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Abstract. A direct method is proposed for studying the behavior of two-dimensional dynamical systems
in the critical case when the linear part of the system has two purely imaginary eigenvalues. This method
allows one to construct approximations to solutions of the system and to the return time of the trajectory
in the form of a finite series in powers of the initial datum. Based on suggested method, computation of
Lyapunov quantities in Euclidean coordinates and in the time domain are performed.
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The issue of the behavior of a dynamical system when the value of a parameter is close to the boundary of
the stability region, which is important for engineering mechanics, involves calculating Lyapunov quantities.
According to Bautin’s paper [1], ”dangerous” and ”safe” boundaries are distinguished, a small transgression of
which causes small (reversible) or irreversible changes in the state of the system. Such changes correspond, for
example, to the scenarios of ”soft” and ”hard” excitation of oscillations, which were considered by Andronov
[2]. In the classical papers by Poincare [3] and Lyapunov [4], for the analysis of the behavior of a system near
the stability boundary, the method of calculating the so-called Lyapunov quantities (or Poincare-Lyapunov
constants), which determine the behavior of the system near the boundary, was developed. For example,
in the case of two complex-conjugate characteristic roots of a two-dimensional system in a neighborhood of
a stationary point (a critical case), when the stability boundary is crossed from negative values of the real
part of the roots to positive values, if the first nonzero Lyapunov quantity is negative, then there appears
a unique stable limit cycle, which contracts to a point under the inverse change of the parameter, which
corresponds to a ”safe” boundary. On the contrary, if the first nonzero Lyapunov quantity is positive, then,
under small changes, the trajectory can diverge infinitely far from the equilibrium state, which corresponds to
a ”dangerous” boundary. Note also that small disturbances of a system with several zero Lyapunov quantities
may lead [5– 13] to the appearance of several ”small” limit cycles (small oscillations). When calculating
Lyapunov quantities, one usually considers the two-dimensional sufficiently smooth system with two purely
imaginary eigenvalues of the linear part

dx

dt
= −y + f(x, y),

dy

dt
= x+ g(x, y).

(0.1)

According to Lyapunov’s result [4], problems of a higher dimension (two roots are purely imaginary and the
remaining roots are negative) can be reduced to a two-dimensional problem.

While the general expression for the first and second Lyapunov quantities (in terms of expansion coefficients
of f and g in the original space) had been computed in the 40-50s of last century [Bautin, 1949; Serebryakova,
1959], the third Lyapunov quantity was computed only in 2008 [Kuznetsov & Leonov, 20081; Leonov et.
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al, 2008]. Its expression occupies more than four pages and the expression for the fourth Lyapunov quantity
occupies more than 45 pages. Therefore the analysis of general expressions of Lyapunov quantities is a difficult
algebraic problem.

At present, there exist several methods [12, 13, 15, 16] for finding Lyapunov quantities and their computer
implementations, which allow one to find Lyapunov quantities in the form of symbolic expressions that depend
on the expansion coefficients of the right-hand sides of the equations of the system. These methods vary in the
complexity of the algorithms and the compactness of the produced symbolic expressions. The first method
for finding Lyapunov quantities was proposed in [3]. The method is based on the fact that the linear part
of the system has the evident integral x2 + y2, and its idea is to successively construct a time-independent
integral for the approximations of the system.

Another approach to calculating Lyapunov quantities involves finding an approximate solution of the
system. The classical approach [4] uses changes of variables to reduce the turn-round time of all the trajec-
tories to a constant (as, for example, in the polar coordinate system) as well as procedures for the recursive
construction of approximate solutions. In this paper, we propose a direct method for calculating Lyapunov
quantities based on the construction of approximate solutions (in the form of a finite sum over the powers
of the initial data) in the original Euclidean coordinate system and in a temporal domain. The advantage of
this method is its conceptual simplicity and demonstrativeness. This approach can also be applied for the
solution of the isochronous center problem, since it allows one to find an approximation to return time of a
trajectory depending on the initial data.

