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Ǒ�����������â  ª¨£  ï¢«ï¥âáï ¯®á®¡¨¥¬ ¤«ï áâã¤¥â®¢, ¨§ãç îé¨å â¥®à¨îäãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®© (¢ ª ç¥áâ¢¥ ®â¤¥«ì®£® ¯à¥¤¬¥â ¨«¨ ¢ à ¬ª å ªãàá  ¬ â¥¬ â¨ç¥áª®£®   «¨§ ). �á®¢ ï æ¥«ì ª¨-£¨ | ¯à®¤¥¬®áâà¨à®¢ âì ¯à¨«®�¥¨¥ íâ®© â¥®à¨¨ ª ¢ëç¨á«¥¨î®¯à¥¤¥«¥ëå ¨â¥£à «®¢.�§« £ ¥¬ë© ¬ â¥à¨ « à §¡¨â   ¤¢¥ ç áâ¨. � ¯¥à¢®© £« ¢¥ ®¡-áã�¤ îâáï ¯®ïâ¨ï, ¥®¡å®¤¨¬ë¥ ¤«ï à¥è¥¨ï ®á®¢®© § ¤ ç¨:ªà¨¢®«¨¥©ë¥ ¨â¥£à «ë, àï¤ë �®à  , ¨§®«¨à®¢ ë¥ ®á®¡ë¥â®çª¨ à¥£ã«ïàëå äãªæ¨© ¨ ¢ëç¥âë ¢ ¨å. �â®à ï £« ¢  ¯®-á¢ïé¥  ¥¯®áà¥¤áâ¢¥®  å®�¤¥¨î ®¯à¥¤¥«¥ëå ¨â¥£à «®¢.�ë ¢ë¤¥«¨«¨ è¥áâì â¨¯®¢ â ª¨å ¨â¥£à «®¢. �«ï ª �¤®£® â¨-¯  å à ªâ¥àë ®¯à¥¤¥«¥ë¥ ¯à¨¥¬ë ¢ëç¨á«¥¨ï ¨â¥£à «®¢, ®¨®¯¨áë¢ îâáï ¢ ¯ à £à ä å 1 { 5. �ë ¥ áâà¥¬¨«¨áì ¤ âì ¬ ªá¨-¬ «ì® ¯®«ãî ª« áá¨ä¨ª æ¨î ¨â¥£à «®¢, ª®â®àë¥ ¬®�® ¯®áç¨-â âì ª®¬¯«¥ªáë¬¨ ¬¥â®¤ ¬¨. � è  æ¥«ì á®áâ®ï«  ¢ â®¬, çâ®¡ë®¡áã¤¨âì á«®�ë¥ ¤«ï ¯®¨¬ ¨ï ¢®¯à®áë: ¢ë¡®à ª®âãà  ¨â¥-£à¨à®¢ ¨ï, à ¡®âã á â®çª ¬¨ à §àë¢  äãªæ¨¨   ¯à®¬¥�ãâª¥¨â¥£à¨à®¢ ¨ï, ¨á¯®«ì§®¢ ¨¥ à¥£ã«ïàëå ¢¥â¢¥© ¬®£®§ çëåäãªæ¨©.� ¯®á«¥¤¥¬ ¯ à £à ä¥ £« ¢ë 2 á®¡à ë ¨â¥£à «ë à §ëå â¨-¯®¢. �â® á¤¥« ® ¤«ï â®£®, çâ®¡ë ç¨â â¥«ì ¬®£ ¥ â®«ìª® ¨á¯®«ì-§®¢ âì ®¯¨á ãî à ¥¥ â¥å¨ªã, ® â ª�¥ á ¬®áâ®ïâ¥«ì® ®¯à¥-¤¥«ïâì â¨¯ ¨â¥£à «®¢ ¨ ¯ãâ¨ ¨å  å®�¤¥¨ï. �ë à¥ª®¬¥¤ã¥¬áâã¤¥â ¬ ¨á¯®«ì§®¢ âì íâ®â ¯ à £à ä ¢ ª ç¥áâ¢¥ ýª®âà®«ì®© à -¡®âëþ: á ç «  ¯®¯ëâ âìáï à¥è¨âì § ¤ ç¨ á ¬®áâ®ïâ¥«ì®, ¨ «¨èì¯®â®¬ ç¨â âì à¥è¥¨ï.� è¥ ¯®á®¡¨¥ ï¢«ï¥âáï ¯à ªâ¨ç¥áª¨¬ àãª®¢®¤áâ¢®¬ ¯® à¥è¥¨î§ ¤ ç,   ¥ â¥®à¥â¨ç¥áª¨¬ ªãàá®¬. � á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¯à¨æ¨-¯®¬ ¨ ¯®áâà®¥  áâàãªâãà  ª¨£¨. � â¥à¨ « ¨§« £ ¥âáï â ª, ª ªíâ® ¯à¨ïâ®   á¥¬¨ àáª¨å § ïâ¨ïå: ®á®¢®© ã¯®à ¤¥« ¥âáï  à¥è¥¨¥ § ¤ ç,   â¥®à¥â¨ç¥áª¨¥ á¢¥¤¥¨ï ¯à¨¢®¤ïâáï äà £¬¥â à-® ¨ «¨èì â ¬, £¤¥ ®¨ ¥¯®áà¥¤áâ¢¥® ¨á¯®«ì§ãîâáï. � ª ¯à ¢¨-«®, â¥®à¥¬ë ¢  è¥© ª¨£¥ ¥ ¤®ª §ë¢ îâáï,   â®«ìª® ä®à¬ã«¨àã-îâáï. �áª«îç¥¨¥ á¤¥« ® «¨èì ¤«ï ãâ¢¥à�¤¥¨©, ¤®ª § â¥«ìáâ¢®ª®â®àëå ¨««îáâà¨àã¥â ¬¥â®¤ë, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ à¥è¥¨¨ § ¤ ç.



4 Ǒà¥¤¨á«®¢¨¥�¨â â¥«ï, ª®â®àë© ¨â¥à¥áã¥âáï â¥®à¨¥©, ¬ë ®âáë« ¥¬ ª «¨â¥à -âãà¥, á¯¨á®ª ª®â®à®© ¯à¨¢¥¤¥ ¢ ª®æ¥ ¯®á®¡¨ï.�¨£  ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã. � ¨¡®«¥¥ ¢ � ï ç áâì ¨§-« £ ¥¬®£® ¬ â¥à¨ «  | ¯à¨¬¥àë, á ¡�¥ë¥ à¥è¥¨¥¬. �ã¬¥à -æ¨ï íâ¨å ¯à¨¬¥à®¢ ¢¥¤¥âáï ®â¤¥«ì® ¢ ª �¤®¬ ¯ à £à ä¥. � ª®æ¥¥ª®â®àëå ¯ à £à ä®¢ ¤ îâáï § ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®© à ¡®-âë. �å ®¬¥à  ¨¬¥îâ ä®à¬ â m.n, £¤¥ m | ®¬¥à ¯ à £à ä ,  
n | ®¬¥à § ¤ ç¨. � â¥®à¥â¨ç¥áª¨¬ á¢¥¤¥¨ï¬ ®â®áïâáï ®¯à¥-¤¥«¥¨ï, â¥®à¥¬ë, «¥¬¬ë ¨ ãâ¢¥à�¤¥¨ï. �å ã¬¥à æ¨ï â ª�¥¢¥¤¥âáï ¯® ¯ à £à ä ¬. � â¥ªáâ¥ ¢áâà¥ç îâáï ¥é¥ § ¬¥ç ¨ï ¨á«¥¤áâ¢¨ï. �¨ ¯à¨¢ï§ ë ª ª®ªà¥â®¬ã ®¯à¥¤¥«¥¨î ¨«¨ ãâ¢¥à-�¤¥¨î ¨ ã¬¥àãîâáï ¯® ª �¤®¬ã ¨§ ¨å ®â¤¥«ì®. � ª®æ¥ ª¨£¨¯à¨¢®¤ïâáï á¯¨á®ª à¥ª®¬¥¤ã¥¬®© «¨â¥à âãàë ¨ ®£« ¢«¥¨¥.�¥ª®â®àë¥ ä®à¬ã«ë ¢ ¯®á®¡¨¨ ¯®¬¥ç¥ë ®¬¥à ¬¨, çâ®¡ë  ¨å ¡ë«® ã¤®¡® ááë« âìáï. �ã¬¥à æ¨ï ä®à¬ã« ¢¥¤¥âáï ®â¤¥«ì®¯® ª �¤®© £« ¢¥. �â® �¥ ®â®á¨âáï ¨ ª ã¬¥à æ¨¨ à¨áãª®¢. �®-¥æ à §¡®à  ¯à¨¬¥à  ¨«¨ ¤®ª § â¥«ìáâ¢  ãâ¢¥à�¤¥¨ï ¯®¬¥ç ¥âáïá¨¬¢®«®¬ �.



����� 1. �������������� ����������Ǒ������� Ǒ����������ë ¯à¥¤¯®« £ ¥¬, çâ® ç¨â â¥«ì § ª®¬ á ¯à®áâ¥©è¨¬¨ á¢®©áâ¢ -¬¨ ª®¬¯«¥ªáëå ç¨á¥« ¨ ª®¬¯«¥ªá®§ çëå äãªæ¨©. �ã¤¥¬ ¯à¨-¤¥à�¨¢ âìáï á«¥¤ãîé¨å ®¡®§ ç¥¨©: z = x + iy, f = u + iv, £¤¥
x = Re z, y = Im z, u = Re f, v = Im f .

§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨.�â¥£à «ì ï â¥®à¥¬  �®è¨�¯à¥¤¥«¥¨¥ 1. Ǒãáâì f : [a, b℄ → C | ªãá®ç®-¥¯à¥àë¢ ïäãªæ¨ï, f = u+iv. �â¥£à «®¬ ®â f ¯® ®âà¥§ªã [a, b℄  §ë¢ ¥âáïª®¬¯«¥ªá®¥ ç¨á«®
b
∫

a

f(t) dt = b
∫

a

u(t) dt+ i

b
∫

a

v(t) dt(§ ¬¥â¨¬, çâ® äãªæ¨¨ u ¨ v â ª�¥ ªãá®ç®-¥¯à¥àë¢ë). �®£¤ ¤«ï ªà âª®áâ¨ ¬ë ¡ã¤¥¬ ¯¨á âì ∫ b

a f .� ¬¥ç ¨¥. �§ ®¯à¥¤¥«¥¨ï ¢ëâ¥ª îâ á«¥¤ãîé¨¥ à ¢¥áâ¢ :Re b
∫

a

f(t) dt = b
∫

a

Re f(t) dt = b
∫

a

u(t) dt,Im b
∫

a

f(t) dt = b
∫

a

Im f(t) dt = b
∫

a

v(t) dt,
b
∫

a

f(t) dt = b
∫

a

f(t) dt.�¢®©áâ¢  ¨â¥£à « . Ǒãáâì f, g: [a, b℄ → C | ªãá®ç®-¥¯à¥-àë¢ë¥ äãªæ¨¨.



6 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©1. �¨¥©®áâì. �«ï «î¡ëå λ, µ ∈ C

b
∫

a

(λf + µg) = λ

b
∫

a

f + µ

b
∫

a

g.2. �¤¤¨â¨¢®áâì. �«ï «î¡®£® c ∈ [a, b℄
b
∫

a

f = c
∫

a

f + b
∫

c

f.3. �æ¥ª  ¨â¥£à « .
∣

∣

∣

∣

b
∫

a

f(t) dt∣∣∣
∣

6

b
∫

a

|f(t)| dt.�¯à¥¤¥«¥¨¥ 2. Ǒãâ¥¬ ¢ C  §ë¢ ¥âáï ¥¯à¥àë¢®¥ ®â®¡à -�¥¨¥ γ: [a, b℄ → C, £¤¥ [a, b℄ ⊂ R. �®çª¨ γ(a) ¨ γ(b)  §ë¢ îâáïá®®â¢¥âáâ¢¥®  ç «®¬ ¨ ª®æ®¬ ¯ãâ¨ γ.� ¯®¬¨¬ ç¨â â¥«î ®á®¢ë¥ ¯®ïâ¨ï, á¢ï§ ë¥ á ¯ãâï¬¨.1) �á«¨ γ(a) = γ(b), â® ¯ãâì γ  §ë¢ ¥âáï § ¬ªãâë¬.2) �á«¨ áã�¥¨¥ γ   [a, b) ¢§ ¨¬® ®¤®§ ç®, â® ¯ãâì γ  §ë-¢ ¥âáï ¯à®áâë¬.3) �®�¥áâ¢® �γ = {γ(t): t ∈ [a, b℄}  §ë¢ ¥âáï ®á¨â¥«¥¬ γ.4) �«¨®© ¯ãâ¨ γ  §ë¢ ¥âáï ¢¥àåïï £à ì ¤«¨ \¢¯¨á ëå«®¬ ëå", â® ¥áâì  ¨¬¥ìè ï ¢¥àåïï £à ¨æ  ¬®�¥áâ¢  ¢á¥åáã¬¬ ¢¨¤ 
m−1
∑

j=0 ∣∣γ(tj+1)− γ(tj)∣∣, £¤¥ a = t0 < t1 < . . . < tm = b.�á«¨ ¤«¨  ¯ãâ¨ γ ª®¥ç , â® ®  §ë¢ ¥âáï á¯àï¬«ï¥¬ë¬.5) Ǒãâì γ: [a, b℄ → C  §®¢¥¬ £« ¤ª¨¬, ¥á«¨ äãªæ¨¨ Re γ ¨Im γ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë, ¨ ªãá®ç®-£« ¤ª¨¬, ¥á«¨ Re γ



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 7¨ Im γ ªãá®ç®-¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë   [a, b℄. � ¯®¬¨¬,çâ® äãªæ¨ï f ªãá®ç®-¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬    [a, b℄, ¥á«¨®  ¥¯à¥àë¢    [a, b℄ ¨ áãé¥áâ¢ã¥â â ª®© ª®¥çë©  ¡®à â®ç¥ª
a = a0 < a1 < . . . < am = b, çâ® áã�¥¨¥ f   [ak, ak+1℄ ¥¯à¥àë¢-® ¤¨ää¥à¥æ¨àã¥¬® ¯à¨ «î¡®¬ k ∈ {0, 1, . . . ,m− 1}. Ǒ®«®�¨¬
γ′(t) = (Re γ)′(t) + i(Im γ)′(t) ¤«ï â¥å t ∈ [a, b℄, ¯à¨ ª®â®àëå ¯à ¢ ïç áâì ¨¬¥¥â á¬ëá«.6) Ǒà®áâ®© ªãá®ç®-£« ¤ª¨© ¯ãâì γ ¬ë ¡ã¤¥¬ ¢ ¤ «ì¥©è¥¬  -§ë¢ âì áâ ¤ àâë¬ ¯ãâ¥¬.7) �ãá®ç®-£« ¤ª¨© ¯ãâì γ: [a, b℄ → C á¯àï¬«ï¥¬,   ¥£® ¤«¨ à ¢  b

∫

a

|γ′(t)| dt. �¯à ¢¥¤«¨¢® â ª�¥ à ¢¥áâ¢®
b
∫

a

γ′(t) dt = γ(b)− γ(a).�«ï £« ¤ª®£® ¯ãâ¨ γ ®® ¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë �ìîâ®  { �¥©¡¨-æ ,   ¤«ï ªãá®ç®-£« ¤ª®£® | ¨§  ¤¤¨â¨¢®áâ¨ ¨â¥£à « .�¯à¥¤¥«¥¨¥ 3. �â¥£à « ¯® ¯ãâ¨. Ǒãáâì γ: [a, b℄ → C |ªãá®ç®-£« ¤ª¨© ¯ãâì, f | ¥¯à¥àë¢ ï äãªæ¨ï   ®á¨â¥«¥ γ.�â¥£à «®¬ ®â f ¯® ¯ãâ¨ γ  §ë¢ ¥âáï ç¨á«®
∫

γ

f(z) dz = b
∫

a

f
(

γ(t))γ′(t) dt.� ¬¥ç ¨¥. � ¯à ¢®© ç áâ¨ áâ®¨â ¨â¥£à « ®â ªãá®ç®-¥¯à¥-àë¢®© äãªæ¨¨, ª®â®àë© ¢á¥£¤  áãé¥áâ¢ã¥â ¨ ª®¥ç¥.Ǒà¨¬¥à 1. � ©â¨ ∫
γ

zn dz ¯à¨ n ∈ Z, £¤¥ γ(t) = reit, t ∈ [0, 2π℄(r | ¯®«®�¨â¥«ì®¥ ç¨á«®).�¥è¥¨¥. Ǒãâì γ £« ¤ª¨©,   ¥£® ®á¨â¥«ì | ®ªàã�®áâì à ¤¨-ãá  r. �ãªæ¨ï f(z) = zn ¥¯à¥àë¢  �γ . �®£« á® ®¯à¥¤¥«¥¨î,
∫

γ

zn dz = 2π
∫0 rneint · ireit dt = { 2πi, ¥á«¨ n = −1,0, ¥á«¨ n 6= −1. �



8 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©
0 r−r X

Y

�¨á. 1Ǒà¨¬¥à 2. �ëç¨á«¨âì ∫
γ

ez dz, £¤¥ γ(r) = rei
π4 , r ∈ [0, 1℄.�¥è¥¨¥. Ǒãâì γ £« ¤ª¨©,   ¥£® ®á¨â¥«ì | ®âà¥§®ª. �ãªæ¨ï

f(z) = ez ¥¯à¥àë¢    �γ . �«¥¤®¢ â¥«ì®,
∫

γ

f(z) dz = 1
∫0 ere

−i π4 eiπ4 dr = i
(

e(1−i)/√2 − 1). �Ǒà¨¬¥à 3. � ©â¨ ∫
γ

|z| dz, £¤¥ γ(y) = iy, y ∈ [−1, 1℄.�¥è¥¨¥. �ãªæ¨ï f(z) = |z| ¥¯à¥àë¢    �γ . �®£¤ 
∫

γ

|z| dz = 1
∫

−1 |iy| idy = 2i 1
∫0 y dy = i. �� ¤ ç¨. �ëç¨á«¨âì á«¥¤ãîé¨¥ ¨â¥£à «ë.1. ∫

γ

zn dz ¯à¨ n ∈ Z, £¤¥ γ(t) = eit, t ∈ [0, π℄.�â¢¥â:
{

πi, ¥á«¨ n = −1,(−1)n+1−1
n+1 , ¥á«¨ n 6= −1.



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 92. ∮
γ

z−n dz, £¤¥ n ∈ Z, γ(t) = eit, t ∈ [−2π, 2π℄.�â¢¥â: { 4πi, ¥á«¨ n = 1,0, ¥á«¨ n 6= 1.3. Re(∮
γ

ez−
1
z dz

), £¤¥ γ(t) = eit, t ∈ [−π, π℄.�â¢¥â: 0.4. ∮
γ

os(z) dz, £¤¥ ¯ãâì γ ¯®ª §    à¨áãª¥ 2.
0 1

i

X

Y

γ�¨á. 2� «¨â¨ç¥áª¨ γ § ¤ ¥âáï á«¥¤ãîé¥© ä®à¬ã«®©:
γ(t) =





t, ¥á«¨ t ∈ [0, 1℄,1 + i(t− 1), ¥á«¨ t ∈ [1, 2℄,
e

iπ4 (2 +√2− t
)

, ¥á«¨ t ∈
[2, 2 +√2 ].�â¢¥â: (2− (i+ 1) h 1) · sin 1 + (i− 1) · os 1 · sh 1.�¯à¥¤¥«¥¨¥ 4. Ǒãâ¨ γ ¨ γ1, § ¤ ë¥ á®®â¢¥âáâ¢¥®   [a, b℄¨ [a1, b1℄,  §ë¢ îâáï íª¢¨¢ «¥âë¬¨ (γ ∼ γ1), ¥á«¨ áãé¥áâ¢ã¥â®â®¡à �¥¨¥ τ : [a, b℄ → [a1, b1℄ á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:1) τ | ¥¯à¥àë¢ ï ¨ ¢®§à áâ îé ï äãªæ¨ï;2) τ(a) = a1, τ(b) = b1;3) ¤«ï «î¡®£® t ∈ [a, b℄ ¢¥à® à ¢¥áâ¢® γ1(τ(t)) = γ(t).� ¬¥ç ¨¥ 1. �á«¨ ¯ãâ¨ γ ¨ γ1 ªãá®ç®-£« ¤ª¨¥, â® ¥®¡å®¤¨¬®¤®¯®«¨â¥«ì® ¯®âà¥¡®¢ âì, çâ®¡ë â ª®¢ë¬ ¡ë«® ¨ ®â®¡à �¥¨¥ τ .



10 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©�¥âàã¤® ¯à®¢¥à¨âì, çâ® íª¢¨¢ «¥â®áâì ¯ãâ¥© âà §¨â¨¢ : ¨§ãá«®¢¨© γ1 ∼ γ2 ¨ γ2 ∼ γ3 á«¥¤ã¥â γ1 ∼ γ3.� ¬¥ç ¨¥ 2. �®á¨â¥«¨ íª¢¨¢ «¥âëå ¯ãâ¥© á®¢¯ ¤ îâ: ¥á«¨
γ ∼ γ1, â® �γ = �γ1 .� ¬¥ç ¨¥ 3. �á«¨ ªãá®ç®-£« ¤ª¨¥ ¯ãâ¨ γ ¨ γ1 íª¢¨¢ «¥âë,  äãªæ¨ï f ¥¯à¥àë¢    ¨å ®¡é¥¬ ®á¨â¥«¥, â®

∫

γ

f(z) dz = ∫
γ1 f(z) dz.� ¬¥ç ¨¥ 4. Ǒãáâì γ: [a, b℄ → C | ¯à®áâ®© ¯ãâì, c ∈ (a, b),  ¯à®áâë¥ ¯ãâ¨ γ1 ¨ γ2 íª¢¨¢ «¥âë áã�¥¨ï¬ γ   [a, c℄ ¨ [c, b℄á®®â¢¥âáâ¢¥®. �®£¤ 

∫

γ

f = ∫
γ1 f + ∫

γ2 f.�¯à¥¤¥«¥¨¥ 5. Ǒãáâì � | ®á¨â¥«ì áâ ¤ àâ®£® ¯ãâ¨.1) � §®¢¥¬ ®à¨¥â æ¨¥© � ª« áá íª¢¨¢ «¥âëå áâ ¤ àâëå¯ãâ¥© á ®á¨â¥«¥¬ �. �®�¥áâ¢® � á ¢¢¥¤¥®©   ¥¬ ®à¨¥â æ¨¥© §ë¢ ¥âáï áâ ¤ àâ®© ®à¨¥â¨à®¢ ®© ªà¨¢®©.2) �¯à¥¤¥«¨¬ ¨â¥£à « ¯® � ä®à¬ã«®©
∫� f(z) dz = ∫

γ

f(z) dz,£¤¥ γ | ¯ãâì ¨§ ª« áá , ®¯à¥¤¥«ïîé¥£® ®à¨¥â æ¨î �. � á¨«ã§ ¬¥ç ¨ï 3 â ª®¥ ®¯à¥¤¥«¥¨¥ ª®àà¥ªâ®.Ǒà¨¬¥à 4. �ëç¨á«¨âì ∫
γ

|z|2, ¥á«¨ ®á¨â¥«ì ¯ãâ¨ γ | ®âà¥§®ª,á®¥¤¨ïîé¨© â®çª¨ 1 + i ( ç «® ¯ãâ¨) ¨ −1 + 2i (ª®¥æ ¯ãâ¨).�¥è¥¨¥. Ǒ à ¬¥âà¨§ã¥¬ íâ®â ®âà¥§®ª â ª:
γ(t) = t(2i− 1) + (1− t)(1 + i) = (1− 2t) + i(1 + t), t ∈ [0, 1℄.



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 11�®£¤  γ | £« ¤ª¨© ¯ãâì. �ãªæ¨ï f(z) = |z|2 ¥¯à¥àë¢    �γ .� ¬¥â¨¬, çâ® γ′(t) = i− 2,  
f
(

γ(t)) = (1− 2t)2 + (t+ 1)2 = 5t2 − 2t+ 2.�«¥¤®¢ â¥«ì®,
∫

γ

|z|2 = (i− 2) 1
∫0 (5t2 − 2t+ 2) dt = 8(i− 2)3 . �� ¯ãâ¥¬ γ: [a, b℄ → C á¢ï�¥¬ ¯ãâì γ−(t) = γ(a+ b− t). �á®, çâ®�γ = �γ− , γ(a) = γ−(b), γ(b) = γ−(a).�¯à¥¤¥«¥¨¥ 6. Ǒãâ¨ γ: [a, b℄ → C ¨ η: [c, d℄ → C  §ë¢ îâáï¯à®â¨¢®¯®«®�®  ¯à ¢«¥ë¬¨, ¥á«¨ η ∼ γ−.� ¬¥ç ¨¥ 1. �á«¨ ªãá®ç®-£« ¤ª¨¥ ¯ãâ¨ γ ¨ η ¯à®â¨¢®¯®«®�-®  ¯à ¢«¥ë, â® ¤«ï «î¡®© äãªæ¨¨ f , ¥¯à¥àë¢®©   �γ , ¢¥à®à ¢¥áâ¢®

∫

γ

f(z) dz = −
∫

η

f(z) dz.� ç áâ®áâ¨, ¨â¥£à «ë ¯® γ ¨ γ− à §«¨ç îâáï § ª®¬.� ¬¥ç ¨¥ 2. �á«¨ ¯à®áâë¥ ¯ãâ¨ γ1 ¨ γ2 ¨¬¥îâ ®¡é¨© ®á¨-â¥«ì � ⊂ C, â® íâ¨ ¯ãâ¨ «¨¡® íª¢¨¢ «¥âë, «¨¡® ¯à®â¨¢®¯®«®�® ¯à ¢«¥ë.� ª¨¬ ®¡à §®¬,   áâ ¤ àâ®© ®à¨¥â¨à®¢ ®© ªà¨¢®© áãé¥-áâ¢ãîâ à®¢® ¤¢¥ ®à¨¥â æ¨¨, ¯®à®�¤ ¥¬ë¥ ¯ãâï¬¨ γ ¨ γ−. Ǒà¨á¬¥¥ ®à¨¥â æ¨¨ ªà¨¢®© ¨â¥£à « ¯® ¥© ¬¥ï¥â § ª.�¯à¥¤¥«¥¨¥ 7. 1) �®�¥áâ¢® G ⊂ C  §ë¢ ¥âáï «¨¥©®á¢ï§ë¬, ¥á«¨ ¤«ï «î¡ëå â®ç¥ª z0, z1 ∈ G áãé¥áâ¢ã¥â â ª®© ¯ãâì
γ: [a, b℄→ G, çâ® γ(a) = z0, γ(b) = z1.2) �®�¥áâ¢®G ⊂ C  §ë¢ ¥âáï ®¡« áâìî ¢ C, ¥á«¨ ®® ®âªàëâ®¢ C ¨ «¨¥©® á¢ï§®.



12 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©�¥®à¥¬  1 (�®à¤ ). �áïª¨© ¯à®áâ®© § ¬ªãâë© ¯ãâì à §-¡¨¢ ¥â ¯«®áª®áâì C   ¤¢¥ ®¡« áâ¨.�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¬®�®  ©â¨ ¢ [9℄ (á¬. £« ¢ã 2).� ¬¥ç ¨¥. Ǒ¥à¥ä®à¬ã«¨àã¥¬ â¥®à¥¬ã ¯®¤à®¡¥¥: ¥á«¨ γ |¯à®áâ®© § ¬ªãâë© ¯ãâì, � | ¥£® ®á¨â¥«ì, â® áãé¥áâ¢ãîââ ª¨¥ ®¡« áâ¨ G ¨ G0 ¢ C, çâ®1) G ∩G0 = ∅;2) ∂G = ∂G0 = �;3) G ∪G0 ∪ � = C;4) G0 | ®£à ¨ç¥ ï ®¡« áâì ¢ C.�ë ¡ã¤¥¬  §ë¢ âì G0 ¢ãâà¥®áâìî ¯ãâ¨ γ ¨ ®¡®§ ç âì á¨¬-¢®«®¬ Gγ0 . Ǒãâì γ  §ë¢ ¥âáï ¯®«®�¨â¥«ì® ®à¨¥â¨à®¢ ë¬,¥á«¨ ¯à¨ ¢®§à áâ ¨¨ ¯ à ¬¥âà  t â®çª  γ(t) ¤¢¨�¥âáï â ª, çâ® ®¡-« áâì Gγ0 ®áâ ¥âáï á«¥¢ . � ª¨¬ ®¡à §®¬, á ¯ãâ¥¬ γ á¢ï§ ë ¤¢ ®¡ê¥ªâ : ®á¨â¥«ì �γ ¨ ¯®«®�¨â¥«ì®¥  ¯à ¢«¥¨¥ ¥£® ®¡å®¤ .�ë ¡ã¤¥¬  §ë¢ âì íâã ¯ àã ®à¨¥â¨à®¢ ®© £à ¨æ¥© Gγ0 .�¯à¥¤¥«¥¨¥ 8. �£à ¨ç¥®¥ ¬®�¥áâ¢® E ⊂ C  §ë¢ ¥â-áï ®¤®á¢ï§ë¬, ¥á«¨ ®® ¥áâì ¢ãâà¥®áâì ¥ª®â®à®£® ¯à®áâ®£®§ ¬ªãâ®£® ¯ãâ¨.� ¬¥ç ¨¥. �á«¨ G| ®¤®á¢ï§ ï ®¡« áâì, γ | ¯à®áâ®© § ¬ª-ãâë© ¯ãâì, ®á¨â¥«ì ª®â®à®£® «¥�¨â ¢ G, â® ¢ãâà¥®áâì γ â ª�¥á®¤¥à�¨âáï ¢ G.�¯à¥¤¥«¥¨¥ 9. Ǒãáâì ¬®�¥áâ¢® G ®âªàëâ® ¢ C, f : � → C.1) �ãªæ¨ï f  §ë¢ ¥âáï à¥£ã«ïà®© ¢ â®çª¥ z ∈ G, ¥á«¨ ® ¤¨ää¥à¥æ¨àã¥¬  ¯® ª®¬¯«¥ªá®© ¯¥à¥¬¥®© ¢ â®çª¥ z.2) �ãªæ¨ï f  §ë¢ ¥âáï à¥£ã«ïà®©   G, ¥á«¨ ®  à¥£ã«ïà ¢ ª �¤®© â®çª¥ G.Ǒ®¤à®¡® ª®¬¯«¥ªá ï ¤¨ää¥à¥æ¨àã¥¬®áâì ®¡áã�¤ ¥âáï ¢ [10℄(á¬. § 1 £« ¢ë 10).�¥®à¥¬  2. �â¥£à «ì ï â¥®à¥¬  �®è¨. Ǒãáâì G |®¤®á¢ï§ ï ®¡« áâì ¢ C, äãªæ¨ï f à¥£ã«ïà    G. �®£¤  ¤«ï«î¡®£® § ¬ªãâ®£® áâ ¤ àâ®£® ¯ãâ¨ γ á ®á¨â¥«¥¬ ¢ G
∮

γ

f(z) dz = 0.



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 13�«¥¤áâ¢¨¥ 1. �«ï äãªæ¨¨ f , à¥£ã«ïà®© ¢ ®¤®á¢ï§®© ®¡-« áâ¨ G, ¨â¥£à « ¯® áâ ¤ àâ®¬ã ¯ãâ¨ γ ( �γ ⊂ G) § ¢¨á¨â«¨èì ®â  ç «  ¨ ª®æ  íâ®£® ¯ãâ¨.�«¥¤áâ¢¨¥ 2. � äãªæ¨¨ f , à¥£ã«ïà®© ¢ ®¤®á¢ï§®© ®¡« -áâ¨ G, áãé¥áâ¢ã¥â ¯¥à¢®®¡à § ï F (â® ¥áâì äãªæ¨ï F : G → C,¤«ï ª®â®à®© F ′ = f   G).�«¥¤áâ¢¨¥ 3. Ǒãáâì äãªæ¨ï f à¥£ã«ïà  ¢ ®¡« áâ¨ G, γ1 ¨
γ2 | ¤¢  â ª¨å áâ ¤ àâëå § ¬ªãâëå ¯®«®�¨â¥«ì® ®à¨¥-â¨à®¢ ëå ¯ãâ¨ ¢ G, çâ®�γ2 ⊂ Gγ10 , Gγ10 \Gγ20 ⊂ G,£¤¥ Gγ10 ¨ Gγ20 | ¢ãâà¥®áâ¨ á®®â¢¥âáâ¢ãîé¨å ¯ãâ¥©. �®£¤ 

∮

γ1 f(z) dz = ∮
γ2 f(z) dz.�®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¨ ¥¥ á«¥¤áâ¢¨© â ª�¥ ¬®�®  ©â¨ ¢[10℄ (á¬. § 1 £« ¢ë 10).Ǒà¨¬¥à 5. �ëç¨á«¨âì á ¯®¬®éìî â¥®à¥¬ë �®è¨ ¨â¥£à «ë�à¥¥«ï: +∞

∫0 osx2 dx ¨ +∞
∫0 sinx2 dx.

