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BROCKETT’S PROBLEM IN THE THEORY OF STABILITY
OF LINEAR DIFFERENTIAL EQUATIONS

G. A. LEONOV
ABSTRACT. Algorithms for nonstationary linear stabilization are constructed. Com-
bined with a nonstabilizabiity criterion, these algorithms result in the solution of the
Brockett problem in a number of cases.

§1. INTRODUCTION

In the book [1], R. Brockett formulated the following problem.
For a triplet of matrices A, B, and C, what conditions ensure the existence of a matrix
K(t) such that the system

(1) % = Az + BK(t)Cx, xz€R",

is asymptotically stable.

The problem of stabilizing system (1) with the help of a constant matrix K is classical
for automatic control theory [2, 3]. From this point of view, Brockett’s problem can be
reformulated as follows.

To what extent are the possibilities of classical stabilization extended by introducing ma-
trices K (t) that depend on time ¢ ?

Stabilizing mechanical systems often necessitates the invocation of a special class of sta-
bilizing matrices K (t). These matrices must be periodic and have zero mean on the period
[0, T7:

(2) /OTK(t)dt_O.

For example, consider a linear approximation near an equilibrium point for the pendulum with
vertically oscillating suspension point:

(3) 0+ af+ (K(t)—wi)o =0,

where « and wq are positive numbers. Here, the most common choice for the function K (t) is
either Bsinwt (see [4]), or

0, t e [O,T/Q),
(@) ko ={ % e

(see [5, 6]). For such functions K (), the effect of stabilization of the upper equilibrium point
is well known for large w and, consequently, small T

In this paper, we present certain algorithms enabling us to construct periodic piecewise
constant functions K (t) that solve the Brockett problem in a number of cases, and also periodic
functions K (t) that satisfy (2) and solve the stabilization problem. Moreover, we show that
low-frequency stabilization (T' > 1) is possible for the pendulum equation (3) with K(t) of
the form (4).
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§2. CONDITIONS SUFFICIENT FOR STABILIZATION

Suppose we have two matrices K; (j = 1,2) such that the systems

d
(5) d—‘f = (A+ BK;C)z, z€R",

possess stable linear manifolds L; and invariant linear manifolds M;. We assume that M; N
L; = {0} and dim M;+dim L; = n, and that \;, k;, a;, and 3; are positive numbers satisfying
the inequalities

(6) j2(t)] < aze™ ™ z(0)],  «(0) € Ly,

(7) |z(t)] < Bje™ ™" |z(0)],  x(0) € M;,

In what follows. We also assume that there exists a matrix U(t) and a number 7 > 0 such
that

(8) Y(7)M; C Lo,
where Y'(¢) is the fundamental matrix (Y (0) = I) of the following system:

9) % = (A+ BU(t)O)y.

Theorem 1. Suppose that
(10) A A > K1ko

and that (8) is true.
Then there exists a periodic matriz K (t) such that system (1) is asymptotically stable.

Proof. Condition (10) implies that for every T > 0 there exist two numbers ¢; and t2 such
that

— Mty + Koty < =T,

(11) —Aate + K1ty < =T

We define the periodic matrix K (t) as follows:

Kl, t e [O,tl),
(12) K(t)=} U(t—t1), te]ti,t1+71),
K, teti+7, t1+t2+7).

The period of K(t) is equal to t; = to + 7. We show that if T is sufficiently large, then
system (1) with such matrix K (t) is asymptotically stable. For this, we introduce nonsingular
matrices S; bringing system (5) to a canonical form:

dz:

% = Qij, diij = diij,
(13)

dw.;

%:ijjv dlmw]:dlmMJ



Here

(14) Sz = ({Z) .

There is no loss of generality in assuming that

(1)) < e7N7|2;(0)],

(15) g (£)] < e 0).

