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1 Introduction

Fourth-order differential equations with or without p—Laplacian occur in beam theory [1,3].
The solvability of such equations with different boundary conditions has been studied in papers
[4-11,13-30,32-34]. The methods used in above mentioned papers are the fixed point theorems
in cones in Banach spaces [1,9,13,16,17,21,19,20,28,30,33], the continuation theorem of coinci-
dence degree [11,26,23,27], the upper and lower solutions methods with the monotone iterative
technique [4-6,8,15,32,34] and the Leray-Schauder fixed point theorem [7,13,25,28,33].

The properties of solutions of the fourth order ordinary or functional differential equations
are also studied by many authors, for example, Amster and Mariani [2] studied the oscillatory
properties of solutions of a fourth order differential equation. In paper [31], Tanigawa estab-
lished oscillation and non-oscillation theorems for a class of fourth order differential equations
with p—Laplacian.
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However, the results on the existence of periodic solutions of the fourth order functional
differential equations with p—Laplacian have not been found in known literature.

To fill this gap, in this paper, we use Mawhin’s continuation theorem of coincidence de-
gree (Theorem IV.13 of [12]) to establish sufficient conditions for the existence of at least
one T —periodic solution of the following fourth order functional differential equations with
p—Laplacian

[a(O)o(="(@)]" = f(t,x(t), 2(na(D)), -, x(7m(D))), t € R, (1-1)
where T > 0 is a constant, 7, € C*(R) for all k = 1,--- ,m are invertible, the inverse function
of 7 = 7;(t) is denoted by t = pu;(7)(i = 1,2,---,m), f : R x R™" — R is a Caratheddory
function, ie., f :t — f(t,x0, 21,29, - ,xy) is T—periodic and measurable on [0,7], f :
(xo, 1, , o) — f(t, @0, 21, -+ ,Ty) is continuous and for each r > 0 there exists ¢, €
L0, T] such that |f(t,xo, x1, 22, ,xm)| < é.(t) holds for all ¢t € [0,T] and |z;| < r(i =
0,1,2,3,---,m), ¢ : R — (0,+00) is T—periodic, ¢(z) = |z[P72x with p > 1, which is called a
p—Laplacian, and its inverse function is ¢~ !(x) = |z|9 %z with 1/¢+1/p = 1.

The remainder is divided into two sections. In Section 2, we present the main results. In
Section 3, we give some examples to illustrate the main theorems.

2 Main Results

Let PC? be the set of all continuous T—periodic functions on R and X = PC° x PC°, the
norm is defined by

(e, o)l = max{max 2(0)], max \y<t>|}

te[0,7 te[0,7
for (z,y) € X. Then X is a real Banach space.

Let PL' be the set of all T—periodic functions which are measurable on [0,7] and ¥ =
PL' x PL', the norm is defined by

sl = max{ [ utear, [ oo}

for (u,v) € Y. Then Y is a real Banach space.

We also use the Sobolev spaces

! bsolutely continuous
P2l _ :R—>R’ x,x’ are a
{x and T —periodic on R with z” € PL*

and

! bsolutely continuous
PW2’1 — . R - R’ qx, (ql’) are a
a {x and T—periodic on R with (qz)” € PL

Let D(L) = PW?! x PW2>'. Define the linear operator L : D(L) N X — Y by

=(?) = (t) or all (z -
L< >_< q(t)y(t)),,> for all (z,y) € D(L) N X. (2-2)
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Define the nonlinear operator N : X — Y by

z(t) \ [ oM y() o _
N ( y(1) ) B ( ft,z(t), (1), 21 (1)) ) for all (z,y) € X. (2-3)

Now, we will briefly recall some notation and an abstract existence result. Let X, Y be real
Banach spaces, L : D(L)[()X — Y be a Fredholm map of index 0and P: X - X, Q:Y =Y
be continuous projectors such that InP = KerL, KerQ = ImL and X = KerL @ KerP,
Y = ImL@ImQ. It follows that LpioynKerp D(L)L (N KerP — ImL is invertible. We

denote the inverse of that map by K. If € is an open bounded subject of X such that
D(L) Q2 # 0, the map N : X — Y will be called L—compact on  if QN(£2) is bounded and
K,(I — Q)N : Q1 = X is compact.