1 Approximation of solutions in Euclidian coordinates

Following [14, 15], we will assume that right-hand sides have continuous (n+ 1)th-order partial derivatives in
an open neighborhood U of radius RU of the point (x, y) = (0, 0):

f(·, ·), g(·, ·) : R × R → R ∈ C(n+1)(U). (1.1)

Consequently, the following representation is valid in the neighborhood U

f(x, y) =
n∑

k+j=2

fkjx
kyj + o

(
(|x|+ |y|)n

)
= fn(x, y) + o

(
(|x|+ |y|)n

)
,

g(x, y) =
n∑

k+j=2

gkjx
kyj + o

(
(|x|+ |y|)n

)
= gn(x, y) + o

(
(|x|+ |y|)n

)
.

(1.2)

The condition of the existence of the (n+ 1)th partial derivatives with respect to x and y for f and g will be
used for the simplicity of presentation; this condition can be weakened.

Consider the solution x(t, x(0), y(0)), y(t, x(0), y(0)) of system (0.1) with the initial data

x(0) = 0, y(0) = h h ∈ [0, H], (1.3)

where H is sufficiently small, and define

x(t, h) = x(t, 0, h), y(t, h) = y(t, 0, h).

1 There exists a positive number H ∈ (0, RU), such that, for all h ∈ [0, H] the solution
(
x(t, h), y(t, h)

)
is

defined for t ∈ [0, 4π].

The validity of the lemma follows from the presence of two purely imaginary eigenvalues of the linear
approximation matrix of system (0.1).

Hence, according to [17], the following statement is valid.
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2 If smoothness condition (1.1), is satisfied, then

x(·, ·), y(·, ·) ∈ C (n+1)
(
[0, 4π]× [0, H]

)
. (1.4)

In what follows, we will use the smoothness of the functions f and g and follow the first Lyapunov method
on a finite time interval [18–19].

Let us introduce the notation x̃hk(t) =
∂kx(t, η)

k! ∂kη
|η=0, ỹhk(t) =

∂ky(t, η)

k! ∂kη
|η=0. The sums

xhm(t, h) =
m∑
k=1

x̃hk(t)hk, yhm(t, h) =
m∑
k=1

ỹhk(t)hk

will be called the mth approximation to the solution of the system with respect to h.
The condition that the right-hand sides of the system are smooth implies that, for every fixed t the solution

of the system can be represented in the form

x(t, h) = xhm(t, h) + o(hm), y(t, h) = yhm(t, h) + o(hm), (1.5)

where the remainder terms o(hm) belong to C 1 and are uniformly bounded with respect to time on the set
([0, 4π]× [0, H]).

Let us substitute representation (1.5) for m = 1 into system (0.1). In the obtained equalities, we equate
the coefficients at h1 and, taking into account ( (1.2), obtain

dx̃h1(t)

dt
= −ỹh1(t),

dỹh1(t)

dt
= x̃h1(t). (1.6)

Hence, taking into account conditions (1.3), for the initial data, we get the following relations for the first
approximation with respect to h of the solution (x(t, h), y(t, h)):

xh1(t, h) = x̃h1(t)h = −h sin(t), yh1(t, h) = ỹh1(t)h = h cos(t). (1.7)

Similarly, to find the second approximation (xh2(t, h), yh2(t, h)) we substitute the representation

x(t, h) = xh2(t, h) + o(h2), y(t, h) = yh2(t, h) + o(h2) (1.8)

into formula (1.2) for f
(
x, y
)

and g
(
x, y
)
. Note that, in view of (1.2), the coefficients at h2 in the obtained

expressions for f and g (let us denote them by ufh2 and ugh2 respectively) depend on x̃h1(t) and ỹh1(t), only;
i.e., by virtue of (1.7), they are known functions of time and are independent of the unknown functions x̃h2(t)
and ỹh2(t). Thus,

f
(
xh2(t, h) + o(h2), yh2(t, h) + o(h2)

)
= ufh2(t)h

2 + o(h2),
g
(
xh2(t, h) + o(h2), yh2(t, h) + o(h2)

)
= ugh2(t)h

2 + o(h2).

