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Phase-locked loops (PLL): history

» Radio and TV
» de Bellescize H., La réception synchrone, L'Onde FElectrique, 11, 1932
» Wendt, K. & Fredentall, G. Automatic frequency and phase control of
synchronization in TV receivers, Proceedings IRE, 31(1), 1943
» Computer architectures (frequency multiplication)
lan Young, PLL in a microprocessor i486DX2-50 (1992)

(in Turbo regime stable operation was not guaranteed)

» Theory and Technology
v' F.M.Gardner, Phase-Lock Techniques, 1966
v' A.J. Viterbi, Principles of Coherent Comm., 1966
v" W.C.Lindsey, Synch. Syst. in Comm. and C., 1972
v" W.F.Egan, Freq. Synthesis by Phase Lock, 2000
v B. Razavi, Phase-Locking in High-Perf. Syst., 2003
v R.Best, PLL: Design, Simulation and Appl., 2003

v V. Kroupa, Phase Lock Loops and Freq. Synthesis, 2003
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PLL in Computer architectures

Clock Skew Elimination: Frequencies synthesis: multicore
multiprocessor systems processors, motherboards
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PLL analysis & design

PLL operation: generation of electrical signal (voltage), phase of which
is automatically tuned to phase of input reference signal (after transient
process the signal, controlling the frequency of tunable osc., is constant)

0)+sin(wt-6(0)

cos(wt) VCO | const

" -1
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Design: Signals class (sinusoidal,impulse...), PLL type (PLL,ADPLL,DPLL...)

Analysis: Choose PLL parameters (VCO, PD, Filter etc.) to achieve
stable operation for the desired range of frequencies and transient time

Analysis methods: simulation, linear analysis, nonlinear analysis
of mathematical models in signal space and phase-frequency space
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PLL analysis & design: simulation

(Control signal in signals space

D.Abramovitch, ACC-2008 plenary lecture:
Full simulation of PLL in space of signals is _ \
very difficult since one has to observe Control signal iri phasesfreq. space.
simultaneously very fast time scale of input ' -
signals and slow time scale of signal’s phases.

How to construct model of signal’s phases?

Simulation in space of phases: Could stable

operation be guaranteed for all possible

inputs, internal blocks states by simulation?

N.Gubar’ (1961), hidden oscillation in PLL:

global stability in simulation, but only e 2 -
bounded region of stability in reality

,— 4T c,-2
“Hidden oscillaton in PLL model

Survey: Leonov G.A., Kuznetsov N.V., Hidden attractors in dynamical systems. From hidden
oscillations in Hilbert-Kolmogorov, Aizerman, and Kalman problems to hidden chaotic attractor in
Chua circuits, International Journal of Bifurcation and Chaos, 23(1), 2013, art. no. 1330002
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PLL analysis&design: analytical linear methods

Linearization: while this is useful for studying loops that are near lock, it does

not help for analyzing the loop when misphasing is large.
@ —PD : sin(f") cos(6?) = 0.5sin(0'+67)+sin (6" +6%) ~ 0.5(0'+6%)
VCO:  60%(t) = wyree + Lg(t)

Linearization justification problems: Harmonic linearization (describing
function method), Aizerman & Kalman conjectures,

Time-varying linearization & Perron effects of Lyapunov exponent sign inversions

Survey: V.O. Bragin, V.. Vagaitsev, N.V. Kuznetsov, G.A. Leonov, Algorithms for finding hidden
oscillations in nonlinear systems. The Aizerman and Kalman conjectures and Chua’s circuits, J. of
Computer and Systems Sciences Int., 50(4), 2011, 511-544 (doi:10.1134/5106423071104006X)
Survey: G.A. Leonov, N.V. Kuznetsov, Time-Varying Linearization and the Perron effects, Int. J.
of Bifurcation and Chaos, Vol. 17, No. 4, 2007, 1079-1107 (doi:10.1142/S0218127407017732)
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Classical PLL: models in time & phase-freq. domains

?7) Control signals in signals and phase-frequency spaces are equal.
7) Qualitative behaviors of signals and phase-freq. models are the same.

