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Abstract 

The (max,+ )-algebra approach is applied to estab­
lish some monotonicity properties and to get alge­
braic bounds on the service cycle completion times 
in acyclic fork-join queueing networks. The obtained 
results are extended to derive simple lower and up­
per bounds on the mean cycle time in stochastic net­
works. 

1 Introduction 

We consider acyclic fork-join queueing networks 
which consist of single-server nodes with infinite 
buffers [1, 4). A network includes both source nodes 
representing external arrival streams of customers, 
and internal nodes. At the initial time, the buffers 
in the source nodes are assumed to have infinite num­
ber of customers, whereas the buffers in the internal 
nodes may have any fixed numbers of customers. 

One of the problems of interest in the analysis of 
stochastic queueing networks is to evaluate the mean 
cycle time of a network. Both the mean cycle time 
and its inverse which can be regarded as a through­
put, present performance measures commonly used 
to describe efficiency of the network operation. 

It is frequently rather difficult to evaluate the 
mean cycle time exactly, even though the network 
under study is quite simple. To get information 
about the performance measure in this case, one can 
apply computer simulation to produce reasonable es­
timates. Another approach is to derive bounds on 
the mean cycle time (see [2, 4) for related examples). 

The· paper is concerned with the derivation of a 
lower and upper bounds on the mean cycle time for 
stochastic acyclic fork-join queueing networks. A 
useful way to represent dynamics of the networks is 
based on the (max,+ )-algebra approach [6, 4). We 
apply the (max,+ )-algebra dynamic representation 
proposed in [10, 11] to establish some monotonic­
ity properties with respect to the initial numbers of 
customers in the internal nodes and to get algebraic 

•This work was supported in part by the Russian Federa­
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Russia" under Grant #4233 

bounds on the cycle completion times. The obtained 
results are then extended to derive bounds on the 
mean cycle time in the stochastic case. 

2 Algebraic Preliminaries 

The (max,+ )-algebra is an idempotent commutative 
semiring (idempotent semifield) which is defined as 
IRmax = (l!i, $, ®) with 1& = lR U {e}, e = -oo, and 
binary operations $ and ® defined as 

:c $ y = max(z, y), :c ® y = :c + y 'rl:c, y E JR. 

As it is easy to see, the operations $ and ® retain 
most of the properties of the ordinary addition and 
multiplication, including associativity, commutativ­
ity, and distributivity of multiplication over addition. 
However, the operation $ is idempotent; that is, for 
any :c E JR, one has :c $ :c =:c. 

There are the null and identity elements, namely 
e and 0, to satisfy the conditions :c $ e = e $ :c = :c, 
and :c ® 0 = 0 ® x = :c, for any :c E JR. The null 
element e and the operation ® are related by the 
usual absorption rule involving :c ® e = e ® :c =e. 

Non-negative power of any :c E lR is defined as 

:co = 0, :cq = ~ ® ... ® z_, q 2: 1. 
. ... 

q times 

Clearly, the new power :cq corresponds to q:c in 
conventional algebra. In this paper, we will use the 
power notations only in the (max, +)-algebra sense. 

The (max, +)-algebra of matrices is readily intro­
duced in the regular way. Specifically, for any ( n x n )­
matrices X = ( :c;;) and Y = (Yii), the entries of 
U = X $ Y and V = X ® Y are calculated respec­
tively as 

n 

u;; = x;; $ Yii, and v;; = Le Xi!~ ® Yki, 
k=l 

where L$ stands for the iterated operation $. As 
the null element, the matrix £ with all entries equal 
to e is taken in the algebra, whereas the diagonal 
matrix E = diag(O, ... , 0) with the off-diagonal en­
tries set to e presents the identity. 
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For any square matrix X ::j:. & , one can define 

X0 :::~E-•~ ~K~~=-~If& · ~ · ®~'"'- a~ L 
q times 

However, idempotency in this algebra leads, in par­
ticular, to the matrix identity 

