ŞĎŁ 519.65

ĎĹŚŁŘĚŠŊŻĚ ŔĚŘĹŐĎĹŮĚŚŁĹĚ ŚŔŃĂĽŊŻ Ĺ ĹŢ ĆŻŮĹŚŃĹŠĚŃĲŊŻĚ ŔŘĹŇĚŊĚŊĹ§^{1)}

© Ć. Ŋ. Ňăńőğěňőć, Ă. Ą. Ŕěćŋëľ

(Śăŋłâ-Ŕěâěàąãàč, Śëłâëćłăà)

Ŕőáâàőěŋë őáŋőćë âěőàĺĺ ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áŕńăľŋőć. Ć łăçěáâćě ŕàĺńőęěŋĺï àăááňőâàěŋë ğăďăçĺ ĺŋâěàŕőńïæĺĺ ĺ áčńăęĺćăŋĺï ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ďăŋŋëå.

1. ĆĆĚĎĚŊĹĚ Ďĺáłàěâŋëě ŕěàĺőďĺçěáłĺě áŕńăľŋë ąëńĺ ććěďěŋë ć [1]. Šăň ęě őâňěçăńăáì ćőğňőęŋőáâì ĺå íääěłâĺćŋőčő ŕàĺňěŋěŋĺï ł ĺŋâěàŕőńïæĺĺ ĺ áčńăęĺćăŋĺî ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ďăŋŋëå. Ć íâőľ áâăâìě âěőàĺï ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áŕńăľŋőć ćňěáâě á ãłăğăŋŋëňĺ ŕàĺńőęěŋĺïňĺ ŕàěďáâăćńěŋă ć àăğćěàŋãâőň ćĺďě.

Ć àăğď. 2 ĺğãçăîâáï äãŋďăňěŋâăńìŋëě áćőľáâćă ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå Ć-áŕńăľŋőć. Ć àăğď. 3 ďăěâáï őŕàěďěńěŋĺě ďĺáłàěâŋőčő ŕěàĺőďĺçěáłőčő áŕńăľŋă łăł ńĺŋěľŋőľ łőňąĺŋăæĺĺ á łőňŕńěłáŋëňĺ łőíääĺæĺěŋâăňĺ áďćĺčőć Ć-áŕńăľŋă. Ŕőłăğëćăěâáï, çâő ćőğňőęŋő íłćĺćăńěŋâŋőě őŕàěďěńěŋĺě ć âěàňĺŋăå àăğńőęěŋĺï ŕő ďĺáłàěâŋëň äãŋłæĺïň Ąěàŋãńńĺ.

Ć àăğď. 4 ŕőńãçěŋő ïćŋőě àěèěŋĺě ğăďăçĺ ďĺáłàěâŋőľ áŕńăľŋ-ĺŋâěàŕő-ńïæĺĺ. Şáâăŋőćńěŋő, çâő ĺŋâěàŕőńïæĺőŋŋëľ ďĺáłàěâŋëľ ŕěàĺőďĺçěáłĺľ áŕńăľŋ őąńăďăěâ áćőľáâćőň ňĺŋĺňăńìŋőľ ŋőàňë. Ć àăğď. 5 ŕàĺćőďĺâáï àěèěŋĺě ğăďăçĺ áčńăęĺćăŋĺï ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ďăŋŋëå.

Ŋěłőâőàëě ŕàěďćăàĺâěńìŋëě àěğãńìâăâë ŕő âěňě áâăâìĺ ąëńĺ őŕãąńĺłőćăŋë ć [2, 3]. Ĺááńěďőćăŋĺî ğăďăç ĺŋâěàŕőńïæĺĺ ĺ áčńăęĺćăŋĺï ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ďăŋŋëå ŋă őáŋőćě ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě

1)Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (łőď ŕàőěłâă 96{01{00269). 1

(ĎŔŤ) ŕőáćïéěŋë àăąőâë [4, 5, 6]. Ŋěőąåőďĺňëě áćěďěŋĺï ĺğ ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă ĺňěîâáï, ŋăŕàĺňěà, ć [7].

Ć áâăâìě ĺáŕőńìğãîâáï áńěďãîéĺě őąőğŋăçěŋĺï:

Z| ňŋőęěáâćő æěńëå çĺáěń;

⟨k⟩N | őáâăâőł őâ ďěńěŋĺï æěńőčő çĺáńă k ŋă ŋăâãàăńìŋőě çĺáńő N ≥ 2; ŕő őŕàěďěńěŋĺî ⟨k⟩N ∈ {0, 1, . . . , N − 1};

x = u + iv | łőňŕńěłáŋőě çĺáńő;

x^∗ = u − iv | áőŕàïęěŋŋőě łőňŕńěłáŋőě çĺáńő; |x| = √ xx^∗ = √ u^2 + v^2 | ňőďãńì łőňŕńěłáŋőčő çĺáńă;

ωN = exp(2πi/N) = cos(2π/N) + i sin(2π/N) | łőàěŋì N-ľ áâěŕěŋĺ ĺğ ěďĺŋĺæë;

C N | ńĺŋěľŋőě ňŋőęěáâćő áĺčŋăńőć (łőňŕńěłáŋőğŋăçŋëå ŕő-

áńěďőćăâěńìŋőáâěľ x = { x(j) } , N-ŕěàĺőďĺçěáłĺå ŕő ĺŋďěłáã j ∈ Z);

δN(j) | ěďĺŋĺçŋëľ ĺňŕãńìá (áĺčŋăń, ã łőâőàőčő δN(j) = 1 ŕàĺ ⟨j⟩N = 0 ĺ δN(j) = 0 ŕàĺ őáâăńìŋëå j ∈ Z);

´^rx(j) = r∑ l=0 (−1)^{r−l}C^l_rx(j + l) | łőŋěçŋăï àăğŋőáâì r-čő ŕőàïďłă.

Śãéěáâćěŋŋãî àőńì ąãďãâ ĺčàăâì äőàňãńë 1 N N −1∑

k=0 ω^{jk}N = δN(j) ∀j ∈ Z, N −1∑

j=0 x(j + l) = N −1∑

j=0 x(j) ∀l ∈ Z. Ŕőáńěďŋïï äőàňãńă ćěàŋă ďńï ŕàőĺğćőńìŋőčő x ĺğ C N.