Relations (12)—(14) show that
2’2<t1 + T) —1 21 (tl)
1 =5Y .
( 6) <w2 (tl + 7') ) S2 (T)Sl <w1 (tl)
The inclusion (8) implies that the matrix SY (7)S;* has the following structure:

oY (1)S7! = (ﬁ;iﬁii le)ﬁ)) '

There fore, by (11) and (15),

|22(t1 +t2 + 7)] < [Ru1 (1) €272 (0)] + Raz(7)| e~ T w1 (0)],
lwa(ty + ta +7)| < |Rar(7)] e~ T[21(0)],

which implies that for all sufficiently large values of T" and for the initial values in the ball
|z(0)| < 1, we have

|z(ty +te+7)| <

DN =

Since the matrix K (t) is periodic, it follows that system (1) is asymptotically stable. O

Now, we assume that the matrix K (¢) in (1) is a scalar function,
KlzKQZK(), /\1=>\2=>\, K1 = K2 = R, U(t)EUo, KOU0<O,

the function |Y'(¢)| is uniformly bounded on the interval (0, +00), and there exists a sequence
T; — oo such that

(17) Y(Tj)Ml C Lo.

Theorem 2. If A > k and (17) is fulfilled, then there exists a T-periodic function K(t)
such that (2) is true and system (1) is asymptotically stable.

Proof. We define

KO; te [O7|U0Tj/2K0|)a
(18) K(t) = U(), te HU(]T]'/2K(]‘7T]' + |Zj()7'j/2]:(()‘)7
Ky, te [Tj+‘U()Tj/2KQ|,Tj+|UoTj/K0|).

The period of K(t) is equal to T = 7;(1 + |Up/Ko).
Here, 7; is a sufficiently large number satisfying condition (17). The rest of the proof
repeats the arguments used in the proof of Theorem 1. O

We apply Theorem 2 to equation (3) with a function K (¢) of the form (4).
Suppose that

(19) a? < 48— wp).



In this case, without loss of generality, we may assume that 3 — w? — a?/4 = 1.

We set Ky = — and Uy = (3. Condition (19) implies that the characteristic polynomial of
equation (3) with K (t) = Up has complex zeros, and, consequently, condition (17) is fulfilled
for some 71 > 0. Clearly, here we have 7; = 71 4 2j.

Since the zeros in question of the characteristic polynomial have negative real parts, we
easily see that Y (¢)| is uniformly bounded on (0, +00).

For K(t) = Ko = —f3, the quantities A and x can easily be calculated:

o o?
A=\ B+,
o o? )
I<L:—§+ Z"‘(,B‘i‘wo)

Thus, all assumptions of Theorem 2 are fulfilled, and equation (3) with K (t) of the form
(18) is asymptotically stable for sufficiently large j. This result can be stated as follows.

Proposition 1. Under condition (19), for every T there exists T > T such that equation
(3) with a function K(t) of the form (4) is asymptotically stable. O
In particular, this implies the possibility of stabilizing the upper equilibrium point of the

pendulum for low-frequency vertical oscillations of the suspension point. Naturally, here the
amplitude a of the oscillations is large:

T2

a 3
8

where [ is the length of the pendulum and (3 is the absolute value of the acceleration divided
by .
The stabilization effect is well known for high-frequency oscillations (for small T'); see [5,

6].
The following lemmas are often useful for checking condition (8).
Consider the system

(20) i=Qz zeR",

where @ is a constant nonsingular (n x n)-matrix and h is a vector in R"™.

Lemma. Suppose that the solution z(t) of system (20) has the form z(t) = v(t) + w(t),
where v(t) is a periodic vector-valued function such that h*v(t) #Z 0, and w(t) is a vector-valued
function for which

“+o0
/ w(r)|dr < +o0,  lim w(t) = 0.
0 t——4o0
Then there exist two numbers 71 and 5 such that
(21) h*z(11) >0 and h*z(m2) <O.

0 for any t > 0, or h*z(t) < 0

Proof. Assuming the contrary, we see that either h*z(t) >
> 0 for any ¢ > 0. Then the relation

for any ¢t > 0. For definiteness, suppose that h*z(t)
h*v(t) # 0 implies that
¢

(22) lim h*z(7T) dr = +o0.
t——+4o0 0



On the other hand, we have
inthh*z(7) dr = K* Q™" (2(t) — 2(0)).

