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Abstract

In this paper we investigate stability and boundedness of solutions of some nonlinear differential
equations of third order with delay. By constructing a Lyapunov functional, sufficient conditions for
the stability and boundedness of solutions for equations considered are obtained.
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1. Introduction

The results existing in the literature on the stability and boundedness of solutions of nonlinear
differential equations of third order with bounded delay have been developed over the last several
decades. After a literature survey about nonlinear equations of third order with bounded delay, one can
conclude that there are not so many results on the stability and boundedness of solutions. Up to this
moment, the investigations concerning stability and boundedness of solutions of nonlinear equations of
third order with bounded delay have not been fully developed. Certainly, these results should be
obtained to be able to benefit from the applications of the theory of stability and boundedness of
solutions. At the same time, we should recognize that some significant theoretical results concerning
the stability and boundedness of solutions of third order nonlinear differential equations with delay
have been achieved, see for example the papers of Sadek [9], Tejumola and Tchegnani [10], Tung
([11], [12]), Zhu [14] and the references citied in these papers. It should be noted that, in 1969,
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Palusinski et al. [8] applied an energy metric algorithm for the generation of a Lyapunov function for
third order ordinary nonlinear differential equation of the form:

x"+ax"+ f,(x)x"+ax=0.

They found some conditions for the stability of zero solution of this equation as follows:

a, >0, f,(x")>a,>0.

In this paper we are concerned with the third order ordinary nonlinear delay differential equations of
the type

x"(t)+ax"()+ f,(x'(t = r(0) + asx(2) = p(t,x(0), x'(1), x(t = r (1)), x"(t = r(1),x"(®)) (1)
or its equivalent system
xX'(@0)= ), y'®)= z(1),

2(0)= —a;z() - L) - ax®)+ [ £ (p(s)=(s)ds

t—r(t)

+p(tax(t)7y(t)ox(t _r(t))ay(t —V(f)),Z(t)) s (2)

where 7 is a bounded delay, 0 <r(t) <y, r'(t)< S, 0< <1, f and y are some positive constants,
y which will be determined later; a, and a, are some positive constants; the functions f, and p
depend only on the arguments displayed explicitly and the primes in equation (1) denote differentiation
with respect to ¢. It is principally assumed that f,(0) =0 and the functions f, and p are continuous
for all values their respective arguments on R and R xR>, R* = (O,oo), respectively. This fact
guarantees the existence of the solution of delay differential equation (1). Besides, it is supposed that

o , d . . . e )
the derivative f,(y)= % exists and is continuous. In addition, it is also assumed that the functions
y

L —r()) and p(t,x(t), y(¢),x(t —r(t)),y(t —r(t)),z(t)) satisfy a Lipschitz condition in
x(t), y(),x(t—r(t)), y(t—r()) and z(t); throughout the paper x(¢), y(¢) and z(¢) are,
respectively, abbreviated as x, y and z . Then the solution is unique (See [2, pp.14].)

The motivation for the present work has been inspired basically by the paper of Palusinski et al. [8]
and the papers mentioned above. Our aim here is to discuss the result verified by Palusinski et al. [8]
on the stability of the solutions to the equation (1) for the stability and boundedness of solutions of
this equation in the case p =0 and p # 0, respectively.

2. Preliminaries

In order to reach our main result, we give some important basic information for the general non-
autonomous delay differential system (see also Burton [1], El’sgol’ts [2], El’sgol’ts and Norkin [3],
Hale [4], Kolmanovskii and Myshkis [5], Kolmanovskii and Nosov [6], Krasovskii [7] and
Yoshizawa [13].

Now, we consider the general non-autonomous delay differential system

x=f(tx,), x,(0)=x(t+60), -r<60<£0,t20, 3)
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where f: [O, oo)x C,, — R" is a continuous mapping, f(¢,0) =0, and we suppose that f* takes closed

bounded sets into bounded sets of R". Here (C, ||) is the Banach space of continuous function

¢ [— 7, 0]—) R with supremum norm, r>0, C, is the open H-ball in C;
C, = {¢ IS (C[— r,O], R" ): ||¢|| <H } Standard existence theory, see Burton [1, pp.312], shows that if
¢eC, and t>0, then there is at least one continuous solution x(z,7,,¢) such that on [t,,?, + )

satisfying equation (3) for ¢ >¢,, x, (s,7,¢)=¢, (s) and « is a positive constant. If there is a closed

subset B < C,, such that the solution remains in B, then o = . Further, the symbol || will denote

the norm in R" with |x|= max ., xl.|.

