ŞĎŁ 519.677 Ćěáâŋĺł ŚŔąČŞ. Śěà. 1, 1999, ćëŕ. 1 (ò 1)

Ć. Ŋ. Ňăńőğěňőć, Ă. Ă. Šàěâìïłőć

ŚĚŁŰĹŐŊĹŘŐĆĂŊĹĚ, ŐŘŠŐČŐŊĂŃĲŊŐŚŠĲ Ĺ ŔĚŘĚŚŠĂŊŐĆŁĹ*

1^∘. Ŕãáâì n - ŋăâãàăńìŋőě çĺáńő, N = 2^n, N_s = N/2^s, ´_s = 2^{s−1}. Ć ěćłńĺďőćőň ŕàőáâàăŋáâćě R^N á ąăğĺáőň e_0, e_1, ...,e_{N−1} ććěďěň n + 1 áĺáâěňã ćěłâőàőć {μ_s(k)}^{N−1}_{k=0} , s = 0, 1, ..., n. Śďěńăěň íâő á ŕőňőéìî àěłãààěŋâŋëå áőőâŋőèěŋĺľ:

μ_0(k) = e_k, k ∈ 0 : N − 1;

μ_s(2mN_s + l) = μ_{s−1}(2mN_s + l) + μ_{s−1}((2m + 1)N_s + l), (1) μ_s((2m + 1)N_s + l) = μ_{s−1}(2mN_s + l) − μ_{s−1}((2m + 1)N_s + l),

l ∈ 0 : N_s − 1, m ∈ 0 : ´_s − 1, s ∈ 1 : n.

Ŕàĺěň, ĺáŕőńìğőćăŋŋëľ ŕàĺ ŕőáâàőěŋĺĺ áĺáâěňë {μ_s(k)}, ŋăğëćăěâáï áěłæĺőŋĺàőćăŋĺěň (ŋă s-őň ãàőćŋě äőàňĺàãîâáï 2^s áěłæĺľ, áőőâćěâáćãîéĺå ŕăàăňěâàăň 2m, 2m + 1 ŕàĺ m ∈ 0 : ´_s − 1, ć łăęďőľ ĺğ łőâőàëå áőďěàęĺâáï N_s ćěłâőàőć μ_s(k)). Šăłőľ ŕàĺěň ńěęĺâ ć őáŋőćě ăńčőàĺâňă Łãńĺ-Šìîłĺ ďńï ćëçĺáńěŋĺï ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě [1].

Ć ďăŋŋőľ ğăňěâłě ŕőłăğăŋő, çâő ŕàĺ łăęďőň s ∈ 0 : n ćěłâőàë {μ_s(k)}^{N−1}_{k=0} őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć R^N. Ďěâăńìŋő ĺğãçěŋă äĺŋăńìŋăï áĺáâěňă {μ_n(k)}^{N−1}_{k=0} .

2^∘. Ůĺáńă i, j ∈ 0 : N − 1 ğăŕĺèěň ć ďćőĺçŋőň łőďě:

i = i_{n−1}2^{n−1} + ... + i_12 + i_0, j = j_{n−1}2^{n−1} + ... + j_12 + j_0.

Ğďěáì łőíääĺæĺěŋâë i_k, j_k ŕàĺŋĺňăîâ ğŋăçěŋĺï 0 ĺńĺ 1. Ŕőńőęĺň {i, j}_n = n−1∑ k=0 i_kj_k. Ńěňňă 1. Ŕàĺ p, q ∈ 0 : 2^{n−1} − 1 áŕàăćěďńĺćë àăćěŋáâćă {2p, 2q}_n = {2p + 1, 2q}_n = {2p, 2q + 1}_n = {2p + 1, 2q + 1}_n − 1 = {p, q}_{n−1}. Ńěňňă 2. Ŕàĺ i ∈ 1 : N − 1 ćëŕőńŋïěâáï àăćěŋáâćő N−1∑ j=0 (−1)^{{i,j}n} = 0. (2) Ńěňňă 1 âàĺćĺăńìŋă. Ďőłăęěň ńěňňã 2. Ŕàĺ i = N − 1 ąãďěâ {i, j}_n = ∑_{n−1} k=0 j_k. Őąőğŋăçĺň çěàěğ m_s łőńĺçěáâćő âěå j ∈ 0 : N − 1, ã łőâőàëå ∑_{n−1} k=0 j_k = s. Őçěćĺďŋő, çâő m_s = C^s_n. Ĺğ àăćěŋáâćă ∑_n s=0(−1)^sC^s_n = 0 áńěďãěâ, çâő m_0 + m_2 + ... = m_1 + m_3 + ... . İâő čăàăŋâĺàãěâ áŕàăćěďńĺćőáâì (2) ŕàĺ i = N − 1.