2. ĎĹŚŁŘĚŠŊŻĚ ŔĚŘĹŐĎĹŮĚŚŁĹĚ B-ŚŔŃĂĽŊŻ Ŕãáâì m, n, r | ŋăâãàăńìŋëě çĺáńă ĺ N = mn, N ≥ 2. Ŕőńőęĺň

u(k) = n^2 ŕàĺ k = 0, ( sin πk m / sin πk N )_2 ŕàĺ k = 1, . . . , N − 1. Őâňěâĺň, çâő u(m) = u(2m) = · · · = u ( (n − 1)m ) = 0, (2.1) u(N − k) = u(k), k = 1, . . . , N − 1. (2.2) Ďĺáłàěâŋëľ ŕěàĺőďĺçěáłĺľ B-áŕńăľŋ Q_r(j) ŕőàïďłă r őŕàěďěńĺň äőàňãńőľ

Q_r(j) = 1 N N −1∑

k=0 u^r(k)ω^{jk}N , j ∈ Z. (2.3) Śőčńăáŋő (2.2), Q_r(j) ŕàĺŋĺňăěâ ćěéěáâćěŋŋëě ğŋăçěŋĺï, âăł çâő äőàňãńã (2.3) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě

Q_r(j) = 1 N N −1∑

k=0 u^r(k) cos ( 2π N jk ) . Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő Q_r(−j) = Q_r(j).

Ŕàĺ m = 1 áőčńăáŋő (2.1) ĺňěěň Q_r(j) ≡ N^{2r−1}. Ŕàĺ n = 1 ąãďěâ u(k) ≡ 1, ŕőíâőňã Q_r(j) = δN(j). Ć őąéěň áńãçăě ňőęŋő ŕőłăğăâì, çâő B-áŕńăľŋ Q_r(j) ŕàĺŋĺňăěâ âőńìłő æěńëě ŋěőâàĺæăâěńìŋëě ğŋăçěŋĺï [3].

Ńěňňă 1. Śŕàăćěďńĺćő âőęďěáâćő m−1∑ p=0 Q_r(j − pn) ≡ n^{2r−1} ∀j ∈ Z. (2.4)

Ďőłăğăâěńìáâćő. Şçĺâëćăï (2.3), ğăŕĺèěň m−1∑ p=0 Q_r(j − pn) = 1 N N −1∑

k=0 u^r(k) m−1∑ p=0 ω^{(j−pn)k} N =

= 1 n N −1∑

k=0 u^r(k)ω^{jk}N { 1 m m−1∑ p=0 ω^{−kp}_m } = 1 n N −1∑

k=0 u^r(k)ω^{jk}N δ_m(k) = n^{2r−1}.

Ňë ćőáŕőńìğőćăńĺáì áćőľáâćőň (2.1). Ńěňňă ďőłăğăŋă.

Ćëçĺáńĺň Q_r(pn) ŕàĺ p = 0, 1, . . . , m − 1. Ńîąőľ ĺŋďěłá k = 0, 1, . . . , N − 1 ňőęŋő ŕàěďáâăćĺâì ć ćĺďě k = sm + l, čďě s = 0, 1, . . . , n − 1, l = 0, 1, . . . , m − 1. Śőčńăáŋő (2.3) ĺňěěň Q_r(pn) = 1 N m−1∑ l=0 n−1∑ s=0 u^r(sm + l)ω^{pn(sm+l)} N = 1 m m−1∑ l=0 ω^{pl}_m { 1 n n−1∑ s=0 u^r(sm + l) } .

Őąőğŋăçĺň T_r(l) = 1 n n−1∑ s=0 u^r(sm + l). Šőčďă

Q_r(pn) = 1 m m−1∑ l=0 T_r(l)ω^{pl}_m. Ĺğ íâőľ äőàňãńë áńěďãěâ, çâő

T_r(l) = m−1∑ p=0 Q_r(pn)ω^{−lp}_m , l = 0, 1, . . . , m − 1. (2.5) Ć çăáâŋőáâĺ, T_r(m − l) = T_r(l), l = 1, . . . , m − 1. (2.6) Ďěľáâćĺâěńìŋő, T_r(m − l) = m−1∑ p=0 Q_r(pn)ω^{−(m−l)p} m =

= Q_r(0) + m−1∑ p=1 Q_r ( (m − p)n ) ω^{−l(m−p)} m = m−1∑ q=0 Q_r(qn)ω^{−lq}_m = T_r(l).

Ććěďěň ćěńĺçĺŋã

λ_r(l) = 1 n n−1∑ s=0 ( 2 sin π(sm + l) N )_{−2r} , l = 1, . . . , m − 1. Śőčńăáŋő őŕàěďěńěŋĺî T_r(l) ĺ u(k) ŕőńãçĺň

T_r(l) = n^{2r−1} ŕàĺ l = 0, ( 2 sin πl m )_{2r} λ_r(l) ŕàĺ l = 1, . . . , m − 1. (2.7)

Őâáîďă ćĺďŋő, çâő ćáě çĺáńă T_r(l) ŕőńőęĺâěńìŋë.

Ć [8] ąëńĺ ććěďěŋë ďĺáłàěâŋëě ŕěàĺőďĺçěáłĺě äãŋłæĺĺ Ąěàŋãńńĺ b_r(j),

b_r(j) = 1 N N −1∑

k=1 (ω^kN − 1)^{−r}ω^{jk}N , j ∈ Z. Šěőàěňă 1. Śŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

Q_r(j) = 1 N n^{2r} + r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} b_{2r}(j + r − ln). (2.8) Ďőłăğăâěńìáâćő. Ŕőáłőńìłã ŕàĺ k = 1, . . . , N − 1 u(k) = ω^{−k}_m (ω^k_m − 1)^2 ω^{−k}N (ω^kN − 1)^2 , âő 1 N N −1∑

k=1 u^r(k)ω^{jk}N = 1 N N −1∑

k=1 (ω^k_m − 1)^{2r}(ω^kN − 1)^{−2r}ω^{k(j+r−rn)}N =

= 1 N N −1∑

k=1 (ω^kN − 1)^{−2r} 2r∑ p=0 (−1)^{2r−p}C^p_{2r}ω^{k(j+r−(r−p)n)} N =

= 1 N N −1∑

k=1 (ω^kN − 1)^{−2r} r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} ω^{k(j+r−ln)} N =

6

= r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} { 1 N N −1∑

k=1 (ω^kN − 1)^{−2r}ω^{k(j+r−ln)} N } =

= r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} b_{2r}(j + r − ln). Šěŕěàì ğăłńîçěŋĺě âěőàěňë áńěďãěâ ĺğ äőàňãńë (2.3). Šěőàěňă ďőłăğăŋă.

