ŞĎŁ 519.677 Ć. Ŋ. Ňăńőğěňőć, Ă. Ą. Ŕěćŋëľ ĎĹŚŁŘĚŠŊŻĚ ŔĚŘĹŐĎĹŮĚŚŁĹĚ B-ŚŔŃĂĽŊŻ^1 1^∘. Ŕãáâì m, n, r | ŋăâãàăńìŋëě çĺáńă ĺ N = mn. Ďĺáłàěâŋëľ N-ŕěàĺőďĺçěáłĺľ Ć-áŕńăľŋ Q_r(j) ŕőàïďłă r ąëń ććěďěŋ ć [1] äőàňăńìŋő:

Q_r (j) = 1 N N−1∑ k=0 u^r(k)ω^{jk}_N , j ∈ Z, (1) čďě ω_N = exp(2πi/N) ĺ u(k) = { n^2 ŕàĺ k = 0, ( sin(πk/m) / sin(πk/N) )_2

ŕàĺ k ∈ 1 : N − 1.

Ğďěáì ňë ďăďĺň ŋěäőàňăńìŋëľ ăŋăńĺğ íâőčő őŕàěďěńěŋĺï.

2^∘. Ŕàĺ m = 1 ĺňěěň Qr(j) ≡ N^{2r−1}. Ŕàĺ m = N ąãďěâ u(k) ≡ 1, ŕőíâőňã Q_r (j) = δ_N (j), čďě δ_N (j) | ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá. Ć ďăńìŋěľèěň áçĺâăěň, çâő m ∈ 2 : N − 1. Ńěňňă 1. Ŕàĺ r = 1 áŕàăćěďńĺćă äőàňãńă

Q_1(j) = n − j, 0, j − (N − n), j ∈ 0 : n − 1, j ∈ n : N − n, j ∈ N − n + 1 : N − 1. (2) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋăľďěň ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ťãàìě (ĎŔŤ) őâ ŕàăćőľ çăáâĺ äőàňãńë (2). Ĺňěěň

q_1(k) := n−1∑ j=0 (n − j)ω^{−kj}_N + N−1∑ j=N−n+1 (j − N + n)ω^{−kj}_N =

= n + n−1∑ j=1 (n − j)ω^{−kj}_N + n−1∑ l=1 (n − l)ω^{kl}_N =

= n + 2 n−1∑ j=1 (n − j) cos ( 2π N kj ) . 1Řăąőâă ćëŕőńŋěŋă ŕàĺ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŕàőěłâ 96{01{00269).

Typeset by AMS-TEX 1

Ć çăáâŋőáâĺ, q_1(0) = n^2. Ćőáŕőńìğãěňáï âőęďěáâćőň

n + 2 n−1∑ j=1 (n − j) cos jx = ( sin(nx/2) sin(x/2)

)_2 . Ŕàĺ k ∈ 1 : N − 1 ŕőńãçĺň

q_1(k) = ( sin(πk/m)/ sin(πk/N) )_2 . Šăłĺň őąàăğőň, q_1(k) = u(k) ŕàĺ k ∈ 0 : N −1. Šěŕěàì (2) áńěďãěâ ĺğ äőàňãńë őąàăéěŋĺï ďńï ĎŔŤ ĺ (1). �

Śőčńăáŋő âěőàěňě ő æĺłńĺçěáłőľ áćěàâłě [2],

Q_l(j) = N−1∑ k=0 Q_1(k)Q_{l−1}(j − k), l = 2, . . . , r. (3) C ãçěâőň ńěňňë 1 ğăłńîçăěň, çâő Ć-áŕńăľŋ Q_r (j) ŕàĺŋĺňăěâ æěńëě ŋěőâàĺæăâěńìŋëě ğŋăçěŋĺï.

Ŕěàěŕĺèěň äőàňãńã (1) ć ćĺďě

Q_r(j) = 1 N N−1∑ k=0 u^r(k) cos ( 2π N jk ) , j ∈ Z. Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő Q_r (−j) = Q_r (j).