*Řăąőâă ćëŕőńŋěŋă ŕàĺ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŕàőěłâ 96-01-00269)

Typeset by AMS-TEX 1

Ć őąéěň áńãçăě őąőğŋăçĺň çěàěğ l łőńĺçěáâćő ŋěŋãńěćëå (àăćŋëå ěďĺŋĺæě) łőíääĺæĺěŋâőć ć ďćőĺçŋőň łőďě çĺáńă i. Ŕőńőęĺň L = 2^l. Šőčďă N−1∑ j=0 (−1)^{{i,j}n} = 2^{n−l} L−1∑ p=0 (−1)^{{L−1,p}l} = 0. Ńěňňă 2 ďőłăğăŋă.

3^∘. Ććěďěň ŕőáńěďőćăâěńìŋőáâì ňăâàĺæ Ăďăňăàă [2]:

A_1 = ( 1 1 1 −1 ) ; A_{s+1} = ( A_s A_s A_s −A_s ) , s = 1, 2, ... (3) Ąãďěň áçĺâăâì, çâő ĺŋďěłáë áâàőł ĺ áâőńąæőć ňăâàĺæë A_s ŕàĺŋĺňăîâ ğŋăçěŋĺï őâ 0 ďő 2^s − 1.

Ńěňňă 3. Śŕàăćěďńĺćă äőàňãńă A_s[i, j] = (−1)^{{i,j}s} , i, j ∈ 0 : 2^s − 1. (4) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ s = 1 äőàňãńă (4) âàĺćĺăńìŋă. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ s ł s + 1. Ŕãáâì i = i_s2^s + p, j = j_s2^s + q, čďě i_s, j_s ∈ 0 : 1, p, q ∈ 0 : 2^s − 1. Śőčďăáŋő (3) ĺ (4) ŕőńãçăěň A_{s+1}[i, j] = (−1)^{isjs} A_s[p, q] = (−1)^{isjs+{p,q}s} = (−1)^{{i,j}s}+1. Ńěňňă ďőłăğăŋă.

Ĺğ (4) áńěďãěâ, çâő ňăâàĺæă A_s áĺňňěâàĺçŋă. Łàőňě âőčő, ŋă őáŋőćăŋĺĺ ńěňň 1 ĺ 3 ğăłńîçăěň, çâő ŕàĺ p, q ∈ 0 : 2^{s−1} − 1 ćëŕőńŋïîâáï àăćěŋáâćă

A_s[2p, 2q] = A_s[2p +1, 2q] = A_s[2p, 2q +1] = −A_s[2p +1, 2q +1] = A_{s−1}[p, q]. (5)

4^∘. Ćěàŋěňáï ł áĺáâěňě ćěłâőàőć {μ_s(k)}, őŕàěďěńïěňőľ áőőâŋőèěŋĺïňĺ (1).

Šěőàěňă 1. Śŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

μ_s(pN_s + l) = 2^s−1∑ q=0 A_s[p, q]μ_0(qN_s + l), (6)

čďě p ∈ 0 : 2^s − 1, l ∈ 0 : N_s − 1, s ∈ 1 : n.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ s = 1 áőčńăáŋő (1) ĺňěěň

μ_1(l) = μ_0(l) + μ_0(N_1 + l),

μ_1(N_1 + l) = μ_0(l) − μ_0(N_1 + l),

l ∈ 0 : N_1 − 1.