Ŕàěďáâăćńěŋĺě (2.8) ŕőğćőńïěâ ćëćěáâĺ ŋěłőâőàëě áćőľáâćă ďĺáłàěâŋëå Ć-áŕńăľŋőć, őŕĺàăïáì ŋă áćőľáâćő ďĺáłàěâŋëå äãŋłæĺľ Ąěàŋãńńĺ. Ŋăŕőňŋĺň, çâő

´b_r(j) := b_r(j + 1) − b_r(j) = b_{r−1}(j), r = 1, 2, . . . ; N −1∑

j=0 b_r(j) = 0; b_0(j) = δN(j) − 1 N . (2.9)

Ńěňňă 2. Śŕàăćěďńĺćă äőàňãńă

´^{2r}Q_r(j) = r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} δN(j + r − ln). Ďőłăğăâěńìáâćő ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ (2.8) ĺ (2.9).

3. ĎĹŚŁŘĚŠŊŻĚ ŔĚŘĹŐĎĹŮĚŚŁĹĚ ŚŔŃĂĽŊŻ Ďĺáłàěâŋëľ ŕěàĺőďĺçěáłĺľ áŕńăľŋ S(j) ŕőàïďłă r őŕàěďěńĺň łăł ńĺŋěľŋãî łőňąĺŋăæĺî á łőňŕńěłáŋëňĺ łőíääĺæĺěŋâăňĺ áďćĺčőć B-áŕńăľŋă Q_r(j): S(j) = m−1∑ p=0 c(p)Q_r(j − pn). (3.1) Ňŋőęěáâćő áŕńăľŋőć ćĺďă (3.1) őąőğŋăçĺň çěàěğ S^m_r .

Ńěňňă 3. Ąăğĺáŋëě áĺčŋăńë Q_r(j − pn), p = 0, 1, . . . , m − 1, ńĺŋěľŋő ŋěğăćĺáĺňë ŋă Z.

Ďőłăğăâěńìáâćő. Ŕãáâì

S_0(j) := m−1∑ p=0 c(p)Q_r(j − pn) = 0 ∀j ∈ Z ŕàĺ ŋěłőâőàëå łőňŕńěłáŋëå c(p). Ŕőłăęěň, çâő ćáě c(p) àăćŋë ŋãńî. Ĺňěěň 0 = N −1∑

j=0 S_0(j)ω^{−kj}N = m−1∑ p=0 c(p) N −1∑

j=0 Q_r(j − pn)ω^{−k(j−pn)−kpn} N =

= {_{m−1} ∑ p=0 c(p)ω^{−kp}_m } {_{N −1} ∑ j=0 Q_r(j)ω^{−kj}N } . (3.2)

Śőčńăáŋő (2.3) N −1∑

j=0 Q_r(j)ω^{−kj}N = u^r(k), k = 0, 1, . . . , N − 1. Őąőğŋăçĺň C(k) = ∑_{m−1} p=0 c(p)ω^{−kp}_m . Šőčďă (3.2) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě C(k)u^r(k) = 0. Ŕő őŕàěďěńěŋĺî u(k) ≠ 0 ŕàĺ k = 0, 1, . . . , m − 1. Ğŋăçĺâ, C(k) = 0 ŕàĺ k = 0, 1, . . . , m − 1. Ŕő äőàňãńě őąàăéěŋĺï ŕőńãçăěň c(p) = 1 m m−1∑ k=0 C(k)ω^{pk}_m = 0, p = 0, 1, . . . , m − 1. Ńěňňă ďőłăğăŋă.

Šăłĺň őąàăğőň, ĺŋďěłá m ã S^m_r őąőğŋăçăěâ àăğňěàŋőáâì íâőčő ńĺŋěľŋőčő ŕàőáâàăŋáâćă.

Šěőàěňă 2. Ďńï âőčő çâőąë áĺčŋăń S ŕàĺŋăďńěęăń S^m_r , ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë őŋ ďőŕãáłăń ŕàěďáâăćńěŋĺě

S(j) = d + m−1∑ l=0 d(l)b_{2r}(j + r − ln), (3.3) čďě ∑_{m−1} l=0 d(l) = 0.

Ďőłăğăâěńìáâćő. Ŋěőąåőďĺňőáâì. Śőčńăáŋő (3.1) ĺ (2.8) S(j) = m−1∑ p=0 c(p) [ 1 N n^{2r} + r∑ k=−r (−1)^{r−k}C^{r−k}_{2r} b_{2r} ( j + r − (k + p)n ) ] =

= n^{2r} N m−1∑ p=0 c(p) + m−1∑ p=0 r∑ k=−r c(p)(−1)^{r−k}C^{r−k}_{2r} b_{2r} ( j + r − ⟨k + p⟩_mn ) . Ŕàĺćěďï ŕőďőąŋëě ć ďćőľŋőľ áãňňě, ŕàĺďěň ł äőàňãńě (3.3). Ŕàĺ íâőň m−1∑ l=0 d(l) = m−1∑ p=0 c(p) r∑ k=−r (−1)^{r−k}C^{r−k}_{2r} = 0. Ďőáâăâőçŋőáâì. Ĺğ ńěňňë 1 áńěďãěâ, çâő ńîąăï łőňŕńěłáŋăï łőŋáâăŋâă ŕàĺŋăďńěęĺâ S^m_r . Őáâăěâáï ŕàőćěàĺâì, çâő ňŋőęěáâćã S^m_r ŕàĺŋăďńěęĺâ áĺčŋăń g(j) = m−1∑ l=0 d(l)b_{2r}(j + r − ln), (3.4) ã łőâőàőčő ∑_{m−1} l=0 d(l) = 0. Ŋăľďěň ĎŔŤ őâ g. Ĺňěěň

G(k) := N −1∑

j=0 g(j)ω^{−kj}N = m−1∑ l=0 d(l) N −1∑

j=0 b_{2r}(j + r − ln)ω^{−k(j−ln)−kln} N =

= {_{m−1} ∑ l=0 d(l)ω^{−kl}_m } {_{N −1} ∑ j=0 b_{2r}(j + r)ω^{−kj}N } . (3.5)

Ŕőłăęěň, çâő ŕàĺ k = 1, . . . , N − 1

I_k := N −1∑

j=0 b_{2r}(j + r)ω^{−kj}N = (−1)^r ( 2 sin πk N )_{−2r} .