Lemma 2.1.[12] Let X and Y be Banach spaces. Let L : D(L)( X — Y be a Fredholm
operator of index zero and € be an open bounded subset of X with Q(D(L) # (). Suppose
that N : X — Y be L—compact on €2 and the following conditions are satisfied:

(i) Lz # ANz for every (z,\) € [(D(L) \ KerL) N 9Q] x (0,1);
(ii) Nz ¢ ImL for every x € KerL N 052,

(iii) deg(AQN |Kers » 2N KerL,0) # 0, where A : KerL — Y/ImL is the isomorphism.
Then the equation Lx = Nz has at least one solution in D(L) N €.

Let X = PC°x PC? and Y = PL' x PL' and L, N be defined by (2) and (3) respectively.
It is easy to show the following results. We omit their proofs since the proofs are simple and
standard.

(i) KerL = {(a,b/q(t)): a,b € R};
(ii) ImL = {(u,v) € X : fOT u(s)ds =0, fOTU(t)dt =0};
(iii) L is a Fredholm operator of index zero;

(iv) there exist the projectors P : X — X and @ : X — X such that KerL = ImP and
Ker@ = ImL. There exists an isomorphism A : KerL — Y/ImL.

(v) Let Q C X be an open bounded subset with QN D(L) # ), then N is L—compact on
Q

(vi) (x,y) € D(L) is a solution of the operator equation L(z,y) = N(x,y) implies that =
is a T'—periodic solution of equation (1).

In fact, let F'(t) = f(t,x(t), x(m1(t)), -, x(Tn(t))). We have, for a,b € R, (z,y) € X and
(u,v) € Y, that
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NECARNE©
y(t) q(0)y(0)/q(t) )’
uty \ [ ST ut)d

@ u(t) ) A Tewd )

K u(t) _ f(f(t — s)u(s)ds — + fOT(T — s)u(s)ds

P\ w(t) ﬁ <f0t t— s)v(s)ds — fOT(T — s)v(s)ds> ’

3 x(t) 3 ¢ (y(1))
Bl = QN ) ol =@ ( Flt2lt), (@), x(ra(®) )

( i dy 07 W()ds — 3 Jy 67 (y(s))ds )
q(t < fo (S % ’

(b ) = (1)

Let us list some assumptions:

(B1) there exist the numbers 8 > 0, §# > 1, the nonnegative functions p; € PC°(i =
0,1,2,---,m), the function r : R — R with fOT |7“(t)|%dt < o0, and the Caratheddory func-
tions g(t, o, -+, Tm), h(t, g, -+, xy) such that

f(ta:L‘O)"' al‘m) :g(t,l’o,"' al‘m)—f_h(t)'r()"” 717771)’

g(ta Lo, X1,y ,fEm)l’o < _6|x0|6+17
and .
(At z0, - s xm)| <Y pal®)]al” + 7 (D),
i=0
for all t € R, (29,21, ,Tm) € R™HL.
(B2) there exists a positive constant p such that ¢(t) > p for all ¢ € [0, 7], and there exist
nonnegative constants M? such that |7;(T) — 7:(0)| < MT fori=1,--- ,m.

Lemma 2.2. Let 6; = maxXiepo,1] ,(t)‘ (t=1,---,m), and ; = {(z,y) : L(z,y) =
AN (z,y), ((z,y),A) € [(D(L)\ KerL)] x (0,1)}. Suppose that (B1) and (B2) hold. Then © is
bounded if

L
o+

sup |po({ |+Z sup |p;(t)| M) < . (2-4)

t€[0,T —1 t€[0,T]

Proof. For (z,y) € 1, we have L(z,y) = AN(z,y), A € (0,1), i.e

" (t) = A~ (y(1)),
@y ()" = Af(t, x(t), z(m(1), - - 2(Tm(1)))-
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It follows that
[g(t)p (" ()" = Gt 2(t), 2(T1(t)), - -+ (T (1)) (2-5)
Thus
[a(®)d(2" ()" z(t) = NS, 2(t), 2(11 (D)), - -+, (T (2)))2(2).

Integrating it from 0 to T, we get

/0 q(t) (2" (t))x" (t)dt = ¢(/\)>\/0 f@ @), w(nu(t)), - x(mn(t))2t)dt, — (2-6)

together with (B1) and fOTq(t)¢(x”(t))x”(t)dt > 0, we get that

o (ot

<= [ atta(v.atno). - alma)e)ar
</ h(t,x(t), x(m1(t)), -, x(Tm(t)))x(t)dt
< [ttt L alm () (0l