Definition 1: (See [1, pp.223].) A continuous function W :[0,00)— [0,00) with W (0)=0,
W(s)>0 if s >0, and W strictly increasing is a wedge. (We denote wedges by W or W,, where i an
integer.)

Definition 2: (See[1, pp. 260].) Let V(¢,4) be a continuous functional defined for >0,
¢ € C,, . The derivative of V' along solutions of (3) will be denoted by V(3) and is defined by the

following relation

V., (1) = limsup Lo o ) =V (0,3, 0, 6).

B0 h

where x(Z,,¢) is the solution of (3) with x, (¢),4)=¢.

Definition 3: (See [13, pp.184].) A function x(z,,#)is said to be a solution of (3) with the initial
condition ¢ C,, at t=t,, t, >0, if there is a constant 4 >0 such that x(z,,¢) is a function from
[t, — h.t, + A] into R" with the properties:

(i) x,(ty,9)eC,, fort, <t <t ,+ 4,

(il) x, (10, 4) = .

(iii) x(z,,¢) satisfies (3) for ¢, <t <t,+ 4.

Theorem 1: (See [13, pp.184].) If f(¢,¢) in (3) is continuous in ¢, ¢, for every ¢ € Cy,H <H,
and ¢,, 0<¢, <c, where c is a positive constant, then there exist a solution of (3) with initial value

¢ at t =t,, and this solution has a continuous derivative for 7 > ¢, .

For the general autonomous delay differential system x = f(x,), which is a special case of (3), the
following lemma is given.

Proposition: (See [7].) Suppose f(0)=0.Let V' be a continuous functional defined on C,, =C
with 7 (0) =0, and let u(s) be a function, non-negative and continuous for 0 <s <o, u(s) - as

u — oo such that for all g € C
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(i) u(pO)<V(g). V($)20,
(i) V5, (#) <0 for ¢=0.
Then all solutions of x = f(x,) approach zero as ¢ — oo and the origin is globally asymptotically

stable.
Note that C,, = C when H =0 ; and that the set R of ¢ in C for which V(3) (¢#) =0 has a largest

invariant set M = {O} by the condition V(3) () <0 for ¢=0.

3. Main results

First for the case p(¢,x(t), y(t),x(t —r(¢)), y(t —r(t)),z(¢)) = 0 the following result is established.

Theorem 2: In addition to the basic assumptions imposed on the functions f, and p that
appeared in equation (1), we assume that there are positive constants a,, a,, a,,&,, L and g such
that the following conditions are satisfied

aa,—a,>0, £,(0)=0, 2
y

—a,2>¢,, (y#0),and |f2’(y)|£L forall y.

Then for sufficiently small y the zero solution of (1) is globally asymptotically stable provided that
¥ < min 2¢, ’ 2(aya, —a;) .
L a,L+2u

Proof: The proof of this theorem depends on a scalar differentiable Lyapunov functional. V =
V(x,,v,,z,). The idea of Lyapunov’s method is to impose some conditions on the functional V' and

its time derivative diV(x,, ¥,,z,) which both imply the stability of the zero solution of equation (1).
t

We introduce the Lyapunov’s functional V =V (x,,y,,z,):
_1 2.2 1 2 T
V(xt’yt’zt)_5a3x +a2a3xy+5azz +a3yz+a2.[f2(§)d§
0
1 0 t
+Eala3y2+,u J- IZZ(Q)dé’ds, 4)
—r(t) t+s

where a,, a,, a, and u are some positive constants and the constant g which will be determined
later in the proof. Now, the Lyapunov functional V =V (x,,y,,z,) defined in (4) can be rearranged in
the form:

2 2
V(xzaytazt):%af(X'i‘a—zyJ +%a2[z+a_3y]

as a,
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+ﬂaa3 -5y g fz‘f)}gdgwi jzz(e)dﬁds. (5)

