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History: existence, number & computation of limit cycles

» D.Hilbert: Limit cycles (LC) number & disposition in
A two-dimensional polynomial system
= Py(x,y), )= Qn(z,y) =ax+by+cx’+dry+ey?..
» A.Kolmogorov: Calculation of limit cycles in

two-dimensional quadratic systems
» V.Arnold: Estimation of parameters domain

corresponding to existence of limit cycles
V. Arnold wrote (2005): To estimate the number of LCs of

square vector fields on plane, A.N. Kolmogorov had
distributed several hundreds of such fields (with randomly
chosen coefficients of quadratic expressions) among a few
hundreds of students of Mech.&Math. Faculty of Moscow
Univ. as a mathematical practice. Each student had to
find the number of LCs of his/her field. The result of this
experiment was absolutely unexpected: not a single field
had a LC!...The fact that this did not occur suggests that

| the above-mentioned domains are, apparently, small.
hidden oscillations — semistable-andnested limit cycles
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http://en.wikipedia.org/wiki/Limit-cycle

16th Hilbert problem: quadratic system

&= a2 + by + ey + g + By
Y = agx? + boxy + coy* + asx + Py

» N.N. Bautin 1949-1952: 3 limit cycles [around one focus]

» |.G.Petrovskii, E.M.Landis 1955-1959: only 3 limit cycles

» L.Chen & M.Wang, S.Shi 1979-80: 4 limit cycles [(1,3), 2 focuses]
» R. Bamon 1985: number of LC in QS is finite

Number of limit cycles H(n): H(2) > 4

» small-amplitude limit cycles: analytical methods

» Lyapunov quantity (focus value, Poincare-Lyapunov constant)
weak focus & Andronov-Hopf bifurcation

» normal-amplitude limit cycles: analytical & numerical methods

numerical methods: hidden oscillation — nested and semistable cycles
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Lya punov quantity (focus value, Poincare-Lyapunov constant)

&= frox + foy+ f(z,y)

; o o S \__. . 7 _
Y= 910$+g()1y + g(z,y) e1g(A)-e1g< g0 gor =tiwg:  L1=0

f=3 fyr Byl +o((|x] + [y)"), 9= S g Myl + o((J=] + lyh)™)
k+j=2 k+j=2

L hz"*‘+o(h2"”)I
o ution wit su ¥(0)=h
2(t,0, h), y(t,0, h) /
T(h) — tlme of flrst return I
f (x(t,h) ) to {z=0,y>0} \/

First nonzero L; has odd index: L(h

Lyapunov quantity Ly & Lo (first 0) : y(T(h), )—h=Ljh**to(h2+) J

trajectory winding or unwinding & equilibrium stability or instability

A.Lyapunov: similar procedure for dynamical system higher dimension
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Symbolic expression of Lyapunov quantities: in

terms of coefficients of right hand side of the system

To compute general expression of kth Lyapunov quantity it is necessary

to consider expansion upto 2k + 1: L, = Lk({gk,]}kﬂ —2 {fky}zl—ﬁl:z)

==y + for® + fury + foy®+ ..,
Y=+ goor* + gy + gooy® + ...
» 1949, Bautin:
L1=7% (gar+f1243 faot3g0s+ 20 f11H oz f11—911 92012902 for—2 f20 920—G02911)

» 1959, Serebryakova: Ly = Z5( ...1 page... )
» 1968, Shuko: first computer program for Lq calculation

» 2008, Kuznetsov, Leonov: L3 = Z5<( ...4 pages... )

To simplify the expressions of Lyapunov quantities often used change of
coordinate (complex, polar) & reduction to normal forms (but such

reduction is not unique and often a laborious).
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Direct method for computation of Lyapunov quantities

in Euclidian coordinates and in the time domain
d=—y+ f (2, y) ==y D1 jo frgz"y’ Fo((Jz]+1y)"), 2(t, h)=x(t,0,h)
J=ta+g(x, y)=tr 420, o ga™y? +o((lz]+1y)™), y(t, hy=y(t,0,h)
y
1. Approximation of solution z(t, h) y(t,h) ) I
Lkh2k+l+0(h2k+l)
)

Y

a(t, )thk()h’%(h”) y(t, )thk( h+o(hr) /
2ApprOX|mat|on of return time T() x@'(h), h=0 \\/ .

