
Î ñîñòîÿòåëüíîñòè îöåíîê ïàðàìåòðîâARX-ñèñòåì äðîáíîãî ïîðÿäêàñ ïîìåõîé â âûõîäíîì ñèãíàëå1Ä. Â. Èâàíîâ, ê. ô.-ì. í.Î. À. Êàöþáà, ä. ò. í.Ñàìàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïóòåé ñîîáùåíèÿdvi85@list.ru, katsyuba.samgups@mail.ruÏðåäëîæåí àëãîðèòì, ÿâëÿþùèéñÿ îáîáùåíèåì ìåòîäà íàèìåíüøèõ êâàä-ðàòîâ, êîòîðûé ïîçâîëÿåò ïîëó÷àòü ñèëüíî ñîñòîÿòåëüíûå îöåíêè ïàðàìåòðîâARX-ñèñòåì äðîáíîãî ïîðÿäêà ñ ïîìåõîé â âûõîäíîì ñèãíàëå â óñëîâèÿõ îò-ñóòñòâèÿ èíôîðìàöèè î çàêîíå ðàñïðåäåëåíèÿ ïîìåõ.Êëþ÷åâûå ñëîâà: ñîñòîÿòåëüíîå îöåíèâàíèå, ìåòîä íàèìåíüøèõ êâàäðàòîâ,ðàçíîñòü äðîáíîãî ïîðÿäêà.1. ÂâåäåíèåÌîäåëè íà îñíîâå äðîáíûõ äèôôåðåíöèàëüíûõ è ðàçíîñòíûõóðàâíåíèé íàõîäÿò ïðèìåíåíèå âî ìíîãèõ ïðèëîæåíèÿõ òàêèõ êàêòåîðèÿ âÿçêîóïðóãîñòè [1, 2], òåîðèÿ õàîñà, ôðàêòàëû [3], äëÿ îïè-ñàíèÿ äèýëåêòðè÷åñêèõ ìàòåðèàëîâ [4], ýëåêòðîõèìè÷åñêèõ ïðîöåñ-ñîâ [5], òðàôèêà â êîìïüþòåðíûõ ñåòÿõ [6]. Ïðîáëåìàì èñïîëüçîâà-íèÿ äðîáíîãî èíòåãðî-äèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ äëÿ îïèñà-íèÿ äèíàìèêè ðàçëè÷íûõ ñèñòåì è ïðîöåññîâ óïðàâëåíèÿ ïîñâÿùåíîáçîð [7, 8].Ïî âèäó ïàðàìåòðèçàöèè øóìà ìîäåëè ìîæíî âûäåëèòü äâåãðóïïû ìîäåëåé: ìîäåëü îøèáêè â óðàâíåíèè (ARX-ìîäåëü) è ìî-äåëü âûõîäíîé îøèáêè [9]. Èäåíòèôèêàöèÿ ìîäåëåé îøèáêè óðàâ-íåíèÿ ñâîäèòñÿ ê êëàññè÷åñêîé çàäà÷å ðåãðåññèîííîãî àíàëèçà èìîæåò áûòü ðåøåíà ìåòîäîì íàèìåíüøèõ êâàäðàòîâ. Â ìîäåëÿõîøèáêè â óðàâíåíèè ñ÷èòàåòñÿ, ÷òî ïîìåõà ïðîõîäèò ÷åðåç ÷àñòüäèíàìè÷åñêîé ñèñòåìû, ÷òî íå âñåãäà óäîáíî äëÿ ïðèëîæåíèé. Ñâî-áîäíîé îò ýòîãî íåäîñòàòêà ÿâëÿåòñÿ ìîäåëü âûõîäíîé îøèáêè, îä-íàêî èäåíòèôèêàöèÿ äàííîé ìîäåëè ñóùåñòâåííî ñëîæíåå. Åñòå-ñòâåííûì îáîáùåíèåì äâóõ äàííûõ ìîäåëåé ÿâëÿåòñÿ ARX-ìîäåëüñ ïîìåõîé íàáëþäåíèÿ â âûõîäíîì ñèãíàëå.Â íàñòîÿùåå âðåìÿ àêòèâíî ðàçâèâàþòñÿ ìåòîäû íåëèíåéíîãîîöåíèâàíèÿ ïàðàìåòðîâ äèíàìè÷åñêèõ ñèñòåì [10, 11]. Â [12] ïðåä-1 c©Ä. Â. Èâàíîâ, Î. À. Êàöþáà, 2013 21