2 —r(t) t+s

In view of the assumption L) >a, +¢&,,1t1s clear that
y
y y 2
_[|:ala3 —a; ——> fZ(g)}fdf 2 j[ - __+a2(a2 +50)}§d§
0 a2 0 a,

y

.
:j|:ala3 _a_3+ a,&, }fdf
2

0

2 2
a,a,a, —a; +ae
_| “1%243 3 20y2>0.
2a,

Hence, it is evident, from the terms contained in (5), that there exist sufficiently small positive
constants D,,(i =1, 2,3), such that

0 t
V >Dx*+D,y’+D,z*+ u .[ Jzz(ﬁ)dﬁds

—r(t) t+s
>D( 2 2 2)
2D,\x"+y +z7), (6)

0 t
since the integral u I I z*(0)déds is non-negative, where D, = min{Dl,Dz,D3}.
—r(t) t+s
Now, calculating the time derivative of the functional V(x,,y,,z,) with respect to ¢ along a
solution (x(#), y(¢),z(¢)) of the system (2), we have

d
—V(x,,y,,2,)= _(alaz _a3)22 _a3(f2(y) _azjyz
dt y

taz [ fipe)s)ds tay [ £(s)z(s)ds

t—r(t) t—r(t)

+pur(t)z” - p(1-7'(1)) jzz(S)dS
=r(t)

_(alaZ —a; _:U’"(t))z2 _as(fZ(y) —azjyz
y

tayz [ L)) tayy [ £ (v(s)z(s)ds

t—r(t) t—r(t)

~u(=r'(@) [ (s)ds. ()

t—r(t)
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By noting the assumption | fz’(y)| <L and the inequality 2|ab| <a’ +b’, we obtain the following
relations:

wz [ Foeen < 020+ [0
= (1) =1 (1)

and

a [ 10z < “E oy 0+ S5 [ s,

t—r(t) t—r(t)

Hence, using the assumptions —a,2¢g,, 0<r®)<y, r'@®)<p, 0<pf <1, and the above

f ()
Y

discussion, we get from (7) that

iV(xwyz’Zt) < _a3|:(f2(y) —azj—ér(t):|y2
y 2

dt
- |:(a1a2 —a; )_ [Mj’”@)}zz

2

+(a, +a, )£ jzz(s)ds - u(1—r'(2)) jzz(s)ds

t—r(t) t—r(t)

L a,L+2u
< —a{go _57:')’2 _|:(a1a2 _az)_[zT}/}Zz

L—u(l- t
2 t—r(t)
L
If we choose 1 = (@, +a,)L , then we have from (8) that
d L a,L+2
EV(x,,yt,z,) < —a{eo —Ey}yz —[(ala2 —aQ—[%jy}zz. 9)

Therefore, in view of (9), one can conclude for some positive constants & and p that

d
EV(X,,)@,Z,) <-ay’ - pz’ (10)
provided
¥ < min 2e, 2(a,a, —ay) .
L’ a,L+2u

Finally, it is followed that %V(xt, v,,z,)=0 if and only if y,=z,=0, %V@) <0 for ¢#0 and

V(g)=> u(|¢(0)|) > 0. Thus, in view (6), (10) and the last discussion, it is seen that all the conditions of

Electronic Journal. http://www.neva.ru/journal, http://www.math.spbu.ru/user/diffjournal 6




Differential Equations and Control Processes, Ne 3, 2007

the above Proposition are satisfied. This shows that the trivial solution of equation (1) is globally
asymptotically stable. Hence, the proof of Theorem 2 is complete.

Example 1: Consider the third order nonlinear delay differential equation

x"(t)+3x"(t) +4x"(t —r(t))+sinx'(t —r(¢))+2x(t) = 0 (11)

Equation (11) is equivalent to the system
x'(0)= y(@0), y'()= =(1),
t

Z'(t)= - 3z(t) — 4y(t) —sin (1) —2x(t)+ j (4 + cos y(s))z(s)ds (12)
t—r(t)

where we suppose that 0 <r(t) <y, r'(t) <, 0< <1, f and y are positive constants, ¥ which
will be determined later, ¢ € [0,0). It is obvious that

sin y
y

3<4+

forall y, (y #0).
Our main tool is the Lyapunov functional

siné&

V(xt’yt’zt)zz(x—i_%j +%(2+2y)2+]:[5+7}§d5

+ﬂ} jzz(ﬁ)dﬁds, (13)

—r(t) t+s

where u is a positive constant which will be determined later.
It is clear that the functional V(x,,y,,z,) is positive definite. Hence, it is evident, from the terms

contained in (13), that there exist sufficiently small positive constants D,, (i =5, 6,7), such that

0 t
V(x,3,2,) 2 Dx’ + Dy’ + D, 2>+ [ [ 2(0)déds

—r(t) t+s

> D.x*+D,y*+D,z’

> Dg(x2 +y° +zz) ,
where Dy= min{DS,Dé,D7}.