0 R

Reiπ/4

X

Y

γR�¨á. 3



14 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©�¥è¥¨¥. �áª®¬ë¥ ¨â¥£à «ë ï¢«ïîâáï á®®â¢¥âáâ¢¥® ¢¥é¥-áâ¢¥®© ¨ ¬¨¬®© ç áâï¬¨ ¨â¥£à «  +∞
∫0 eix

2
dx, ª®â®àë© ¯® ®¯à¥-¤¥«¥¨î à ¢¥ ¯à¥¤¥«ã ¥£® ç áâ¨çëå ¨â¥£à «®¢ ¯® ®âà¥§ªã [0, R℄.� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«® R. � ¬ ¯® ¤®-¡¨âáï ¨â¥£à « �©«¥à  { Ǒã áá® :+∞

∫0 e−x2 dx = √
π2 .�â  ä®à¬ã«  ¢ë¢®¤¨« áì ¢ ªãàá¥ ¬ â¥¬ â¨ç¥áª®£®   «¨§ . � á-á¬®âà¨¬ à¥£ã«ïàãî   C äãªæ¨î f(z) = exp(iz2). � ¬¥â¨¬, çâ®Re f(x) = osx2, Im f(x) = sinx2 ¯à¨ x ∈ R.�¢¥¤¥¬ § ¬ªãâë© ¯ãâì γR, ¯®ª § ë©   à¨áãª¥ 3. �ë¡®à¯ãâ¨ ¨â¥£à¨à®¢ ¨ï ®¡êïáï¥âáï â¥¬, çâ® ¨áª®¬ë¥ ¥á®¡áâ¢¥ë¥¨â¥£à «ë ¯®¨¬ îâáï á®®â¢¥âáâ¢¥® ª ªlim

R→+∞

R
∫0 Re f(x) dx ¨ lim

R→+∞

R
∫0 Im f(x) dx,  ¯à¨ z = reiπ/4, r ∈ [0, R℄ ¢¥à® à ¢¥áâ¢® f(z) = e−|z|2 = e−r2 .Ǒãâì γR | § ¬ªãâë© áâ ¤ àâë©, ¨ ¯® ¨â¥£à «ì®© â¥®à¥¬¥�®è¨

∮

γR

f(z) dz = 0 ¤«ï «î¡®£® R > 0.C ¤àã£®© áâ®à®ë, íâ®â ¨â¥£à « à ¢¥ áã¬¬¥
R
∫0 (osx2 + i sinx2) dx+ ∫

|z|=R,06arg z6π/4 eiz
2
dz + eiπ/4 0

∫

R

e−r2 dr.



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 15�¡®§ ç¨¬ áà¥¤¥¥ á« £ ¥¬®¥ ¢ íâ®© áã¬¬¥ á¨¬¢®«®¬ IR. �®£¤ 
|IR| = ∣∣∣

∣

π/4
∫0 eiR

2(os 2t+i sin 2t)iReit dt

∣

∣

∣

∣

6

6

π/4
∫0 ∣

∣

∣
eR

2(os 2t+i sin 2t)∣∣
∣
Rdt = π/4

∫0 e−R2 sin 2tRdt.� ª ª ª sinx > 2x/π ¯à¨ x ∈ [0, π2 ℄,
|IR| 6 R

π/4
∫0 e−R2·4t/π dt = π4R (1− e−R2)(íâ  ®æ¥ª  | ç áâë© á«ãç © ãâ¢¥à�¤¥¨ï «¥¬¬ë �®à¤  , ª®-â®à ï ¡ã¤¥â ¤®ª §   ¤ «¥¥). �«¥¤®¢ â¥«ì®, IR → 0 ¯à¨ R → +∞.Ǒà¥¤¥«ìë© ¯¥à¥å®¤ ¢ ¢ëà �¥¨¨ ¤«ï ∮

γR

f(z) dz ¤ ¥â0 = lim
R→+∞

R
∫0 (osx2 + i sinx2) dx− lim

R→+∞
eiπ/4 R

∫0 e−r2 dr.�á¯®«ì§ãï ¨â¥£à « �©«¥à  { Ǒã áá®  ¨ ¯à¨à ¢¨¢ ï ¢ ¯®á«¥¤¥¬à ¢¥áâ¢¥ ¢¥é¥áâ¢¥ë¥ ¨ ¬¨¬ë¥ ç áâ¨, ¬ë ¯®«ãç¨¬, çâ®+∞
∫0 osx2 dx = +∞

∫0 sinx2 dx = √
π2√2 . �Ǒà¨¬¥à 6. �ëç¨á«¨âì

I = 2π
∫0 dt

a2 os2 t+ b2 sin2 t , £¤¥ a, b > 0.�¥è¥¨¥. Ǒãáâì z(t) = a os t+ ib sin t, t ∈ [0, 2π℄. � ¬¥â¨¬, çâ®
z′

z
= −a sin t+ ib os t

a os t+ ib sin t = (b2 − a2) os t sin t+ iab

a2 os2 t+ b2 sin2 t



16 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©(¢® ¢â®à®¬ ¯¥à¥å®¤¥ ¬ë ¤®¬®�¨«¨ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì   z).� ª¨¬ ®¡à §®¬, ¬¨¬ ï ç áâì z′

z
ªà â  ¯®¤ëâ¥£à «ì®© äãªæ¨¨¢ I á ª®íää¨æ¨¥â®¬ ab.� áá¬®âà¨¬ ¯ãâ¨ γ1 ¨ γ2, ¯®ª § ë¥   à¨áãª¥ 4. �¨ § ¤ -îâáï à ¢¥áâ¢ ¬¨

γ1(t) = ε(os t+ i sin t), γ2(t) = a os t+ ib sin t, t ∈ [0, 2π℄,£¤¥ 0 < ε < min{a, b}. � á¨«ã á«¥¤áâ¢¨ï 3 ¨â¥£à «ì®© â¥®à¥¬ë�®è¨
abI = Im 2π

∫0 (b2 − a2) os t sin t+ iab

a2 os2 t+ b2 sin2 t dt = Im ∮
γ2 dz

z
= Im ∮

γ1 dz

z
.�á¯®«ì§ã¥¬ à¥§ã«ìâ â ¯à¨¬¥à  1, ¬ë ¯®«ãç¨¬

I = 1
ab

· Im ∮
γ1 dz

z
= Im(2πi)

ab
= 2π

ab
. �

0 ε a

b

X

Y

γ1

γ2

�¨á. 4Ǒà¨¬¥à 7. Ǒà¨ b ∈ R ¢ëç¨á«¨âì
I(b) = +∞

∫0 e−x2 os 2bx dx.



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 17�¥è¥¨¥. � äãªæ¨¨ e−x2−2bxi ¬¨¬ ï ç áâì ¥ç¥â ,   ¢¥é¥-áâ¢¥ ï ç¥â  ¨ á®¢¯ ¤ ¥â á ¯®¤ëâ¥£à «ì®© äãªæ¨¥© ¢ I(b).Ǒ®íâ®¬ã
I(b) = 12 +∞

∫

−∞

e−x2−2bxi dx = e−b22 +∞
∫

−∞

e−(x+bi)2 dx.� áá¬®âà¨¬ äãªæ¨î f(z) = e−z2 , à¥£ã«ïàãî ¢ C. �«ï «î¡®£®
R > 0 ®¯à¥¤¥«¨¬ áâ ¤ àâë© § ¬ªãâë© ¯ãâì γR, ¯®ª § ë©áâà¥«ª ¬¨   à¨áãª¥ 5.

0 R−R

ib

X

Y

γR�¨á. 5Ǒ® ¨â¥£à «ì®© â¥®à¥¬¥ �®è¨ ∮
γR

f(z) dz = 0. � ¤àã£®© áâ®à®ë,¨á¯®«ì§ãï ¤«ï ª �¤®£® ®âà¥§ª  ¯ãâ¨ á¢®î ¯ à ¬¥âà¨§ æ¨î, ¢ á¨«ã ¤¤¨â¨¢®áâ¨ ¨â¥£à «  ¬ë ¯®«ãç¨¬0 = R
∫

−R

e−x2 dx+ b
∫0 e−(R+iy)2 idy + −R

∫

R

e−(x+bi)2 dx+ 0
∫

b

e−(iy−R)2 idy.Ǒ®ª �¥¬, çâ® ¯à¨ R → +∞ ¢â®à®© ¨ ç¥â¢¥àâë© ¨â¥£à «ë ¢ ¯à -¢®© ç áâ¨ áâà¥¬ïâáï ª ã«î. �¥©áâ¢¨â¥«ì®,
∣

∣

∣

∣

b
∫0 e−R2+y2∓2Riy dy

∣

∣

∣

∣

6

b
∫0 e−R2+y2dy 6

b eb
2

eR2 → 0 ¯à¨ R → +∞.Ǒ¥à¢ë© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ áâà¥¬¨âáï ª ¨â¥£à «ã �©«¥à  {Ǒã áá® , à ¢®¬ã √
π. Ǒ®íâ®¬ã ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¯à¨ R → +∞



18 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©¤ ¥â0 = √
π −

+∞
∫

−∞

e−(x+bi)2 dx = √
π − 2eb2I(b), ¨ I(b) = √

π2 e−b2 . �Ǒà¨¬¥à 8. Ǒà¨ a > 0, a 6= 1 ¢ëç¨á«¨âì ¨â¥£à «
J(a) = π

∫0 x sinx dx1− 2a osx+ a2 .
0 π−π

in

X

Y

γn�¨á. 6�¥è¥¨¥. Ǒ®áª®«ìªã J(a) = J(1/a)/a2, ¬ë ®£à ¨ç¨¬áï à á-á¬®âà¥¨¥¬ á«ãç ï 0 < a < 1. � ¬¥â¨¬, çâ®1− 2a osx+ a2 = (a− e−ix)(a− eix).� ª ª ª ¨â¥£à « ®â ¥ç¥â®© äãªæ¨¨ ¯® ®âà¥§ªã [−π, π℄ à ¢¥ã«î,
π
∫

−π

x

a− e−ix
dx = π

∫

−π

x(a− eix)
a2 − 2a osx+ 1 dx == π

∫

−π

x(a − osx)− ix sinx
a2 − 2a osx+ 1 dx = −2i π

∫0 x sinx1− 2a osx+ a2 dx,



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 19®âªã¤  J(a) = i2 π
∫

−π

x

a− e−ix
dx.� áá¬®âà¨¬ äãªæ¨î f(z) = z

a− e−iz
¨ § ¬ªãâë© ¯ãâì γn, ¯®-ª § ë©   à¨áãª¥ 6. �®á¨â¥«ì ¯ãâ¨ | £à ¨æ  ¯àï¬®ã£®«ì¨ª á ¢¥àè¨ ¬¨ ¢ â®çª å

z1 = −π + i0, z2 = π + i0, z3 = π + in, z4 = −π + in, n ∈ N.�á®¡ë¥ â®çª¨ ¤à®¡¨ f(z) | ã«¨ § ¬¥ â¥«ï: ak = i lna + 2πk,£¤¥ k ∈ Z. � ª ª ª ln a < 0, ®¨ «¥� â ¢¥ ¯àï¬®ã£®«ì¨ª , ®£à -¨ç¥®£® ®á¨â¥«¥¬ γn. �«¥¤®¢ â¥«ì®, äãªæ¨ï f à¥£ã«ïà   ¥ª®â®à®© ®¡« áâ¨ G, á®¤¥à� é¥© ¯àï¬®ã£®«ì¨ª, ¨ γn | áâ -¤ àâë© § ¬ªãâë© ¯ãâì, ¢å®¤ïé¨© ¢ G ¢¬¥áâ¥ á® á¢®¥© ¢ãâà¥-®áâìî. Ǒ® ¨â¥£à «ì®© â¥®à¥¬¥ �®è¨ ¨â¥£à « ®â f ¯® γn à ¢¥ã«î. � ¤àã£®© áâ®à®ë, § ¯¨è¥¬ íâ®â ¨â¥£à « ª ª áã¬¬ã ¨â¥-£à «®¢ ¯® áâ®à® ¬ ¯àï¬®ã£®«ì¨ª . �®£¤ 0 = ∮
γn

f(z) dz = π
∫

−π

x

a− e−ix
dx−

π
∫

−π

x+ in

a− e−ix+n
dx++ n

∫0 π + iy

a+ ey
idy −

n
∫0 −π + iy

a+ ey
idy.�ë ¨á¯®«ì§®¢ «¨ à ¢¥áâ¢® e∓iπ = −1. �â®à®© ¨â¥£à « ¢ ¯à ¢®©ç áâ¨ áâà¥¬¨âáï ª ã«î ¯à¨ n → +∞, â ª ª ª ¥£®  ¡á®«îâ ï¢¥«¨ç¨  ¥ ¯à¥¢®áå®¤¨â 2π · π+n

en−a . �à¥â¨© ¨ ç¥â¢¥àâë© ¨â¥£à «ë¢ áã¬¬¥ ¤ îâ2πi n
∫0 dy

a+ ey
→ 2πi +∞

∫0 dy

a+ ey
= 2πi ln(1 + a)

a
(n → +∞)(¯®á«¥¤¨© ¯¥à¥å®¤ «¥£ª® ¯à®¢¥àï¥âáï á ¯®¬®éìî § ¬¥ë ¯¥à¥¬¥-®© t = ey). Ǒ¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ n → +∞, ¬ë ¯®«ãç¨¬

J(a) = i2 π
∫

−π

x

a− e−ix
dx = −2πi ln(1 + a)

a
· i2 = π ln(1 + a)

a
,



20 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©£¤¥ 0 < a < 1. �� ¤ «ì¥©è¥¬  ¬ ¯®âà¥¡ã¥âáï ®æ¥ª  ¨â¥£à «®¢ ®â äãªæ¨©á¯¥æ¨ «ì®£® ¢¨¤  ¯® ¤ã£ ¬ ®ªàã�®áâ¨. �®ª �¥¬ á®®â¢¥âáâ¢ãî-é¥¥ ãâ¢¥à�¤¥¨¥.�¥¬¬  1 (�®à¤ ). Ǒãáâì b ∈ R, R0 > 0.1) �á«¨ äãªæ¨ï f ¥¯à¥àë¢    ¬®�¥áâ¢¥
G = {z ∈ C: Im z > −b, |z| > R0}¨ lim

z→∞,
z∈G

f(z) = 0, â® ¤«ï «î¡®£® a > 0lim
R→+∞

∫

|z|=R,
z∈G

f(z)eiaz dz = 0.2) �á«¨ äãªæ¨ï f ¥¯à¥àë¢    ¬®�¥áâ¢¥
E = {z: |z| > R0, Re z > −b}¨ lim

z→∞,
z∈E

f(z) = 0, â® ¤«ï «î¡®£® a > 0lim
R→+∞

∫

|z|=R,
z∈E

f(z)e−az dz = 0.
R−R

−b

s X

Y

γR

�¨á. 7



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 21�®ª § â¥«ìáâ¢®. �â®à®¥ ãâ¢¥à�¤¥¨¥ ¥áâì á«¥¤áâ¢¨¥ ¯¥à¢®£®¨ ¯®«ãç ¥âáï ¨§ ¥£® ¯®á«¥ § ¬¥ë ¯¥à¥¬¥ëå z = iz1, z1 ∈ E, â®¥áâì ¯®¢®à®â®¬ ¯ãâ¨ ¨â¥£à¨à®¢ ¨ï   π2 . Ǒ®íâ®¬ã ¬ë ®£à ¨-ç¨¬áï ¤®ª § â¥«ìáâ¢®¬ ¯¥à¢®£® ãâ¢¥à�¤¥¨ï. Ǒ® ãá«®¢¨î «¥¬¬ë¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥ Rε, çâ® ¥á«¨ z ∈ G, |z| > Rε,â® |f(z)| < ε. � áá¬®âà¨¬ ¯ãâì γR, ¯®ª § ë©   à¨áãª¥ 7 (®á®®â¢¥âáâ¢ã¥â á«ãç î b > 0). Ǒ®« £ ï s = arsin b
R , ¬ë ¬®�¥¬¯ à ¬¥âà¨§®¢ âì íâ®â ¯ãâì:

γR(t) = Reit, t ∈ [−s, π + s℄.�®á¨â¥«¥¬ γR ï¢«ï¥âáï ¤ã£  ®ªàã�®áâ¨ {z: |z| = R, Im z > −b}.�®£¤  ¯à¨ R > Rε

∫

γR

f(z)eiaz dz = π+s
∫

−s

f
(

Reit
)

eiRa(os t+i sin t)iReit dt.�æ¥¨¬ ¬®¤ã«ì íâ®£® ¨â¥£à «  ¯à¨ R > Rε, ¨á¯®«ì§ãï á¨¬¬¥âà¨î£à ä¨ª  äãªæ¨¨ sin t ®â®á¨â¥«ì® ¯àï¬®© t = π2 :
∣

∣

∣

∣

∫

γR

f(z)eiaz dz∣∣∣
∣

6 εR

π+s
∫

−s

e−aR sin t dt = 2εR π/2
∫

−s

e−aR sin t dt.�¡®§ ç¨¬ ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ §  I(R). �®áâ â®ç® ¤®ª § âì,çâ® ¯à®¨§¢¥¤¥¨¥ R · I(R) ®£à ¨ç¥® (â®£¤  ãâ¢¥à�¤¥¨¥ «¥¬¬ë�®à¤   ¡ã¤¥â ¢ëâ¥ª âì ¨§ ®¯à¥¤¥«¥¨ï ¯à¥¤¥« ). �®�® áç¨-â âì, çâ® b > 0 (â® ¥áâì s > 0). �¥©áâ¢¨â¥«ì®, ¢ á«ãç ¥ s < 0§ ¬¥  s   −s ã¢¥«¨ç¨¢ ¥â ¯à®¬¥�ãâ®ª ¨â¥£à¨à®¢ ¨ï ¢ I(R),  § ç¨â, ¨ á ¬ I(R). � á¨«ã  ¤¤¨â¨¢®áâ¨ ¨â¥£à « 
R · I(R) = R

(

0
∫

−s

+ π/2
∫0 e−aR sin t dt

)

.�á®, çâ® |R sin t| 6 b ¯à¨ t ∈ [−s, 0℄ ¨ s = arsin b
R 6 πb2R . Ǒ®íâ®¬ã

R

0
∫

−s

e−aR sin t dt 6 R

0
∫

−s

eab dt = Reabs 6
πb2 eab.



22 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©� ª¨¬ ®¡à §®¬, ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¢ëà �¥¨¨ ¤«ï R ·I(R) ®£à ¨-ç¥®. �«ï ®æ¥ª¨ ¢â®à®£® á« £ ¥¬®£® ¢®á¯®«ì§ã¥¬áï ¥à ¢¥áâ¢®¬sin t > 2t
π ¯à¨ t ∈

[0, π2 ]. �ë ¯®«ãç¨¬
R

π/2
∫0 e−aR sin t dt 6 R

π/2
∫0 e−aR·2t/π dt = π2a (1− e−aR

)

6
π2a .�§ ¯®«ãç¥ëå ®æ¥®ª ¢ëâ¥ª ¥â, çâ® ¯à®¨§¢¥¤¥¨¥ R · I(R) ®£à ¨-ç¥®. �¥¬¬  ¤®ª §  . ��¥®à¥¬  3 (�®è¨). Ǒãáâì äãªæ¨ï f à¥£ã«ïà  ¢ ®¡« áâ¨ G,

γ | áâ ¤ àâë© § ¬ªãâë© ¯ãâì, ¯à¨ ¤«¥� é¨© íâ®© ®¡« -áâ¨ ¢¬¥áâ¥ á® á¢®¥© ¢ãâà¥®áâìî Gγ0 . �®£¤ 
f(z) = 12πi ∫

γ

f(u)
u− z

du ¤«ï «î¡®£® z ∈ Gγ0 .�â  ä®à¬ã«   §ë¢ ¥âáï ¨â¥£à «ì®© ä®à¬ã«®© �®è¨,   áâ®-ïé¨© á¯à ¢  ¨â¥£à « | ¨â¥£à «®¬ �®è¨.�«¥¤áâ¢¨¥ 1. �«ï «î¡ëå a ∈ G ¨ n ∈ N áãé¥áâ¢ã¥â ¯à®¨§-¢®¤ ï f (n)(a), ¨ ®  à ¢ 
f (n)(a) = n!2πi ∫

γ

f(u)(u− a)n+1 du,£¤¥ γ | ¯à®¨§¢®«ìë© áâ ¤ àâë© § ¬ªãâë© ¯ãâì ¢ G, ¤«ïª®â®à®£® a ∈ Gγ0 ⊂ G.�«¥¤áâ¢¨¥ 2. �¥£ã«ïà ï ¢ ®¡« áâ¨ G äãªæ¨ï f ï¢«ï¥âáïâ ¬   «¨â¨ç¥áª®©, â® ¥áâì ¤«ï «î¡®© â®çª¨ a ∈ G áãé¥áâ¢ã-îâ ®ªà¥áâ®áâì íâ®© â®çª¨ Va ⊂ G ¨ ¯®á«¥¤®¢ â¥«ì®áâì ª®íä-ä¨æ¨¥â®¢ {cn}n∈Z+ , ¤«ï ª®â®àëå
f(z) = ∞

∑

n=0 cn(z − a)n,



§ 1. �â¥£à « ®â ª®¬¯«¥ªá®§ ç®© äãªæ¨¨. 23¯à¨ç¥¬ àï¤  ¡á®«îâ® áå®¤¨âáï ¯à¨ ¢á¥å z ∈ Va.�®ª § â¥«ìáâ¢  â¥®à¥¬ë 3 ¨ ¥¥ á«¥¤áâ¢¨© ¬®�®  ©â¨ ¢ [10℄(á¬. § 2 £« ¢ë 10).Ǒà¨¬¥à 9. �ëç¨á«¨âì ¨â¥£à « ∮

|z|=3 z(z − 1)(z − 2) dz.�¥è¥¨¥. Ǒà¥¤áâ ¢¨¬ ¯®¤ëâ¥£à «ìãî äãªæ¨î ¢ ¢¨¤¥ à §-®áâ¨ äãªæ¨© g(z) = 2
z−2 ¨ f(z) = 1

z−1 . �®£¤  ¤®áâ â®ç®  ©â¨¨â¥£à «ë ®â íâ¨å äãªæ¨©. Ǒ® â¥®à¥¬¥ �®è¨
∮

|z|=3 f(z) dz = 2πi · 1 ¨ ∮

|z|=3 g(z) dz = 2πi · 2,â ª ª ª â®çª¨ 1 ¨ 2 «¥� â ¢ãâà¨ ª®âãà  ¨â¥£à¨à®¢ ¨ï. � §-®áâì íâ¨å ¨â¥£à «®¢ ¨ ¤ ¥â ¨áª®¬ë© ¨â¥£à «:
∮

|z|=3 z(z − 1)(z − 2) dz = 2πi. �Ǒà¨¬¥à 10. �ëç¨á«¨âì ¨â¥£à « ∮

|z|=1 sin z
z2 dz.�¥è¥¨¥. Ǒà¨¬¥¨¬ á«¥¤áâ¢¨¥ 1 â¥®à¥¬ë �®è¨ ¢ á«¥¤ãîé¥©á¨âã æ¨¨:

f(z) = sin z, a = 0, n = 1 ¨ γ(t) = eit, t ∈ [0, 2π℄.�ë ¯®«ãç¨¬
∮

|z|=1 sin z
z2 dz = n! ∫

γ

f(z) dz(z − a)n+1 = 2πif ′(0) = 2πi. �Ǒà¨¬¥à 11. �ëç¨á«¨âì ¯à¨ a > 0 ¨â¥£à « � ¯« á +∞
∫

−∞

eiax1 + x2 dx.



24 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©�¥è¥¨¥. �â¥£à « � ¯« á   ¡á®«îâ® áå®¤¨âáï, ¯®áª®«ìªã
∣

∣

∣

∣

eiax1 + x2 ∣∣∣∣ = 1
x2 + 1 ¯à¨ «î¡®¬ ¢¥é¥áâ¢¥®¬ a. � áá¬®âà¨¬ äãª-æ¨î f(z) = eiaz/(1 + z2). �«ï «î¡®£® R > 1 ¢ë¡¥à¥¬ ¯ãâì γR â ª,ª ª ¯®ª § ®   à¨áãª¥ 8.

0 R−R X

Y
γR

�¨á. 8� ¯¨è¥¬ f(z) = g(z)/(z − i), £¤¥ g(z) = eiaz/(z + i). �á®, çâ® g |à¥£ã«ïà ï äãªæ¨ï ¢ ¯®«ã¯«®áª®áâ¨ {z: Im z > −1},   § ¬ªãâë©¯ãâì γR á®¤¥à�¨âáï ¢ ¥©. Ǒ® ¨â¥£à «ì®© ä®à¬ã«¥ �®è¨
∮

γR

f(z) dz = ∮
γR

g(z)
z − i

dz = 2πi g(i) = πe−a.� ¤àã£®© áâ®à®ë, ¯®  ¤¤¨â¨¢®áâ¨ ¨â¥£à « 
∮

γR

f(z) dz = R
∫

−R

f(x) dx+ ∫

|z|=R,Im z>0 f(z) dz.� ª ª ª a > 0, ª äãªæ¨¨ 1/(1 + z2) ¬®�® ¯à¨¬¥¨âì ¯¥à¢®¥ãâ¢¥à�¤¥¨¥ «¥¬¬ë �®à¤   ¯à¨ b = 0. �®£¤ lim
R→+∞

∫

|z|=R,Im z>0 eiaz1 + z2 dz = 0.�«¥¤®¢ â¥«ì®,+∞
∫

−∞

eiaxdx1 + x2 = lim
R→+∞

R
∫

−R

eiaxdx1 + x2 = πe−a.



§ 2. �ï¤ë �®à  . �ëç¥âë 25� ¬¥â¨¬, çâ® os(ax) = os(|a|x). �â¤¥«ïï ¢¥é¥áâ¢¥ãî ç áâì¨â¥£à «  � ¯« á , ¬ë ¯®«ãç¨¬+∞
∫

−∞

osax1 + x2 dx = πe−|a| ¤«ï «î¡®£® a ∈ R. �

§ 2. �ï¤ë �®à  . �ëç¥âë�ï¤ ¢¨¤  ∞
∑

n=−∞
cn(z − a)n  §ë¢ ¥âáï àï¤®¬ �®à   á æ¥âà®¬ ¢â®çª¥ a. � ¯®¨¬ ¥âáï ª ª áã¬¬  ¤¢ãå àï¤®¢:
−1
∑

n=−∞
cn(z − a)n + ∞

∑

n=0 cn(z − a)n¨ áç¨â ¥âáï áå®¤ïé¨¬áï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áå®¤ïâáï ®¡ àï¤ . Ǒ®«®�¨¬ u = 1
z−a . �®£¤  ¯¥à¢ë© àï¤ ¢ áã¬¬¥ ¬®�® ¯¥à¥-¯¨á âì ª ª áâ¥¯¥®© àï¤ ®â®á¨â¥«ì® u, â® ¥áâì ∞

∑

m=1 c−mum. Ǒ®â¥®à¥¬¥ �®è¨ { �¤ ¬ à  à ¤¨ãá áå®¤¨¬®áâ¨ íâ®£® àï¤  à ¢¥
R = 1lim

m→+∞
m
√

|c−m|
.� «®£¨ç® à ¤¨ãá áå®¤¨¬®áâ¨ ¢â®à®£® àï¤  à ¢¥

R1 = 1lim
n→+∞

n
√

|cn|
.�á«¨ R,R1 > 0 ¨ 1

R < R1, â® àï¤ �®à    ¡á®«îâ® áå®¤¨âáï  ª®«ìæ¥
{

z: 1
R < |z − a| < R1}.�¥®à¥¬  1 (�®à ). Ǒãáâì G = {z: r < |z − a| < R} ¯à¨¥ª®â®àëå 0 6 r < R 6 +∞,   äãªæ¨ï f à¥£ã«ïà    G. �®£¤ áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì {cn}n∈Z

¢ C, çâ®
f(z) = ∞

∑

n=−∞
cn(z − a)n ¤«ï «î¡®£® z ∈ G.



26 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©Ǒà¨ íâ®¬
cn = 12πi ∮

γ

f(u)(u− a)n+1 du, (1)£¤¥ γ | áâ ¤ àâë© § ¬ªãâë© ¯ãâì ¢ íâ®¬ ª®«ìæ¥ G, \®¡å®-¤ïé¨©" â®çªã a (â® ¥áâì a ∈ Gγ0).�ë¬¨ á«®¢ ¬¨, äãªæ¨ï, à¥£ã«ïà ï ¢ ª®«ìæ¥, à §« £ ¥âáï â ¬¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¢ àï¤ �®à  .�¯à¥¤¥«¥¨¥ 1. �ëç¥â. Ǒãáâì R > 0, äãªæ¨ï f à¥£ã«ïà   ª®«ìæ¥ {z: 0 < |z−a| < R}, γa | «î¡®© áâ ¤ àâë© § ¬ªãâë©¯ãâì, \®¡å®¤ïé¨©" â®çªã a. �®£¤  ¨â¥£à « 12πi ∮
γa

f(z) dz  §ë¢ ¥â-áï ¢ëç¥â®¬ äãªæ¨¨ f ¢ â®çª¥ a ¨ ®¡®§ ç ¥âáï á¨¬¢®«®¬ Resaf :Resaf = 12πi ∮
γa

f(z) dz.� ¬¥ç ¨¥ 1. �¯à¥¤¥«¥¨¥ ¢ëç¥â  äãªæ¨¨ f ¢ â®çª¥ a ª®à-à¥ªâ®, â® ¥áâì ¢ëç¥â ¥ § ¢¨á¨â ®â § ¬ªãâ®£® ¯ãâ¨ γa, "®¡å®¤ï-é¥£®" â®çªã a (á¬. á«¥¤áâ¢¨¥ 3 ¨§ ¨â¥£à «ì®© â¥®à¥¬ë �®è¨).� ¬¥ç ¨¥ 2. � á¨«ã ä®à¬ã«ë (1) ¤«ï äãªæ¨¨ f , à¥£ã«ïà®©¢ ª®«ìæ¥ {z: 0 < |z − a| < R}, ¢¥à® à ¢¥áâ¢® Resaf = c−1, £¤¥
c−1 | ª®íää¨æ¨¥â àï¤  �®à   á æ¥âà®¬ ¢ â®çª¥ a äãªæ¨¨ f .� áá¬®âà¨¬ ¥áª®«ìª® ¯à¨¬¥à®¢   à §«®�¥¨¥ ¢ àï¤ �®à   ¨   å®�¤¥¨¥ ¢ëç¥â®¢.�¯à¥¤¥«¥¨¥ 2. �«ï n ∈ N ∪ {0} ¯®«®�¨¬
Jn(c) = 12π π

∫

−π

os (nt− c sin t) dt, J−n(c) = (−1)nJn(c) (c ∈ C).�ãªæ¨¨ Jm ¯à¨ m ∈ Z  §ë¢ îâ äãªæ¨ï¬¨ �¥áá¥«ï ¯®àï¤ª  m.Ǒà¨¬¥à 1. � ©â¨ ª®íää¨æ¨¥âë à §«®�¥¨ï äãªæ¨© �¥áá¥«ï¢ áâ¥¯¥®© àï¤.