T(h) =21 + AT(h) = 2r + 3", T:hi + o(h™)
— h+Lkh2k+1_|_0<h2k+1)

3.Computation of Lyapunov quantities Ly: {Li}12§2=0J
In the study of real systems in applied problems it is more convenient to

y(T'(h),h)=h~+Loh*+Lsh*+Lih*+ ...+ o(h")

study the system in the initial "physical" space.
Kuznetsov N.V., Leonov G.A.,
Lyapunov quantities, limit cycles and strange behavior of trajectories in two-dimensio
Journal of Vibroengineering, Vol. 10, Iss. 4, 2008, 460-467 [PDF]
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Direct method for computation of Lqg: solution approximation
i=—y+f (2, y)==yD i, oy frz"y’ +0 z(t, h)=x(t,0, h)

J=ta+g(, y)=+r3 1,y gz’ . y(t, h=y(t, 0, h)

haza(;") 27|n hoa(t,h) =T () h+o(h),
2 ~
= p Q)| IO ey =T ()R o(R),

Let zpr(t, h)=> iy Tpr (E)RF ype—a(t, h)=>,— | Une (£) A" known f-ns(t,h)
e (th)=x -1 (E,h Tk (t) hk—l-O(hk), Ypr (t,h)=ypr—1 (t,h)—@hk (1) hk—l-O(hk)
f(zpe—a (t, R)Ho(R*=1), ype-i (t, h)H+o(h*1))=O(R*= 1)-i-u L (t)hF+o(RhF)
g(@pr1 (8, R)+o(hF71), gy (8, h)Ho(RF71)) =0 (hF~1) +ul, (t) hF +o(hF)
= ui,f’(t) :u}’:’kg({fhm (), Ynm (t) m<k—1) known functions (t)
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Direct method for computation of Lq: time constants & Lq

Tan (6, h) =3 51T (O)RF 0 apn (8, b, {fij, 95} j=2) © known f-n(t)
Ynn (t,h) =D e (ORF 2 ypn (t, h, {fij,gij}?ﬂ:Q) : known f-n(t)
T(h) = 2r+AT(h) = 2r+3_)_ Ty +o(h") :  x(2r+AT(h),h) =0
T (2 AT(R)) =T (2m) 43y T (2m) BT 4o (AT (R))")
Ui (27 + AT (h)) =G (270) +3 0y Gy (27) SEEIZ 40 (AT (R))")
227+ AT (h), h) =S4, Ty 2+ AT(h))hF [kl +o(h") =0
), h)=> "y Unr (2 + AT (h)R* [kl +o(h™) =Y Ly +o(h")

y(27r+AT(
ho- =Tp1(2m) _ Ly =y (2)
h? ozzhz(%)ﬁ;l(zwm Ly = (2) + 3 (2m) Ty

W 0=Fp (2m) 4.+, (27) Ty Ly :ghn(zw)+..+g;ﬂ(27r)fn_1
Tk—l=Tk—1({fij;gij}§+j:2) Lk— Lk({T {flj’glj}z-‘r] 2)

Lyapunov quantity Ly & Loy (first £0) : y(T(h),h)—h=Lyh2e-ro( R2e)
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Symbolic computation: solution appr-n, time constants & Lq

function [L,T,xt,yt] = fLQ_kuzleo(fxy,gxy,N)
syms x y h t ’real’