İâő áőőâćěâáâćãěâ (6) ŕàĺ p = 0 ĺ p = 1.

Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ s − 1 ł s. Řăááňőâàĺň ďćă áńãçăï. 1) p = 2m, m ∈ 0 : ´_s − 1. Ŕőńìğãïáì (1), ĺŋďãłæĺőŋŋëň ŕàěďŕőńőęěŋĺěň ĺ (5), ŕàĺ l ∈ 0 : N_s − 1 ŕőńãçăěň

μ_s(2mN_s + l) = μ_{s−1}(mN_{s−1} + l) + μ_{s−1}(mN_{s−1} + N_s + l) =

= ´s−1∑ q=0 {A_{s−1}[m, q]μ_0(qN_{s−1} + l) + A_{s−1}[m, q]μ_0(qN_{s−1} + N_s + l)} =

= ´s−1∑ q=0 {A_s[2m, 2q]μ_0(2qN_s + l) + A_s[2m, 2q + 1]μ_0((2q + 1)N_s + l)} =

= 2^s−1∑ k=0 A_s[p, k]μ_0(kN_s + l). 2) p = 2m + 1, m ∈ 0 : ´_s − 1. Ăŋăńőčĺçŋő ŕàěďëďãéěňã ĺňěěň μ_s((2m + 1)N_s + l) = μ_{s−1}(mN_{s−1} + l) − μ_{s−1}(mN_{s−1} + N_s + l) = = ´s−1∑ q=0 {A_s[2m + 1, 2q]μ_0(2qN_s + l) + A_s[2m + 1, 2q + 1]μ_0((2q + 1)N_s + l)} =

= 2^s−1∑ k=0 A_s[p, k]μ_0(kN_s + l). Šěőàěňă ďőłăğăŋă.

Śőčńăáŋő (1) ĺ (4) äőàňãńã (6) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě μ_s(pN_s + l) = 2^s−1∑ q=0 (−1)^{{p,q}s} e_{qNs +l} , (7) p ∈ 0 : 2^s − 1, l ∈ 0 : N_s − 1, s ∈ 1 : n.

Ŕàĺ s = n ŕàĺåőďĺň ł ŕàěďáâăćńěŋĺî

μ_n(p) = N−1∑ q=0 (−1)^{{p,q}n} e_q , p ∈ 0 : N − 1. (8) Šěőàěňă 2. Ŕàĺ łăęďőň s ∈ 1 : n ćěłâőàë μ_s(0), μ_s(1), ..., μ_s(N − 1) őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć R^N, ŕàĺçěň ||μ_s(k)||^2 = 2^s, k ∈ 0 : N − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Řăćěŋáâćő ||μ_s(k)||^2 = 2^s ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ (7). Řăğąěàěňáï á őàâőčőŋăńìŋőáâìî.

Ćěłâőàë μ_s(pN_s + l) ĺ μ_s(p^′N_s + l^′) őàâőčőŋăńìŋë ŕàĺ l ≠ l^′, ŕőáłőńìłã ĺŋďěłáŋëě ňŋőęěáâćă {l, l + N_s, ..., l + (2^s − 1)N_s} ĺ {l^′, l^′ + N_s, ..., l^′ + (2^s − 1)N_s} ŋě ĺňěîâ őąéĺå âőçěł. Ŕãáâì âěŕěàì l = l^′, ŋő p ≠ p^′. Ŕőńőęĺň r = ∑_{s−1} k=0 |p_k − p^′_k|2^k. Őçěćĺďŋő, çâő r ∈ 1 : 2^s − 1. Śőčńăáŋő (7) ĺ ńěňňě 2 ĺňěěň ⟨ μ_s(pN_s + l), μ_s(p^′N_s + l) ⟩ = 2^s−1∑ q=0 (−1)^{{p,q}s+{p0 ,q}s} =

= 2^s−1∑ q=0 (−1)^{{p,q}s −{p0,q}s} = 2^s−1∑ q=0 (−1)^{{r,q}s} = 0. Šěőàěňă ďőłăğăŋă.