Since z(¢) is uniformly bounded on (0, +o0), the function

/Ot h*2(r) dr

is uniformly bounded, which contradicts (22).This proves the lemma. O

Lemma 2. Let n = 2 and let the matriz (Q have complex eigenvalues. Then for any two
nonzero vectors h,u € R? there ezist numbers 7 and T such that

(23) h*e®u >0 and h*e®™u < 0.

This obvious assertion can be viewed as a consequence of Lemma 1.

Lemma 3. Suppose that the matrix QQ has two complex eigenvalues \y %+ iwg, and that the
remaining eigenvalues \j(Q) of Q satisfy the condition Re\;(Q) < Ao.
Let h,u € R™ be two vectors such that

(24) det(h, @h,..., Q7)™ h) #0,

(25) det(u, Qu, ..., Q" 1u) # 0.
Then there exist numbers 71 and 1o such that

(26) R*e®Tu >0 and h*e™u < 0.

We recall that conditions (24) and (25) are controllability conditions for the pair (Q,u)
and observability conditions for the pair (@, h).

Proof. Tt suffices to observe that the solution z(t) = eQ*u can be written as z(t) = e ot (v(t) +
w(t)), where v(t) and w(t) satisfy the assumptions of Lemma 1. The relation h*v(t) #Z 0
follows from the observability of (@, h) and the controllability of (Q,u). O

Theorem1 and Lemma 2 readily imply the following statement.

Theorem 3. Let n = 2. Suppose there exist matrices Ko and Uy satisfying the following
conditions:

1) det BK¢C =0, TrBKoC #0;

2) the matrix A+ BUyC has complex eigenvalues.

Then there exists a periodic matriz K (t) such that system (1) is asymptotically stable.

Proof. Tt suffices to set K1 = Ky = uKy, where |u| is a sufficiently large number, and
Tr uBKyC < 0. In this case, obviously, the assumptions of Theorem 1 are fulfilled. O

Now we consider the case where B is a column vector, C' is a row vector, and K (t) : R! —
R! is a piecewise continuous function.



We introduce the transfer function of system (1):
W(p) =C(A—pI)™'B,
where p is a complex variable. WE assume that the function W (p) is nondegenerate. This
means that the pair (A4, B) is controllable and the pair (A, C) is observable.

Lemma 4. If the hyperplane {h*z = 0} is an invariant manifold for the system
(27) &= (A+uBC)z, p#0,

then the pair (A, h) is observable.

Proof. Suppose that (A, h) is not observable. In this case (see [7]), there exists a vector ¢ and
a number ~ such that

h*q=0, Aq=~q, q#0.

The observability of the pair (A4, C) implies the inequality Cq # 0.
Since {h*z = 0} is invariant with respect to (27), for all z € {h*z = 0} we have

h*(A+puBC)z=0, k=1,2,....

Putting z = ¢ and k = 1, we obtain h* BCq = 0, whence h*B = 0. For z = g and k = 2, using
the preceding relation, we obtain h* AB = 0. Continuing in this way, we obtain h*A*~1B = 0.
The controllability of the pair (A, B) implies that h = 0, which contradicts our assumption
that the pair (A, h) is not observable. The lemma is proved. O

Lemma 5. Let u € R™. If the line {au| o € R} is invariant with respect to system (27),
then the pair (a,u) is controllable.

Proof. Invariance yields
(A+ uBC)Yu =yu, k=0,1,...,

where the vj are some numbers. The observability of (A, C') yields Cu # 0 (see [7]). Therefore,
for z € R™ satisfying z*u = 0, 2*Au =0, and 2* A" 'u = 0 we have

2*B=2"AB=-.-=2*A""'B =0,

whence z = 0 because the pair (A, B) is controllable.
Thus, the relations z*u = -+ = 2* A" 1y = 0 imply that z = 0. Therefore, the pair (4, u)
is controllable. O

The following result is a consequence of Theorem 1 and Lemmas 3-5.

Theorem 4. Suppose that B,C* € R™, dimM; =1, dim Ly =n — 1, and the inequality
(10) s fulfilled. Also, we assume that for some number Uy # K; the matrizx A+ UyBC has
two complex eigenvalues Ao £ iwy, and that the remaining eigenvalues A; satisfy the condition
Re )\j < Ap-

Then there exists a periodic function K (t) such that system (1) is asymptotically stable.

