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Lyapunov exponent: sign inversions, Perron effects, chaos, stability
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7 time- varymg z( ) =0is exp stable =7 y(t) = 0 is asympt. stable J

I Perron effect:z(¢)=0 is exp. stable(unst), y(¢)=0 is exp. unstable(st)

Negative largest Lyapunov exponent doesn't, in general, indicate stabilit

Positive largest Lyapunov exponent doesn't, in general, indicate chaos J
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Kuznetsov N.V. Leonov G.A. Lyapunov exponent, chaos, Perron effects: time-varying linearization, stability, instability


http://en.wikipedia.org/wiki/Lyapunov_exponent
http://www.math.spbu.ru/user/nk/PDF/Lyapunov-exponent-Sign-inversion-Perron-effects-Chaos.pdf
http://www.math.spbu.ru/user/nk/PDF/Lyapunov-exponent-Sign-inversion-Perron-effects-Chaos.pdf
http://www.math.spbu.ru/user/nk/PDF/2007_IJBC_Lyapunov_exponent_Linearization_Chaos_Perron_effects.pdf
http://www.math.spbu.ru/user/nk/PDF/2007_IJBC_Lyapunov_exponent_Linearization_Chaos_Perron_effects.pdf
http://www.math.spbu.ru/user/nk/
http://www.math.spbu.ru/user/nk/PDF/2007_IJBC_Lyapunov_exponent_Linearization_Chaos_Perron_effects.pdf
http://www.math.spbu.ru/user/nk/PDF/2007_IJBC_Lyapunov_exponent_Linearization_Chaos_Perron_effects.pdf
http://dx.doi.org/10.1142/S0218127407017732

Perron effects: Iargest Lyapunov exponent sign inversion

a:(t) = —ax(t) l1<2a<14eT7)2
y(t) = (sinln(t + 1) + cos(In(t + 1)) — 2a)y(t) + x*(t)

O.Perron

x(t) JT(O)G_at y(t)_e(t-l—l)smln(t—l-l 2at( (0)+1. fe 7‘+1)sm1n(7'+1)d,7_)

Linearized system (time-varying linearization along (x(t), y(t))=(0,0)):
Tun(t) = —axyin(t),  Guin(t) = (sin ln(t+1)+cos(ln(t+1))—2a)ylm(t)
Zin(t) = 2(0)e ™, yun(t) = y(0)elt V) minrry =20

exp. stable: LE[xy, ()] = —a, LE[yin(t)] = 1 — 2a <0 (2)

Different signs of LEs in (1) and(2):
largest Lyapunov exponent sign inversion is called Perron effect
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Lyapunov characteristic exponents (CE)
Def. characteristic exponent of the vector-function f(t)
CE(f(t)) = lim sup L In | £ (1)),
t——+o0
exact CE(f(t)) = tliin Tn|f(1)],
T = A(t)x, T = A(t)xy

sup [A(t)] < +oo  sup[A(t)], [A(H) ] < +oo
te[0,+00) teN

A.M. Lyapunov

X(t)=(z1(¢), ., z,(t)) a solutions fundamental matrix(FM), \;=CE(z;(t))

Def. X(t) is normal if > \; is minimal in comparison to other FM.

=1
Thm. For any X (¢) there exists a constant matrix C' (det C' # 0) :
matrix X (¢)C is a normal fundamental matrix (NFM), and all NFM have
the same set of (A1,..., \,).
Def. The set (\y,...,\,) of certain NFM X (¢) is called the complete
spectrum of linear system, and \; are called the characteristic exponents.
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Regular system

1) z=A)z, zeR" x4 =Al)x, (1)
X(t)=(z1(t), ., z,,(t)) normal fundamental matrix(NFM), \;=CE(z;(t))

n 1
Lyapunov inequality: ¥ = >~ X\, > limsupgln\det X(t)]

7=1 t——+o0

CE(TY [=:(D)]) = CE(det{x:(t)}7)
CE(n-cube volume ) > CE(n-parallelotope volume)

1
Def. Linear system is regular if 3 = l%erinf i In | det X (¢)]
—400

t—4o00 t—4o00

t
(1) zzhmmfl/ Tr A(T) dr E:liminfllnH\detA(jﬂ (1)
0 .

