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1. I N TR O DU C T I O N

The results obtained in [1] regarding the upper bounds for the Hausdorff dimension of attractos have stim-
ulated the introduction of a new dimensional characteristic of invariant sets of dynamical systems — the
Lyapunov dimension (LD) [2-7]. In the numerical analysis of many specific dynamical systems with chaotic
behavior, the LD, being an upper bound for the Hausdorff dimension, frequently turns out to be close to
the Hausdorff dimension [2]. It has recently been ascertained that the fractal dimension also has an upper
bound defined by th LD [8, 9]. Thus, having been defined in terms of the Lyapunov exponents, the concept
of the LD is a connecting link between the classical theory of the stability of motion and the modern theory
of dimensions for the attractors of dynamcal systems.

In this paper frequency methods of analysing non- linear systems, developed primarily in the context
of control theory [10-12], are used to find bounds for the LD of attractors. These bounds are used most
effectively in combination with theorems stating that attractors are localized in a certain part of phase
space. This approach is demonstrated here for the well-known Lorenz system, which is a three-mode model
of two-dimensional convection [2, 13]. The localization bounds derived here for the global attractors of the
Lorenz system are in many cases the asymptotically best possible. The dimension of these bounds with
respect to the parameters has enabled asymptotic integration formulae to be used to prove the existence of
homoclinic orbits.

We recall here a few definitions for the system

dx/dt = f(x), x ∈ Rn (1.1)

where f(x) is a smooth vector function and Rn is Euclidean n-space.

Definition 1. We shall say that a set K ⊂ Rn is invariant if, for any point x0 ∈ K, it is true that
x(t, x0) ∈ K, ∀ t ∈ (−∞,+∞).

Definition 2. We shall say that a set K ⊂ Rn is globally attracting if, for any solution x(t, x0) of system
(1.1)

lim
t→+∞

inf
u∈K

|x(t, x0)− u| = 0

where | · | is the Euclidean norm in Rn.

Definition 3. We shall say that the set K is uniformly globally attracting if, for any sphere B ⊂ Rn and
any number ε > 0, a number τ(B, ε) > 0 exists such that x(t, x0) ∈ Kε ∀ t ≥ τ(B, ε), ∀x0 ∈ B, where Kε is
the ε-neighbourhood of the set K.
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Definition 4. A globally attracting bounded invariant set K is said to be a global attractor of system
(1.1).

Definition 5. A uniformly globally attracting bounded invariant set K is said to be a global B-attractor
of system (1.1).

Let Ftz denote the operator of displacement along trajectories of system (1.1)

Ftz = x(t, z), x(0, z) = z

It is well known that the matrix

X(t, z) = ∂Ft/∂z, x(0, z) = I

is a fundamental matrix of the linear system

dy/dt = ∂f/∂x
∣∣
x=x(t,z)

y (1.2)

where ∂f/∂x is the Jacobian of the vector function f(x) at the point x.
Let α1(t, z) ≥ . . . ≥ αn(t, z) denote the singular numbers of the matrix X(t, z). We recall that a singular

number αj(t, z) of the matrix X(t, z) is defined as the square root of the corresponding eigenvalue ρj(t, z) of
the matrix Z(t, z)∗X(t, z), where ρ1(t, z) ≥ . . . ≥ ρn(t, z) and the asterisk denotes transposition in the real
case and Hermitian conjugation in the complex case.

Let ωj(t, z) denote the product of the singular numbers

ωj(t, z) = α1(t, z) . . . αj(t, z)

We successively introduce the following notation

µ1(z) = lim
t→+∞

1
t

ln ω1(t, z), µj(z) = lim
t→+∞

1
t

ln ωj(t, z)−Mj−1(z)

Mj(z) = µ1(z) + . . . + µj(z)

is is obvious that

µj(z) ≤ lim
t→+∞

1
t

ln αj(t, z) ≤ lim
t→+∞

1
t

ln ωj(t, z)1/j ≤ 1
j

Mj(z)eqno(1.3)

Let sup
z∈K

µ1(z) ≥ 0 and let d ∈ [1, n− 1] be the least integer such that

Md+1(z) < 0, ∀ z ∈ K (1.4.)

Henceforth, we will consider sets K such that inequality (1.4) holds for some d ∈ [1, n − 1]. In that case it
follows from inequalities (1.3) that the following definition is correct.

Definition 6. The number
dimL K = d + sup

z∈K

(
Md(z)/|µd+1(z)|)

is known as the Lyapunov dimension dimL K of the set K.

