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Classical approach to computation of oscillations
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Hidden oscillations: how to compute?

hidden oscillations and hidden attractors — basin of attraction
does not contain neighborhoods of equilibria

Leonov G.A., Kuznetsov N.V., Vagaitsev V.l, Localization of hidden Chua's
attractors, Phys. Lett. A, 2011, 375, 2230-2233

v'standard computation The problem is: How to
(trajectories from a choose initial data in the
neighborhood of \ basin of attraction of
unstable equilibrium ) hidden oscillation?
reaches and identifies |z Localization is required a
attractor) does not work | ~ special analytical-

(all equilibria are stable | v numerical procedure.

or not in the basin). R

Survey: Leonov G.A., Kuznetsov N.V., Hidden attractors in dynamical systems. From hidden
oscillations in Hilbert-Kolmogorov, Aizerman, and Kalman problems to hidden chaotic attractor in
Chua circuits, International Journal of Bifurcation and Chaos, 23(1), 2013, art. no. 1330002
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Hidden oscillations 2d: 16th Hilbert problem (second part)

D.Hilbert 1900: number & mutual disposition of limit cycles
A &= P,(z,y) = ma® + bixy + c1y® + arx + fry + ...
= Qn(z,y) = asx® + by + coy® + T + Boy + ...
IN.Bautin 1949: first nontrivial results: 3 nested limit cycles
in case n = 2 (internal limit cycles are hidden oscillations)
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Hidden oscillations 3d: Aizerman and Kalman conjectures
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In general, conjectures are not true(Aizerman’s:n>2 , Kalman's: n>4)
Counterexamples with hidden oscillations can be constructed:
stable periodic solution coexist with unique stable equilibrium
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Analytical-numerical algorithm: oscillation localization
x=Px+(x), P(0)=0 %=Pyx+p(x) 1= —wya+e¢1(y)
P,=P+K p(x)=1(x)-Kx Y2= wyit+epa(y)
)\fg—:lzzw Re)\P°z<0 x=Sy,¢p=S""¢ y3= Azys+egs(y)

y1 = cos(wt)y1 0)+0(E), y2 =sin(wt)y; 0) +OF), ys =e3'y30)+On_26)

Multistep numerical procedure:x'(0) ~ x5 =Sy(0) (by analytics)
(2) xI=Pox’ +¢;p(x?), step j=1,...,m—1

Ist numerical step: ¢; smallxe, eiprep, x!(x}),t)~x" (x5, t)
next numerical steps: ¢;=(j/m), x7*1(0)=x’(T)

Hidden oscillation computation in initial system: last step j=m, e, =1
(3) x=X"=PoXm + enp(x™)=Pox + ¢(x),
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Hidden oscillation localization: analytical-numerical procedure

(1) x=Poxtp(x)  (2) x=Pyx+ep(x) (3) ¥ =Pyxi+,0(x)

1. if all points of Ay are in the attraction domain of A; (oscillating attractor of (3
with j = 1), then solution x!(¢) can be determined numerically by starting a
trajectory of (3) with j=1 from initial point x°(0). If in computational process
x1(t) is not fallen to equilibria and is not — oo (on suff. large [0,77]), then x!(¢)
computes attractor .A;. Then perform similar procedure for (3) with j=2: by
starting trajectory x?(t) of (3) with j = 2 from init. point x'(T') (last point on
previous step) we compute As. And so on.

2. in the change from system (2) to (3) with j=1, it's observed loss of stability

bifurcation and vanishing of attractor Ag(or A;_1 on j-th step).
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Harmonic Balance & Describing Function Method

Describing function method (DFM) can lead to untrue results:

no periodic solution for Aizerman's or Kalman’s conditions by DFM
x =Px+qp(r'x), ¥(0)=0 (1) x = Pox + qp(r'x)

W(p) =r*(P—pI)~'q Py =P + kqr’
ImW (iw) = 0 1 (o) =Y(o) — ko
k= —(ReW (iw))~ Po: A\ o=%iw, Re)j=2<0

DFM: exists periodic solution o(t) = r*x(t) ~ acoswt

a: fo%/w Y(acoswt) coswtdt = ka fo%/w(cos wt)?dt
Aizerman: if z=(A+ubc*)z, is asympt. stable V€ (u1, po) then
x=Ax+byp(c), c=c*x,(0)=0, u1 <p(o)/o<pus, all x(t,x9)—0
DFM: since (1) is stable in sector 1y <¢(0)/o < s due to Aizerman
= kfrom DFM : k<py, pa<k = ko?<y(o)o,¢(0)o <ko?
=Va#0: f%/w(g/)(a coswt) acoswt — k(a coswt)?)dt # 0