5^∘. Ćěłâőà x = (x_0, x_1, ..., x_{N−1}) ŕàĺ łăęďőň s ∈ 0 : n ďőŕãáłăěâ ŕàěďáâăćńěŋĺě x = N−1∑ k=0 x_s(k)μ_s(k), (9)

čďě x_s(k) = 2^{−s}⟨x, μ_s(k)⟩. Ć çăáâŋőáâĺ, x_0(k) = x_k, k ∈ 0 : N − 1. Ć áĺńã (1)

x_s(2mN_s + l) =^1_2[x_{s−1}(2mN_s + l) + x_{s−1}((2m + 1)N_s + l)], (10) x_s((2m + 1)N_s + l) =^1_2[x_{s−1}(2mN_s + l) − x_{s−1}((2m + 1)N_s + l)],

l ∈ 0 : N_s − 1, m ∈ 0 : ´_s − 1, s ∈ 1 : n.

İâĺ äőàňãńë ŕőğćőńïîâ ŕőáńěďőćăâěńìŋő ćëçĺáńïâì łőíääĺæĺěŋâë àăğńőęěŋĺï (9) ŕàĺ s = 1, 2, ..., n. Őŋĺ ŋăğëćăîâáï äőàňãńăňĺ ďěłőňŕőğĺæĺĺ.

Őąàăâĺć áőőâŋőèěŋĺï (10), ŕőńãçĺň

x_{s−1}(2mN_s + l) = x_s(2mN_s + l) + x_s((2m + 1)N_s + l), (11) x_{s−1}((2m + 1)N_s + l) = x_s(2mN_s + l) − x_s((2m + 1)N_s + l), l ∈ 0 : N_s − 1, m ∈ 0 : ´_s − 1, s = n, n − 1, ..., 1. Ťőàňãńë (11) ŋăğëćăîâáï äőàňãńăňĺ àěłőŋáâàãłæĺĺ. Ś ĺå ŕőňőéìî ćëçĺáńïîâáï łőňŕőŋěŋâë ćěłâőàă x, ğăďăŋŋőčő ć ćĺďě x = N−1∑ k=0 x_n(k)μ_n(k). 6^∘. Ćěàŋěňáï ł ŕàěďáâăćńěŋĺî (8). Ěáńĺ őąőğŋăçĺâì çěàěğ A_n[p, ·] áâàőłã ňăâàĺæë A_n á ĺŋďěłáőň p, âő, ŕàĺŋĺňăï ćő ćŋĺňăŋĺě ńěňňã 3, äőàňãńã (8) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě μ_n(p) = A_n[p, ·], p ∈ 0 : N − 1. İâő ğŋăçĺâ, çâő áâàőłăňĺ ňăâàĺæë A_n ïćńïîâáï ćěłâőàë μ_n(0), μ_n(1), ..., μ_n(N − 1). Łăł őâňěçăńőáì, ňăâàĺæă A_n áĺňňěâàĺçŋă. Šěőàěňă 2 ŕőłăğëćăěâ, çâő őŋă őàâőčőŋăńìŋă, ŕàĺçěň A^{−1}_n = N^{−1}A_n.

İńěňěŋâë ňăâàĺæë A_n ŕàĺŋĺňăîâ ğŋăçěŋĺï +1 ĺńĺ −1. Őąőğŋăçĺň çěàěğ ζ_n(p) çĺáńő ŕěàěňěŋ ğŋăłă ã íńěňěŋâőć áâàőłĺ A_n[p, ·]. Őçěćĺďŋő, çâő ζ_n(p) ∈ 0 : N − 1.