§ 2. �ï¤ë �®à  . �ëç¥âë 27�¥è¥¨¥. � á¨«ã à ¢¥áâ¢  J−n = (−1)nJn ¤®áâ â®ç®  ©â¨à §«®�¥¨¥ Jn ¯à¨ n ∈ N ∪ {0}. �«ï w ∈ C à áá¬®âà¨¬ äãªæ¨î
f(z) = e(z−1/z)w/2. �  à¥£ã«ïà  ¢ ª®«ìæ¥ {z: 0 < |z| < +∞} ¨ ¯®â¥®à¥¬¥ �®à   à áª« ¤ë¢ ¥âáï â ¬ ¢ ®¡®¡é¥ë© áâ¥¯¥®© àï¤.�ëç¨á«¨¬ ª®íää¨æ¨¥âë ck íâ®£® àï¤  ¤¢ã¬ï á¯®á®¡ ¬¨. � ®¤®©áâ®à®ë, ¯® ä®à¬ã«¥ (1)

ck = 12πi ∮
|z|=1 f(z)

zk+1 dz, k ∈ N ∪ {0}.�ë¡¥à¥¬ ¯ãâì z(t) = eit, £¤¥ t ∈ [−π, π℄. �®£¤ 
ck = 12πi π

∫

−π

ew(eit−e−it)/2e−i(k+1)teiti dt == 12π π
∫

−π

eiw sin te−ikt dt = 12π π
∫

−π

os (kt− w sin t) dt = Jk(w),â ª ª ª π
∫

−π

sin (kt− w sin t) dt = 0 ¢ á¨«ã ¥ç¥â®áâ¨ ¯®¤ëâ¥£à «ì-®© äãªæ¨¨.� ¤àã£®© áâ®à®ë, àï¤ �®à   f | ¯à®¨§¢¥¤¥¨¥ à §«®�¥¨©äãªæ¨¨ et ¯à¨ t = wz2 ¨ t = − w2z . Ǒ¥à¥¬®�¨¬ íâ¨ àï¤ë ¯®¯à ¢¨«ã �®è¨, ª®â®à®¥ ¡ã¤¥â áä®à¬ã«¨à®¢ ® ¤ «¥¥. �ë ¯®«ãç¨¬
cn = wn2n ∞

∑

m=0 (−1)mw2m22mm!(m+ n)! , n ∈ N ∪ {0}.� ª¨¬ ®¡à §®¬, ¤«ï «î¡ëå n ∈ N ∪ {0}
Jn(w) = ∞

∑

m=0 (−1)m
m!(m+ n)! ·(w2 )2m+n (w ∈ C).�â® à §«®�¥¨¥ ¤ ¥â á¯®á®¡ ¯à¨¡«¨�¥®£® ¢ëç¨á«¥¨ï § ç¥¨©äãªæ¨© �¥áá¥«ï. � ¯à¨¬¥à,

J1(2) = ∞
∑

m=0 (−1)m
m!(m+ 1)! = −0, 57672481... �



28 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©Ǒà¨¬¥à 2. � §«®�¨âì äãªæ¨î f(z) = z2 sin π(z+1)
z ¢ àï¤ �®-à   ¯® áâ¥¯¥ï¬ z ¢ ª®«ìæ¥ {z: 0 < |z| < +∞}.�¥è¥¨¥. �ãªæ¨ï f à¥£ã«ïà  ¢ ¯à¥¤«®�¥®¬ ª®«ìæ¥, ¨ ª¥© ¯à¨¬¥¨¬  â¥®à¥¬  �®à  . � ¬¥â¨¬, çâ® sin π(z+1)
z = − sin π

z ,¨ ¢®á¯®«ì§ã¥¬áï ¨§¢¥áâë¬ à §«®�¥¨¥¬sin t = ∞
∑

n=0 (−1)nt2n+1(2n+ 1)! (t ∈ C).Ǒ®« £ ï ¢ ¥¬ t = π
z , ¬ë ¯®«ãç¨¬

f(z) = −z2 sin π

z
= ∞
∑

n=0(−1)n+1 π2n+1
z2n−1(2n+ 1)! ¨ Res0f = π33! . �Ǒà¨¬¥à 3. Ǒà¨ b 6= 0 à §«®�¨âì äãªæ¨î f(z) = (z + b)−1 ¢àï¤ �®à   ¢ ªàã£¥ {z: |z| < |b|
}.�¥è¥¨¥. �á«¨ |z| < |b|, â®

f(z) = 1
b
· 11 + z/b

= 1
b

∞
∑

n=0 (−1)nznbn
.� ¯®á«¥¤¥¬ ¯¥à¥å®¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì ä®à¬ã«®© ¤«ï áã¬¬ë¡¥áª®¥ç®© £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, ¨ ¯®«ãç¨¢è¨©áï àï¤  ¡-á®«îâ® áå®¤¨âáï. �®£¤  ª®íää¨æ¨¥âë àï¤  �®à   à ¢ë

cn = { (−1)n b−n−1, ¥á«¨ n ∈ N ∪ {0},0, ¥á«¨ n < 0.� ç áâ®áâ¨, Res0f = 0. �� ¤ ç . � §«®�¨âì äãªæ¨î f(z) = 1/(z + b) ¢ àï¤ �®à   ¢ª®«ìæ¥ {z: |b| < |z| < +∞}.Ǒà¨¬¥à 4. � §«®�¨âì äãªæ¨î f(z) = z−1(z − 3)−2 ¢ àï¤�®à   ¢ ª®«ìæ¥ {z: 1 < |z − 1| < 2}.�¥è¥¨¥. Ǒ®«®�¨¬ u = z − 1 ¨
g(u) = f(u+ 1) = (u+ 1)−1(u − 2)−2.



§ 2. �ï¤ë �®à  . �ëç¥âë 29� §«®�¨¢ g(u) ¢ áã¬¬ã ¯à®áâ¥©è¨å ¤à®¡¥©, ¬ë ¯®«ãç¨¬
g(u) = 19 (2− u)−1 + 13 (2− u)−2 + 19 (u+ 1)−1.� �¤®¥ ¨§ á« £ ¥¬ëå ã�® ¯à¥¤áâ ¢¨âì àï¤®¬ �®à   ¢ ª®«ìæ¥

{u: 1 < |u| < 2}. �«ï ¯¥à¢®£® á« £ ¥¬®£® ¢¥à® à ¢¥áâ¢®(2− u)−1 = 12(1− u/2) = ∞
∑

n=0 12n+1 un.�ï¤ ¢ ¯à ¢®© ç áâ¨  ¡á®«îâ® áå®¤¨âáï ¢ ªàã£¥ {u: |u| < 2}, ¨ ¥£®áã¬¬ã ¬®�® ¯®ç«¥® ¤¨ää¥à¥æ¨à®¢ âì ¢ íâ®¬ ªàã£¥ (â¥®à¥¬ ® ¤¨ää¥à¥æ¨àã¥¬®áâ¨ áã¬¬ë áâ¥¯¥®£® àï¤ ):(2− u)−2 = ∞
∑

n=1 n2n+1 un−1.�à¥âì¥ á« £ ¥¬®¥ ¨¬¥¥â à §«®�¥¨¥(1 + u)−1 = u−1 11 + u−1 = ∞
∑

n=0 (−1)nun+1 . (2)�â®â àï¤ áå®¤¨âáï   ¬®�¥áâ¢¥ {u: |u| > 1}. � ª¨¬ ®¡à §®¬, ¢á¥âà¨ àï¤   ¡á®«îâ® áå®¤ïâáï ¢ ª®«ìæ¥ {u: 1 < |u| < 2}, ¨ ¢ ¥¬á¯à ¢¥¤«¨¢® à §«®�¥¨¥
g(u) = 19 ∞

∑

n=0 (−1)nun+1 + 19 ∞
∑

n=0 5 + 3n2n+2 un.�áâ «®áì ¢¥àãâìáï ª ¯¥à¥¬¥®© z. �«ï äãªæ¨¨ f ¯®«ãç ¥¬
f(z) = ∞

∑

n=−∞
cn(z − 1)n, £¤¥ cn = 





(−1)n+19 , n 6 −1,5 + 3n9 · 2n+2 , n > 0. ��¥®à¥¬  2. Ǒà ¢¨«® �®è¨. Ǒãáâì àï¤ë ∞
∑

n=−∞
an(z − a)n¨ ∞

∑

n=−∞
bn(z − a)n áå®¤ïâáï   ª®«ìæ¥ {z ∈ C: r < |z − a| < R}



30 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©ª áã¬¬ ¬ f(z) ¨ g(z) á®®â¢¥âáâ¢¥®. �®£¤  ¢ â®¬ �¥ ª®«ìæ¥äãªæ¨ï f(z)g(z) à áª« ¤ë¢ ¥âáï ¢ àï¤ �®à   ∞
∑

n=−∞
cn(z − a)n áª®íää¨æ¨¥â ¬¨ cn = ∞

∑

k=−∞
akbn−k.Ǒà¨¬¥à 5. � §«®�¨âì ¢ àï¤ �®à   ¯® áâ¥¯¥ï¬ (z − 1) äãª-æ¨î F (z) = e1/(z−1)(z + 1)−1z−1 ¢ ª®«ìæ¥ {z: 1 < |z − 1| < 2}.�¥è¥¨¥. Ǒ®«®�¨¬ f(z) = e1/(z−1), g(z) = z−1(z + 1)−1. �á®,çâ®

f(z) = ∞
∑

k=0 1
k! · 1(z − 1)k = ∞

∑

n=−∞
an(z−1)n, £¤¥ an = { 1

|n|! , n 6 0,0, n > 0.�â®â àï¤ áå®¤¨âáï ¢ ª®«ìæ¥ {z: 0 < |z − 1| < +∞}. �ãªæ¨î g(z)§ ¯¨è¥¬ ¢ ¢¨¤¥ 1/z−1/(z+1), ¨ ª �¤®¥ á« £ ¥¬®¥ à §«®�¨¬ ¢ àï¤¯® áâ¥¯¥ï¬ t = z − 1. �á¯®«ì§ãï à ¢¥áâ¢® (2) ¨ ä®à¬ã«ã áã¬¬ë£¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, ¬ë ¯®«ãç¨¬1
t+ 1 = ∞

∑

m=0 (−1)mtm+1 , |t| > 1 ¨ 12 + t
= ∞
∑

m=0 (−1)mtm2m+1 , |t| < 2.�¡  àï¤  áå®¤ïâáï   ª®«ìæ¥ {t: 1 < |t| < 2}, ¨ ¨å à §®áâì ¤ ¥â àï¤�®à   äãªæ¨¨ g(t + 1). �áâ «®áì ã¬®�¨âì ¥£®   àï¤ ∞
∑

n=0 t−n

n! ,¯à¥¤áâ ¢«ïîé¨© äãªæ¨î f(t+ 1).Ǒ¥à¥¬®�¨¬ á ç «  àï¤ë ∞
∑

m=0(−1)mt−m−1 ¨ ∞
∑

n=0 t−n

n! . �¥®âà¨-æ â¥«ìëå áâ¥¯¥¥© t ¯à®¨§¢¥¤¥¨¥, ®ç¥¢¨¤®, ¥ á®¤¥à�¨â. Ǒ®«®-�¨¬ k = m+ n+1. �á®, çâ® k > 1,   ª®íää¨æ¨¥â ¯à¨ t−k à ¢¥(−1)k k−1
∑

n=0 (−1)n+1
n! .Ǒ¥à¥¬®�¨¬ â¥¯¥àì àï¤ë ∞

∑

m=0 (−1)mtm2m+1 ¨ ∞
∑

n=0 t−n

n! . Ǒà¨ n > m®¡®§ ç¨¬ k = n − m. �ë ¯®«ãç¨¬, çâ® ª®íää¨æ¨¥â ¯à¨ t−kà ¢¥ áã¬¬¥ àï¤  ∞
∑

n=k

(−1)n−k2n−k+1n! . � á«ãç ¥ m > n ¯®«®�¨¬ m−n = k.



§ 2. �ï¤ë �®à  . �ëç¥âë 31�®íää¨æ¨¥â ¯à¨ tk ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥(−1)k 12k+1 ∞
∑

n=0 1
n! · (−12)n = e−1/2 · (−1)k2k+1 .�¥à¥¬áï ª äãªæ¨ï¬ g(t+1) ¨ f(t+1). �á¯®«ì§ãï ¤®ª § ë¥à ¢¥áâ¢ , ¯® ¯à ¢¨«ã �®è¨ ¬ë ¯®«ãç ¥¬

∞
∑

k=1(−1)kt−k

(

k−1
∑

n=0 (−1)n+1
n! )

− e−1/2 ∞
∑

k=0 (−1)ktk2k+1 −

−
−1
∑

k=−∞

(−1)ktk2k+1 ( ∞
∑

n=−k

(−1)n 12n n!) .�áâ «®áì § ¬¥¨âì t   z − 1. � ¯®¬¨¬, çâ® ∞
∑

n=0 (−1)n2nn! = e−1/2,®âªã¤  ∞
∑

n=−k

(−1)n2nn! = e−1/2−−k−1
∑

n=0 (−1)n2nn! . Ǒ®íâ®¬ã ¯à¨ 1 < |z− 1| < 2
f(z) = −1

∑

k=−∞
(z − 1)k(−1)k(−k−1

∑

n=0 (−1)n
n! ( 12n+1+k

− 1)− e−1/2)−

− e−1/2 ∞
∑

k=0 (−1)k(z − 1)k2k+1 . ��¯à¥¤¥«¥¨¥ 3. �§®«¨à®¢  ï ®á®¡ ï â®çª . �®çª  a §ë¢ ¥âáï ¨§®«¨à®¢ ®© ®á®¡®© â®çª®© äãªæ¨¨ f , ¥á«¨ áãé¥-áâ¢ã¥â ª®«ìæ® {z ∈ C: 0 < |z − a| < r}, ¢ ª®â®à®¬ äãªæ¨ï fà¥£ã«ïà .� §«¨ç îâ âà¨ â¨¯  ¨§®«¨à®¢ ëå ®á®¡ëå â®ç¥ª.1. �áâà ¨¬ ï ®á®¡ ï â®çª . �®çª  a  §ë¢ ¥âáï ãáâà ¨-¬®© ®á®¡®© â®çª®© äãªæ¨¨ f , ¥á«¨ áãé¥áâ¢ã¥â ª®¥çë© lim
z→a

f(z).�â® à ¢®á¨«ì® ®£à ¨ç¥®áâ¨ äãªæ¨¨ f ¢ ¥ª®â®à®© ¯à®ª®«®-â®© ®ªà¥áâ®áâ¨ â®çª¨ a.� â¥à¬¨ å àï¤  �®à   â ª ï â®çª  å à ªâ¥à¨§ã¥âáï â¥¬, çâ®à §«®�¥¨¥ äãªæ¨¨ f ¢ àï¤ �®à   á æ¥âà®¬ ¢ â®çª¥ a ¥ á®¤¥à-�¨â ®âà¨æ â¥«ìëå áâ¥¯¥¥© (â® ¥áâì cn = 0 ¯à¨ n < 0).



32 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©2. Ǒ®«îá. �®çª  a  §ë¢ ¥âáï ¯®«îá®¬, ¥á«¨ lim
z→a

|f(z)| = +∞.� â¥à¬¨ å àï¤  �®à   ¯®«îá å à ªâ¥à¨§ã¥âáï â¥¬, çâ® áãé¥-áâ¢ã¥â ç¨á«® m > 1 ( §ë¢ ¥¬®¥ ¯®àï¤ª®¬ ¯®«îá ), ã¤®¢«¥â¢®àïî-é¥¥ ãá«®¢¨ï¬ c−m 6= 0 ¨ cn = 0 ¯à¨ n < −m (cn | ª®íää¨æ¨¥âëàï¤  �®à   á æ¥âà®¬ ¢ â®çª¥ a äãªæ¨¨ f).3. �ãé¥áâ¢¥® ®á®¡ ï â®çª . �ãé¥áâ¢¥® ®á®¡®©  §ë¢ -¥âáï ¨§®«¨à®¢  ï ®á®¡ ï â®çª  äãªæ¨¨ f , ª®â®à ï ¥ ï¢«ï¥âáï¨ ãáâà ¨¬®©, ¨ ¯®«îá®¬. �ï¤ �®à   f á æ¥âà®¬ ¢ â®çª¥ a ¨¬¥-¥â ¡¥áª®¥ç® ¬®£® ç«¥®¢ á ®âà¨æ â¥«ìë¬¨ áâ¥¯¥ï¬¨ (z − a).� è  ¤ «ì¥©è ï § ¤ ç  |  ãç¨âìáï ¢ëç¨á«ïâì ¢ëç¥âë ¢ ¨§®-«¨à®¢ ëå ®á®¡ëå â®çª å. � �® ¯à ¢¨«ì® ®¯à¥¤¥«¨âì â¨¯ ¨§®-«¨à®¢ ®© ®á®¡®© â®çª¨,   ¤«ï ¯®«îá  | ¥£® ¯®àï¤®ª.� ¬¥ç ¨ï1) � ãáâà ¨¬®© ®á®¡®© â®çª¥ ¢ëç¥â à ¢¥ ã«î.2) �®çª  a ï¢«ï¥âáï ¯®«îá®¬ ¯®àï¤ª  m â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ¯à¥¤¥« lim
z→a

f(z)(z − a)m ª®¥ç¥ ¨ ®â«¨ç¥ ®â ã«ï. �«ï å®�¤¥¨ï ¢ëç¥â®¢ ¢ ¯®«îá¥ ¨�¥ ¯à¨¢®¤ïâáï ã¤®¡ë¥ ä®à¬ã«ë.3) �á«¨ a| áãé¥áâ¢¥® ®á®¡ ï â®çª , â® ¤«ï  å®�¤¥¨ï ¢ëç¥-â  ã�® à §«®�¨âì äãªæ¨î ¢ àï¤ �®à   á æ¥âà®¬ ¢ a ¨  ©â¨ª®íää¨æ¨¥â c−1. �ë ã�¥ § ¥¬, çâ® ® à ¢¥ ¢ëç¥âã.Ǒà ¢¨«  ¢ëç¨á«¥¨ï ¢ëç¥â®¢.1) �á«¨ a | ¯®«îá ¯¥à¢®£® ¯®àï¤ª , â®Resaf = lim
z→a

f(z)(z − a).�â® á«¥¤ã¥â ¨§ à ¢¥áâ¢  f(z)(z−a) = c−1+ c0(z−a)+ . . . ¨ ¥¯à¥-àë¢®áâ¨ áã¬¬ë áâ¥¯¥®£® àï¤  ¢ â®çª¥ a.2) Ǒãáâì f(z) = g(z)/h(z), £¤¥ g, h | à¥£ã«ïàë¥ äãªæ¨¨ ¢ªàã£¥ {z: |z − a| < r}, ¯à¨ç¥¬ h(a) = 0, h′(a) 6= 0. �®£¤ Resaf = g(a)
h′(a) .�¥©áâ¢¨â¥«ì®,Resaf = lim

z→a

g(z)(z − a)
h(z) = lim

z→a
g(z)(h(z)− h(a)

z − a

)−1 = g(a)
h′(a) .



§ 2. �ï¤ë �®à  . �ëç¥âë 33�â¬¥â¨¬ â ª�¥, çâ® a | ¯®«îá ¯¥à¢®£® ¯®àï¤ª  äãªæ¨¨ f ¢ á«ã-ç ¥ g(a) 6= 0 ¨ ãáâà ¨¬ ï ®á®¡ ï â®çª  f ¯à¨ g(a) = 0.3) �á«¨ m ∈ N, a | ¯®«îá f ¯®àï¤ª  m, â®Resaf = 1(m− 1)! limz→a

(

f(z)(z − a)m)(m−1)
.� á«ãç ¥ m = 1 íâ  ä®à¬ã«  á®¢¯ ¤ ¥â á à ¢¥áâ¢®¬ ¨§ ¯ãªâ  1.� áá¬®âà¨¬ ¥áª®«ìª® ¯à¨¬¥à®¢   ¢ëç¨á«¥¨¥ ¢ëç¥â®¢.Ǒà¨¬¥à 6. � ©â¨ ¢ëç¥âë äãªæ¨¨ f(z) = 1/(1 + z5) ¢ ®á®¡ëåâ®çª å ª®¬¯«¥ªá®© ¯«®áª®áâ¨ C.�¥è¥¨¥. � ¯¨è¥¬ f = g/h, £¤¥ g(z) = 1, h(z) = 1 + z5. �§®-«¨à®¢ ë¬¨ ®á®¡ë¬¨ â®çª ¬¨ f ¢ C ï¢«ïîâáï ã«¨ h. �à ¢¥¨¥

z5 = −1 ¨¬¥¥â ª®à¨
zk = eiπ(2k+1)/5, k ∈ {0, 1, 2, 3, 4}.�â¨ â®çª¨ | ¯®«îáë ¯¥à¢®£® ¯®àï¤ª  äãªæ¨¨ f , ¨ ¯® ¯à ¢¨«ã 2Reszkf = 15z4k = zk5z5k = −zk5 = −eiπ(2k+1)/55 . �Ǒà¨¬¥à 7. Ǒãáâì f(z) = (z2n−1)z−n(1+z)−1, £¤¥ n ∈ N. � ©â¨¢ëç¥âë f ¢ ®á®¡ëå â®çª å ª®¬¯«¥ªá®© ¯«®áª®áâ¨ C.�¥è¥¨¥. � C äãªæ¨ï f ¨¬¥¥â ¨§®«¨à®¢ ë¥ ®á®¡ë¥ â®çª¨

−1 ¨ 0. �®çª  −1 | ãáâà ¨¬ ï ®á®¡ ï ¤«ï f , â ª ª ª áãé¥áâ¢ã¥âª®¥çë© lim
z→−1 f(z) = 2n(−1)n−1. Ǒ®íâ®¬ã Res−1f = 0. � ª ª ªlim

z→0 znf(z) = −1, â®çª  0 | ¯®«îá n-£® ¯®àï¤ª . Ǒà ¢¨«® 3 ¢ ¤ -®¬ á«ãç ¥ ¥ ®ç¥ì ã¤®¡®. � §«®�¨¬ äãªæ¨î f ¢ àï¤ �®à  á æ¥âà®¬ ¢ ã«¥. � ¬ ã�¥ ª®íää¨æ¨¥â c−1 íâ®£® àï¤ . Ǒ®ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨
f(z) = −z−n

2n−1
∑

k=0 (−z)k = 2n−1
∑

k=0 (−1)k+1zk−n.�â¥¯¥ì z−1 ¯®«ãç ¥âáï ¯à¨ k = n − 1, ¨ ª®íää¨æ¨¥â ¯à¨ ¥©à ¢¥ (−1)n. �«¥¤®¢ â¥«ì®, Res0f = (−1)n. �



34 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©Ǒà¨¬¥à 8. � ©â¨ ¢ëç¥âë äãªæ¨¨ f(z) = e1/z(z + 3)−1 ¢ ®á®-¡ëå â®çª å ¯«®áª®áâ¨ C.�¥è¥¨¥. � C äãªæ¨ï f ¨¬¥¥â ¨§®«¨à®¢ ë¥ ®á®¡ë¥ â®çª¨
−3 ¨ 0. �®çª  −3 | ¯®«îá ¯¥à¢®£® ¯®àï¤ª  f , ¨Res−3f = lim

z→−3 f(z)(z + 3) = e−1/3.�®çª  0 | áãé¥áâ¢¥® ®á®¡ ï, ¨ ¤«ï  å®�¤¥¨ï ¢ëç¥â  ¢ ¥©à §«®�¨¬ f ¢ àï¤ �®à  . � ¬¥â¨¬, çâ®
e1/z = ∞

∑

k=0 z−k

k! , |z| > 0 ¨ 1
z + 3 = 13 ∞

∑

n=0 (−1)nzn3n , |z| < 3.Ǒ¥à¥¬®� ï íâ¨ àï¤ë,  å®¤¨¬ ª®íää¨æ¨¥â ¯à¨ z−1. � à ¢¥
∞
∑

n=0 (−1)n3n+1(n+ 1)! = 1− (1 + ∞
∑

n=0 (−1/3)n+1(n+ 1)! ) = 1− e−1/3,çâ® ¨ ¤ ¥â  ¬ Res0f . �Ǒà¨¬¥à 9. � ©â¨ ¢ëç¥âë äãªæ¨¨ f(z) = sin z (z + i)−3 ¢®á®¡ëå â®çª å ¯«®áª®áâ¨ C.�¥è¥¨¥. �¤¨áâ¢¥®© ®á®¡®© â®çª®© f ¢ C ï¢«ï¥âáï −i, íâ®¯®«îá âà¥âì¥£® ¯®àï¤ª . �«¥¤®¢ â¥«ì®,Res−if = 12! lim
z→−i

(

f(z)(z + i)3)′′ = − sin(−i)2 = i4(e − e−1) = i sh(1)2 .�ë ¨á¯®«ì§®¢ «¨ ä®à¬ã«ã �©«¥à : sin z = 12i(eiz − e−iz
). �� ¤ ç¨. � §«®�¨âì ¯® áâ¥¯¥ï¬ à §®áâ¨ (z − a) ¢ ª®«ìæ¥ Dá«¥¤ãîé¨¥ äãªæ¨¨.1) f(z) = z2 os 1

z−2 , a = 2, D = {z ∈ C: 0 < |z − 2|}.2) f(z) = e1/z
z+i , a = 0, D = {z ∈ C: 0 < |z| < 1}.



§ 3. �¥®à¥¬  ® ¢ëç¥â å 35
§ 3. �¥®à¥¬  ® ¢ëç¥â å�¯à¥¤¥«¥¨¥ 1. �®¥ç®á¢ï§®© (s - á¢ï§®©) ®¡« áâìî  -§ë¢ ¥âáï ®¡« áâì G à áè¨à¥®© ¯«®áª®áâ¨ C, £à ¨æ  � ª®â®à®©á®áâ®¨â ¨§ s § ¬ªãâëå ¤¨§êîªâëå ªà¨¢ëå �j , ª®â®àë¥ ¬®�®®à¨¥â¨à®¢ âì â ª, çâ® ¯à¨ ®¡å®¤¥ ª �¤®© ¨§ ¨å ®¡« áâì ®áâ ¥âáïá«¥¢ . � ª®© ®¡å®¤ £à ¨æë  §ë¢ ¥âáï ¯®«®�¨â¥«ìë¬.Ǒ®ïá¨¬ íâ® ®¯à¥¤¥«¥¨¥. Ǒãáâì γj : [0, 1℄→ C | ¯ãâì á ®á¨â¥-«¥¬ �j ,   ¢ â®çª¥ t ∈ [0, 1℄ áãé¥áâ¢ã¥â γ′

j(t). �®£¤   ©¤¥âáï â ª®¥
ε0 > 0, çâ® γj(t)+iεγ′

j(t) ∈ G ¯à¨ ¢á¥å ε ∈ (0, ε0). �¥®¬¥âà¨ç¥áª¨ íâ®ãá«®¢¨¥ ®§ ç ¥â, çâ® ¥á«¨ ª á â¥«ìë© ¢¥ªâ®à γ′
j(t) ¯®¢¥àãâì  ã£®« π2 ¯à®â¨¢ ç á®¢®© áâà¥«ª¨, ã¬®�¨âì   ¬ «®¥ ¯®«®�¨â¥«ì®¥ç¨á«® ¨ ®â«®�¨âì ®â â®çª¨ γj(t), â® ¬ë ¯®¯ ¤¥¬ ¢ãâàì ®¡« áâ¨.�â¬¥â¨¬, çâ® ¥á«¨ ®¡« áâì G ®£à ¨ç¥ , â® ¢¥è¨© ª®âãà(â® ¥áâì â®â ª®âãà, ®¤  ¨§ ¤®¯®«¨â¥«ìëå ®¡« áâ¥© ¤«ï ª®â®à®-£® á®¤¥à�¨â â®çªã ∞ ¨ ¥ á®¤¥à�¨â â®ç¥ª ®¡« áâ¨ G) ¯à¨ ¯®«®-�¨â¥«ì®¬ ®¡å®¤¥ £à ¨æë G ¯à®å®¤¨âáï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨,  ¢ãâà¥¨¥ (â® ¥áâì ¢á¥ ®áâ «ìë¥) ª®âãàë | ¯® ç á®¢®©. � à¨áãª¥ 9 ¢¥è¨© ª®âãà ®¡®§ ç¥ á¨¬¢®«®¬ �1.

0

Γ1

Γj

X

Y s = 4

�¨á. 9�á«¨ G á®¤¥à�¨â â®çªã ∞, â® ¢á¥ £à ¨çë¥ ª®âãàë ¡ã¤ãâ¢ãâà¥¨¬¨, ¨ ¯à¨ ¯®«®�¨â¥«ì®¬ ®¡å®¤¥ ®¨ ¯à®å®¤ïâáï ¯® ç -á®¢®© áâà¥«ª¥. �â  á¨âã æ¨ï ¯®ª §     à¨áãª¥ 10.
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0

Γj

X

Y

G

�¨á. 10�¡« áâì G ¡ã¤¥¬  §ë¢ âì �®à¤ ®¢®© ®¡« áâìî, ¥á«¨ ¢áïª ïªà¨¢ ï �j ¥áâì § ¬ªãâ ï ªà¨¢ ï �®à¤   (áâ ¤ àâ ï § ¬ªã-â ï ªà¨¢ ï). �«ï â ª®© ®¡« áâ¨ ¥¯à¥àë¢®áâì äãªæ¨¨ f ¢ G¢¯«®âì ¤® £à ¨æë ®§ ç ¥â ¥¥ ¥¯à¥àë¢®áâì   G. � «¥¥ ¯à¨ ¨-â¥£à¨à®¢ ¨¨ ¯® £à ¨æ¥ ®¡« áâ¨ G ¬ë ¢á¥£¤  ¡ã¤¥¬ ¯à¥¤¯®« £ âì,çâ® ª �¤ ï £à ¨ç ï ª®¬¯®¥â  �j ¥áâì áâ ¤ àâ ï § ¬ªãâ ïªà¨¢ ï (â® ¥áâì ®á¨â¥«ì áâ ¤ àâ®£® § ¬ªãâ®£® ¯ãâ¨ γj). � ªãî®¡« áâì ¡ã¤¥¬  §ë¢ âì áâ ¤ àâ®© ®¡« áâìî á® á¯àï¬«ï¥¬®©£à ¨æ¥©.�¯à¥¤¥«¥¨¥ 2. �¡« áâì G á £à ¨æ¥© �  §ë¢ ¥âáï §¢¥§¤®©®â®á¨â¥«ì® â®çª¨ z0 ∈ G, ¥á«¨ ¤«ï «î¡®© â®çª¨ z ∈ G ∪ �¨â¥à¢ « á ª®æ ¬¨ z ¨ z0 á®¤¥à�¨âáï ¢ G.Ǒ¥à¥©¤¥¬ ª ®¡®¡é¥¨ï¬ â¥®à¥¬ �®è¨.�¥®à¥¬  1. Ǒãáâì G | ª®¥ç®á¢ï§ ï ®£à ¨ç¥ ï áâ -¤ àâ ï ®¡« áâì á® á¯àï¬«ï¥¬®© £à ¨æ¥© �, f | äãªæ¨ï, à¥£ã-«ïà ï ¢ G ¨ ¥¯à¥àë¢ ï ¢ G ¢¯«®âì ¤® £à ¨æë. �®£¤ 
∫� f(z) dz = 0.�®ª § â¥«ìáâ¢® ¬ë ¯à¨¢¥¤¥¬ «¨èì ¤«ï á«ãç ï, ª®£¤  G |®¤®á¢ï§ ï ®£à ¨ç¥ ï áâ ¤ àâ ï ®¡« áâì, §¢¥§¤ ï ®â®á¨-â¥«ì® ¥ª®â®à®© â®çª¨ z0 ∈ G. Ǒãáâì � = �γ , £¤¥ γ: [a, b℄ → C |



§ 3. �¥®à¥¬  ® ¢ëç¥â å 37áâ ¤ àâë© § ¬ªãâë© ¯ãâì. �«ï «î¡®£® p ∈ (0, 1) ¯®«®�¨¬
γp(t) = p

(

γ(t)− z0)+ z0, t ∈ [a, b℄.Ǒãâ¨ γp «¥� â ¢ ®¡« áâ¨ G ¢¢¨¤ã ¥¥ §¢¥§¤®áâ¨. �¥©áâ¢¨â¥«ì®,¯à¨ «î¡®¬ t ∈ [a, b℄ â®çª  γp(t) «¥�¨â   ¨â¥à¢ «¥, á®¥¤¨ïîé¥¬
z0  γ(t). �®£¤  ¯® â¥®à¥¬¥ �®è¨ (¤«ï ª®âãà®¢, «¥� é¨å ¢ãâà¨®¡« áâ¨ à¥£ã«ïà®áâ¨ äãªæ¨¨ f)

∮

γp

f(z) dz = 0 ¯à¨ ¢á¥å p ∈ (0, 1).�á¯®«ì§ãï ®¯à¥¤¥«¥¨¥ ¨â¥£à «  ¯® ¯ãâ¨ γp, ¯®«ãç ¥¬ ¯à¨ ¢á¥å
p ∈ (0, 1) à ¢¥áâ¢®0 = p

b
∫

a

f
(

pγ(t) + z0(1− p))γ′(t) dt. (3)� ª ª ª
∣

∣pγ(t) + z0(1− p)− γ(t)∣∣ ≤ (1− p)(|z0|+ max
t∈[a,b℄∣∣γ(t)∣∣) ,«¥¢ ï ç áâì áâà¥¬¨âáï ª ã«î ¯à¨ p → 1 à ¢®¬¥à® ®â®á¨â¥«ì®

t ∈ [a, b℄. Ǒ®áª®«ìªã äãªæ¨ï f ¥¯à¥àë¢    ¬®�¥áâ¢¥ G,
f
(

pγ(t) + z0(1− p))→ f
(

γ(t)) ¯à¨ p → 1à ¢®¬¥à® ¯® t ∈ [a, b℄. � «¥¥ ¢ à ¢¥áâ¢¥ (3) á®¢¥àè ¥¬ ¯à¥¤¥«ì-ë© ¯¥à¥å®¤ ¯®¤ § ª®¬ ¨â¥£à «  ¯à¨ p → 1 ¨ ¯®«ãç ¥¬0 = b
∫

a

f
(

γ(t))γ′(t) dt = ∫
γ

f(z) dz = ∫� f(z) dz.�¥®à¥¬  ¤®ª §  . �� ¬¥ç ¨¥. �«ãç © ®£à ¨ç¥®© ª®¥ç®á¢ï§®© áâ ¤ àâ-®© ®¡« áâ¨ G á¢®¤¨âáï ª ¤®ª § ®¬ã. �¥©áâ¢¨â¥«ì®, ¢¢®¤ï ¢



38 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©£à ¨æã ¤®¯®«¨â¥«ìë¥ ®âà¥§ª¨ (¤¢ �¤ë ¯à®å®¤¨¬ë¥ ¢ ¯à®â¨-¢®¯®«®�ëå  ¯à ¢«¥¨ïå), ¬ë ¬®�¥¬ à §¡¨âì ®¡« áâì G   ª®-¥ç®¥ ç¨á«® ®¤®á¢ï§ëå áâ ¤ àâëå §¢¥§¤ëå ®¡« áâ¥© Gj , £¤¥� = ⋃
j

�j. �«ï ª �¤®© ¨§ Gj â¥®à¥¬  ã�¥ ¤®ª §  , ¯®íâ®¬ã
∫� f(z) dz =∑

j

∫�j

f(z) dz = 0.� ¯à¨¬¥à,   à¨áãª¥ 11 ª®«ìæ® G = {z: r < |z| < R} à §¡¨â®®âà¥§ª ¬¨   ª®®à¤¨ âëå ®áïå   ç¥âëà¥ áâ ¤ àâë¥ §¢¥§¤ë¥®¡« áâ¨ Gj .
0 r R

G1G2

G3 G4

X

Y

�¨á. 11�¥®à¥¬  2. Ǒãáâì G | ®£à ¨ç¥ ï ª®¥ç®á¢ï§ ï ®¡« áâìá® á¯àï¬«ï¥¬®© £à ¨æ¥© �. �á«¨ äãªæ¨ï f à¥£ã«ïà  ¢ G ¨ ¥¯à¥-àë¢  ¢ G ¢¯«®âì ¤® £à ¨æë, â® ¤«ï «î¡®© â®çª¨ z ∈ G ¨¬¥¥â¬¥áâ® ä®à¬ã« 
f(z) = 12πi ∫� f(ζ)

ζ − z
dζ.�¯à¥¤¥«¥¨¥ 3. Ǒãáâì R > 0, äãªæ¨ï f § ¤   ¨ à¥£ã«ïà ¢ ª®«ìæ¥ {z ∈ C: R < |z| < +∞}. � §®¢¥¬ f à¥£ã«ïà®© ¢ ∞, ¥á«¨áãé¥áâ¢ã¥â ª®¥çë© lim

z→∞
f(z) (®¡®§ ç¨¬ ¥£® á¨¬¢®«®¬ f(∞)).