ëîæåí ìåòîä îöåíèâàíèÿ ïàðàìåòðîâ àâòîðåãðåññèè íåöåëîãî ïî-ðÿäêà ñ ïîìåõîé â âûõîäíîì ñèãíàëå, â [13, 14] ìåòîä îöåíèâàíèÿäèíàìè÷åñêîé ñèñòåìû ñ ïîìåõîé â âûõîäíîì ñèãíàëå, îáîáùåíèåìåòîäà íà äèíàìè÷åñêóþ ñèñòåìó íåöåëîãî ïîðÿäêà ñ îøèáêàìè âïåðåìåííûõ ïðèâåäåíî â [15]. Â [16, 17] ïðåäëîæåíû ðåêóððåíòíûåàëãîðèòìû èäåíòèôèêàöèè ïîçâîëÿþùèé ïîëó÷àòü ñèëüíî ñîñòîÿ-òåëüíûå îöåíêè íåêîòîðûõ êëàññîâ íåëèíåéíûõ ARX-ñèñòåì ñ ïî-ìåõîé íàáëþäåíèÿ â âûõîäíîì ñèãíàëå [18].Â ñòàòüå äàíî îáîáùåíèå ìåòîäà íåëèíåéíûõ íàèìåíüøèõ êâàä-ðàòîâ [10] íà ñëó÷àé ëèíåéíîé äèíàìè÷åñêîé ARX-ñèñòåìû äðîá-íîãî ïîðÿäêà ñ ïîìåõîé â âûõîäíîì ñèãíàëå è äîêàçàíà ñèëüíàÿñîñòîÿòåëüíîñòü ïîëó÷àåìûõ îöåíîê, ïðè îòñóòñòâèè èíôîðìàöèèî çàêîíå ðàñïðåäåëåíèÿ ïîìåõ.2. Ïîñòàíîâêà çàäà÷èÐàññìîòðèì ëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó äðîáíîãî ïîðÿä-êà, îïèñûâàåìóþ ñëåäóþùèìè ñòîõàñòè÷åñêèìè óðàâíåíèÿìè ñ äèñ-êðåòíûì âðåìåíåì i = ...− 1, 0, 1, ...:
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1. Ìíîæåñòâî B̃, êîòîðîìó àïðèîðíî ïðèíàäëåæàò èñòèííûåçíà÷åíèÿ ïàðàìåòðîâ óñòîé÷èâîé äèíàìè÷åñêîé ñèñòåìû ÿâëÿåòñÿêîìïàêòîì.2. Ñëó÷àéíûå ïðîöåññû {ξ(1)i
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òàê êàê ñîãëàñíî Ëåììå 1 E(εi) = 0, òî
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...−1, 0, 1, ...} îïèñûâàåòñÿ óðàâíåíèåì (1) ñ íà÷àëüíûìè íóëåâûìèóñëîâèÿìè è âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ 1-4. Òîãäà îöåíêà θ̂(N),îïðåäåëÿåìàÿ âûðàæåíèåì (3) ñ âåðîÿòíîñòüþ 1 ïðè N → ∞, ñó-ùåñòâóåò, åäèíñòâåííàÿ è ÿâëÿåòñÿ ñèëüíî ñîñòîÿòåëüíîé îöåí-êîé, ò. å. θ̂(N)−−−−→
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x

)T

ã−

+ξ
(2)
i

(

ϕ
(i)
x

)T

ã+ bTϕ
(i)
ξ1

(

ϕ
(i)
z

)T

b̃+ bTϕ
(i)
ξ1

(

ϕ
(i)
x

)T

ã+ ξ
(1)
i ξ

(2)
i

)ãäå b̃ = b− b0, ã = a− a0, θ̃ = θ − θ0.Ïðèìåíèâ ëåììó [19] äëÿ ñëó÷àéíûõ ïðîöåññîâ, ïîëó÷àåì, ÷òî
ν1 −−−−→

N→∞

σ̄2
1 + σ̄2

2 + bTHξ1b, ï. í. òàê êàê èç 3
lim

N→∞

1
N

∑N

i=1

(

ϕ
(i)
z

ϕ
(i)
x

)

(

(

ϕ
(i)
z

)T (

ϕ
(i)
x

)T
)

= H ï. í.,òî ν2 −−−−→
N→∞

θ̃THθ̃ ï. í.Ïåðâûå ñëàãàåìûå â ñóììå ν3 â ñèëó óñëîâèé 2, 3 , 4 óäîâëåòâî-ðÿþò óñëîâèÿì ëåììû [20] è, ñëåäîâàòåëüíî:
N−1

∑N
i=1 ξ

1
i

(

ϕ
(i)
z

)T

b̃ −−−−→
N→∞

0 ï. í.,
N−1

∑N

i=1 ξ
1
i

(

ϕ
(i)
x

)T

ã −−−−→
N→∞

0 ï. í., ∀θ ∈ B̃. 26



Çàìåòèì, ÷òî
N−1

N
∑
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bTϕξ1
(i)ϕT

z (i)(i)b̃ =
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N

N
∑
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zξ1

h
(21)
zξ1

. . . h
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zξ1

h
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zξ1

h
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zξ1

. . . h
(r1)
zξ1... ... . . . ...

