â ª

(∩
α∈A

Xα

)′

=
∪
α∈A

X ′
α;

(∪
α∈A

Xα

)′

=
∩
α∈A

X ′
α.

� ¤®ª § â¥«ìáâ¢¥ âà¥¡ãîâáï ¬¨¨¬ «ìë¥ ¨§¬¥¥¨ï ¯® áà ¢¥¨î á ã¦¥ à §®¡à ë¬
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á«ãç ¥¬ ¤¢ãå ¬®¦¥áâ¢:

x ∈

(∩
α∈A

Xα

)′

⇐⇒ x /∈
∩
α∈A

Xα ⇐⇒⌉ (∀α ∈ A x ∈ Xα) ⇐⇒

⇐⇒ (∃α ∈ A ⌉x ∈ Xα) ⇐⇒ (∃α ∈ A x ∈ X ′
α) ⇐⇒ x ∈

∪
α∈A

X ′
α.

�â®à®¥ à ¢¥áâ¢® ¯à®¢¥àï¥âáï   «®£¨ç®.

� ª å®à®è® ¨§¢¥áâ®, ®¡ê¥¤¨¥¨¥ ¨ ¯¥à¥á¥ç¥¨¥ ¤¢ãå ¬®¦¥áâ¢ ¥ ¨§¬¥¨âáï,
¥á«¨ íâ¨ ¬®¦¥áâ¢  ¯®¬¥ïâì ¬¥áâ ¬¨: X1 ∪ X2 = X2 ∪ X1 ¨ X1 ∩ X2 = X2 ∩ X1. �
á«¥¤ãîé¥¬ ã¯à ¦¥¨¨ ®¡êïáï¥âáï, ¢ ª ª®© ä®à¬¥ íâ® ¯¥à¥®á¨âáï   á«ãç © ¯à®¨§-
¢®«ì®£® á¥¬¥©áâ¢  ¬®¦¥áâ¢.

�¯à ¦¥¨¥. �¥à¥áâ ®¢ª®© ¬®¦¥áâ¢  A  §ë¢ ¥âáï «î¡ ï ¡¨¥ªæ¨ï φ : A →
A. �®ª ¦¨â¥, çâ® ¯¥à¥áâ ®¢ª  ¥ ¬¥ï¥â ¨ ®¡ê¥¤¨¥¨ï, ¨ ¯¥à¥á¥ç¥¨ï á¥¬¥©áâ¢ 
¬®¦¥áâ¢. �®ç¥¥, ¯ãáâì {Xα}α∈A { ¥ª®â®à®¥ á¥¬¥©áâ¢® ¬®¦¥áâ¢ ¨§ X; φ : A → A {

¯¥à¥áâ ®¢ª  ¬®¦¥áâ¢  ¨¤¥ªá®¢, X̃α = Xφ(α) ∀α ∈ A. �®£¤ ∩
α∈A

Xφ(α) =
∩
α∈A

X̃α =
∩
α∈A

Xα;
∪
α∈A

Xφ(α) =
∪
α∈A

X̃α =
∪
α∈A

Xα.

§4. �¥é¥áâ¢¥ë¥ ç¨á« 

�®¢á¥¤¥¢ë© ®¯ëâ ¨ èª®«ì®¥ ®¡ãç¥¨¥ ¢ëà ¡®â «¨ ®¯à¥¤¥«ñë¥ ¯à ªâ¨ç¥áª¨¥
 ¢ëª¨ ¢ ®¡à é¥¨¨ á ¢¥é¥áâ¢¥ë¬¨ ç¨á« ¬¨ { ª ¦¤ë© § ¥â, çâ® íâ¨ ç¨á«  ¬®¦®
áª« ¤ë¢ âì, ã¬®¦ âì (¢ëç¨â âì, ¤¥«¨âì) ¨ áà ¢¨¢ âì ¯® ¢¥«¨ç¨¥. � ç¥ £®¢®àï,
  ¬®¦¥áâ¢¥ R ®¯à¥¤¥«¥ë ¤¢¥  à¨ä¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨ (¨ ¨¬ ®¡à âë¥) ¨ ®¤®
¡¨ à®¥ ®â®è¥¨¥, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ å®à®è® ¨§¢¥áâë¬  ªá¨®¬ ¬. �ë ¡ã¤¥¬
¨áå®¤¨âì ¨§ íâ®£® \ ¨¢®£®" ¯à¥¤áâ ¢«¥¨ï ® ¢¥é¥áâ¢¥ëå ç¨á« å. � â® ¦¥ ¢à¥-
¬ï á«¥¤ã¥â ®â¤ ¢ âì á¥¡¥ ®âçñâ ¢ â®¬, çâ® ¢®¯à®áë \�â® â ª®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®?
� ª ãáâà®¥® ¬®¦¥áâ¢® R ?" ¥ ¨¬¥îâ ¯à®áâëå ®â¢¥â®¢. �  ¯¥à¢ë© ¨§ ¨å ¬®¦®
®â¢¥â¨âì, à áá¬®âà¥¢ ª ª®¥-¨¡ã¤ì ¨§  ªá¨®¬ â¨ç¥áª¨å ¯®áâà®¥¨© ¬®¦¥áâ¢  R (á¬.,
 ¯à¨¬¥à, ª¨£¨ �.� ¤ ã, �.�.�¨åâ¥£®«ìæ , �.�.�®à¨ç  ¨ ¤à.). �® ¢â®àë¬ ¢®¯à®á®¬
¤¥«® ®¡áâ®¨â á«®¦¥¥. �ãé¥áâ¢ã¥â ¬®£® «¥£ª® ä®à¬ã«¨àã¥¬ëå ¢®¯à®á®¢ ® á¢®©áâ¢ å
¢¥é¥áâ¢¥ëå ç¨á¥«, ®â¢¥âë   ª®â®àë¥ ¢¥áì¬  á«®¦ë ¨«¨ ¥ ¨§¢¥áâë ¤® á¨å ¯®à.

� íâ®¬ ¯ à £à ä¥ ¬ë ®áâ ®¢¨¬áï «¨èì   âàñå â¥¬ å, á¢ï§ ëå á ¯®ïâ¨¥¬
¢¥é¥áâ¢¥®£® ç¨á«  ¨ ¨£à îé¨å ¡®«ìèãî à®«ì ¢ ¬ â¥¬ â¨ª¥, {  ¡á®«îâ ï ¢¥«¨ç¨ 
ç¨á« , ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¨  ªá¨®¬  ¯®«®âë ¬®¦¥áâ¢  ¢¥é¥áâ¢¥ëå
ç¨á¥«.

�¯à¥¤¥«¥¨¥. �¡á®«îâ®© ¢¥«¨ç¨®© (¬®¤ã«¥¬) ¢¥é¥áâ¢¥®£® ç¨á«   §ë¢ -
¥âáï á ¬® íâ® ç¨á«®, ¥á«¨ ®® ¥®âà¨æ â¥«ì®, ¨ ¯à®â¨¢®¯®«®¦®¥ ç¨á«® ¢ ¯à®â¨¢-
®¬ á«ãç ¥:

|x| =
{

x, ¥á«¨ x > 0

−x, ¥á«¨ x < 0.
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� ª¨¬ ®¡à §®¬, á®¯®áâ ¢«¥¨¥ x 7→ |x| { íâ® ¥®âà¨æ â¥«ì ï äãªæ¨ï, ®¯à¥¤¥«ñ ï
  ¢áñ¬ ¬®¦¥áâ¢¥ R. �á®, çâ® |x| = max{x,−x} ¤«ï ¢á¥å x ∈ R.

�¥à¥ç¨á«¨¬ ®á®¢ë¥ á¢®©áâ¢   ¡á®«îâ®© ¢¥«¨ç¨ë ¢¥é¥áâ¢¥®£® ç¨á« .

a) |x| > 0 ∀x ∈ R;
¡) |x| = 0 ⇐⇒ x = 0;
¢) |xy| = |x| · |y|, ¢ ç áâ®áâ¨, | − x| = |x|;
£) |x| 6 a ⇐⇒ −a 6 x 6 a, |x| < a ⇐⇒ −a < x < a;
¤) |x± y| 6 |x|+ |y| ∀x, y ∈ R;
¥) ||x| − |y|| 6 |x− y| ∀x, y ∈ R.

�â¢¥à¦¤¥¨ï  ) { £) ®ç¥¢¨¤ë. �«ï ¤®ª § â¥«ìáâ¢  ¥à ¢¥áâ¢  ¤) ¢®á¯®«ì§ã¥¬áï
¥à ¢¥áâ¢ ¬¨ ±x 6 |x| ¨ ±y 6 |y|. �§ ¨å á«¥¤ã¥â, çâ® ±(x± y) 6 |x|+ |y|. �®íâ®¬ã

|x± y| = max{(x± y),−(x± y)} 6 |x|+ |y|.

�«ï ¤®ª § â¥«ìáâ¢  ¥à ¢¥áâ¢  ¥) § ¬¥â¨¬, çâ® ¨§ ¥à ¢¥áâ¢  ¤) á«¥¤ã¥â |x| =
|y+ (x− y)| 6 |y|+ |x− y|, â. ¥. |x| − |y| 6 |x− y|. �¥ïï ç¨á«  x ¨ y ¬¥áâ ¬¨, ¯®«ãç ¥¬
|y| − |x| 6 |x− y|. � ª¨¬ ®¡à §®¬,

||x| − |y|| = max{|x| − |y|, |y| − |x|} 6 |x− y|.

�â¬¥â¨¬,  ª®¥æ, çâ® á¢®©áâ¢   ), ¡), ¤) ¯®§¢®«ïîâ âà ªâ®¢ âì ¢¥«¨ç¨ã |x − y|
ª ª à ááâ®ï¨¥ ¬¥¦¤ã â®çª ¬¨ x, y   ¢¥é¥áâ¢¥®© ®á¨ R.

�¯à ¦¥¨ï. 10. �¡¥¤¨â¥áì ¢ â®¬, çâ® ¥à ¢¥áâ¢® ¤) ®¡à é ¥âáï ¢ à ¢¥áâ¢®
«¨èì ¢ â®¬ á«ãç ¥, ª®£¤  ç¨á«  x ¨ y ¨¬¥îâ ®¤¨ ª®¢ë¥ § ª¨ (â. ¥. xy > 0). � ª ª¨å
á«ãç ïå ¥à ¢¥áâ¢® ¥) ®¡à é ¥âáï ¢ à ¢¥áâ¢®?

20. �¥è¨â¥ ¥à ¢¥áâ¢® |2x− 1|+ |x| 6 3.
30. �®áâà®©â¥ £à ä¨ª äãªæ¨¨ f(x) = 2|x+ 1| − |x| − x.
40. � à¨áã©â¥ ¬®¦¥áâ¢  {(x, y) ∈ R2||x|+ |y| 6 1} ¨ {(x, y) ∈ R2|max(|x|, |y|) 6 1}.

�¥à¥å®¤ï ª ®¡áã¦¤¥¨î ¬¥â®¤  ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨, ®â¬¥â¨¬, çâ® ® ®á®-
¢    ®ç¥ì  £«ï¤®¬ ¨ ¨âã¨â¨¢® ®ç¥¢¨¤®¬ á¢®©áâ¢¥ ¬®¦¥áâ¢   âãà «ìëå
ç¨á¥«: ¥£® «î¡®¥ ¥¯ãáâ®¥ ¯®¤¬®¦¥áâ¢® ¨¬¥¥â ¯¥à¢ë© ( ¨¬¥ìè¨©) í«¥¬¥â, â.¥.

(E ⊂ N ∧ E ̸= ∅) =⇒ (∃n0 ∈ E ∀n ∈ E n > n0).