2. FR E QU E NC Y E ST I M AT E S OF T H E LY A PU N OV D I ME N S I O N
OF I NV A R I A NT S E TS

To estimate dimL K for invariant sets of non-linear systems (1.1), we need estimates of the singular numbers
α1(t) ≥ . . . ≥ αn(t) of the fundamental matrix Y (t) (Y (0) = I) of the linear system

dy/dt = A(t)y, y ∈ Rn (2.1)
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where A(t) is a continuous n× n matrix.
Let u1(t), . . . , un(t) be an otrhonormal system of eigenvectors of the matrix Y (t)∗Y (t) such that

Y (t)∗Y (t)uj(t) = αj(t)2uj(t)

We recall that the linear operator Y (t) maps the orthonormal system u1(t), . . . , un(t) into an orthogonal
system and |Y (t)u(t)| = αj(t).

Let us consider some linear k-dimensional subspace Lk ⊂ Rn and a non-negative function ϕ(t).

Lemma 1. Suppose, for some vector v ∈ Lk, we have an estimate

|Y (t)v| ≥)|v|
Then αk(t) ≥ ϕ(t).

Proof. Fix the parameter t and choose a non-zero vector v ∈ Lk such that v∗uj(t) = 0 ∀ j = 1, . . . , k − 1. It
follows that v admits of the following expansion in terms of the basis u1(t), . . . , un(t)

v =

n∑
j=k

βjuj(t), βj ∈ R1

Using this equality, the orthonormality of uj(t) and the assumption of the lemma, we obtain

ϕ(t)2|v|2 ≤ |Y (t)v|2 =

n∑
j=k

β2
j αj(t)

2 ≤ αk(t)2|v|2

Let H be a symmetric matrix which has at least k negative eigenvalues; consider the quadratic form
V (x) = x∗HX and the set Ω = {x| x∗Hx < 0}.

Lemma 2. Let us assume that for some function λ(t) and any vector z ∈ Ω

z∗HA(t)z + λ(t)z∗Hz ≤ 0, ∀ t ≥ 0 (2.2)

Then a positive number β exists such that

αk(t) ≥ βE(t), ∀ t ≥ 0, E(t) = exp
(
−

1∫

0

λ(τ) dτ

)
(2.3)

Proof. We write inequality (2.2) in the form
(
V (y(t))E−2(t)

)• ≤ 0

Hence it follows that
V (y(t)) ≤ V (y(0)E2(t)

From this inequality and the bounds on the spectrum of the matrix H we deduce the existence of a k-dimensional
linear subspace Lk and a number β such that

|y(t)| ≥ β|y(0)|E(t), ∀ y(0) ∈ Lk

By Lemma 1, this estimate implies inequality (2.3).

Now let M be a symmetric matrix which has at least κ positive eigenvalues; consider the quadratic form
W (x) = x∗Mx and the set Φ = {x| x∗MX > 0}.

Lemma 3. Let us assume that for some function ψ(t) and any vector z ∈ Φ,

z∗A(t)z + ψ(t)z∗Mz ≤ 0, ∀ t ≥ 0 (2.4)

Then a positive number C exists such that

αn−k+1(t) ≤ C exp
(
−

1∫

0

ψ(τ) dτ

)
, ∀ t ≥ 0 (2.5)
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Proof. Consider the system
z = −A(t)∗z

and the fundamental matrix Z(t) of the system satisfying the initial condition Z(0) = I. It is well known that [14]

Z(t)∗Z(t) = (Y (t)∗Y (t))−1

Consequently, γj(t) = αn−j+1(t)
−1, where γj(t) are the singular numbers of the matrix Z(t), so that γ1(t) ≥ . . . ≥

γn(t).
We introduce the notation

H = −M, λ(t) = −ψ(t), A0(t) = −A(t)∗, C + β−1

Then condition (2.4) takes the form (2.2) with the matrix A(0) = A0(t).

Using Lemma 2, we obtain inequality (2.5).

Let us consider system (2.1) with a matrix A(t) = A + BU(t), where A is a constant n× n matrix, B is
a constant n×m matrix and U(t) is a continuous m× n matrix.

Now consider a Hermitian form Fk(z, ξ) of complex vector variables z ∈ Cn, ξ ∈ Cm (k = 1, . . . , n).
Let us assume that an n×m matrix Qk and a positive number ε exist such that

Fk(X, Q∗
kx) ≥ ε|Q∗

kx|2, ∀x ∈ Rn (2.6)

We also assume that
Fk(x,U(t)x) ≥ 0, ∀x ∈ Rn, ∀ t ≥ 0 (2.7)

Lemma 4. Suppose the pair (A,B) is completely controllable, the pairs (A,Qk) are completely observable
and, for some sequence of numbers λ1 ≤ . . . ≤ λn the following conditions are satisfied:

1) The matrices A + BQ∗
k + λkI have at least k eigenvalues with positive real parts.