h
(1r)
zξ1

h
(2r)
zξ1

. . . h
(rr)
zξ1













b̃,

h
(mk)
zξ1

=
N−1
∑

i=0

E





i
∑

j=0

(−1)j
(

αm

j

)

zi−j−1

i
∑

j=0

(−1)j
(

αk

j

)

ξ
(1)
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òîãäà (4) ìîæíî ïðåäñòàâèòü â âèäå r2 ñëàãàåìûõ, êàæäîå èç êîòî-ðûõ â ñèëó ïðåäïîëîæåíèé 2-3 ïî ëåììå [20] ñõîäèòñÿ ê íóëþ. Ìîæ-íî äîêàçàòü, ÷òî è âñå îñòàëüíûå ñëàãàåìûå â ν3 ñõîäÿòñÿ ê íóëþñ âåðîÿòíîñòüþ 1. Òàêèì îáðàçîì, èìååì:ν3 −−−−→
N→∞

0 ï. í. Îêîí÷à-òåëüíî èìååì
N−1UN (b, a) −−−−→

N→∞

σ̄2
1 + σ̄2

2 + θ̃THθ̃ + bTHξ1b ≡ Ū(b, a) (5)Ïîêàæåì, ÷òî ðåøåíèå çàäà÷è
minω−1(b)Ū(b, a), θ ∈ B̃ (6)ñóùåñòâóåò è äîñòèãàåòñÿ â åäèíñòâåííîé òî÷êå θ = θ0, ò.å.

min
θ∈B̃

ω−1(b)Ū(b, a) =
Ū(b, a)

ω(b)
(7)Äëÿ ýòîãî âìåñòå ñ êðèòåðèåì (3) ðàññìîòðèì ôóíêöèþ

V (b, a, λ) = Ū(b, a)− λω(b),

V (λ) = min
θ∈B̃

V (b, a, λ). (8)Òîãäà (8) ðàâíî
V (b, a, λ) = σ̄2

1(1− λ) + σ̄2
2(1− λ) +

(

b0
a0

)T

H
(

b0
a0

)

+

+
(

b
a

)T
(

Hyy − λHξ1 Hzx

(Hzx)
T

Hxx

)

(

b
a

)

− 2
(

b0
a0

)T

H
(

b
a

)
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ãäå
lim

N→∞

1
N

∑N

i=1 ϕ
(i)
y

(

ϕ
(i)
y

)T

= Hyy, lim
N→∞

1
N

∑N

i=1 ϕ
(i)
w

(

ϕ
(i)
w

)T

= Hww.Äèôôåðåíöèðóÿ V (b, a, λ) ïî b, a è ïðèðàâíèâàÿ ïðîèçâîäíûå ê íó-ëþ, íàõîäèì
(

b(λ)

a(λ)

)

=

(

Hyy − λHξ1 Hzx

(Hzx)
T Hxx

)−1

H

(

b0
a0

)

, (9)è òîãäà
V (λ) = σ̄2

1(1− λ) + σ̄2
2(1− λ) +

(

b0
a0

)T

H
(

b0
a0

)

−

−
(

H
(

b0
a0

))T
(

Hyy − λHξ1 Hzx

(Hzx)
T Hxx

)−1

H
(

b0
a0

)ôóíêöèÿ V (λ) íà èíòåðâàëå (−∞, λmin + 1) íåïðåðûâíà, ãäå λmin-íàèìåíüøåå ñîáñòâåííîå ÷èñëî ðåãóëÿðíîãî ïó÷êà êâàäðàòè÷íûõôîðì, òî åñòü íàèìåíüøèé êîðåíü óðàâíåíèÿ:
det
((

Hyy −HzxH
−1
xx H

T
zx

)

− λHξ1

)

= 0. (10)Ëåãêî ïîêàçàòü, ÷òî óðàâíåíèå V (λ) = 0 èìååò íå áîëåå îäíîãîêîðíÿ λ1 íà (−∞, λmin + 1), òàê êàê íà ýòîì èíòåðâàëå ôóíêöèÿ
V (λ) íåïðåðûâíà è