As direct consequences of the above identity, one has 

(X$ Y)q > XP ® yq-p, 

(E$X)q > (E$X)P ~ XP, 

for all p = 0, 1, ... , q. 
For any matrix X, its norm is defined as 

The matrix norm possesses the usual properties. 
Specifically, for any matrix X, it holds IIXIIe ~ c, 
and IIXIIe = t if and only if X=&. Furthermore, 
lie® Xlle = c ® I IX lie for any c E I, and 

IIX $ Ylle = IIXIIe EBIIYIIe ' 

!IX® Ylle < IIXIIe ® IIYIIe 

for any two conforming matrices X and Y. Note 
that for any c > 0, we also have llcXIIe = c!IXIIe· 

Consider an (n x n)-matrix X with its entries 
Xij E 1. It can be treated as an adjacency matrix 
of an oriented graph with n nodes, provided each 
entry Xij ::j:. e implies the existence of the arc ( i, j) 
in the graph, while Xij = c does the lack of the arc. 

It is easy to verify that for any integer q ~ 1, the 
matrix Xq has its the entry xW ::j:. t if and only 
if there exists a path from node i to node j in the 
graph, which consists of q arcs. Furthermore, if the 
graph associated with the matrix X is acyclic, we 
have xq = & for all q > p, where p is the length of 
the longest path in the graph. Otherwise, provided 
that the graph is not acyclic, one can construct a 
path of any length, lying along circuits, and then it 
holds that xq i: & for all q ~ 0. 

3 Further Algebraic Results 

For any graph, its adjacency matrix a with the ele­
ments equal either to 0 or t is said to be standard. 
It is easy to verify the next statement. 

Proposition 1 For any matrix X, it holds 

X $IIXIIe®a, 

where a is the standard adjacency matrix of the 
graph associated with X. 

In particular, for a matrix D = diag(dt, ... , dn), 
we have D $ IIDIIe ®E. 

Proposition 2 Let matrices X 1 , ... , X,. have a 
common associated acyclic graph, p be the length of 
#te"l~ petit m tlte f]1Y.fph, and 

X = X~' ® · · · ·~ x;:•, 
where m1, ... , m,. are nonnegative integers. 

If it holds that m1 + · · · + m,. > p, then X=&. 

Proof: It follows from Proposition 1 that 

X = xr' 0 · · ·®X;:'• 

:s IIXtll;'' 0 ... ® IIX,.II;· 0 am, 
where m = m1 + · · · + m,.. 

Since the associated graph is acyclic, it holds that 
aq = & for all q > p. Therefore, if m > p, then 
am = & , and we arrive at the inequality X < & 
which leads us to the desired result. • 

Lemma 1 Let matrices X 1, ... , X,. have a common 
associated acyclic graph, and p be the length of the 
longest path in the graph. 

If IIXille ~ 0 for all i = 1, ... , k, then for any 
nonnegative integers m1, •.. , m,., it holds 

fJ.(Ee X,)m' •::; (t,.ux,u. )' 
where f10 denotes the iterated operation ®. 

Proof: Consider the matrix 
k 

X= II0 (E$Xi)m', 
i=l 

and represent it in the form 

X = (EEBXt)m'®···®(EEBXk)m• 
m 1 m• 

= L:e X~' ® ... ® L:e x~· 
i,=o i•=o 
m1 m• 

= L:e ... L:e X~' ® ... ® x~· 
i,=O i•=O 

< Le X~'® .. ·®X~•, 
OSi,+ .. +i•Sm 

where m = m1 + · · · + mk. From Proposition 2 we 
may replace the last term to get 

X $ L:e Xf' ® .. ·® x~·· 
OSil + .. ·+i~rSP 

Proceeding to the norm, with its additive and mul­
tiplicative properties, we arrive at the inequality 

Since 0 $ IIXille $ IIXtlle $ · · · $ IIX,.IIe for all 
i = 1, ... , k, we finally have 

p 

IIXIIe < L:e (!IX tile $ · · · $ IIXk lie )P 
i=O 

• 
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4 Elements of Probability 

In this section we present some probabilistic re­
sults associated with (max,+ )-algebra concepts in­
troduced above. We start with a lemma which states 
properties of the expectation with respect to the op­
erations $ and 0. 