NL=2*N+1; Nfg=NL; % CREATE SYMBOLIC REPRESENTATION

xt_s(1:Nfg-1)=0%h; yt_s(1:Nfg-1)=0%*h; xth_s=0*t; yth_s=0%t;

for n=1:Nfg /1. Create solution as a series of h (x(0,h)=0; y(0,h)=h)

xt_s(n)=sym([’xt_’,int2str(n)],’real’); xth_s=xth_s+xt_s(n)*h~n;
yt_s(n)=sym([’yt_’,int2str(n)],’real’); yth_s=yth_s+yt_s(n)*h~n;

end

disp([’NL=’,int2str (NL)]); % To calculate L_m , set NL= 2m+1

sT_h_cur=0; %2. Create crossing time T (x(T,h)=0,y(T,h)>0 ) as a series of h

for i=1:NL-1
sT_h(i,1)=sym([’T’,int2str(i)],’real’);
sT_h_cur=sT_h_cur + sT_h(i,1)*h~i;

end;

% CALCULATION OF LYAPUNOV QUANTITIES

%1. Calculation x(t,h) y(t,h) as series in terms of t

ugt (1:Nfg)=0*t; xt(1:Nfg)=0*t; yt(1:Nfg)=0%t;

% solution of the first approximation system

xt(1)=-sin(t); yt(1l)=cos(t); xt_cur=xt(1)*h; yt_cur=yt(1)*h;

for i=2:NL
%create approx-n of right-hand sides of the system depending on t
uft_s=subs (diff (subs(fxy, [x y], [xth_s yth_s]),h,i)/factorial(i),h,0);
uft(i)= subs(uft_s, [xt_s yt_s], [xt ytl);
ugt_s=subs (diff (subs(gxy, [x y], [xth_s yth_s]),h,i)/factorial(i),h,0);
ugt(i)= subs(ugt_s, [xt_s yt_s], [xt ytl);
ult=diff (ugt(i),t)+uft(i); ’create approximation of solution depending on
Iucos=int(cos(t)*ult,t); Iucos_t0=(Iucos - subs(Iucos,t,0));
Iusin=int(sin(t)*ult,t); Iusin_t0=(Iusin - subs(Iusin,t,0));
ugO=subs (ugt (i) ,t,0);
xt (i)=simplify (cos(t)*ugO+Iucos_tO*cos(t)+Iusin_tO*sin(t)-ugt(i));
yt(i)=simplify (sin(t)*ugO+Iucos_tO*sin(t)-Iusin_tO*cos(t));
xt_cur=xt_cur+xt(i)*h~i; yt_cur=yt_cur+yt(i)*h~i;

end;
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Symbolic computation: solution appr-n, time constants & Lq

%2. Calculation coeffisients of x(t,h) in terms of T_k
xh_cur=subs(xt_cur,t,2*pi);

for k=1:NL
xh_cur=xh_cur + subs(diff(xt_cur,k,t),t,2*pi)*sT_h_cur~k/factorial(k);
end;
for k=1:NL
xh(k,1)=subs (diff (xh_cur,k,h)/factorial(k),h,0);
end;

%3. Find T_k from x_k=0

xh_temp=xh; T_cur=0; T(1,1)=0%*x;

for k=2:NL
T(k-1,1)=solve(xh_temp(k,1),sT_h(k-1,1));
T_cur=T_cur + T(k-1,1)*h"~(k-1);
xh_temp=subs (xh_temp,sT_h(k-1,1),T(k-1,1));

end;
W4 .
yh_cur=subs (yt_cur,t,2*pi);
for k=1:NL
yh_cur=yh_cur + subs(diff(yt_cur,k,t),t,2*pi)*T_cur~k /factorial(k);
end;
for k=1:NL
yh(k,1)=subs (diff (yh_cur,k,h)/factorial(k),h,0);
end;
for k=1:N
L(k)=factor (yh(2*k+1))
end;
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Example: non isochronous center in Duffing &= —y