Def. Coefficient of irregularity. T' =% — l%m +inf TIn | det X ()]
—+00
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Vinograd counterexample: characteristic exponents and regularity

S\ — fim L S
Y= J;l A t2+moo +In|det X (t)| = tlg—noo +Infz(t)], z(t) #0

Exact Characteristic exponents % Regular system

J
0 1
T=A(t)x, At)= , t>1 (1)
0 (coslnt—sinlnt —1)
¢
FM: X (t) = (z1(¢), z2(t)) = L {67( Y7 , v(t) = t(coslnt — 1)
0 eV(®)

1 1
lim —In|zo(t)| = tligloozln|xl( )| =0, hm inf — ln|detX( )| = -2

t—+4oo t

Linear system (1) has exact CEs but it is nonregular: SE.
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Lyapunov exponents (LE) and Characteristic exponents (CE)

Def. The singular values o,;(X (t)) are square roots of eigenvalues of
the matrix X (¢)* X (t). (a;(X(t)) — axes of ellipsoid X (¢)(unit ball))
Def. The Lyapunov exponent fi; is the number

1
pj = limsup — In o (X (2)).

t—+00

Prop. largest Characteristic exponent = largest Lyapunov exponent.
Example (LEs # CEs). Consider system & = A(t)z with the matrix
B 0 sin(Int) 4 cos(Int)
Alt) = sin(Int) 4 cos(Int) 0 >
eV(t) e_"/(t)
and NFM X (t) = (

) =) ) , where 5(t) = tsin(Int).

a1 (X (1) = vV2max(e?®, e ay (X (t)) = v2min(e?®, e=7®),
LEs 2 CEs: puy =1, e =0and \y = \y =1: = Xy # 1o
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Nemytskii—Vinograd counterexample

Example: Sign of Eig values # Sign of Lyapunov exponents.

. (1 —4(cos2t)* 2+ 2sindt
B= AWMz, All) = (—2 +2sindt 1 — 4(sin 2t)2>
det(A(t) — pL,) =p* +2p+ 1= eig(A) = -1
b
Solution z(t) = (6 S Qt) CE(z(t)) = 1

el cos 2t

Eigenvalues of matrix A(t) have negative real parts, but the

corresponding linear system has positive Lyapunov exponent

So, the formula \; = litmfup L [*Revj(7) dr, is not true.
—+00
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Justification of time-varying linearization

Lyapunov exponents (LEs) were introduced by Lyapunov for the analysis of
stability by the first approximation for regular time-varying linearizations, where
negativeness of the largest Lyapunov exponent indicated stability. While there
is no general methods for checking regularity of linearization & there are known
effects of the largest Lyapunov exponent sign inversions, called Perron effects,
for non regular time-varying linearizations, computation of LEs for linearization
of nonlinear autonomous system along non stationary trajectories is widely used
for investigation of chaos, where positiveness of the largest LE is often
considered as indication of chaotic behavior in considered nonlinear system.

Moreover, there are a number of computer experiments, in which the various
numerical methods for calculating LE of linear systems of the first approx. are
used. As a rule, authors ignore the justification of the linearization procedure
and use the numerical values of LE so obtained to construct various numerical
characteristics of attractors of the original nonlinear systems.
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Computation of Lyapunov exponents in Matlab (1)

based on Benettin’s approach; for the orthogonalization of fundamental matrix it is used MATLAB
function qr, where Householder transformation is used for factorization procedure

1 function [t, lces, trajectory] = lyapunov_exp(ode, x_start, t_start,

2 % For given dynamical system, represented by system of differential equations
3 % combined with variational equation this function returns array of

4 % LCEs for the point x_start.

5 % Parameters:

6 % ode - combined system (system of ode + var. eqg.);

7 h x_start - initial point;

8 % t_start - initial time value;

9 % t_step - time-step in Gramm-Shmidt reorthogonalization procedure;

10 % k_iter - number of iterations of Gramm-Shmidt reorthogonalization procedure;
11 A rel_tol - relative error in Runge-Kutta 45 method;

%% % abs_tol - absolute error in Runge-Kutta 45 method;

14 [“,n1] = size(x_start); % nl - size of the system of odes

15 n2 = ni*(n1+1); % n2 - size of combined system

16 y = zeros(n2,1); % y - variable of combined system

17 norms = zeros(1,n1); % norms - array of norms of vectors in Jacobi matrix

18 log_sum = zeros(i,n1); % log_sum - array of sums of logarithms of norms

19 lexp = zeros(1,n1); % l_exp - array of lyapunov exponents (in current moment)
20 y(1:n1) = x_start(:) % Initializing y