Ńěňňă 4. Ŕàĺ p ∈ 0 : 2^n − 1 áŕàăćěďńĺćë àăćěŋáâćă

ζ_{n+1}(p) = 2ζ_n(p), ěáńĺ ζ_n(p) çěâŋő;

ζ_{n+1}(p) = 2ζ_n(p) + 1, ěáńĺ ζ_n(p) ŋěçěâŋő;

ζ_{n+1}(2^n + p) = 2ζ_n(p) + 1, ěáńĺ ζ_n(p) çěâŋő;

ζ_{n+1}(2^n + p) = 2ζ_n(p), ěáńĺ ζ_n(p) ŋěçěâŋő.

Ďőłăğăâěńìáâćő ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ (3).

Őąőğŋăçĺň çěàěğ ⟨p⟩_2 őáâăâőł őâ ďěńěŋĺï æěńőčő ŋěőâàĺæăâěńìŋőčő çĺáńă p ŋă 2. Šőčďă àěğãńìâăâ ńěňňë 4 ňőęŋő ŕěàěäőàňãńĺàőćăâì âăł:

ζ_{n+1}(l2^n + p) = 2ζ_n(p) + ⟨l + ζ_n(p)⟩_2, (12)

l ∈ 0 : 1, p ∈ 0 : 2^n − 1.

Ďőąăćĺň ł íâőňã, çâő ζ_1(0) = 0, ζ_1(1) = 1.

Ťőàňãńă (12) ŕőğćőńïěâ ćëçĺáńĺâì ζ_n(p) ŕàĺ ńîąëå n ≥ 2 ĺ p ∈ 0 : 2^n − 1. Ďěľáâćĺâěńìŋő, ŕãáâì p = p_{n−1}2^{n−1} + · · ·+ p_12+ p_0. Ŕőńőęĺň r_k = p_{k−1}2^{k−1} + · · · + p_0 . Šőčďă r_1 = p_0, r_{k+1} = p_k2^k + r_k ŕàĺ k ∈ 1 : n − 1, r_n = p. Ĺňěěň ζ_1(r_1) = p_0. Ďăńěě ŕàĺ k = 1, 2, ..., n − 1, őŕĺàăïáì ŋă (12), ŕőáńěďőćăâěńìŋő ŋăåőďĺň ζ_{k+1}(r_{k+1}) = ζ_{k+1}(p_k2^k + r_k). Őłőŋçăâěńìŋő ŕőńãçăěň ζ_n(p) = ζ_n(r_n).

Ŕ à ĺ ň ě à . Ćëçĺáńĺň ζ_3(5) = ζ_3(|1 | 0 | 1|). Ĺňěěň ζ_1(| 1 |) = 1, ζ_2(| 0 | 1 |) = 3, ζ_3(|1 | 0 | 1|) = 6. Ğŋăçĺâ, ζ_3(5) = 6.

Ńěňňă 5. Ŕàĺ p ∈ 0 : 2^n − 1 ćëŕőńŋïîâáï àăćěŋáâćă

ζ_{n+1}(2p) = ζ_n(p), (13)

ζ_{n+1}(2p + 1) = 2^{n+1} − 1 − ζ_n(p). (14) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ğăŕĺèěň ďćőĺçŋëě ŕàěďáâăćńěŋĺï: p = | p_{n−1}| · · · | p_1 | p_0 |, 2p = | p_{n−1} | p_{n−2} | · · · | p_0 | 0 |, 2p + 1 = | p_{n−1} | p_{n−2} | · · · | p_0 | 1 |. Śőčńăáŋő (12) ĺňěěň ζ_2(| p_0 | 0 |) = ⟨p_0⟩_2 = p_0 = ζ_1(| p_0 |). Ďăńìŋěľèĺľ ŕàőæěáá ćëçĺáńěŋĺï ζ_{n+1}(2p) ĺ ζ_n(p) ĺďěŋâĺçěŋ, âăł çâő ζ_{n+1}(2p) = ζ_n(p).