dt

= f <0<y): — = = L
or (@ y) dy — =0+2%) L h ivani—ag2 [ionz—2y2
- i Y
h) =4 [ dy y=h cos(z) = z=arccos =,
—\/—1+\/l+2h2—2y2 \/1+2h2—2y2 dy=—hsin(z )dz
T(h)=4 [ hsin(z)dz —2r+ 3 Tih
B B \/ 1+\/1+2h251n 2\/1+2h281n z k=1
T1:0, TQI T3—0 T4_1102587r, T5 0 Tﬁ_lllggz,
z(t,h) = xh1 (t)h + Zp2(H)R? + Tps (H)h2 + Tpa(t)h* + ...
y(t, h) = G (Dh+ G2 (D2 + Gns (DR + Gpa ()" + .
T (t) = —sin(t), Uni(t) = cos(t); Tp2(t) = ﬂhz (t)=0
Tps(t) =5 cos(t)?sin(t) — 2t cos(t)+1sin(t), Tpa(t) = 0.

—3¢sin(t)+32 cos(t) —2 cos(t)®;  gna(t) = 0.

Kuznetsov N.V. Leonov G.A.

16th Hilbet problem: Limit cycles visualization & focus values symbolic computations



Classical Poincare-Lyapunov method: Lyapunov function

& =-y+f(z,y) F@,y) = 3 jma feia™y’ + 0
y =4z + g(z,y) 9(x,y) = Ypimo g™y + o((Jx] + [y])"
22 + o> o
Ve, y)=—5—+Vs(@ )+ +Vin(z,y) Vilr,y)= ,+Zk‘/%,jfli’y”
1TJ]=

Vo= oo ) g o) o) ™)

Vi, y) = Walz,y) + ... + Whir(z,y) + o((Jx] + [y))™*)
WVi(z,y)  OVi(z,y)

Wk(x,y):(x o Y on )‘i‘uk(x;ya{Wjafij’gij}i+j<k)
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Lyapunov quantities & small limit cycles:

Andronov-Hopf bifurcation, cyclicity and center problems

&= fiox + foy + f(2,9), =917+ gny + g(z,y)
Solution z(t,h) = x(t,0,h), y(t,h) = y(t,0,h), return time T(h)

Small limit cycles: LO_L1 =0, Ll—L3>O
y(T(h),h) — h =Lih% + o(h?)

961 = Go1 T €1, go3 = Goz + €3

Lj=L§ <0 <L =I5 |L§| << |Lf]
y(T(h),h) — h = Lh + Lsh? + L5h® + o(h?) -
Fha, b 2 y(T'(ha), h) —ha<0<y(T'(h2), ha) —ho

Number of "independent" zeros of » C(2)=3, Bautin 1949
Lyapunov quantities expressions? » C(3)=9, Makeev 1993
Algebraic methods for analysis of > C(n)=?

polynomials: '
Bautin ideal, Groebner's bases ...

o)

e.g., Lynch 2005, a low bound
Gasull et al. 2010, an upper bound
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Large limit cycles of quadratic system: Lienard approach

T+ f(x)t+g(x) =0

The classical Lienard theorem:

Let f(x) be even, g(z) be odd, zg(zx) > 0

Vo #0, f(0) <0, f e CL(RY), g € CYRY),
f'(z) >0,Ve >0, f(x)— +oo asz — +o0.

A. Lienard

Thm permits to find a unique orbital stable periodic solution.

=2 tay+y Positively invariant half plane

— _ 1
y = ax? + bry + cy® + ax + Py I={z>-1,re R}
Transformation of Quadratic system to Lienard system

b=, i ==y —g@) u=(y+Zg) o1l

f(@) = [(2¢2 = by — 1)a” _(2"‘52‘1‘52) Bo]lz + 1|97 2, Q——sz
g(z) = [—z(x 4+ 1)*(a2x + o) + 2*(x + 1) (boz = [2) — ]|z+1|§
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Large limit cycles: asymptotic integration of Lienard eq.