Lemma 2 Let e1, ... , e" be random variables taking 
their values in ~~ and such that their expected values 
IE[e; ], i = 1, ... , k 1 exist. Then it holds 

1. IE[el $ ... $ e"J ~ IE[ed $ .. · $ IE[e"L 

2. IE[et 0 ... 0 e"J = IE[ed 0 · · · 0IE[e~<l· 

Proof: Clearly, it will suffice to prove the lemma 
only for k = 2, and then extend the proof by induc­
tion to the case of arbitrary k. 

To verify the first inequality, first assume that 
one of the expectation on its right side, say lE[6], 
is infinite; that is IE[6] = e. Since it holds that 
el $6 ~ 6, we have 

IE(el $61 ~ IE[etl = JE[ed $ ea = JE[ed $IE[6l· 

Suppose now that lE[ed,lE[e2] > e, and consider 
the obvious identity 

1 
z $ y = 2(z + y + lz- yl) 'Vz, y E JR. 

With ordinary properties of expectation, we get 
' 

1 
IE(el $ ea1 > 2 (IE[ed + JE[6l + IJE[ed -IE[ealD 

= JE[e11 $IE[e2l· 

The second assertion of the lemma is trivial. • 

The next result [7, 8] provides an upper bound for 
the expected value of the maximum Q( independent 
and identically distributed (i.i.d.) random variables. 

Lemma 3 Let e1, ... ,e1e be i.i.d. continuous ran­
dom variables, and there exist JE[ed < oo and 
D{ed < oo. Then it holds 

IE[t..ei] :5JE[ed+ ~JD[ftl 
Consider a random matrix X with its entries Zij 

taking values in llt. We denote by JE[X] the matrix 
obtained from X by replacing each entry Zij by its 
expected value lE[zij]· With Lemma 2; it is easy to 
verify the next statement. 

Lemma 4 For any random matrix X, it holds 

IEIIXII. ~ IIJE[Xlll •. 

Proof: It follows from Lemma 2 that 

IE II XII. = E [ 2:• ••J] 
I,J 

> 2:.JE(z;;] = lllE[X]II8 . 

i,j 

• 

5 Acyclic Fork-Join Networks 

We consider a network with n single-server nodes 
and customers of a single class. The topology of the 
network is described by an oriented acyclic graph 
g = (N, A), where N = {1, ... , n} represents the 
set of nodes, and A = {(i,j)} C N x N is the 
set of arcs which determine the transition routes of 
customers. It is assumed that there are nodes in 
the graph which have no either incoming or outgoing 
arcs. Each node with no predecessors is assumed to 
represent an infinite external arrival stream of cus­
tomers; provided that a node has no successors, it 
is considered as an output node intended to release 
customers from the network. 

Each node of the network includes a server and in­
finite buffer which together present a single-server 
queue operating under the first-come, first-served 
queueing discipline. At the initial time, the server 
at each node is assumed to be free of customers, 
the buffers in nodes with no predecessors have infi­
nite number of customers, whereas the buffers in the 
other nodes may have finite numbers of customers. 

In addition to the usual service procedure, spe­
cial join and fork operations [1] may be performed 
in a node respectively before and after service of a 
customer. The join operation is actually thought to 
cause each customer which comes into a node not to 
enter the buffer at the server but to wait until at least 
one customer from every preceding node arrives. As 
soon as these customers arrive, they, taken one from 
each preceding node, are united to be treated as be­
ing one customer which then enters the buffer to be­
come a new member of the queue. 

The fork operation at a node is initiated every time 
the service of a customer is completed; it consists in 
giving rise to several new customers one for each suc­
ceeding nodes. These customers simultaneously de­
part the node, each being passed to separate node re­
lated to the first one. We assume that the execution 
of fork-join operations when appropriate customers 
are available, as well as the transition of customers 
within and between nodes require no time. 