Proof. Combining Lemma 4 with the controllability of the pair (A, B), the observability of the
pair (A4, C), and the fact that Uy # K, we deduce that the pair (A + UpBC, h) is observable,
where h is a normal to Ly. Lemma 5 shows that the pair (A 4+ Uy BC,u) is controllable. Here
u # 0 and v € M;. Consequently, by Lemma 3, there is a number 7 such that

h* exp[(A + UpBC)7u = 0.



Since this implies (8, theorem 4 is proved. O

Lemmas 1-5 were obtained for checking relation (8) in the case where the rotation of the
subspace M is caused by complex eigenvalues. Another approach involves an impulse action
U(t) = p with large || on a small time interval. In this case, the velocity vector & is often
close to the vector vB, where v is a number. We describe this approach in more detail.

We consider the system (27) with large parameter p: |u| > 1.

Lemma 6. Suppose that CB = 0 and that h, u are two vectors satisfying h*B # 0 and
Cu # 0. Then there exist numbers p and 7(p) > 0 such that h*z(r,u) =0 and

lim 7(u) =0.
p—00
Proof. Introducing
po__hu
O " uh*BCu’
o (2 BlCl)l]

1 (2] Afto + 4|ul|Al|BJ[C]t5)
we fix 1 so as to have tg > 0 and

2| Alto + 4]l ||| BI[CIE2 < 1.
It is easily seen that

|Ca(t, u)| = [CAx(t,u)| < [A]|C] max |x(t,u)]
t€[0,2t0]

for all ¢ € [0,2ty]. Hence, for ¢ € [0, 2tg] we have

|Cx(t,u) — Cu| < 2]A||Clto max |z(t,u)l.
tE[O,QtQ]

Combining this with (27), we obtain

ot — u— uBCut| < (2|Alta-+ Hull AIBICHE) max la(t,w)
»4lo

whence

|z(t,u)| < R, t € [0, 2to],
|h*z(t,u) — h*u — puh* BCut| < (2|Alto + 4|u||A||B||C|t3)R|h|, t € [0,2t0].

It is easy to check that
1
elalt + Al AlBlIC) R =0 (1)

Therefore, for large |p| there exists 7 € [0, 2tg] such that h*z(7,u) = 0. The lemma is proved.
O

Lemma 7. Suppose that CB # 0 and that h and u are two vectors satisfying h*B # 0,
Cu # 0, and
h*uCB
< 1.
h*BCu




Then there exist numbers p and T(p) > 0 such that h*z(T,u) =0 and

lim 7(p) = 0.

H— 00

Proof. We define

L1 WuCB
0= 0B WBCu )

B (1+ |B||C||CB|~!(e*CBto 4 1) u|
1 — (2| Alto + 2|A||B||Clto|CB| =1 (e2rCBto 4 1))

R

The number x4 is taken in such a way that ¢ty > 0 and
2| Alto + 2|A||B||Clto|CB| = (e2#CBt 1) < 1.
It is easily seen that

|Cx(t,u) — uCBx(t,u)| < |A||C] max |z(t,u)]
te[0,2t0]

for all ¢ € [0, 2tp]. Hence, for ¢ € [0, 2tp] we have

C NCBtC 1- 62MCBtO| AllC

t — < t .
(Calt, ) = ' Cul < Z= D A ot )
Combining this with (27), we obtain

BCu
CB

x(t,u) —u— (erCBt 1)‘ <

< (2lAlto + 2LAIBICHolCBI™ (P + 1)) max [a(t, )],
t€]0,2tg

whence
|z(t,u)| <R, t € [0, 2to],

h*BCu
R*z(t,u) — h*u — ———
x(t,u) u OB

< (2|Alto + 2|A||B||C|to|CB|~*(e*“Plo +- 1)) R|h|, t € [0,2t0].

<

(e/JC’Bt o 1)

It is easy to check that

1
(2| Alto + 2|A||B||C|to|CB|~ (2Bt + 1))R|h| = O <M) .