� § ¢¨á¨¬®áâ¨ ®â á¯®á®¡  ¯®áâà®¥¨ï ¬®¦¥áâ¢  R íâ® ãâ¢¥à¦¤¥¨¥ «¨¡® ¯à¨¨¬ îâ
¢ ª ç¥áâ¢¥  ªá¨®¬ë, «¨¡® ¢ë¢®¤ïâ ¨§ ¤àã£¨å ¯à¥¤¯®áë«®ª. �à¨¨¬ ï ¥£®   ¢¥àã ¡¥§
¤ «ì¥©è¥£® ®¡áã¦¤¥¨ï, ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¢ ¦®¥ ãâ¢¥à¦¤¥¨¥.
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�¥®à¥¬  (® ¬¥â®¤¥ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨). �ãáâì {Pn} { ¯®á«¥¤®¢ â¥«ì-
®áâì ¢ëáª §ë¢ ¨©. �«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥¨ï à ¢®á¨«ìë:

I. ∀n ∈ N Pn ¨áâ¨®; II. P1 ¨áâ¨® ¨ ∀n ∈ N Pn =⇒ Pn+1.

�®ª § â¥«ìáâ¢®. �ã¦® ¤®ª § âì «¨èì II ⇒ I (®¡à â®¥ ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤-
®). �®¯ãáâ¨¬ ¯à®â¨¢®¥: ¬®¦¥áâ¢® â¥å ®¬¥à®¢ n, ¤«ï ª®â®àëå ãâ¢¥à¦¤¥¨¥ Pn

«®¦®, ¥ ¯ãáâ®. �¡®§ ç¨¬ ¥£® E : E ⊂ N, E ̸= ∅ ¨ ¤«ï «î¡®£® n ∈ E ãâ¢¥à-
¦¤¥¨¥ Pn «®¦®. �ãáâì n0 { ¯¥à¢ë© í«¥¬¥â ¬®¦¥áâ¢  E. � ª ª ª n0 ∈ E, â® ¯®
®¯à¥¤¥«¥¨î ¬®¦¥áâ¢  E ãâ¢¥à¦¤¥¨¥ Pn0 «®¦®. � á¨«ã ãâ¢¥à¦¤¥¨ï II n0 > 1
(â ª ª ª P1 ¨áâ¨®) ¨, á«¥¤®¢ â¥«ì®, n0 − 1 ∈ N. � áá¬®âà¨¬ ãâ¢¥à¦¤¥¨¥ Pn0−1.
�á«¨ ®® ¨áâ¨®, â® ¨áâ¨® ãâ¢¥à¦¤¥¨¥ Pn0 (â ª ª ª Pn ⇒ Pn+1 ¤«ï ¢á¥å ®¬¥à®¢
n ¨, ¢ ç áâ®áâ¨, ¤«ï n = n0 − 1). �® íâ® ¥¢®§¬®¦®, â ª ª ª Pn0 «®¦®. �á«¨ ¦¥
ãâ¢¥à¦¤¥¨¥ Pn0−1 «®¦®, â® n0−1 ∈ E, çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥¨î ®¬¥à  n0 ª ª
¯¥à¢®£® í«¥¬¥â  ¬®¦¥áâ¢  E. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® á¤¥« ®¥
¯à¥¤¯®«®¦¥¨¥ «®¦®, â® ¥áâì E = ∅ ¨, á«¥¤®¢ â¥«ì®, ¢á¥ ãâ¢¥à¦¤¥¨ï Pn ¨áâ¨ë.

�¥®à¥¬  ¤®ª §  .

�®ª §  ï â¥®à¥¬  ¯®§¢®«ï¥â § ¬¥ïâì ¯à®¢¥àªã ¨áâ¨®áâ¨ ¯®á«¥¤®¢ â¥«ì®-
áâ¨ ãâ¢¥à¦¤¥¨© {Pn}   ¯à®¢¥àªã ãâ¢¥à¦¤¥¨ï P1 (¡ §  ¨¤ãªæ¨¨) ¨ ¤®ª § â¥«ìáâ¢®
¨áâ¨®áâ¨ ¤àã£®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ãâ¢¥à¦¤¥¨© {Pn ⇒ Pn+1} (¨¤ãªæ¨®ë© ¯¥-
à¥å®¤). � ¡®«ìè¨áâ¢¥ á«ãç ¥¢ (® ¥ ¢á¥£¤ !) ¡ §  ãáâ  ¢«¨¢ ¥âáï ¯à®áâ®. �®ª § -
â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï Pn ⇒ Pn+1 § ç áâãî § ç¨â¥«ì® ¯à®é¥ ç¥¬ ¥¯®áà¥¤áâ¢¥®¥
¤®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï Pn+1.

�à¥¦¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª ¯à¨¬¥à ¬, á¤¥« ¥¬ ¥áª®«ìª® § ¬¥ç ¨© ®¡ ¨á¯®«ì§®¢ -
¨¨ íâ®£® ¬¥â®¤ .

� ¬¥ç ¨ï. 10. �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì ãâ¢¥à¦¤¥¨© {Pn} ®¯à¥¤¥«¥  ¤«ï n ∈
Z, n > m (m { ä¨ªá¨à®¢ ®¥ æ¥«®¥ ç¨á«®), â® ¡ §  ¨¤ãªæ¨¨ á®áâ®¨â ¢ ¯à®¢¥àª¥
ãâ¢¥à¦¤¥¨ï Pm. � é¥ ¢á¥£® m = 0.

20. �â¢¥à¦¤¥¨ï I ¨ II â¥®à¥¬ë à ¢®á¨«ìë ãâ¢¥à¦¤¥¨î

III. P1 ¨áâ¨® ¨ (P1 ∧ P2 ∧ · · · ∧ Pn) ⇒ Pn+1 ¤«ï ¢á¥å n ∈ N.

�«ï ¤®ª § â¥«ìáâ¢  II ⇒ III (®¡à â®¥ ®ç¥¢¨¤®) ¤®áâ â®ç® ¯à¨¬¥¨âì â¥®à¥¬ã ª

¯®á«¥¤®¢ â¥«ì®áâ¨ ãâ¢¥à¦¤¥¨© {P̃n}, £¤¥ P̃n = P1 ∧ P2 ∧ · · · ∧ Pn.
30. �®«¥§® ¨¬¥âì ¢ ¢¨¤ã â ªãî,   ¯¥à¢ë© ¢§£«ï¤ ¯ à ¤®ªá «ìãî, ®á®¡¥®áâì

¬¥â®¤  { ¨®£¤  «¥£ç¥ ¤®ª §ë¢ âì ¡®«¥¥ á¨«ì®¥ ãâ¢¥à¦¤¥¨¥. �â® á¢ï§ ® á® á¯¥æ¨-
ä¨ª®© ¨¤ãªæ¨®®£® ¯¥à¥å®¤ : ¯à®¢¥àª  ãâ¢¥à¦¤¥¨ï Qn ⇒ Qn+1 ¬®¦¥â ®ª § âìáï
¯à®é¥ ç¥¬ ¯à®¢¥àª  ãâ¢¥à¦¤¥¨ï Pn ⇒ Pn+1, å®âï ¤«ï ¢á¥å n ãâ¢¥à¦¤¥¨¥ Qn+1 á¨«ì-
¥¥ ãâ¢¥à¦¤¥¨ï Pn+1. �à¨ç¨  ïá : ¢ ¯¥à¢®¬ á«ãç ¥ ¨á¯®«ì§ã¥âáï ¡®«¥¥ á¨«ì ï
¯à¥¤¯®áë«ª  Qn ¢¬¥áâ® Pn. � ª ï á¨âã æ¨ï ¢áâà¥â¨âáï  ¬ ¢ ®¤®¬ ¨§ ¯à¨¬¥à®¢.

40. � ç áâãî ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¯®«ì§ãîâáï â ª: á ç «  á ¥£®
¯®¬®éìî ¤®ª §ë¢ îâ ¨áâ¨®áâì ãâ¢¥à¦¤¥¨© {P2k},   § â¥¬ ¤«ï ¤®ª § â¥«ìáâ¢  Pn

¯®¤¡¨à îâ â ª®© ®¬¥à k, çâ® 2k−1 6 n < 2k, ¨ Pn ¢ë¢®¤ïâ ¨§ P2k . � §ã¬¥¥âáï, ¢¬¥áâ®
{2k} ¬®¦® ¡à âì ¨ ¤àã£¨¥ ¢®§à áâ îé¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¬¥à®¢.
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�à¨¬¥àë. 10. �¥à ¢¥áâ¢® �¥àã««¨. �ãáâì x > −1. �®£¤  ¤«ï ¢á¥å n ∈ N
á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

(1 + x)n > 1 + nx.

�¡®§ ç¨¬ íâ® ãâ¢¥à¦¤¥¨¥ Bn ¨ ¯à®¢¥à¨¬, çâ® Bn ⇒ Bn+1 (ãâ¢¥à¦¤¥¨¥ B1 ®ç¥¢¨¤®):

(1 + x)n+1 = (1 + x)(1 + x)n > (1 + x)(1 + nx) = 1 + (n+ 1)x+ nx2 > 1 + (n+ 1)x.

�¥âàã¤® ¢¨¤¥âì, çâ® ¯à¨ n > 2 ¥à ¢¥áâ¢® �¥àã««¨ ®¡à é ¥âáï ¢ à ¢¥áâ¢® «¨èì
¯à¨ x = 0.

20. �¨®¬ �ìîâ® . �«ï «î¡®£® ®¬¥à  n ¨ «î¡ëå ¤¢ãå ç¨á¥« a ¨ b (¢¥é¥áâ¢¥ëå
¨«¨ ª®¬¯«¥ªáëå) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

(a+ b)n =

n∑
k=0

Ck
na

kbn−k.

�¤¥áì Ck
n = n!

k!(n−k)! , k! = 1 · 2 · · · k (0! = 1! = 1).

�¡®§ ç¨¬ íâ® ãâ¢¥à¦¤¥¨¥ Nn. � ª N1 ®ç¥¢¨¤®, â® ®áâ ñâáï ¯à®¢¥à¨âì, çâ®
Nn ⇒ Nn+1 :

(a+ b)n+1 = (a+ b) · (a+ b)n = (a+ b)
n∑

k=0

Ck
na

kbn−k =

=

n∑
k=0

Ck
na

k+1bn−k +

n∑
k=0

Ck
na

kbn−k+1 =

j=k+1
=

n+1∑
j=1

Cj−1
n ajbn+1−j +

n∑
k=0

Ck
na

kbn+1−k.

� ¯¥à¢®© áã¬¬¥ ¢¥àñ¬áï ª ¯à¥¦¥¬ã ®¡®§ ç¥¨î ¨¤¥ªá  áã¬¬¨à®¢ ¨ï { ¡ã¤¥¬
¯¨á âì k ¢¬¥áâ® j. �ëà®¢ï¥¬ ¯à¥¤¥«ë áã¬¬¨à®¢ ¨ï ¢ ¯®«ãç¨¢è¨åáï áã¬¬ å. �«ï
íâ®£® ¢ë¤¥«¨¬ ¯®á«¥¤¥¥ á« £ ¥¬®¥ ¢ ¯¥à¢®© áã¬¬¥ ¨ ¯¥à¢®¥ { ¢® ¢â®à®©:

(a+ b)n+1 =

n∑
k=1

Ck−1
n akbn+1−k + an+1 +

n∑
k=1

Ck
na

kbn+1−k + bn+1 =

= bn+1 +

n∑
k=1

(
Ck−1

n + Ck
n

)
akbn+1−k + an+1 =

n+1∑
k=0

Ck
n+1a

kbn+1−k.

� ª®æ¥ ¬ë ¢®á¯®«ì§®¢ «¨áì à¥ªãàà¥â®© ä®à¬ã«®© ¤«ï ¡¨®¬¨ «ìëå ª®íää¨æ¨¥-
â®¢ Ck

n+1 = Ck−1
n + Ck

n, ª®â®à ï «¥£ª® á«¥¤ã¥â ¨§ ¨å ®¯à¥¤¥«¥¨ï.

30. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì ¥®âà¨æ â¥«ìëå ç¨á¥« {xn} â ª®¢ , çâ® xn+1 6
6 n
√
x21x

2
2 · · ·x2n ¤«ï ¢á¥å n ∈ N. �à¥¡ã¥âáï ¤®ª § âì, çâ® xn 6 xn

1 .
�¡®§ ç¨¬ ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥¨¥ Pn ¨ ¢®á¯®«ì§ã¥¬áï ¬®¤¨ä¨ª æ¨¥© ¬¥â®-

¤  ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨, ¯à¨¢¥¤ñ®© ¢ § ¬¥ç ¨¨ 20. � ª ª ª ¡ §  ¨¤ãªæ¨¨
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®ç¥¢¨¤ , â®  ¤® ¤®ª § âì (P1 ∧ P2 ∧ · · · ∧ Pn) ⇒ Pn+1. �§ ãâ¢¥à¦¤¥¨© P1, . . . ,Pn,

â. ¥. ¨§ ¥à ¢¥áâ¢ x1 6 x1, x2 6 x21, . . . , xn 6 xn
1 á«¥¤ã¥â, çâ® xn+1 6 n

√
x21x

4
1 · · ·x2n1 =

n

√
x
n(n+1)
1 = xn+1

1 , â. ¥. xn+1 6 xn+1
1 { ãâ¢¥à¦¤¥¨¥ Pn+1.

40. �ãáâì xn = 1
2 · 3

4 · · ·
2n−1
2n ¤«ï n ∈ N (x1 =

1
2 ). �à¥¡ã¥âáï ¤®ª § âì ¥à ¢¥áâ¢®

xn < 1√
n
(ãâ¢¥à¦¤¥¨¥ Pn). � §  P1 ®ç¥¢¨¤ , ® ¯àï¬ ï ¯à®¢¥àª  ¨¤ãªæ¨®®£®

¯¥à¥å®¤  ¥ ¯®«ãç ¥âáï: â ª ª ª xn+1 = 2n+1
2n+2xn, â® ãâ¢¥à¦¤¥¨¥ Pn+1 à ¢®á¨«ì®

¥à ¢¥áâ¢ã 2n+1
2n+2xn < 1√

n+1
,   ®® ¥ ¢ëâ¥ª ¥â ¨§ ¥à ¢¥áâ¢  xn < 1√

n
(â. ¥. ¨§

ãâ¢¥à¦¤¥¨ï Pn), â ª ª ª 2n+1
2n+2

1√
n
> 1√

n+1
.