2) For all k = 1, . . . , n and all ω ∈ R1

Fk

(
[(iω − λk)I −A]−1Bξ, ξ

) ≤ 0, ∀ ξ ∈ Cm (2.8)

Then if αk(t) are the singular numbers of the fundamental matrix of system (2.1), numbers βk > 0 exist
such that

αk(t) ≥ βk exp(−λkt), ∀ t ≥ 0, k = 1 . . . , n (2.9)

We recall that a pair (A,B) is said to be completely controllable if the rank of the matrix (B, AB, . . . , An−1B)
is n. A pair (A,Q) is said to be completely observable if the pair (A∗, Q) is completely controllable.

Proof. It follows form Condition 2 of the lemma that, by the Yakibovich-Kalman Lemma, a symmetric matrix
Hk exists for which the following inequality holds

2z∗Hk

[
(A + λkI)z + Bξ

]
+ Fk(z, ξ) ≤ 0, ∀ ξ ∈ Rm (2.10)

Putting ξ = Q∗kz in this inequality and using inequality (2.6), we obtain

2z∗Hk(A + λkI + BQ∗k)z ≤ ε− ε|Q∗kz|2, ∀ z ∈ Rn

This inequality and Condition 1 of the lemma imply that the matrix Hk has at least k negative eigenvalues [11, 12].
It follows from condition (2.7) and inequality (2.10) that the function Vk(y) = y∗Hky and any solution y(t) of

system (1.2) will satisfy the relations

V̇ (y(t)) + 2λkVk(y(t)) = 2y(t)∗Hk[(A + λkI)y(t) + BU(t)y(t)]+
+Fk(y(t), U(t)y(t))− Fk(y(t), U(t)y(t)) ≤ 0, ∀ t ≥ 0

(2.11)

By Lemma 2, this implies the estimate (2.9).

Lemma 5. Let Condition 1 in the statement of Lemma 4 replaced by the following: the matrices A +
BQk + λkI have k or more eigenvalues with negative real parts.

Then, if αk(t) are the singular numbers of the fundamental matrix of system (2.1), numbers βk ≥ 0 exist
such that

αn−k+1(t) ≤ βk exp(−λkt), ∀ t ≥ 0, k = 1, . . . , n (2.12)
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The proof is analogous to that of Lemma 4, except that Lemma 3 is used instead of Lemma 2.
Now consider the system

dx/dt = Ax + Bg(x), x ∈ Rn (2.13)

where A and B are constant n × n and n × m matrices, and g(x) is a continuously differentiable vector
function.

Let K be a bounded set, invariant with respect to system (2.13), whose elements satisfy the estimate:

γ(x) + v̇(x) ≤ −γ0, ∀x ∈ K; γ(x) = tr (A + B)∂g/prx) (2.14)

where ∂g/∂x is the Jacobian of the vector function g(x) at the point x, γ0 is a certain positive number and
v(x) is some function, continuously differentiable in Rn, such that

v̇(x) = (Ax + Bg(x))∗ grad v(x)

We will also assume here that inequalities (2.6) hold for certain Hermitian forms Fk(z, ξ) and matrices Qk.
Instead of inequalities (2.7), we will assume here that

Fk

(
y, (∂g/∂x)y

) ≥ 0, ∀ y ∈ Rn, ∀x ∈ K (2.15)

Theorem 1. Let the pair (A,B) be completely controllable and the pairs (A,Qk) completely observable
and suppose Conditions 1 and 2 of Lemma 4 hold for some sequence of positive numbers λ1 ≤ . . . ≤ λn.

Suppose for some natural number m and number s ∈ [0, 1]

−γ0 + (1− s)λm+1 + Λn
m+1 < 0 for m < n− 1; λn

m =
n∑

j=m

λj

−γ0 + (1− s)λm+1 < 0 for m = n− 1

(2.16)

Then
dimL K ≤ m + s (2.17)

Proof. Consider the case m < n− 1. We will first show that

Mm+1(z) < 0, ∀ z ∈ K (2.18)

To do this, we use the relations

ωn(t, z) = exp

1∫

0

γ(x(τ, z)) dτ =
[

exp

1∫

0

(
γ(x(τ, z)) + v̇(x(τ, z))

)
dτ

]
exp v(z)

exp v((x(t, z))
≤

≤ C exp(−γ0t), C = sup
x∈K

exp v(x)/ inf
z∈K

exp v(z)

ωm+1(t, z) = ωn(t, z)αm+2(t, z)−1 . . . αn(t, z)−1

Hence it follows, by Lemma 4, that

ωm+1(t, z) ≤ C

n∏

j=m+1

β−1
j exp[(−γ0 + Λn

m+2)t], ∀ t ≥ 0 (2.19)