There fore, for large |u| there exists 7 € [0, 2¢¢] such that h*x(7,u) = 0. The lemma is proved.
O

Theorem 5. Suppose that B,C* ¢ R", CB =0, dimM; =1, dimLs =n—1, and
inequality (10) is fulfilled.
Then there exists a periodic function K (t) such that system (1) is asymptotically stable.

Proof. By Lemmas 4 and 5, the controllability of (A, B) and the observability of (A, C) imply
the observability of ((A+ K BC), h) for any K # K> and the controllability of ((A+ KBC),u)



for any K # K;. Here h is a normal to the hyperplane Lo, and u is a nonzero vector in the
subspace M;. It follows that h*B # 0 and Cu # 0. Then, by Lemma 6, there exist numbers
p and 7(u) such that if U(t) = u, then system (8) satisfies condition (9). O

Theorem 6. Suppose that CB # 0 and the matriz A has a positive eigenvalue k and n—1
etgenvalues with real parts less that —\, where A\ > k. We also assume that

CB
lim (k — p)W (p)

pP—K

<1

Then there exists a periodic function K (t) such that system (1) is asymptotically stable.

Proof. Without loss of generality, we may assume that the matrix A and the vectors B and

C are of the form
_ KR 0 _ b1 _
A_<O Ag)’ B_<b2>7 C_(Cl7c2)7

where Ap is an (n — 1) x (n — 1)-matrix, by € R"7!, and ¢5 € R"~1. In this case, the normal
h to the subspace L = Lo and the vector u € M; = M are of the form h = u = (i)

Therefore, by Lemma 7, there exist numbers g and 7(u) such that if U(t) = u, then condition
(9) is fulfilled for system (8) provided that

CB
— < 1.
Clbl

We easily see that c¢1b; # 0 because (A, B) is controllable and (A, C') is observable, and
b = gm(n —p)W(p).

Thus, all assumptions of Theorem 1 are fulfilled, and, consequently, system (1) is stabilizable.
O

Lemma 8. Suppose that an (n — 2)-dimensional linear subspace L invariant for system
(27) lies in the hyperplane {h*z = 0}. If h*B = CB = 0, then the pair (A, h) is observable.

Proof. The controllability of the pair (A4, B) and the invariance of L with respect to (27)
imply that BEL (see [7]). Therefore, the linear hull of B and L coincides with the hyperplane
{h*z = 0}.
Suppose that the pair (A, h) is not observable. Then there is a vector ¢ # 0 and a number
~ such that
h*q=0, Aq=1q

(see [7]). The observability of the pair (A, C') implies the relation Cq # 0. Since L is invariant,
we have

h*(A+uBC)*2 =0, k=0,1,...,, zcL.

The above arguments imply the existence of a number v and a vector z € L such that
q=z+vB.

If v # 0, then for £k = 1 we have vh*AB = 0, whence h*AB = 0. Combining this with the
relations h*B = CB = 0 for k = 2, we obtain vh*A2B = 0. Successively continuing this
procedure for k = 3,..., we obtain the relations h* A*¥ B = 0. By the controllability of (4, B),
these relations imply h = 0, which contradicts the definition of (A, k) the vector v # 0.
Thus, we have proved the observability of (A, h) for v # 0.
If v = 0, then we use the same arguments as in the proof of Lemma 4. O



Theorem 7. Suppose that B,C* €¢ R", CB =0, dimM; =1, dimL; =n—2, and
inequality (10) is true. If the assumptions of Theorem 4 are fulfilled for some number Uy # K,
then there exists a periodic function K(t) such that system (1) is asymptotically stable.

Proof. Observe that, as u — oo, the integral manifold Q(u) consisting of the trajectories
x(t, zo) of system (27) with initial values zginLy approaches the hyperplane {h*2z = 0}. Here
h is a normal to the linear hull of Ly and B. Such convergence was described in the proof of
Lemma 6.