� áá¬®âà¨¬ ¡®«¥¥ á¨«ì®¥ ãâ¢¥à¦¤¥¨¥ Qn : xn < 1√
2n+1

. � §  Q1 ®ç¥¢¨¤  (
1
2 <

1√
3
). �à®¢¥à¨¬, çâ® Qn ⇒ Qn+1 :

xn+1 =
2n+ 1

2n+ 2
xn <

2n+ 1

2n+ 2

1√
2n+ 1

=

√
2n+ 1

2(n+ 1)
<

1√
2(n+ 1) + 1

¢ á¨«ã ¯à®áâ®£® ¥à ¢¥áâ¢  (2n+ 1)(2n+ 3) < 4(n+ 1)2.
� íâ®¬ ¯à¨¬¥à¥ ¨¬¥¥âáï ®¤¨ ¥âà¨¢¨ «ìë© è £ { § ¬¥  ¨áå®¤®£® ãâ¢¥à¦¤¥-

¨ï Pn   ®¢®¥, ¡®«¥¥ á¨«ì®¥ Qn. �â®â è £ ¥¢®§¬®¦® ä®à¬ «¨§®¢ âì ¨ § ç áâãî
¨¬¥® ® ¢ë§ë¢ ¥â  ¨¡®«ìè¨¥ § âàã¤¥¨ï.

�¯à ¦¥¨¥. �®ª ¦¨â¥, çâ® ¯®«ãç¥ãî ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn} ®æ¥ªã
á¢¥àåã áãé¥áâ¢¥® ã«ãçè¨âì ¥«ì§ï: xn > 1

2
√
n
. � ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì®áâì

{xn} ã¡ë¢ ¥â \á â®© ¦¥ áª®à®áâìî", çâ® { 1√
n
}.

50. �®ª ¦¥¬ ¥à ¢¥áâ¢®

Hn
def
= 1 +

1

2
+
1

3
+ · · ·+ 1

n
>

1 + log2 n

2
∀n ∈ N.

�¡®§ ç¨¬ íâ® ãâ¢¥à¦¤¥¨¥ Pn. � §  P1 ®ç¥¢¨¤ , ® ¤®ª § â¥«ìáâ¢® ¨¤ãªæ¨®®£®
¯¥à¥å®¤  Pn ⇒ Pn+1 ¯®á«¥ ¯à®áâëå ¯à¥®¡à §®¢ ¨© á¢®¤¨âáï ª ¥à ¢¥áâ¢ã (1+

1
n )

n 6
4, ª®â®à®¥ ¥ ¯à®é¥ ¨áå®¤®£®. �à¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¤«ï ®æ¥ª¨
á¨§ã ¢¥«¨ç¨

hk = H2k = 1 +
1

2
+
1

3
+ · · ·+ 1

2k − 1
+

1

2k
.

�§ ®ç¥¢¨¤ëå á®®â®è¥¨©

hk+1 = hk +
1

2k + 1
+

1

2k + 2
+ · · ·+ 1

2k+1
> hk +

1

2k+1
+ · · ·+ 1

2k+1︸ ︷︷ ︸
2k à §

= hk +
1

2
,

á«¥¤ã¥â hk+1 > hk +
1
2 . �âáî¤  ¯® ¨¤ãªæ¨¨ áà §ã ¯®«ãç ¥¬, çâ® hk > 1 + k

2 . �¥¯¥àì
ãâ¢¥à¦¤¥¨¥ Pn ¯®«ãç¨âì á®¢á¥¬ «¥£ª®: ¢§ï¢ ¯à®¨§¢®«ìë© ®¬¥à n, ¯®¤¡¥àñ¬ â ª®©
®¬¥à k, çâ® 2k 6 n < 2k+1. �®£¤  log2 n < k + 1 ¨ ¯®íâ®¬ã

Hn > H2k = hk > 1 +
k

2
> 1 +

−1 + log2 n

2
=

1 + log2 n

2
.
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�¯à ¦¥¨ï. 10. �®ª ¦¨â¥, çâ® ¤«ï «î¡ëå ¢¥é¥áâ¢¥ëå ¨«¨ ª®¬¯«¥ªáëå
ç¨á¥« x, . . . , xn á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

|x1 + · · ·+ xn| 6 |x1|+ · · ·+ |xn|.

20. �  ¯«®áª®áâ¨ ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¯à®¢¥¤¥ë ¥áª®«ìª® ¯àï¬ëå, ª®â®àë¥
à §¡¨«¨ ¥ñ   ª®¥ç®¥ ç¨á«® ¬®£®ã£®«ì¨ª®¢ (¥ª®â®àë¥ ¨§ ¨å ¥®£à ¨ç¥ë). �®-
ª ¦¨â¥, çâ® ¨á¯®«ì§ãï «¨èì ¤¢¥ ªà áª¨, ¨å ¬®¦® â ª à áªà á¨âì, çâ® á®á¥¤¨¥, â. ¥.
¨¬¥îé¨¥ ®¡é¨© £à ¨çë© ®âà¥§®ª, ¬®£®ã£®«ì¨ª¨ ¡ã¤ãâ ®ªà è¥ë ¢ à §ë¥ æ¢¥â 
(¯®¤®¡® â®¬ã ª ª ®ªà è¥  è å¬ â ï ¤®áª ).

30. �®ª ¦¨â¥ ®¡®¡é¥¨¥ ¥à ¢¥áâ¢  �¥àã««¨:

(1 + x1)(1 + x2) · · · (1 + xn) > 1 + x1 + x2 + · · ·+ xn,

¥á«¨ ¢á¥ ç¨á«  x1, . . . , xn ¥ ¬¥ìè¥ (−1) ¨ ¨¬¥îâ ®¤¨ § ª (â. ¥. «¨¡® x1, . . . , xn > 0,
«¨¡® x1, . . . , xn ∈ [−1, 0]).

40. �®ª ¦¨â¥, çâ®

1 + 2 + · · ·+ n =
n(n+ 1)

2
, 12 + 22 + · · ·+ n2 =

n(n+ 1)(2n+ 1)

6
,

13 + 23 + · · ·+ n3 =

(
n(n+ 1)

2

)2

, 14 + 24 + · · ·+ n4 =
n(n+ 1)(2n+ 1)(3n2 + 3n− 1)

30
.

50. �®ª ¦¨â¥, çâ® Hn < 2 + log2 n (®¡®§ ç¥¨¥ Hn ¢¢¥¤¥® ¢ ¯à¨¬¥à¥ 50).
60. �ãáâì p ∈ N. �¯à¥¤¥«¨¬ äãªæ¨î Sp   N á«¥¤ãîé¨¬ ®¡à §®¬: Sp(n) =

1p + 2p + · · · + np ¤«ï ¢á¥å n ∈ N. �®ª ¦¨â¥, çâ® Sp { ¬®£®ç«¥ áâ¥¯¥¨ p + 1 á®
áâ àè¨¬ ª®íää¨æ¨¥â®¬ 1

p+1 .

70. �®ª ¦¨â¥ ¥à ¢¥áâ¢® �®è¨ ® áà¥¤¥¬  à¨ä¬¥â¨ç¥áª®¬ ¨ áà¥¤¥¬ £¥®¬¥âà¨-
ç¥áª®¬:

x1 > 0, . . . , xn > 0 =⇒ n
√
x1 · x2 · · ·xn 6 x1 + x2 + · · ·+ xn

n
. (Cn)

�®¤áª §ª : á ç «  ¯® ¨¤ãªæ¨¨ ¤®ª ¦¨â¥ ¥à ¢¥áâ¢® C2k . �â®¡ë ¤®ª § âì ¥à ¢¥-
áâ¢® á ¯à®¨§¢®«ìë¬ n ∈ N ¯à¨¬¥¨â¥ ¥à ¢¥áâ¢® C2k ¯à¨ 2k > n ª ç¨á« ¬
x1, . . . , xn, xn+1, . . . , x2k , £¤¥ xn+1 = · · · = x2k =

1
n (x1 + · · ·+ xn).

�®à¬ã«¨à®¢ª¨ ¥ª®â®àëå ¬ â¥¬ â¨ç¥áª¨å ãâ¢¥à¦¤¥¨© § ç¨â¥«ì® ã¯à®é îâ-
áï, ¥á«¨  àï¤ã á ®¡ëçë¬¨ ¢¥é¥áâ¢¥ë¬¨ ç¨á« ¬¨ ¨á¯®«ì§®¢ âì ¤¢  ¥á®¡áâ¢¥ëå
ç¨á«  +∞ ¨ −∞.

�¯à¥¤¥«¥¨¥. � áè¨à¥®© ç¨á«®¢®© ®áìî R  §ë¢ ¥âáï ¬®¦¥áâ¢® R∪{−∞,+∞},
¯à¨çñ¬ −∞ < x < +∞ ¤«ï «î¡®£® x ∈ R.

�«ï x ∈ R ¯®«®¦¨¬

x+ (+∞) = (+∞) + x = +∞, ¥á«¨ x ̸= −∞,

x+ (−∞) = (−∞) + x = −∞, ¥á«¨ x ̸= +∞,
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¨

x · (+∞) = (+∞) · x = (−∞) · (−x) = (−x) · (−∞) = +∞, ¥á«¨ x > 0,

x · (+∞) = (+∞) · x = (−∞) · (−x) = (−x) · (−∞) = −∞, ¥á«¨ x > 0.

�¥£ª® ¢¨¤¥âì, çâ® â ª ®¯à¥¤¥«ñë¥  à¨ä¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨ ¢ R ã¤®¢«¥â¢®àïîâ
 ªá¨®¬ ¬  à¨ä¬¥â¨ª¨ (®¡à é ¥¬ ¢¨¬ ¨¥   â®, çâ® á¨¬¢®« ¬ (+∞)+(−∞) ¨ 0·(±∞)
¥ ¯à¨¤ ñâáï ª ª®£®-«¨¡® ç¨á«®¢®£® § ç¥¨ï).

�¢¥¤ñ®¥ ®â®è¥¨¥ ¯®àï¤ª    R ¯®§¢®«ï¥â à áá¬ âà¨¢ âì ¯à®¬¥¦ãâª¨ à §«¨ç-
ëå â¨¯®¢ á ª®æ ¬¨ ¨§ íâ®£® ¬®¦¥áâ¢ . �ë ¡ã¤¥¬ ®¡®§ ç âì ¨å ¯®-¯à¥¦¥¬ã { â ª
¦¥ ª ª ¯à®¬¥¦ãâª¨ ¢ R. �à®¬¥ â®£®, ¢®§¬®¦®áâì áà ¢¨¢ âì ç¨á«  ¨§ R ¯® ¢¥«¨ç¨¥
¯®§¢®«ï¥â ¯à¨ïâì á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥.

�¯à¥¤¥«¥¨¥. �ãáâì E ⊂ R, E ̸= ∅.
10. � ¨¡®«ìè¨¬ í«¥¬¥â®¬ ¬®¦¥áâ¢  E  §ë¢ ¥âáï â ª®¥ ç¨á«® x∗, çâ® x∗∈E

¨ x 6 x∗ ¤«ï «î¡®£® x ∈ E. �¡®§ ç¥¨¥: x∗ = maxE.
20. � ¨¬¥ìè¨¬ í«¥¬¥â®¬ ¬®¦¥áâ¢  E  §ë¢ ¥âáï â ª®¥ ç¨á«® x∗, çâ® x∗∈

E ¨ x > x∗ ¤«ï «î¡®£® x ∈ E. �¡®§ ç¥¨¥: x∗ = minE.

� §ã¬¥¥âáï, ¥ ª ¦¤®¥ ¯®¤¬®¦¥áâ¢® ¢ R ¨¬¥¥â  ¨¡®«ìè¨© ¨«¨  ¨¬¥ìè¨© í«¥-
¬¥âë. � ¯à¨¬¥à, ®âªàëâë© ¯à®¬¥¦ãâ®ª ¥ ¨¬¥¥â ¨ â®£®, ¨ ¤àã£®£®. � â® ¦¥ ¢à¥¬ï
«î¡®¥ ¥¯ãáâ®¥ ª®¥ç®¥ ¯®¤¬®¦¥áâ¢® à áè¨à¥®© ç¨á«®¢®© ®á¨ ¨¬¥¥â ¨  ¨¡®«ì-
è¨©, ¨  ¨¬¥ìè¨© í«¥¬¥âë.

�¡à â¨¬áï â¥¯¥àì ª ¢ ¦¥©è¥© â¥¬¥ íâ®£® ¯ à £à ä  {  ªá¨®¬¥ ¯®«®âë ¬®¦¥-
áâ¢  ¢¥é¥áâ¢¥ëå ç¨á¥« (¥ñ  §ë¢ îâ â ª¦¥ ¨  ªá¨®¬®© � â®à -�¥¤¥ª¨¤ ). � 
¨£à ¥â ®á®¡ãî à®«ì ¢ ¬ â¥¬ â¨ç¥áª®¬   «¨§¥. �«ï íää¥ªâ¨¢®£® ¨á¯®«ì§®¢ ¨ï íâ®-
£® ¯®áâã« â  ¨ ¥¯®áà¥¤áâ¢¥ëå á«¥¤áâ¢¨© ¨§ ¥£® âà¥¡ã¥âáï ®¯à¥¤¥«ñë©  ¢ëª.