Slo=wrLg(t) 8lt)=uLG()
09 > Winin, |01 —602) < Aw, |07 —09@)| <AQ, |T—t| <6, Vr,te[0,T] (%)
Waveforms 170 ) =3 (a? sm( os(z'H)), p=12

=17 fr(z)sin(iz)ds, af = f_ﬁf (7) cos(iz)dw,

Thm. If (*), ¢(0)=31>"7",((a}a?+b/b}) cos(10)+ (a; bf — b} a?) sin(16))
then Gi(7) — g(t)] = 0(5), V1 € [0,T]

:\le —

Leonov G.A., Kuznetsov N.V., Yuldahsev M.V., Yuldashev R.V., Analytical method for
computation of phase-detector characteristic, IEEE Transactions on Circuits and Systems Part Il,
vol. 59, num. 10, 2012 (doi:10.1109/TCSI|.2012.2213362)
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PD characteristics examples
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Differential equations of PLL

16w /7 <)

&

X=Ax-+b /@(t))/B(t)
g=c*x

f feit))
8()=w.+Lg(1) 6lt)=w +LG(1)

» master oscillator phase: 6;(t) = w;
» phase & freq. difference: 6,(t) = 6,(t) — 02(1), wo —wy = Aw

Nonautonomous equations Autonomous equations
&= Az + bfi(wit) f2(0q + wit), &= Ax + bp(0a),
0; = (wg —wy) + Letx, < 0= Aw+ Lc*x,
.’I?(O) = X, Qd(O) = 90 JI(O) = Xog, Qd(O) = 90

7) Qualitative behaviors of signals and phase-freq. models are the same.
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Autonomous differential equations of PLL

?7) Qualitative behaviors of signals and phase-freq. models are the same.

t= Az 4 bW+ W), S i = Azt bp(0a)
ﬁdzwd‘i‘LC*Z Hd:wd+ch

If w'(t) = w' then averaging method [Bogolubov, Krylov] allows one

to justify passing to autonomous diff. equations of PLL.

—ry WG = Au+bf (7)o +7)
u(r) =z (%) = 2(t), W= Wd + Letu.

Aver. method requires to prove ff (1) f2(na +7) — e(ng)dt =0
T—o0

(it is satisfied for phase detector characterlstlc ¢ computed above).
Solutions (z(t),na(t)) & (z(t),04(t)) (with the same initial data)) of
nonautonomous and autonomous models are close to each other on a
certain time interval as w! — co.
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Nonlinear analysis of PLL

Continuous Discrete
i = Ax + bp(6a), z(t +1) = Ax(t) + bp(0a(t)),

0y = Aw + Lc*x, Ot +1) = 04(t) + Aw + Lc™s
T(O) = Zo, Qd(O) = 90 ; = 2y, Gd(O) = 00

Here it is possible to apply various well developed methods of
mathematical theory of phase synchronization

eNonlinear Analysis and Design of Phase-Locked Loops, G.A. Leonov, N.V. Kuznetsov, S.M.
Seledzhi, (chapter in "Automation control - Theory and Practice", In-Tech, 2009), pp. 89-114

e V. Yakubovich, G. Leonov, A. Gelig, Stability of Systems with Discontinuous Nonlinearities,
(Singapore: World Scientific), 2004

e G. Leonov, D. Ponomarenko, V. Smirnova, Frequency-Domain Methods for Nonlinear Analysis.
Theory and Applications (Singapore: World Scientific, 1996).

e G. Leonov, V. Reitmann, V. Smirnova, Nonlocal Methods for Pendulum-Like Feedback Systems
(Stuttgart; Leipzig: Teubner Verlagsgesselschaft, 1992).
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PLL simulation: Matlab Simulink