<[ po<>|x<>|9“dt+z / POl O) e+ [ riolatola

0

1

o 1
0+1 @“ w 011,
< max [po(t) | |x )P dt + | (t)| o dt |:L‘(t)| dt
t€[0,T) 0
e 1
1+6’dt o r t 9+1dt .
+Ztr€ﬂg>T< | [ et o) | tate
o 1
0+ 9+
< max [po(t) |/ |lz(4)|? T dt + {/ | (t o dt} {/ |x(t) |6+1dt}
t€[0,]
o
o )|+ " 6+1 g
i dp; dt
+Zg€ng>T<|p<>| [ )| [ [ el
L 1
0+ 0+1
< max |po(t |/ |2 (t) P dt + {/ |r(¢) o dt} {/ | (t \G’let}
t€[0,]
o
o+ o1
{/ |z (t |‘9+1dt}
7i(0)
9+1 9“ o 0+1 w
< max |po(t \ \x )7 dt + |7“ 6 dt |:L“(t)| dt
te[OT] 0

0
5 M IN[ZE¥
+§ t?[(?}%] i (t) / |lz(t))|

m

+ 2 max [pi(t)]

Ti(T) |1+6’ dS
te[o T)

Since

5> max | |+Zﬁ MO max [p(0), (2-7)

t€[0,T)
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there is a constant M; > 0 such that fo lz(t)°*tdt < M;. So there is & € [0,T] such that
|x(&)] < (My/T)e+t 7+1. Further more we have

[ awrora = [ awotane
= SO [ 0,0 (n@), el
= SO0 [ gt 00,20 0o )l
FOO [ At 0 2(n@). i)

IN

BN / Bt o(t), 2(ra(6)), -, o(m(t)))a(t)dt

IN

1

/ At (1), (11 (1)), - -+ s (7 ()] l2(2) |t

9

0+1 0+1
max |po(t |/ |9+1dt+[/ (%) ot ] [/ | (t \Hldt}
te[0,7]

L
+ max |p;(t)|6,"" /|:p (t)"at

te[o T)

IN

T +1 0
9+1 _v_
< HpouM1+[/ 1) S o 0
0

Since there exists n € [0, T] such that a'(n) = 0, it is easy to see from (B2) that

(t)] = / | < (anymye + /OT|:c"<t>|dt
< (MyT) 4 _( / 2" (1 |pdt)
< (MyT)H 4 TM( |pdt)%
T z

< (My/T)7 +

L
<||po||M1+T9+1||7“HM9“ =3 o? Ml)

=1

=

1

Hence there is a constant M, > 0 such that ||z|| < Ms.

It is easy to show that there exist numbers &, 7 € [0, T such that [qy]'(§) = 0 and [qy](n) =
0. Hence

)] = \ /5 a0 "dt' / la(t)y(0))"|de
< [ 1) amo). ol
< max |f(t, o, Tm)|-

t€[0,T],|xi| <M2,i=0,-- ;m
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So
T
< \dt < T? .
oOuO1 < [ 1@yl T f(tane ) € 0T
Then
T2
| ()|<_ max |f(t,f[70,"',l‘m)|, tG[O,T].

[ t€[0,T],|a;| < M2,i=0,-
This implies that
2

T
||y||< max |f(t,f[70,"',l‘m)|, tG[O,T].
b te[0,T] |z <M2,i=0,-

It follows that, for (x,y) € €, one has that there is H > 0 such that ||(z,y)|| < H. Hence 4
is bounded.

Suppose
(B3) There exists a constant M > 0 such that

/f a)dt > 0 for all |a| > M.

Lemma 2.3. Suppose that (B3) holds. Then Qs = {(z,y) € KerL : N(z,y) € ImL} is
bounded.

Proof. For (a,b/q(t)) € KerL, we have N(a,b) = (¢~ 1(b/q(t)), f(t,a, - ,a)). N(a,b) €

Im /L implies that
/ ¢~ (b/ql(t / f(t,

It follows from condition (B3) that |a| < M and b = 0. Thus Q5 is bounded.

| |
I

Lemma 2.4. Suppose that (B3) holds. Then Q3 = {(z,y) € KerL : A A (x,y) + (1 —
ANQN(z,y) =0, XA € [0,1]} is bounded, where A : KerL — Y/ImL defined by Na,b/q(t)) =
(b, a).

Proof. For (a,b/q(t)) € 23, we have

—(1-)) /OT ¢ (b/q(t))dt = T, —(1—)\) /OTf(t, a, -, a)dt = \aT,

where A € [0, 1].
IfA=1,thena=b=0.If A\ # 1, and |a| > M, it follows from (B3) that

T
—(1— )\)a/ ft,a, -, a)dt = \a*T > 0,
0

a contradiction. So |a| < M. Similarly, since

0> —(1-M\) /T b1 (b/q(t))dt = \b*T > 0 for A € [0,1),b # 0,
0
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we get b = 0. Hence (23 is bounded.