21 for i = f:ni

22 y((n1+1)*i) = 1.0;

23 end

24

25 % Initializing t_curr

26 t_curr = t_start;

27

28 % Preallocations for output values

29 t = zeros(k_iter ,1);

30 lces = zeros(k_iter ,3);
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Computation of Lyapunov exponents in Matlab (2)

% Set options for MATLAB solver :
options = odeset(’RelTol’, rel_tol,
tr_len = 1;

>AbsTol’, abs_tol);

% Main loop:

for i =1 k_iter
sol = ode45(ode, [t_curr t_curr+t_stepl, y, options); %
i_last = numel(sol.x); % i_last - the last moment
% Getting Jacobi matrix in the moment T PhiT from vector Y
Y = transpose(sol.y);
PhiT = reshape( Y(i_last, ni+i : n2

Solving

), at, n1);

qr(PhiT); % QR factorization of PhiT
1

(-1)
(-1)

* R(j,j);3
* V(:,3)3

t_curr = t_curr + t_step; /% Updating 7y and t_curr

y( 1 : a1t ) =Y( i_last, t:nl );
y( ni+1 : n2 ) = reshape(V, 1, [1);
for k = 1 nl % Computing lyapunov exponents (in moment t_curr)
norms (k) = R(k,k);
log_sum(k) = log_sum(k) + log( norms(k) );
lexp(k) = log_sum(k) / (t_curr-t_start);
end
t(i) = t_curr; % Saving computations in corresponding vectors
lces(i, :) = lexp;
for j = 1 : i_last
trajectory(tr_len, :) = [sol.x(j) sol.y(i:nt, j)’1;
tr_len = tr_len + 1;
end
end
end

combined system :
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Lyapunov dimension of Rossler system (1)

Since a numerical localization of attractor in considered Rossler system is used and there is no
effective way to prove ergodicity rigourously, one has to consider a mesh of initial conditions for
investigation of Lyapunov exponents.

% function OUT = rossler_syst_1(t, X)

3 global a b ) Parameters:

4 OUT = zeros(12,1); % Output vector, that representing combined system:
5

6 % Rosler equation:

7 OUT (1) = - X(2) - X(3);

8 0UT(2) = X(1);

18 OUT(3) = -b*X(3) + a*(X(2) - X(2)*X(2));

11 % Variational equation:

12 | 0oUT(4:12) = [0 -1 -1; 1 0 03 O a*(1-2%X(2)) -bl * [X(4) X(7) X(10); X(5) X(8) X(11); X(6) X(9) X(12)1;
1 function 1d = lyapunov_dim(lces)

2 % For the given array of lyapunov characteristic exponents of some point this function
3 % compute so called lyapunov dimention of this point.

4 |1d = 0; % 1d - lyupunov dimention

5 [,n] = size(lces); % n - number of LCEs

6 | lambda = sort(lces, ’descend’); % lambda - sorted array of LCEs

7 | le_sum = lambda(1); % Main loop

8 if ( lambda(1) > 0 )

9 for i = 1 : n-1

10 if lambda(i+1) "= 0

11 1d = i + le_sum / abs( lambda(i+1) );

12 le_sum = le_sum + lambda(i+1);

13 if le_sum < 0

14 break;

15 end

16 end

17 end

18 end

19 end
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Lyapunov dimension of Rossler system (2

1 function run_rossleri

2 % Computes local lyapunov dimention in fixed point

3 % and in the points on the grid for the 1st Rossler attractor and compares thems.

4 global a b J Parameters

5 = b = 0.2; % Values of parameters

6 % T - time-step in iterative procedure

7 - number of iterations of iterative procedure

8 1e-8; abs_tol = le-8; % Relative and absolute errors for Runge-Kutta 45 method

9 eps le-1; % Epsilon -- is step on the grid

10 x0 = [0 0 0]; % Fixed point

11 % Attractor is located in cube : x \in [-1; 1.3]; y \in [-0.7; 1.8];

12 | x_begin = -1; x_end = 1.3; y_begin = -0.7; y_end = 1.8; =z_begin = z_end = 0;
ﬁ x_iterations=(x_end-x_begin)/eps+1;y_iterations=(y_end-y_begin)/eps+1;z_iterations=(z_end-z_begin)/eps+1f
15 % Infinity factor: if trajectory leaves cube with side ’infinity_factor’,