§ 3. �¥®à¥¬  ® ¢ëç¥â å 39�¥®à¥¬  3. Ǒãáâì G | ®¡« áâì á® á¯àï¬«ï¥¬®© £à ¨æ¥© �,á®¤¥à� é ï â®çªã ∞. �á«¨ äãªæ¨ï f à¥£ã«ïà  ¢ G ¨ ¥¯à¥àë¢-  ¢ G ¢¯«®âì ¤® £à ¨æë, â® ¤«ï ª �¤®© â®çª¨ z ∈ G ¨¬¥¥â¬¥áâ® ä®à¬ã« 
f(z) = 12πi ∫� f(ζ)

ζ − z
dζ + f(∞).� ¯®¬¨¬, çâ® £à ¨æ  � ¯®«®�¨â¥«ì® ®à¨¥â¨à®¢   ®â®á¨-â¥«ì® ®¡« áâ¨ G, â® ¥áâì ¢á¥ ª®¬¯®¥âë á¢ï§®áâ¨ £à ¨æë �j®¡å®¤ïâáï ¯® å®¤ã ç á®¢®© áâà¥«ª¨.�¥®à¥¬  4. � ¢ëç¥â å. Ǒãáâì G | ®£à ¨ç¥ ï ª®¥ç®-á¢ï§ ï áâ ¤ àâ ï ®¡« áâì á ¯®«®�¨â¥«ì® ®à¨¥â¨à®¢ ®©,á¯àï¬«ï¥¬®© £à ¨æ¥© �. Ǒãáâì {a1, a2, . . . , am} ⊂ G,   äãªæ¨ï fà¥£ã«ïà  ¢ G\{a1, a2, . . . , am} ¨ ¥¯à¥àë¢    G\{a1, a2, . . . , am}.�®£¤  ¨¬¥¥â ¬¥áâ® ä®à¬ã« 

∫� f(z) dz = 2πi m
∑

j=1Resajf.�¯à¥¤¥«¥¨¥ 4. Ǒãáâì R > 0, äãªæ¨ï f à¥£ã«ïà  ¢ ª®«ìæ¥
{z ∈ C: R < |z| < +∞}. �ëç¥â®¬ äãªæ¨¨ f ¢ ∞  §ë¢ ¥âáïç¨á«® Res∞f , § ¤ ¢ ¥¬®¥ à ¢¥áâ¢®¬Res∞f = 12πi ∫

|z|=R

f(z) dz,£¤¥ ª®âãà ¨â¥£à¨à®¢ ¨ï ¯®«®�¨â¥«ì® ®à¨¥â¨à®¢  ¯® ®â®-è¥¨î ª® ¢¥è®áâ¨ ªàã£  (â® ¥áâì ®ªàã�®áâì ¯à®å®¤¨âáï ¯® ç -á®¢®© áâà¥«ª¥).�¥¬¬  1. � áã¬¬¥ ¢ëç¥â®¢. Ǒãáâì äãªæ¨ï f à¥£ã«ïà   
C §  ¨áª«îç¥¨¥¬ ª®¥ç®£® ¬®�¥áâ¢  {a1, a2, . . . , am} ¨ ¨§®«¨-à®¢ ®© ®á®¡®© â®çª¨ ∞. �®£¤  ¢¥à  ä®à¬ã« 

m
∑

j=1Resajf +Res∞f = 0.



40 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©� ¬¥ç ¨¥ 1. �á«¨ ∞ | ¨§®«¨à®¢  ï ®á®¡ ï äãªæ¨¨ f ,â® ¯à¨ ¥ª®â®à®¬ R > 0 äãªæ¨ï f ¯à¥¤áâ ¢¨¬    ¬®�¥áâ¢¥
{z: |z| > R} àï¤®¬ �®à  :

f(z) = ∞
∑

n=−∞
cnz

n.�®£¤  Res∞f = −c−1.� ¬¥ç ¨¥ 2. Ǒ®   «®£¨¨ á ª®¥ç®© â®çª®© ¢¢¥¤¥¬ âà¨ â¨¯ ¨§®«¨à®¢ ®© ®á®¡¥®áâ¨ ¢ ∞.1) �®çª  ∞  §ë¢ ¥âáï ãáâà ¨¬®© ®á®¡®©, ¥á«¨ lim
z→∞

f(z) áãé¥-áâ¢ã¥â ¨ ª®¥ç¥. � â¥à¬¨ å àï¤  �®à   íâ® ®§ ç ¥â à ¢¥áâ¢®ã«î ª®íää¨æ¨¥â®¢ ¯à¨ ¯®«®�¨â¥«ìëå áâ¥¯¥ïå z.2) �®çª  ∞  §ë¢ ¥âáï ¯®«îá®¬, ¥á«¨ lim
z→∞

f(z) = ∞. � â¥à¬¨- å àï¤  �®à   íâ® ®§ ç ¥â, çâ® ¯®«®�¨â¥«ìëå áâ¥¯¥¥© z ¢ ¥¬«¨èì ª®¥ç®¥ ç¨á«®.3) �®çª  ∞  §ë¢ ¥âáï áãé¥áâ¢¥® ®á®¡®©, ¥á«¨ ®  ¥ ï¢«ï-¥âáï ¨ ãáâà ¨¬®©, ¨ ¯®«îá®¬.� ¬¥ç ¨¥ 3. �«ï ¢ëç¨á«¥¨ï Res∞f ¬®�® ¢ ¨â¥£à «¥,®¯à¥¤¥«ïîé¥¬ íâ®â ¢ëç¥â, á¤¥« âì § ¬¥ã ¯¥à¥¬¥®© ¨â¥£à¨à®-¢ ¨ï u = 1/z. �®£¤ Res∞f = − 12πi ∫

|u|=1/R f

( 1
u

)

· 1
u2 du,£¤¥ ª®âãà ¨â¥£à¨à®¢ ¨ï ¯®«®�¨â¥«ì® ®à¨¥â¨à®¢  ®â®á¨-â¥«ì® ªàã£ . � ª ª ª â®çª  ∞ | ¨§®«¨à®¢  ï ®á®¡ ï, ¢ ¥ª®-â®à®© ¯à®ª®«®â®© ®ªà¥áâ®áâ¨ ã«ï ã äãªæ¨¨ f(1/u) ¥â ®á®¡ëåâ®ç¥ª. Ǒ®íâ®¬ã Res∞f = −Res0(f( 1

u

)

· 1
u2) .Ǒà¨¬¥à. �ëç¨á«¨âì ∮

|z|=3 dz

z5 + 1, £¤¥ ®ªàã�®áâì ®¡å®¤¨âáï ¯®ç á®¢®© áâà¥«ª¥.



§ 3. �¥®à¥¬  ® ¢ëç¥â å 41�¥è¥¨¥. �â®â ¨â¥£à « à ¢¥ Res∞f , £¤¥ f(z) = 1/(z5 + 1).�á¯®«ì§ãï § ¬¥ç ¨¥ 3, ¬ë ¯®«ãç¨¬Res∞f = −Res0(f( 1
u

)

· 1
u2) = Res0 u3

u5 + 1 .Ǒ®á«¥¤¨© ¢ëç¥â à ¢¥ ã«î, â ª ª ª äãªæ¨ï u3
u5 + 1 ¨¬¥¥â ãáâà -¨¬ãî ®á®¡¥®áâì ¢ â®çª¥ 0. �«¥¤®¢ â¥«ì®, ¨áª®¬ë© ¨â¥£à «à ¢¥ ã«î. �� ¤ ç¨1. � ©â¨ ®á®¡ë¥ â®çª¨ á«¥¤ãîé¨å äãªæ¨©, ¢ëïá¨âì å à ªâ¥àíâ¨å â®ç¥ª, ¨áá«¥¤®¢ âì ¯®¢¥¤¥¨¥ äãªæ¨©   ¡¥áª®¥ç®áâ¨.a) ez/(1 + z); b) e1/(z−1); ) (sin z − sin a)−1; d) e1/ tg z.�â¢¥â:a) z = −1 | ¯®«îá ¯¥à¢®£® ¯®àï¤ª , ∞ | áãé¥áâ¢¥® ®á®¡ ïâ®çª .b) z = 1 | áãé¥áâ¢¥® ®á®¡ ï, ∞ | ãáâà ¨¬ ï ®á®¡ ï â®çª .) �®çª¨ zn = (−1)na + πn, n ∈ Z | ¯®«îáë (¯à¨ a = π2 + πm,

m ∈ Z | ¢â®à®£® ¯®àï¤ª , ¤«ï ®áâ «ìëå a | ¯¥à¢®£® ¯®àï¤ª ).�®çª  ∞ | ¥¨§®«¨à®¢  ï ®á®¡ ï.d) zn = πn, n ∈ Z | áãé¥áâ¢¥® ®á®¡ë¥ â®çª¨, â®çª¨ ¢¨¤ 
π2 +πn, n ∈ Z | ãáâà ¨¬ë¥, ∞ | ¥¨§®«¨à®¢  ï ®á®¡ ï â®çª .2. �ëç¨á«¨âì ¨â¥£à « ∮

|z|=2 (z2 + z − 1) e1/z dz, £¤¥ ®ªàã�®áâì®à¨¥â¨à®¢   ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.�â¢¥â: − 2πi3 .3. Ǒãáâì a, b ∈ C, |a| < r < |b|. �á¯®«ì§ãï «¥¬¬ã ® áã¬¬¥ ¢ëç¥-â®¢,  ©â¨ ¯à¨ n ∈ N ¨â¥£à « ∮

|z|=r

dz(z − a)n(z − b) , £¤¥ ®ªàã�®áâì®à¨¥â¨à®¢   ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.�â¢¥â: −2πi (b− a)−n.



42 ����� 1. �â¥£à¨à®¢ ¨¥ äãªæ¨© ª®¬¯«¥ªá®© ¯¥à¥¬¥®©4. �ëç¨á«¨âì ¨â¥£à « ∮

|z|=1 dz(z − a)(z − a−1) ¯à¨ a ∈ C, |a| < 1,£¤¥ ®ªàã�®áâì ®à¨¥â¨à®¢   ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �®ª § âìá ¥£® ¯®¬®éìî à ¢¥áâ¢® 2π
∫0 dt1 + a2 − 2a os t = 2π1− a2 .5. �ëç¨á«¨âì ¨â¥£à « ∮

|z−a|=1 zez(z − a)3 dz, £¤¥ ®ªàã�®áâì ®à¨-¥â¨à®¢   ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.�â¢¥â: iπea(2 + a).6. �ëç¨á«¨¢ ¨â¥£à « ∮

|z|=R

f(z)(z − a)(z − b) dz ¯à¨ |a|, |b| < R ¨®æ¥¨¢ ¥£® ¯à¨ R → +∞, ¤®ª § âì á«¥¤ãîéãî â¥®à¥¬ã: ¥á«¨ äãª-æ¨ï f à¥£ã«ïà    ¯«®áª®áâ¨ C ¨ ®£à ¨ç¥    ¥©, â® f ¯®áâ®-ï . �â® ãâ¢¥à�¤¥¨¥  §ë¢ ¥âáï â¥®à¥¬®© �¨ã¢¨««ï.7. �®ª § âì, çâ® ¥á«¨ äãªæ¨ï f à¥£ã«ïà    ¯«®áª®áâ¨ C ¨
f(z) = o

(

|z|
) ¯à¨ z → ∞, â® f | ¯®áâ®ï ï äãªæ¨ï.8. �ëç¨á«¨âì ¨â¥£à « ∮� dz1 + z4 , £¤¥ í««¨¯á� = {x+ iy: x2 − xy + y2 + x+ y = 0}®à¨¥â¨à®¢  ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.�â¢¥â: π(i−1)2√2 .9. �ëç¨á«¨âì ¨â¥£à « +∞

∫0 (sinx
x

)2
dx.�â¢¥â: π2 .10. �ëç¨á«¨âì ¨â¥£à « ∮

|z|=r

ez dz, £¤¥ ®ªàã�®áâì ®à¨¥â¨à®-¢   ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.�â¢¥â: 2πir2.



����� 2. ���������� ����������� ��Ǒ����������� ������ ����������Ǒ������� Ǒ���������
§ 1. Ǒà¨¬¥¥¨¥ â¥®à¥¬ë ® ¢ëç¥â åª ¢ëç¨á«¥¨î á®¡áâ¢¥ëå ¨â¥£à «®¢ (I â¨¯)�«ï ¢ëç¨á«¥¨ï á®¡áâ¢¥®£® ¨â¥£à «  ¯® ®âà¥§ªã ã¤®¡® ¨á-¯®«ì§®¢ âì â¥®à¥¬ã �®è¨ ® ¢ëç¥â å (á¬. â¥®à¥¬ã 4 § 1 £« ¢ë 1),ª®â®à ï ¯®§¢®«ï¥â  å®¤¨âì ¨â¥£à «ë ¯® § ¬ªãâë¬ ª®âãà ¬.�¯¨è¥¬ ®¡éãî áå¥¬ã ¯à¨¬¥¥¨ï íâ®© â¥®à¥¬ë. �ë á®áâ ¢«ï¥¬ª®¬¯®§¨æ¨î ¯®¤ëâ¥£à «ì®© äãªæ¨¨ á ®â®¡à �¥¨¥¬, ¯¥à¥¢®¤ï-é¨¬ ¢ ®âà¥§®ª ¥ª®â®àë© § ¬ªãâë© ª®âãà ª®¬¯«¥ªá®© ¯«®áª®-áâ¨. �â  ª®¬¯®§¨æ¨ï   «¨â¨ç¥áª¨ ¯à®¤®«� ¥âáï ¢® ¢ãâà¥®áâìª®âãà  §  ¨áª«îç¥¨¥¬ ¥áª®«ìª¨å ®á®¡ëå â®ç¥ª. �áå®¤ë© ¨-â¥£à « á¢®¤¨âáï ª ªà¨¢®«¨¥©®¬ã ¨â¥£à «ã ®â ª®¬¯®§¨æ¨¨, ª®â®-àë© ¨ ¢ëç¨á«ï¥âáï ¯® â¥®à¥¬¥ �®è¨. Ǒà®áâ®¥ ¯à®¤®«�¥¨¥ â ª®£®â¨¯  ¤®¯ãáª îâ à æ¨® «ìë¥ äãªæ¨¨ ®¤®© ¨«¨ ¤¢ãå ¢¥é¥áâ¢¥-ëå ¯¥à¥¬¥ëå. �¬¨ ¬ë ¨ ¡ã¤¥¬ § ¨¬ âìáï ¢ íâ®¬ ¯ à £à ä¥.Ǒà¨¬¥à 1. Ǒà¨ ε ∈ (−1, 1) ¢ëç¨á«¨âì ¨â¥£à «

I(ε) = 2π
∫0 dt1 + ε os t dt.�¥è¥¨¥. � áá¬®âà¨¬ ®â®¡à �¥¨¥ z(t) = eit, t ∈ [0, 2π℄. �®£¤ 

dz = ieitdt, â® ¥áâì dt = dz

iz
, ¨ ¯® ä®à¬ã«¥ �©«¥à 

I(ε) = ∮

|z|=1 dz

iz
(1 + ε2 (z + z )) = 2

iε

∮

|z|=1 dz

z2 + 2
εz + 1 .�®à¨ § ¬¥ â¥«ï à ¢ë

z1 = √1− ε2 − 1
ε

, z2 = −
√1− ε2 + 1

ε
.



44 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�ç¥¢¨¤®, |z2| > 1, â ª ª ª ε ∈ (−1, 1). �à®¬¥ â®£®, ¯® â¥®à¥¬¥�¨¥â  z1z2 = 1, ®âªã¤  |z1| < 1. � ç¨â, ¢ ¥¤¨¨çë© ªàã£ ¯®¯ ¤ ¥ââ®«ìª® z1. �®£¤  ¯® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
I(ε) = 4π

ε
Resz1f = lim

z→z1 4π(z − z1)
ε(z2 + 2

εz + 1) = 4π
ε(z1 − z2) = 2π√1− ε2 . �� ¯®¬¨¬, çâ® ¢ëç¥â äãªæ¨¨ f(z) = g(z)
h(z) ¢ â®çª¥ a, ï¢«ïî-é¥©áï ¯à®áâë¬ ª®à¥¬ äãªæ¨¨ h, à ¢¥Resaf = g(a)

h′(a) . (1)Ǒà¨¬¥à 2. �ëç¨á«¨âì ¨â¥£à «
In(a) = π

∫

−π

sinnt dt1− 2a sin t+ a2 ¯à¨ n ∈ N, a ∈ C, 0 < |a| < 1.�¥è¥¨¥. � áá¬®âà¨¬ ®â®¡à �¥¨¥ z(t) = eit, ¯¥à¥¢®¤ïé¥¥®âà¥§®ª [0, 2π℄ ¢ ¥¤¨¨çãî ®ªàã�®áâì. �®£¤  dz = ieitdt, â® ¥áâì
dt = dz

iz
. Ǒ® ä®à¬ã«¥ �©«¥à  sinnt = 12i(zn − z−n

) ¨
In(a) = 12i ∮

|z|=1 z2n − 1
zn
(

iz(1 + a2)− az2 + a
) dz(®ªàã�®áâì ®¡å®¤¨âáï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨). Ǒà¥¤áâ ¢¨¬ ¨-â¥£à « In(a) ¢ ¢¨¤¥ áã¬¬ë I+n (a) + I−n (a), £¤¥

I+n (a) = 12i ∮
|z|=1 zn dz

iz(1 + a2)− az2 + a
,

I−n (a) = − 12i ∮
|z|=1 z−n dz

iz(1 + a2)− az2 + a
.



§ 1. �ëç¨á«¥¨¥ á®¡áâ¢¥ëå ¨â¥£à «®¢ (I â¨¯) 45Ǒãáâì f | ¯®¤ëâ¥£à «ì ï äãªæ¨ï ¢ I+n (a). �¥ ®á®¡ë¥ â®çª¨ |ª®à¨ § ¬¥ â¥«ï, ª®â®àë¥ à ¢ë z1 = ia ¨ z2 = − 1
ia
. Ǒ®áª®«ì-ªã |a| < 1, ¢ ¥¤¨¨çë© ªàã£ ¯®¯ ¤ ¥â â®«ìª® â®çª  z1, ª®â®à ïï¢«ï¥âáï ¯®«îá®¬ ¯¥à¢®£® ¯®àï¤ª  f . Ǒ® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å

I+n (a) = πResz1f = π(ia)n
i(1 + a2)− 2a(ia) = π in−1an1− a2 .�® ¢â®à®¬ ª®âãà®¬ ¨â¥£à «¥ á¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥®© ¨-â¥£à¨à®¢ ¨ï z = 1

w
. �®£¤  dz = −dw

w2 . Ǒà¨ íâ®¬ ®â®¡à �¥¨¨¥¤¨¨ç ï ®ªàã�®áâì ¯¥à¥©¤¥â ¢ á¥¡ï, ®  ¯à ¢«¥¨¥ ¥¥ ®¡å®¤ á¬¥¨âáï   ¯à®â¨¢®¯®«®�®¥. �ë ¬®�¥¬ ¢¥àãâìáï ª ¯®«®�¨-â¥«ì®© ®à¨¥â æ¨¨ ª®âãà , ¯®¬¥ï¢ § ª ¨â¥£à « . �â® ¤ áâ
I−n (a)=− 12i ∮

|w|=1 wn dw

iw(1+a2)−a+aw2 =−I+n (−a)=−πin−1(−1)nan1− a2 .� ¨â®£¥ ¬ë ¯®«ãç¨¬
In(a) = πanin−1(1 + (−1)n+1)1− a2 = { 0, n = 2m,2π(−1)ma2m+11−a2 , n = 2m+ 1. �Ǒà¨¬¥à 3. Ǒà¨ n ∈ Z ¢ëç¨á«¨âì ¨â¥£à « �¥áá¥«ï

J(n) = 2π
∫0 eos t · os(nt− sin t) dt.�¥è¥¨¥. � ¬¥â¨¬, çâ® os(nt−sin t) = Re(eitn−i sin t

). Ǒ®íâ®¬ã¯®á«¥ § ¬¥ë ¯¥à¥¬¥®© z = eit ¬ë ¯®«ãç¨¬
J(n) = Re( ∮

|z|=1 e
12 (z+ 1

z )zne− 12 (z− 1
z ) dz

iz

) = Re(1
i

∮

|z|=1 zn−1e 1
z dz

)

.Ǒ®«®�¨¬ f(z) = zn−1e1/z. �ãâà¨ ª®âãà  ¨â¥£à¨à®¢ ¨ï äãª-æ¨ï f ¨¬¥¥â ¥¤¨áâ¢¥ãî ®á®¡ãî â®çªã a = 0. Ǒ® â¥®à¥¬¥ �®è¨



46 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢® ¢ëç¥â å J(n) = Re(2πResaf). �®çª  a | áãé¥áâ¢¥® ®á®¡ ï¤«ï äãªæ¨¨ f , ¯®íâ®¬ã ¤«ï  å®�¤¥¨ï ¢ëç¥â  ¢ ¥© ¥®¡å®¤¨¬®à §«®�¨âì f ¢ àï¤ �®à  :
f(z) = zn−1e1/z = +∞

∑

k=0 1
k! zn−1−k.�á«¨ n < 0, â® ª®íää¨æ¨¥â ¯à¨ z−1 à ¢¥ ã«î,   ¢ á«ãç ¥ n > 0® à ¢¥ 1

n! . � ª¨¬ ®¡à §®¬,
J(n) = Re(2πResaf) = { 0, n < 0,2π

n! , n > 0. �� ¤ ç¨1.1. �ëç¨á«¨âì ¨â¥£à «
π
∫0 dt(a+ b os t)2 , £¤¥ a > b > 0.�â¢¥â: πa(a2 − b2)3/2 .1.2. �ëç¨á«¨âì ¨â¥£à «

π
∫

−π

os2 2t1− 2a os t+ a2 dt, £¤¥ a ∈ C, |a| < 1.�â¢¥â: π
(1 + a4)1− a2 .1.3. �ëç¨á«¨âì ¨â¥£à «

π
∫0 os2 t1− a sin2 t dt, £¤¥ a < 1.�â¢¥â: π

(1−√1− a
)

a
.



§ 1. �ëç¨á«¥¨¥ á®¡áâ¢¥ëå ¨â¥£à «®¢ (I â¨¯) 47�¯¨è¥¬ â¥¯¥àì ¢ ®¡é¥¬ ¢¨¤¥ ¬¥â®¤, ª®â®àë© ¬ë ¯à¨¬¥ï«¨¢ à §®¡à ëå à ¥¥ ¯à¨¬¥à å. � ¥£® ¯®¬®éìî ¬®�® ¯®«ãç âìä®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï ¨â¥£à «®¢ I â¨¯ . �ä®à¬ã«¨àã¥¬ á«¥-¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�â¢¥à�¤¥¨¥ 1. Ǒãáâì R | à æ¨® «ì ï äãªæ¨ï ¤¢ãå ¯¥-à¥¬¥ëå, ®¯à¥¤¥«¥ ï   ®ªàã�®áâ¨ {(x, y): x2+y2 = 1}. �®£¤ 2π
∫0 R(os t, sin t) dt = 2π ∑

|a|<1Resa(1z R

(

z + z−12 ,
z − z−12i ))

.� ¬¥ç ¨¥. �ã¬¬  ¢ ¯à ¢®© ç áâ¨ ä ªâ¨ç¥áª¨ ¢ëç¨á«ï¥âáï ¯®¨§®«¨à®¢ ë¬ ®á®¡ë¬ â®çª ¬ äãªæ¨¨, ®â ª®â®à®© ¡¥à¥âáï ¢ëç¥â.�â  äãªæ¨ï à æ¨® «ì , ¯®íâ®¬ã â ª¨å â®ç¥ª ª®¥ç®¥ ç¨á«®.� áá¬®âà¥ë©  ¬¨ á¯®á®¡ á¢¥¤¥¨ï ®¯à¥¤¥«¥®£® ¨â¥£à « ª ªà¨¢®«¨¥©®¬ã ¥ £®¤¨âáï, ¥á«¨ ®¯à¥¤¥«¥ë© ¨â¥£à « áãé¥-áâ¢ã¥â â®«ìª® ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï. � íâ®¬ á«ãç ¥ ç áâ®®ª §ë¢ ¥âáï ã¤®¡®© ¤àã£ ï áå¥¬  ¤¥©áâ¢¨©. �¯¨è¥¬ ¥¥.1) �¤ «¨¬ ¨§ ®âà¥§ª  ¨â¥£à¨à®¢ ¨ï á¨¬¬¥âà¨çë¥ ®ªà¥áâ®-áâ¨ ®á®¡ëå â®ç¥ª, ¢ ª®â®àëå ¨â¥£à « áå®¤¨âáï «¨èì ¢ á¬ëá«¥ £« ¢-®£® § ç¥¨ï.2) �®¥¤¨¨¬ ª®æë ®áâ ¢è¨åáï ®âà¥§ª®¢ â ª, çâ®¡ë ¯®«ãç¨«áï§ ¬ªãâë© ª®âãà.3) �ëç¨á«¨¬ ¨â¥£à « ¯® íâ®¬ã ª®âãàã á ¯®¬®éìî ¢ëç¥â®¢.4) � ¯®«ãç¨¢è¥¬áï à ¢¥áâ¢¥ ãáâà¥¬¨¬ ª ã«î ¤«¨ë ã¤ «¥ëå®ªà¥áâ®áâ¥©. Ǒà¨ íâ®¬ ¢ «¥¢®© ç áâ¨ ®ª �¥âáï áã¬¬  ¨áª®¬®£®¨â¥£à «  ¨ ¥é¥ ¥áª®«ìª¨å ¨â¥£à «®¢, ª®â®àë¥ ¥®¡å®¤¨¬® ã¬¥âì¢ëç¨á«ïâì ¨«¨ ®æ¥¨¢ âì.Ǒà®¨««îáâà¨àã¥¬ ®¯¨á ãî áå¥¬ã   ¯à¨¬¥à¥.Ǒà¨¬¥à 4. Ǒà¨ a ∈ (−1, 1) ¢ëç¨á«¨âì ¨â¥£à «
I(a) = v.p.

π
∫

−π

dx

a+ sinx.�¥è¥¨¥. � ¬¥â¨¬, çâ®
I(0) = lim

r→0+( −r
∫

−π

dxsinx + π
∫

r

dxsinx) = 0,



48 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢¯®áª®«ìªã ¯®¤ëâ¥£à «ì ï äãªæ¨ï ¥ç¥â . �à®¬¥ â®£®, § ¬¥ 
x = −t ¤ ¥â

I(−a) = −v.p.

−π
∫

π

dt

−a+ sin(−t) = −v.p.

π
∫

−π

dt

a+ sin t = −I(a).Ǒ®íâ®¬ã ¤®áâ â®ç® à áá¬®âà¥âì á«ãç © a ∈ (−1, 0).Ǒ®«®�¨¬ f(z) = 1
a+ sin z . �  ®âà¥§ª¥ [−π, π℄ äãªæ¨ï f ¨¬¥¥â¤¢¥ ®á®¡ë¥ â®çª¨: x1 = arsin |a| ¨ x2 = π − arsin |a|. Ǒ®íâ®¬ã

v.p.

π
∫

−π

f(x) dx = lim
r1→0
r2→0( x1−r1

∫

−π

f(x) dx+ x2−r2
∫

x1+r1 f(x) dx + π
∫

x2+r2 f(x) dx).�ë¡¥à¥¬ § ¬ªãâë© ª®âãà γ(r1, r2, n), ¯®ª § ë©   à¨áãª¥ 12,£¤¥ ¯®«ã®ªàã�®áâ¨ á æ¥âà ¬¨ x1 ¨ x2 ¨¬¥îâ à ¤¨ãáë r1 ¨ r2á®®â¢¥âáâ¢¥®.
0 x1 x2 π−π

ni

X

Y

γ(r1, r2, n)

�¨á. 12� ¬¥â¨¬, çâ® a+ sin z 6= 0 ¯à¨ Im z > 0. �¥©áâ¢¨â¥«ì®,sin(x+ iy) = h y · sinx+ i sh y · osx.Ǒà¨ y > 0 «¨¡® Im(a+ sin z) 6= 0, «¨¡® osx = 0 ¨
| sin(x + iy) + a| > | h y · sinx| − |a| = h y − |a| > 1− |a| > 0.