0
= no periodic solutions by DFM, but counterexamples are well known
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Periodic solution by justified DFM (scalar case)

x=Px+qy(r*x) : W(p)=r*(P—pl)'q, ImW(iw)=0, k=—ReW(iw))
x=Pox-+qp(r'x): Po=P+kqr’, A\T3==Fiw, R\, <0, p=1)—kr'x

X= Sy, A= S_IPOS, b= (bl,bg,b;g)* = S_lq, Cct= (1,O,C3)* =r*S

th = —wya+bicp(y1 + c3y3) ()
Yo= wyi+bep(yr + ciys) ya2(t) =sin(wt)y:(0)+O0(e)
ys= Asgys+bscp(y + ciys) y3(t)=eAsty3(0)+0,_2(¢)
y3(As + A3)ys < —2dlys/? te (0,7

y(O) €= {yl S [alv a2]7 Y2 =0, ‘y3| SDS}? FY(O) ZY(T)v T'= %+O(€)
2m/w
Theorem. If exists ag > 0: ®(ag)= [ ¢(cos(wt)ag) cos(wt)dt =0

0

and bl%fla)‘a:ao < 0 then exists periodic solution x(t) = Sy(¢) with
initial data x(0)=S(@o+0(g),0,0,_2(¢))*.

For all solutions with initial data suff. close to x(0) the modulus of

their difference with x(#) is uniformly bounded V¢ >0).

Kuznetsov N.V., Leonov G.A. Hidden attractors localization: describing function method and continuation 9 /19



Attractors in Chua's circuits

& =aly—z— f(z)),
y =T =Yy + Z,

=T z= —(ﬁy+7z), T T

254

@ ' f(x):mlx-l-sat(x):mlx-i-;(mo —mq)(|Jz+1]+]z—1])

L.Chua (1983)

Chua circuit is used in chaotic communications

Could an attractor exists and how lo localize it, if equilibrium is stable?

L.Chua, 1990: If zero equilibrium is stable = no chaotic attractor
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Chua system: transformation to harmonic form
x=Px+qy(r*x) : W(p)=r*(P—pI)"'q, ImW(iw)=0, k=—ReW(iw))~*
x=Pox+qp(r=x): P0:P+qu*,)\ftg:iw Re)\]>°2<0,g0=¢—kr*x
x=Sy, A=S71PyS,b=(;,b2,b3)*=S"'q,c*=(1,0,c3)*=r*S

y = Ay +¢cby(c’y)
WP W _ —bip+bow 4+ h h
0

Wp,(p) =r*(Po — pI) 'q

S11 S12 S13 sn=1 priw? ) ptd
S=| 521 S22 53| su=l+k k:%m d= W
s31 sz s3] sy=Rees poc ”*ﬁwélt;)d*dz)
ap apSi1 b= a(y+8— ‘-;Jr;z(l‘f")’) )
Thm:x(0)=Sy(0)=S| 0 |=| apsa a((1+:) e+ (r+8)d)
ag : ®(ag)=0 0 agss) b2= w(wZ+d?)
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Hidden attractor in Chua's circuit

hidden

t=aly—r—myz—1)(x))
y=r—y+z,i=—By+72)
()= (mo—myq)sat(x)

a=28.4562,5=12.0732,7=0.0052
mo=—0.1768, m; =—1.1468

Kuznetsov N.V., Leonov G.A. Hidden attractors localization: describing function method and continuation 12 /19


http://www.math.spbu.ru/user/nk/PDF/2011-PhysLetA-Hidden-Attractor-Chua.pdf
http://www.math.spbu.ru/user/nk/PDF/2011-PhysLetA-Hidden-Attractor-Chua.pdf
http://www.math.spbu.ru/user/nk/PDF/Lyapunov-exponent-Sign-inversion-Perron-effects-Chaos.pdf
http://www.math.spbu.ru/user/nk/
http://www.math.spbu.ru/user/nk/PDF/2011-PhysLetA-Hidden-Attractor-Chua.pdf

Scenario of transition to chaos: form periodic orbit to hidden chaotic attractor
e=0.1 £=0.2 e=0.3

Kuznetsov
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Lyapunov exponent : chaos, stability, Perron effects, linearization

T = F(I), r e R"™ F(To) =0 y= Ay + o(y)
z(t) = xp, A = @ y(t) =0, (y=z—x)

dx T=x0

P=F@). 0 = F() 20
o(t) # a0, A1) = L0

z=x(t)

? nonstationary: z(t) = 0 is exp. stable t)=0i : |
I Perron effect:z(¢)=0 is exp. stable(unst), y(¢)=0 is exp. unstable(st)
Positive largest Lyapunov exponent
doesn't, in general, indicate chaos
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