In order to find x̃h2(t) and ỹh2(t), we substitute (1.8) into system (0.1) and get

dx̃h2(t)

dt
= −ỹh2(t) + ufh2(t),

dỹh2(t)

dt
= x̃h2(t) + ugh2(t). (1.9)

3 For the solutions of the system

dx̃hk(t)

dt
= −ỹhk(t) + uf

hk
(t),

dỹhk(t)

dt
= x̃hk(t) + ug

hk
(t) (1.10)

with the initial data
x̃hk(0) = 0, ỹhk(0) = 0 (1.11)
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we have

x̃hk(t) = ug
hk

(0) cos(t) + cos(t)
t∫
0

cos(τ)
(
(ug

hk
(τ))′ + uf

hk
(τ)
)

dτ+

+ sin(t)
t∫
0

sin(τ)
(
(ug

hk
(τ))′ + uf

hk
(τ)
)

dτ − ug
hk

(t),

ỹhk(t) = ug
hk

(0) sin(t) + sin(t)
t∫
0

cos(τ)
(
(ug

hk
(τ))′ + uf

hk
(τ)
)

dτ−

− cos(t)
t∫
0

sin(τ)
(
(ug

hk
(τ))′ + uf

hk
(τ)
)

dτ.

(1.12)

Equalities (1.12) are verified immediately by differentiation.
Repeating the specified procedure of determining the coefficients x̃hk and ỹhk , and the functions uf

hk
(t)

and ug
hk

(t), we find successively by formula (1.12) the approximations (xhk(t, h), yhk(t, h)) for k = 1, ..., n. For
h ∈ [0, H] and t ∈ [0, 4π] we have

x(t, h) = xhn(t, h) + o(hn) =
n∑
k=1

x̃hk(t)hk + o(hn),

y(t, h) = yhn(t, h) + o(hn) =
n∑
k=1

ỹhk(t)hk + o(hn).
(1.13)

Here, by Lemma 2,
x̃hk(·), ỹhk(·) ∈ Cn([0, 4π]), k = 1, ..., n (1.14)

and the estimate o(hn) is uniform ∀t ∈ [0, 4π]. From (1.11) and the choice of the initial data in (1.6) we
obtain

xhk(0, h) = x(0, h) = 0, yhk(0, h) = y(0, h) = h, k = 1, ..., n.

2 Computation of Lyapunov quantities in the time domain

Following [20], we consider for the initial datum h ∈ (0, H], the time T (h) of the first intersection of the
solution

(
x(t, h), y(t, h)

)
with the half-line {x = 0, y > 0}. Define (by continuity) the function T (h) at zero:

T (0) = 2π. According to (1.7), the first approximation of the solution intersects the half-line in time 2π,
hence, the intersection time can be represented in the form

T (h) = 2π + ∆T (h),

where ∆T (h) = O(h). By the definition of T (h), we have

x(T (h), h) = 0. (2.1)

According to (1.4), the function x(·, ·) has continuous partial derivatives with respect to both arguments up
to the order n and ẋ(t, h) = − cos(t)h + o(h)), therefore, by the implicit function theorem, T (·) is n-times
differentiable. One can show that T (h) is also n-times differentiable at zero. Then,

T (h) = 2π +
n∑
k=1

T̃kh
k + o(hn), T̃k =

1

k!

dkT (h)

dhk
(2.2)

Substituting expression (2.2) for t = T (h) into the right-hand side of the first equation in (1.13) and denoting
the coefficient at hk by x̃k, we obtain the expansion of x(T (h), h) in powers of h

x(T (h), h) =
n∑
k=1

x̃kh
k + o(hn). (2.3)
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In order to express the coefficients x̃k in terms of the coefficients T̃k we set t = 2π + τ in (1.13)

x(2π + τ, h) =
n∑
k=1

x̃hk(2π + τ)hk + o(hn). (2.4)

By smoothness condition (1.14)), we have

x̃hk(2π + τ) = x̃hk(2π) +
n∑

m=1

x̃
(m)

hk
(2π)

τm

m!
+ o(τn), k = 1, ..., n.