§ 1. �ëç¨á«¥¨¥ á®¡áâ¢¥ëå ¨â¥£à «®¢ (I â¨¯) 49� ª¨¬ ®¡à §®¬, ¢ãâà¨ ª®âãà  γ(r1, r2, n) äãªæ¨ï f ¥ ¨¬¥¥â ®á®-¡ëå â®ç¥ª, ¨ â¥®à¥¬¥ �®è
∮̈

γ(r1,r2,n) f(z) dz = 0.� áá¬®âà¨¬ ¨â¥£à «ë ¯® ®â¤¥«ìë¬ ç áâï¬ γ(r1, r2, n). Ǒ®ª �¥¬,çâ® áã¬¬  ¨â¥£à «®¢ ¯® ¢¥àâ¨ª «ìë¬ ®âà¥§ª ¬ à ¢  ã«î. Ǒ -à ¬¥âà¨§ãï ¨å ª ª z(y) = ±π + iy, ¬ë ¯®«ãç¨¬
n
∫0 i dy

a+ sin(π + iy) + 0
∫

n

i dy

a+ sin(−π + iy) == i

(

n
∫0 dy

a− sin iy −
n
∫0 dy

a− sin iy) = 0.�æ¥¨¬ ¨â¥£à « ¯® ®âà¥§ªã [−π+ in, π+ in℄. � á¨«ã ¯à¨¢¥¤¥®£®¢ëè¥ à ¢¥áâ¢ 
∣

∣sin(x+ in)∣∣ =√h2 n sin2 x+ sh2 n os2 x =√sin2 x+ sh2 n > shn.�®£¤ 
∣

∣f(x+ in)∣∣ 6 1
| sin(x+ in)| − |a| 6

1shn− |a| ,®âªã¤ 
∣

∣

∣

∣

π
∫

−π

f(x+ in) dx∣∣∣
∣

6
2πshn− |a| → 0 ¯à¨ n → +∞.�áâ «®áì  ©â¨ ¯à¥¤¥«ë ¨â¥£à «®¢ ¯® ¯®«ã®ªàã�®áâï¬. �®á-¯®«ì§ã¥¬áï «¥¬¬®© ® ¯®«ã¢ëç¥â¥, ª®â®à ï ¡ã¤¥â ¤®ª §   ¢ § 4.�®£« á® ¥©

− lim
r1→0 ∫

|z−x1|=r1,06arg(z−x1)6π

f(z) dz = −πiResx1f = − πiosx1 .



50 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢� «®£¨ç® ¨â¥£à « ¯® ¢â®à®© ¯®«ã®ªàã�®áâ¨ áâà¥¬¨âáï ¯à¨
r2 → 0 ª

− πiosx2 = − πios(π − x1) = πiosx1 .� ç¨â, áã¬¬  íâ¨å ¯à¥¤¥«®¢ à ¢  ã«î. �áâà¥¬«ïï â¥¯¥àì r1 ¨
r2 ª ã«î,   n ª +∞, ¬ë ¯®«ãç¨¬, çâ® I(a) = 0 ¯à¨ a ∈ (−1, 1). �

§ 2. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå  ¡á®«îâ® áå®¤ïé¨åáï¨â¥£à «®¢ (II â¨¯)� íâ®¬ ¯ à £à ä¥ ¬ë à áá¬®âà¨¬  ¡á®«îâ® áå®¤ïé¨¥áï ¨â¥-£à «ë ¯® ¢¥é¥áâ¢¥®© ®á¨ ®â ¥¯à¥àë¢ëå   R äãªæ¨© f , ã¤®-¢«¥â¢®àïîé¨å á«¥¤ãîé¨¬ âà¥¡®¢ ¨ï¬. Ǒãáâì a1, a2, . . . , am ∈ C,Im ak > 0 ¯à¨ k ∈ {1, 2, . . . ,m} ¨
G = {z ∈ C: Im z > 0} \ {a1, a2, . . . , am}.�ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äãªæ¨ï f ¨¬¥¥â ¥¯à¥àë¢®¥ ¯à®-¤®«�¥¨¥   G, à¥£ã«ïà®¥ ¢® ¢ãâà¥¨å â®çª å G. � ª®¥ ¯à®-¤®«�¥¨¥  §®¢¥¬ áâ ¤ àâë¬.Ǒà¨¬¥à 1. �ëç¨á«¨âì ¨â¥£à « � ««¨á 

I(n) = +∞
∫0 dx(1 + x2)n ¯à¨ n ∈ N.�¥è¥¨¥. Ǒ®«®�¨¬ f(z) = (1 + z2)−n. �ãªæ¨ï f ¥ ®¡à é -¥âáï ¢ ®«ì   R ¨ f(x) ∼ x−2n ¯à¨ x → ±∞. Ǒ®íâ®¬ã ¨â¥£à «

I(n)  ¡á®«îâ® áå®¤¨âáï ¯à¨ «î¡®¬ n ∈ N. � ãç¥â®¬ ç¥â®áâ¨ f¬ë ¬®�¥¬ § ¯¨á âì
I(n) = 12 +∞

∫

−∞

dx(1 + x2)n = 12 lim
R→+∞

R
∫

−R

f(x) dx.�®çª  i | ¯®«îá n-£® ¯®àï¤ª  äãªæ¨¨ f , ¨ íâ® ¥¤¨áâ¢¥ ï ®á®-¡ ï â®çª  f ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨. � ©¤¥¬ ¢ëç¥â f ¢ â®çª¥ i:Resif = 1(n− 1)! (−n)(−n− 1) · · · (−n− n+ 2) lim
z→i

(z + i)−2n+1 == (−1)n−1n(n+ 1) · · · (2n− 2)(2i)−2n+1(n− 1)! = −2i (2n− 2)!4n((n− 1)!)2 .



§ 2. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (II â¨¯) 51Ǒãáâì G | ¯¥à¥á¥ç¥¨¥ ªàã£  à ¤¨ãá  R á ¢¥àå¥© ¯®«ã¯«®áª®-áâìî,   γR | ¥£® £à ¨æ , ®à¨¥â¨à®¢  ï áâ ¤ àâë¬ ®¡à §®¬(á¬. à¨áã®ª 13).
0 R−R

i

X

Y

γR

G�¨á. 13�á«¨ R > 1, â® i ∈ G. Ǒà¨¬¥ïï ¤«ï â ª¨å R â¥®à¥¬ã �®è¨ ®¢ëç¥â å, ¬ë ¯®«ãç¨¬
R
∫

−R

f(x) dx + ∫

|z|=R,Im z>0 f(z) dz = ∮
γR

f(z) dz = 2πiResif = 4π(2n− 2)!4n((n− 1)!)2 .�®ª �¥¬, çâ® ¨â¥£à « ¯® ¯®«ã®ªàã�®áâ¨ áâà¥¬¨âáï ª ã«î ¯à¨
R → +∞. �á«¨ |z| = R > 1, â®

|f(z)| > 1
(

|z|2 − 1)n = 1
(

R2 − 1)n ,®âªã¤ 
∣

∣

∣

∣

∫

|z|=R,Im z>0 f(z) dz∣∣∣
∣

6
πR

(

R2 − 1)n ∼ π

R2n−1 → 0 (R → +∞).� ª¨¬ ®¡à §®¬, ãáâà¥¬«ïï R ª +∞, ¬ë ¯®«ãç¨¬
I(n) = πiResif = 2π(2n− 2)!4n((n− 1)!)2 . �



52 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢Ǒà¨¬¥à 2. Ǒà¨ n ∈ N ¢ëç¨á«¨âì ¨â¥£à «
Jn = +∞

∫

−∞

dx

x2n + xn + 1 .�¥è¥¨¥. Ǒ®«®�¨¬ f(z) = 1
z2n + zn + 1. �á®¡ë¥ â®çª¨ f  -å®¤ïâáï ¨§ ãà ¢¥¨ï0 = z2n + zn + 1 = z3n − 1

zn − 1 .� ç¨â, zn | ªã¡¨ç¥áª¨¥ ª®à¨ ¨§ ¥¤¨¨æë, ®â«¨çë¥ ®â 1, â® ¥áâì
zn = exp(± 2πi3 ). � ª¨¥ â®çª¨ z ï¢«ïîâáï ¯à®áâë¬¨ ¯®«îá ¬¨ f .� ©¤¥¬ ¢ëç¥â f ¢ ®¤®© ¨§ ¨å. � á¨«ã à ¢¥áâ¢  2z2n+2zn = −2¬ë ¯®«ãç¨¬Reszf = 12nz2n−1 + nzn−1 = z/n2z2n + 2zn − zn

= z/n

−2− zn
== z/n

−2− e±2πi/3 = z√3n 2(−√3∓ i) = z

n
√3 (−√3± i)2 = z e±5πi/6

n
√3 .� ©¤¥¬ ï¢ë¥ ¢ëà �¥¨ï ¤«ï ¯®«îá®¢ f :

z+k = exp( 2πi (3k+1)3n )

, z−k = exp( 2πi (3k−1)3n )

, k ∈ {0, . . . , n− 1}.�ë¡¥à¥¬ ¢®¢ì G ¨ ª®âãà γR â ª, ¯®ª § ®   à¨áãª¥ 13. �â®¡ë¯à¨¬¥¨âì à ááã�¤¥¨ï ¯à¨¬¥à  1,  ¬  ¤® ®â®¡à âì â¥ ¯®«îáëäãªæ¨¨ f , ª®â®àë¥ «¥� â ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨. � á«ãç ¥ z+k¬ë ¯®«ãç ¥¬ ãá«®¢¨¥ 2(3k + 1) 6 3n, ®âªã¤  0 6 k 6
[

n−12 ] (§¤¥áìª¢ ¤à âë¥ áª®¡ª¨ ®§ ç îâ æ¥«ãî ç áâì ç¨á« ). � «®£¨çë¬®¡à §®¬ ãá«®¢¨¥ Im z−k > 0 íª¢¨¢ «¥â® ¥à ¢¥áâ¢ ¬ 1 6 k 6
[

n2 ](®â¬¥â¨¬, çâ® ¯à¨ n = 1 â ª¨å z−k ¥â). Ǒà¨¬¥ïï ª f ¨ G â®â �¥¬¥â®¤, çâ® ¢ ¯à¨¬¥à¥ 1, ¬ë ¯®«ãç¨¬
Jn = lim

R→+∞

∮

γR

f(z) dz = 2πi
n
√3(e 5πi6 [n−12 ]

∑

k=0 z+k + e−
5πi6 [n2 ]
∑

k=1 z−k ). �



§ 2. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (II â¨¯) 53� ¬¥ç ¨¥. Ǒ®«ãç¥ë© ®â¢¥â ã�¤ ¥âáï ¢ ã¯à®é¥¨¨. �¨-£ãà¨àãîé¨¥ ¢ ¥¬ áã¬¬ë ¬®�® á¢¥áâ¨ ª áã¬¬ ¬ £¥®¬¥âà¨ç¥áª¨å¯à®£à¥áá¨© ¨ ¢ëç¨á«¨âì ¨å. �à®¬¥ â®£®,  ¤® à á¯¨á âì ®â¤¥«ì-® á«ãç ¨ ç¥âëå ¨ ¥ç¥âëå n, çâ®¡ë ¨§¡ ¢¨âìáï ®â æ¥«®© ç -áâ¨. Ǒà¥¤« £ ¥¬ ç¨â â¥«î á¤¥« âì íâ® á ¬®áâ®ïâ¥«ì®. � «¥¥ ¬ë¢ëç¨á«¨¬ Jn ¡®«¥¥ à æ¨® «ìë¬ á¯®á®¡®¬, ¨á¯®«ì§ãï à¥§ã«ìâ â¯à¨¬¥à  3, ¨ ¯®«ãç¨¬ ®â¢¥â ¢ ã¯à®é¥®¬ ¢¨¤¥.� áá¬®âà¨¬ ¨â¥£à «ë ¯® ¯®«ã®á¨ ®â à æ¨® «ìëå äãªæ¨©,¥ ®¡« ¤ îé¨å á¢®©áâ¢®¬ ç¥â®áâ¨.Ǒà¨¬¥à 3. Ǒà¨ n ∈ N, n > 2 ¢ëç¨á«¨âì ¨â¥£à «
In = +∞

∫0 dx1 + xn
.�¥è¥¨¥. � ©¤¥¬ ¡®«¥¥ ®¡é¨© ¨â¥£à «

In(t) = +∞
∫0 dx

xn − eit
, £¤¥ t ∈ (0, 2π).�®£¤  ¨áå®¤ë© ¨â¥£à « à ¢¥ In(π). Ǒ®«®�¨¬ f(z) = 1

zn − eit
.� áá¬®âà¨¬ ª®âãà ¨â¥£à¨à®¢ ¨ï, ¯®ª § ë© áâà¥«ª ¬¨   à¨-áãª¥ 14.

0 R−R

Re2πi/n

z0

t
n

X

Y

�¨á. 14�ãâà¨ íâ®£® ª®âãà  äãªæ¨ï f ¨¬¥¥â ¥¤¨áâ¢¥ãî ®á®¡ãî â®ç-ªã z0 = eit/n, ª®â®à ï ï¢«ï¥âáï ¯®«îá®¬ ¯¥à¢®£® ¯®àï¤ª . Ǒ® â¥®-



54 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢à¥¬¥ �®è¨ ® ¢ëç¥â å ¨â¥£à « ¯® íâ®¬ã ª®âãàã à ¢¥2πiResz0f= 2πi
nzn−10 = 2πiz0

nzn0 = 2πiz0
neit

= 2πi
n

ei t(1−n)/n.� ¤àã£®© áâ®à®ë, ¨â¥£à « ¯® à áá¬ âà¨¢ ¥¬®¬ã § ¬ªãâ®¬ã ª®-âãàã à ¢¥ áã¬¬¥ âà¥å ¨â¥£à «®¢ | ¯® ¤¢ã¬ ®âà¥§ª ¬ ¨ ¯® ¤ã£¥.�â¥£à « ¯® ¤ã£¥ ¡¥áª®¥ç® ¬ « ¯à¨ R → +∞, ¯®áª®«ìªã ® ¤®-¯ãáª ¥â ®æ¥ªãmax
|z|=R

∣

∣f(z)∣∣ · 2πR
n

6
2πR

n
(

Rn − 1) ∼ 2π
nRn−1 → 0 (R → +∞).Ǒ à ¬¥âà¨§ã¥¬  ª«®ë© ®âà¥§®ª ¯® ä®à¬ã«¥ z = re2πi/n, £¤¥

r ∈ [0, R℄. �®£¤  ¨â¥£à « ¯® íâ®¬ã ®âà¥§ªã à ¢¥
−e2πi/n R

∫0 dr

rn − eit
.�áâà¥¬«ïï R ª +∞, ¬ë ¯®«ãç¨¬2πi

n
ei t(1−n)/n = In(t)− e2πi/n · In(t) = −In(t)eπi/n 2i sin π

n .�âáî¤   å®¤¨¬
In(t) = π

n sin π
n

ei(t−π)(1−n)/n ¨, ¢ ç áâ®áâ¨, In(π) = π

n sin π
n

. ��â®â ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ª ª �¤®© § ¤ ç¥ ã�® ¯®¤å®¤¨âìâ¢®àç¥áª¨,   ¥ ¯®¤£®ïâì ¥¥ ¯®¤ ®¡éãî áå¥¬ã.� ¬¥ç ¨¥. � á«ãç ¥ t = 0 ¨«¨ t = 2π § ¬¥ â¥«ì f à ¢¥
xn − 1 ¨ ®¡à é ¥âáï ¢ ®«ì ¯à¨ x = 1. �«ï â ª¨å t ¨â¥£à «¥®¡å®¤¨¬® ¯®¨¬ âì ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï. �ë à áá¬®âà¨¬¨â¥£à «ë ¯®¤®¡®£® â¨¯  ¢ § 4.�á¯®«ì§ãï ¯®«ãç¥®¥ § ç¥¨¥ In(t), ¢ëç¨á«¨¬ ¨â¥£à «ë

I±n = +∞
∫0 dx

x2n ± xn + 1 .



§ 2. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (II â¨¯) 55�á®, çâ®
I+n = +∞

∫0 dx
(

xn − e
2πi3 )(xn − e

4πi3 ) == 1
e
2πi3 − e

4πi3 +∞
∫0 ( 1

xn − e
2πi3 − 1

xn − e
4πi3 ) dx = In

( 2π3 )− In
( 4π3 )

i
√3 .� «®£¨çë¬ ®¡à §®¬ ¯®«ãç ¥¬

I−n = +∞
∫0 dx
(

xn − e
πi3 )(xn − e

5πi3 ) = In
(

π3 )− In
( 5π3 )

i
√3 .Ǒà¨¬¥à 2 (¯à®¤®«�¥¨¥). Ǒà¨¢¥¤¥¬ â¥¯¥àì ¢â®à®© á¯®á®¡¢ëç¨á«¥¨ï ¨â¥£à «  Jn ¨§ ¯à¨¬¥à  2. � ¬¥â¨¬, çâ®

Jn = +∞
∫

−∞

dx

x2n + xn + 1 = I+n + +∞
∫0 dx

x2n + (−1)nxn + 1 .� ª¨¬ ®¡à §®¬,
J2m = 2I+2m = 4π sin π(2m−1)6m2m√3 sin π2m ,

J2m+1 = I+2m+1 + I−2m+1 == 2π( sin 2mπ3(2m+1)(2m+ 1)√3 sin π2m+1 + sin 4mπ3(2m+1)(2m+ 1)√3 sin π2m+1 ).�ª®ç â¥«ì® ¯®«ãç ¥¬
Jn = 





4π os(π6 + π3n)/(n√3 sin π
n

)

, n = 2m;4π os(π6 + π3n − π2n) os( π2n)/(n√3 sin π
n

)

, n = 2m+ 1;2π/√3, n = 1.� ¬¥â¨¬, çâ® ¨â¥£à «ë J2, J4 á®¢¯ ¤ îâ ¨ à ¢ë π/
√3. �



56 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢� áá¬®âà¨¬ â¥¯¥àì ¬®£®§ çãî äãªæ¨î   (0,+∞), ¨¬¥î-éãî ¢¥â¢ì, ª®â®à ï à¥£ã«ïà  ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ ¨ ¥¯à¥-àë¢    R \ {0}.Ǒà¨¬¥à 4. Ǒà¨ p ∈ (−1, 3) ¢ëç¨á«¨âì ¨â¥£à «
J(p) = +∞

∫0 xp(1 + x2)2 dx.�¥è¥¨¥. Ǒà¨ p ∈ (−1, 3) ¢ëç¨á«¨âì ¨â¥£à « J(p) áå®¤¨âáï.Ǒ®«®�¨¬
f(z) = zp

(1 + z2)2 , £¤¥ zp = |z|peip arg z, arg z ∈ [0, π℄.�ãªæ¨ï f à¥£ã«ïà  ¢ ®¡« áâ¨ {z ∈ C: Im z > 0, z 6= i} ¨ ¥¯à¥-àë¢    R\{0}. � â®çª¥ iäãªæ¨ï f ¨¬¥¥â ¯®«îá ¢â®à®£® ¯®àï¤ª ,¨ ¢ëç¥â ¢ ¥¬ à ¢¥Resif = lim
z→i

(

zp(z + i)2)′ = (pzp−1(z + i)− 2zp(z + i)3 )

z=i

= i(p− 1)e πip24 .� áá¬®âà¨¬ § ¬ªãâë© ª®âãà γR,r, ®á¨â¥«ì ª®â®à®£® á®áâ®¨â ¨§®âà¥§ª®¢ [−R,−r℄, [r, R℄ ¨ ¯®«ã®ªàã�®áâ¥© à ¤¨ãá®¬ R ¨ r, «¥� -é¨å ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨. �®âãà γR,r ¯®«®�¨â¥«ì® ®à¨¥-â¨à®¢  ®â®á¨â¥«ì® ¢¥àå¥£® ¯®«ãª®«ìæ . Ǒ® â¥®à¥¬¥ �®è¨ ®¢ëç¥â å
∮

γR,r

f(z) dz = 2πiResif = π(1− p)e πip22 . (2)� ¤àã£®© áâ®à®ë, ¯®  ¤¤¨â¨¢®áâ¨ ¨â¥£à « 
∮

γR,r

f = −r
∫

−R

f(x) dx+ R
∫

r

f(x) dx + ∫

|z|=R,06arg z6π

f(z) dz − ∫

|z|=r,06arg z6π

f(z) dz.



§ 2. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (II â¨¯) 57�¤¥« ¥¬ ¢ ¯¥à¢®¬ ¨â¥£à «¥ § ¬¥ã t = −x. � ª ª ª (−t)p = tpeπip¯à¨ t > 0,
−r
∫

−R

xp

(1 + x2)2 dx = −
r
∫

R

tpeπip
(1 + t2)2 dt = eπip

R
∫

r

tp
(1 + t2)2 dt.Ǒ®íâ®¬ã ¯à¨ r → 0+ ¨ R → +∞

−r
∫

−R

f(x) dx+ R
∫

r

f(x) dx = (1 + eπip
)

R
∫

r

f(x) dx →
(1 + eπip

)

J(p).Ǒ®ª �¥¬, çâ® ¨â¥£à «ë ¯® ¯®«ã®ªàã�®áâï¬ áâà¥¬ïâáï ª ã«î.�á«¨ |z| = R > 1, â®
∣

∣f(z)∣∣ 6 |z|p
(

|z|2 − 1)2 = Rp(R2 − 1)2 ,®âªã¤ 
∣

∣

∣

∣

∫

|z|=R,06arg z6π

f(z) dz∣∣∣
∣

6
Rp(R2 − 1)2 · πR ∼ πRp−3 → 0 (R → +∞).� «®£¨çë¬ ®¡à §®¬ ¬ë ¯®«ãç¨¬

∣

∣

∣

∣

∫

|z|=r,06arg z6π

f(z) dz∣∣∣
∣

6
rp(1− r2)2 · πr ∼ πrp+1 → 0 (r → 0+).� ª¨¬ ®¡à §®¬, ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¢ (2) ¯à¨ r → 0+ ¨ R → +∞¤ ¥â

(1 + eπip
)

J(p) = π(1− p)e πip22 .�âáî¤  ¢ëâ¥ª ¥â, çâ®
J(p) = { π(1−p)4 os(πp/2) , p 6= 1,12 , p = 1.



58 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�â®à ï ä®à¬ã«  ¯®«ãç ¥âáï ¨§ ¯¥à¢®© ¯à¥¤¥«ìë¬ ¯¥à¥å®¤®¬ ¯à¨
p → 1, ¯®áª®«ìªã J(p) ¥¯à¥àë¢® § ¢¨á¨â ®â p. ��¡®¡é ï ¬¥â®¤, ª®â®àë¬ ¬ë à¥è «¨ à áá¬®âà¥ë¥ ¯à¨¬¥àë,¤®ª �¥¬ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�â¢¥à�¤¥¨¥ 1. Ǒãáâì äãªæ¨ï f ∈ C(R) ã¤®¢«¥â¢®àï¥âá«¥¤ãîé¨¬ ãá«®¢¨ï¬.1) �ãé¥áâ¢ã¥â ¥¯à¥àë¢®¥ ¯à®¤®«�¥¨¥ f (â ª�¥ ®¡®§ ç -¥¬®¥ ç¥à¥§ f)   ¬®�¥áâ¢®

G = {z ∈ C: Im z > 0} \ {a1, a2, . . . , am},£¤¥ Im ak > 0 ¯à¨ k ∈ {1, 2, . . . ,m}.2) �â® ¯à®¤®«�¥¨¥ à¥£ã«ïà® ¢ãâà¨ G.3) Cãé¥áâ¢ãîâ â ª¨¥ M > 0, p > 1 ¨ R0 > 0, çâ®
∣

∣f(z)∣∣ 6 M |z|−p ¯à¨ z ∈ G, |z| > R0.�®£¤  +∞
∫

−∞

f(x) dx = 2πi m
∑

k=1Resak
f.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¢ á¨«ã 3) ¨áª®¬ë© ¨â¥£à «  ¡-á®«îâ® áå®¤¨âáï ¨ à ¢¥ lim

R→+∞

R
∫

−R

f(x) dx. �®çª¨ a1, . . . , am ¡ã¤ãâ¤«ï äãªæ¨¨ f(z) ¨§®«¨à®¢ ë¬¨ ®á®¡ë¬¨. Ǒãáâì γR | § ¬ª-ãâë© ¯ãâì, ¯®ª § ë©   à¨áãª¥ 13 (¥£® ®á¨â¥«ì | £à ¨æ ¯®«ãªàã£  à ¤¨ãá  R,   ®¡å®¤ ¨¤¥â ¯à®â¨¢ ç á®¢®© áâà¥«ª¨). �á«¨
R > max{|a1|, . . . |am|, R0}, â® ¢á¥ ®á®¡ë¥ â®çª¨ ak «¥� â ¢ãâà¨ª®âãà  ¨â¥£à¨à®¢ ¨ï, â® ¥áâì ¢ ¬®�¥áâ¢¥ G0. Ǒ® â¥®à¥¬¥ �®-è¨ ® ¢ëç¥â å

∮

γR

f(z) dz = 2πi m
∑

k=1Resak
f.� ¤àã£®© áâ®à®ë, ¯®  ¤¤¨â¨¢®áâ¨ ¨â¥£à « 

∮

γR

f(z) dz = R
∫

−R

f(x) dx+ ∫

|z|=R,Im z>0 f(z) dz.



§ 2. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (II â¨¯) 59�æ¥¨¬ ¨â¥£à « ¯® ¯®«ã®ªàã�®áâ¨. � á¨«ã ãá«®¢¨ï 3)
∣

∣

∣

∣

∫

|z|=R,Im z>0 f(z) dz∣∣∣
∣

6 max
|z|=R,Im z>0∣∣f(z)∣∣ · πR 6 πMR1−p → 0 (R → +∞).Ǒ®íâ®¬ã ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¯à¨ R → +∞ ¤ ¥â+∞
∫

−∞

f(x) dx = 2πi m
∑

k=1Resak
f. �� ¤ ç¨2.1. �ëç¨á«¨âì ¨â¥£à «+∞

∫0 x2 dx
x4 + 6x2 + 25 .�â¢¥â: π8 .2.2. Ǒà¨ n ∈ N, n > 2 ¢ëç¨á«¨âì ¨â¥£à «+∞
∫0 xn dx1 + x2n .�â¢¥â: π2n os π2n .�ª § ¨¥. �¤¥« âì § ¬¥ã ¯¥à¥¬¥®© xn = t ¨«¨ ¨á¯®«ì§®¢ âì¯®¤å®¤ïé¨© ª®âãà ¨â¥£à¨à®¢ ¨ï (á¬. ¯à¨¬¥à 3).2.3. Ǒà¨ a > 0 ¢ëç¨á«¨âì ¨â¥£à «+∞
∫0 √

x lnx
x2 + a2 dx.�â¢¥â: π (ln a2 + π)√8a .



60 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢
§ 3. �ëç¨á«¥¨¥ ¨â¥£à «®¢, áå®¤ïé¨åáï ¢ ¡¥áª®¥ç®áâ¨¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï (III â¨¯)� íâ®¬ ¯ à £à ä¥ à¥çì ¯®©¤¥â ® ¥á®¡áâ¢¥ëå ¨â¥£à « å ¯®¢¥é¥áâ¢¥®© ®á¨, áå®¤ïé¨åáï   ¡¥áª®¥ç®áâ¨ ¢ á¬ëá«¥ £« ¢®£®§ ç¥¨ï. � ª®© â¨¯ áå®¤¨¬®áâ¨ ã�¥ ¢áâà¥ç «áï  ¬ ¢ ¯à¨¬¥à¥ 4
§ 1, ® â ¬ à¥çì è«  ® ª®¥ç®© ®á®¡®© â®çª¥. �¥©ç á ¬ë ¢¢¥¤¥¬  «®£¨ç®¥ ¯®ïâ¨¥   ¡¥áª®¥ç®áâ¨.�¯à¥¤¥«¥¨¥ 1. Ǒãáâì F ∈ C(R). Ǒ®«®�¨¬

v.p.

+∞
∫

−∞

F (x) dx = lim
R→+∞

R
∫

−R

F (x) dx.�á«¨ ¯à¥¤¥« ¢ ¯à ¢®© ç áâ¨ áãé¥áâ¢ã¥â ¨ ª®¥ç¥, â® £®¢®àïâ, çâ®+∞
∫

−∞
F (x) dx áå®¤¨âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ª íâ®¬ã ¯à¥¤¥«ã.� ¬¥ç ¨¥ 1. �á«¨ +∞

∫

−∞
F (x) dx áå®¤¨âáï ª ª ¥á®¡áâ¢¥ë© ª¥ª®â®à®¬ã ç¨á«ã I, â® ® áå®¤¨âáï ª I ¨ ¢ á¬ëá«¥ £« ¢®£® § -ç¥¨ï. �¡à â®¥ ¥¢¥à®: v.p.

+∞
∫

−∞
x dx = 0, ® ª ª ¥á®¡áâ¢¥ë©íâ®â ¨â¥£à « à áå®¤¨âáï.� ¬¥ç ¨¥ 2. �á®¢ë¬ ®¡ê¥ªâ®¬ ¨§ãç¥¨ï ¢ íâ®¬ ¯ à £à ä¥¡ã¤ãâ ¨â¥£à «ë ®â äãªæ¨© ¢¨¤  F (x) = f(x)eiax, £¤¥ a ∈ R. � -ç «¥ ¬ë à áá¬®âà¨¬ ¥áª®«ìª® ¯à¨¬¥à®¢ ¢ëç¨á«¥¨ï ¨â¥£à «®¢®â â ª¨å äãªæ¨©. � â¥¬ ¡ã¤ãâ ¯à¨¢¥¤¥ë ¤®áâ â®çë¥ ãá«®¢¨ï  äãªæ¨î f , ¯à¨ ª®â®àëå ¨â¥£à « ®â F áãé¥áâ¢ã¥â ¢ á¬ëá«¥ £« ¢-®£® § ç¥¨ï,   â ª�¥ ä®à¬ã«  ¤«ï ¢ëç¨á«¥¨ï íâ®£® ¨â¥£à « (á¬. ãâ¢¥à�¤¥¨¥ 1 ¢ ª®æ¥ ¯ à £à ä ).Ǒà¨¬¥à 1. Ǒà¨ a ∈ R \ {0} ¢ëç¨á«¨âì ¨â¥£à «

J(a) = +∞
∫0 osx
(

a2 + x2)2 dx.



§ 3. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (III â¨¯) 61�¥è¥¨¥. � áá¬®âà¨¬ äãªæ¨î F (z) = eiz
(

a2 + z2)2 . �¨¬ ïç áâì F
R
¥ç¥â , ®âªã¤ +∞

∫

−∞

F (x) dx = +∞
∫

−∞

osx
(

a2 + x2)2 dx = 2J(a).�ã¤¥¬ áç¨â âì, çâ® a > 0,   § â¥¬ ¢ ®â¢¥â¥ § ¬¥¨¬ a   |a|. �ãª-æ¨ï F à¥£ã«ïà  ¢ C §  ¨áª«îç¥¨¥¬ â®ç¥ª ±ia, ª®â®àë¥ ï¢«ïîâ-áï ¯®«îá ¬¨ F ¢â®à®£® ¯®àï¤ª . � ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ «¥�¨ââ®«ìª® â®çª  ia. � ©¤¥¬ ¢ëç¥â F ¢ ¥©:ResiaF = lim
z→ia

(

eiz(z + ia)2)′ = eiz
(

i(z + ia)− 2)(z + ia)3 z=ia

= (a+ 1)e−a4ia3 .� áá¬®âà¨¬ § ¬ªãâë© ª®âãà γR, ¯®ª § ë©   à¨áãª¥ 13. Ǒ®â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∮

γR

F (z) dz = 2πiResiaF = π(a+ 1)e−a2a3 .� ¤àã£®© áâ®à®ë, «¥¢ ï ç áâì à ¢  áã¬¬¥ ¨â¥£à «®¢ ¯® ®âà¥§ªã[−R,R℄ ¨ ¯® ¯®«ã®ªàã�®áâ¨ CR = {z: |z| = R, Im z > 0}. Ǒ®ª -�¥¬, çâ® ¨â¥£à « ¯® CR áâà¥¬¨âáï ª ã«î ¯à¨ R → +∞. �á«¨
|z| = R > a ¨ Im z > 0, â®

|F (z)| 6 ∣

∣eiz
∣

∣(|z|2 − a2)2 6
e− Im z(R2 − a2)2 6

1(R2 − a2)2 ,®âªã¤ 
∣

∣

∣

∣

∫

CR

F (z) dz∣∣∣
∣

6
1(R2 − a2)2 · πR ∼ π

R3 → 0 (R → +∞).�®£¤  ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¯à¨ R → +∞ ¤ ¥â2J(a) = lim
R→+∞

R
∫

−R

F (x) dx = lim
R→+∞

∮

γR

F (z) dz = π(a+ 1)e−a2a3 .



