DIFFERENTIAL EQUATIONS
AND
CONTROL PROCESSES

daj MNe 3, 2008

el Electronic Journal,
* dt reg. Ne P2375 at 07.03.97
ISSN 1817-2172

+ http.:.//www.newa.ru/journal
http://www.math.spbu.ru/user/diffjournal

e-mail: jodiffl@mail.ru

Ordinary differential equations

On the existence of periodic solutionsto nonlinear differential equations of

second order

Cemil Tun¢* and Inan Cinar**

Department of Mathematics, Faculty of Arts and Sciences
Yiiziincii Yil University
65080, Van — TURKEY

Abstract

In this paper, we are concerned with the existence of periodic solutions to second order
nonlinear differential equations of the form

x"+e@)x"+ f(t,x) = p(t,x,x).

By using Leary-Schauder principle, we establish some new sufficient conditions which insure that this
equation has a periodic solution.
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1. Introduction

It is well-known from qualitative theory of ordinary differential equations that the problem of
existence of periodic solutions for various nonlinear differential equations of higher order continues to
attract the attentions of many specialists despite its long history. In many works, the authors dealt with
the problems by using Lyapunov’s or Green's functions, and they obtained criteria for the existence of
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periodic solutions. In particular, for the use of Green's functions, ones can refer to [1-10] and the
references registered in that sources. Meanwhile, it is worth mentioning that in 1998, Mehri and
Shadman [3] discussed the existence of periodic solutions to second order nonlinear differential
equations of the form

x"+e(t)x'+ f(t,x)=e(t).

In [3], the authors used L eray-Schauder principle to show the existence of periodic solutionsto this
eguation.
Now, consider the real second order nonlinear differential equations of the type:

x"+ce(@)x"+ f(t,x) = p(t,x,x), ()

inwhich p(z,x,x"), f(¢t,x) and c(¢) are continuous functions in their respective domains [O, a))x N2,
[0,0)x % and [0,w), respectively. Further, it is assumed that &l initial value problems corresponding to
equation (1) can be extended to [0, ).

2. Main result

The following result is established.

Theorem: We assume that the following conditions hold:
() |/ (t,x)| <7 |x|+ B foral t €[0,0] and |x| < oo,
where y and £ are some non-negative constants.

(i) [p(t,x,x")|<|e(®)| foral ¢, x and x’, and e(r) isacontinuous function for all ¢ € [0, ).

(iii) 7(%} + 71(% <1, 7, = maxe(r)|.

Then equation (1) possesses a solution satisfying
x(0) +x(w) =0, (i =0, 1). (2

Proof: First, we show an estimate on the magnitude of the solutions of problem:
x"+c(t)x' = u [p(t,x,x’) - f(t,x)], UE [0,1],
x(0)+x(w) =0, (i =0, 1). 3

We assume that x(¢) isafunction of class C"*[0,@] such that x(¢ + ) + x(¢) = 0 for al ¢, and we use
Wirtinger’ sinequalitiesin the following from:

i1 w
kool s(2) |

n—i+1

x(”)(t)Hz (i=1,2,...,n), (4)
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ASERGE

Now, we suppose that x(¢) isasolution of the problem given by (3). In view of the assumptions of the
theorem, it is easily followed from (3) that

x"(t)| < }/1|x'| + u Ue(t)| + 7|x(t)| + ,B].

Hence, by using the Minkowski’ sinequality

X0, + e, + A0, + B},

@), <7

it can be seen from Wirtinger’ s inequality that

0l =1 2, el o) ol 54

()2

Making use of assumption (iii) of the theorem and in view of thefact 0< x <1, we obtain

where

), < e, + po}.

e, + o

), < 2 ©
[0} w
-l 2)A(3)
T T
Now, we write
x0T () = x“ D (0) + Ix(i) (r)dr,(i=1,2).
0
For ¢t = w, we have
56D (w) = 5D (0) +J‘x(i) (r)dr,(i=12). (6)
0
By noting the equality x*” (0) + x* (w) = 0, we get
D (0) = D (w) = _%J’x(i) (r)dr, (i=12).
0
Hence
X () = —%E[x(") (r)dr + 'Ex(i) (r)dr =%£x(i) (r)dr (7)
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by (6).
Clearly, (7) implies that

(1) < %T‘x(i) (z)dr . (8)
0
Now, it follows from (8) that

(1) < %\/5 [ (t)”2 (i=12). (9)

Combining the inequality (9) with Wirtinger’sinequality and (5), we obtain

‘x(i—l)(t)‘gg\/g(gj% ||e(t)||2+,3 \/5 . (10)
T

(23]

x(i’l)(l) =0, te[O,a)], (i=12).

For 1 =0, itisclear from (10) that

Thatis, x(t) =0 and x'(¢) = 0. Inthiscase, it follows that
x"(t) +c()x'(t) =0,
x20)+x (@) =0, (i=1,2)
has only atrivia solution which satisfies the boundary conditions (2),
x?0)+x (@) =0, (i=12).

This guarantees the existence of a Green’sfunction g(z, s) for the problem (3). Clearly, the problem (3)
IS equivalent to

X(0) = 1] 2(6,9)[ (s, 2(5),3'(5)) — £ (5, x() s (11)

Now, we consider the space C?[0, ] normed by
.. = maxx“? ()], 1 [0,0], (i =1,2).
Let B, bethe space

B, = {x(t) € Cz[a,b]:”x”c2 < p},

where
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p =max{%\/5(%j%me(t)llz +p \/5{1‘71(%j—7(§)jl}, (i=12).

In view of the space

Sp= {x(t) e C?[o, co]:”x”c2 = R},
it follows for arbitrary R > p that equation (11) has no solution on S,. Now, by noting Leary-

Schauder principle and the complete continuity of the operator
(L2)@) = ] 2(t,5)[pls, x(s), x'(5)) = f (s, x(5)) s (12)

ones can conclude that equation (11) has at least a solution in the open sphere {x 2 < R}. Asa
result, there exists asolution in B, . Therefore, this fact implies that the problem (3) has, at the least, a
solution for x =1.

Remark: When we take p(z,x,y) =e(¢) in equation (1), then the conditions of theorem reduce

those of Mehri and Shadman [Theorem 1, 3]. It isalso clear that our result generalize that of Mehri and
Shadman [Theorem 1, 3].

Corollary: Suppose that the assumptions of the theorem and the following conditions are satisfied:

(iv) c(z) isan w-periodic function, i.e., c(t+w) =c(z),

(v) p(t,x,y) is a 2w-periodic function, i. e, p(+2wx,y)=p(xy) ad
plt+o,x,y)=-p(t,xy),

(Vi) f(t+w,x)= f(t,x) anddso f(t,—x)= f(t,x).

Then, equation (1) has a 2w -periodic solution.

Proof: Let x(¢) bea 2w -periodic extension of x(¢) defined by

)_C(l):{x(z), 0<t<w
-x(t+w), —o<t<0.

Clearly, X() € C*[- w,w]. By using the assumptions (iv) and (v), it can be shown that X(¢) isa
solution of equation (1) which satisfies the boundary conditions

¥Nw)=x"(-w), (i=12).

Since
2w o 2w
_[)?(t)dt :.[)_c(t)dt + I)?(t)dt,
0 0 w

we get
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Tf(z)dt =Tf(t)dt +T x(t+w)dt =0.

This shows that the solution x(¢) has azero mean value. This completes the proof of the corollary.
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