Let us substitute the obtained representation into expression (2.4) for the solution x(2π+ τ, h) for τ = ∆T (h)
and gather coefficients at equal powers of h. Since (∆T (h))n = O(hn), we find in view of expression (2.2) for
T (h), and according to (2.1) that

h : 0 = x̃1 = x̃h1(2π),

h2 : 0 = x̃2 = x̃h2(2π) + x̃′h1(2π)T̃1,

h3 : 0 = x̃3 = x̃h3(2π) + x̃′h1(2π)T̃2 +
1

2
x̃′h2(2π)T̃1 +

1

2
x̃′′h1(2π)T̃ 2

1 ,

· · ·
hn : 0 = x̃n = x̃hn(2π) + x̃′h1(2π)T̃n−1 + . . .

From these relations, we can successively find the coefficients T̃k=1,...,n−1, because the expression for x̃k may

contain the coefficients T̃16m<k only and the factor x̃′h1(2π) at T̃k−1 is equal to −1.
Let us proceed similarly to determine the coefficients ỹk of the expansion

y(T (h), h) =
n∑
k=1

ỹkh
k + o(hn).

Substitute the representation

ỹhk(2π + ∆T (h)) = ỹhk(2π) +
n∑

m=1

ỹ
(m)

hk
(2π)

∆T (h)m

m!
+ o(hn), k = 1, ..., n

into the expression

y(2π + ∆T (h), h) =
n∑
k=1

ỹhk(2π + ∆T (h))hk + o(hn).

Equating coefficients at equal powers of h, we get the equalities

h : ỹ1 = ỹh1(2π),

h2 : ỹ2 = ỹh2(2π) + ỹ′h1(2π)T̃1,

h3 : ỹ3 = ỹh3(2π) + ỹ′h1(2π)T̃2,+
1

2
ỹ′h2(2π)T̃1 +

1

2
ỹ′′h1(2π)T̃ 2

1 ,

· · ·
hn : ỹn = ỹhn(2π) + ỹ′h1(2π)T̃n−1 + . . .

which can be used to successively find ỹk=1,...,n, where the values ỹhk=1,..,n(·) T̃k=1,..,n−1 were defined above.
Thus, for n = 2m + 1 and under the condition f(·, ·), g(·, ·) ∈ C(2m+2)(U) we have successively found

approximations of the solution
(
x(t, h), y(t, h)

)
at the time t = T (h) of the first intersection with the half-line

{x = 0, y > 0} accurate to o(h2m+1) as well as an approximation of the time T (h) itself accurate to o(h2m).
If ỹk = 0 for k = 2, .., 2m, then ỹ2m+1 is called the mth Lyapunov quantity Lm. Note that, according to
Lyapunov’s theorem, the index k of the first nonzero coefficient of the expansion ỹk is always odd, and the
sign of ỹk (the Lyapunov quantity) for sufficiently small initial data h determines the qualitative behavior
(twisting, untwisting) of the trajectory

(
x(t, h), y(t, h)

)
on the plane.
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3 Solution approximations and Lyapunov quantities for the Liénard

system

Limit cycles of two-dimensional systems can often be investigated by reduction to the Liénard system of
a special form [21]. For example, in the case of quadratic systems, such a reduction [22] allows one to
asymptotically integrate the system and obtain analytic conditions for the existence of “large” limit cycles [23].

Using the methods considered above, we find approximations of a solution of the Liénard system

ẋ = −y,
ẏ = x+ gx1(x)y + gx0(x)

(3.1)

Here gx1(x) = g11x+ g21x
2..., gx0(x) = g20x

2 + g30x
2....

Then, for the approximation of the solution, we have
x̃h1(t) = − sin(t)

x̃h2(t) =
1

3
(−g11 sin(t) cos(t) + sin(t)g11 − g20 cos(t)2 + 2 cos(t)g20 − g20)

x̃h3(t) =
1

72
(−9 sin(t)g211 cos(t)2+9g30 sin(t) cos(t)2+6 sin(t) cos(t)2g220+16g211 sin(t) cos(t)−32 sin(t) cos(t)g220−

4 sin(t)g220−9 sin(t)g21t+9 sin(t)g11g20t−10 sin(t)g211+18 sin(t)g30+48g11g20 cos(t)2+30 cos(t)g220t+3 cos(t)g211t−
15g11g20 cos(t)3 − 33g11 cos(t)g20 − 27 cos(t)g30t+ 9 cos(t)g21 − 9g21 cos(t)3)