Taking into account that the numbers λj are positive, we deduce from this inequality and from condition
(2.16) that a positive number ε exists for which

ωm+1(t, z) ≤ C

n∏

j=m+2

β−1
j exp(−εt) (2.20)
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Since
Mm+1(z) = lim

t→+∞
1
t

ln ωm+1(t, z)

estimate (2.18) follows from inequality (2.20).
As remarked earlier, inequality (2.18) also implies the estimate

µm+1(z) < 0, ∀ z ∈ K

Consider the identity

µm+1(z)
(

s− Mm(z)
−µm+1(z)

)
= s lim

t→+∞
1
t

ln ωm+1(t, z) + (1− s) lim
t→+∞

1
t

ln ωm(t, z) (2.21)

We write estimate (2.19) with the substitution m → m− 1:

ωm(t, z) ≤ C

n∏
t→+∞

β−1
j exp[(−γ0 + Λn

m+1)t], ∀ t ≥ 0 (2.22)

We deduce from identity (2.21) and from estimates (2.19) and (2.22) that

µm+1(z)
(

s− Mm(z)
−µm+1(z)

)
≤ s(−γ0 + Λn

m+2) + (1− s)(−γ0 + Λn
m+1)

Hence, from inequality (2.16)and the fact that µm+1(z) is negative, we obtain the estimate

s ≥ Mm(z)
|µm+1(z)| , ∀ z ∈ K (2.23)

In the case sup
K

Mm(z) < 0, it follows directly from the definition of Lyapunov dimension that dimL(K) ≤
m, which proves the theorem. In the case supK Mm(z) ≥ 0, estimate (2.17) follows from inequality (2.23).

The treatment of the case m = n − 1 is similar, except that instead of inequality (2.19) we need only
write the estimate

ωm+1(t, z) ≤ C exp(−γ0t)

Theorem 2. Let the pair (A,B) be completely controllable and the pairs (A,k ) completely observable.
Suppose Conditions 1 and 2 of Lemma 5 hold for some sequence of numbers λ1 ≥ . . . ,≥ λn.

Let us assume that the following inequalities hold for some natural number m ∈ [1, n − 1] and some
s ∈ [0, 1]

λn−m > 0, Λn
n−m+1 + sλn−m > 0 (2.24)

Then estimate (2.17) holds.

Proof. We will first show that inequality (2.18) holds. To do this we note that the fact that λn−m is
positive and the truth of inequality (2.24) imply the estimate Λn

n−m > 0. It follows from estimate (2.12)
that

ωm+1(t, z) ≤
n∏

n−m

βj exp(−Λn
n−mt) (2.25)

This at once implies inequality (2.18).
It is also clear that

ωm+1(t, z) ≤
n∏

n−m+1

βj exp(−Λn
n−m+1t) (2.26)

Estimate (2.23) follows from identity (2.21) and inequalitites (2.25) and (2.26). The rest of the proof of
Theorem 2 is exactly the same as the corresponding reasoning employed in the proof of Theorem 1.
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3. L O CA L IZ A T I O N BO U ND S F OR C L OB A L AT T R AC T OR S
OF T H E LO R EN Z S YS T EM

Consider the Lorenz system

Ẋ = −d(X − Y ), Ẏ = rX − Y −XZ, Ż = −bZ + XY (3.1)

where d, r and b are positive numbers. Suppose, in addition, that r > 1 and 2d > b. Note that if one of
these conditions fails to hold, system (3.1) will be globally asymptotically stable [11, 15], that is, any of its
solutions will tend to some equilibrium state as t → +∞.

Together with system (3.1, we will consider the equivalent system

σ̇ = η, η̇ = −µη − ξσ − ϕ(σ), ξ̇ = −αξ − βση (3.2)

where

ϕ(σ) = −σ + γσ3, σ =
εX√
2d

, η = ε2(Y −X)
√

2 , ξ = ε2

(
Z − X2

b

)

t =
t1
√

d

ε
, µ =

ε(d + 1)√
d

, α =
εb√
d

, ε = (r − 1)−1/2

β = 2
(

2d

b
− 1

)
, γ =

2d

b

It is well known [1, 12, 15] that the surfaces

ψ1 =
{
(r − Z)2 + Y 2 = M2 + ρ

}
and ψ2 =

{
Z −X2/(2d) = −ρ

}

where ρ > 0 and

M =
{

r for b ≤ 2
br/(2

√
b− 1 ) for b ≥ 2

are contact-free for solutions of system (3.1). Hence the following inequalitites hold on a global attractor of
system (3.1)

(r − Z)2 + Y 2 ≤ M2 (3.3)

Z ≥ X2/(2d) (3.4)

Hence it follows that the following inequalitites hold on a global attractor of system (3.2)