�ªá¨®¬  ¯®«®âë. �ãáâì A ¨ B { ¥¯ãáâë¥ ¯®¤¬®¦¥áâ¢  R, ¯à¨çñ¬ ¬®-
¦¥áâ¢® A à á¯®«®¦¥® «¥¢¥¥ ¬®¦¥áâ¢  B, â. ¥. ∀a ∈ A ∀b ∈ B a 6 b. �®£¤  ¢
¬®¦¥áâ¢¥ R  ©¤ñâáï â®çª  c, à §¤¥«ïîé ï íâ¨ ¬®¦¥áâ¢ :

∀a ∈ A ∀b ∈ B a 6 c 6 b.

�ãé¥áâ¢¥®, çâ® â®çª  c § ¢¨á¨â ®â ¬®¦¥áâ¢ A ¨ B, ® ¥ ®â â®ç¥ª a ¨ b. �®íâ®¬ã
®è¨¡®ç  â ª ï (ª á®¦ «¥¨î ç áâ® ¢áâà¥ç îé ïáï) ä®à¬ã«¨à®¢ª  § ª«îç¥¨ï íâ®©
 ªá¨®¬ë: \¤«ï ¢á¥å ç¨á¥« a ∈ A ¨ b ∈ B áãé¥áâ¢ã¥â â ª®¥ ç¨á«® c, çâ® a 6 c 6 b."
�â¢¥à¦¤¥¨¥, ¢§ïâ®¥ ¢ ª ¢ëçª¨, ¢¥à®, ® ®® âà¨¢¨ «ì® (¯®á«¥¤¥¬ã ¥à ¢¥áâ¢ã
ã¤®¢«¥â¢®àï¥â «î¡®¥ ç¨á«® ¨§ ¯à®¬¥¦ãâª  [a, b]). � ®â«¨ç¨¥ ®â íâ®£® ¬ «®á®¤¥à¦ -
â¥«ì®£® ãâ¢¥à¦¤¥¨ï  ªá¨®¬  � â®à -�¥¤¥ª¨¤  £ à â¨àã¥â áãé¥áâ¢®¢ ¨¥ \ã¨-
¢¥àá «ì®£® à §¤¥«¨â¥«ï" c, ®¤®£® ¨ â®£® ¦¥ ¤«ï ¢á¥å ç¨á¥« a (¨§ A) ¨ b (¨§ B).

�â¬¥â¨¬, çâ® ¨§ ¯®«®âë ¬®¦¥áâ¢  R áà §ã ¢ëâ¥ª ¥â ¨ ¯®«®â  ¬®¦¥áâ¢  R:
¥á«¨ ¥¯ãáâë¥ ¬®¦¥áâ¢  A ¨ B á®¤¥à¦ âáï ¢ R ¨ A à á¯®«®¦¥® «¥¢¥¥ B, â® ¢ R
 ©¤ñâáï â®çª  c, à §¤¥«ïîé ï íâ¨ ¬®¦¥áâ¢ .

�¥©áâ¢¨â¥«ì®, ¢ R â ª®© à §¤¥«¨â¥«ì c  ©¤ñâáï ¢ á¨«ã  ªá¨®¬ë � â®à -�¥¤¥-
ª¨¤ . �áâ «®áì § ¬¥â¨âì, çâ® ® ª®¥ç¥, â. ¥. c ∈ R, â ª ª ª áãé¥áâ¢ãîâ â ª¨¥ ç¨á« 
a ∈ A ⊂ R ¨ b ∈ B ⊂ R, çâ® a 6 c 6 b.
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�¢®©áâ¢® ¬®¦¥áâ¢  ¢¥é¥áâ¢¥ëå ç¨á¥«, ®¯¨áë¢ ¥¬®¥ ¢  ªá¨®¬¥ ¯®«®âë, ãª -
§ë¢ ¥â   ¢ ¦ãî ®á®¡¥®áâì áâà®¥¨ï íâ®£® ¬®¦¥áâ¢ : ®® \á¯«®è®¥", ¢ ñ¬ ¥â
\¯à®¯ãáª®¢", \é¥«¥©" ¨«¨ \âà¥é¨". �¯®âà¥¡«¥¨¥ â¥à¬¨®¢, ¢§ïâëå ¢ ª ¢ëçª¨, ¬®-
¦¥â ¯®¬®çì ®á¬ëá«¨âì á®¤¥à¦ ¨¥  ªá¨®¬ë, ® ¨ª ª ¥ ¬®¦¥â § ¬¥¨âì ¥ñ. � ®â«¨ç¨¥
®â á ¬®©  ªá¨®¬ë ®¨ ¥ á®¯à®¢®¦¤ «¨áì çñâª¨¬¨ ä®à¬ã«¨à®¢ª ¬¨. �¥®áâ®à®¦®¥
ã¯®âà¥¡«¥¨¥ \¡«¨§ª¨å" â¥à¬¨®¢ ¨«¨ ®¡®à®â®¢ à¥ç¨, ¥ ¨¬¥îé¨å ¨áç¥à¯ë¢ îé¥£®
®¯à¥¤¥«¥¨ï, ¬®¦¥â ¯à¨¢¥áâ¨ ª á¥àìñ§ë¬ ®è¨¡ª ¬. � ¯à¨¬¥à, £®¢®àï ® \á¯«®è®©"
áâàãªâãà¥ ¬®¦¥áâ¢ , ®¡ ®âáãâáâ¢¨¨ \¯à®¯ãáª®¢", ¨®£¤  ¥ï¢® ¯®¤à §ã¬¥¢ îâ, çâ®
¥£® í«¥¬¥âë ¨¬¥îâáï ¢ «î¡®¬ ¥¢ëà®¦¤¥®¬ ¯à®¬¥¦ãâª¥. �® íâ® á¢®©áâ¢® § ç¨-
â¥«ì® á« ¡¥¥ ¯®«®âë! �â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ®¡áã¤¨¬ ¯®¯®¤à®¡¥¥ ¯à¨æ¨¯¨ «ì®¥
à §«¨ç¨¥ ¢ áâàãªâãà¥ ¬®¦¥áâ¢ R ¨ Q. �ç¥¢¨¤®, çâ® ¢ «î¡®¬ ¥¢ëà®¦¤¥®¬ ¯à®-
¬¥¦ãâª¥ ¨¬¥îâáï í«¥¬¥âë ¨ â®£®, ¨ ¤àã£®£® ¬®¦¥áâ¢ . � â® ¦¥ ¢à¥¬ï, ¬®¦¥áâ¢®
Q ¥ ¯®«®¥: ¢ ñ¬ áãé¥áâ¢ãîâ â ª¨¥ ¥¯ãáâë¥ ¯®¤¬®¦¥áâ¢  A ¨ B, çâ® A «¥¢¥¥ B,
® à §¤¥«¨â¥«ï ¤«ï ¨å ¢ ¬®¦¥áâ¢¥ Q ¥â. �«ï ¯®«ãç¥¨ï â ª®£® ¯à¨¬¥à  ®¡à -
â¨¬áï ª å®à®è® ¨§¢¥áâ®© ¥éñ á  â¨çëå ¢à¥¬ñ § ¤ ç¥ ®¯à¥¤¥«¥¨ï

√
2 { ¯®¨áªã

¯®«®¦¨â¥«ì®£® à¥è¥¨ï ãà ¢¥¨ï x2 = 2.

�¥®à¥¬  (¨àà æ¨® «ì®áâì ª®àï ¨§ ¤¢ãå). �à ¢¥¨¥ x2 = 2 ¥à §à¥è¨¬®  
¬®¦¥áâ¢¥ à æ¨® «ìëå ç¨á¥«: ∀r ∈ Q r2 ̸= 2.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ ¯à®â¨¢®¥. �®£¤  áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥ à¥è¥-
¨¥ r = p

q , p, q ∈ N, â® ¥áâì ¤«ï ¥ª®â®àëå ç¨á¥« p, q ∈ N á¯à ¢¥¤«¨¢® à ¢¥áâ¢®(
p
q

)2
= 2. �®¦® áç¨â âì, çâ® ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë¥ (¨ ç¥ ¨å á«¥¤ã¥â ¯®-

¤¥«¨âì    ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì). � ª ª ª p2 = 2q2, â® p { çñâ®¥ ç¨á«®, â. ¥.
p = 2k, k ∈ N. �® â®£¤  4k2 = p2 = 2q2 ¨, á«¥¤®¢ â¥«ì®, 2k2 = q2. �®íâ®¬ã ç¨á«® q
â ª¦¥ çñâ®¥,   íâ® ¥¢®§¬®¦®, â ª ª ª ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë¥.

�¥®à¥¬  ¤®ª §  .

�â ª, ¢á¥ ¯®«®¦¨â¥«ìë¥ à æ¨® «ìë¥ ç¨á«  à á¯ ¤ îâáï   ¤¢  ª« áá :

AQ = {a ∈ Q | a > 0, a2 < 2} ¨ BQ = {b ∈ Q | b > 0, b2 > 2}.

�ë ¯®ª ¦¥¬, çâ® ¨ª ª®¥ à æ¨® «ì®¥ ç¨á«® ¥ ¬®¦¥â à §¤¥«ïâì íâ¨ ¬®¦¥áâ¢  ¨,
á«¥¤®¢ â¥«ì®, Q { ¥ ¯®«®. �®¢á¥¬ ¨ ï á¨âã æ¨ï ¢ R { ¬ë ¤®ª ¦¥¬, çâ® ¬®¦¥áâ¢ 

AR = {a ∈ R | a > 0, a2 < 2} ¨ BR = {b ∈ R | b > 0, b2 > 2}

à §¤¥«¥ë ¯®«®¦¨â¥«ìë¬ ¢¥é¥áâ¢¥ë¬ ç¨á«®¬, ª¢ ¤à â ª®â®à®£® à ¢¥ 2, â. ¥. ç¨á-
«®¬

√
2.

� ¬¥â¨¬, çâ® ¬®¦¥áâ¢® AQ à á¯®«®¦¥® «¥¢¥¥ ¬®¦¥áâ¢  BQ ¨ AR { «¥¢¥¥ BR,
â ª ª ª ¤«ï ¯®«®¦¨â¥«ìëå ç¨á¥« a ¨ b ¥à ¢¥áâ¢  a < b ¨ a2 < b2 à ¢®á¨«ìë.

� ç «  ¤®ª ¦¥¬ ¤¢  ¯à®áâëå ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨ï.

10. � ¬®¦¥áâ¢ å AQ ¨ AR ¥â  ¨¡®«ìè¥£® í«¥¬¥â .
�¥©áâ¢¨â¥«ì®, ¯ãáâì A { ®¤® ¨§ ¬®¦¥áâ¢ AQ ¨«¨ AR. �«ï «î¡®£® ç¨á«  a ∈ A

á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  0 < a < 2 ¨ 2 − a2 > 0. �®íâ®¬ã ç¨á«® ã = a + 2−a2

6 ¡®«ìè¥
a, ¨ ¢ â® ¦¥ ¢à¥¬ï

ã2 = a2 +
a

3
(2− a2) +

1

36
(2− a2)2 < a2 +

2

3
(2− a2) +

1

18
(2− a2) < a2 + (2− a2) = 2.
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�«¥¤®¢ â¥«ì®, ã ∈ A (¢ á«ãç ¥ A = AQ ¬ë ¯®«ì§ã¥¬áï ®ç¥¢¨¤ë¬ ãâ¢¥à¦¤¥¨¥¬
a ∈ Q ⇒ ã ∈ Q). �®íâ®¬ã «î¡®¥ ç¨á«® ¨§ A ¬®¦® ã¢¥«¨ç¨âì, ¥ ¢ëå®¤ï ¨§ A.

20. � ¬®¦¥áâ¢ å BQ ¨ BR ¥â  ¨¬¥ìè¥£® í«¥¬¥â .
�¥©áâ¢¨â¥«ì®, ¯ãáâì B { ®¤® ¨§ ¬®¦¥áâ¢ BQ ¨«¨ BR. �®ª ¦¥¬, çâ® «î¡®¥ ç¨á«®

b ¨§ B ¬®¦® ã¬¥ìè¨âì, ®áâ ¢ ïáì ¢ B. �® ®¯à¥¤¥«¥¨î íâ®£® ¬®¦¥áâ¢  ¥£® í«¥¬¥â

b ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã b2 > 2. �®íâ®¬ã ç¨á«® b̃ = b− b2−2
2b ¬¥ìè¥ b. �á® â ª¦¥,

çâ® b̃ = b
2 +

1
b > 0. � â® ¦¥ ¢à¥¬ï

b̃2 = b2 − 2b
b2 − 2

2b
+
(b2 − 2

2b

)2
= 2 +

(b2 − 2

2b

)2
> 2.

�«¥¤®¢ â¥«ì®, b̃ ∈ B (¢ á«ãç ¥ B = BQ ¬ë ¯®«ì§ã¥¬áï ®ç¥¢¨¤ë¬ ãâ¢¥à¦¤¥¨¥¬

b ∈ Q ⇒ b̃ ∈ Q). �®íâ®¬ã «î¡®¥ ç¨á«® ¨§ B ¬®¦® ã¬¥ìè¨âì, ¥ ¢ëå®¤ï ¨§ B.