Now, the time derivative of the functional V(x,,y,,z,) in (13) with respect to the system (12) can
be calculated as follows:

d sin
_V(xtayt,zt):_(l_/ur(t))zz_2[3+ y]yz
dt y
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+z j(4 +cos y(s))z(s)ds +2y j-(4 +cos y(s))z(s)ds

t—r(t) t—r(t)

-u(1=r'(0) [ (s)ds. (14)

t—r(t)

sin y

Making use of the facts |4+cosy|£5, <1, 0<r(t)<y, r®)<pB, 0<pf <l and the

inequality 2|uv| <u’+v?, we obtain the following inequalities for all terms contained in the equality

(14), respectively:
~(l-wr®)z* < - (1-py)2*,
—2{3+ Smnyz <—4y7,
y
t 5 5 5 t )
z I(4 +cos y(s))z(s)ds < 5 r(t)z (1) +E J.z (s)ds
t—r(t) t—r(t)
5y > 5 ¢,
<—=—z'(t)+t—= |z (8)ds,
2 2 t_;"( 9
t t
2y j (4 +cos y(s))z(s)ds < 5 r(t)y* () +5 j 2% (s)ds
t—r(t) t=r(t)
t
<5y y*(t)+5 J-z2 (s)ds
t—r(t)
and

- u(1- (1)) j 22 (s)ds <- u(1- B) j 22 (s)ds .

t—r(t) t—r(t)

Gathering all of these inequalities into (14), we have

iV(xt,yt,z,)s—z( —%jyz—[l—(ngy]zz- (ﬂ(l—ﬂ)—%sj [ (syas.

dt 1=r(1)
15 .
Let us choose u = . Then, it easy to see that
21-5)
d 57 ). 2 5 2
—V(x,,y,,z) <=2 2—-—— |y —|1-|u+=1|ylz". 15
5 FoYiE) ( 2jy ( (ﬂ 2)7] (15)

Now, in view of (15), one can conclude for some positive constants & and p that
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d
2V ez <-—ay? - p2’. (16)

. 2 4
y < min =
2u+5°5

It is also easy to see that %V(x,,y,,z,) =0 if and only if z,=x,=0, %V(¢)< 0 for ¢ #0 and

provided

Vg)> u(|¢(0)|) > (. Thus all the conditions of the above Proposition are satisfied. This shows that the
trivial solution of equation (11) is globally asymptotically stable.

For the case p(t,x(t), y(¢),x(t —r(t)), y(t —r(t)),z(t)) # 0 the following result is established.

Theorem 3: In addition to the basic assumptions imposed on the functions f, and p that
appeared in equation (1) , we assume that there are positive constants a,, a,, a,,&,, L, ¢, H and
H, such that the following conditions are satistied for every x, y and z in

Q= {(x,y,z) e R’ :|x| <H,,

f(»)
y

2| < H, H <H}:

y|<H1,

(i) aja, —a; >0, £,(0)=0, —a,2¢&), (y#0),and |f2’(y)|SL-

(ii) |p(t,x(0), y(2), x(t = (1)), (¢ = (), 2(1))| < q (1),
where max g(f) <o and ¢ € L'(0,00), L'(0,0) is space of integrable Lebesgue functions.

Then, there exists a finite positive constant K such that the solution x(#) of equation (1) defined by the
initial functions

x(1) = ¢(0), X' () = ¢'(1), x" (1) = ¢"(1)

satisfies the inequalities
x| <K,

X <K,

OEYS

forall £>1, , where ¢ € C*([t, —r,1,] R), provided that

y< min{zgo ’ 2(a,a, — a3)} .
L a,L+2u
Proof: As in the Theorem 2, the proof of this theorem also depends on the scalar differentiable
Lyapunov  functional V= V(x,,y,,z,), which is defined in (4). Now, since
p(t,x(1), y(t), x(t —r(t)), y(t —r(t)),z(¢)) # 0, in view of (4), (2) and (10), it can be easily followed that
the time derivative of the functional V' (x,,y,,z,) satisfies the following inequality:
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%V(x, V5z,) S =y’ = priHasy + ay2l| p(e,x(), y(6), x(t = (1)), y(t = (), (1))

< -y’ - pz’|ayy + ayzlq (o).