62 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢� ¬¥ïï â¥¯¥àì a   |a|, ¬ë ¯®«ãç¨¬ ®ª®ç â¥«ìë© ®â¢¥â:
J(a) = π(|a|+ 1)e−|a|4|a|3 . �Ǒà¨¬¥à 2. Ǒà¨ t > 0 ¢ëç¨á«¨âì ¨â¥£à «

I(t) = 1+i∞
∫1−i∞

etz

z2 + 1 dz.�¥è¥¨¥. Ǒ®«®�¨¬ z(u) = 1 + iu, u ∈ R. �®£¤ 
I(t) = iet

+∞
∫

−∞

ei tu du1 + (1 + iu)2 .� ª ª ª
∣

∣

∣

∣

eitu1 + (1 + iu)2 ∣∣∣∣ = 1
|2− u2 + 2iu| = 1√

u4 + 4 ∼ 1
u2 (u → ∞),¨â¥£à « ¢ ¯à ¢®© ç áâ¨  ¡á®«îâ® áå®¤¨âáï. Ǒ®íâ®¬ã

I(t) = lim
R→+∞

1+iR
∫1−iR

etz

z2 + 1 dz.� áá¬®âà¨¬ § ¬ªãâë© ªãá®ç®-£« ¤ª¨© ¯ãâì γR, ¯®ª § ë©  à¨áãª¥ 15. �£® ®á¨â¥«ì á®áâ®¨â ¨§ ®âà¥§ª  [1 − iR, 1 + iR℄ ¨ ¯®-«ã®ªàã�®áâ¨ à ¤¨ãá  R á æ¥âà®¬ 1. Ǒ®«®�¨¬ f(z) = etz

z2 + 1.�á®¡ë¬¨ ¤«ï äãªæ¨¨ f ¡ã¤ãâ â®çª¨ ±i. �¡¥ ®¨ «¥� â ¢ãâà¨ª®âãà  γR ¨ ï¢«ïîâáï ¯®«îá ¬¨ ¯¥à¢®£® ¯®àï¤ª  f . Ǒ® â¥®à¥¬¥�®è¨ ® ¢ëç¥â å
∮

γR

f(z) dz = 2πi(Resif +Res−if
) = 2πi(eit2i − e−it2i ) = 2πi sin t.



§ 3. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (III â¨¯) 63
0 1

1 + iR

1−R

1− iR

X

Y

γR

�¨á. 15� ¤àã£®© áâ®à®ë, à áá¬®âà¨¬ ¨â¥£à «ë ¯® ®â¤¥«ìë¬ ç áâï¬ª®âãà  γR. �â¥£à « ¯® ®âà¥§ªã [1 − iR, 1 + iR℄ áâà¥¬¨âáï ª ¨á-ª®¬®¬ã ¨â¥£à «ã I(t) ¯à¨ R → +∞. Ǒ®ª �¥¬, çâ® ¨â¥£à « ¯®¯®«ã®ªàã�®áâ¨ áâà¥¬¨âáï ª ã«î. �¤¥« ¥¬ ¢ ¥¬ § ¬¥ã ¯¥à¥-¬¥®© w = i(1− z). �®£¤ 
∫

|z−1|=R,Re z61 f(z) dz = iet
∫

|w|=R,Imw>0 eitw(1 + iw)2 + 1 dw.�â¥£à « ¢ ¯à ¢®© ç áâ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë �®à¤  ¨ ¯®â®¬ã áâà¥¬¨âáï ª ã«î ¯à¨ R → +∞. � ª¨¬ ®¡à §®¬,
I(t) = lim

R→+∞

1+iR
∫1−iR

f(z) dz = lim
R→+∞

∮

γR

f(z) dz = 2πi sin t. �� à áá¬®âà¥ëå ¯à¨¬¥à å ¥á®¡áâ¢¥ë¥ ¨â¥£à «ë ®â äãª-æ¨© ¢¨¤  F (x) = f(x)eiax áå®¤¨«¨áì  ¡á®«îâ®, ¯®áª®«ìªã ¯à¨¥ª®â®à®¬ k > 1 ¢ë¯®«ï«®áì ãá«®¢¨¥ f(x) = O
(

|x|−k
) (x → ±∞).�á«¨ �¥ äãªæ¨ï f ¤®áâ â®ç® ¬¥¤«¥® áâà¥¬¨âáï ª ã«î   ¡¥á-ª®¥ç®áâ¨, â® ¨â¥£à « ®â F ¬®�¥â áå®¤¨âìáï «¨èì ãá«®¢® ¨«¨¤ �¥ ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï. � â ª®© á¨âã æ¨¨ ¤«ï ®æ¥-ª¨ ¨â¥£à «®¢ ¯® ¯®«ã®ªàã�®áâï¬  ¬ ®ª �¥âáï ¯®«¥§®© «¥¬¬ �®à¤  , ¡¥§ ª®â®à®© ¢ ¤¢ãå ¯à¥¤ë¤ãé¨å ¯à¨¬¥à å ¬®�® ¡ë«®®¡®©â¨áì.



64 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢Ǒà¨¬¥à 3. Ǒà¨ a > 0 ¢ëç¨á«¨âì ¨â¥£à «
I(a) = +∞

∫0 x3 sin ax1 + x4 dx.�¥è¥¨¥. � ¬¥â¨¬, çâ® I(a)  ¡á®«îâ® ¥ áå®¤¨âáï, ® áå®¤¨â-áï ¯® ¯à¨§ ªã �¨à¨å«¥. � ª ª ª ¯®¤ëâ¥£à «ì ï äãªæ¨ï ç¥â ¨ sin ax = Im eiax, á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
I(a) = 12 Im +∞

∫

−∞

x31 + x4 eiax dx = 12i +∞
∫

−∞

x31 + x4 eiax dx(¯®á«¥¤¨© ¯¥à¥å®¤ ¢ëâ¥ª ¥â ¨§ ¥ç¥â®áâ¨ ¢¥é¥áâ¢¥®© ç áâ¨¯®¤ëâ¥£à «ì®© äãªæ¨¨). Ǒ®«®�¨¬
f(z) = z31 + z4 , F (z) = f(z)eiaz.�â¨ äãªæ¨¨ ¨¬¥îâ ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ ¤¢¥ ®á®¡ë¥ â®çª¨:

z1 = eiπ/4 ¨ z2 = e3iπ/4. Ǒ® ä®à¬ã«¥ (1) ¢ëç¥âë F ¢ ¨å à ¢ëReszkF = z3k eiazk4z3k = eiazk4 = e−a/
√2(os(a/√2 )± i sin(a/√2 ))4 .Ǒãáâì γR | § ¬ªãâë© ª®âãà, ¯®ª § ë©   à¨áãª¥ 13. Ǒ®â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å

∮

γR

F (z) dz = 2πi (Resz1F +Resz2F ) = πi e−a/
√2 os(a/√2 ).� ¤àã£®© áâ®à®ë, à áá¬®âà¨¬ ¨â¥£à «ë ¯® ®â¤¥«ìë¬ ç áâï¬ª®âãà  γR. �â¥£à « ¯® ®âà¥§ªã [−R,R℄ áâà¥¬¨âáï ª 2iI(a) ¯à¨

R → +∞. �â¥£à « ¯® ¯®«ã®ªàã�®áâ¨ áâà¥¬¨âáï ª ã«î. �â®¢ëâ¥ª ¥â ¨§ «¥¬¬ë �®à¤  , ¯®áª®«ìªã f(z) = O
(

|z|−1) (z → ∞).� ª¨¬ ®¡à §®¬, ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¯à¨ R → +∞ ¤ ¥â
I(a) = 12i lim

R→+∞

∮

γR

F (z) dz = πe−a/
√22 os(a/√2 ). �



§ 3. �ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ (III â¨¯) 65Ǒ®¤¢®¤ï ¨â®£ à §®¡à ë¬ ¯à¨¬¥à ¬, ¤®ª �¥¬ ®¡é¥¥ ¯à ¢¨«®¢ëç¨á«¥¨ï ¨â¥£à «®¢, áãé¥áâ¢ãîé¨å ¢ á¬ëá«¥ £« ¢®£® § ç¥-¨ï.�â¢¥à�¤¥¨¥ 1. Ǒ®«®�¨¬ G = {z: Im z > 0} \ {a1, . . . , am},£¤¥ Im ak > 0 ¯à¨ k ∈ {1, . . .m}. Ǒãáâì äãªæ¨ï f : G → C ã¤®¢«¥-â¢®àï¥â ¤¢ã¬ ãá«®¢¨ï¬.1) f ¥¯à¥àë¢    G ¨ à¥£ã«ïà  ¢ãâà¨ G.2) lim
z→∞,
z∈G

f(z) = 0.�®£¤  ¤«ï «î¡®£® a > 0 ¨â¥£à « +∞
∫

−∞
f(x)eiax dx áå®¤¨âáï ¢ á¬ëá«¥£« ¢®£® § ç¥¨ï, ¨ á¯à ¢¥¤«¨¢  ä®à¬ã« 

v.p.

+∞
∫

−∞

f(x)eiax dx = 2πi m
∑

k=1Resak
f(z)eiaz.�®ª § â¥«ìáâ¢®. Ǒãáâì γR | § ¬ªãâë© ¯ãâì, ¯®ª § ë©  à¨áãª¥ 13. Ǒà¨ ¤®áâ â®ç® ¡®«ìè®¬ R ¢á¥ â®çª¨ ak ¯®¯ ¤ãâ¢ãâàì ª®âãà  ¨â¥£à¨à®¢ ¨ï. �â¨ â®çª¨ ï¢«ïîâáï ¨§®«¨à®¢ -ë¬¨ ®á®¡ë¬¨ ¤«ï äãªæ¨¨ F (z) = f(z) eiaz. Ǒ® â¥®à¥¬¥ �®è¨ ®¢ëç¥â å

∮

γR

F (z) dz = 2πi m
∑

k=1Resak
F.� ¤àã£®© áâ®à®ë, ¯®  ¤¤¨â¨¢®áâ¨ ¨â¥£à « 

∮

γR

F (z) dz = R
∫

−R

F (x) dx + ∫

|z|=R,Im z>0 f(z) eiaz dz.�â®à®© ¨â¥£à « áâà¥¬¨âáï ª ã«î ¯à¨ R → +∞ ¢ á¨«ã «¥¬¬ë�®à¤  . Ǒ®íâ®¬ã ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¤ ¥âlim
R→+∞

R
∫

−R

F (x) dx = lim
R→+∞

∮

γR

F (z) dz = 2πi m
∑

k=1Resak
F.



66 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�¥¢ ï ç áâì íâ®£® à ¢¥áâ¢  ¨ ¥áâì v.p.
+∞
∫

−∞
f(x)eiax dx. �� ¤ ç¨3.1. Ǒà¨ t > 0 ¢ëç¨á«¨âì ¨â¥£à «+i∞

∫

−i∞

etz dz(z2 − 1)2 .�â¢¥â: iπ2 (1 + t) e−t.3.2. �ëç¨á«¨âì ¨â¥£à «
J = +∞

∫

−∞

x sinx
x2 + x+ 1 dx.�â¢¥â: 2π√3 e−

√3/2 sin(2π3 − 12).
§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯ �â¢¥à�¤¥¨¥ 1. Ǒãáâì ¬®�¥áâ¢® G ®âªàëâ® ¢ C, a ∈ G,äãªæ¨ï g à¥£ã«ïà  ¢ G \ {a} ¨ ¨¬¥¥â ¢ â®çª¥ a ¯®«îá ¯¥à¢®£®¯®àï¤ª . Ǒãáâì [α, β℄ ⊂ [0, 2π℄ ¨ äãªæ¨ï f ¥¯à¥àë¢    ¬®�¥-áâ¢¥ S = {z ∈ G: arg(z−a) ∈ [α, β℄}∪{a}. Ǒ®«®�¨¬ γr(t) = a+reit,

t ∈ [α, β℄. �®£¤ lim
r→0 ∫

γr

f(z)g(z) dz = i(β − α)f(a) Resag.�®á¨â¥«ì ¯ãâ¨ γr | ¤ã£  ®ªàã�®áâ¨ à ¤¨ãá  r á æ¥âà®¬ ¢â®çª¥ a.�®ª § â¥«ìáâ¢®. Ǒ®ª �¥¬ ¢ ç «¥, çâ® ¤«ï ¥¯à¥àë¢®©   Säãªæ¨¨ ϕ á¯à ¢¥¤«¨¢® à ¢¥áâ¢®lim
r→0 ∫

γr

ϕ(z)
z − a

dz = i(β − α)ϕ(a).



§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯  67Ǒ®«®�¨¬ m(r) = max
|z−a|=r,

z∈S

∣

∣ϕ(z)− ϕ(a)∣∣. �®£¤  m(r) → 0 ¯à¨ r → 0 ¢á¨«ã ¥¯à¥àë¢®áâ¨ ϕ ¢ â®çª¥ a. Ǒ®áª®«ìªã
∣

∣

∣

∣

∫

γr

ϕ(z)− ϕ(a)
z − a

dz

∣

∣

∣

∣

6
m(r)
r

· r(β − α) = m(r)(β − α) → 0 (r → 0),¬ë ¯®«ãç ¥¬lim
r→0 ∫

γr

ϕ(z)
z − a

dz = lim
r→0 ∫

γr

ϕ(a)
z − a

dz = lim
r→0 β

∫

α

ϕ(a)ireit dt
reit

= i(β−α)ϕ(a),¨ âà¥¡ã¥¬®¥ à ¢¥áâ¢® ¤®ª § ®.Ǒ®«®�¨¬ â¥¯¥àì ϕ(z) = f(z)(z − a)g(z) ¯à¨ z 6= a. � ¬¥â¨¬,çâ® lim
z→a

(z − a)g(z) = Resag, â ª ª ª a | ¯®«îá ¯¥à¢®£® ¯®àï¤ª  g.�á«¨ ¯®«®�¨âì ϕ(a) = f(a) Resag, äãªæ¨ï ϕ áâ ¥â ¥¯à¥àë¢®©¨ ¢ â®çª¥ a. Ǒà¨¬¥ïï ª ϕ ¤®ª § ®¥ ¢ëè¥ à ¢¥áâ¢®, ¬ë ¯®«ãç¨¬lim
r→0∫

γr

f(z)g(z) dz = lim
r→0 ∫

γr

ϕ(z)
z − a

dz = i(β − α)f(a) Resag. �� ¬¥ç ¨¥. � ¨¡®«¥¥ ç áâ® ãâ¢¥à�¤¥¨¥ 1 ¨á¯®«ì§ã¥âáï ¢ á¨-âã æ¨¨, ª®£¤  γr | ¯®«ã®ªàã�®áâì à ¤¨ãá  r á æ¥âà®¬ ¢ â®çª¥ a,â® ¥áâì [α, β℄ = [0, π℄. � íâ®¬ á«ãç ¥ ãâ¢¥à�¤¥¨¥ 1  §ë¢ îâ «¥¬-¬®© ® ¯®«ã¢ëç¥â¥. �ãªæ¨î f ®¡ëç® ¯®« £ îâ à ¢®© ¥¤¨¨æ¥.� íâ®¬ ¯ à £à ä¥  ¬ ¡ã¤ãâ ç áâ® ¢áâà¥ç âìáï ¨â¥£à «ë ®âäãªæ¨© á à §àë¢ ¬¨   ¨â¥à¢ «¥ ¨â¥£à¨à®¢ ¨ï. �®£®¢®à¨¬áï¯®¨¬ âì ¨å ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï. �¯à¥¤¥«¨¬ íâ® ¯®ïâ¨¥.�¯à¥¤¥«¥¨¥ 1. Ǒãáâì 〈a, b〉 ⊂ R, c ∈ (a, b), äãªæ¨ï f ¥¯à¥-àë¢    〈a, b〉 \ {c}. Ǒ®«®�¨¬
v.p.

b
∫

a

f(x) dx = lim
r→0+( c−r

∫

a

f(x) dx + b
∫

c+r

f(x) dx).



68 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�á«¨ ¯à¥¤¥« ¢ ¯à ¢®© ç áâ¨ áãé¥áâ¢ã¥â ¨ ª®¥ç¥, â® £®¢®àïâ, çâ®
b
∫

a

f(x) dx áå®¤¨âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ª íâ®¬ã ¯à¥¤¥«ã.� ¬¥ç ¨¥ 1. �á«¨ b
∫

a

F (x) dx áå®¤¨âáï ª ª ¥á®¡áâ¢¥ë© ª¥ª®â®à®¬ã ç¨á«ã I, â® ® áå®¤¨âáï ª I ¨ ¢ á¬ëá«¥ £« ¢®£® § ç¥-¨ï.� ¬¥ç ¨¥ 2. Ǒãáâì äãªæ¨ï f ¨¬¥¥â   〈a, b〉 ¥áª®«ìª® â®ç¥ªà §àë¢ . �®£¤  ¬ë à §¡¨¢ ¥¬ 〈a, b〉   ¯à®¬¥�ãâª¨ 〈ak, bk〉 â ª,çâ®¡ë ¢ãâà¨ ª �¤®£® ¨§ ¨å ¡ë«  «¨èì ®¤  â®çª  à §àë¢ , ¨¯®« £ ¥¬
v.p.

b
∫

a

f(x) dx =∑
k

v.p.

bk
∫

ak

f(x) dx.�â¥£à « ¢ «¥¢®© ç áâ¨  §ë¢ ¥âáï áå®¤ïé¨¬áï ¢ á¬ëá«¥ £« ¢®£®§ ç¥¨ï, ¥á«¨ â ª®¢ë¬¨ ï¢«ïîâáï ¢á¥ ¨â¥£à «ë ¢ ¯à ¢®© ç áâ¨.�¥á«®�® ¤®ª § âì ª®àà¥ªâ®áâì â ª®£® ®¯à¥¤¥«¥¨ï.Ǒà¨¬¥à 1. �«ï «î¡®£® a ∈ R ¢ëç¨á«¨âì ¨â¥£à «
J(a) = +∞

∫

−∞

sin ax
x

dx.�¥è¥¨¥. �ç¥¢¨¤®, çâ® J(0) = 0 ¨ J(−a) = −J(a). Ǒ®íâ®¬ã¬ë ¯à®¢¥¤¥¬ ¢ëç¨á«¥¨ï â®«ìª® ¤«ï a > 0. Ǒ®«®�¨¬ f(z) = eiaz

z
.Ǒ® ä®à¬ã«¥ �©«¥à 

v.p.

+∞
∫

−∞

f(x) dx = lim
r→0+( −r

∫

−∞

osax
x

dx+ +∞
∫

r

osax
x

dx

)+i

+∞
∫

−∞

sinax
x

dx.Ǒ®¤ § ª®¬ ¯à¥¤¥«  áâ®¨â ®«ì ¢¢¨¤ã ¥ç¥â®áâ¨ ¯®¤ëâ¥£à «ì®©äãªæ¨¨. Ǒ®íâ®¬ã
v.p.

+∞
∫

−∞

f(x) dx = iJ(a).



§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯  69� áá¬®âà¨¬ § ¬ªãâë© ¯ãâì γR,r, ¯®ª § ë© áâà¥«ª ¬¨   à¨áã-ª¥ 16. �¡®§ ç¨¬ ¯®«ã®ªàã�®áâ¨ à ¤¨ãá®¢ r ¨ R á¨¬¢®« ¬¨ Cr ¨
CR á®®â¢¥âáâ¢¥®.

−r r R−R X

Y

Cr

CR

�¨á. 16� ª ª ª äãªæ¨ï f ¥¯à¥àë¢    ®á¨â¥«¥ γR,r ¨ à¥£ã«ïà ¢ãâà¨ γR,r, ¯® â¥®à¥¬¥ �®è¨0 = ∮

γR,r

f(z) dz = −r
∫

−R

f(x) dx + R
∫

r

f(x) dx+ ∫
Cr

f(z) dz + ∫
CR

f(z) dz.� ¬¥â¨¬, çâ®lim
r→0+( lim

R→+∞

(

−r
∫

−R

f(x) dx + R
∫

r

f(x) dx)) = v.p.

+∞
∫

−∞

f(x) dx = iJ(a).�â¥£à « ¯® CR áâà¥¬¨âáï ª ã«î ¯à¨ R → +∞ ¢ á¨«ã «¥¬¬ë�®à¤  . � ª®¥æ, ¯à¨¬¥¨¬ ª ¨â¥£à «ã ¯® Cr «¥¬¬ã ® ¯®«ã¢ë-ç¥â¥: lim
r→0+ ∫

Cr(0) eiaz

z
dz = −πiRes0 eiaz

z
= −πi.Ǒ¥à¥å®¤ï ª ¯à¥¤¥«ã á ç «  ¯à¨ R → +∞, § â¥¬ ¯à¨ r → 0+, ¬ë¯®«ãç¨¬ iJ(a)− πi = 0, £¤¥ a > 0. �®£¤  ¤«ï ¯à®¨§¢®«ì®£® a ∈ R+∞

∫

−∞

sin ax
x

dx = π signa. �



70 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢Ǒà¨¬¥à 2. Ǒà¨ a ∈ R \ {0} ¢ëç¨á«¨âì ¨â¥£à «
J(a) = +∞

∫0 1− osax
x2 dx.�¥è¥¨¥. � ª ª ª J(−a) = J(a) ¨ J(0) = 0, ¬ë ¯à®¢¥¤¥¬ ¢ë-ç¨á«¥¨ï â®«ìª® ¤«ï a > 0. Ǒ®«®�¨¬ f(z) = 1− eiaz

z2 . Ǒ® ä®à¬ã«¥�©«¥à 
v.p.

+∞
∫

−∞

f(x) dx = 2J(a)− i · lim
r→0+( −r

∫

−∞

sinax
x2 dx + +∞

∫

r

sinax
x2 dx

)

.Ǒ®¤ § ª®¬ ¯à¥¤¥«  áâ®¨â ®«ì ¢¢¨¤ã ¥ç¥â®áâ¨ ¯®¤ëâ¥£à «ì®©äãªæ¨¨. Ǒ®íâ®¬ã
v.p.

+∞
∫

−∞

f(x) dx = 2J(a).� áá¬®âà¨¬ § ¬ªãâë© ¯ãâì γR,r, ¯®ª § ë© áâà¥«ª ¬¨   à¨áã-ª¥ 16. �¡®§ ç¨¬ ¯®«ã®ªàã�®áâ¨ à ¤¨ãá®¢ r ¨ R á¨¬¢®« ¬¨ Cr¨ CR á®®â¢¥âáâ¢¥®. � ª ª ª äãªæ¨ï f ¥¯à¥àë¢    ®á¨â¥«¥¯ãâ¨ γR,r ¨ à¥£ã«ïà  ¢ãâà¨ γR,r, ¯® â¥®à¥¬¥ �®è¨0 = ∮

γR,r

f(z) dz = −r
∫

−R

f(x) dx + R
∫

r

f(x) dx+ ∫
Cr

f(z) dz + ∫
CR

f(z) dz.� ¬¥â¨¬, çâ®lim
r→0+( lim

R→+∞

(

−r
∫

−R

f(x) dx+ R
∫

r

f(x) dx)) = v.p.

+∞
∫

−∞

f(x) dx = 2J(a).Ǒ®ª �¥¬, çâ® ¨â¥£à « ¯® CR áâà¥¬¨âáï ª ã«î ¯à¨ R → +∞.�¥©áâ¢¨â¥«ì®,
∫

CR

f(z) dz = ∫
CR

dz

z2 −
∫

CR

eiaz dz

z2 .



§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯  71�â®à®© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ áâà¥¬¨âáï ª ã«î ¯® «¥¬¬¥ �®à-¤  ,   ¯¥à¢ë© ¤®¯ãáª ¥â ¯à®áâãî ®æ¥ªã:
∣

∣

∣

∣

∫

CR

dz

z2 ∣∣∣∣ 6 1
R2 · πR → 0 (R → +∞).�ëç¨á«¨¬ â¥¯¥àì ¯à¥¤¥« ¨â¥£à «  ¯® Cr. � ª ª ªRes0f = lim

z→0 zf(z) = lim
z→0 1− eiaz

z
= −ia,¯® «¥¬¬¥ ® ¯®«ã¢ëç¥â¥

∫

Cr

f(z) dz → −πi(−ia) = −πa (r → 0+).Ǒ¥à¥å®¤ï ª ¯à¥¤¥«ã á ç «  ¯à¨ R → +∞, § â¥¬ ¯à¨ r → 0+, ¬ë¯®«ãç¨¬ 2J(a)− πa = 0, £¤¥ a > 0. �®£¤  ¤«ï ¯à®¨§¢®«ì®£® a ∈ R+∞
∫0 1− osax

x2 dx = π|a|2 . �Ǒà¨¬¥à 3. �«ï «î¡®£® a ∈ R ¢ëç¨á«¨âì ¨â¥£à «
I(a) = v.p.

+∞
∫

−∞

osax1 + x3 dx.�¥è¥¨¥. Ǒ®áª®«ìªã I(−a) = I(a), ®£à ¨ç¨¬áï á«ãç ¥¬ a > 0.Ǒ®«®�¨¬ f(z) = eiaz

z3 + 1. Ǒ® ä®à¬ã«¥ �©«¥à 
I(a) = Re(v.p. +∞

∫

−∞

f(x) dx).



72 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�á®¡ë¬¨ â®çª ¬¨ f ï¢«ïîâáï ªã¡¨ç¥áª¨¥ ª®à¨ ¨§ −1, ¨ ¢á¥ ®¨ |¯à®áâë¥ ¯®«îáë f . � ¬ ¯®âà¥¡ãîâáï ¤¢¥ ®á®¡ë¥ â®çª¨: z0 = −1 ¨
z1 = e2πi/3. � ©¤¥¬ ¢ëç¥âë ¢ ¨å:Resz1f = eiaz13z21 = −z1 eiaz13 ¨,   «®£¨ç®, Resz0f = e−ia3 .� áá¬®âà¨¬ § ¬ªãâë© ¯ãâì γR,r, ¯®ª § ë© áâà¥«ª ¬¨   à¨áã-ª¥ 17.

R−R −1 −1 + r

e2πi/3

X

Y

Cr

CR

�¨á. 17�¤¨áâ¢¥®© ®á®¡®© â®çª®© f , «¥� é¥© ¢ãâà¨ γR,r, ¡ã¤¥â z1. Ǒ®â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∫

γR,r

f(z) dz = 2πiResz1f = −2πiz13 eiaz1 .� ¤àã£®© áâ®à®ë,
∫

γR,r

f(z) dz = −1−r
∫

−R

f(x) dx + R
∫

−1+r

f(x) dx + ∫
Cr

f(z) dz + ∫
CR

f(z) dz.� ¬¥â¨¬, çâ®lim
r→0+( lim

R→+∞

(

−1−r
∫

−R

f(x) dx + R
∫

−1+r

f(x) dx)) = v.p.

+∞
∫

−∞

f(x) dx.



§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯  73�â¥£à « ¯® CR áâà¥¬¨âáï ª ã«î ¯à¨ R → +∞ ¢ á¨«ã «¥¬¬ë�®à¤  . � ª®¥æ, ¯® «¥¬¬¥ ® ¯®«ã¢ëç¥â¥
∫

Cr

f(z) dz → −πiResz0f = −πie−ia3 (r → 0+).Ǒ¥à¥å®¤ï ª ¯à¥¤¥«ã á ç «  ¯à¨ R → +∞, § â¥¬ ¯à¨ r → 0+, ¬ë¯®«ãç¨¬
v.p.

+∞
∫

−∞

f(x) dx − πie−ia3 = −2πiz13 eiaz1 .�áâ «®áì ®â¤¥«¨âì ¢ íâ®¬ à ¢¥áâ¢¥ ¢¥é¥áâ¢¥ãî ç áâì:
I(a) = Re(v.p. +∞

∫

−∞

f(x) dx) = Re (πi3 (e−ia − 2z1 eiaz1)) == π3 (sin a+ e−a
√3/2(√3 os a2 + sin a2 )) . �� ¬¥ç ¨¥ 1. �â®¡ë ¯®«ãç¨âì § ç¥¨¥ I(a) ¯à¨ «î¡®¬ a ∈ R, ¤® ¢ ¯®«ãç¥®¬ ®â¢¥â¥ § ¬¥¨âì a   |a|.� ¬¥ç ¨¥ 2. �á«¨ a = 2πn, £¤¥ n ∈ Z, â®

I(a) = (−1)n π√3 e−πn
√3 → 0 (n → +∞),å®âï I(a) ¥ ¨¬¥¥â ¯à¥¤¥«  ¯à¨ a → +∞.�¡®¡é ï ¬¥â®¤ë à¥è¥¨ï íâ¨å ¯à¨¬¥à®¢, áä®à¬ã«¨àã¥¬ á«¥¤ã-îé¥¥ ãâ¢¥à�¤¥¨¥.�â¢¥à�¤¥¨¥ 2. Ǒ®«®�¨¬ C+ = {z ∈ C: Im z > 0}. Ǒãáâìäãªæ¨ï f(z) ã¤®¢«¥â¢®àï¥â ¤¢ã¬ ãá«®¢¨ï¬.1) f à¥£ã«ïà  ¢ ®âªàëâ®¬ ¬®�¥áâ¢¥, á®¤¥à� é¥¬ C+, § ¨áª«îç¥¨¥¬ â®ç¥ª {ak}mk=1 ⊂ C+\R ¨ {bk}nk=1 ⊂ C+∩R, ª®â®àë¥ï¢«ïîâáï ¯à®áâë¬¨ ¯®«îá ¬¨ f .2) lim

z→∞,Im z>0 f(z) = 0.



74 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�®£¤  ¤«ï «î¡®£® a > 0 á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
v.p.

+∞
∫

−∞

f(x)eiax dx = πi

(2 m
∑

k=1Resak

(

f(z)eiaz)+ n
∑

k=1Resbk(f(z)eiaz)).� ¬¥ç ¨¥ 1. �â¥£à « ¢ «¥¢®© ç áâ¨ ¯®¨¬ ¥âáï ¢ á¬ëá«¥£« ¢®£® § ç¥¨ï ª ª ¢ â®çª å bk, â ª ¨ ¢ ¡¥áª®¥ç®áâ¨ (á¬. ®¯à¥-¤¥«¥¨¥ 1 § 3).� ¬¥ç ¨¥ 2. Ǒà¨ à¥è¥¨¨ § ¤ ç ¥ á«¥¤ã¥â ¯®«ì§®¢ âìáï £®-â®¢ë¬¨ ä®à¬ã« ¬¨. �ãçè¥ ¯à¨¬¥¨âì á«¥¤ãîéãî áå¥¬ã.1) Ǒ® ¢¨¤ã ¨â¥£à «  ¯®ïâì, ª ª ª®¬ã â¨¯ã ® ®â®á¨âáï, ¨¢ë¡à âì ¯®¤å®¤ïé¨© § ¬ªãâë© ¯ãâì ¨â¥£à¨à®¢ ¨ï.2) �ëç¨á«¨âì ¨â¥£à « ¯® íâ®¬ã ¯ãâ¨ á ¯®¬®éìî ¢ëç¥â®¢,  â ª�¥ ï¢® § ¯¨á âì ¨â¥£à «ë ¯® ®â¤¥«ìë¬ ç áâï¬ ¯ãâ¨.3) Ǒà®¢®¤ï ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¯® ¯ à ¬¥âà ¬, ®¯à¥¤¥«ïîé¨¬ª®âãà, ¯®«ãç¨âì ¨áª®¬ë© ¨â¥£à «.�¥ «¨§®¢ë¢ âì íâã áå¥¬ã ¬®�® ª ª ¤«ï ª®ªà¥â®© äãªæ¨¨,§ ¤ ®© ¢ § ¤ ç¥, â ª ¨ ¤«ï ¥ª®â®à®£® ª« áá  äãªæ¨©, ª ª®â®-à®¬ã ®  ®â®á¨âáï. �® ¢â®à®¬ á«ãç ¥ ¬ë à¥è ¥¬ ¡®«¥¥ ®¡éãî§ ¤ çã, ¯®«ãç ï ¨áª®¬ë© ¨â¥£à « ª ª ç áâë© á«ãç ©.Ǒà¨¬¥à 4. Ǒà¨ p ∈ (0, 1) ¢ëç¨á«¨âì ¨â¥£à «
J(p) = v.p.

+∞
∫

−∞

epx1− ex
dx.�¥è¥¨¥. � áá¬®âà¨¬ äãªæ¨î f(z) = epz1− ez

. �  à¥£ã«ïà ¢ C §  ¨áª«îç¥¨¥¬ â®ç¥ª 2πki (k ∈ Z), ª®â®àë¥ ï¢«ïîâáï ¯®«îá -¬¨ ¯¥à¢®£® ¯®àï¤ª  f . � ¬¥â¨¬, çâ® ¯à¨ z 6= 2πki á¯à ¢¥¤«¨¢® à -¢¥áâ¢® f(z+2πi) = f(z)e2πip. Ǒ®íâ®¬ã ã¤®¡® ¢ë¡à âì § ¬ªãâë©ª®âãà γR,r, ¯®ª § ë© áâà¥«ª ¬¨   à¨áãª¥ 18, £¤¥ 0 < r < π¨ R > r. �¡®§ ç¨¬ ¯®«ã®ªàã�®áâ¨ á æ¥âà ¬¨ 0 ¨ 2πi á¨¬¢®« -¬¨ Cr(0) ¨ Cr(2πi) á®®â¢¥âáâ¢¥®,   ¢¥àâ¨ª «ìë¥ ®âà¥§ª¨ γR,r |á¨¬¢®« ¬¨ γ+R ¨ γ−
R .