V̇ (λ) = −(σ̄2
1 + σ̄2

2 + bT (λ)Hξ1b(λ)) < −1, λ ∈ (−∞, λmin + 1) .Íåïîñðåäñòâåííîé ïîäñòàíîâêîé λ1 = 1 â óðàâíåíèå V (λ) = 0 ìîæ-íî óáåäèòüñÿ, ÷òî λ1 = 1 ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ, ê òîìó æååäèíñòâåííûì íà èíòåðâàëå(−∞, λmin + 1), ÷òî âûòåêàåò èç íåïðå-ðûâíîñòè V̇ (λ) è V̇ (λ) < 0 íà äàííîì èíòåðâàëå. Òîãäà èç (9) íåïî-ñðåäñòâåííî ñëåäóåò ñïðàâåäëèâîñòü (7).Âûðàæåíèå (3) ìîæíî ïðèâåñòè ê âèäó
min
θ∈B̃

ω−1(b)U1
N (b, a) = min

θ∈B̃

(

Y − ΦT θ
)T (

Y − ΦT θ
)

σ̄2
1 + σ̄2

2 + bTHξ1b
,ãäå Y = (y1, ..., yN )T ,

Φ =
(

Φy Φx

)

=







ϕT
y (0) ϕT

x (0)... ...
ϕT
y (N − 1) ϕT

x (N − 1)
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Ââåäåì íîâûé âåêòîð ïåðåìåííûõ ( 1 b a
)T

= u è ìàòðèöó
Φ̄ =

(

−Y Φ
). Èìååì äëÿ (3):

min
u∈B̃

uT Φ̄T Φ̄u

uT H̄ξ(N)u
, H̄ξ(N) =





σ̄2
1 + σ̄2

2 0 0
0 Hξ1(N) 0
0 0 0



 ,è Φ̄T Φ̄ > 0.Àíàëîãè÷íî (9) ìîæíî ïîëó÷èòü (äëÿ êîíå÷íîé âûáîðêè îáúåìàN): VN (λ) = Y TY − λ−

−

(

ΦT
y Y

ΦT
wY

)T (
ΦT

y Φy − λHξ1(N) ΦT
y Φx

ΦT
xΦy ΦT

xΦx

)−1(
ΦT

y Y

ΦT
wY

)

,è VN (λ) = 0 èìååò ñâîéñòâà, àíàëîãè÷íûå V (λ) = 0.Íàõîæäåíèå êîðíÿ VN (λ) = 0 ìîæíî çàïèñàòü â ñëåäóþùåéôîðìå: λ̂1(N) = λmin(N)
[

Φ̄T Φ̄H̄ξ

]- ìèíèìàëüíîå õàðàêòåðèñòè÷å-ñêîå ÷èñëî ïó÷êà êâàäðàòè÷íûõ ôîðì, îïðåäåëÿåìûõ Φ̄T Φ̄ è H̄ξ.Îäíàêî H̄ξ ≥ 0, ïîýòîìó ðàññìîòðèì [21]
λmin(N)

[

Φ̄T Φ̄− λH̄ξ

]

=
1

λmax(N)
[

(

Φ̄T Φ̄
)−1

H̄ξ

] .Èçâåñòíî [22], ÷òî
1
N

1

λmax(N)
[

(Φ̄T Φ̄)−1
H̄ξ

] −−−−→
N→∞

1

λmax

[

( lim
N→∞

1

N
Φ̄T Φ̄)−1H̄ξ

] =

= λmin

[(

lim
N→∞

1
N
Φ̄T Φ̄

)

H̄−1
ξ

]

.Òàê êàê íàõîæäåíèå λmin

[(

lim
N→∞

1
N
Φ̄T Φ̄

)

H̄−1
ξ

] ìîæíî ïðåäñòà-âèòü êàê îïðåäåëåíèå êîðíÿ óðàâíåíèÿ V (λ) = 0, òî 1
N
λ̂1(N)−−−−→

N→∞

λ1ï. í.Äàëåå, íåèçâåñòíûå ïàðàìåòðû ìîæíî îïðåäåëèòü èç ðåøåíèÿñèñòåìû ñëåäóþùèõ ëèíåéíûõ óðàâíåíèé:
(

ΦT
y Φy − λHξ1(N) ΦT

y Φx

ΦT
xΦy ΦT

xΦx

)(

b
a

)

=

(

ΦT
y Y

ΦT
xY

) (11)Òîãäà, î÷åâèäíî, ïîëó÷àåì
1
N
[

(

ΦT
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y Φx

ΦT
xΦy ΦT
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)(

b
a

)

−

−
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ΦT
y Y
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)
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Hyy − λ1Hξ1 Hzx
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zx Hxx

)(

b
a

)

−H

(

b0
a0

)

= 0.29



Èç åäèíñòâåííîñòè ðåøåíèé (11) è ïîñëåäíåãî âûðàæåíèÿ ñëå-äóåò, ÷òî ( b̂ (N)
â (N)

)

−−−−→
N→∞

(

b0
a0
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