ỹh1(t) = cos(t)

ỹh2(t) =
1

3
(−2g20 sin(t) cos(t) + 2 sin(t)g20 − g11 + 2g11 cos(t)2 − cos(t)g11)

ỹh3(t) =
1

72
(−27g21 cos(t)2 sin(t)+18 sin(t)g21+30 sin(t)g220t−27 sin(t)g30t+3 sin(t)g211t+96g11g20 cos(t) sin(t)−

42 sin(t)g11g20−45 sin(t)g11g20 cos(t)2−11g211 cos(t)−14 cos(t)g220 +27g30 cos(t)−18 cos(t)3g220 +27g211 cos(t)3−
27g30 cos(t)3 + 16g211 − 9 cos(t)g11g20t+ 64 cos(t)2g220 + 9 cos(t)g21t− 32g211 cos(t)2 − 32g220)

For the first three Lyapunov quantities, we have

L1 = −π
4

(g20g11 − g21).

If g21 = g20g11, then L1 = 0 and

L2 =
π

24
(3g41 − 5g20g31 − 3g40g11 + 5g20g30g11).

If g41 =
5

3
g20g31 + g40g11 −

5

3
g20g30g11, then L2 = 0 and

L3 = − π

576
(70g320g30g11 + 105g20g51 + 105g230g11g20 + 63g40g31

−63g11g40g30 − 105g30g31g20 − 70g320g31 − 45g61 − 105g50g11g20 + 45g60g11).

4 Lyapunov quantities and time constants for Duffing equation

Consider the Duffing equation represented as the system

ẋ = −y, ẏ = x+ x3. (4.2)

For x0 = 0, y0 = hy we have

y(t)2 + x(t)2 +
1

2
x(t)4 = h2y. (4.3)
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For the crossing time T (hy) from dt/dy = (x+ x3)−1 we get

T (hy) = 4

hy∫
0

dy√
−1 +

√
1 + 2h2y − 2y2

√
1 + 2h2y − 2y2

=

π/2∫
0

−hy sin(z)dz√
−1 +

√
1 + 2h2y sin2 z

√
1 + 2h2y sin2 z

=

= 2π − 3π

4
h2y +

105π

128
h4y −

1155π

1024
h6y + o(h6y).

Below, we represent a list of the obtained approximations of solution:

x̃h1(t) = − sin(t), ỹh1(t) = cos(t); x̃h2(t) = ỹh2(t) = 0;

x̃h3(t) =
1

8
cos(t)2 sin(t)− 3

8
t cos(t) +

1

4
sin(t),

ỹh3(t) = −3

8
t sin(t) +

3

8
cos(t)− 3

8
cos(t)3;

Here the Lyapunov quantities are equal to zero by virtue of (4.3), and the periodic solution is approximated
by a series with nonperiodic coefficients.

5 Example of algorithm realization in Matlab

1 function [L,T,xt,yt] = fLQ_kl(fxy ,gxy ,N)
2 syms x y h t ’real’
3 NL=2*N+1; Nfg=NL;
4 xt_s (1:Nfg -1)=0*h; yt_s (1:Nfg -1)=0*h; xth_s =0*t; yth_s =0*t;
5 for n=1:Nfg
6 xt_s(n)=sym([’xt_’,int2str(n)],’real’);
7 xth_s=xth_s+xt_s(n)*h^n;
8 yt_s(n)=sym([’yt_’,int2str(n)],’real’);
9 yth_s=yth_s+yt_s(n)*h^n;