Hence, it follows that

d
W yiz) < = = pe+ Dy (o] + |2l 0

< D, (|y] +|2[}a (1)

for a constant D, >0, where D, = max{a,,a,}.

Making use of the inequalities | y| <1+y* and |z| <1+z?%,itis clear that

d
EV(xt,yt,zt)§D9(2+y2 +27)q(t).

By (6), we have
(y2 +22)S D4’1 Vx,,y,,z,).
Hence

d _
EV(xt,y,,zt)SDg(uDﬁV(xt,yt,zt))q(t).

Now, integrating the last inequality from 0 to ¢, using the assumption g € L'(0,00) and Gronwall-
Reid-Bellman inequality, we obtain

t
V(552 SV (%05 ¥0520) + 2Dy A+ DD [(V (%, 3,,2,) a(s)ds
0

< (V (x50, 2) + 2Dy A) exp(DngJ.q(s)dsj
0

< (V(x0.9:2,) + 2D, 4) exp(D,D;' 4) = K, < o, 17)

where K, >0 is a constant, K, = (V(xo,yo,zo) +2D,A) exp(DngA) and 4 = Tq(s)ds .
Now, the inequalities (6) and (17) together yield that O

XX +y )+ ()< D'V (x,,y,,z) <K,
where K = K,D,". Thus, we conclude that

|x(t)| <K,

y(t)| <K, z(t)| <K

forall ¢ >¢,. That is,
x(t) <K,

X@)|<K,

X"t <K
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forall r>1,.
The proof of the theorem is now complete.

Example 2: Consider the third order nonlinear delay differential equation

x"(t)+3x"(t) + 4x"(t — r(t)) +sinx'(t — r(t)) + 2x(2)

- — - 2 — —. (18)
1422+ X2 () + X2 (1) + X2 (t = r(0) + X" (1 = (1)) + X" (¢)
Clearly, equation (18) is equivalent to the system
xX'(@)=y), y'®)= z(),
Z'(t)= =3z(t) —4y(t) —sin y(r) —2x(£)+ j(4 +cos y(t))z(s)ds
r(t)
2 (19)

i 1+22 + X2 () + Y2 () + x2(t —r(0) + Y2 (1 — (1)) + 22 (1)

Observe that

2 2 2 2 2 2 oS ZZZQ(t)
I+t +x () +y (O)+x"(t—r@)+y (t—r@)+z(t) 1+t

forall 1 e R*, x(1), ¥(1), x(t — (1)), y(t —r (1)), z(t), and

00

Tq(s)ds = J-l 2

2
o LTS8

ds = <o, thatis, g e L'(0,0).

To show the boundedness of the solutions we use as a main tool the Lyapunov functional in (13). Now,
in view of (16), the time derivative of the functional V(x,,y,,z,) with respect to the system (19) can

be revised as follows:

iy(x )= oy’ — gt 4y +2z
dr NeYeZ)Tma Tz 1+ + X2 (O + Y O+ X7 (t—r@)+ Yt —r@) + 27 ()

(20)

Making use of the fact

1 1
1+2+x° O+ O+ Xt =r(@)+ Yt —r@)+ 27 (1) : 1+¢

2

we get
d » . 22y+4]
—V(x,,y,,z,) < — —pz-+
5 Foypz) S eyt —prt =

Hence, it is obvious that
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d 22y+z 4 y+z)
EV(x“y”Zt)S |1+t2 |S qlthzH
_Ae+yie2?) o8 +4(y2+zz)
B 1+ 1+ 1+¢°
8 4D
< — . 21
1+t2+1+t2V(xmynZ,) (21)

Now, integrating (21) from 0 to ¢, using the fact e L'(0,00) and Gronwall-Reid-Bellman

t2

inequality, it can be easily concluded the boundedness of all solutions of equation (18).
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