Ďěľáâćĺâěńìŋő,

I_k = 1 N N −1∑

s=1 (ω^sN − 1)^{−2r}ω^{rs}N N −1∑

j=0 ω^{j(s−k)} N = N −1∑

s=1 (ω^sN − 1)^{−2r}ω^{rs}N δN(s − k) =

= (ω^kN − 1)^{−2r}ω^{kr}N = ( ω^kN − 2 + ω^{−k}N )_{−r} = (−1)^r ( 2 sin πk N )_{−2r} . Őąőğŋăçĺň D(k) = ∑_{m−1} l=0 d(l)ω^{−kl}_m . Ŕő ãáńőćĺî

D(0) = D(m) = · · · = D ( (n − 1)m ) = 0. (3.6) Šěŕěàì äőàňãńã (3.5) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě

G(k) = 0 ŕàĺ k = 0,

(−1)^r ( 2 sin πk N )_{−2r} D(k) ŕàĺ k = 1, . . . , N − 1. (3.7)

Śőčńăáŋő (3.6) G(0) = G(m) = · · · = G ( (n − 1)m ) = 0. (3.8) Ććěďěň m-ŕěàĺőďĺçěáłĺľ áĺčŋăń A(k),

A(k) = 0 ŕàĺ k = 0,

(−1)^r ( 2 sin πk m )_{−2r} D(k) ŕàĺ k = 1, . . . , m − 1. Śãéěáâćěŋŋő, çâő G(k) = u^r(k)A(k), k = 0, 1, . . . , N − 1. (3.9) İâă äőàňãńă ćěàŋă ŕàĺ k = 0, m, . . . , (n−1)m ć áĺńã (3.8), ă ŕàĺ őáâăńìŋëå k = 1, . . . , N − 1 | ć áĺńã (3.7).

Ŕőńőęĺň a(l) = 1 m m−1∑ k=0 A(k)ω^{lk}_m, l = 0, 1, . . . , m − 1.

Şçĺâëćăï (3.9) ĺ (2.3), ŕőńãçăěň g(j) = 1 N N −1∑

k=0 G(k)ω^{jk}N = 1 N N −1∑

k=0 u^r(k)A(k)ω^{jk}N =

= 1 N N −1∑

k=0 u^r(k) {_{m−1} ∑ l=0 a(l)ω^{−kl}_m } ω^{jk}N = m−1∑ l=0 a(l) { 1 N N −1∑

k=0 u^r(k)ω^{k(j−ln)} N } =

= m−1∑ l=0 a(l)Q_r(j − ln). (3.10) Šěőàěňă ďőłăğăŋă.

Ğăňěçăŋĺě. Ŕő åőďã ďőłăğăâěńìáâćă őŕĺáăŋă áåěňă ŕěàěåőďă őâ àăğńőęěŋĺï (3.4) áĺčŋăńă g ł àăğńőęěŋĺî (3.10). Śåěňă ćëčńïďĺâ âăł: { d(l) } → { D(k) } → { A(k) } → { a(l) } . Ńěňňă 4. Ďńï ŕàőĺğćőńìŋőčő áŕńăľŋă S ∈ S^m_r ĺ ŕàőĺğćőńìŋőčő áĺčŋăńă

x ∈ C N áŕàăćěďńĺćő áőőâŋőèěŋĺě

J(x) := N −1∑

j=0 ´^rS(j)´^rx(j) = (−1)^r m−1∑ l=0 d(l)x(ln), (3.11) čďě d(l) | łőíääĺæĺěŋâë ĺğ ŕàěďáâăćńěŋĺï (3.3) áŕńăľŋă S.

Ďőłăğăâěńìáâćő. Śőčńăáŋő (2.9) ĺňěěň J(x) = N −1∑

j=0 {_{m−1} ∑ l=0 d(l)b_r ( r − (ln − j) ) } ´^rx(j). Ŕőáłőńìłã b_r(r − j) = (−1)^rb_r(j), âő

J(x) = (−1)^r m−1∑ l=0 d(l) {_{N −1} ∑ j=0 ´^rx(j)b_r(ln − j) } .

Łăł ĺğćěáâŋő [8],_{N −1} ∑ j=0 ´^rx(j)b_r(ln − j) = x(ln) − c,

čďě c = N^{−1} N −1∑

j=0 x(j). Şçĺâëćăï íâã äőàňãńã ĺ âőâ äăłâ, çâő m−1∑ l=0 d(l) = 0, ŕàĺåőďĺň ł (3.11). Ńěňňă ďőłăğăŋă.

4. ĎĹŚŁŘĚŠŊĂ§ ŚŔŃĂĽŊ-ĹŊŠĚŘŔŐŃ§ŰĹ§ Řăááňőâàĺň ĺŋâěàŕőńïæĺőŋŋãî ğăďăçã ŋă ňŋőęěáâćě S^m_r ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áŕńăľŋőć S(kn) = z(k), k = 0, 1, . . . , m − 1, (4.1) čďě z(k) | ŕàőĺğćőńìŋëě łőňŕńěłáŋëě çĺáńă. Řăáŕĺèěň ěě ŕőďàőąŋěě m−1∑ p=0 c(p)Q_r ( (k − p)n ) = z(k), k = 0, 1, . . . , m − 1. (4.2) Ňăâàĺæă D íâőľ áĺáâěňë á íńěňěŋâăňĺ D(k, p) = Q_r ( (k−p)n ) ïćńïěâáï áĺňňěâàĺçŋőľ ĺ ŕàăćőæĺàłãńïŋâŋőľ. Śĺňňěâàĺçŋőáâì áćïğăŋă á çěâŋőáâìî B-áŕńăľŋă Q_r(j), ă ŕàăćőæĺàłãńïŋâŋőáâì ŕàőćěàïěâáï ŋěŕőáàěďáâćěŋŋő: D(k − 1, p − 1) = D(k, p), k, p = 1, . . . , m − 1, D(0, m − k) = Q_r(kn) = D(k, 0), k = 1, . . . , m − 1. Ŕőńőęĺň h(p) = D(p, 0) = Q_r(pn), p = 0, 1, . . . , m − 1. Łăł ĺğćěáâŋő [9, á. 45], áőąáâćěŋŋëě çĺáńă θ_l ŕàăćőæĺàłãńïŋâŋőľ ňăâàĺæë D ĺňěîâ ćĺď

θ_l = m−1∑ p=0 h(p)ω^{−lp}_m = m−1∑ p=0 Q_r(pn)ω^{−lp}_m , l = 0, 1, . . . , m − 1. Śőčńăáŋő (2.5), θ_l = T_r(l), l = 0, 1, . . . , m −1. Ć çăáâŋőáâĺ, ćáě áőąáâćěŋŋëě çĺáńă ňăâàĺæë D ŕőńőęĺâěńìŋë. İâő čăàăŋâĺàãěâ ŋěćëàőęďěŋŋőáâì D ĺ, łăł áńěďáâćĺě, őďŋőğŋăçŋãî àăğàěèĺňőáâì áĺáâěňë (4.2) ŕàĺ ńîąëå ŕàăćëå çăáâïå.