Lemma 7 implies that the pair ((A 4+ UyBC),h) is observable, while Lemma 5 implies
that the pair ((A + UpBC),u) with w € M, u # 0 is controllable. By Lemma 3, this
shows that for system (9) with U(t) = Uy the sign of the function h*y(t,u) changes for some
values of ¢. Therefore, for sufficiently large |u|, there exists a number 79(u) > 0 such that
y(1o(p), u) € Q(p).

Perturbing the right-hand side of (1) slightly, we can ensure that Cy(ro(u),u) # 0 (asymp-
totic stability is preserved under small perturbations of the right-hand sides of periodic sys-
tems).

Next, if in (9) we set U(t) = u (or U(t) = —u) on (79, 7], then, moving along the manifold
Q(u), we reach the set Ly at the moment ¢t = 7. Here the sign of p is chosen so that 7 > 7
(see the proof of Lemma 6).

Now, we have y(7,u) € Lg, and, consequently, condition (8) is fulfilled.

Thus, all assumptions of Theorem 1 are satisfied. O

§3. NECESSARY STABILIZATION CONDITIONS

Now, we pass to conditions necessary for stabilization.

We consider the case where B is a column vector, C is a row vector, and K(t) : R* — R!
is a piecewise continuous function. This case in important for control theory.

As before, W (p) is the transfer function of system (1):

ap" Tt

W(p) =C*(A—pl)~'B=
(p) ( p) p77,+anp’n—1_|_..._|_a1

)

where the ¢; and a; are real numbers. If the transfer function W (p) is nondegenerate, then
system (1) can be written in the following scalar form (see [8]):

1 = g,
(28)
l"’n—l = Tn,
T = —(anxn + -+ ar1z1) — K(t)(cpzn + -+ + c121).
Clearly, here we have
x1
C=(c1,...,¢n), T = : ,
Tp
0 1 0 0
A= ., B=| -
e 0
1 n -1

10



We recall that the transfer function W (p) is nondegenerate if and only if the polynomials

P 4o,
Pt a4

have no common zeros.
In what follows, we assume that ¢, # 0. In this case, without loss of generality we may
put ¢, = 1.

Theorem 8. Assume that the following conditions are satisfied:
1) forn > 2, we have ¢y <0,...,¢ch—2 <0;
2)

c1(an — cno1) > ay,

e+ (an — cp-1)c2 > as,

Cpn—2 + (an - cnfl)cnfl > Gp-—1-
Then there is no function K(t) for which system (1) is asymptotically stable.
Proof. Consider the set

Q={21>20,...,2,-1 >0, 2y +cp_1Tp-1+...+c1z1 >0} CR™

We prove that  is positively invariant, i.e., if z(tg) € Q, then x(t) € Q for all t > t;.
Observe that if j =1,...,n — 1 and 7 is such that

zy(r) =0, @(r)>0, i#j i<n-1,
{En(T) +Cn711'n71(7') + .. +Clx1(7') > 0’

then
(29) &i(r) > 0.
Indeed, for j =1,...,n — 2 we have

() = zj41(7) > 0.

For n = 2, we have
21(1) = 22(7) > —c121(7) = 0,

and for n > 2 we have
Ep—1(T) = n(T) > —Cp—2@n_o(1) — c1z1(7) > 0.

Next, we observe that if z,(7) + cpo1Tp—1(7) + -+ + c1z1(7) = 0, and z,(7) > 0, j =
1,...,n—1, then

(30) (xn(T) +en—1Tp_1(T)+ -+ 01331(7')). S 0.
Indeed, we have
(zn(7) + Cn1@p_1(7) + -+ + C1$1(T)). _
=(—Gn-1+cn-2+(@n —Cn1)Cn-1)Tp-1(7) + -

4 (—az + e+ (an — cpo1)c2)T2(T)+
+(—=ay + (an — cn_1)c1)z1 (7).

11



and it remains to use condition 2) of the theorem.

Inequalities (29) and (30) imply that the boundary of the set ) is transversal to the vector
field of (28) almost everywhere, and the solutions of (28) pierce the boundary inward € almost
everywhere. Since the solutions of (28) depend on the initial values continuously, we see that
the set Q is positively invariant, whence it easily follows that system (28) is not asymptotically
stable. The theorem is proved. O

Another condition ensuring that system (1) is nonstable is well known (see [5]):

Tr(A+ BK(t)C)>a >0, tcR.