Řăćěŋáâćő (14) ŕěàěŕĺèěň ć ćĺďě

ζ_{n+1}(2p) + ζ_n(2p + 1) = 2^{n+1} − 1. (15)

Ććěďěň őąőğŋăçěŋĺï r^{(0)}_k = | p_{k−1} | · · · | p_0 | 0 |,

r^{(1)}_k = | p_{k−1} | · · · | p_0 | 1 |. Ŕőłăęěň, çâő

ζ_{k+1}(r^{(0)}_k ) + ζ_{k+1}(r^{(1)}_k ) = 2^{k+1} − 1, k ∈ 1 : n. (16)

Ŕàĺ k = n ŕàĺďěň ł (15).

Ŕãáâì k = 1. Šőčďă

ζ_2(r^{(0)}_1 ) + ζ_2(r^{(1)}_1 ) = ζ_2(| p_0 | 0 |) + ζ_2(| p_0 | 1 |) = ⟨p_0⟩_2 + (2 + ⟨p_0 + 1⟩_2) =

= 2 + (⟨p_0⟩_2 + ⟨p_0 + 1⟩_2) = 3 = 2^2 − 1.

Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ k − 1 ł k. Śőčńăáŋő (12) ğăŕĺèěň

ζ_{k+1}(r^{(0)}_k ) = 2ζ_k(r^{(0)}_{k−1}) + ⟨p_{k−1} + ζ_k(r^{(0)}_{k−1})⟩_2, (17) ζ_{k+1}(r^{(1)}_k ) = 2ζ_k(r^{(1)}_{k−1}) + ⟨p_{k−1} + ζ_k(r^{(1)}_{k−1})⟩_2.

Ŕő ĺŋďãłæĺőŋŋőňã ŕàěďŕőńőęěŋĺî ζ_k(r^{(0)}_{k−1})+ ζ_k (r^{(1)}_{k−1}) = 2^k − 1. Ć çăáâŋőáâĺ, ζ_k(r^{(0)}_{k−1}) ĺ ζ_k(r^{(1)}_{k−1}) ĺňěîâ àăğŋãî çěâŋőáâì. Śńőęĺć âěŕěàì àăćěŋáâćă (17), ŕőńãçĺň ζ_{k+1}(r^{(0)}_k ) + ζ_{k+1}(r^{(1)}_k ) = 2(2^k − 1) + 1 = 2^{k+1} − 1.

Ńěňňă ďőłăğăŋă.

İâă ńěňňă ŕőğćőńïěâ ńěčłő ŕěàěåőďĺâì őâ ŕőáńěďőćăâěńìŋőáâĺ ζ_n ł ŕőáńěďőćăâěńìŋőáâĺ ζ_{n+1}. Śŋăçăńă ŕő äőàňãńě (13) őŕàěďěńïîâáï łőňŕőŋěŋâë ζ_{n+1}(2p) á çěâŋëňĺ ĺŋďěłáăňĺ. Ğăâěň ŋă őáŋőćăŋĺĺ (15) ćëçĺáńïîâáï łőňŕőŋěŋâë ζ_{n+1}(2p + 1) á ŋěçěâŋëňĺ ĺŋďěłáăňĺ (łăł ďőŕőńŋěŋĺě ζ_{n+1}(2p) ďő 2^{n+1} − 1). Ŋăŕàĺňěà, ζ_1 = (0, 1), ζ_2 = (0, 3, 1, 2), ζ_3 = (0, 7, 3, 4, 1, 6, 2, 5).

Ńěňňă 5 ďěńăěâ őçěćĺďŋëň áńěďãîéĺľ àěğãńìâăâ. Šěőàěňă 3. Ŕàěőąàăğőćăŋĺě (0, 1, ..., 2^n − 1) → (ζ_n(0), ζ_n(1), ..., ζ_n(2^n − 1)) ïćńïěâáï ŕěàěáâăŋőćłőľ.