− M√
2 (r − 1)

−
√

d σ√
r − 1

≤ η ≤ M√
2 (r − 1)

−
√

d σ√
r − 1

(3.5)

ξ > −βσ2/2 for σ 6= 0 (3.6)

Using estimate (3.4), we introduce the comparison system [15, 16]

σ̇ = η, η̇ = −µη + σ − σ3 (3.7)

which is equivalent to the first-order equation

P
dP

dσ
+ µP − σ + σ3 = 0 (3.8)

The solutions P1(σ) of this equation with initial data P1(σ0) = 0, which are positive on the set [0, σ0],
define the following contact-free surfaces of system (3.2) in the half-space {σ ≥ 0}

{
η = P1(σ), η > 0, σ ∈ [0, σ0]

}
(3.9)
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{
η < 0, σ = σ0

}
(3.10)

The solution P2(σ) of this equation with initial data P2(σ0) = 0, which are negative on the set (−σ0, 0),
define the following contact-free surfaces of system (3.2) in the half-space {σ ≤ 0}

{
η = P2(σ), η < 0, σ ∈ [−σ0, 0]]

}
(3.11)

{
η > 0, σ = −σ0

}
(3.12)

By estimate (3.5), it therefore follows that if the graph of P = P1(σ) cuts the graph of the straight line

P =
M√

2 (r − 1)
−

√
d σ√

r − 1

at some point σ1 of the interval (0, σ0), the following inequalitites hold on a global attractor K of system

σ < σ0, η < P1(σ) for σ ∈ [σ1, σ0] (3.13)

Similarly, if the graph of P = P2(σ) cuts the graph of the straight line

P = − M√
2 (r − 1)

−
√

d σ√
r − 1

at some point σ2 in the interval (−σ0, 0) the following inequalities hold on a global attractor K of system
(3.2)

σ > σ0, η > P2(σ) for σ ∈ [−σ0, σ2] (3.14)

Note that in the strip {|σ| ≤ σ0} the surfaces {ξ = C−βσ2/2, C > βσ2
0/2} are contact-free system (3.2).

Hence the following estimate holds on a global attractor of system (3.2)

ξ ≤ β(σ2
0 − σ2)/2 (3.15)

We have thus proved the following result.

Theorem 3. Estimates (3.3)-(3.6), (3.13)-(3.15) hold on a global attractor of system (3.1).
A similar result also holds for a global B-attractor of system (3.2).
We present one simple estimate of the number σ0. To do this we note that, for inequalitites (3.13) to

hold, it is sufficient that the graphs P = P1(σ) should intersect the straight line P = M/(
√

2 (r − 1)).
Since the number µ in Eq. (3.8) is positive, we have

P1(σ)2 > (σ2 − σ2
0)− 1

2
(σ4 − σ4

0)

Therefore, a sufficient condition for the above intersection to take place is that

(1− σ2
0)− 1

2
(1− σ4

0) =
M2

2(r − 1)2

This inequality implies that

σ0 =

√
1 +

M

r − 1
(3.16)

Similar reasoning may also be applied to estimate (3.14).
It follows from (3.16) that any global attractor of system (3.2) lies in a domain which is bounded uniformly

with respect to the parameter r ∈ (1, +∞). For global B-attractors in the case b ≤ 2, estimates (3.5), (3.13)
and (3.14) ae asymptotically the best possible as r → +∞. Indeed, in that case, as r → +∞ the following
inequalitites hold on a B-attractor

|η| ≤ 1/
√

2 , |σ| ≤
√

2
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We recall that part of a B-attractor consists of unstable manifolds of the zero equilibrium state, which may
be represented in the zeroth approximation (for small ε) by the formulae

{
ξ = −βσ2/2, η2 = σ2 − σ4/2

}

Hence for large r a B-attractor has points close to the planes {|σ| = √
2}, {|η| = 1/

√
2}.

4. B OU N DS F O R TH E L YA P UN O V DI M EN S IO N O F
AN A T TR A CT O R OF T H E LO R EN Z S YS T EM

We will now apply the Frequency Theorem (Theorem 1) and Localization Theorem (Theorem 3) to
system (3.1)

We write system (3.1) in the form of (2.13), where

A =

∥∥∥∥∥∥

−d d 0
0 −1 0
0 0 −b

∥∥∥∥∥∥
, B =

∥∥∥∥∥∥

0 1
1 0
0 1

∥∥∥∥∥∥
, g(x) =

∥∥∥∥
(r − Z)X

XY

∥∥∥∥

We construct an Hermitian form as follows:

Fk(z, ξ) = ξ̄1z2 + ξ̄2z3 + ξ1z̄2 + ξ2z̄3+
+M(κ|z1|2 + κ−1|z2|2 + κ−1|z3|2)

where εj and zj are the components of the vectors ξ and z, and M and κ are certain positive parameters to
be determined later.