§4. STABILIZATION OF SYSTEMS OF ORDER TWO AND THREE

Now we show how the above results can be applied to the case where n = 2, B is a column
vector, C' is a row vector, and K (t) is a scalar function.
We introduce the transfer function of system (1):

~ 4+
W(p)=C(A—pl)'B= P70
(p) (A —pI) Ziopid

Here p is a complex variable.
In what follows, we assume that p # 0. Furthermore, there is no loss of generality in
assuming that p = 1. We also assume that the function W(p) is nondegenerate, i.e., we have

v —ay+ B #0.

It is well known (see [8]) that in this case system (1) can be written as follows:

o =1,
(31) 0= —an — B — K(£)(1+ o).

It is easy to see that stabilization of system (31) with the help of a constant matrix K (t) = Kj
is possible if and only if
a+Kyg>0, [++vKg>0.

A number K| satisfying these inequalities exists if and only if v > 0, or v < 0 and ay < S.

We consider the case where stabilization with the help of a constant K (t) = Ky is impos-
sible:

v<0, ay>g.

We apply Theorem 3. Clearly, condition 1) of Theorem 3 is fulfilled, because det BK;C = 0
and TI‘BK()O = K()CB = —KO 7& 0.

Condition 2) of Theorem 3 is fulfilled if for some Uy the polynomial

p*+ap+ 5+ Us(p+7)
has complex zeros. We easily see that such a number Uj sexists if and only if
(32) 72 —ay+ 3> 0.

Thus, if inequality (32) if fulfilled, then there exists a periodic function K (¢) such that
system (32) is asymptotically stable.
The same result can be obtained with the help of Theorem 6.
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For this, without loss of generality we assume that o > 0. This can always be achieved if
we properly choose K in the expression

—(a+ Ko)n — (B+~vKo)o — (K(t) — Ko)(n+~0)

and change the notation: a+ Ky — a, 8+~vKo— 3, and K(t) — Ko — K (t). The inequality
a > 0 implies that A > k. Here

CB K4+ A

lim(k —p)W(p) K+~

pP—kK

Therefore, all conditions of Theorem 6 are fulfilled if
A=+ =" +ay-B<0.

This inequality coincides with (32). It is easy to see that if

(33) ¥ —ay+ <0,

then the conditions of Theorem 8 are also fulfilled.
Thus, the following result is true.

Theorem 9 [9]. If inequality (32) is fulfilled, then there exists a periodic function K(t)
such that system (31) is asymptotically stable.

If inequality (33) is fulfilled, then there are no functions K(t) for which system (31) is
asymptotically stable. O

This result was also obtained in [10] for a different class of stabilizing functions K (¢) of
the form
K(t) = (ko + kiwcoswt), w>1,

with the help of averaging.
Now we consider systems (1) of order three with various transfer functions.

1
4.1. W(p) = 3 5 , where a, b, and ¢ are some numbers.
p3+ap?+bp+c
If @ > 0 and b > 0, then stationary stabilization is possible. Suppose a > 0 and b < 0. In
this case, stationary stabilization is impossible; we apply Theorem 7.

Clearly, if Uy is sufficiently large, then the polynomial

P> +ap® +bp+Uy+c
has one negative zero and two complex zeros Ag £ iwg, Ag > 0. We take K; so that
pPHap® +bp+ K +c=(p—k)p*+ap+ B)

with a1 = a + k1 and 81 = b+ (a + k1)k1. For k; large, the polynomial p? + ayp + 31 has
complex zeros with real part equal to —(a + x1)/2. We take K5 so that

p3+ap2+bp+K2+c:(p+)\2)(p2+a2p+52)

with ag = a — Ay and B2 = b — (a — Az)A2. For )y large, the polynomial p? + agp + B2 has
complex zeros with real part equal to (A2 — a)/2.
We have
dlli zdlngzl, dlmMQZdlmL1:2,
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A a+ K1 Ao —a
= Ko =
! 2 2 2

A2 — K1Kg = a()\z + Iil) > 0.