10 end
11 disp([’NL=’,int2str(NL)]);
12 sT_h_cur =0;
13 for i=1:NL -1
14 sT_h(i,1)= sym([’T’,int2str(i)],’real’);
15 sT_h_cur=sT_h_cur + sT_h(i,1)*h^i;
16 end;
17 ugt (1:Nfg )=0*t; xt(1: Nfg )=0*t; yt(1:Nfg )=0*t;
18 xt(1)=-sin(t); yt(1)= cos(t); xt_cur=xt(1)*h; yt_cur=yt(1)*h;
19 for i=2:NL
20 uft_s=subs(diff(subs(fxy , [x y], [xth_s yth_s]),h,i)
21 /factorial(i),h,0);
22 uft(i)= subs(uft_s , [xt_s yt_s], [xt yt]);
23 ugt_s=subs(diff(subs(gxy , [x y], [xth_s yth_s]),h,i)
24 /factorial(i),h,0);
25 ugt(i)= subs(ugt_s , [xt_s yt_s], [xt yt]);
26 uIt=diff(ugt(i),t)+uft(i);
27 Iucos=int(cos(t)*uIt ,t); Iucos_t0 =(Iucos - subs(Iucos ,t ,0));
28 Iusin=int(sin(t)*uIt ,t); Iusin_t0 =(Iusin - subs(Iusin ,t ,0));
29 ug0=subs(ugt(i),t,0);
30 xt(i)= simplify(cos(t)*ug0+Iucos_t0*cos(t)
31 +Iusin_t0*sin(t)-ugt(i));
32 yt(i)= simplify(sin(t)*ug0+Iucos_t0*sin(t)-Iusin_t0*cos(t));
33 xt_cur=xt_cur+xt(i)*h^i; yt_cur=yt_cur+yt(i)*h^i;
34 end;
35

36 xh_cur=subs(xt_cur ,t,2*pi);
37 for k=1:NL
38 xh_cur=xh_cur + subs(diff(xt_cur ,k,t),t,2*pi)* sT_h_cur^k
39 /factorial(k);
40 end;
41 for k=1:NL
42 xh(k,1)= subs(diff(xh_cur ,k,h)/ factorial(k),h,0);
43 end;
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44

45 xh_temp=xh; T_cur =0; T(1 ,1)=0*x;
46 for k=2:NL
47 T(k-1,1)= solve(xh_temp(k,1),sT_h(k-1 ,1));
48 T_cur=T_cur + T(k-1,1)*h^(k-1);
49 xh_temp=subs(xh_temp ,sT_h(k-1,1),T(k-1 ,1));
50 end;
51

52 yh_cur=subs(yt_cur ,t,2*pi);
53 for k=1:NL
54 yh_cur=yh_cur + subs(diff(yt_cur ,k,t),t,2*pi)*T_cur^k
55 /factorial(k);
56 end;
57 for k=1:NL
58 yh(k,1)= subs(diff(yh_cur ,k,h)/ factorial(k),h,0);
59 end;
60

61 for k=1:N
62 L(k)= factor(yh(2*k+1))
63 end;

Computation of Lyapunov quantities for Lienard equation in Matlab

1 clear all
2 syms x y ’real’
3

4 NS = 5; %degree of Lienard equation
5 %syms g11 g21 g31 g41 g51 g61 g20 g30 g40 g50 g60 g70 ’real ’
6 %gxy=
7 %=(g11*x+g21*x^2+g31*x^3+g41*x^4)*y+g20*x^2+g30*x^3+ g40*x^4+g50*x^5
8 fxy =0; gxy=0;
9 for ix=1:NS -1

10 gxy=gxy+sym([’g’,int2str(ix),’1’],’real’)*x^ix*y; %gi1*x^i*y
11 gxy=gxy+sym([’g’,int2str(ix+1),’0’],’real’)*x^(ix+1); %gi0*x^i
12 end;
13

14 [L_kl ,T,xt,yt] = fLQ_kl(fxy ,gxy ,2);
15 L1_kl=factor(L_kl (1))
16 g21=solve(L1_kl ,’g21’)
17 L2_kl=factor(subs(L_kl(2),’g21’,g21))

Computation of Lyapunov quantities and time constants for Duffing equation in Matlab

1 %Duffing equation: Lyapunov quantites and time constant
2 %\ddot x + x + x^3 = 0
3 fxy =0; gxy=x^3;
4 [L_kl ,T,xt,yt] = fLQ_kl(fxy ,gxy ,3)
5

6 syms z h
7 xz=-sqrt(-1+sqrt (1+2*h^2*sin(z)^2))
8 Th = 4*int(-h*sin(z)/(xz*(1+xz^2)),z,0,pi/2);
9 taylor(Th,h,7)
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