In the case under consideration, inequality (2.15) takes the form

2[(r − Z)y2 + Y y3]y1 + M(x|y1|2 + κ−1|y2|2 + κ−1|y3|2) ≥ 0 ∀ yj ∈ R1, j = 1, 2, 3

This inequality will hold if
(r − Z)2 + Y 2 ≤ M2

This inequality is identical with estimate (3.3).
In the case under consideration,

[pI −A]−1B =

∥∥∥∥∥∥∥∥∥∥∥

d

(p + d)(p + 1)
ξ1

1
p + 1

ξ1

1
p + b

ξ2

∥∥∥∥∥∥∥∥∥∥∥

, p ∈ C1

Consequently, condition (2.8) becomes

2(λk − 1) ≥ κ−1M + κd2M/(λk − d)2

2(λk − b) ≥ κ−1M

Taking k = 3, κ = d−1(λ3−), we write inequality (2.16) in the form

λ3(1− s) < d + b + 1

Hence, Theorem 1 implies the following

Corollary 1. If d ≥ b− 2 and for some s ∈ [0, 1]
(

d + b + 1
1− s

− 1
)(

d + b + 1
1− s

− d

)
> Md

then dimL K ≤ 2 + s.

This inequality was established previously [5], subject to the additional condition that 1 < b < d.
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5. TH E E X I S TE N CE O F H OM O C L I N IC O R B I T S
IN T H E LO R E NZ S Y ST E M

Let σ(t)+, ξ(t)+ η(t)+ denote the separatrix of the saddle point σ = ξ = η = 0 that goes into the
half-plane {σ > 0}, that is, a solution of system (3.2) such that

lim
t→−∞

σ(t)+ = lim
t→−∞

ξ(t)+ = lim
t→−∞

η(t)+ = 0

and σ(t)+ > 0 for t ∈ (−∞, T ), where T is a real number or +∞. It is well known [15-17] that if the
parameters d and b are fixed and the parameter r is sufficiently close to unity, then T = +∞.

Definition 7. If
lim

t→+∞
σ(t)+ = lim

t→+∞
ξ(t)+ = lim

t→+∞
η(t)+ = 0

then the trajectory σ(t)+, ξ(t)+ η(t)+ will be called a homoclinic orbit.

Let us consider a smooth path b(s), d(s), r(s) (s ∈ [0, 1]) in the parameter space {d, b, r}.
The main result of this section is the following.

Theorem 4. Suppose for system (3.2) with parameters b(0), d(0), r(0) numbers T > τ exist such that

σ(T )+ = η(τ)+ = 0 (5.1)

σ(t)+ > 0, ∀ t < T (5.2)

η(t)+ 6= 0, ∀ t < T, t 6= τ (5.3)

Assume in addition that for system (3.2) with parameters b(1), d(1) and r(1)

σ(t)+ > 0, ∀ t ∈ (−∞,+∞) (5.4)

Then a number s0 ∈ [0, 1] exists such that system (3.2) with parameters b(s0), d(s0) and r(s0) has a
homoclinic orbit σ(t)+, ξ(t)+ η(t)+.

For the proof of this proposition, we need the following lemmas.

Lemma 6. If the following conditions hold for system (3.2)

η(τ)+ = 0, η(t)+ > 0, ∀ t ∈ (−∞, τ)

then η̇(τ) < 0.

Proof. Suppose the contrary, i.e. η(τ)+ = 0. Then it follows from the last two equations of system (3.2) that

η̈(τ)+ = αξ(τ)+σ(τ)+ (5.5)

It follows from the relations η(t)+ > 0, σ(t)+ > 0, ∀ t ∈ (−∞, τ) and from the lst equation of system (3.2) that

η(t)+ < 0, ∀ t ∈ (−∞, τ). This inequality and (5.5) imply the inequality η(τ)+ < 0. But this contradicts the

assumption η̇(τ) = 0 and the conditions of the lemma, proving Lemma 6.

Lemma 7. Given system (3.2), suppose that relations (5.1) and (5.2) are true and moreover

η(t)+ > 0, ∀ t ∈ (−∞, τ)

η(t)+ ≤ 0, ∀ t ∈ (τ, T )
(5.6)

Then inequality (5.3) also holds.