Thus, all conditions of Theorem 7 are fulfilled.
Since
Tr (A+ BK(t)C) = —a,

asymptotic stability is impossible for a < 0.
So, we can state the following result.

Theorem 10. For a > 0 system (1) is stabilizable. For a < 0 stabilization is impossible.

O
p

4.2. W(p) = .
®) pd+ap® +bp+c

If a > 0 and ¢ > 0, stationary stabilization is possible. We consider the case where a > 0
and ¢ < 0, and apply Theorem 5 with K17 = Ko, Ay = Ao = A, and k1 = ko = k. We take K3
so that

(p—rK)P*+ap+B)=p"+ap® + (K1 +b)p+c

with a = a + x and 3 = —c¢/k. If K is small, the polynomial p? + ap + 3 has complex zeros
with real part equal to —(a + x)/2. Thus,

M1:M2, L1:L2, dllizl, d1mL2:2, and )\:(G+I{)/2

Clearly, for small x we have A > x. Since Tr(A + BK(t)C) = —a for a < 0, asymptotic
stability is impossible.
This leads to the following result.

Theorem 11. Suppose a # 0 and ¢ # 0. Then system (1) is stabilizable if and only if
a>0. O

»?
4.3. W(p) = .
(») PR —
If b > 0 and ¢ > 0, stationary stabilization is possible. Theorem 8 shows that if b < 0 and
¢ < 0, then stabilization is impossible.
We consider the case where b >) and ¢ < 0 and apply Theorem 1.
Putting K1 = Ko, A\ = Ao = A, and k1 = kg = K, we take K so that

(p—r)P*+ap+8)=p"+ (a+ K1)p* +bp+ec.

Here ( )
—(c+ K —C
a=——>F—", 8=—.

K K
Below it is assumed that s is small. In this case, we define

(c+ kb) (c+kb)?Z ¢
A= . c.
2k2 4kt + K

Obviously, A > & for b+ 2 > 0, and, consequently, condition (10) of Theorem 1 is fulfilled.
Now we construct U(t) so as to ensure (8).
We introduce a number Uy such that

(p—v)P*+ap+B1) =p° + (a+Up)p® + bp+c.

14



Here ( )
— _|_ —
“letmb) o e

a1 =
V2 v

Suppose that v is sufficiently large. Without loss of generality, we assume that

A+U—)BC=<’6 g) B=(Z§>, C = (c1,02).

Here @ is a (2 x 2)-matrix, and by and c¢o are two-dimensional vectors. For v large, the matrix
@ has complex eigenvalues. Therefore, for any nonzero vector u € M; there exists 71 > 0 such
that the vectors

B, (é) 5 [exp(A+ U(]BC)Tl]U
lie in one plane. It follows that for some p we have
1 b1
[exp(A + Uy BC) 1y Ju = o) P by |-

If by > 0, then p € [-b7 ", 0], and if b; < 0, then p € [0, —b; ']
The relations

CB -1 av+ By 2¢ b
e S AR R
c1b1 lim (v — p)W (p) + V2 v3 2
p—v
imply that
CB(1+ pb
(34) CB(1 + pb) <1
Clbl

for sufficiently large v. By Lemma 8, the above inequality implies the existence of numbers p
and 7(u) such that

(é) lexp(A + (Uy + 1) BC)r(1)][exp(A + U BC)m]u = 0.

Since the planes Lo and {x | big(é)*x = 0} intersect, and the matrix @) has complex eigenval-
ues, it follows that

lexp(A + Uy BC)a][exp(A + (Up 4+ 1) BC)7(1)][exp(A + Uy BC)11|u € Lo,

for some ™ > 0.
Thus, the inclusion (8) is valid for the function

Uo, te [0,7’1),
U(t) = UO + My te [7—177—1 + 7'(/14)),
Uy, tem+7(p),n+7(p) + 7,

where 7 = 71 + 7(u) + 72.
We have proved the following result.

Theorem 12. Suppose that b # 0 and ¢ < 0. Then system (1) is stabilizable if and only
ifb>0. O
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