For the queue at node i, we denote the kth depar­
ture epoch by z;(k), and the service time of the kth 
customer by Tile· We assume that r;1e ~ 0 are given 
parameters for all i = 1, ... , n, and k = 1, 2, ... , 
while z;(k) are considered as unknown state vari­
ables .. With the condition that the network starts op­
erating at time zero, it is convenient t.o set z;(O) = 0 · 
and z;(k) = e for all k < 0, i = 1, ... , n. Finally, 
we denote the number of customers in the buffer at 
node i at the initial time by r; with 0 < r; < oo, 
and introduce M = max{r;l r; < oo; i = l, ... ~n}. 

An example of an acyclic fork-join network with 
n = 5 is shown in Fig. 1. 

It has been shown in [10, 11] that the dynamics of 
the network can be described by the state equation 

M 

a:(k) = ~e Am(k) 0 a:(k- m), (1) 
m=l 
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2 
:=p 

Figure 1: An acyclic fork-join network. 

with the state transition matrices 

At(k) = (E EF71k ® G'[)P ® 7i, ® (E EF7 Gf), 

Am(k) = (E $1i, ® G'f:)' ® 1j, ® G~, 
m=2, ... ,M, 

where 1k = diag( T1Jc, ••. , Tnk) with e as the off­
diagonal entries, Gm = (gij), m = 0, 1, ... , M, are 
matrices with their entries defined by the condition 

~ = { 0, if (i,j) E A and m = rj, 
g,J .. otherwise ... , ' 

and p is the length of the longest path in the graph 
associated with the matrix Go. 

In fact, Gm presents the standard adjacency ma­
trix of the partial graph flm = (N, Am) with Am = 
{(i,j)l (i,j) E A; ri = m}. Since the graph of the 
entire network is acyclic, all its partial graphs 9m, 
m = 0, 1, ... , M, possess the same property. 

6 Monotonicity Properties 

In this section, a useful property of monotonicity 
is established which relates the system state vec­
tor z(k) to the initial numbers of customers r;. It 
is actually shown that the entries of z ( k) for all 
k = 1, 2, ... , do not decrease when the numbers r; 
with 0 < r; < oo, i = 1, ... , n, are reduced to 0. 

We prove this assertion in two ste.ps: first we con­
sider the effect of reducing the numbers r; > 1 to 
1, and then replace r; = 1 with r; = 0. Note 
that the change in the initial numbers of customers 
results only in modificationS to partial graphs 9m 
and so to their adjacency matrices Gm. Specifically, 
reducins these numbers to 1 leads _us to new ma­
trices G1 = G1 EF7 · · · EF7 G M, and Gm = C for all 
m = 2, ... , M, whereas Go remains unchanged. 

Lemma 5 Let z(k) be determined by {1). Suppose 
that the vector i(k) satisfies the dynamic equation 

i(k) = At(k) ® i(k- 1), i(O) = 0, 

with At(k) == (EEF71i,®G'ij)P®1i,®(E$C}f) 1 where 

Gl = Gl EF7 .. ·E&GM. 
Then for aU k = 1, 2, ... 1 it holds 

z(k) :S i(k). 

Proof: Since z(kd :S z(k2) for any k1 < k2 , we 
have from ( 1) 

Now we can define the matrix A1(k) as 

M 

.4t(k) = 2::$ Am(k) 
m=l 

= (E EF71k ® G'[)1 ® 7i, ® ( E E& t,$ G~) . 
Starting with the condition z(O) = i(O) = 0, we 

successively verify that the relations 

z(k) < At(k) ® z(k- 1) 

< At(k) ® i(k- 1} = i(k) 

are valid for each k = 1, 2, .... • 
The next lemma shows that in the system with fi­

nite initial numbers r; equal either to 0 or 1, the 
entries of its transition matrix A1 ( k) do not decrease 
as all these numbers are set to 0. Clearly, this also in­
volves nondecrease in the entries of the system state 
vector z(k). 