�¥¯¥àì «¥£ª® ¯®ª § âì, çâ® áà¥¤¨ à æ¨® «ìëå ç¨á¥« ¥â à §¤¥«¨â¥«ï ¬®¦¥áâ¢
AQ ¨ BQ. �¥©áâ¢¨â¥«ì®, íâ®â à §¤¥«¨â¥«ì ¤®«¦¥ ¡ëâì ¯®«®¦¨â¥«ìë¬ à æ¨® «ì-
ë¬ ç¨á«®¬ ¨ ¯®íâ®¬ã ¤®«¦¥ ¯à¨ ¤«¥¦ âì «¨¡® ¬®¦¥áâ¢ã AQ, «¨¡® ¬®¦¥áâ¢ã
BQ. � ¯¥à¢®¬ á«ãç ¥ ® ¡ë« ¡ë  ¨¡®«ìè¨¬ í«¥¬¥â ¬ ¢ AQ,   íâ® ¥¢®§¬®¦® ¢ á¨«ã
ãâ¢¥à¦¤¥¨ï 10. �® ¢â®à®¬ á«ãç ¥ à §¤¥«¨â¥«ì ®ª § «áï ¡ë  ¨¬¥ìè¨¬ í«¥¬¥â®¬
¬®¦¥áâ¢  BQ, çâ® ¯à®â¨¢®à¥ç¨â ãâ¢¥à¦¤¥¨î 20.

�¥®à¥¬  (áãé¥áâ¢®¢ ¨¥
√
2). �ãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® c ∈ R,

çâ® c2 = 2.
�®ª § â¥«ìáâ¢®. �®¦¥áâ¢  AR ¨ BR á®¤¥à¦ âáï ¢ R ¨ ¥ ¯ãáâë (1∈AR, 2∈BR),

¯à¨çñ¬ AR «¥¢¥¥ BR. �®  ªá¨®¬¥ � â®à -�¥¤¥ª¨¤  áãé¥áâ¢ã¥â ç¨á«® c, à §¤¥«ïîé¥¥
AR ¨ BR. �à®¢¥à¨¬, çâ® c2=2. �á«¨ íâ® ¥ â ª, â® «¨¡® c2<2, â. ¥. c∈AR, «¨¡® c2>2,
â. ¥. c ∈ BR. � ¯¥à¢®¬ á«ãç ¥ c = maxAR { íâ® ¯à®â¨¢®à¥ç¨â ãâ¢¥à¦¤¥¨î 10,   ¢®
¢â®à®¬ c=minBR { íâ® ¯à®â¨¢®à¥ç¨â ãâ¢¥à¦¤¥¨î 20. �â ª, c2=2.

�¥®à¥¬  ¤®ª §  .

�«¥¤ãîé¥¥ ¢ ¦®¥ ãâ¢¥à¦¤¥¨¥ (¤®ª §ë¢ ¥¬®¥ ®¡ëç® ¢ â¥®à¨¨ ¯à¥¤¥«®¢) áà §ã
á«¥¤ã¥â ¨§  ªá¨®¬ë � â®à -�¥¤¥ª¨¤ .

�¥®à¥¬  (® ¢«®¦¥ëå ¯à®¬¥¦ãâª å). �ãáâì {�n} { ¯®á«¥¤®¢ â¥«ì®áâì ¥¯ã-
áâëå ¢«®¦¥ëå (â. ¥. �n+1 ⊂ �n ∀n ∈ N) ¨ § ¬ªãâëå ¯à®¬¥¦ãâª®¢ ¢ R. �®£¤ 
¯¥à¥á¥ç¥¨¥

∩
n∈N�n ¥ ¯ãáâ®: áãé¥áâ¢ã¥â â ª®¥ ç¨á«® c ∈ R, çâ® c ∈ �n ¤«ï «î¡®£®

n ∈ N.
�®ª § â¥«ìáâ¢®. �ãáâì A { ¬®¦¥áâ¢®, ®¡à §®¢ ®¥ «¥¢ë¬¨ ª®æ ¬¨ ¯à®¬¥-

¦ãâª®¢: A = {a| ∃k ∈ N a = min�k}. � «®£¨ç®, B = {b| ∃j ∈ N b = max�j} {
¬®¦¥áâ¢®, ®¡à §®¢ ®¥ ¨å ¯à ¢ë¬¨ ª®æ ¬¨. �á®, çâ® íâ¨ ¬®¦¥áâ¢  ¥ ¯ãáâë ¨
á®¤¥à¦ âáï ¢ R. �à®¢¥à¨¬, çâ® ¬®¦¥áâ¢® A à á¯®«®¦¥® «¥¢¥¥ ¬®¦¥áâ¢  B : ∀a ∈
A ∀b ∈ B a 6 b, â. ¥. ∀k ∈ N ∀j ∈ N min�k 6 max�j . �®«®¦¨¬ n = max{k, j}. � ª
ª ª k 6 n, â® �n ⊂ �k, ¨ ¯®íâ®¬ã min�k 6 min�n 6 max�n. � «®£¨ç®, ¨§ ¢ª«î-
ç¥¨ï �n ⊂ �j á«¥¤ã¥â max�j > max�n. � ª¨¬ ®¡à §®¬, min�k 6 max�j ¤«ï ¢á¥å
k, j ∈ N, â. ¥. ¬®¦¥áâ¢  A ¨ B ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬  ªá¨®¬ë � â®à -�¥¤¥ª¨¤ .
�®íâ®¬ã  ©¤ñâáï â ª ï â®çª  c ∈ R, çâ® a 6 c 6 b ¤«ï ¢á¥å a ∈ A ¨ ¢á¥å b ∈ B.
� ç áâ®áâ¨, ¢§ï¢ a = min�n ¨ b = max�n (ª®æë ®¤®£® ¨ â®£® ¦¥ ¯à®¬¥¦ãâª ),
¯®«ãç¨¬ min�n 6 c 6 max�n ¤«ï «î¡®£® ®¬¥à  n, â. ¥. c ∈ �n ∀n ∈ N.

�¥®à¥¬  ¤®ª §  .
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� ¬¥ç ¨ï. 10. �á«¨ à áá¬ âà¨¢ âì ª®¥çë¥ ¯à®¬¥¦ãâª¨, â. ¥. �n ⊂ R (  ¥ R),
â® c ∈ R.

20. � â¥®à¥¬¥ ¥ ãâ¢¥à¦¤ ¥âáï ¥¤¨áâ¢¥®áâì â®çª¨ c.� ¯à¨¬¥à,
∩

n

[
− 1

n , 1 +
1
n

]
=

[0, 1]. �á®, çâ® ¥á«¨ ¤¢¥ â®çª¨ c1 ¨ c2 ¯à¨ ¤«¥¦ â ¯¥à¥á¥ç¥¨î
∩

n�n, â® ¤«¨ë ¢á¥å
¯à®¬¥¦ãâª®¢ ¥ ¬¥ìè¥ ç¥¬ |c1 − c2| (¯à®¬¥¦ãâª¨ ¥ áâï£¨¢ îâáï ¢ â®çªã). �á«¨
¦¥ áà¥¤¨ ¯à®¬¥¦ãâª®¢ ¨¬¥îâáï áª®«ì ã£®¤® ª®à®âª¨¥, â® ¨å ¯¥à¥á¥ç¥¨¥ á®¤¥à¦¨â
¥¤¨áâ¢¥ãî â®çªã.

30. �ãé¥áâ¢¥®, çâ® à áá¬ âà¨¢ îâáï § ¬ªãâë¥ ¯à®¬¥¦ãâª¨. � ¯à¨¬¥à, ¬®-
¦¥áâ¢®

∩
n

(
0, 1n

)
¯ãáâ®, å®âï ¯à®¬¥¦ãâª¨ ¢«®¦¥ë. �¤¥ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë

¨á¯®«ì§®¢   § ¬ªãâ®áâì ¯à®¬¥¦ãâª®¢?

�¢¥¤ñë¥ à ¥¥ ¯®ïâ¨ï  ¨¡®«ìè¥£® ¨  ¨¬¥ìè¥£® í«¥¬¥â®¢ ç¨á«®¢®£® ¬®-
¦¥áâ¢  ®¡« ¤ îâ ®¤¨¬ áãé¥áâ¢¥ë¬ ¥¤®áâ âª®¬ { ¬®£¨¥ ¡¥áª®¥çë¥ ç¨á«®¢ë¥
¬®¦¥áâ¢  ¥ ¨¬¥îâ â ª¨å í«¥¬¥â®¢. �à®¬¥ â®£®, § ç áâãî ¥ â ª ¢ ¦® § âì, ç¥¬ã
à ¢¥ ¬ ªá¨¬ «ìë© í«¥¬¥â (¥£®  å®¦¤¥¨¥ ¬®¦¥â ®ª § âìáï á«¨èª®¬ âàã¤®ñ¬ª®©
§ ¤ ç¥©) { ¤®áâ â®ç® § âì, çâ® ¢á¥ â®çª¨ ¬®¦¥áâ¢  ¥ ¯à¥¢®áå®¤ïâ ª ª®£®-â® ®¯à¥-
¤¥«ñ®£® ç¨á« . � ¯à¨¬¥à, ¢ë¡¨à ï è¨à¨ã ¤¢¥à¥©   ¬ â¥¬ â¨ª®-¬¥å ¨ç¥áª®¬ ä -
ªã«ìâ¥â¥, áâà®¨â¥«¨ ¥ ¢ëïáï«¨, ª ª®© áâã¤¥â (¨«¨ ¯à¥¯®¤ ¢ â¥«ì) á ¬ë© â®«áâë©.
�¬ ¡ë«® ïá®, çâ® è¨à¨  ¤¢¥à¥© ®ª®«® ®¤®£® ¬¥âà  ¢¯®«¥ ¤®áâ â®ç . �®¤®¡ë¥
á¨âã æ¨¨ ç áâ® ¢®§¨ª îâ ¥ â®«ìª® ¢ áâà®¨â¥«ìáâ¢¥, ® ¨ ¢ ¬ â¥¬ â¨ª¥. �®íâ®¬ã ¢
¤ «ì¥©è¥¬ ¡®«ìèãî à®«ì ¡ã¤ãâ ¨£à âì á«¥¤ãîé¨¥ ®¯à¥¤¥«¥¨ï.

�¯à¥¤¥«¥¨¥. �ãáâì E ⊂ R ¨ E ̸= ∅.
10. �¨á«® b ∈ R  §ë¢ ¥âáï ¢¥àå¥© £à ¨æ¥© ¬®¦¥áâ¢  E, ¥á«¨ ∀x ∈ E x 6 b.

�®¢®ªã¯®áâì ¢á¥å ¢¥àå¨å £à ¨æ ¬®¦¥áâ¢  E ®¡®§ ç¨¬ Ê.

20. �¨á«® a ∈ R  §ë¢ ¥âáï ¨¦¥© £à ¨æ¥© ¬®¦¥áâ¢  E, ¥á«¨ ∀x ∈ E x > a.

�®¢®ªã¯®áâì ¢á¥å ¨¦¨å £à ¨æ ¬®¦¥áâ¢  E ®¡®§ ç¨¬
∨
E.

� §ã¬¥¥âáï, ¬®¦¥áâ¢  Ê ¨
∨
E ¥ ¯ãáâë: +∞ ∈ Ê, −∞ ∈

∨
E. �á®¡ë© ¨â¥à¥á

¯à¥¤áâ ¢«ïîâ á¨âã æ¨¨, ª®£¤  ¨¬¥îâáï £à ¨æë ®â«¨çë¥ ®â íâ¨å âà¨¢¨ «ìëå £à -
¨æ.

�¯à¥¤¥«¥¨¥ �ãáâì E ⊂ R ¨ E ̸= ∅.
10. �®¦¥áâ¢® E  §ë¢ ¥âáï ®£à ¨ç¥ë¬ á¢¥àåã, ¥á«¨ ®® ¨¬¥¥â ª®¥çãî

¢¥àåîî £à ¨æã: ∃b ∈ R ∀x ∈ E x 6 b, â. ¥. E ⊂ [−∞, b], b < +∞.

20. �®¦¥áâ¢® E  §ë¢ ¥âáï ®£à ¨ç¥ë¬ á¨§ã, ¥á«¨ ®® ¨¬¥¥â ª®¥çãî
¨¦îî £à ¨æã: ∃a ∈ R ∀x ∈ E x > a, â. ¥. E ⊂ [a,+∞], a > −∞.

30. �®¦¥áâ¢® E  §ë¢ ¥âáï ®£à ¨ç¥ë¬, ¥á«¨ ®® ®£à ¨ç¥® ¨ á¢¥àåã, ¨
á¨§ã, â. ¥. ∃a, b ∈ R ∀x ∈ E a 6 x 6 b (¨ ç¥ £®¢®àï, E á®¤¥à¦¨âáï ¢ ¥ª®â®à®¬
ª®¥ç®¬ ¯à®¬¥¦ãâª¥).

� ¬¥ç ¨ï. 10. �á®, çâ® ¢áïª®¥ ç¨á«® ¡®«ìè¥¥, ç¥¬ ¥ª®â®à ï ¢¥àåïï £à ¨æ 

¬®¦¥áâ¢ , â ª¦¥ ï¢«ï¥âáï ¥£® ¢¥àå¥© £à ¨æ¥©, â. ¥. b ∈ Ê ⇒ [b,+∞] ⊂ Ê. � «®-

£¨ç®, a ∈
∨
E ⇒ [−∞, a] ⊂

∨
E.