3^∘. Ććěďěň ďőŕőńŋĺâěńìŋőě ãáńőćĺě 2r(n − 1) < N − 1. (4)

Őŋő čăàăŋâĺàãěâ, çâő ňŋőęěáâćő J_r ĺŋďěłáőć j, ãďőćńěâćőàïîéĺå ŋěàăćěŋáâćăň r(n − 1) < j < N − r(n − 1), ŋěŕãáâő. Őâňěâĺň, çâő ãáńőćĺě (4) ćëŕőńŋïěâáï ŕàĺ 2r ≤ m.

Šěőàěňă 1. Ŕàĺ ćëŕőńŋěŋĺĺ ãáńőćĺï (4) Ć-áŕńăľŋ Qr(j) őąńăďăěâ áńěďãîéĺňĺ áćőľáâćăňĺ:

1) Q_r (j) > 0 ŕàĺ j ∈ 0 : r(n − 1) ĺ j ∈ N − r(n − 1) : N − 1, Q_r (j) = 0 ŕàĺ j ∈ J_r;

2) Q_r ( r(n − 1) ) = 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ r = 1 ãâćěàęďěŋĺě őçěćĺďŋő. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ r − 1 ł r. Śőčńăáŋő (3)

Q_r(j) = (_{n−1} ∑ k=0 + N−1∑ k=N−n+1 ) Q_1(k)Q_{r−1}(j − k) = = n−1∑ k=−n+1 Q_1(k)Q_{r−1}(j − k). Ŕàĺ ĺğňěŋěŋĺĺ j őâ −r(n − 1) ďő r(n − 1) àăğŋőáâì j − k, k ∈ −n + 1 : n − 1, ŕőáńěďőćăâěńìŋő ŕàőąěčăěâ ňŋőęěáâćă

−(r + 1)(n − 1) : −(r − 1)(n − 1), . . . , (r − 1)(n − 1) : (r + 1)(n − 1).

Ćáě íâĺ ňŋőęěáâćă ĺňěîâ őąéĺě âőçłĺ á ňŋőęěáâćőň −(r − 1)(n − 1) : (r − 1)(n − 1), ŋă łőâőàőň, ć áĺńã ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ĺ ŕěàĺőďĺçŋőáâĺ, Ć-áŕńăľŋ Q_{r−1}(j) ŕőńőęĺâěńěŋ. Şçĺâëćăï, çâő Q_1(k) > 0 ŕàĺ ćáěå k ∈ −n + 1 : n − 1, ğăłńîçăěň, çâő Q_r(j) > 0 ŕàĺ j ∈ −r(n − 1) : r(n − 1) ĺńĺ, ć áĺńã ŕěàĺőďĺçŋőáâĺ,

Q_r (j) > 0 ŕàĺ j ∈ 0 : r(n − 1) ĺ j ∈ N − r(n − 1) : N − 1.

Ŕàĺ íâőň Q_r ( r(n − 1) ) = Q_1(n − 1)Q_{r−1} ( (r − 1)(n − 1) ) = 1.

Ğďěáì ňë ćőáŕőńìğőćăńĺáì âěň, çâő (r+1)(n−1) < N −(r−1)(n−1).

Őáâăěâáï ŕàőćěàĺâì, çâő Q_r (j) = 0 ŕàĺ j ∈ J_r. Ŋő ŕàĺ ãłăğăŋŋëå j àăğŋőáâì j − k, k ∈ −n + 1 : n − 1, ŕőáńěďőćăâěńìŋő ŕàőąěčăěâ ňŋőęěáâćă (r − 1)(n − 1) + 1 : (r + 1)(n − 1) + 1, . . . , N − (r + 1)(n − 1) − 1 : N − (r − 1)(n − 1) − 1. Ŕő ĺŋďãłæĺőŋŋőňã ŕàěďŕőńőęěŋĺî ŋă ćáěå íâĺå ňŋőęěáâćăå Ć-áŕńăľŋ Q_{r−1} àăćěŋ ŋãńî. Ğŋăçĺâ, ĺ Q_r(j) = 0 ŕàĺ j ∈ J_r. �

4^∘. Ć [3] ąëńĺ ććěďěŋë ďĺáłàěâŋëě ŕěàĺőďĺçěáłĺě äãŋłæĺĺ Ąěàŋãńńĺ b_r(j),

b_r(j) = 1 N N−1∑ k=1 (ω^k_N − 1)^{−r}ω^{jk}_N , j ∈ Z.