Proof. Supposing the contrary, we conclude that a number ρ ∈ (τ, T ) exists such that

η(ρ)+ = η̇(ρ)+ = 0

η̈(ρ) = ασ(ρ)+ξ(ρ)+ < 0

η(t)+ < 0, ∀ t ∈ (ρ, T )
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Hence, from conditions (5.1) and (5.2) and the fact that the trajectory σ(t) = η(t) = 0, ξ(t) = ξ(0) exp(−αt) belongs

to the stable manifold of the saddle point σ = η = ξ = 0, we infer that the separatrix σ(t)+, ξ(t)+ η(t)+ intersects

this stable manifold. But then the separatrix must be a subset of the stable manifold of the saddle point. At the

same time, we have σ(t)+ > 0, ∀ t ≥ ρ. This contradicts condition (5.1), proving Lemma 7.

The proof of Lemma 7 admits of the following geometric interpretation in the phase space with coordinates
σ, η, ξ. Situated “beneath” the set {σ > 0, η = 0, ξ ≤ 1 − γσ2} is a piece of the two-dimensional stable
manifold of the saddle point σ = η = ξ = 0. This prevents trajectories with initial data in that set from
reaching the plane {σ = 0} while still in the quadrant {σ ≥ 0, η ≤ 0}.

Consider a polynomial
p3 + ap2 + bp + c (5.7)

where a, b and c are positive numbers.

Lemma 8. Either all zeros of the polynomial (5.7) have negative real parts, or two of them have zero
imaginary parts.

Proof. It is well known [14] that all the zeros of the polynomial (5.7) have negative real parts if and only if ab > c.
If ab = c, the polynomial has two pure imaginary zeros.

Now let us assume that for some a, b and c with ab < c polynomial (5.7) has only real zeros. Since the coefficients

are positive, it follows that these zeros are negative. This leads to the inequality ab > c, which contradicts the above

statement.

Proof of Theorem 4. Itis known [18] that the semi-trajectory {σ(t)+, ξ(t)+ η(t)+ | t ∈ (−∞, t0)} depends
continuously on the parameter s (t0 is an arbitrary fixed number). If follows from this and from Lemma
6 that, if conditions (5.1)-(5.3) hold for system (3.2) with parameters b(s1), d(s1) and r(s1), then they also
hold for b(s), d(s) and r(s), provided that s ∈ (s1− δ, s1 + δ), where δ is some sufficiently small number, and
the numbers τ and T depend on the parameter s.

It follows from the above arguments that relations (5.1)-(5.3) hold in some interval (0, s0). Henceforth
we will assume that (0, s0) is the maximum interval in which these relations hold.

We claim that the values of the parameters b(s0), d(s0), r(s0) determine a homoclinic orbit.
We first note that for these parameters and some value of τ

η(t)+ > 0, ∀ t < τ, η(t)+ ≤ 0, ∀ t ≥ τ

σ(t)+ > 0, ∀ t ∈ (−∞,+∞)
(5.8)

Indeed, if numbers T2 > T1 > τ exist for which

σ(t)+ > 0 ∀ t ∈ (−∞, T2); σ(T2)
+ = 0, η(T1)

+ > 0

η(t)+ > 0, ∀ t < τ ; η(τ)+ = 0, η̇(τ) < 0

then for values s < s0 sufficiently close to s0, the inequality η(T1)
+ > 0 still holds. This contradicts the definition of

the number s0.
If numbers T1 > τ exist such that

η(T1)
+ > 0, η(t)+ > 0, ∀ t < τ

η(τ)+ = 0, η̇(τ)+ < 0, σ(t)+ > 0, ∀ t ∈ (−∞, +∞)

then again, for s < s0 sufficiently close to s0 the inequality η(T1)
+ > 0 still holds, which contradicts the definition of

the number s0.
If numbers T > τ exist such that

σ(t)+ > 0, ∀ t < T, σ(T )+ = 0, η(t)+ > 0, ∀ t < τ

η(t)+ ≤ 0, ∀ t ∈ [τ, T ]

then, by Lemma 7, inequality (5.3) holds. Consequently, relations (5.1)-(5.3) hold for s = s0 and (0, s0) is not the
maximum interval in which they hold.

These contradictions complete the proof of inequalities (5.8).

It follows from (5.8) that the ω-limit set of the trajectory σ(t)+, ξ(t)+ η(t)+ at s = s0 is necessarily an
equilibrium state.
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W will show that the equilibrium state σ = 1
√

γ , η = ξ = 0 cannot be an ω-limit point of the trajectory
in question.

Linearizing in the neighbourhood of this equilibrium state, we obtain the following characteristic poly-
nomial

p3 + (α + µ)p2 + (αµ + 2/γ)p + 2α

Let us assume that when s = s0 the ω-limit set of the separatrix σ(t)+, ξ(t)+ η(t)+ contains the point
σ = 1

√
γ , η = ξ = 0. Using Lemma 8 and the fact that the semi-trajectory {σ(t)+, ξ(t)+ η(t)+ | t ∈

(−∞, t0)} is a continuous function of the parameter s, we conclude that for s close to s0 the separatrices
σ(t)+, ξ(t)+ η(t)+ either tend to the equilibrium state σ = 1

√
γ , η = ξ = 0 at t → +∞, or oscillate in

some time interval with changing sign of the coordinate η. Both these possibilities contradict properties
(5.1)-(5.3).