20. �¥£ª® ¢¨¤¥âì, çâ® ®£à ¨ç¥®áâì ¬®¦¥áâ¢  E ⊂ R à ¢®á¨«ì  â®¬ã, çâ®
E ⊂ [−L,L] ¯à¨ ¥ª®â®à®¬ L ∈ (0,+∞) (¥á«¨ E ⊂ [a, b], â® ¤®áâ â®ç® ¢§ïâì L =
max{|a|, |b|}).
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30. �£à ¨ç¥®áâì ¬®¦¥áâ¢  á¢¥àåã ¨«¨ á¨§ã ¢«¥çñâ â ªãî ¦¥ ®£à ¨ç¥®áâì
«î¡®£® ¥£® ¯®¤¬®¦¥áâ¢ . � ç áâ®áâ¨, ®£à ¨ç¥® ¢áïª®¥ ¯®¤¬®¦¥áâ¢® ®£à ¨ç¥-
®£® ¬®¦¥áâ¢ .

40. �®£¤  ®âª §ë¢ îâáï ®â âà¥¡®¢ ¨ï E ̸= ∅, áç¨â ï, çâ® ¢áïª®¥ ç¨á«® ¨§ R
ï¢«ï¥âáï ¨ ¢¥àå¥©, ¨ ¨¦¥© £à ¨æ¥© ¯ãáâ®£® ¬®¦¥áâ¢ : ∅̂ =

∨
∅ = R.

50. �á®, çâ® Ê = [maxE,+∞], ¥á«¨ áãé¥áâ¢ã¥â maxE. � «®£¨ç®,
∨
E =

[−∞,minE], ¥á«¨ áãé¥áâ¢ã¥â minE.

60. �áâ¥áâ¢¥® § ¨â¥à¥á®¢ âìáï ¢®¯à®á®¬, áãé¥áâ¢ãîâ «¨ ¥ã«ãçè ¥¬ë¥ ( ¨-
¬¥ìè ï ¢¥àåïï ¨  ¨¡®«ìè ï ¨¦ïï) £à ¨æë? �â®, ª®¥ç®, â ª ¢ ¯à®áâ¥©è¥¬
á«ãç ¥, ª®£¤  áãé¥áâ¢ãîâ maxE ¨ minE. � ¬¥ç â¥«ì®, çâ® â ª ¡ã¤¥â ¢á¥£¤  { ¢¥
§ ¢¨á¨¬®áâ¨ ®â â®£®, ¨¬¥îâáï ¨«¨ ¥â  ¨¡®«ìè¨© ¨  ¨¬¥ìè¨© í«¥¬¥âë.

�¯à¥¤¥«¥¨¥. �ãáâì E ⊂ R ¨ E ̸= ∅.

10. �®ç®© ¢¥àå¥© £à ¨æ¥© ¨«¨ ¢¥àå¥© £à ìî ¬®¦¥áâ¢  E  §ë¢ ¥âáï ç¨á«®

min Ê. �¡®§ ç¥¨¥: supE.

20. �®ç®© ¨¦¥© £à ¨æ¥© ¨«¨ ¨¦¥© £à ìî ¬®¦¥áâ¢  E  §ë¢ ¥âáï ç¨á-

«® max
∨
E. �¡®§ ç¥¨¥: inf E.

�¥®à¥¬  (® áãé¥áâ¢®¢ ¨¨ £à ¥©). �ãáâì E ⊂ R ¨ E ̸= ∅. �®£¤  áãé¥áâ¢ãîâ
supE ¨ inf E.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ¨ï ¢¥àå¥© £à ¨, â. ¥. min Ê,

¯à¨¬¥¨¬  ªá¨®¬ã � â®à -�¥¤¥ª¨¤  ª ¬®¦¥áâ¢ ¬ E ¨ Ê { ®¨ ¥ ¯ãáâë, á®¤¥à¦ âáï
¢ R ¨ ¯¥à¢®¥ à á¯®«®¦¥® «¥¢¥¥ ¢â®à®£®. �ãáâì c { à §¤¥«ïîé ï ¨å â®çª : ∀x ∈
E ∀b ∈ Ê x 6 c 6 b. �¥¢®¥ ¥à ¢¥áâ¢® ¯®ª §ë¢ ¥â, çâ® c { ¢¥àåïï £à ¨æ  ¤«ï

E (ç¨á«® c ¥ § ¢¨á¨â ®â x), â® ¥áâì c ∈ Ê. �§ ¯à ¢®£® ¥à ¢¥áâ¢  á«¥¤ã¥â, çâ® c {

 ¨¬¥ìè¨© í«¥¬¥â ¢ Ê. � ª¨¬ ®¡à §®¬, c = min Ê. �®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ¨ï
inf E   «®£¨ç®.

�¥®à¥¬  ¤®ª §  .

�® ®¯à¥¤¥«¥¨î inf E, supE ∈ R ¨ ¤«ï «î¡®£® x ∈ E á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
inf E 6 x 6 supE. �®íâ®¬ã ¢  ¨¡®«¥¥ ¢ ¦®¬ á«ãç ¥, ª®£¤  E ∩ R ̸= ∅, ¨¬¥¥¬
−∞ < supE ¨ inf E < +∞. �«ï ¬®¦¥áâ¢  E, á®¤¥à¦ é¥£® ¯® ªà ©¥© ¬¥à¥ ¤¢¥
â®çª¨, inf E < supE.

�à¨ï¢ ¥áâ¥áâ¢¥®¥ á®£« è¥¨¥ ∅̂ =
∨
∅ = R, ¯®«ãç¨¬ ¥®¡ëçë¥ à ¢¥áâ¢ 

inf ∅ = +∞ ¨ sup∅ = −∞, ¢ â® ¢à¥¬ï ª ª ¤«ï inf E 6 supE ¤«ï «î¡®£® ¥¯ãáâ®-
£® ¬®¦¥áâ¢  E ⊂ R.

�®¤ç¥àªñ¬, çâ® ¢ ®â«¨ç¨¥ ®â maxE ¨ minE, ª®â®àë¥ áãé¥áâ¢ãîâ ¥ ¤«ï ª ¦¤®£®
¬®¦¥áâ¢  E ⊂ R, £à ï¬¨ supE ¨ inf E ®¡« ¤ ¥â «î¡®¥ ç¨á«®¢®¥ ¬®¦¥áâ¢® E. �á«¨
¦¥ maxE áãé¥áâ¢ã¥â, â® supE = maxE, â. ¥. ¢¥àåïï £à ì ç¨á«®¢®£® ¬®¦¥áâ¢  íâ®
¥áâ¥áâ¢¥®¥ ®¡®¡é¥¨¥ ¯®ïâ¨ï ¬ ªá¨¬ã¬ . � «®£¨ç®, ¥á«¨ áãé¥áâ¢ã¥â minE, â®
inf E = minE.

�¯à ¦¥¨¥. 10. �ãáâì E ⊂ R ¨ E = E1 ∪ E2. �®ª ¦¨â¥, çâ®

supE = max{supE1, supE2} ¨ inf E = min{inf E1, inf E2}.
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� ç áâ®áâ¨, ¬®¦¥áâ¢® E ®£à ¨ç¥® «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  ®£à ¨ç¥ë ®¡  ¬®-
¦¥áâ¢  E1 ¨ E2.

20. �ãáâì E ⊂ R ¨ E = ∪α∈AEα. �®ª ¦¨â¥, çâ®

supE = sup {supEα| α ∈ A} ¨ inf E = inf {inf Eα| α ∈ A}.

�«¥¤ã¥â «¨ ®£à ¨ç¥®áâì ¬®¦¥áâ¢  E ¨§ ®£à ¨ç¥®áâ¨ ¢á¥å ¬®¦¥áâ¢ Eα?

� ¤ «ì¥©è¥¬  ¬ ç áâ® ¯à¨¤ñâáï ¨á¯®«ì§®¢ âì ®¯¨á ¨¥ £à ¥© á ¯®¬®éìî ¥à -
¢¥áâ¢. �® ®¯à¥¤¥«¥¨î ¢¥àå¥© £à ¨

β = supE ⇐⇒ (∀x ∈ E x 6 β) ∧ (∀b ∈ Ê β 6 b).

�â®à®¥ ãâ¢¥à¦¤¥¨¥ ¬®¦® ¯¥à¥ä®à¬ã«¨à®¢ âì â ª: «î¡®¥ ç¨á«® ¬¥ìè¥¥ β ¥ ï¢-
«ï¥âáï ¢¥àå¥© £à ¨æ¥©, â. ¥. b < β ⇒ (∃xb ∈ E : xb > b). � ª¨¬ ®¡à §®¬, ¬ë
¯®«ãç ¥¬

β = supE ⇐⇒
{ ∀x ∈ E x 6 β

∀b < β ∃xb ∈ E xb > b
.

�®çª  xb, ¢®®¡é¥ £®¢®àï, § ¢¨á¨â ®â b, ® ¥á«¨ áãé¥áâ¢ã¥â maxE, â® ¤«ï ¢á¥å
b < β (= supE = maxE) ¬®¦® ¢§ïâì xb = maxE.

�á®, çâ® supE = +∞ «¨èì ¤«ï ¥®£à ¨ç¥®£® á¢¥àåã ¬®¦¥áâ¢ . �á«¨ ¦¥
E ®£à ¨ç¥® á¢¥àåã ¨ E ∩ R ̸= ∅, â® supE ∈ R. �®áª®«ìªã «î¡®¥ ç¨á«® ¬¥ìè¥¥
ª®¥ç®£® ç¨á«  β ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ β−ε, ε > 0, ª®¥çãî ¢¥àåîî £à ì (supE ∈
R) ¬®¦® á«¥¤ãîé¨¬ ®¡à §®¬ ®¯¨á âì á ¯®¬®éìî ¥à ¢¥áâ¢:

β = supE ⇐⇒
{ ∀x ∈ E x 6 β

∀ε > 0 ∃xε ∈ E xε > β − ε.

� «®£¨ç®,

α = inf E ⇐⇒
{ ∀x ∈ E x > α

∀a > α ∃xa ∈ E xa < a.

�à¨ íâ®¬ inf E = −∞ «¨èì ¤«ï ¥®£à ¨ç¥®£® á¨§ã ¬®¦¥áâ¢ . �á«¨ ¦¥ E ®£à -
¨ç¥® á¨§ã ¨ E ∩ R ̸= ∅, â® inf E ∈ R ¨ ¢ íâ®¬ á«ãç ¥

α = inf E ⇐⇒
{ ∀x ∈ E x > α

∀ε > 0 ∃xε ∈ E xε < α+ ε.

�á¯®«ì§ãï ¯®ïâ¨ï ¢¥àå¥© ¨ ¨¦¥© £à ¨, ¬®¦® ¤®ª § âì á«¥¤ãîé¨¥ ¨âã¨-
â¨¢® ¯®ïâë¥ á¢®©áâ¢  ¬®¦¥áâ¢  R.

10. �¥®£à ¨ç¥®áâì  âãà «ì®£® àï¤ . �®¦¥áâ¢® N ¥ ®£à ¨ç¥® á¢¥àåã.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ ¯à®â¨¢®¥. �®£¤  β
def
= supN < +∞. � ª ª ª «î¡®¥

 âãà «ì®¥ ç¨á«® ¥ ¯à¥¢®áå®¤¨â β, â® n + 1 6 β ¤«ï ¢á¥å n ∈ N. �®íâ®¬ã n 6 β − 1
¤«ï ¢á¥å n ∈ N, â. ¥. ç¨á«® β − 1 { ¢¥àåïï £à ¨æ  ¬®¦¥áâ¢  N. �® â®£¤  supN, â®
¥áâì  ¨¬¥ìè ï ¢¥àåïï £à ¨æ , ¥ ¯à¥¢®áå®¤¨â ç¨á«  β − 1 : β = supN 6 β − 1,
çâ® ¥¢®§¬®¦®.
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20. �à¨æ¨¯ �àå¨¬¥¤ . �ãáâì � ∈ (0,+∞). �®£¤  ¤«ï «î¡®£® ç¨á«  x ∈ R  ©-
¤ñâáï â ª®© ®¬¥à n ∈ N, çâ® n� > x.

�â® ¥ çâ® ¨®¥, ª ª ¯¥à¥ä®à¬ã«¨à®¢ª  ¯à¥¤ë¤ãé¥£® ãâ¢¥à¦¤¥¨ï: ¥à ¢¥áâ¢®
n� > x à ¢®á¨«ì® ¥à ¢¥áâ¢ã n > x

� ,   ®® ¢ë¯®«ï¥âáï ¤«ï ¤®áâ â®ç® ¡®«ìè¨å
®¬¥à®¢ n, â ª ª ª ç¨á«® x

� ¥ ï¢«ï¥âáï ¢¥àå¥© £à ¨æ¥© ¬®¦¥áâ¢  N.

30. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ «¥¦¨â ¢ ®á®¢¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ® ¬¥â®¤¥ ¬ â¥-
¬ â¨ç¥áª®© ¨¤ãªæ¨¨ (á¬.  ç «® íâ®£® ¯ à £à ä ). � ¥¯ãáâ®¬ ®£à ¨ç¥®¬ á¨§ã
¬®¦¥áâ¢¥ æ¥«ëå ç¨á¥« ¨¬¥¥âáï  ¨¬¥ìè¨© í«¥¬¥â:

(E ⊂ Z) ∧ (E ̸= ∅) ∧ (∃a ∈ R : ∀n ∈ E n > a) =⇒ (∃minE).

� ç áâ®áâ¨, (E ⊂ N) ∧ (E ̸= ∅) =⇒ (∃minE).
�®ª § â¥«ìáâ¢®. �ãáâì α = inf E. � ª ª ª ¬®¦¥áâ¢® E ®£à ¨ç¥® á¨§ã ¨

¥¯ãáâ®, â® α ∈ R. �â®  ¨¡®«ìè ï ¨¦ïï £à ¨æ  ¬®¦¥áâ¢  E. �«¥¤®¢ â¥«ì®,
ç¨á«® α + 1 ¥ ®£à ¨ç¨¢ ¥â E á¨§ã: ∃n0 ∈ E n0 < α + 1. �¡¥¤¨¬áï ¢ â®¬, çâ® n0 =
minE. �«ï íâ®£® ¤®áâ â®ç® ¯®ª § âì, çâ® æ¥«ë¥ ç¨á«  ¬¥ìè¨¥ n0 ¥ ¯à¨ ¤«¥¦ â
E. �¥©áâ¢¨â¥«ì®, ¥á«¨ n ∈ Z ¨ n < n0, â® n 6 n0 − 1. �®íâ®¬ã n < (α + 1) − 1 = α,
â. ¥. n < inf E. �«¥¤®¢ â¥«ì®, n /∈ E.

40. �ãé¥áâ¢®¢ ¨¥ æ¥«®© ç áâ¨. �«ï «î¡®£® ¢¥é¥áâ¢¥®£® ç¨á«  x áãé¥áâ¢ã¥â
â ª®¥ æ¥«®¥ ç¨á«® nx, çâ® nx 6 x < nx+1, ¨ íâ® ç¨á«® ¥¤¨áâ¢¥®. �®  §ë¢ ¥âáï
æ¥«®© ç áâìî ¢¥é¥áâ¢¥®£® ç¨á«  x. �¡®§ ç¥¨¥ nx = [x].

� ª¨¬ ®¡à §®¬, ∀x ∈ R [x] ∈ Z ¨ [x] 6 x < [x] + 1.

�¨á«® x − [x]  §ë¢ ¥âáï ¤à®¡®© ç áâìî ¢¥é¥áâ¢¥®£® ç¨á«  x. �á®, çâ® ® 
¯à¨ ¤«¥¦¨â ¯à®¬¥¦ãâªã [0, 1).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ á ç « , çâ® ¬®¦¥áâ¢® Z ¥ ®£à ¨ç¥® á¢¥àåã, â ª
ª ª â ª®¢® ¥£® ¯®¤¬®¦¥áâ¢® N. �®íâ®¬ã x < n+1 ¤«ï ¥ª®â®àëå n ∈ Z, â. ¥. ¬®¦¥áâ¢®
E = {n ∈ Z| x < n + 1} ¥ ¯ãáâ®. �® ®£à ¨ç¥® á¨§ã ( ¯à¨¬¥à, ç¨á«®¬ x − 1) ¨
á®¤¥à¦¨âáï ¢ Z. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â nx = minE. �§ ®¯à¥¤¥«¥¨ï E á«¥¤ã¥â,
çâ® nx ∈ Z ¨ x < nx + 1. � â® ¦¥ ¢à¥¬ï nx − 1 < nx = minE, ¨ ¯®íâ®¬ã nx − 1 /∈ E,
â. ¥. x > (nx − 1)+1 = nx. �â ª, áãé¥áâ¢ã¥â â ª®¥ æ¥«®¥ ç¨á«® nx, çâ® nx 6 x < nx+1.
�£® ¥¤¨áâ¢¥®áâì ®ç¥¢¨¤ : ¥á«¨ n ∈ Z ¨ n > nx, â® n > nx + 1 ®âªã¤  n > x { ¥
¢ë¯®«¥® «¥¢®¥ ¥à ¢¥áâ¢®,   ¥á«¨ n ∈ Z ¨ n < nx, â® n 6 nx − 1 ®âªã¤  n+ 1 6 x {
¥ ¢ë¯®«¥® ¯à ¢®¥ ¥à ¢¥áâ¢®.

50. �«®â®áâì ¬®¦¥áâ¢  à æ¨® «ìëå ç¨á¥«. �«ï «î¡ëå ç¨á¥« a, b ∈ R, a < b,
 ©¤ñâáï â ª®¥ à æ¨® «ì®¥ ç¨á«® r ∈ Q, çâ® a < r < b.

�âáî¤  áà §ã á«¥¤ã¥â, çâ® â ª¨å à æ¨® «ìëå ç¨á¥« ¡¥áª®¥ç® ¬®£®.
�®ª § â¥«ìáâ¢®. �®«ì§ãïáì ¥®£à ¨ç¥®áâìî  âãà «ì®£® àï¤  á¢¥àåã, ¢®§ì-

¬ñ¬ â ª®¥ ç¨á«® q ∈ N, çâ® q > 2
b−a . �ãáâì p = [qb]− 1. � ª ª ª ¢á¥£¤  [x] 6 x < [x] + 1,

â® p+1 6 qb < p+2 ¨«¨ p
q +

1
q 6 b < p

q +
2
q . �®íâ®¬ã

p
q < b ¨ p

q > b− 2
q > b− (b− a) = a,

â. ¥. ¤à®¡ì r = p
q ¯à¨ ¤«¥¦¨â ¨â¥à¢ «ã (a, b).

�¯à¥¤¥«¥¨¥. �ãáâì f : X → R.
10. �®¢®àïâ, çâ® äãªæ¨ï f ¤®áâ¨£ ¥â ¢ â®çª¥ x∗ ∈ X  ¨¡®«ìè¥£® § ç¥¨ï,

¥á«¨ f(x) 6 f(x∗) ¤«ï ¢á¥å x ∈ X (â. ¥. f(x∗) = max f(X)).
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20. �®¢®àïâ, çâ® äãªæ¨ï f ¤®áâ¨£ ¥â ¢ â®çª¥ x∗ ∈ X  ¨¬¥ìè¥£® § ç¥¨ï,
¥á«¨ f(x) > f(x∗) ¤«ï ¢á¥å x ∈ X (â. ¥. f(x∗) = min f(X)).

�¬¥áâ® max f(X) ®¡ëç® ¯¨èãâ max f ¨«¨ ¯®¤à®¡¥¥ { maxX f ¨ maxx∈X f(x).
� «®£¨ç®, min f(X) = min f = minX f = minx∈X f(x).

�¥ ª ¦¤ ï äãªæ¨ï ¨¬¥¥â  ¨¡®«ìè¥¥ ¨«¨  ¨¬¥ìè¥¥ § ç¥¨¥. � ª®¢ ,  ¯à¨-
¬¥à, ¯®ª § â¥«ì ï äãªæ¨ï f(x) = 2x   ¢¥é¥áâ¢¥®© ®á¨. �®ïâ®, çâ® ¥á«¨ ç¨á«®
max f (¨«¨ min f) áãé¥áâ¢ã¥â, â® ®® ¥¤¨áâ¢¥®. �® íâ® ¥ § ç¨â, çâ® ®® ¤®áâ¨£ -
¥âáï «¨èì ¢ ®¤®© â®çª¥ x∗ (á®®â¢¥âáâ¢¥®, x∗). � ¯à¨¬¥à, äãªæ¨ï sin ¯à¨¨¬ ¥â
á¢®¨  ¨¡®«ìè¥¥ ¨  ¨¬¥ìè¥¥ § ç¥¨ï ¡¥áª®¥ç®¥ ç¨á«® à §.

� å®¦¤¥¨¥  ¨¡®«ìè¨å ¨  ¨¬¥ìè¨å § ç¥¨© äãªæ¨© { ª« áá¨ç¥áª ï ¬ â¥-
¬ â¨ç¥áª ï § ¤ ç . �® ¥ ¢® ¢á¥å á«ãç ïå ¥ñ ¬®¦® à¥è¨âì, ¯®áª®«ìªã ¥ ¢á¥ äãªæ¨¨
¯à¨¨¬ îâ  ¨¡®«ìè¥¥ (á®®â¢¥âáâ¢¥®,  ¨¬¥ìè¥¥) § ç¥¨¥. �à®¬¥ â®£®, ¥ ¢á¥£¤ 
ã¦® § âì íâ¨ ¢¥«¨ç¨ë { ç áâ® ¤®áâ â®ç® § âì, çâ® § ç¥¨ï äãªæ¨¨ ¥ ¢ëå®¤ïâ
§  ¯à¥¤¥«ë ª ª®£®-â® ¯à®¬¥¦ãâª .

�¯à¥¤¥«¥¨¥. �ãáâì X ̸= ∅ ¨ f : X → R.
10. �ãªæ¨ï f  §ë¢ ¥âáï ®£à ¨ç¥®© á¢¥àåã (á®®â¢¥âáâ¢¥®, á¨§ã)   ¬®-

¦¥áâ¢¥ X, ¥á«¨ ¬®¦¥áâ¢® f(X) ®£à ¨ç¥® á¢¥àåã (á®®â¢¥âáâ¢¥®, á¨§ã), â. ¥.
áãé¥áâ¢ã¥â ª®¥ç ï ¢¥àåïï (á®®â¢¥âáâ¢¥®, ¨¦ïï) £à ¨æ  f(X) :
∃b ∈ R ∀x ∈ X f(x) 6 b (á®®â¢¥âáâ¢¥®, ∃a ∈ R ∀x ∈ X f(x) > a).

20. �ãªæ¨ï f  §ë¢ ¥âáï ®£à ¨ç¥®©   ¬®¦¥áâ¢¥ X, ¥á«¨ ®  ®£à ¨ç¥  ¨
á¢¥àåã, ¨ á¨§ã   X, â. ¥. áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  a, b ∈ R, çâ® a 6 f(x) 6 b ¤«ï
¢á¥å x ∈ X.

� ¬¥ç ¨ï. 10. �á«¨ äãªæ¨ï ®£à ¨ç¥  á¢¥àåã ¨«¨ á¨§ã, â® â ª®¢® ¨ «î¡®¥
áã¦¥¨¥ íâ®© äãªæ¨¨. � ç áâ®áâ¨, áã¦¥¨¥ ®£à ¨ç¥®© äãªæ¨¨ â ª¦¥ ®£à ¨ç¥-
®.

20. �á«¨ ®¡¥ äãªæ¨¨ f, g : X → R ®£à ¨ç¥ë á¢¥àåã ¨«¨ á¨§ã, â® â ª®¢  ¨ ¨å
áã¬¬  f + g. � ç áâ®áâ¨, áã¬¬  ®£à ¨ç¥ëå äãªæ¨© â ª¦¥ ®£à ¨ç¥ .

30. �á«¨ ®¡¥ äãªæ¨¨ f, g : X → R ®£à ¨ç¥ë, â® â ª®¢® ¨ ¨å ¯à®¨§¢¥¤¥¨¥
fg. �â® ¬®¦® áª § âì ¢ á«ãç ¥ ®¤®áâ®à®¥© (á¢¥àåã ¨«¨ á¨§ã) ®£à ¨ç¥®áâ¨
á®¬®¦¨â¥«¥©?

40. �á®, çâ® ®£à ¨ç¥®áâì äãªæ¨¨   ¬®¦¥áâ¢¥ X à ¢®á¨«ì  ¢ë¯®«¥¨î
¥à ¢¥áâ¢  |f(x)| 6 L ¤«ï ¢á¥å x ∈ X (ç¨á«® L ∈ (0,+∞) § ¢¨á¨â ®â äãªæ¨¨, ® ¥
®â â®çª¨ x ∈ X). � ç¥ £®¢®àï, ®£à ¨ç¥®áâì äãªæ¨¨ à ¢®á¨«ì  ®£à ¨ç¥®áâ¨
á¢¥àåã ¥ñ  ¡á®«îâ®© ¢¥«¨ç¨ë.

�¯à¥¤¥«¥¨¥. �ãáâì X ̸= ∅ ¨ f : X → R. �¥àå¥© (á®®â¢¥âáâ¢¥®, ¨¦¥©)
£à ìî äãªæ¨¨ f   ¬®¦¥áâ¢¥ X  §ë¢ ¥âáï ç¨á«® sup f(X) (á®®â¢¥âáâ¢¥®,
inf f(X)). �¡®§ ç¥¨¥ sup f , supX f ¨«¨ supx∈X f(x) (á®®â¢¥âáâ¢¥®, inf f , infX f
¨«¨ infx∈X f(x)).