) d ) 0.14
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Integrator
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Kuznetsov,Leonov et al., Patent 2449463, 2011
Kuznetsov,Leonov et al., Patent 112555, 2011
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Costas loop: digital signal demodulation

John P. Costas. General Electric, 1950s.
» signal demodulation in digital communication

LI 1
1
2 (m(t)cos(0) - m{Ecos2wt))

A
m(t)sin(wt) - _ sin(wt) -
NV NV.Vid D EVVaViV; VCO |« Filter
: 90°

== LlrmBsingo) - m t)

\VaVaVaVaVaVi
m(t) = £1 — data,
m(t) Sm(QC_Ut) and m(t) cos(2wt) » wireless receivers
— can be filtered out, » Global Positioning System
m(t) cos(0) = m(t), (GPS)

m(t)sin(0) =0
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Costas Loop:PD characteristic computation

Analysis of Costas Loop can reduced
3{m(ticos(0) - m{Bcosi2wt)

to the analysis of PLL:
d0'0) = F16'0)f 0'0), ’*QF
—%), m(t)sin(wt) sin(wt) @

u?O%) = £ 07%0) £ 0 (1)
Costas Loop PD characteristic: VWIS b Y
AF, B —Fourier coefficients of uy( S L& z"“““’*”*"g+ SNt

uiet)= ro'w) o) . o1y
=
S 2

o(t)

ulety)=r101) S 16 -90°)

Theorem. If (1 ) ( )and
A7 4 Al AL —|—BZBZ)Cos(le)—l—(A’lBé—BllA’Q)sin(lQD

p(0)=
then \C() ()|<C‘5 Vtel0,T]

G.A. Leonov, N.V. Kuznetsov, M.V. Yuldashev, R.V. Yuldashev, Differential equations of Costas
Loop, Doklady Mathematics, 2012, 86(2), 149-154 (doi:10.1134/S1064562412050080)
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Costas loop:PD characteristic example

f12(0) ©(6)
15 T T T T T T T
)1 -
05 B
05 —
)1 -
15 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
f12(0) = =2 3 Lsin (nb)
n=1
ﬂ}& cos(16), [ = 4p,
1 1 —%sin(l@), l=4p+2
°0= _ﬁ—i_ﬁ 52:1: —4(77:1;2) cos(10) — 4(77:1[}2) sin(lf), l=4p+1
4(77:4l?;2) cos(10) — 4(:457;2) sin(ld), 1=4p+3
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Costas loop simulation: Matlab Simulink

i TADN 1)

Filter output

REF
frequency

Integrator

0.012 0014 0,016 Multiplication

Integrator Triangular

frequency waveform

Multiplication Multiplication Fi]ter
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Squaring loop

PLL-based carrier recovery circuit
Golomb et al., 1963; Stiffler, 1964; Lindsey, 1966

» wireless recievers

» demodulation

£10'0) (o) L00) — LOW)161)

m(t)sin(wt) sin{wt) 0.5cos(2wt)
£1w)
sin(B(t))
AN

» m(t) = £1 — data,
> (m(t)sin(w't))? = 17%(2”“ — squaring allows to remove data
» 0.5 cos(2wt) — filter removes the constant
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Classical DPLL: nonlinear analysis

Pre1— (P +2m) =

=27 (2 —1) —“2wG sin
Win = W, Pp =witp+0o,
o+ 2m — o), € [, 7]

o1 =0¢—rsino, r=wG

Global asymptotic stability disappears and
appears unique and globally stable on (—7,0)U(0, —7) cycle with period 2

Bifurcation of splitting: unique cycle loses stability

and two locally stable asymmetrical cycles with period 2 appear
r3 = Two locally stable asymmetrical cycles with period 2 lose stability
Vvr2+2: and two locally stable asymmetrical cycles with period 4 appear