T+ f(x)t+g(x)=0
flz) = (A:U2+B£U—|—C)|l‘—|—1|q_2,
( o + 1>

o= NCEnE

f<‘”>_(A+O L)) ke, @) = (€ +0 (1)) alaf

Cra® + Cox® + Cax + 1)z

FdF + (A+ ( ( ))Fd(qurl) + (C”:qoflwgc\)) ()1 d(291) = 0
FdF + @D +1) (:vq“) +a 21) (x4t d (21 = 0.
z=gi: FE 4 (qfl)FjL (q+1)z—0

£t (q+1)z + (q+1)z =0

Theorem. Boundedness of z(t),y(t) in I <

Co € <O, 1), Ccy < by — as and either 2c9 > by + 1 ﬂq' \

or 202 S b2 -+ 1, 4&2(02 - 1) > <b2 — 1)2 kj
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Estimation of parameters domain: LC existence

(Arnold’s problem)

t=a2? +bixy+ay’+onr+ iy, §=ax®+byry+coy’+ ot oy
i+ fl)z+g(x)=0 f(r)= (A:c2+Bx+C) |z +1]72,

|z +1]%
= (C1a*+Cox® + Cy2* + Cyz+-C! .
g( ) ( 1 2 3 4 5)( +1)3
qg [
A =2B(q+2), -0
g9 - 2!
C’2 = (1 1 —2q) +3BQ) 555 e
Cs = 33— , Cy=1, C5=0. —10}
Ly=— 7TB(q+2)(3q+1)[5(q+1)(2q—1)2+B2(q—3)] -12p
20000 S S R S
Q: B*< 5(q—|—1)(3q+ ) B#0 40 015 <o 05 0 05 10 13 -

One large LC + 3-rd weak focus:
4 |.C by small perturbations
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Four normal size limit cycles
r=x"+xy+y (1)
¥ = az® + bxy + cy® + ax + Py

ce(1/3,1),a=—e"1 be<1,b>a+c,2c<b+1,4alc—1) > p—1)2, =0

Theorem. For sufficiently small ¢ system (1) has three limit cycles:
one to the left of line{x = —1} and two to the right of it.

at=1p1=1c1=0;0, =08 =1; a2=-10,p2=2102=0.4/1,=-1800;p,,=0.13

-600,

8000 7000 -6000 -5000 -4000 -3000 -2000 -1000 0
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Hidden oscillation in control system (Aizerman & Kalman conjectures)

if z=Az+bkc*z, is asympt. stable V& e (ky, ks) : Vz(t,z9) —0
x=Axtbyp(0), o=c"x,9(0)=0, k1 <p(0)/0, ¢’ <k, Vx(t,%0) — 07

In general, conjectures are not true (Aizerman's n>2, Kalman's n>4):
nonlinearity can be in linear stability sector but periodic solutions exist.

v" Bragin, Leonov, Kuznetsov, Vagaitsev (2011) Algorithms for finding hidden
oscillations in nonlinear systems. The Aizerman and Kalman conjectures and Chua's
circuits, J. of Computer and Systems Sciences Int., V.50, N4,:511-544 (survey)
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Hidden attractors localization

d Z10][s ero ed adNndad
Q W C adic
%" X dal|e O - O
‘ .Q\ addile endad O
0 d NS ero eg or to
3.4 0 0.0052- T 4black and rec
0 ( 8 468 . "Hidden attractor(gree
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Lyapunov exponents and chaos : Linearization, Perron effects

t=F(z), c€R", F(xg) =0 {y:Ay-|—o(y) {z':Az
o(t) = 3y, A = L@ y(t) =0, (y=z—1x0) 2(t)=0

dx |x::c0

_ Fla(t) 20 t N
oty f5=Al):
2e) {r o

i = F(a), ()
o(t) # w0, A(t) = S

? nonstationary: z(t) = 0 is exp. stable =7 y(t) = 0 is asympt. stableJ

rz=xz(t)

[DOI] [PDE] G.A. Leonov, N.V. Kuznetsov, Time-Varying Linearization
and the Perron effects, International Journal of Bifurcation and Chaos,
Vol. 17, No. 4, 2007, pp. 1079-1107 (survey)
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