Ć ńěćőľ çăáâĺ (4.2) áâőĺâ æĺłńĺçěáłăï áćěàâłă áĺčŋăńőć { c(p) } ĺ { h(p) } . Ŕěàěľďěň ć ŕàőáâàăŋáâćő Ťãàìě-őąàăğőć. Ŕő âěőàěňě ő áćěàâłě ŕőńãçĺň C(l)H(l) = Z(l), l = 0, 1, . . . , m − 1. (4.3) Ğďěáì C(l) = ∑_{m−1} p=0 c(p)ω^{−lp}_m , Z(l) = ∑_{m−1} k=0 z(k)ω^{−lk}_m ĺ

H(l) = m−1∑ p=0 h(p)ω^{−lp}_m = T_r(l). Śőčńăáŋő (4.3), C(l) = Z(l) / T_r(l). Ŕő äőàňãńě őąàăéěŋĺï c(p) = 1 m m−1∑ l=0 Z(l) T_r(l) ω^{pl}_m, p = 0, 1, . . . , m − 1. (4.4) Šăłĺň őąàăğőň, ğăďăçă (4.2) ĺňěěâ ïćŋőě àěèěŋĺě. Ěďĺŋáâćěŋŋëň àěèěŋĺěň ğăďăçĺ (4.1) ïćńïěâáï áŕńăľŋ

S_0(j) = m−1∑ p=0 c(p)Q_r(j − pn), čďě łőíääĺæĺěŋâë c(p) ćëçĺáńïîâáï ŕő äőàňãńě (4.4). Őâňěâĺň, çâő çĺáńă T_r(l) ğăćĺáïâ âőńìłő őâ m, n ĺ r. Őŋĺ ňőčãâ ąëâì ćëçĺáńěŋë ğăàăŋěě.

Ŕőłăęěň, çâő ďĺáłàěâŋëľ ĺŋâěàŕőńïæĺőŋŋëľ áŕńăľŋ S_0 őąńăďăěâ íłáâàěňăńìŋëň áćőľáâćőň. Ŕőŕãâŋő ćëïáŋĺâáï àőńì ŕăàăňěâàă r.

Řăááňőâàĺň íłáâàěňăńìŋãî ğăďăçã

F (f) := N −1∑

j=0 | |´^rf(j) | |^2 → inf, f(kn) = z(k), k = 0, 1, . . . , m − 1; f ∈ C N. (4.5)

Šěőàěňă 3. Ěďĺŋáâćěŋŋëň àěèěŋĺěň ğăďăçĺ (4.5) ïćńïěâáï ďĺáłàěâŋëľ ĺŋâěàŕőńïæĺőŋŋëľ áŕńăľŋ S_0.

Ďőłăğăâěńìáâćő. Ŕãáâì f | ŕàőĺğćőńìŋëľ ŕńăŋ ğăďăçĺ (4.5). Ŕőńőęĺň h = f − S_0. Ĺňěěň h(kn) = 0 ŕàĺ k = 0, 1, . . . , m − 1 ĺ

F (f) = F (S_0 + h) = N −1∑

j=0 [ ´^r(S_0 + h)(j) ][ ´^r(S^∗_0 + h^∗)(j) ] =

= F (S_0) + F (h) + 2 Re N −1∑

j=0 ´^rS_0(j)´^rh^∗(j).

Śőčńăáŋő ńěňňě 4 N −1∑

j=0 ´^rS_0(j)´^rh^∗(j) = (−1)^r m−1∑ l=0 d_0(l)h^∗(ln) = 0.

Ŕőíâőňã F (f) = F (S_0) + F (h) ≥ F (S_0). (4.6)

Őŕâĺňăńìŋőáâì S_0 ãáâăŋőćńěŋă. Ŕàőćěàĺň ěďĺŋáâćěŋŋőáâì.

Ŕàěďŕőńőęĺň, çâő F (f) = F (S_0) ŋă ŋěłőâőàőň ŕńăŋě f, ĺ ďőłăęěň, çâő h := f − S_0 ≡ 0. Śőčńăáŋő (4.6), F (h) = 0, âăł çâő ´^rh(j) = 0 ŕàĺ j = 0, 1, . . . , N − 1. Ĺňěěň

h(j) = c + N −1∑

s=0 ´^rh(s)b_r(j − s) ≡ c. Ŕőáłőńìłã h(kn) = 0 ŕàĺ k = 0, 1, . . . , m−1, âő h(j) ≡ 0. Šěőàěňă ďőłăğăŋă.

5. ŚČŃĂĘĹĆĂŊĹĚ ĎĹŚŁŘĚŠŊŻŢ ŔĚŘĹŐĎĹŮĚŚŁĹŢ ĎĂŊŊŻŢ Řăááňőâàĺň íłáâàěňăńìŋãî ğăďăçã

F (f) := N −1∑

j=0 | |´^rf(j) | |^2 → inf,

G(f) := m−1∑ k=0 | |f(kn) − z(k) | |^2 ≤ ε, f ∈ C N, (5.1) čďě ε > 0 | ŕăàăňěâà. Ŕàěďćăàĺâěńìŋő àěèĺň ćáŕőňőčăâěńìŋãî ğăďăçã

g(c) := m−1∑ k=0 | c − z(k) |_2 → inf . (5.2)

Ĺňěěň

g(c + h) = m−1∑ k=0 ( c − z(k) + h )( c^∗ − z^∗(k) + h^∗ ) = = g(c) + m|h|^2 + 2 Re m−1∑ k=0 ( c − z(k) ) h^∗. Őçěćĺďŋő, çâő ěďĺŋáâćěŋŋăï âőçłă ňĺŋĺňãňă äãŋłæĺĺ g őŕàěďěńïěâáï ĺğ ãáńőćĺï ∑_{m−1} k=0 ( c − z(k) ) = 0, âăł çâő

~c = 1 m m−1∑ k=0 z(k). (5.3) Ŕàĺ íâőň

~ε := g(~c) = − m−1∑ k=0 ( ~c − z(k) ) z^∗(k) = m−1∑ k=0 | |z(k) | |^2 − m|~c|^2. (5.4)

Ćěńĺçĺŋă ~ε ěáâì łàĺâĺçěáłőě ğŋăçěŋĺě ŕăàăňěâàă ε. Ŕàĺ ε ≥ ~ε àěèěŋĺěň ğăďăçĺ (5.1) ïćńïěâáï áĺčŋăń ~f(j) ≡ ~c, ŕőáłőńìłã ć íâőň áńãçăě G( ~f) = g(~c) = ~ε ≤ ε ĺ F ( ~f) = 0. Ć ďăńìŋěľèěň áçĺâăěň, çâő 0 < ε < ~ε. Ć çăáâŋőáâĺ, ~ε > 0. İâő ğŋăçĺâ, çâő z(k) ≢ const.