G.A. Leonov, N.V. Kuznetsov, S.M. Seledzhi, Nonlinear Analysis and Design of Phase-Locked
Loops, in "Automation control - Theory and Practice, In-Tech, 2009, 89-114

E.V. Kudryashova, N.V. Kuznetsov, G.A. Leonov, P. Neittaanmaki, S.M. Seledzhi, Analysis and
synthesis of clock generator, in From Physics to Control Through an Emergent View, World
Scientific, 2010, 131-136 (doi:10.1142/9789814313155 0019)
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Classical DPLL: simulation of transition to chaos

o g Bifurcation value Feigenbaum const
_rj—Tri—1

of parameter, 7; 0; = % o)
1 2 1.5
2 P 3.7597337326
3 | 3.445229223301312 44874675842
4 | 3512892457411257 46240452067
5 | 3.527525366711579 4.6601478320
6 | 3.530665376391086 4.6671765089
7 | 3.531338162105000 4.6687679883 »
8 | 3.531482265584890 4.6690746582 gl =) —rsino )
9 3.531513128976555 46691116965 .. \ N 7
10 | 3.531519739097210 4.6690257365 ’ o5 1 a5 2 2s 5 Les
11 | 3.531521154835959 o

E.V. Kudryashova, N.V. Kuznetsov, G.A. Leonov, s
P. Neittaanmaki, S.M. Seledzhi, Analysis and

synthesis of clock generator, in From Physics to
Control Through an Emergent View, World Sci., ok
2010, 131-136 (doi:10.1142/9789814313155 0019)

L

f(x) x—2.2 sinkx)
_nonunimodal map

-3 -2 1 o 1 2 3

Feigenbaum const for unimodal maps:
= lim 6,, =4.669..

n—-+oo
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Publications: PLL and Costas loop, 2012-2011

e Leonov G.A., Kuznetsov N.V., M.V. Yuldashev, R.V. Yuldashev, Differential equations of Costas
Loop, Doklady Mathematics, 86(2), 2012, 723-728 (doi: 10.1134/51064562412050080)

e Kuznetsov N.V., Leonov G.A., Neittaanmaki P., Seledzhi S.M., Yuldashev M.V., Yuldashev R.V.,
Simulation of phase-locked loops in phase-frequency domain, International Congress on Ultra
Modern Telecommunications and Control Systems and Workshops, 2012, IEEE art. no. 6459692,
351-356 (d0i:10.1109/ICUMT.2012.6459692)

e Kuznetsov N.V., Leonov G.A., Neittaanmaki P., Seledzhi S.M., Yuldashev M.V., Yuldashev R.V.,
Nonlinear mathematical models of Costas Loop for general waveform of input signal, IEEE 4th
International Conference on Nonlinear Science and Complexity, NSC 2012 - Proceedings, art. no.
6304729, 2012, 75-80 (doi:10.1109/NSC.2012.6304729)

e Leonov G.A., Kuznetsov N.V., Yuldashev M.V., Yuldashev R.V., Analytical method for
computation of phase-detector characteristic, IEEE Transactions on Circuits and Systems I,
59(10), 2012, 633-637 (doi:10.1109/TCSI1.2012.2213362)

e G.A. Leonov, N.V. Kuznetsov, M.V. Yuldashev, R.V. Yuldashev, Differential equations of Costas
Loop, Doklady Mathematics, 2012, 86(2), 149-154 (doi:10.1134/51064562412050080)

e Kuznetsov N.V., Leonov G.A., Yuldashev M.V., Yuldashev R.V., Nonlinear analysis of Costas loop
circuit, 9th International Conference on Informatics in Control, Automation and Robotics, Vol. 1,
2012, 557-560, (doi:10.5220/0003976705570560)

o Kuznetsov N.V., Leonov G.A., Neittaanmaki P., Seledzhi S.M., Yuldashev M.V., Yuldashev R.V.,
Simulation of Phase-Locked Loops in Phase-Frequency Domain, IEEE IV International Congress on
Ultra Modern Telecommunications and Control Systems, 2012, 364-3638

e G.A. Leonov, N.V. Kuznetsov, M.V. Yuldashev, R.V. Yuldashev, Computation of Phase Detector
Characteristics in Synchronization Systems, Doklady Mathematics, 84(1), 2011, 586-590,
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Lyapunov exponent: sign inversions, Perron effects, chaos, linearization