Šěőàěňă 2. Śŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

Q_r (j) = 1 N n^{2r} + r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} b_{2r}(j + r − ln). (5) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőáłőńìłã ŕàĺ k ∈ 1 : N − 1 u(k) = ( ω^{k/2}_m − ω^{−k/2}_m ω^{k/2}_N − ω^{−k/2}_N )_2 = ω^{−k}_m (ω^k_m − 1)^2 ω^{−k}_N (ω^k_N − 1)^2 , âő 1 N N−1∑ k=1 u^r(k)ω^{jk}_N = 1 N N−1∑ k=1 (ω^k_m − 1)^{2r}(ω^k_N − 1)^{−2r}ω^{k(j+r−rn)}_N = = 1 N N−1∑ k=1 (ω^k_N − 1)^{−2r} 2r∑ p=0 (−1)^{2r−p}C^p_{2r}ω^k (_{j+r−(r−p)n}) N =

= 1 N N−1∑ k=1 (ω^k_N − 1)^{−2r} r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} ω^{k(j+r−ln)} N =

= r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} { 1 N N−1∑ k=1 (ω^k_N − 1)^{−2r} ω^{k(j+r−ln)} N } = = r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} b_{2r} (j + r − ln). Šěŕěàì ğăłńîçěŋĺě âěőàěňë áńěďãěâ ĺğ äőàňãńë (1). � 5^∘. Ńěňňă 1 ďőŕãáłăěâ őąőąéěŋĺě ŋă áńãçăľ ŕàőĺğćőńìŋőčő r.

Ůâőąë ŕőńãçĺâì ěčő, ŕőâàěąãěâáï ŋěłőâőàăï ŕőďčőâőćłă. Ŕőńő- ęĺň φ(j) = j r−1∏ k=1 (j^2 − k^2), ψ(j) = (j)_+ r−1∏ k=1 (j^2 − k^2),

čďě (j)_+ = max{0, j}. Őçěćĺďŋő, çâő

ψ(j) = 0 ŕàĺ j ≤ r − 1, ψ(j) = φ(j) ŕàĺ j ≥ −r + 1. (6)

Ńěňňă 2. Śŕàăćěďńĺćő àăćěŋáâćő

´^{2r}ψ(j) := 2r∑ p=0 (−1)^{2r−p}C^p_{2r}ψ(j + p) = { (2r − 1)! ŕàĺ j = −r, 0 ŕàĺ őáâăńìŋëå j ∈ Z.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ńěňňă ćěàŋă ŕàĺ j ≥ −r+1, ŕőáłőńìłã ć íâőň áńãçăě, áőčńăáŋő (6), ψ(j) = φ(j), ă φ | ăńčěąàăĺçěáłĺľ ŕőńĺŋőň áâěŕěŋĺ 2r − 1. Ńěňňă ćěàŋă ĺ ŕàĺ j ≤ r − 1, ĺąő âőčďă j + 2r ≤ r − 1, ă ψ(j) = 0 ŕàĺ j ≤ r − 1. Őáâăěâáï ćëçĺáńĺâì ´^{2r}ψ(−r). Śőčńăáŋő (6) ĺňěěň

´^{2r}ψ(−r) = 2r∑ p=0 (−1)^{2r−p}C^p_{2r}ψ(−r + p) = ψ(r) =

= φ(r) = r(r − 1)(r + 1) · · · 1 · (2r − 1) = (2r − 1)!

Ńěňňă ďőłăğăŋă. � Ććěďěň äãŋłæĺî

g_r(j) = 1 (2r − 1)! r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} ψ(j − ln). Ńěňňă 3. Śŕàăćěďńĺćë àăćěŋáâćă

g_r(j) = 0 ŕàĺ j < −r(n − 1), (7) g_r(j) = 0 ŕàĺ j > r(n − 1), (8) ∑ j∈Z g_r(j) = n^{2r}. (9)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Řăćěŋáâćő (7) áńěďãěâ ĺğ âőčő, çâő ŕàĺ j < −r(n − 1) ąãďěâ j + rn ≤ r − 1.