7^∘. Ŋăŕőňŋĺň, çâő ζ_n(p) ěáâì łőńĺçěáâćő ŕěàěňěŋ ğŋăłă ã łőňŕőŋěŋâ ćěłâőàă μ_n(p). Ŕěàěáâăŋőćłã ζ_n ňőęŋő ćğïâì ğă őáŋőćã ąőńěě ěáâěáâćěŋŋőčő ãŕőàïďőçěŋĺï íńěňěŋâőć őàâőčőŋăńìŋőčő ąăğĺáă {μ_n(p)}^{N−1}_{p=0} ŕàőáâàăŋáâćă R^N. Ąőńěě ěáâěáâćěŋŋëň ąãďěâ âăłőľ ŕőàïďőł : μ_n(ζ^{−1}_n (0)), μ_n(ζ^{−1}_n (1)), ..., μ_n(ζ^{−1}_n (N − 1)).

8^∘. Ććěďěň ć R^N ěéě őďŋã àěłãààěŋâŋãî áĺáâěňã ąăğĺáőć :

η_0(k) = e_k, k ∈ 0 : N − 1;

η_s(m + 2l´_s) = η_{s−1}(m + 2l´_s) + η_{s−1}(m + (2l + 1)´_s), (18) η_s(m + (2l + 1)´_s) = η_{s−1}(m + 2l´_s) − η_{s−1}(m + (2l + 1)´_s), l ∈ 0 : N_s − 1, m ∈ 0 : ´_s − 1, s ∈ 1 : n.

Ěáńĺ áåěňã (1) ňőęŋő áćïğăâì á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, âő áåěňă (18) áőőâćěâáâćãěâ ŕàőàěęĺćăŋĺî ŕő çăáâőâě [3].

Šěőàěňă 4. Śŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

η_s(p + 2l´_s) = 2^s−1∑ q=0 A_s[p, q]η_0(q + 2l´_s), (19)

p ∈ 0 : 2´_s − 1, l ∈ 0 : N_s − 1, s ∈ 1 : n.

Ďőłăğăâěńìáâćő őáŋőćăŋő ŋă âőň, çâő ŕàĺ p, q ∈ 0 : ´_s − 1 A_s[p, q] = A_s[´_s + p, q] = A_s[p, ´_s + q] = −A_s[´_s + p, ´_s + q] = A_{s−1}[p, q]. Ŕěàěŕĺèěň äőàňãńã (19) ć ćĺďě

η_s(p + 2l´_s) = 2^s−1∑ q=0 (−1)^{{p,q}s} e_{q+2l´s} . Ŕàĺ s = n ŕőńãçăěň

η_n(p) = N−1∑ q=0 (−1)^{{p,q}n} e_q , p ∈ 0 : N − 1. (20)

Śàăćŋĺćăï (8) ĺ (20), ŕàĺåőďĺň ł ćëćőďã ő âőň, çâő

μ_n(p) = η_n(p) ŕàĺ ćáěå p ∈ 0 : N − 1. (21)

9^∘. Ňăâàĺæã A_n, őŕàěďěńïěňãî áőőâŋőèěŋĺïňĺ (3), ňőęŋő ŕàěďáâăćĺâì ć ćĺďě n-ľ łàőŋěłěàőćőľ áâěŕěŋĺ ňăâàĺæë A_1:

A_n = A_1 ⊗ A_1 ⊗ · · · ⊗ A_1 . n àăğ

İâő ŕőğćőńïěâ ďćãňï áŕőáőąăňĺ äăłâőàĺğőćăâì ňăâàĺæã A_n. Őąőğŋăçĺň çěàěğ E ěďĺŋĺçŋãî ňăâàĺæã ćâőàőčő ŕőàïďłă. Šőčďă

A_n = n∏ s=1 (E ⊗ E ⊗ · · · ⊗ E ⊗A^1 ⊗ E ⊗ · · · ⊗ E ) = (n−s) àăğ (s−1) àăğ = n∏ s=1 (E ⊗ E ⊗ · · · ⊗ E ⊗A^1 ⊗ E ⊗ · · · ⊗ E ). (s−1) àăğ (n−s) àăğ

Ŕőáńěďŋěě àăćěŋáâćő áőőâćěâáâćãěâ äőàňãńě (21).