�á«¨ äãªæ¨ï ¯à¨¨¬ ¥â  ¨¡®«ìè¥¥ § ç¥¨¥   ¬®¦¥áâ¢¥, â® ¥ñ ¢¥àåïï £à ì
á®¢¯ ¤ ¥â á íâ¨¬ § ç¥¨¥¬. � «®£¨ç®, ¥á«¨ äãªæ¨ï ¯à¨¨¬ ¥â  ¨¬¥ìè¥¥ § -
ç¥¨¥, â® ¨¦ïï £à ì á®¢¯ ¤ ¥â á ¨¬. � ª¨¬ ®¡à §®¬, ª ª ¨ ¢ á«ãç ¥ ç¨á«®¢ëå
¬®¦¥áâ¢, £à ¨ äãªæ¨¨ { ®¡®¡é¥¨¥ ¯®ïâ¨© ¬ ªá¨¬ã¬  ¨ ¬¨¨¬ã¬  äãªæ¨¨. �
íâ®£® ®¡®¡é¥¨ï ¥áâì ®ç¥ì æ¥®¥ ¤«ï  á á¢®©áâ¢® { «î¡ ï äãªæ¨ï ¨¬¥¥â ¢¥àåîî
¨ ¨¦îî £à ¨.
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�â¬¥â¨¬ ¯®«¥§ë¥ ¢ ¤ «ì¥©è¥¬ ®¯¨á ¨ï £à ¥© äãªæ¨¨ á ¯®¬®éìî ¥à ¢¥áâ¢.
�¨ áà §ã ¢ëâ¥ª îâ ¨§ ®¯¨á ¨© £à ¥© ç¨á«®¢ëå ¬®¦¥áâ¢.

B=sup
X

f ⇔
{∀x∈X f(x)6B

∀b<B ∃xb∈X f(xb) > b,
A=inf

X
f ⇔

{∀x∈X f(x)>A

∀a>A ∃xa∈X f(xa)<a.

� ç áâ®áâ¨, ¤«ï ª®¥çëå £à ¥© ¨¬¥¥¬

B=sup
X

f ⇔
{∀x∈X f(x)6B

∀ε>0 ∃xε∈X f(xε) > B − ε,
A=inf

X
f ⇔

{∀x∈X f(x)>A

∀ε>0 ∃xε>0 f(xε)<A+ ε.

�¥®à¥¬  (á¢®©áâ¢  £à ¥© äãªæ¨©). �ãáâì X ̸=∅ ¨ f, g : X → R, λ ∈ R. �®£¤ 

10. sup
X

(f + g) 6 sup
X

f + sup
X

g; inf
X
(f + g) > inf

X
f + inf

X
g;

20. sup
X

(λf) =

{
λ supX f, ¥á«¨ λ > 0,

λ infX f, ¥á«¨ λ < 0;
inf
X
(λf) =

{
λ infX f, ¥á«¨ λ > 0,

λ supX f, ¥á«¨ λ < 0.

� ç áâ®áâ¨, supX (−f) = − infX f ¨ infX (−f) = − supX f.

� ¬¥ç ¨¥. �¤¥áì à ¤¨ ¯à®áâ®âë ä®à¬ã«¨à®¢ª¨ à áá¬ âà¨¢ îâáï äãªæ¨¨, ¯à¨-
¨¬ îé¨¥ «¨èì ª®¥çë¥ § ç¥¨ï. �«ï äãªæ¨© á® § ç¥¨ï¬¨ ¢ R ¯®çâ¨ ¨ç¥£®
¥ ¬¥ï¥âáï. �ã¦® â®«ìª® ®£®¢®à¨âì ¢ ¯¥à¢®¬ ãâ¢¥à¦¤¥¨¨, çâ® ¨ ¢ ª ª®© â®çª¥
¬®¦¥áâ¢  X äãªæ¨¨ ¥ ¯à¨¨¬ îâ ¡¥áª®¥çë¥ § ç¥¨ï à §ëå § ª®¢, â. ¥. áã¬¬ 
(f + g) ®¯à¥¤¥«¥  ¢áî¤ã   X. � ¤®ª § â¥«ìáâ¢¥ ¨ª ª¨å ¨§¬¥¥¨© ¥ âà¥¡ã¥âáï.

�®ª § â¥«ìáâ¢®. 10. � ª ª ª ¤«ï «î¡®£® x ∈ X

inf
X

f 6 f(x) 6 sup
X

f ¨ inf
X

g 6 g(x) 6 sup
X

g,

â®

A
def
= inf

X
f + inf

X
g 6 f(x) + g(x) 6 sup

X
f + sup

X
g

def
= B.

�®íâ®¬ã ç¨á«® B ∈ (−∞,+∞] { ¢¥àåïï £à ¨æ  äãªæ¨¨ (f + g)   ¬®¦¥áâ¢¥ X,  
ç¨á«® A ∈ [−∞,+∞) { ¥ñ ¨¦ïï £à ¨æ . �«¥¤®¢ â¥«ì®, B ¥ ¬¥ìè¥  ¨¬¥ìè¥©
¢¥àå¥© £à ¨æë äãªæ¨¨ (f + g), â. ¥. B > supX (f + g). � «®£¨ç®, A ¥ ¡®«ìè¥
 ¨¡®«ìè¥© ¨¦¥© £à ¨æë äãªæ¨¨ (f + g), â. ¥. A 6 infX (f + g).

20. �£à ¨ç¨¬áï ¤®ª § â¥«ìáâ¢®¬ ¯¥à¢®£® à ¢¥áâ¢  (¢â®à®¥ ¤®ª §ë¢ ¥âáï   «®-
£¨ç® ¨«¨ «¥£ª® á¢®¤¨âáï ª ¥¬ã). � ª ª ª f(x) 6 supX f ¤«ï ¢á¥å x ∈ X, â® ¢ á«ãç ¥
λ > 0 ¨¬¥¥¬ λf(x) 6 λ supX f , â. ¥. ç¨á«® λ supX f { ®¤  ¨§ ¢¥àå¨å £à ¨æ äãªæ¨¨
λf   ¬®¦¥áâ¢¥ X. �®íâ®¬ã supX (λf) ( ¨¬¥ìè ï ¨§ â ª¨å £à ¨æ) ¥ ¯à¥¢®áå®¤¨â
ç¨á«  λ supX f :

sup
X

(λf) 6 λ sup
X

f.

�«ï ¤®ª § â¥«ìáâ¢  ¯à®â¨¢®¯®«®¦®£® ¥à ¢¥áâ¢  ¯à¨¬¥¨¬ â®«ìª® çâ® ¤®ª § ®¥
¥à ¢¥áâ¢® ª äãªæ¨¨ (λf) (¢¬¥áâ® f) ¨ ª®íää¨æ¨¥âã 1

λ (¢¬¥áâ® λ) :

sup
X

f = sup
X

1

λ
(λf) 6 1

λ
sup
X

(λf), â. ¥. λ sup
X

f 6 sup
X

(λf).
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�â ª,
sup
X

(λf) 6 λ sup
X

f 6 sup
X

(λf), â. ¥. λ sup
X

f = sup
X

(λf).

�ãáâì â¥¯¥àì λ < 0. � ª ª ª f(x) > infX f , â® λf(x) 6 λ infX f ¤«ï ¢á¥å x ∈ X.
�®íâ®¬ã ç¨á«® λ infX f { ¢¥àåïï £à ¨æ  äãªæ¨¨ (λf)   ¬®¦¥áâ¢¥ X ¨, á«¥¤®¢ -
â¥«ì®, supX (λf) 6 λ infX f . � ¤àã£®© áâ®à®ë, ¨§ ¥à ¢¥áâ¢  λf(x) 6 supX (λf)
¯®«ãç ¥¬ f(x) > 1

λ supX (λf) ¤«ï ¢á¥å x ∈ X. �®íâ®¬ã infX f > 1
λ supX (λf), ®âªã¤ 

λ infX f 6 supX (λf). �â ª, supX (λf) 6 λ infX f 6 supX (λf), â. ¥. supX (λf) = λ infX f .
�¥®à¥¬  ¤®ª §  .

�®áª®«ìªã £à ¨ äãªæ¨¨ { íâ® ®¡®¡é¥¨¥ ¯®ïâ¨©  ¨¡®«ìè¥£® ¨  ¨¬¥ìè¥£®
§ ç¥¨©, ¨§ â¥®à¥¬ë á«¥¤ãîâ ¨ á®®â¢¥âáâ¢ãîé¨¥ á¢®©áâ¢  ¬ ªá¨¬ã¬  ¨ ¬¨¨¬ã¬ 
äãªæ¨¨ (¥á«¨ ®¨ áãé¥áâ¢ãîâ!). �à®áâë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® ¤ ¦¥ ¢ â ª®¬,
¯à®áâ¥©è¥¬ á«ãç ¥, ¢ ¯¥à¢®¬ ãâ¢¥à¦¤¥¨¨ â¥®à¥¬ë ¥«ì§ï ¯®áâ ¢¨âì § ª¨ à ¢¥áâ¢ .
� ¯à¨¬¥à, ¥á«¨ X = [0, 1] ¨ f(x) = x, g(x) = 1− x, â®

sup
X

f = sup
X

g = 1, inf
X

f = inf
X

g = 0, sup
X

(f + g) = inf
X
(f + g) = 1.

�¯à ¦¥¨ï. 10. �à¨¢¥¤¨â¥ ¯à¨¬¥à äãªæ¨© f, g : [0, 1] → R, ¤«ï ª®â®àëå
max[0,1] f ¨ max[0,1] g áãé¥áâ¢ãîâ,   áã¬¬  (f + g) ¥ ¨¬¥¥â   [0, 1]  ¨¡®«ìè¥£® § ç¥-
¨ï.

20. �ãáâì f, g : X → R, ¯à¨çñ¬ áãé¥áâ¢ãîâ F = maxX f ¨ G = maxX g. �®£¤ (
∃max

X
(f + g) ∧max

X
(f + g) = max

X
f +max

X
g
)
⇐⇒ f−1({F}) ∩ g−1({G}) ̸= ∅.

� ª ª®¬ á«ãç ¥ minX (f + g) = minX f +minX g ?

30. �ãáâì äãªæ¨¨ f, g : X → R ®£à ¨ç¥ë á¢¥àåã ¨ F = supX f, G = supX g.
�®ª ¦¨â¥, çâ®

sup
X

(f + g)=sup
X

f + sup
X

g ⇐⇒ ∀F̃ <F ∀G̃<G {x∈X| f(x)>F̃} ∩ {x∈X| g(x)>G̃} ̸=∅,

â. ¥.

sup
X

(f + g) = sup
X

f + sup
X

g ⇐⇒ f−1((F̃ ,+∞)) ∩ g−1((G̃,+∞)) ̸= ∅ ∀F̃ <F ∀G̃<G.

� ª ª®¬ á«ãç ¥ infX (f + g) = infX f + infX g ?

40. �ãáâì X = X1 ∪X2 ¨ f : X → R. �®ª ¦¨â¥, çâ®

sup
x∈X

f(x) = max{ sup
x∈X1

f(x), sup
x∈X2

f(x)} ¨ inf
x∈X

f(x) = min{ inf
x∈X1

f(x), inf
x∈X2

f(x)}.

� ç áâ®áâ¨, ®£à ¨ç¥®áâì äãªæ¨¨ f   ¬®¦¥áâ¢¥ X à ¢®á¨«ì  ¥ñ ®£à ¨ç¥®-
áâ¨   ®¡®¨å ¬®¦¥áâ¢ å X1 ¨ X2.

50. �ãáâì X = ∪α∈AXα ¨ f : X → R. �®ª ¦¨â¥, çâ®

sup
x∈X

f(x) = sup
α∈A

(
sup
x∈Xα

f(x)

)
¨ inf

x∈X
f(x) = inf

α∈A

(
inf

x∈Xα

f(x)

)
.
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�«¥¤ã¥â «¨ ¨§ ®£à ¨ç¥®áâ¨ äãªæ¨¨ f   ¢á¥å ¬®¦¥áâ¢ å Xα ¥ñ ®£à ¨ç¥®áâì
  X?

60. �ãáâì f : {1, . . . , N} × {1, . . . ,M} → R (N,M ∈ N), â. ¥. fn,m ∈ R ¤«ï ¢á¥å
n = 1, . . . , N ¨ m = 1, . . . ,M . �®ª ¦¨â¥, çâ®

max
16n6N
16m6M

fn,m = max
16n6N

(
max

16m6M
fn,m

)
= max

16m6M

(
max

16n6N
fn,m

)
,

min
16n6N
16m6M

fn,m = min
16n6N

(
min

16m6M
fn,m

)
= min

16m6M

(
min

16n6N
fn,m

)
.

�â® ¡®«ìè¥

max
16n6N

(
min

16m6M
fn,m

)
¨«¨ min

16m6M

(
max

16n6N
fn,m

)
?

70. �ãáâì f : X × Y → R. �®ª ¦¨â¥, çâ®

sup
X×Y

f = sup
x∈X

(
sup
y∈Y

f(x, y)

)
= sup

y∈Y

(
sup
x∈X

f(x, y)

)
,

inf
X×Y

f = inf
x∈X

(
inf
y∈Y

f(x, y)

)
= inf

y∈Y

(
inf
x∈X

f(x, y)

)
.

�â® ¡®«ìè¥

sup
x∈X

(
inf
y∈Y

f(x, y)

)
¨«¨ inf

y∈Y

(
sup
x∈X

f(x, y)

)
?