Ŕàĺ j > r(n − 1) ąãďěâ j − rn ≥ −r + 1, ŕőíâőňã ψ(j − ln) = φ(j − ln) ŕàĺ l ∈ −r : r. Řăćěŋáâćő (8) áŕàăćěďńĺćő, ŕőáłőńìłã łőŋěçŋăï àăğŋőáâì (2r)-čő ŕőàïďłă ŕő ãğńăň j − rn, j − (r − 1)n, . . . , j + rn őâ ŕőńĺŋőňă φ áâěŕěŋĺ 2r − 1 àăćŋă ŋãńî.

Ďńï ŕàőćěàłĺ àăćěŋáâćă (9) ććěďěň äãŋłæĺî

˘(j) = (j − r)φ(j) = (j − r)(j − r + 1) · · · (j + r − 1).

Ďńï ŋěě ´˘(j) := ˘(j + 1) − ˘(j) = 2rφ(j).

Ŕãáâì ¯(j) = (j − r)ψ(j). Ŋěâàãďŋő ŕőłăğăâì, çâő

´¯(j) = 2rψ(j), j ∈ Z. (10)

Ďěľáâćĺâěńìŋő, ŕàĺ j ≥ 0 ĺňěěň

¯(j + 1) − ¯(j) = ˘(j + 1) − ˘(j) = 2rφ(j) = 2rψ(j).

Ŕàĺ j ≤ −1 őąě çăáâĺ ć (10) àăćŋë ŋãńî.

Śőčńăáŋő (10) ∑ |j|≤r(n−1) ψ(j − ln) = 1 2r r(n−1) ∑ j=−r(n−1) ´¯(j − ln) = = 1 2r { ¯ ( (r − l)n − r + 1 ) −¯ ( −(r + l)n + r )} . (11)

Ŕàĺ l ∈ −r : r ąãďěâ (r − l)n − r + 1 ≥ −r + 1, −(r + l)n + r ≤ r, ŕőíâőňã ćëàăęěŋĺě, áâőïéěě ć ŕàăćőľ çăáâĺ (11) ć äĺčãàŋëå áłőąłăå, àăćŋő˘ ( (r − l)n − r + 1 ) . Ŕőńãçăěň ∑ j∈Z g_r(j) = ∑ |j|≤r(n−1) g_r(j) = = 1 (2r)! r∑ l=−r (−1)^{r−l}C^{r−l}_{2r}˘ ( r(n − 1) + 1 − ln ) . (12)

Śãňňă ć ŕàăćőľ çăáâĺ (12) ěáâì łőŋěçŋăï àăğŋőáâì ŕőàïďłă 2r á èăčőň n őâ ŕőńĺŋőňă ˘ áâěŕěŋĺ 2r áő áâăàèĺň łőíääĺæĺěŋâőň, àăćŋëň 1. Őŋă àăćŋă (2r)!n^{2r} . Şçĺâëćăï íâő, ŕàĺåőďĺň ł (9). � 6^∘. Šěőàěňă 3. Ŕãáâì m > 2r. Šőčďă

Q_r (j) = g_r(j) ŕàĺ |j| ≤ r(n − 1). (13)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőńőęĺň

~g_r(j) = g_r(j), 0, g_r(j − N), j ∈ 0 : r(n − 1), j ∈ J_r, j ∈ N − r(n − 1) : N − 1, ĺ àăáŕàőáâàăŋĺň ~g_r ŕěàĺőďĺçěáłĺ á ŕěàĺőďőň N ŋă ćáě ňŋőęěáâćő Z. Őâňěâĺň, çâő ~g_r(j) = g_r(j) ŕàĺ |j| ≤ N − r(n − 1) − 1. (14) Řăğńőęĺň ~g_r ŕő ďĺáłàěâŋëň äãŋłæĺïň Ąěàŋãńńĺ [3]:

~g_r(j) = 1 N r(n−1) ∑ k=−r(n−1) ~g_r(k) + r(n−1) ∑ k=−N+r(n−1)+1 ´^{2r} ~g_r(k)b_{2r}(j − k). (15)

Ŕěàćăï áãňňă ć ŕàăćőľ çăáâĺ (15) áőčńăáŋő (14) ĺ ńěňňě 3 àăćŋă n^{2r}. Ćő ćâőàőľ áãňňě ´^{2r} ~g_r(k) = ´^{2r}g_r(k) ŕàĺ k ∈ −N + r(n − 1) + 1 : r(n−1). İâő áńěďãěâ ĺğ (14) ĺ âőčő, çâő r(n−1)+2r < N −r(n−1) ŕàĺ m > 2r. Ŕőńãçăěň