Lemma 6 For all k = 1, 2, ... 1 it holds 

At(k) :s A(k) 

with A(k) = (EE&1k®fJI')q®7i,, where G = GoE&G1 , 

and q is the length of the longest path in the graph 
associated with the matrix G. 
Proof: Consider the matrix 

At(k) = (E E& 7i, ® G'f:)' ® 7j, ® (E E& Gf). 

As one can see, to prove the lemma, it will suffice to 
verify both inequalities 

A(k) > (E E&"' ® G'f:)P ® "'· (2) 

A(k) > (E EF71k ® a'f:)' ® 1k ® ar. (3) 

Let us write the obvious representation 

q 

(E$1k®GT)q = L:$(EE&7'ic®G'f:);®(7k®Gf)q-i. 
i=l 

Since q 2: p, we get from the representation 

(E E& 7i, ® GT)q 2: (E E& 7j, ® {jT)p 

2: (E E& 7j, ® G'f:)1 . 

It remains to multiply both sides of the above in­
equality by 1k on the right so as to arrive at (2). 

To verify (3), let us first assume that q > p. In 
this case, we obtain 

(E E& 7j, ® {jT)q > (E E& 7j, ® {jT)p+l 

> ( E E& 7j, ® G'f: )P ® 7j, ® Gf, 
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Suppose now that q = p. Then it is necessary that 
G1 0 Gg = £. If this were not the case, there would 
be a path in the graph associated with the matrix 
G = Go $ Gt, which has its length greater than p, 
and we therefore would have q > p. 

Clearly, the condition Gt 0 Gg = £ results in the 
equality (Ti. 0 Gij')P ® 7i. ® cr = £, and thus we get 

(E fJ7 7i. ® f;T)P ~ (E $ 7i. ® Ga)p-l ® 7i. ® G[ 

= ( E $ 7i. ® Gl')P ® 7i. ® Gf. 
Since it holds (E$71. ®GT)P ®Ti. ~ (E $71. ®0T)P, 
one can conclude that inequality (3) is also valid. • 

Lemmas 5 and 6 can be summarized as follows. 

Theorem 1 In the acyclic fork-join queueing net­
work, reducing the initial numbers of customers from 
any fixed values to 0 does not decrease the entries of 
the system state vector z ( k) for all k = 1, 2, .... 

7 Service Cycle Time 

We consider the evolution of the system (1) as a se­
quence of service cycles: the 1st cycle starts at the 
initial time, and it is terminated as soon as all the 
servers in the network complete their 1st service, the 
2nd cycle is terminated as soon as the servers com­
plete their 2nd service, and so on. Clearly, the com­
pletion time of the kth cycle can be represented as 

m!OLXZi(k) = llz(k)ll 61 • 

' 
The next lemma provides simple lower and upper 

bounds on the kth cycle completion time. 

Lemma 7 For all k = 1, 2, ... , it holds 

t,r. • ~ llz(kJII. ~ t,ur.II.+P (t,.ur.u.). 
Proof: To verify the left inequality, first note that 

At(k) = (E E97i. ® <i5)" ® 7i. ® (E E9 Gf) ~ Ti.. 

With this condition, we have from equation (1) 

z(k) ~ 7it ® z(k- 1) 
~ 7i. ® ... ® 7i ® z(O) 

with z(O) = 0. Taking the norm, and considering 
that 7i, i ·= 1, ... , k, are diagonal matrices, we get 

llz(k)ll61 ~ 117i. ® · · · ® 1ille 

= 117i + · · · + 1k lie · 
To obtain an upper bound, let us replace the gen­

eral system (1) with that governed by the equation 

z(k) = A(k) ® z(k- 1), z(O) = 0, (4) 

where A(k) = (E E9 7i. ®aT)~'® 7k with the matrix 
G = Go $ Gl e ... e G M I and p is the length of 

the longest path in the graph associated with G. As 
it follows from Theorem 1, such a replacement does 
not decrease the vector z ( k) for all k = 1, 2, .... 

Let us denote Ak = A(k) ® · · · ® A(l). With the 
condition that z(O) = 0, we can write from (4) 

liz(k)lle = IIA(k) ® · · · ® A(1}ile = I!Aklle. 