Ğăäĺłáĺàãěň ŕăàăňěâà α > 0, ććěďěň äãŋłæĺî

˘_α(f) = αF (f) + G(f)

ĺ àăááňőâàĺň ěéě őďŋã ćáŕőňőčăâěńìŋãî ğăďăçã

˘_α(f) → inf_{f∈}C N . (5.5)

Ćőğìňěň ŕàőĺğćőńìŋëľ áŕńăľŋ S ∈ S^m_r ĺ ğăŕĺèěň àăğńőęěŋĺě

˘_α(S + H) = αF (S + H) + G(S + H) = = α [ F (S) + F (H) + 2 Re N −1∑

j=0 ´^rS(j)´^rH^∗(j) ] +

+G(S) + m−1∑ k=0 | |H(kn) | |^2+2 Re m−1∑ k=0 [ S(kn) − z(k) ] H^∗(kn). Śőčńăáŋő ńěňňě 4 ĺňěěň

˘_α(S + H) = ˘_α(S) + αF (H) + m−1∑ k=0 | |H(kn) | |^2+

+2 Re m−1∑ k=0 [ (−1)^rαd(k) + S(kn) − z(k) ] H^∗(kn), čďě d(k) | łőíääĺæĺěŋâë àăğńőęěŋĺï (3.3) áŕńăľŋă S ŕő äãŋłæĺïň Ąěà-

ŋãńńĺ. Ďőŕãáâĺň, çâő ãďăńőáì ŕőáâàőĺâì áŕńăľŋ S_α ∈ S^m_r , ãďőćńěâćőàïî-

éĺľ ãáńőćĺïň (−1)^rαd(k) + S(kn) = z(k), k = 0, 1, . . . , m − 1, m−1∑ k=0 d(k) = 0. (5.6)

Šőčďă ďńï ńîąőčő H ∈ C N ąãďěâ ćëŕőńŋïâìáï àăćěŋáâćő

˘_α(S_α + H) = ˘_α(S_α) + αF (H) + m−1∑ k=0 | |H(kn) | |^2.

Ĺğ ŋěčő, ć çăáâŋőáâĺ, áńěďãěâ, çâő ˘_α(S_α + H) ≥ ˘_α(S_α), âăł çâő

S_α | àěèěŋĺě ğăďăçĺ (5.5). Ąőńěě âőčő, íâő ěďĺŋáâćěŋŋőě àěèěŋĺě.

Ďěľáâćĺâěńìŋő, ďőŕãáâĺć, çâő ˘_α(S_α + H) = ˘_α(S_α), ŕőńãçĺň N −1∑

j=0 | |´^rH(j) | |^2 = 0, m−1∑ k=0 | |H(kn) | |^2 = 0.

Ŕěàćőě àăćěŋáâćő ćëŕőńŋïěâáï âőńìłő âőčďă, łőčďă H(j) ≡ const. Śőčńăáŋő ćâőàőňã àăćěŋáâćã H(j) ≡ 0.

Őáâăěâáï ŕàőćěàĺâì, çâő áĺáâěňă (5.6) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě ć łńăááě áŕńăľŋőć S ćĺďă (3.3). Ćőğìňěň àěèěŋĺě d_0, d_0(0), d_0(1), . . . , d_0(m−1) őďŋőàőďŋőľ áĺáâěňë (−1)^rαd(k) + S(kn) = 0, k = 0, 1, . . . , m − 1, m−1∑ k=0 d(k) = 0. (5.7)

Śőőâćěâáâćãîéĺľ áŕńăľŋ őąőğŋăçĺň çěàěğ S_0. Śőčńăáŋő ńěňňě 4 ŕőńãçĺň N −1∑

j=0 | |´^rS_0(j) | |^2 = (−1)^r m−1∑ k=0 d_0(k)S^∗_0 (kn) = −α m−1∑ k=0 | |d_0(k) | |^2.

Ć áĺńã ŕőńőęĺâěńìŋőáâĺ α íâő àăćěŋáâćő ćőğňőęŋő âőńìłő âőčďă, łőčďă ćáě d_0(k) àăćŋë ŋãńî. Ŋő ć íâőň áńãçăě S_0(j) ≡ d_0. Ćňěáâě á âěň, S_0(kn) = (−1)^{r+1}αd_0(k) = 0 ŕàĺ k = 0, 1, . . . , m − 1, âăł çâő d_0 = 0. Ďőłăğăŋő, çâő őďŋőàőďŋăï áĺáâěňă (5.7) ĺňěěâ âőńìłő ŋãńěćőě àěèěŋĺě. Łăł áńěďáâćĺě, ŕőńãçăěň, çâő áĺáâěňă (5.6) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě ŕàĺ ńîąëå z(k).

Ŕőďćěďěň ĺâőč.

Šěőàěňă 4. Ćáŕőňőčăâěńìŋăï ğăďăçă (5.5) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě S_α. İâő ďĺáłàěâŋëľ ŕěàĺőďĺçěáłĺľ áŕńăľŋ ćĺďă (3.3), łőíääĺæĺěŋâë łőâőàőčő őŕàěďěńïîâáï ĺğ áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ (5.6).

Ŕőłăęěň, çâő áĺáâěňă (5.6) ňőęěâ ąëâì àěèěŋă ïćŋő. Ďńï íâőčő ŕěàěľďěň ć őąńăáâì Ťãàìě-őąàăğőć:

(−1)^rα m−1∑ k=0 d(k)ω^{−lk}_m + d m−1∑ k=0 ω^{−lk}_m + m−1∑ k=0 m−1∑ s=0 d(s)b_{2r} ( (k − s)n + r ) ω^{−lk}_m =

= m−1∑ k=0 z(k)ω^{−lk}_m .

Őąőğŋăçĺň D(l) = ∑_{m−1} k=0 d(k)ω^{−lk}_m , Z(l) = ∑_{m−1} k=0 z(k)ω^{−lk}_m . Şçĺâëćăï, çâő lk = l(k − s) + ls, ŕőńãçăěň (−1)^rαD(l) + mdδ_m(l) + m−1∑ s=0 d(s)ω^{−ls}_m m−1∑ k=0 b_{2r}(kn + r)ω^{−lk}_m = Z(l).