§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯  75
0 r R−R −r

2πi

X

Y

�¨á. 18� ª ª ª ã äãªæ¨¨ f ¥â ®á®¡ëå â®ç¥ª ¢ãâà¨ γR,r, ¯® ¨â¥-£à «ì®© â¥®à¥¬¥ �®è¨
∮

γR,r

f(z) dz = 0.� ¤àã£®© áâ®à®ë, ¢ á¨«ã  ¤¤¨â¨¢®áâ¨ ¨â¥£à «  ¯® γR,r0 = −r
∫

−R

f(x) dx + R
∫

r

f(x) dx−
−r+2πi
∫

−R+2πi f(x) dx−
R+2πi
∫

r+2πi f(x) dx−
−
∫

Cr(0) f(z) dz − ∫

Cr(2πi) f(z) dz + ∫γ+
R

f(z) dz + ∫
γ−

R

f(z) dz. (3)� ¬¥â¨¬, çâ®lim
r→0+( lim

R→+∞

(

−r
∫

−R

f(x) dx+ R
∫

r

f(x) dx)) = v.p.

+∞
∫

−∞

f(x) dx = J(p).Ǒ®áª®«ìªã f(x+ 2πi) = f(x)e2πip, áã¬¬  âà¥âì¥£® ¨ ç¥â¢¥àâ®£® ¨-â¥£à «®¢ ¢ (3) áâà¥¬¨âáï   «®£¨çë¬ ®¡à §®¬ ª −J(p)e2πip.�«ï  å®�¤¥¨ï ¯à¥¤¥«®¢ ¨â¥£à «®¢ ¯® ¯®«ã®ªàã�®áâï¬ ¢®á-¯®«ì§ã¥¬áï «¥¬¬®© ® ¯®«ã¢ëç¥â¥. Ǒ® ä®à¬ã«¥ (1)Res2πif = epz

−ez z=2πi = −e2πpi ¨,   «®£¨ç®, Res0f = −1.



76 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢Ǒ®íâ®¬ã ¯à¨ r → 0+
∫

Cr(0) f(z) dz+ ∫

Cr(2πi) f(z) dz → πi
(Res2πif+Res0f) = −πi

(

e2πpi+1).Ǒ®ª �¥¬ â¥¯¥àì, çâ® ¨â¥£à «ë ¯® γ+R ¨ γ−
R áâà¥¬ïâáï ª ã«î ¯à¨

R → +∞. Ǒãáâì z = ±R+ iy, y ∈ R. �®£¤ 
∣

∣f(z)∣∣ 6 |epz|
∣

∣|ez| − 1∣∣ = e±pR

|e±R − 1| .�âáî¤  ¢ëâ¥ª ¥â, çâ® ¯à¨ R → +∞
∣

∣

∣

∣

∫

γ+
R

f(z) dz∣∣∣
∣

6
epR

eR − 1 · 2π ∼ 2πeR(p−1) → 0,
∣

∣

∣

∣

∫

γ−

R

f(z) dz∣∣∣
∣

6
e−pR1− e−R

· 2π ∼ 2πe−Rp → 0.Ǒ¥à¥å®¤ï ¢ (3) ª ¯à¥¤¥«ã á ç «  ¯à¨ R → +∞, § â¥¬ ¯à¨ r → 0+,¬ë ¯®«ãç¨¬
J(p)(1− e2πip)+ πi

(1 + e2πip) = 0,®âªã¤ 
v.p.

+∞
∫

−∞

epx1− ex
dx = πi (e2πip + 1)

e2πip − 1 = π tg πp. �� á«¥¤ãîé¥¬ ¯ à £à ä¥ ¡ã¤ãâ à áá¬®âà¥ë ¨â¥£à «ë ®â ¬®-£®§ çëå äãªæ¨©   ¯®«ã®á¨, á®¤¥à� é¨å ¢ ª ç¥áâ¢¥ ¬®�¨â¥«ï«®£ à¨ä¬ ¨«¨ áâ¥¯¥ãî äãªæ¨î á ¥æ¥«ë¬ ¯®ª § â¥«¥¬. Ǒà¨-¢¥¤¥¬ ®¤¨ ¯à¨¬¥à â ª®£® â¨¯ .Ǒà¨¬¥à 5. �ëç¨á«¨âì ¨â¥£à «
I = v.p.

+∞
∫0 sin(lnx)1− x2 dx.



§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯  77�¥è¥¨¥. Ǒ®«®�¨¬
J = v.p.

+∞
∫0 ei lnx1− x2 dx.�®£¤  I = Im J . � áá¬®âà¨¬ äãªæ¨î

f(z) = ei ln z1− z2 , £¤¥ ln z = ln |z|+ i arg z ¯à¨ − π2 6 arg z <
3π2 .Ǒà¨ 0 < r < 12 ¨ R > r+1 ¢ë¡¥à¥¬ ¯ãâì γR,r, ¯®ª § ë© áâà¥«ª ¬¨  à¨áãª¥ 19.

0 r 1− r 1 + r R−R −1 X

Y

�¨á. 19�ãªæ¨ï f à¥£ã«ïà  ¢ãâà¨ ¯ãâ¨ γR,r ¨   ¥£® ®á¨â¥«¥. Ǒ® ¨-â¥£à «ì®© â¥®à¥¬¥ �®è¨
∮

γR,r

f(z) dz = 0. (4)� áá¬®âà¨¬ â¥¯¥àì ¨â¥£à «ë ¯® ®â¤¥«ìë¬ ãç áâª ¬ γR,r. �®-¯¥à¢ëå,lim
r→0+( lim

R→+∞

(

1−r
∫

r

f(x) dx+ R
∫1+r

f(x) dx)) = v.p.

+∞
∫0 f(x) dx = J.



78 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�®-¢â®àëå, ¯à¨ x > 0
f(−x) = ei (lnx+πi)1− x2 = ei lnx1− x2 e−π = f(x) e−π.Ǒ®íâ®¬ã § ¬¥  t = −x ¤ ¥â

−r
∫

−1+r

f(x) dx+ −1−r
∫

−R

f(x) dx = 1−r
∫

r

f(−t) dt+ R
∫1+r

f(−t) dt → J e−π.� ª¨¬ ®¡à §®¬, áã¬¬  ¨â¥£à «®¢ ¯® £®à¨§®â «ìë¬ ãç áâª ¬áâà¥¬¨âáï ª J
(1 + e−π

).�ëç¨á«¨¬ ¯à¥¤¥« áã¬¬ë ¨â¥£à «®¢ ¯® ¯®«ã®ªàã�®áâï¬ á æ¥-âà ¬¨ 1 ¨ −1. �®çª¨ ±1 | ¯à®áâë¥ ¯®«îáë f . Ǒ® ä®à¬ã«¥ (1)Res−1f = ei ln z

−2z z=1 = ei ln(−1)2 = e−π2 ¨,   «®£¨ç®, Res1f = −12 .Ǒ® «¥¬¬¥ ® ¯®«ã¢ëç¥â¥lim
r→0+( ∫

|z+1|=r,06arg(z+1)6π

f(z) dz + ∫

|z−1|=r,06arg(z−1)6π

f(z) dz) == −iπ
(Res−1f +Res1f) = − iπ2 (e−π − 1).�®ª �¥¬ â¥¯¥àì, çâ® ¨â¥£à «ë ¯® ¡®«ìè®© ¨ ¬ «®© ¯®«ã®ªàã�-®áâï¬ á æ¥âà®¬ ¢ ã«¥ ¡¥áª®¥ç® ¬ «ë ¯à¨ R → +∞ ¨ r → 0+á®®â¢¥âáâ¢¥®. Ǒãáâì z = aeit, £¤¥ a > 0, t ∈ [0, π℄. �®£¤ 

∣

∣f(z)∣∣ 6 ∣

∣ei ln z
∣

∣

∣

∣|z|2 − 1∣∣ = ∣

∣ei (ln a+it)∣
∣

|a2 − 1| = e−t

|a2 − 1| 6 1
|a2 − 1| .®âªã¤ 

∣

∣

∣

∣

∫

|z|=R,06arg z6π

f(z) dz∣∣∣
∣

6
1

R2 − 1 · πR → 0 (R → +∞),
∣

∣

∣

∣

∫

|z|=r,06arg z6π

f(z) dz∣∣∣
∣

6
11− r2 · πr → 0 (r → 0+).



§ 4. �¥¬¬  ® ¯®«ã¢ëç¥â¥. �â¥£à «ë IV â¨¯  79�¥¯¥àì ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¢ à ¢¥áâ¢¥ (4) ¯à¨ R → +∞ ¨ r → 0+¤ ¥â
J
(1 + e−π

)

− iπ2 (e−π − 1) = 0.�â¤¥«ïï ¬¨¬ãî ç áâì, ¬ë ¯®«ãç¨¬
v.p.

+∞
∫0 sin(lnx)1− x2 dx = Im J = π2 · e

−π − 1
e−π + 1 = −π2 th π2 . �� ¤ ç¨4.1. �ëç¨á«¨âì ¨â¥£à «

v.p.

+∞
∫

−∞

x osx
x2 − 5x+ 6 dx.�â¢¥â: π (2 sin 2− 2 sin 3).4.2. �ëç¨á«¨âì ¨â¥£à «

v.p.

+∞
∫0 x2

x4 − 1 dx.�â¢¥â: π4 .4.3. Ǒà¨ a, b > 0 ¢ëç¨á«¨âì ¨â¥£à «+∞
∫0 sin ax

x
(

x2 + b2) dx.�â¢¥â: π2b(1− e−ab
).



80 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢4.4. Ǒà¨ a ∈ R ¢ëç¨á«¨âì ¨â¥£à «
v.p.

+∞
∫0 sin axshx .�â¢¥â: π2 th πa2 .

§ 5. �ëç¨á«¥¨¥ ¨â¥£à «®¢ ¨â¥£à¨à®¢ ¨¥¬¯® £à ¨æ¥ à §à¥§ ®£® ª®«ìæ  (V ¨ VI â¨¯ë)� íâ®¬ ¯ à £à ä¥ ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ¨â¥£à «ë ®â äãª-æ¨©, á®¤¥à� é¨å ¬®£®§ çë© ¬®�¨â¥«ì («®£ à¨ä¬ ¨«¨ áâ¥¯¥-ãî äãªæ¨î á ¥æ¥«ë¬ ¯®ª § â¥«¥¬). �«ï ¯à®¤®«�¥¨ï â ª¨åäãªæ¨©   ª®¬¯«¥ªáãî ¯«®áª®áâì  ¬ ¯® ¤®¡ïâáï ¢¥â¢¨ «®£ -à¨ä¬  ª®¬¯«¥ªá®£®  à£ã¬¥â . �§¢¥áâ®, çâ® ¢ ª®¬¯«¥ªá®© ¯«®á-ª®áâ¨, à §à¥§ ®© ¯® «ãçã á  ç «®¬ ¢ ã«¥, áãé¥áâ¢ãîâ à¥£ã«ïà-ë¥ ¢¥â¢¨ ª ª äãªæ¨¨ ln z, â ª ¨ äãªæ¨¨ zp = ep ln z ¯à¨ ¥æ¥«®¬¯®ª § â¥«¥ p. �¥â¢ì ln z ®¯à¥¤¥«ï¥âáï ¢ë¡®à®¬  à£ã¬¥â  z. �á«¨à áá¬ âà¨¢ âì à §à¥§ ¯® ¯®«®�¨â¥«ì®© ¯®«ã®á¨, â® ®  § ¤ ¥âáïâ ª: ln z = ln |z|+ i arg z, £¤¥ 0 6 arg z 6 2π. (5)�®£®¢®à¨¬áï âà ªâ®¢ âì «ãç [0,+∞) ª ª ¤¢  áª«¥¥ëå «ãç , ª®-â®àë¥  §ë¢ îâ ¢¥àå¨¬ ¨ ¨�¨¬ ¡¥à¥£ ¬¨ à §à¥§ . �®£¤   ¢¥àå¥¬ ¡¥à¥£ã ln z à ¢¥ ln |z|,     ¨�¥¬ ® à ¢¥ ln |z| + 2πi.Ǒà¨ â ª®¬ á®£« è¥¨¨ «®£ à¨ä¬ ¡ã¤¥â ¥¯à¥àë¢¥ ¢ à §à¥§ ®©¯«®áª®áâ¨ ¢¯«®âì ¤® £à ¨æë.� ¬ ¯®âà¥¡ãîâáï à §à¥§ ë¥ ª®«ìæ , â® ¥áâì ¬®�¥áâ¢  ¢¨¤ 
G(R, r) = {z ∈ C: 0 < arg z < 2π, r < |z| < R} (0 < r < R). (6)�à ¨æã ª®«ìæ  ¬®�® ®à¨¥â¨à®¢ âì áâ ¤ àâë¬ ®¡à §®¬ (â ª,çâ®¡ë ª®«ìæ® ¯à¨ ®¡å®¤¥ ®áâ ¢ «®áì á«¥¢ ). Ǒà¨ íâ®¬ ¢¥àå¨© ¡¥-à¥£ à §à¥§  ¯à®å®¤¨âáï á«¥¢   ¯à ¢®,   ¨�¨© | á¯à ¢   «¥¢®.Ǒ®áª®«ìªã ¬ë à §«¨ç ¥¬ ¡¥à¥£  à §à¥§ , £à ¨æ  ª®«ìæ  ï¢«ï¥âáï¯à®áâë¬ ¯ãâ¥¬. �á«¨ äãªæ¨ï f à¥£ã«ïà  ¢® ¢ãâà¥¨å â®çª åª®«ìæ  ¨ ¥¯à¥àë¢  ¢¯«®âì ¤® ¥£® £à ¨æë, â® ¨â¥£à « ®â f ¯®



§ 5. �ëç¨á«¥¨¥ ¨â¥£à «®¢ V ¨ VI â¨¯®¢ 81
G(R, r) ¬®�® ¢ëç¨á«ïâì á ¯®¬®éìî ¢ëç¥â®¢. �â¬¥â¨¬, çâ® íâ¨¬ãá«®¢¨ï¬ ã¤®¢«¥â¢®àïîâ «®£ à¨ä¬ ¨ áâ¥¯¥ ï äãªæ¨ï.Ǒà¨¬¥à 1. �ëç¨á«¨âì ¨â¥£à «

I = +∞
∫0 lnx dx1 + x3 .�¥è¥¨¥. � ¤ ¤¨¬ ¢¥â¢ì «®£ à¨ä¬  ä®à¬ã«®© (5) ¨ ¯®«®�¨¬

f(z) = 11 + z3 , g(z) = f(z) ln2 z = ln2 z1 + z3 .�ã¡¨ç¥áª¨¥ ª®à¨ ¨§ −1 à ¢ë zk = eiπ(2k+1)/3, £¤¥ k ∈ {0, 1, 2}.�¨ ï¢«ïîâáï ¯à®áâë¬¨ ¯®«îá ¬¨ äãªæ¨¨ g. � ©¤¥¬ ¢ëç¥âë g¢ íâ¨å â®çª å. Ǒ® ä®à¬ã« ¬ (1) ¨ (5)Reszkg = ln2 zk3z2k = (

iπ(2k + 1))227z2k = zk27 (π(2k + 1))2.Ǒãáâì 0 < r < 1 < R. � áá¬®âà¨¬ à §à¥§ ®¥ ª®«ìæ® G(R, r), § -¤ ¢ ¥¬®¥ ä®à¬ã«®© (6),   ¥£® ®à¨¥â¨à®¢ ãî £à ¨æã ®¡®§ ç¨¬á¨¬¢®«®¬ γ(R, r) (á¬. à¨áã®ª 20).
0 r R−R −r

γ(R, r)

G(R, r)

X

Y

�¨á. 20� ¬¥â¨¬, çâ® äãªæ¨ï g à¥£ã«ïà  ¢ãâà¨ G(R, r) §  ¨áª«îç¥¨¥¬â®ç¥ª z0, z1, z2 ¨ ¥¯à¥àë¢    ¡¥à¥£ å à §à¥§ . Ǒà¨¬¥ïï ª äãª-æ¨¨ g ¨ ª®âãàã γ(R, r) ®¡®¡é¥ãî â¥®à¥¬ã �®è¨ ® ¢ëç¥â å, ¬ë



82 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢¯®«ãç¨¬
∮

γ(R,r) g(z) dz = 2πi 2
∑

k=0Reszkg = 2πi27 2
∑

k=0π2(2k + 1)2zk. (7)� ¤àã£®© áâ®à®ë, ¯ãáâì γ+ ¨ γ− | ¢¥àå¨© ¨ ¨�¨© ¡¥à¥£  à §-à¥§  ª®«ìæ ,   Cr ¨ CR | ¬ « ï ¨ ¡®«ìè ï ¯®«ã®ªàã�®áâ¨ á®®â-¢¥âáâ¢¥®. �®£¤ 
∮

γ(R,r) g(z) dz = ∫γ+ g(z) dz + ∫
γ−

g(z) dz + ∫
Cr

g(z) dz + ∫
CR

g(z) dz. (8)� ¬¥â¨¬, çâ®
∫

γ+ g(z) dz + ∫
γ−

g(z) dz = R
∫

r

f(x) ln2 x dx−
R
∫

r

f(x)(ln x+ 2πi)2 dx == −4πi R
∫

r

f(x) ln x dx− 4π2 R
∫

r

f(x) dx,®âªã¤  ¯à¨ R → +∞ ¨ r → 0+Im(∫
γ+ g(z) dz + ∫

γ−

g(z) dz) = −4π R
∫

r

f(x) lnx dx → −4πI.�®ª �¥¬ â¥¯¥àì, çâ® ¨â¥£à «ë ¯® CR ¨ Cr áâà¥¬ïâáï ª ã«î ¯à¨
R → +∞ ¨ r → 0+ á®®â¢¥âáâ¢¥®. Ǒãáâì z = aeit, £¤¥ a > 0,
t ∈ [0, 2π℄. �®£¤ 

∣

∣g(z)∣∣ 6 | ln z|2
∣

∣|z|3 − 1∣∣ = | ln a+ it|2
|a3 − 1| = ln2 a+ t2

|a3 − 1| 6
ln2 a+ 4π2
|a3 − 1| ,®âªã¤ 

∣

∣

∣

∣

∫

CR

f(z) dz∣∣∣
∣

6
ln2R+ 4π2

R3 − 1 · 2πR ∼ 2π ln2R
R2 → 0 (R → +∞),

∣

∣

∣

∣

∫

Cr

f(z) dz∣∣∣
∣

6
ln2 r + 4π21− r3 · 2πr ∼ 2πr ln2 r → 0 (r → 0+).



§ 5. �ëç¨á«¥¨¥ ¨â¥£à «®¢ V ¨ VI â¨¯®¢ 83�â¤¥«¨¬ ¢ à ¢¥áâ¢¥ (8) ¬¨¬ãî ç áâì ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨
R → +∞ ¨ r → 0+. � ãç¥â®¬ (7) ¬ë ¯®«ãç¨¬

−4πI = lim
R→+∞
r→0+ Im( ∮

γ(R,r) g(z) dz) = Im(2πi27 2
∑

k=0 π2(2k+1)2zk) == Im iπ327 (1 + i
√3− 18 + 25(1 + i

√3 )) = 8π327 .�®ªà é ï íâ® à ¢¥áâ¢®   −4π, ¯®«ãç ¥¬ ®â¢¥â:+∞
∫0 lnx dx1 + x3 = −2π227 . �Ǒà¨¬¥à 2. �ëç¨á«¨âì ¨â¥£à «

I = 1
∫0 (ln x1− x

)2
· dx1 + x

.�¥è¥¨¥. �ë¯®«¨¢ ¢ ¨â¥£à «¥ § ¬¥ã t = x1− x
, ¬ë ¯®«ãç¨¬

I = +∞
∫0 ln2 t dt(t+ 1)(2t+ 1) .Ǒ®   «®£¨¨ á ¯à¨¬¥à®¬ 1 à §ã¬® à áá¬®âà¥âì äãªæ¨¨

f(z) = 1(z + 1)(2z + 1) , g(z) = ln3 z(z + 1)(2z + 1) ,£¤¥ ¢¥â¢ì «®£ à¨ä¬  ¢®¢ì § ¤ ¥âáï ä®à¬ã«®© (5). Ǒãáâì 0 < r < 12¨ R > 1. �ãªæ¨ï g à¥£ã«ïà  ¢ãâà¨ à §à¥§ ®£® ª®«ìæ  G(R, r)§  ¨áª«îç¥¨¥¬ â®ç¥ª −1 ¨ − 12 , ª®â®àë¥ ï¢«ïîâáï ¯à®áâë¬¨ ¯®«î-á ¬¨ g. �¡®§ ç¨¬ ç¥à¥§ γ(R, r) ®à¨¥â¨à®¢ ãî £à ¨æã G(R, r).�®£¤  ¯® ®¡®¡é¥®© â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∮

γ(R,r) g(z) dz = 2πi (Res−1g +Res− 12 g). (9)



84 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢� ¤àã£®© áâ®à®ë, ¯ãáâì γ+ ¨ γ− | ¢¥àå¨© ¨ ¨�¨© ¡¥à¥£  à §-à¥§  ª®«ìæ ,   Cr ¨ CR | ¬ « ï ¨ ¡®«ìè ï ¯®«ã®ªàã�®áâ¨ á®®â-¢¥âáâ¢¥®. �®£¤ 
∮

γ(R,r) g(z) dz = ∫γ+ g(z) dz + ∫
γ−

g(z) dz + ∫
Cr

g(z) dz + ∫
CR

g(z) dz. (10)� ¬¥â¨¬, çâ®
∫

γ+ g(z) dz + ∫
γ−

g(z) dz = R
∫

r

f(x) ln3 x dx−
R
∫

r

f(x)(ln x+ 2πi)3 dx == −6iπ R
∫

r

f(x) ln2 x dx+ 8iπ3 R
∫

r

f(x) dx+ 12π2 R
∫

r

f(x) lnx dx,®âªã¤  ¯à¨ R → +∞ ¨ r → 0+Im(∫
γ+ g(z) dz + ∫

γ−

g(z) dz)→ 8π3 +∞
∫0 f(x) dx − 6πI = 8π3 ln 2− 6πI(¯®á«¥¤¨© ¯¥à¥å®¤ ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬¨â¥£à «  ®â f).�®ª �¥¬ â¥¯¥àì, çâ® ¨â¥£à «ë ¯® CR ¨ Cr áâà¥¬ïâáï ª ã«î¯à¨ R → +∞ ¨ r → 0+ á®®â¢¥âáâ¢¥®. Ǒãáâì z = aeit, £¤¥ a > 0,

t ∈ [0, 2π℄. �®£¤ 
∣

∣g(z)∣∣ 6 | ln z|3
∣

∣

(

|z| − 1)(2|z| − 1)∣∣ = | ln a+ it|3
|(a− 1)(2a− 1)| 6 (ln2 a+ 4π2)3/2

|(a− 1)(2a− 1)| ,®âªã¤ 
∣

∣

∣

∣

∫

CR

f(z) dz∣∣∣
∣

6

(ln2R+ 4π2)3/2(R − 1)(2R− 1) · 2πR ∼ 2π ln3R
R

→ 0 (R → +∞),
∣

∣

∣

∣

∫

Cr

f(z) dz∣∣∣
∣

6

(ln2 r + 4π2)3/2(1− r)(1− 2r) · 2πr ∼ 2πr ln3 r → 0 (r → 0+).



§ 5. �ëç¨á«¥¨¥ ¨â¥£à «®¢ V ¨ VI â¨¯®¢ 85�â¤¥«¨¬ ¢ à ¢¥áâ¢¥ (10) ¬¨¬ãî ç áâì ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨
R → +∞ ¨ r → 0+. � ãç¥â®¬ (9) ¬ë ¯®«ãç¨¬8π3 ln 2− 6πI = Im(2πi (Res−1g +Res− 12 g)) .�áâ «®áì  ©â¨ ¢ëç¥âë ¢ ¯à ¢®© ç áâ¨. � ¬¥â¨¬, çâ®Res− 12 g = ln3 z2(z + 1) z=− 12 = ln3(− 12) = (− ln 2 + iπ)3.� «®£¨çë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® Res−1g = iπ3, â® ¥áâìíâ®â ¢ëç¥â ç¨áâ® ¬¨¬ë©. Ǒ®íâ®¬ã8π3 ln 2− 6πI = Im(2πiRes− 12 g) = 2π(− ln3 2 + 3π2 ln 2).�ëà � ï ®âáî¤  I, ¬ë ¯®«ãç¨¬1

∫0 (ln x1− x

)2
· dx1 + x

= π2 ln 2 + ln3 23 . �Ǒà¨¬¥à 3. Ǒà¨ a > 0 ¢ëç¨á«¨âì ¨â¥£à «
I(a) = +∞

∫0 ln2 x dx
x2 + a2 .�¥è¥¨¥. � áá¬®âà¨¬ äãªæ¨î f(z) = ln2 z

z2 + a2 . Ǒ®áª®«ìªã¯à¨ ln2 z áâ®¨â ç¥âë© ¬®�¨â¥«ì, ã¤®¡® ¢ ª ç¥áâ¢¥ § ¬ªãâ®£®ª®âãà  γ(R, r) ¨á¯®«ì§®¢ âì £à ¨æã ¢¥àå¥£® ¯®«ãª®«ìæ , ¯®ª -§ ®£®   à¨áãª¥ 16. Ǒãáâì 0 < r < a ¨ R > a. �®£¤  z = ia |¥¤¨áâ¢¥ ï ®á®¡ ï â®çª  f , «¥� é ï ¢ãâà¨ γ(R, r). �  ï¢«ï-¥âáï ¯à®áâë¬ ¯®«îá®¬ f , ¨ ¢ëç¥â ¢ ¥© à ¢¥Resiaf = ln2 z2z z=ia
= ln2(ia)2ia = (ln a+ π2 i

)22ia .



86 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�®£¤  ¯® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∮

γ(R,r) f(z) dz = 2πiResaif = π
(ln a+ π2 i

)2
a

. (11)� ¤àã£®© áâ®à®ë, ¯®  ¤¤¨â¨¢®áâ¨ ¨â¥£à « 
∮

γ(R,r) f(z) dz = R
∫

r

ln2 x dx
x2 + a2 −

r
∫

R

(ln x+ iπ)2 dx
x2 + a2 ++ ∫

|z|=R,Im z>0 f(z) dz − ∫

|z|=r,Im z>0 f(z) dz.Ǒãáâì R → +∞ ¨ r → 0+. �¢  ¯®á«¥¤¨å ¨â¥£à «  áâà¥¬ïâáï ªã«î (íâ® ¯à®¢¥àï¥âáï â ª �¥, ª ª ¢ ¯à¨¬¥à¥ 2). �à®¬¥ â®£®,Re( R
∫

r

ln2 x dx
x2 + a2 −

r
∫

R

(lnx+ iπ)2 dx
x2 + a2 ) = 2 R

∫

r

ln2 x dx
x2 + a2−

− π2 R
∫

r

dx

x2 + a2 → 2I(a)− π2 +∞
∫0 dx

x2 + a2 = 2I(a)− π32a(¯®á«¥¤¥¥ à ¢¥áâ¢® | ¯àï¬®¥ ¢ëç¨á«¥¨¥ ¨â¥£à « ). �â¤¥«¨¬¢ (11) ¢¥é¥áâ¢¥ãî ç áâì ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã:2I(a)− π32a = Re(π
(ln a+ π2 i

)2
a

) = π
(4 ln2 a− π2)4a .�ëà � ï ®âáî¤  I(a), ¬ë ¯®«ãç¨¬ ®â¢¥â:+∞

∫0 ln2 x dx
x2 + a2 = π

(ln2 a+ π2)8a . �



§ 5. �ëç¨á«¥¨¥ ¨â¥£à «®¢ V ¨ VI â¨¯®¢ 87�á¯®«ì§ãï ¬¥â®¤, ¯à¥¤«®�¥ë© ¢ ¯à¨¬¥à å, ¬®�® ¤®ª § âìá«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�â¢¥à�¤¥¨¥ 1. Ǒãáâì äãªæ¨ï f à¥£ã«ïà    C \ {0} § ¨áª«îç¥¨¥¬ ª®¥ç®£® ¬®�¥áâ¢  {a1, a2, . . . , an} ¨§®«¨à®¢ ëå®á®¡ëå â®ç¥ª, ¥ «¥� é¨å   ¯®«®�¨â¥«ì®© ¯®«ã®á¨. Ǒà¥¤¯®-«®�¨¬, çâ® ¢ë¯®«¥ë ¤¢  ãá«®¢¨ï.1) f(z) = O(1) ¯à¨ z → 0.2) �ãé¥áâ¢ã¥â â ª®¥ p > 1, çâ® f(z) = O
(

|z|−p
) ¯à¨ z → ∞.�®£¤  áå®¤ïâáï ¤¢  ¥á®¡áâ¢¥ëå ¨â¥£à « 

J1 = +∞
∫0 f(x) lnx dx, J2 = +∞

∫0 f(x) dx,¨ á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 
J1 = −12 Re( n

∑

k=1Resak
f(z) ln2 z),

J2 = − 12π Im( n
∑

k=1Resak
f(z) ln2 z),£¤¥ ¢¥â¢ì «®£ à¨ä¬  ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (5).� ¤ ç¨5.1. �ëç¨á«¨âì ¨â¥£à «1

∫0 ln(1− x

x

)

dx1 + x2 .�â¢¥â: π ln 28 .



88 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢5.2. �ëç¨á«¨âì ¨â¥£à «+∞
∫0 dx(x+ 2)(x2 + 4) .�â¢¥â: π16.Ǒ®á«¥¤¨© â¨¯ ¨â¥£à «®¢, ª®â®àë© ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì, |íâ® ¨â¥£à «ë ¢¨¤  +∞

∫0 R(x)xa−1 dx. �¤¥áì R(x) | à æ¨® «ì ïäãªæ¨ï, ¥ ¨¬¥îé ï ®á®¡ëå â®ç¥ª ¯à¨ x > 0,   ¯ à ¬¥âà a ¢ë¡¨-à ¥âáï â ª, çâ®¡ë ¨â¥£à « áå®¤¨«áï. Ǒà¥�¤¥ ç¥¬ áä®à¬ã«¨à®¢ âì®¡é¥¥ ãâ¢¥à�¤¥¨¥, à áá¬®âà¨¬ ¥áª®«ìª® ¯à¨¬¥à®¢.Ǒà¨¬¥à 4. �ëç¨á«¨âì ¨â¥£à «
I(a) = +∞

∫0 xa−1 dx(x+ 1)(x+ 2)(x+ 3)¨  ©â¨ ãá«®¢¨ï   ¯ à ¬¥âà a, ¨áá«¥¤®¢ ¢ áå®¤¨¬®áâì ¨â¥£à « .�¥è¥¨¥. Ǒ®«®�¨¬
f(z) = e(a−1) ln z(z + 1)(z + 2)(z + 3) ,£¤¥ ¢¥â¢ì «®£ à¨ä¬  ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (5). � ª ª ª

f(x) ∼ 16 xa−1 (x → 0+), f(x) ∼ xa−4 (x → +∞),¨â¥£à « I(a) áå®¤¨âáï ¯à¨ a ∈ (0, 3). �ëç¨á«¨¬ ¥£® ¢ ç «¥ ¯à¨¥æ¥«ëå a. Ǒãáâì G(R, r) | à §à¥§ ®¥ ª®«ìæ®, ¯®ª § ®¥  à¨áãª¥ 20,   γ(R, r) | ®à¨¥â¨à®¢  ï £à ¨æ  G(R, r). �á«¨0 < r < 1 ¨ R > 3, â® äãªæ¨ï f à¥£ã«ïà  ¢ãâà¨ G(R, r) § ¨áª«îç¥¨¥¬ â®ç¥ª −1, −2 ¨ −3, ª®â®àë¥ ï¢«ïîâáï ¯à®áâë¬¨ ¯®-«îá ¬¨ f . � ©¤¥¬ ¢ëç¥âë f ¢ íâ¨å â®çª å:Res−1f = lim
z→−1 e(a−1) ln z(z + 2)(z + 3) = e(a−1) ln(−1)2 = e(a−1)iπ2 = −eiπa2



§ 5. �ëç¨á«¥¨¥ ¨â¥£à «®¢ V ¨ VI â¨¯®¢ 89¨,   «®£¨ç®,Res−2f = 2a−1eiπa, Res−3f = −3a−1eiπa2 .�®£¤  ¯® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∮

γ(R,r) f(z) dz = πieiπa
(

−1 + 2a − 3a−1). (12)� ¤àã£®© áâ®à®ë, ¯ãáâì γ+ ¨ γ− | ¢¥àå¨© ¨ ¨�¨© ¡¥à¥£  à §-à¥§  ª®«ìæ ,   Cr ¨ CR | ¬ « ï ¨ ¡®«ìè ï ¯®«ã®ªàã�®áâ¨ á®®â-¢¥âáâ¢¥®. �®£¤ 
∮

γ(R,r) f(z) dz = ∫γ+ f(z) dz + ∫
γ−

f(z) dz+ ∫
Cr

f(z) dz+ ∫
CR

f(z) dz. (13)� ¬¥â¨¬, çâ® ¯à¨ R → +∞ ¨ r → 0+
∫

γ+ f(z) dz + ∫
γ−

f(z) dz = R
∫

r

f(x) dx−
− e2πi(a−1) R

∫

r

f(x) dx →
(1− e2πia)I(a).�®ª �¥¬ â¥¯¥àì, çâ® ¨â¥£à «ë ¯® CR ¨ Cr áâà¥¬ïâáï ª ã«î ¯à¨

R → +∞ ¨ r → 0+ á®®â¢¥âáâ¢¥®. Ǒ®áª®«ìªã
∣

∣f(z)∣∣ 6 |z|a−1
∣

∣

(

|z| − 1)(|z| − 2)(|z| − 3)∣∣ ,¬ë ¯®«ãç ¥¬
∣

∣

∣

∣

∫

CR

f(z) dz∣∣∣
∣

6
Ra−1(R− 1)(R− 2)(R− 3) · 2πR ∼ 2πRa−3 → 0,

∣

∣

∣

∣

∫

Cr

f(z) dz∣∣∣
∣

6
ra−1(1− r)(2− r)(3− r) · 2πr ∼ 2πra → 0.