From Proposition 1 we get for the matrix Ak 

k k 

Ak :::; IT® 117ille ®IT® (E fJ7 '7i.-i+l ® aT)P . 
i=l i=l 

By applying Lemma 1, we obtain the inequality 

IIA•II. ~ g. II'Till. ® (t,. II'Till. )' 

= t, 117ille + P (t,e ll7ille) • 

which provides us with the desired result. • 

Let us define the average cycle time of the system: 

1 
y(k) = k llz(k)lle. 

In many applications, one is normally interested in 
investigating the steady-state mean cycle time; that 
is, the limit of y(k) as k tends to oo. We will 
consider this problem with relation to the stochastic 
network models in the next section. 

8 Stochastic Networks 

Suppose that for each node i = 1, ... , n, the service 
times Til, Ti2, ... , form a sequence ofi.i.d. continuous 
non-negative random variables with JE(Tik] < oo and 
ID{Ti!c] < oo for all k = 1, 2,.. .. With these condi­
tions, 7k are i.i.d. random matrices, whereas 117klle 
present i.i.d. random variables with 1EII7kll 61 < oo 
and Dll7klle < oo for all k = 1, 2, .... 

In the analysis of the mean cycle time of the sys­
tem, one first has to convince himself that the limit 

lim -k1 11z(k)ll61 = "Y 
lc-.oo 

(5) 

exists. A standard technique to verify the existence 
· of the above limit is based on . the Subadditive Er­
godic Theorem proposed in [9]. One can find ex­
amples of the implementation of the theorem in the 
(max, +)-algebra framework in [5, 3, 4, 12]. 

With the above probabilistic conditions, it is not 
difficult to apply the theorem in the same way as in 
[5, 3, 4, 12] to prove existence of the limit in (5) for 
the system (1). In more exact terms, the theorem 
allows one to prove that this limit exists with the 
probability one, and, at the same time, it holds 

(6) 

Now we present our main result which offers simple 
bounds on the mean' cycle time "Y. 
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Theorem 2 In the stochastic dynamical system (1) 
the mean cycle time Af satisfies the double mequality 

lilE[7i]lle S: iS: E\11111,, · (7) 

Proof: Note that according to the Subadditive Er­
godic Theorem, we may represent the mean cycle 
time in the form (6). 

Let us first prove the left inequality in (7). From 
Lemmas 7 and 4, we have 

~E\\~r.!l, 
> 111 ~IE[?;] II. ~ JJIE[1i]ll. 

independently of k. 
With the upper bound offered by Lemma 7, we get 

From Lemma 3, the second term on the right-hand 
side may be replaced by that of the form 

which tends to 0 as k -+ oo. II 

9 Concluding Remarks 

In conclusion, we briefly discuss the behaviour of 
the bounds (7) under various assumptions concern­
ing the service times in the network. First note 
that the deriva.tion of the bounds does not require 
the kth service times '~il• to be independent for all 
i = 1, ... , n. Moreover, if '~il• = TJ. for all i, we 
have IIIE(7l]lle = lEIITille' and so the lower and up­
per bound coincide. Therefore, one can expect that 
the accuracy of the bounds increases with strength­
ening the dependency. 

Furthermore, let us consider the effect of decreas­
ing the variance ID[rtd on the bounds on '"Y· Note 
that if ril were degenerate random variables with 
zero variance, the lower and upper bounds in (7) 
would coincide. This leads us to the conclusion that 
with decreasing the variance of r; 1 , the bounds be­
come more accurate. 

Finally, let us choose a node of the network, say 
node i = 1. Suppose that, with the random variables 
r;1, i #- 1, being fixed, the random service time r11 
is changed in such a way so that the probability 

increases. It is easy to see that as the above proba­
bility tends to one, both the lower and upper bounds 
tend to the common value JE[ru]. 

Since, in particular, this probability increases as 
E[ r11] increases, we conclude that in this case, the 
greater difference between E(r11 ] and E[r,J] for all 
i f. l, the smaller difference between the lower and 
upper bounds in (7). 
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