Hence, for system (3.2) with parameters b(s0), d(s0), r(s0), the trajectory σ(t)+, ξ(t)+ η(t)+ tends to the
zero equilibrium state as t → +∞.

Note that the proof of Theorem 2 actually yields a stronger result, which may be formulated as follows.
If relations (5.1)-(5.3) hold for s ∈ [0, s0], but not for s = s0, then system (1.2) with parameters b(s0),

d(s0), r(s0) has a homoclinic orbit.
Let us apply Theorem 4 in various specific cases.
Fix the numbers b and d. It is well known [15-17] that inequality (5.4) is true for values of r sufficiently

close to unity. We will show that if
3d− 2b > 1 (5.9)

and r is sufficiently large, then relations (5.1)-(5.3) will hold. Indeed. Consider the system

Q
dQ

dσ
= −µQ− Pσ − ϕ(σ)

Q
dP

dσ
= −αP − βQσ

(5.10)

which is equivalent to system (3.2) in the sets {σ ≥ 0, η > 0} and {σ ≥ 0, η < 0}, where P and Q are
solutions of system (5.10) which are functions of σ.

Since Theorem 3 implies that the quantities σ(t)+, ξ(t)+ η(t)+ are bounded uniformly with respect to
the parameter r, we can carry out an asymptotic integration of the solutions of system (5.10) with a small
parameter ε that correspond to the separatrix under consideration. In the first approximation, these solutions
may be written in the form

Q2
1(σ) = σ2 − σ4

2
− 2µ

σ∫

0

σRσ dσ − 2αβ

σ∫

0

σ(1−Rσ) dσ

Q1(σ) ≥ 0, P1(σ) = −
(

β

2

)
σ2 + αβ(1−Rσ)

Q2
2(σ) = σ2 − σ4

2
− 2µ

√
2∫

σ

σRσ dσ − 4
3

µ + 2αβ

√
2∫

σ

σ(1 + Rσ) dσ − 2
3

αβ

Q2(σ) ≤ 0, P2(σ) = −
(

β

2

)
σ2 + αβ(1 + Rσ); Rσ =

√
1− σ2

2

It follows from these formulae that, if inequality (5.9) holds, then for some T > τ relations (5.1)-(5.3) will
also hold, and at the same time

ξ(T )+ = P2(0) = 2αβ

η(T )+ = Q2(0) = −
√

8(αβ − µ)/3 = −
√

8ε(3d− 2b− 1)/(3
√

d )

Thus, all the conditions of Theorem 4 hold for the special path b(s) ≡ b, d(s) ≡ d, r(s) : r(0) = r1,
r(1) = r2 where r1 is sufficiently large and r2 is fairly close to unity. We may therefore formulate the
following result.
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Corollary 2. For any positive numbers b and d satisfying inequality (5.9), a number r ∈ (1, +∞) exists
such that system (3.2) with these parameters b, d and r ahs a homoclinic orbit σ(t)+, ξ(t)+ η(t)+.

This result was first obtained in [19] and discussed later in [20-23].
Now fix d = 10 and r = 28, and consider the parameter b ∈ (0, +∞). It is well known [23] that when

b > (3d− 1)/2

condition (5.4) is satisfied. To analyse system (3.2) for small b, we reduce it to the form

σ̇ = η

η̇ = −µη − uσ + σ − σ3

u̇ = −αu + ε[(2d− b)/
√

d ]σ2

(5.11)

where u = ξ + βσ2/2.
Since the semi-trajectory {σ(t)+, ξ(t)+ η(t)+ | t ∈ (−∞, t0)} depends continuously on the parameter b,

it follows that, when b is small, system (5.11) may be replaced by the following “limiting” equations

σ̇ = η

η̇ = −ε[(d + 1)/
√

d ]η = uσ + σ − σ3

u̇ = 2ε
√

d σ2

(5.12)

Numerical integration of the solution σ(t)+, ξ(t)+ η(t)+ of system (5.12) for d = 10, r = 28 shows that
conditions (5.1)–(5.3) are satisfied.

Hence, the above arguments, using Theorem 4, yield the following.

Corollary 3. Let d = 10 and r = 28. Positive number b0 exists such that system (3.2) with parameters
b = b0, d = 10 and r = 28 has a homoclinic orbit σ(t)+, ξ(t)+ η(t)+.
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