{;i::F(:v),reR F(z) =0 {y:Ay-l—o(y) {é:Az

2(t) = 9, A = L@

dxr lx=xg

z(t)=0

y(t) =0, (y=z—x0)
v stationary: z(t) = 0 is exp. stable = y(¢) = 0 is asympt. stable

&= F(x), () {'('))?_éo T
{y()E

)y + o(y)
x(t) # xo, A(t) = 0,(y=z—x(t))
z=x(t)
? nonstationary: z(t) = 0 is exp. stable =7 y(¢) = 0 is asympt. stable

I Perron effects:z(¢)=0 is exp. stable(unst), y(¢)=0 is exp. unstable(st)
Positive largest Lyapunov exponent
doesn't, in general, indicate chaos

Survey: G.A. Leonov, N.V. Kuznetsov, Time-Varying Linearization and the Perron effects,

Int. Journal of Bifurcation and Chaos, 17(4), 2007, 1079-1107 (doi:10.1142/50218127407017732)
N.V. Kuznetsov, G.A. Leonov, On stability by the first approximation for discrete systems, 2005
Int. Conf. on Physics and Control, PhysCon 2005, Proc. Vol. 2005, 2005, 596-599
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Hidden oscillations in control: Aizerman & Kalman problem:

Harmonic linearization without justification may lead to wrong results

Harmonic balance & Describing function method in Absolute Stability Theory
= Px+qu(rx), ¥(0)=0 (1) T = Pyx + qp(r'x)
W (p) = r*(P —pl)~'q Fy=P + kqr*, p(0)=¢(0) — ko
ImW (iwy) = 0,k = —(ReW (iwp)) ™! Fo: A1a==iwp, Redj=2<0

DFM: exists periodic solution o(t) = r*x(t) ~ a cos wyt
a: 027r/w° Y (acoswot) coswotdt = ka fOQW/wo(cos wot)?dt
Aizerman problem: If (1) is stable for any linear {)(0) = o, p € (p1, p2)
then (1) is stable for any nonlinear )(0) : 1o < (o) < pgo, Yo #0
DFM: (1) is stable = k: k<py, ps <k = ko? <i(o)o,¥(0)o < ka?
= Va#0: f27r/w° Y(acoswyt) acoswyt — k(a coswyt)?)dt # 0
=> no periodic solutions by harmonic linearization and DFM, but

Survey:V.0O. Bragin, V.I. Vagaitsev, N.V. Kuznetsov, G.A. Leonov (2011) Algorithms for finding
hidden oscillations in nonlinear systems. The Aizerman and Kalman conjectures and Chua’s circuits,
J. of Computer and Systems Sciences Int., V.50, N4, 511-544 (doi:10.1134/5106423071104006X)
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Hidden attractor in classical Chua'’s system

In 2010 the notion of hidden attractor was introduced
hidden chaotic attractor was found in Chua circuits for the first time by the authors

[Leonov G.A., Kuznetsov N.V., Vagaitsev V.l., Physics Letters A, 375(23), 2011]

t=a(y—r—mz—(@)
y=x—y+z,i=—By+v2)
(x)=(mo—my)sat(z)

a=38.4562, §=12.0732
~v=0.0052

mo=—0.1768, m; =—1.1468
equilibria: stable zero Fy & 2 saddles S o

trajectories: 'from’ S5 tend (black)
to zero Fj or tend (red) to infinity;

Hidden chaotic attractor (in green)

with positive Lyapunov exponent
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