90 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�¥¯¥àì ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¢ (13) á ãç¥â®¬ (12) ¤ ¥â
(1− e2πia)I(a) = πieiπa

(

−1 + 2a − 3a−1),®âªã¤ 
I(a) = π (1− 2a + 3a−1)2 sinπa (a /∈ N).�á¯®«ì§ãï â¥®à¨î ¥á®¡áâ¢¥ëå ¨â¥£à «®¢ á ¯ à ¬¥âà®¬, «¥£ª®¤®ª § âì, çâ® äãªæ¨ï a 7→ I(a) ¥¯à¥àë¢    (0, 3). Ǒ®íâ®¬ã

I(1) = lim
a→1 π (1− 2a + 3a−1)2 sinπa = ln 2√3 ¨ I(2) = ln 3√34 . �Ǒà¨¬¥à 5. Ǒà¨ b ∈ (−1, 2) ¢ëç¨á«¨âì ¨â¥£à «

I(b) = 1
∫0 x1−b(1− x)b dx(1 + x)2 .�¥è¥¨¥. � ¬¥  t = 1− x

x
¤ ¥â

I(b) = +∞
∫0 tb dt(1 + t)(2 + t)2 .�¤¥áì, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à, ¯®¤ëâ¥£à «ì ï äãªæ¨ï |¯à®¨§¢¥¤¥¨¥ à æ¨® «ì®© ¨ áâ¥¯¥®© äãªæ¨©. Ǒ®íâ®¬ã ¤«ï¢ëç¨á«¥¨ï I(b) ¬ë ¨á¯®«ì§ã¥¬ â®â �¥ ¬¥â®¤. � áá¬®âà¨¬ ¢ ç «¥¥æ¥«ë¥ b. Ǒãáâì 0 < r < 1 ¨ R > 2, G(R, r) | à §à¥§ ®¥ ª®«ìæ®,¯®ª § ®¥   à¨áãª¥ 20, γ(R, r) | ¥£® ®à¨¥â¨à®¢  ï £à ¨æ .Ǒ®«®�¨¬

f(z) = zb(1 + z)(2 + z)2 = eb ln z(1 + z)(2 + z)2 ,£¤¥ ¢¥â¢ì «®£ à¨ä¬  § ¤ ¥âáï ä®à¬ã«®© (5). �ãªæ¨ï f à¥£ã«ïà ¢ãâà¨ G(R, r) §  ¨áª«îç¥¨¥¬ ¤¢ãå ®á®¡ëå â®ç¥ª: z = −1 (¯®-«îá ¯¥à¢®£® ¯®àï¤ª ) ¨ z = −2 (¯®«îá ¢â®à®£® ¯®àï¤ª ). � ©¤¥¬¢ëç¥âë ¢ ¨å:Res−2f = ( zb

z + 1)′

z=−2 = (b−1)(−2)b+b(−2)b−1 = (b 2b−1−2b)eiπb



§ 5. �ëç¨á«¥¨¥ ¨â¥£à «®¢ V ¨ VI â¨¯®¢ 91¨, «¥£ª® ¢¨¤¥âì, Res−1f = eiπb. �®£¤  ¯® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∮

γ(R,r) f(z) dz = 2πi eiπb(1 + b 2b−1 − 2b).� ¤àã£®© áâ®à®ë, ¨â¥£à « ¢ «¥¢®© ç áâ¨ ¥áâì áã¬¬  ¨â¥£à «®¢¯® ¡¥à¥£ ¬ à §à¥§  γ± ¨ ¯® ¯®«ã®ªàã�®áâï¬. � ááã�¤ ï ª ª ¢¯à¨¬¥à¥ 4, ¬ë ¤®ª �¥¬, çâ® áã¬¬  ¨â¥£à «®¢ ¯® γ+ ¨ γ− áâà¥¬¨â-áï ª I(b)(1 − e2πib),   ¨â¥£à «ë ¯® ¯®«ã®ªàã�®áâï¬ | ª ã«î.Ǒ®íâ®¬ã
I(b) = 2πi eiπb1− e2πib (1 + b 2b−1 − 2b) = −π

(1 + b 2b−1 − 2b)sinπb (b /∈ N).� ª ª ª ¨â¥£à « I(b) ¥¯à¥àë¢® § ¢¨á¨â ®â ¯ à ¬¥âà , ¬ë ¯®«ã-ç¨¬
I(0) = − lim

b→0 π(1 + b 2b−1 − 2b)sinπb = ln 2− 12 ¨ I(1) = 1− ln 2. ��¡®¡é ï ¨á¯®«ì§®¢ ë¥ ¢ ¯à¨¬¥à å à ááã�¤¥¨ï, áä®à¬ã«¨-àã¥¬ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�â¢¥à�¤¥¨¥ 2. Ǒãáâì R | à æ¨® «ì ï äãªæ¨ï, ¯à¨ç¥¬¥¥ ¯®«îá  z1, . . . , zn ¥ «¥� â   ¯®«®�¨â¥«ì®© ¯®«ã®á¨. Ǒãáâìáãé¥áâ¢ãîâ ç¨á«  p, q ∈ Z, p < q, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬
R(z) = O

(

|z|−p
) (z → 0), R(z) = O

(

|z|−q
) (z → ∞).�®£¤  ¤«ï «î¡®£® ¥æ¥«®£® a ∈ (p, q) á¯à ¢¥¤«¨¢  ä®à¬ã« +∞

∫0 R(x)xa−1 dx = πe−iπasinπa n
∑

k=1ReszkR(z)za−1,£¤¥ za−1 = e(a−1) ln z,   ¢¥â¢ì «®£ à¨ä¬  § ¤ ¥âáï ä®à¬ã«®© (5).



92 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢� ¤ ç¨5.3. Ǒà¨ p ∈ (−1, 1) ¨ a > 0 ¢ëç¨á«¨âì ¨â¥£à «
J(p) = 1

∫0 ( x1− x

)p
dx

x+ a
.�â¢¥â: 







πsinπp (1− ( a

a+ 1)p )

, p 6= 0,ln(a+ 1
a

)

, p = 0.5.4. Ǒà¨ p ∈ (−1, 2) ¢ëç¨á«¨âì ¨â¥£à «
I(p) = 1

∫

−1 (1 + x)1−p(1− x)p1 + x2 dx.�â¢¥â: 


πsinπp (sin πp2 + os πp2 − 1), p /∈ {0, 1},
π2 , p ∈ {0, 1}.

§ 6. �ëç¨á«¥¨¥ ¨â¥£à «®¢ à §ëå â¨¯®¢� íâ®¬ ¯ à £à ä¥ ¬ë ¯à¨¢¥¤¥¬ ¥ª®â®àë¥ ¯à¨¬¥àë, ¨á¯®«ì§ã-îé¨¥ ®¯¨á ë¥ à ¥¥ ¯à¨¥¬ë. �¥ª®¬¥¤ã¥¬ ç¨â â¥«î ¢ ç «¥¯®á¬®âà¥âì   ¨â¥£à « ¨ á ¬®áâ®ïâ¥«ì® ®¯à¥¤¥«¨âì ¥£® â¨¯,  ã�¥ ¯®â®¬ ç¨â âì à¥è¥¨¥.Ǒà¨¬¥à 1. Ǒãáâì f(x) = 1(2 + osx)2 . Ǒà¨ n ∈ N ∪ {0} ¢ëç¨á-«¨âì ¨â¥£à «
an = 1

π

π
∫

−π

f(x) os(nx) dx.�¥è¥¨¥. � ¬¥â¨¬, çâ® an = 1
π

π
∫

−π

f(x)einx dx ¢ á¨«ã ç¥â®áâ¨äãªæ¨¨ f . Ǒ®« £ ï z = eix, ¬ë ¯®«ãç¨¬
f(x) = 1

(2 + 12 (z + 1
z ))2 , dz = ieix dx,



§ 6. �ëç¨á«¥¨¥ ¨â¥£à «®¢ à §ëå â¨¯®¢ 93®âªã¤ 
an = 1

π

∮

|z|=1 4zn dz
iz
(4 + z + 1

z

)2 = 4
πi

∮

|z|=1 zn+1 dz(z2 + 4z + 1)2 ,£¤¥ ®ªàã�®áâì ®¡å®¤¨âáï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �ã«¨ âà¥åç«¥-  z2 +4z+1 | â®çª¨ z1 = √3− 2 ¨ z2 = −(√3+ 2). � ¥¤¨¨ç®¬ªàã£¥ «¥�¨â â®«ìª® â®çª  z1, ¨ ®  ï¢«ï¥âáï ¯®«îá®¬ ¢â®à®£® ¯®-àï¤ª  ¯®¤ëâ¥£à «ì®© äãªæ¨¨. Ǒ® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
an = 8πi

πi
·Resz1 ( zn+1(z2 + 4z + 1)2) == 8( zn+1(z − z2)2)′

z=z1 = 2(−1)n3√3 ·
(2−√3 )n · (n√3 + 2).�â® à ¢¥áâ¢® ¢¥à® ¯à¨ ¥®âà¨æ â¥«ìëå æ¥«ëå n. � ç áâ®áâ¨,

a0 = 43√3 . �Ǒà¨¬¥à 2. Ǒà¨ p ∈ (0, 1) ¢ëç¨á«¨âì ¨â¥£à «ë+∞
∫0 xp−1 · osx dx ¨ +∞

∫0 xp−1 · sinx dx.
0 ε R

iR

iε

Cε,R

X

Y

�¨á. 21�¥è¥¨¥. Ǒãáâì I(p) = +∞
∫0 tp−1 · eit dt. Ǒ®«®�¨¬

zp−1 = |z|p−1ei(p−1) arg z, £¤¥ arg z ∈ [0, 2π),



94 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢¨ à áá¬®âà¨¬ äãªæ¨î f(z) = zp−1eiz. �ë¡¥à¥¬ ª®âãà Cε,R â ª,ª ª ¯®ª § ®   à¨áãª¥ 21. Ǒ® ¨â¥£à «ì®© â¥®à¥¬¥ �®è¨
∮

Cε,R

f(z) dz = 0 ¯à¨ ¢á¥å R > ε > 0.� ¤àã£®© áâ®à®ë, à §®¡ì¥¬ ª®âãà Cε,R   ¤¢  ®âà¥§ª  ¨ ¤¢¥ ¤ã£¨.�ë ¯®«ãç¨¬
∮

Cε,R

f(z) dz = R
∫

ε

tp−1 · eit dt− R
∫

ε

(it)p−1 · e−t · i dt++ ∫

|z|=R,06arg z6π2 f(z) dz − ∫

|z|=ε,06arg z6π2 f(z) dz.�â¥£à « ¯® ¡®«ìè®© ¤ã£¥ áâà¥¬¨âìáï ª ã«î ¯à¨ R → +∞ ¢ á¨«ã«¥¬¬ë �®à¤  . �à®¬¥ â®£®, |eiz | 6 1 ¯à¨ Im z > 0, ®âªã¤ 
∣

∣

∣

∣

∫

|z|=ε,06arg z6π2 f(z) dz∣∣∣
∣

6 εp−1 · πε2 = π2 εp → 0 (ε → 0+).Ǒ®íâ®¬ã ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¤ ¥â
I(p) = +∞

∫0 tp−1 · eit dt = ip
+∞
∫0 tp−1 · e−t dt = eiπp/2 · �(p).�â¤¥«ïï ¢¥é¥áâ¢¥ãî ¨ ¬¨¬ãî ç áâ¨, ¬ë ¯®«ãç¨¬+∞

∫0 tp−1 ·os t dt = os(πp2 )·�(p), +∞
∫0 tp−1 ·sin t dt = sin(πp2 )·�(p). �� ¬¥ç ¨¥. � ¯®¬®éìî ¤®ª § ëå ä®à¬ã« ¬®�® ¢ëç¨á«¨âì¨â¥£à « +∞

∫0 os(xq
)

dx ¯à¨ q > 1. �¥©áâ¢¨â¥«ì®, § ¬¥  t = xq¤ ¥â +∞
∫0 os(xq

)

dx = 1
q

+∞
∫0 t1/q−1 os t dt = 1

q os( π2q ) · �( 1q ).



§ 6. �ëç¨á«¥¨¥ ¨â¥£à «®¢ à §ëå â¨¯®¢ 95Ǒà¨¬¥à 3. Ǒà¨ α ∈ (0, 1) ¢ëç¨á«¨âì ¨â¥£à «
J(α) = v.p.

+∞
∫0 xα−11− x

dx.�¥è¥¨¥. Ǒãáâì zα−1 = e(α−1) ln z, £¤¥ ¢¥â¢ì «®£ à¨ä¬  § ¤ ¥â-áï ä®à¬ã«®© (5). �ãªæ¨ï zα−1 à¥£ã«ïà  ¢ ¯«®áª®áâ¨, à §à¥§ -®© ¯® ¯®«®�¨â¥«ì®© ¯®«ã®á¨, ¨ ¥¯à¥àë¢    ¡¥à¥£ å à §à¥§ (á¬. § 5). Ǒ®«®�¨¬
f(z) = e−iπ(α−1) · zα−11− z

.�ãªæ¨ï f à¥£ã«ïà  ¢ ®¡« áâ¨ C \ [0,+∞) ¨ ¥¯à¥àë¢  ¢ «î¡®©â®çª¥ ¥¥ £à ¨æë, ªà®¬¥ 0 ¨ 1.�â¥£à « J(α) ¯®¨¬ ¥âáï ª ª lim
δ→0+(1−δ

∫0 + +∞
∫1+δ

). Ǒ®íâ®¬ã  ¬ã�¥ ª®âãà, \¯à¨¡«¨� îé¨©" «ãç [0,+∞), ® ®¡å®¤ïé¨© â®ç-ªã 1,   â ª�¥ â®çªã 0, ¢ ª®â®à®© äãªæ¨ï f ¨¬¥¥â à §àë¢. Ǒãáâì¯®«®�¨â¥«ìë¥ ç¨á«  ε, δ, R â ª®¢ë, çâ® ε < 1 − δ ¨ 1 + δ < R.�ë¡¥à¥¬ ª®âãà C(ε, δ, R) â ª, ª ª ¯®ª § ®   à¨áãª¥ 22.
ε 1 R−R

C(ε, δ, R)

1− δ

�¨á. 22



96 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�âà¥§ª¨ [ε, 1−δ℄ ¨ [1+δ, R℄ ¯à®å®¤ïâáï ¤¢ �¤ë: á«¥¢   ¯à ¢®| ¯®¢¥àå¥¬ã ¡¥à¥£ã, á¯à ¢   «¥¢® | ¯® ¨�¥¬ã. Ǒ® â¥®à¥¬¥ �®è¨
∮

Cε,δ,R

f(z) dz = 0.� ¤àã£®© áâ®à®ë, à áá¬®âà¨¬ ¨â¥£à «ë ¯® à §ë¬ ç áâï¬ Cε,δ,R.�ã¬¬  ¨â¥£à «®¢ ¯® ®¡®¨¬ ¡¥à¥£ ¬ ®âà¥§ª®¢ [ε, 1 − δ℄ ¨ [1 + δ, R℄à ¢ 1−δ
∫

ε

e−πi(α−1) · xα−1 dx1− x
−

1−δ
∫

ε

eπi(α−1) · xα−1 dx1− x
++ R

∫1+δ

e−πi(α−1) · xα−1 dx1− x
−

R
∫1+δ

eπi(α−1) · xα−1 dx1− x
== 2i sin(π − πα)( 1−δ

∫

ε

xα−1 dx1− x
+ R
∫1+δ

xα−1 dx1− x

)

.Ǒà ¢ ï ç áâì íâ®£® à ¢¥áâ¢  áâà¥¬¨âáï ª 2i sin(πα)J(α), ª®£¤  ε ¨
δ áâà¥¬ïâáï ª ã«î,   R | ª +∞. Ǒ®ª �¥¬ â¥¯¥àì, çâ® ¨â¥£à «ë¯® ®ªàã�®áâï¬ à ¤¨ãá®¢ ε ¨ R áâà¥¬ïâáï ª ã«î. �¥©áâ¢¨â¥«ì®,

∣

∣

∣

∣

∮

|z|=R

f(z) dz∣∣∣
∣

6 max
|z|=R

∣

∣f(z)∣∣ · 2πR 6
2πRα

R− 1 → 0 (R → +∞).� «®£¨ç ï ®æ¥ª  ¤ ¥â
∣

∣

∣

∣

∮

|z|=ε

f(z) dz∣∣∣
∣

6
2πεα1− ε

→ 0 (ε → 0+).� ª®¥æ, ª ¨â¥£à « ¬ ¯® ¯®«ã®ªàã�®áâï¬ á æ¥âà®¬ ¢ ¥¤¨¨æ¥¯à¨¬¥¨¬ «¥¬¬ã ® ¯®«ã¢ëç¥â¥. Ǒà¨ δ → 0+ ¬ë ¯®«ãç¨¬
∫

|z−1|=δ,06arg(z−1)6π

e−πi(α−1) · zα−1 dz1− z
→ −πi lim

z→1,Im z>0 e−πi(α−1)zα−1 = πie−πiα



§ 6. �ëç¨á«¥¨¥ ¨â¥£à «®¢ à §ëå â¨¯®¢ 97¨,   «®£¨ç®,
∫

|z−1|=δ,
π6arg(z−1)62π e−πi(α−1)· zα−1 dz1− z

→ −πi lim
z→1,Im z<0 e−πi(α−1)zα−1 = πieπiα.� ç¨â, áã¬¬  íâ¨å ¨â¥£à «®¢ áâà¥¬¨âáï ª 2πi osπα. � ª¨¬ ®¡-à §®¬, 0 = lim

ε→0+
δ→0+
R→+∞

∮

Cε,δ,R

f(z) dz = 2i sin(πα)J(α) − 2πi osπα,®âªã¤  v.p.
+∞
∫0 xα−11− x

dx = π tg πα ¯à¨ α ∈ (0, 1). �� ¬¥ç ¨¥. Ǒà¨¬¥à 3 ¯®§¢®«ï¥â ¢ëç¨á«¨âì ¨â¥£à «
J(p, t) = v.p.

+∞
∫0 xp

x− t
dx ¯à¨ t > 0 ¨ p ∈ (−1, 0).�¥©áâ¢¨â¥«ì®, ¢ë¯®«¨¢ ¢ J(p, t) § ¬¥ã x = ty, ¬ë ¯®«ãç¨¬

J(p, t) = − tp+1
t

v.p.

+∞
∫0 yp dy1− y

= −tpπ tgπ(p+ 1) = −tpπ tg(πp).Ǒà¨¬¥à 4. Ǒà¨ a > 0 ¨ σ ∈ (0, 1) ¢ëç¨á«¨âì ¨â¥£à «
σ+i∞
∫

σ−i∞

dz

az · sin(πz) .�¥è¥¨¥. Ǒ à ¬¥âà¨§ã¥¬ ¯àï¬ãî, ¯® ª®â®à®© ¢¥¤¥âáï ¨â¥-£à¨à®¢ ¨¥: z = σ + ix, x ∈ R. � ¬¥â¨¬, çâ®sin(πσ + iπx) = eiπσ−πx − e−iπσ+πx2i = − e2πx − e2iπσ2i · eπx · eiπσ .



98 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢®âªã¤ 
I(a, σ) = +∞

∫

−∞

a−σ−ix · idxsin(πσ + iπx) = 2eiπσ · a−σ

+∞
∫

−∞

eπx · a−ix dx

e2πx − e2iπσ .�¤¥« ¥¬ ¢ ¯à ¢®© ç áâ¨ § ¬¥ã t = eπx. �®£¤  x = ln t
π , dx = dt

πt ¨
a−ix = a−i ln t/π = t−i lna/π = t−ip, £¤¥ p = ln a

π (¨«¨ a = eπp).�ë ¯®«ãç¨¬
I(a, σ) = 2eiπσ · a−σ

π

+∞
∫0 t−ip dt

t2 − e2πiσ = lim
ε→0+
R→+∞

2eiπσ · a−σ

π

R
∫

ε

t−ip dt

t2 − e2πiσ .�¡®§ ç¨¬ ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ ç¥à¥§ J(ε,R).Ǒ®«®�¨¬ f(z) = z−ip

z2 − e2πiσ , £¤¥ ¢¥â¢ì áâ¥¯¥®© äãªæ¨¨ ®¯à¥-¤¥«¥âáï ä®à¬ã«®©
z−ip = e−ip(ln |z|+i arg z), arg z ∈ [0, π℄.Ǒà¨ 0 < ε < 1 ¨ R > 1 ¢ë¡¥à¥¬ ª®âãà ¨â¥£à¨à®¢ ¨ï Cε,R â ª,ª ª ¯®ª § ®   à¨áãª¥ 23.

−ε ε R−R

Cε,R

X

Y

�¨á. 23� ®£à ¨ç¨¢ ¥â ¯®«ãª®«ìæ®, ¢ ª®â®à®¬ äãªæ¨ï f ¨¬¥¥â ¥¤¨-áâ¢¥ãî ®á®¡ãî â®çªã eiπσ. Ǒ® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∮

Cε,R

f(z) dz = 2πi · Reseiπσf = 2πi · eπpσ2eiπσ = πi · aσ · e−iπσ.



§ 6. �ëç¨á«¥¨¥ ¨â¥£à «®¢ à §ëå â¨¯®¢ 99� ¤àã£®© áâ®à®ë, à áá¬®âà¨¬ ¨â¥£à «ë ¯® à §ë¬ ç áâï¬ Cε,R.�â¥£à « ¯® [ε,R℄ à ¢¥ J(ε,R). Ǒ®« £ ï z = −t ¯à¨ t ∈ [R, ε℄, ¬ë¯®«ãç¨¬
−ε
∫

−R

f(z) dz = ε
∫

R

t−ip · eπp · (−1) dt
t2 − e2πiσ = a · J(ε,R).�æ¥¨¬ â¥¯¥àì ¨â¥£à «ë ¯® ¯®«ã®ªàã�®áâï¬. Ǒãáâì z = reiθ,£¤¥ r > 0, θ ∈ [0, π℄. �®£¤ 

∣

∣z−ip
∣

∣ = ∣∣e−ip(ln r+iθ)∣
∣ = epθ 6 eπ|p|.Ǒ®« £ ï r = R, ¬ë ¯®«ãç¨¬

∣

∣

∣

∣

∫

|z|=R06arg z6π

f(z) dz∣∣∣
∣

6 max
|z|=R0≤arg z≤π

|f(z)| ·πR 6
eπ|p| · πR
R2 − 1 → 0 (R → +∞),  ¯à¨ r = ε   «®£¨çë¬ ®¡à §®¬

∣

∣

∣

∣

∫

|z|=ε0≤arg z≤π

f(z) dz∣∣∣
∣

6
eπ|p| · πε1− ε2 → 0 (ε → 0+).�¥¯¥àì ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¤ ¥â

πi · aσ · e−iπσ = lim
ε→0+
R→+∞

∮

Cε,R

f(z) dz = (1 + a) lim
ε→0+
R→+∞

J(ε,R),®âªã¤ 
I(a, σ) = 2eiπσ · a−σ

π
lim

ε→0+
R→+∞

J(ε,R) == 2eiπσ · a−σ

π
· πi · a

σ · e−iπσ1 + a
= 2i1 + a

. �



100 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�â¢¥à�¤¥¨¥ 1. Ǒãáâì f | à æ¨® «ì ï äãªæ¨ï á ¯®«îá -¬¨ a1, a2, . . . , an, ¥ «¥� é¨¬¨   [0,+∞), ¨ f(z) = O
(

|z|−1) ¯à¨
z → ∞. Ǒ®«®�¨¬

F (z) = f(z)ln z − πi
,£¤¥ ¢¥â¢ì «®£ à¨ä¬  § ¤ ¥âáï ä®à¬ã«®© (5). �®£¤ +∞

∫0 f(x) dxln2 x+ π2 = n
∑

k=1Resak
F.�®ª § â¥«ìáâ¢®. � ª ª ª f(z) = O

(

|z|−1) ¯à¨ z → ∞, áãé¥áâ-¢ãîâ â ª¨¥ R0 > π ¨ M > 0, çâ®
|f(z)| 6 M

|z| ¯à¨ |z| > R0.Ǒ®áª®«ìªã ®«ì ¥ ï¢«ï¥âáï ®á®¡®© â®çª®© f ,  ©¤¥âáï â ª®¥ ç¨á«®
ε0 ∈ (0, e−π), çâ® äãªæ¨ï f ®£à ¨ç¥  ¢ ε0-®ªà¥áâ®áâ¨ ã«ï.Ǒ®«®�¨¬ m = max

|z|6ε0∣∣f(z)∣∣.Ǒãáâì ε ∈ (0, ε0℄ ¨ R > R0. �ë¡¥à¥¬ ª®âãà Cε,R â ª, ª ª ¯®ª -§ ®   à¨áãª¥ 24.
ε R

Cε,R

�¨á. 24Ǒ® â¥®à¥¬¥ �®è¨ ® ¢ëç¥â å
∮

Cε,R

F (z) dz = 2πi n
∑

k=1Resak
F.



§ 6. �ëç¨á«¥¨¥ ¨â¥£à «®¢ à §ëå â¨¯®¢ 101� ¤àã£®© áâ®à®ë, à áá¬®âà¨¬ ¨â¥£à «ë ¯® à §ë¬ ç áâï¬ Cε,R.�ã¬¬  ¨â¥£à «®¢ ¯® ¡¥à¥£ ¬ ®âà¥§ª  [ε,R℄ à ¢ 
R
∫

ε

f(x) dxlnx− πi
+ ε
∫

R

f(x) dxlnx+ 2πi− πi
= 2πi R

∫

ε

f(x) dxln2 x+ π2 .�æ¥¨¬ ¨â¥£à «ë ¯® ®ªàã�®áâï¬:
∣

∣

∣

∣

∮

|z|=R06arg z62π f(z) dzln |z|+ i arg z − πi

∣

∣

∣

∣

6
M

R
· 1lnR − π

·2πR → 0 (R → +∞),
∣

∣

∣

∣

∮

|z|=ε06arg z62π f(z) dzln |z|+ i arg z − πi

∣

∣

∣

∣

6
m

| ln ε| − π
· 2πε → 0 (ε → 0+).Ǒ®íâ®¬ã2πi n

∑

k=1Resak
F = lim

R→+∞
ε→0+ ∮

Cε,R

F (z) dz = 2πi +∞
∫0 f(x) dxln2 x+ π2 ,®âªã¤  ¨ ¢ëâ¥ª ¥â ãâ¢¥à�¤¥¨¥ 1. �Ǒà¨¬¥à 5. Ǒà¨ a 6= 0 ¢ëç¨á«¨âì ¨â¥£à «+∞

∫0 dx(x2 + a2)(ln2 x+ π2) .�â¢¥â: − 11 + a2 + π2|a| · 1
(ln2 |a|+ π24 ) .�¥è¥¨¥. �ëç¨á«¨¬ ¨â¥£à « ¯à¨ a > 0 ¨ § â¥¬ § ¬¥¨¬ ¢®â¢¥â¥ a   |a|. �®á¯®«ì§ã¥¬áï ãâ¢¥à�¤¥¨¥¬ 1 ¤«ï äãªæ¨©

f(z) = 1
z2 + a2 , F (z) = f(z)ln z − πi

.



102 ����� 2. �ëç¨á«¥¨¥ ®¯à¥¤¥«¥ëå ¨â¥£à «®¢�á®¡ë¬¨ â®çª ¬¨ F ¡ã¤ãâ −1 ¨ ±ai. � ¬¥â¨¬, çâ®ln(ai)− πi = ln a+ π2 i− πi = ln a− π2 i, ln(−ai)− πi = ln a+ π2 i.�®£¤ ResaiF = lim
z→ai

F (z)(z − ai) = lim
z→ai

1(z + ai)(ln z − πi) == 12ai(ln(ai)− πi
) = 12ai(ln a− π2 i)¨,   «®£¨ç®,Res−aiF = − 12ai(ln(−ai)− πi

) = − 12ai(ln a+ π2 i) .� ª®¥æ, ¯® ä®à¬ã«¥ (1)Res−1F = f(z)(ln z − πi)′ z=−1 = −f(−1) = − 11 + a2 .�¥¯¥àì ¢ á¨«ã ãâ¢¥à�¤¥¨ï 1 ¨áª®¬ë© ¨â¥£à « à ¢¥12ai(ln a− π2 i) − 12ai(ln a+ π2 i) − 11 + a2 = π2a · 1
(ln2 a+ π24 ) − 11 + a2 .�áâ «®áì § ¬¥¨âì a   |a|. �Ǒà¨¬¥à 6. �ëç¨á«¨âì+∞

∫0 dx(x + 1)(ln2 x+ π2) .�¥è¥¨¥. Ǒ®«®�¨¬ F (z) = 1(z + 1)(ln z − πi) , £¤¥ ¢¥â¢ì «®-£ à¨ä¬  § ¤ ¥âáï ä®à¬ã«®© (5). �¤¨áâ¢¥®© ®á®¡®© â®çª®© F¡ã¤¥â −1. �ãªæ¨ï F à¥£ã«ïà  ¢ ª®«ìæ¥ {z ∈ C: 0 < |z + 1| < 1}.Ǒ® ä®à¬ã«¥ �¥©«®à ln z − πi = ln z − ln(−1) = −(z + 1)− 12 (z + 1)2 +O
((z + 1)3) == −(z + 1) · (1 + 12 (z + 1) +O

((z + 1)2)) (z → −1).



§ 6. �ëç¨á«¥¨¥ ¨â¥£à «®¢ à §ëå â¨¯®¢ 103�®£¤  ¯à¨ z → −1
F (z) = −

(1 + 12 (z + 1) +O
((z + 1)2))−1(z + 1)2 == −1 + 12 (z + 1) +O

((z + 1)2)(z + 1)2 = − 1(z + 1)2 + 12(z + 1) +O(1).�«ï ¯®á«¥¤¥£® á« £ ¥¬®£® ¢ ¯à ¢®© ç áâ¨ ®á®¡ ï â®çª  −1 ï¢«ï-¥âáï ãáâà ¨¬®©, ¯®íâ®¬ã ¥£® àï¤ �®à   ¥ á®¤¥à�¨â ®âà¨æ â¥«ì-ëå áâ¥¯¥¥© z + 1. � ç¨â, Res−1F = 12 . � á¨«ã ãâ¢¥à�¤¥¨ï 1íâ® ¨ ¥áâì § ç¥¨¥ ¨áª®¬®£® ¨â¥£à « . � ª¨¬ ®¡à §®¬,+∞
∫0 dx(x+ 1)(ln2 x+ π2) = 12 . �
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