Őâňěâĺň, çâő D(0) = ∑_{m−1} k=0 d(k) = 0. Ććěďï ěéě őďŋő őąőğŋăçěŋĺě

B_r(l) = m−1∑ k=0 b_{2r}(kn + r)ω^{−lk}_m , ŕàĺďěň ł áĺáâěňě ńĺŋěľŋëå ãàăćŋěŋĺľ őâŋőáĺâěńìŋő d, D(1), . . . , D(m−1): [ (−1)^rα + B_r(l) ] D(l) + mdδ_m(l) = Z(l), l = 0, 1, . . . , m − 1. (5.8) Ŕàĺ l = 0 ĺňěěň d = 1 m Z(0) = 1 m m−1∑ k=0 z(k) = ~c. Ŕàĺ l = 1, . . . , m − 1 áĺáâěňă (5.8) ŕàĺŋĺňăěâ ćĺď [ (−1)^rα + B_r(l) ] D(l) = Z(l). (5.9) Ńěňňă 5. Ŕàĺ l = 1, . . . , m − 1 áŕàăćěďńĺćő àăćěŋáâćő

B_r(l) = (−1)^rλ_r(l), (5.10)

čďě, łăł ĺ ć àăğď. 2,

λ_r(l) = 1 n n−1∑ s=0 ( 2 sin π(sm + l) N )_{−2r} .

Ďőłăğăâěńìáâćő. Ĺňěěň

B_r(l) = 1 N m−1∑ k=0

N −1∑

j=1 (ω^jN − 1)^{−2r}ω^{(kn+r)j}N ω^{−lk}_m =

= 1 n N −1∑

j=1 (ω^jN − 1)^{−2r}ω^{rj}N { 1 m m−1∑ k=0 ω^{k(j−l)} m } = 1 n N −1∑

j=1 (ω^jN − 1)^{−2r}ω^{rj}N δ_m(j − l).

Ěďĺŋĺçŋëľ ĺňŕãńìá δ_m őâńĺçěŋ őâ ŋãńï âőńìłő ŕàĺ j = l + sm, s = 0, 1, . . . , n − 1. Ŕőíâőňã

B_r(l) = 1 n n−1∑ s=0 (ω^{l+sm}N − 1)^{−2r}ω^{r(l+sm)}N = 1 n n−1∑ s=0 ( ω^{l+sm}N − 2 + ω^{−l−sm}N )_{−r} =

= (−1)^r 1 n n−1∑ s=0 ( 2 sin π(l + sm) N )_{−2r} = (−1)^rλ_r(l).

Ńěňňă ďőłăğăŋă.

Ŋă őáŋőćăŋĺĺ (5.9) ĺ (5.10) ŕőńãçăěň D(l) = 0 ŕàĺ l = 0, (−1)^rZ(l) α + λ_r(l) ŕàĺ l = 1, . . . , m − 1. Ŕő äőàňãńě őąàăéěŋĺï d(k) = (−1)^r m m−1∑ l=1 Z(l)ω^{kl}_m α + λ_r(l) , k = 0, 1, . . . , m − 1. (5.11) §ćŋőě àěèěŋĺě áĺáâěňë (5.6) ŋăľďěŋő.

Šěőàěňă 5. Śčńăęĺćăîéĺľ áŕńăľŋ S_α(j) ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

S_α(j) = m−1∑ p=0 c_α(p)Q_r(j − pn), (5.12) čďě c_α(p) = 1 m m−1∑ l=0 Z(l)ω^{pl}_m T_r(l) + α(2 sin(πl/m))^{2r} .

Ďőłăğăâěńìáâćő. Ĺňěěň

S_α(j) = d + m−1∑ k=0 d(k)b_{2r}(j + r − kn), (5.13) čďě d(k) őŕàěďěńïîâáï äőàňãńőľ (5.11) ĺ d = Z(0)/m. Śőčńăáŋő (2.4) ĺ (2.7) d = 1 m m−1∑ p=0 Z(0) T_r(0) Q_r(j − pn). Ďăńěě ć áĺńã (3.10) m−1∑ k=0 d(k)b_{2r}(j + r − kn) = m−1∑ p=0 a(p)Q_r(j − pn). Ğďěáì a(p) = 1 m m−1∑ l=1 [ (−1)^r ( 2 sin πl m )_{−2r} D(l) ] ω^{pl}_m =

= 1 m m−1∑ l=1 Z(l)(2 sin(πl/m))^{−2r} α + λ_r(l) ω^{pl}_m = 1 m m−1∑ l=1 Z(l)ω^{pl}_m T_r(l) + α(2 sin(πl/m))^{2r} . Ňë áŋőćă ćőáŕőńìğőćăńĺáì äőàňãńőľ (2.7).

Ŕőďáâăćńïï ŕőńãçěŋŋëě ćëàăęěŋĺï ć (5.13), ŕàĺåőďĺň ł (5.12). Šěőàěňă ďőłăğăŋă.

Ğăňěçăŋĺě. Ěáńĺ ĺáåőďŋëě ďăŋŋëě { z(k) } ćěéěáâćěŋŋë, âő ćěéěáâćěŋŋëňĺ ąãďãâ ĺ łőíääĺæĺěŋâë { c_α(p) } áčńăęĺćăîéěčő áŕńăľŋă.

Ďěľáâćĺâěńìŋő, ć áńãçăě ćěéěáâćěŋŋëå { z(k) } łőňŕőŋěŋâă Z(0) ćěéěáâćěŋŋă ĺ Z(m − l) = Z^∗(l) ŕàĺ l = 1, . . . , m − 1. Şçĺâëćăï íâő ĺ (2.6), ŕőńãçăěň c^∗_α(p) = c_α(p), çâő čăàăŋâĺàãěâ ćěéěáâćěŋŋőáâì c_α(p).

Ććěďěň äãŋłæĺî φ(α) = G(S_α). Śőčńăáŋő (5.1), (5.6) ĺ àăćěŋáâćã

Ŕăàáěćăńï ĺňěěň

φ(α) = α^2 m−1∑ k=0 | |d(k) | |^2 = α^2 m m−1∑ l=0 | |D(l) | |^2 = α^2 m m−1∑ l=1 | |Z(l) | |^2 ( α + λ_r(l)

)_2 = = 1 m m−1∑ l=1 | |Z(l) | |^2 ( 1 + λ_r(l)/α )_2 .

Ŋăŕőňŋĺň, çâő z(k) ≢ const, ŕőíâőňã åőâï ąë őďŋă ĺğ łőňŕőŋěŋâ Z(1), . . . ,

Z(m − 1) őâńĺçŋă őâ ŋãńï.

Ťãŋłæĺï φ(α) ŋă ŕőńãőáĺ (0, +∞) áâàőčő ćőğàăáâăěâ, ŕàĺçěň

lim_{α→+0} φ(α) = 0 ĺ

lim_{α→+∞} φ(α) = 1 m m−1∑ l=1 | |Z(l) | |^2 = 1 m m−1∑ l=0 | |Z(l) | |^2 − 1 m | |Z(0) | |^2 =

= m−1∑ k=0 | |z(k) | |^2 − 1 m | | | | | m−1∑ k=0 z(k) | | | | | 2 = m−1∑ k=0 | |z(k) | |^2 − m|~c|^2 = ~ε.

Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő ãàăćŋěŋĺě φ(α) = ε ŕàĺ 0 < ε < ~ε ĺňěěâ

ěďĺŋáâćěŋŋőě ŕőńőęĺâěńìŋőě àěèěŋĺě α_∗.

Šěőàěňă 6. Ďĺáłàěâŋëľ ŕěàĺőďĺçěáłĺľ áŕńăľŋ S_{α�} ïćńïěâáï ěďĺŋ-

áâćěŋŋëň àěèěŋĺěň ğăďăçĺ (5.1).

Ďőłăğăâěńìáâćő. Ćőğìňěň ŕàőĺğćőńìŋëľ ŕńăŋ f ğăďăçĺ (5.1) ĺ ďőŕã-

áâĺň, çâő F (f) ≤ F (S_{α�}). Šőčďă

˘_{α�}(f) = α_∗F (f) + G(f) ≤ α_∗F (S_{α�}) + ε = α_∗F (S_{α�}) + φ(α_∗) =

= α_∗F (S_{α�}) + G(S_{α�}) = ˘_{α�}(S_{α�}).

Şçĺâëćăï, çâő S_{α�} | ěďĺŋáâćěŋŋăï âőçłă ňĺŋĺňãňă äãŋłæĺőŋăńă ˘_{α�} ŋă

C N, ğăłńîçăěň, çâő f(j) ≡ Sα_�(j). İâő ğŋăçĺâ, çâő ďńï ńîąőčő áĺčŋăńă

f ≢ S_{α�} ąãďěâ F (f) > F (S_{α�}). Šěőàěňă ďőłăğăŋă.

Ćěàŋěňáï ł ãàăćŋěŋĺî φ(α) = ε. Ććěďěň äãŋłæĺî ψ(β) = φ ( 1 β ) = 1 m m−1∑ l=1 | |Z(l) | |^2 ( 1 + λ_r(l)β

)_2 .

İâő áâàőčő ãąëćăîéăï ĺ áâàőčő ćëŕãłńăï ŋă (0, +∞) äãŋłæĺï, âăłăï, çâő lim_{β→+0} ψ(β) = ~ε, lim_{β→+∞} ψ(β) = 0. Ěáńĺ β_∗ | ŕőńőęĺâěńìŋëľ łőàěŋì

ãàăćŋěŋĺï ψ(β) = ε, âő α_∗ = 1/β_∗. Šăłĺň őąàăğőň, ćňěáâő ãàăćŋěŋĺï φ(α) = ε ňőęŋő àěèăâì ãàăćŋěŋĺě ψ(β) = ε.

Ć âěőàĺĺ áčńăęĺćăŋĺï [10] àěłőňěŋďãîâ àěèăâì íłćĺćăńěŋâŋőě ãàăćŋěŋĺě [ ψ(β) ]_{−1/2} = ε^{−1/2} ňěâőďőň Ŋìîâőŋă á ŋăçăńìŋëň ŕàĺąńĺęěŋĺěň β_0 = 0. Šăłőľ ňěâőď ŋăğëćăěâáï ňěâőďőň łăáăâěńìŋëå čĺŕěàąőń. Ěčő àăáçěâŋăï äőàňãńă ĺňěěâ ćĺď

β_{k+1} = β_k + 2 ψ(β_k) ψ^′(β_k) [ 1 − ( ψ(β_k) ε )_{1/2}] , k = 0, 1, . . .

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ 1. Behr M.G., Malozemov V.N., Pevnyi A.B. A discrete version of splineoperational calculus. In: International Conference on Optimization of Finite Element Approximations. Abstracts. St.-Petersburg. 1995. P. 35.

2. Ąěà Ň.Č. Ďĺáłàěâŋëě áŕńăľŋë ĺ ğăďăçă ćőááâăŋőćńěŋĺï ďĺáłàěâŋëå ďăŋŋëå. Ďĺá. . . . łăŋď. äĺğ.-ňăâěň. ŋăãł. Ń.: ŃČŞ, 1990.

3. Ŕěćŋëľ Ă.Ą. Ďĺáłàěâŋëě ŕěàĺőďĺçěáłĺě áŕńăľŋë ĺ àěèěŋĺě ğăďăçĺ ő ąěáłőŋěçŋőľ æĺńĺŋďàĺçěáłőľ őąőńőçłě. // Ćěáâŋ. Śëłâëćłăà. ãŋ-âă. Śěà. 1. Ćëŕ. 2. 1996. Ś. 187{200.

4. Ąěà Ň.Č., Ňăńőğěňőć Ć.Ŋ. Őą ĺŋâěàŕőńïæĺĺ ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ďăŋŋëå // Ŕàőąń. ŕěàěďăçĺ ĺŋäőàň. 1992. Š. 28. Ćëŕ. 4. Ś. 60{68.

5. Ąěà Ň.Č., Ňăńőğěňőć Ć.Ŋ. Ő ćőááâăŋőćńěŋĺĺ ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ďăŋŋëå // Ćěáâŋ. ŃČŞ. Śěà. 1. 1990. Ćëŕ. 3. Ś. 8{13.

6. Ęěńãďěć Ć.Ă. Ŕěàĺőďĺçěáłĺě áŕńăľŋë ĺ ąëáâàőě ŕàěőąàăğőćăŋĺě Ťãàìě // Ęãàŋ. ćëçĺáń. ňăâ. ĺ ňăâěň. äĺğ. 1992. Š. 32. ò2. Ś. 179{198.

7. Ąńěľåãâ Ř. Ąëáâàëě ăńčőàĺâňë æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć. Ň.:

Ňĺà, 1989.

8. Ąěà Ň.Č., Ňăńőğěňőć Ć.Ŋ. Ŋăĺńãçèĺě äőàňãńë ďńï ŕàĺąńĺęěŋŋőčő ćëçĺáńěŋĺï ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě // Ęãàŋ. ćëçĺáń. ňăâ. ĺ ňăâěň. äĺğ. 1992. Š. 32. ò11. Ś. 1709{1719.

9. Ćőěćőďĺŋ Ć.Ć., Šëàâëèŋĺłőć Ě.Ě. Ćëçĺáńĺâěńìŋëě ŕàőæěááë á âěŕńĺæěćëňĺ ňăâàĺæăňĺ. Ň.: Ŋăãłă, 1987.

10. Ňőàőğőć Ć.Ă. Řěčãńïàŋëě ňěâőďë àěèěŋĺï ŋěłőààěłâŋő ŕőáâăćńěŋŋëå ğăďăç. Ň.: Ŋăãłă, 1987.

V. N. Malozemov, A. B. Pevnyi. Discrete periodic splines and
their numerical applications.
----------------------------------------------------------------