´^{2r} ~g_r(k) = 1 (2r − 1)! r∑ p=−r (−1)^{r−p}C^{r−p}_{2r} ´^{2r}ψ(k − pn). Ć áĺńã ńěňňë 2

´^{2r} ~g_r(k) = { (−1)^{r−l}C^{r−l}_{2r} ŕàĺ k = ln − r, l ∈ −r : r, 0 ŕàĺ őáâăńìŋëå k ∈ −N + r(n − 1) + 1 : r(n − 1).

Šěŕěàì äőàňãńă (15) ŕàĺŋĺňăěâ ćĺď

~g_r(j) = 1 N n^{2r} + r∑ l=−r (−1)^{r−l}C^{r−l}_{2r} b_{2r}(j + r − ln). (16) Śàăćŋĺćăï (5) ĺ (16) ĺ ãçĺâëćăï (14), ŕàĺåőďĺň ł (13). � 7^∘. Ďĺáłàěâŋëľ ŕěàĺőďĺçěáłĺľ áŕńăľŋ S(j) ŕőàïďłă r őŕàěďěńĺň łăł ńĺŋěľŋãî łőňąĺŋăæĺî á łőňŕńěłáŋëňĺ łőíääĺæĺěŋâăňĺ áďćĺčőć Ć-áŕńăľŋă Q_r(j): S(j) = m−1∑ p=0 c(p)Q_r (j − pn). Śćőľáâćăň ĺ ŕàĺňěŋěŋĺî ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áŕńăľŋőć ł æĺäàőćőľ őąàăąőâłě áĺčŋăńőć ąãďěâ ŕőáćïéěŋă őâďěńìŋăï áâăâìï.

ŃĹŠĚŘĂŠŞŘĂ

1. Behr M. G., Malozemov V. N., Pevnyi A. B. A discrete version of spline-operational calculus // International Conference on Optimization of Finite Element Approximations. Abstracts. St.- Petersburg. 1995. P. 35.

2. Ňăłłńěńńăŋ Ďę. Ţ., Řěľďěà Ů. Ň. Ŕàĺňěŋěŋĺě âěőàĺĺ çĺáěń ć æĺäàőćőľ őąàăąőâłě áĺčŋăńőć. Ň., 1983. 264 á.

3. Ąěà Ň. Č., Ňăńőğěňőć Ć. Ŋ. Ŋăĺńãçèĺě äőàňãńë ďńï ŕàĺąńĺęěŋŋőčő ćëçĺáńěŋĺï ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě // Ęãàŋ. ćëçĺáń. ňăâ. ĺ ňăâěň. äĺğ. 1992. Š. 32. N 11. C. 1709{1719.

ŘĚŤĚŘĂŠ

ŞĎŁ 519.677

Ň ă ń ő ğ ě ň ő ć Ć. Ŋ., Ŕ ě ć ŋ ë ľ Ă. Ą. Ďĺáłàěâŋëě ŕěàĺőďĺçěáłĺě B-áŕńăľŋë // Ćěáâŋ. Ś.-Ŕěâěàąãàč. ãŋ-âă. Śěà. 1. 199 . Ćëŕ. (N ). Ś. 00{00.

Ďăěâáï őŕàěďěńěŋĺě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå Ć-áŕńăľŋőć ĺ ãáâăŋăćńĺćăîâáï ĺå äãŋďăňěŋâăńìŋëě áćőľáâćă.

Ąĺąńĺőčà. 3 ŋăğć.

SUMMARY

Ć. Ŋ. Ňăńőğěňőć, Ă. Ą. Ŕěćŋëľ. Ďĺáłàěâŋëě ŕěàĺőďĺçěáłĺě B-áŕńăľŋë.

Şáâăŋăćńĺćăîâáï ŋěłőâőàëě äãŋďăňěŋâăńìŋëě áćőľáâćă ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå Ć-áŕńăľŋőć.

V. N. Malozemov, A. B. Pevnyi. Discrete periodic B-splines. Some fundamental properties of discrete periodic B-splines are determined.