Ć ğăłńîçěŋĺě őâňěâĺň, çâő ňăâàĺæă A_n ńĺèì ŕőàïďłőň áâàőł őâńĺçăěâáï őâ ňăâàĺæë Şőńèă [4, 5].

ŃĹŠĚŘĂŠŞŘĂ

1. Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Ŋőćëľ ŕőďåőď ł ăńčőàĺâňã Łãńĺ- Šìîłĺ // Ćěáâŋ. Ś.-Ŕěâěàąãàč. ãŋ-âă. Śěà. 1. 1997. Ćëŕ. 3 (ò 15). Ś. 57{60.

2. Ţőńń Ň. Łőňąĺŋăâőàĺłă. Ň., 1970. 424 á. (M. Hall. Combinatorial Theory.) 3. Ąńěľåãâ Ř. Ąëáâàëě ăńčőàĺâňë æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć. Ň., 1989. 448 á. (Richard E. Blahut. Fast Algorithms for Digital Signal Processing.)

4. Walsh J. L. A closed set of normal orthogonal functions. // Amer. J. Math.

1923. Vol. 45. P. 5{24.

5. Čőńãąőć Ą.Ĺ., Ěäĺňőć Ă.Ć., Śłćőàæőć Ć.Ă. Řïďë ĺ ŕàěőąàăğőćăŋĺï Şőńèă.

Ň., 1987. 344 á.

ŘĚŤĚŘĂŠ

ŞĎŁ 519.677

Ň ă ń ő ğ ě ň ő ć Ć. Ŋ., Š à ě â ì ï ł ő ć Ă. Ă. Śěłæĺőŋĺàőćăŋĺě, őàâőčőŋăńìŋőáâì ĺ ŕěàěáâăŋőćłĺ // Ćěáâŋ. Ś.-Ŕěâěàąãàč. ãŋ-âă. Śěà. 1. 1999. Ćëŕ. (ò ). Ś. 00{00.

Ś ŕőňőéìî ňěâőďă áěłæĺőŋĺàőćăŋĺï, ĺğćěáâŋőčő ć âěőàĺĺ ąëáâàőčő ŕàěőąàăğőćăŋĺï Ťãàìě, ć ěćłńĺďőćőň ŕàőáâàăŋáâćě R^N ŕàĺ N = 2^n ŕőáâàőěŋă łőŋěçŋăï àěłãààěŋâŋăï áĺáâěňă őàâőčőŋăńìŋëå ąăğĺáőć. Ŕőłăğăŋő, çâő äĺŋăńìŋëľ ąăğĺá ńĺèì ŕőàïďłőň íńěňěŋâőć őâńĺçăěâáï őâ ąăğĺáă Şőńèă.

Ąĺąńĺőčà. 5 ŋăğć.

SUMMARY

Malozemov V. N., Tretyakov A. A. Partitionning, orthogonality and permutations.

A ˛nite recurrent system of orthogonal bases in the Euclidean space R^N for N = 2^n is constructed with the help of the partitioning method known in the theory of Fast Fourier Transform. It is shown that the ˛nal basis di¸ers from the Walsh basis only by the order of elements.

ŘĚĞđŇĚ

Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă.Ă. Śěłæĺőŋĺàőćăŋĺě, őàâőčőŋăńìŋőáâì ĺ ŕěàěáâăŋőćłĺ

Ć ěćłńĺďőćőň ŕàőáâàăŋáâćě R^N ŕàĺ N = 2^n ŕőáâàőěŋă łőŋěçŋăï àěłãààěŋâŋăï áĺáâěňă őàâőčőŋăńìŋëå ąăğĺáőć á ŕőňőéìî ňěâőďă áěłæĺőŋĺàőćăŋĺï, ĺğćěáâŋőčő ć âěőàĺĺ ąëáâàőčő ŕàěőąàăğőćăŋĺï Ťãàìě. Ŕőłăğăŋő, çâő äĺŋăńìŋëľ ąăğĺá ńĺèì ŕőàïďłőň íńěňěŋâőć őâńĺçăěâáï őâ őâ ąăğĺáă Şőńèă.