16 % then we conclude, that trajectory will leave basin of attraction

17 | infinity_factor = 10;

18 | grid_results = zeros(x_iterations*y_iterations*z_iterations, 7); i_res = 1; % Result array
19 for i = 1 : x_iterations ) Looping the attractor grid

20 for j = 1 y_iterations

21 for k = 1 : z_iterations % Main logic :

22 curr_point = [x_begin+(i-1)*eps y_begin+(j-1)*eps z_begin+(k-1)*eps];

23 [*, lces, trajectory]l = lyapunov_exp(Qrossler_syst_1i, curr_point, 0, T, K, rel_tol, abs_tol);
24 len = size(trajectory, 1);

25 if (abs(trajectory(len, 2)) < infinity_factor && abs(trajectory(lem, 3)) < infinity_factor
26 %% abs(trajectory(len, 4)) < infinity_factor)

27 % Saving results for current point

28 grid_results(i_res, :) = [curr_point lyapunov_dim(lces(end, : )) lces(end, : )I;

29 i_res = i_res + 1;

30 end

31 end

32 end

33 end

34 % Computing (local) lyapunov dimention for the fixed point :

35 [*, 1lces, "] = lyapunov_exp(Q@rossler_syst_1, x0, 0, T, K, rel_tol, abs_tol);

36 LCEs = lces(end, : );

37 | fid = fopen(’hypothesis_roessler_1.txt’); % Saving results in file :

38 | fprintf (fid, ’%4s %4s %4s %10s %10s %10s %10s\r\n’,’x’, ’y’, ’z’, ’dim_L’, ’lcel’, ’lce3’, ’lce3’);
39 fprintf (fid, °%.2f, %.2f, %.2f, %.8f, %.8f, %.8f, %.8f\r\n’, grid_results);

40 fprintf (fid, ’\r\nLyapunov dimension in fixed point:\r\n’);

41 | fprintf(fid, *%.2f, %.2f, %.2f, %.8f, %.8f, %.8f, %.8f\r\n’, [x0 lyapunov_dim(LCEs) LCEs1);
42 fclose(fid);

43

44 end
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Hidden oscillations: Aizerman and Kalman conjectures

if z=Az+bkc*z, is asympt. stable V&€ (ky, k2) : Vz(t,2z0) — 0, then
is x=Ax+by(c), c=c*x,¢(0)=0, k; <p(0)/o <ks : ¥x(t,x0) =07

1949 : ky < p(o)/o < ko 1957 : ky < ¢'(0) < ko
In general, conjectures are not true(Aizerman’s:n>2 , Kalman's: n>4)
Periodic solution can exist for nonlinearity from linear stability sector
Aizerman's: |.G.Malkin, N.P.Erugin, N.N.Krasovsky (1952)n=2; V.A Pliss (1958)n=3
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Harmonic linearization and describing function method requires justification

Harmonic balance & Describing function method (DFM) in Absolute stability theory
&= Pr+qp(rz), ¢(0) =0 (1) & = Por + qp(r'z)

W(p) =r*(P—pl) ¢ Py=P + kqr*, p(o)=y (o) — ko
ImW (iwy) = 0,k = —(ReW (iwg))™!  Fo: A1a==iwp, Re)j=2<0
DFM: exists periodic solution o (t) = r*x(t) ~ acoswpt if Ja :

fo%/wo Y(a coswt) cos wotdt = ka fo%/wo (cos wot )?dt

Aizerman problem: If (1) is stable for any linear ¢)(c) = o, p€ (p1, p2)
then (1) is stable for any nonlinear (o) : pio < (o) < uso, Yo # 0 J

DFM: (1) is stable = k: k<, ps <k = ko? <i(o)o,¥(0)o < ka?

=Va#0: f%/wo (a coswot) a coswot — k(a coswet)?)dt # 0
= no periodic solutions by DFM, but
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Computation of self-excited and hidden attractors

hidden oscillations and hidden attractors — basin of attraction
does not intersect with small neighborhoods of equilibria
Leonov G.A., Kuznetsov N.V., Vagaitsev V.l, Localization of hidden Chua's
attractors, Phys. Lett. A, 2011, 375, 2230-2233
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