Theorem L. Suppose that (B1), (B2) and (B3) hold. Then equation (1) has at least one
T—periodic solution if (4) holds.

Proof. Set € be a open bounded subset of X centered at zero such that Q > U3_,Q;, where
), is defined in Lemma 2.2, 25 in Lemma 2.3 and {23 in Lemma 2.4. By the definition of €2,
we have Q D Q; and Q D Q,, thus, from Lemma 2.2 and Lemma 2.3, that L(x,y) # AN (x,y)
for (x,y) € D(L) \ KerL) N9 and A € (0,1); N(x,y) ¢ ImL for (z,y) € KerL N o<

We know that L is a Fredholm operator of index zero and N is L—compact on €. Since
(x,y) is a solution of L(x,y) = N(x,y) implies that x is a solution of equation (1). It suffices to
get a solution (x,y) of L(z,y) = N(x,y). To apply Lemma 2.1, we prove that (iii) of Lemma

1 (Theorem IV.13 of [12]) hold.

In fact, let H((2,y),\) = £AA ( z,y) + (1 = M)QN(z,y). According the definition of €2,
we know Q D Qs, thus H((z,y),\) # 0 for (z,y) € 0Q N KerL, thus, from Lemma 2.3, by
homotopy property of degree,

deg(QN|Kers 2N KerL,0) = deg(H(-,0), 2N KerL,0)
= deg(H(-,1),Q2NKerL,0) = deg(£A, Q2N KerL,0) # 0 since 0 € €.

Thus by Lemma 2.1 (Theorem IV.13 of [12]), L(z,y) = N(z,y) has at least one solution in
D(L) N €, then x is a T'—solution of equation (1). The proof is completed.

3 Examples
In this section, we present examples to illustrate the main result in section 2.
Example 3.1. Consider the equation

[2(t %

" . . _
) = Zpl olt — )]+ (), (3-8)

where T' = 2m, p;, r are all non-negative continuous 27 —periodic functions, 7; > 0(i = 1,--- ,m)
are constants.

Corresponding to the assumptions of Theorem L, one sees

3

t e X)) = i

we set ;
g
t . o o = T a1\
g(t, g, 1, , Trm) 1+ 2(sinxg)®’

and

Wt o, xm) = > pi(t)z} +r(t)

and f=1/3, 0 =3/5. It is easy to see that (B1) holds.
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Since

2 2
t,c,--- dt = E dt
27rc5
= t)dt t)dt
1+251nc Z/ pilt C5+C/ r(t)

> (Z/O pi(t)dt—27r> c§+c/0 r(t)dt

1mphes that there is M > 0 such that cfo t,c,---,c)dt > 0 for all |¢] > M if
271 o pi(t)dt —2m. So (B3)holds if Y7, 0 pi(t )dt — 2.
It is easy to see that u = 1,8; = 1, M? = 1, it follows that (B2) holds.

It follows from Theorem L that (8) has at least one 2r—periodic solution if

m

1
Z/ pi(t)dt > 2m, max p;(t) < -.
' t€[0,27] 3

Example 3.2. Consider the equation

((sin1)? + 28" ()" =~ QSM Zpl z(t — 7))° + r(t), (3-9)

where T' = 27, ¢(z) = |z|*z, q(t) = (sint)?+2,p;, r are all non-negative with > " | OQW

2m, 7;(i =1,2,--- ,m) are constants.

pi(t)dt >

Corresponding to the assumptions of Theorem L, one sees

t e LX) = E Z
we set
(t ) %
To, L1y yTy) = —————————3,
AR 1+ 2(sinxg)®
and

ht, o, - ) = Y pi(t)af +r(t)
=1

and f=1/3, 0 =5. It is easy to see that (B1) holds.
It is easy to see = 2,0; = 1, M? = 1, it follows that (B2) holds.

Since
27 27
t.c .- dt = E dt
e
= —-—— ()dtcb t)dt
1—|—2[sinc]8+izl/0 pilt) C+C/O r(t)

(i /OZsz-(t)dt - 27r> cf —I—c/o%r(t)dt
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implies that there is M > 0 such that cf027T (t,c,---,c)dt > 0 for all |¢] > M if

i

1 0 pi(t)dt — 2w > 0. So (B3) holds if > ", 0 "pi(t)dt — 27 > 0.

It follows from Theorem L that equation (9) has at least one solution if

m 2T m
1
J(H)dt > 2w, — ax i
; /0 pi(t) ; Z pil
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