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äëÿ ðåøåíèÿ çàäà÷è Äèðèõëå äèôôåðåíöèàëüíîãî óðàâíåíèÿ
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Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ê. Ë. Õåòàãóðîâà

Àííîòàöèÿ

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè-Äèðèõëå äëÿ íåëèíåéíî-
ãî íåîäíîðîäíîãî óðàâíåíèÿ äèôôóçèè ñ óñëîâèÿìè âîçìîæíîãî ñòåïåííî-
ãî âûðîæäåíèÿ ó ãðàíèöû îáëàñòè òèïà îêòàíòà. Â êà÷åñòâå îñíîâíîãî èí-
ñòðóìåíòà ïðè âûâîäå îöåíîê äëÿ ðåøåíèé èñïîëüçóåòñÿ âåñîâîå íåðàâåíñòâî
Ãàëüÿðäî-Íèðåíáåðãà, êîòîðîå õàðàêòåðèçóåò ãåîìåòðè÷åñêîå ñâîéñòâî îáëà-
ñòè. Íà ýòîé îñíîâå èçó÷àåòñÿ ñâîéñòâî êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ
âîçìóùåíèé ðåøåíèÿ. Ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ, ãàðàíòèðóþùèå âîç-
ìîæíîñòü îöåíêè ðàäèóñà íîñèòåëÿ ðåøåíèÿ â ñëó÷àå îòñóòñòâèÿ èñòî÷íè-
êà. Äîêàçàíî ñóùåñòâîâàíèå ñèëüíîãî îáîáùåííîãî ðåøåíèÿ ðàññìàòðèâàå-
ìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ïàðàáîëè÷åñêîå óðàâíåíèå, êîíå÷íàÿ ñêîðîñòü ðàñïðî-
ñòðàíåíèÿ âîçìóùåíèé, ñèëüíîå ðåøåíèå, ñëàáîå ðåøåíèå

Abstract

The paper deals with the Cauchy-Dirichlet problem for the nonlinear
inhomogeneous di�usion equation with the possible power degeneration conditions
near the boundary of a cone-like domain. Our main technical tool for the obtaining
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of solution estimations is a suitable weighted Nerenberg-Gagliardo type inequality,
which in turn is connected to a weighted isoperimetric inequality characterizing
the geometry of the domain. On this basis we study the property of �nite speed of
the perturbation propagation of the solution. The su�ucient conditions ensuring
the possibility to estimate the radius of a solution support in the absence of a
source are given. The existence of a strong generalized solution has been proved.

Keywords: parabolic equation, �nite speed of perturbation propagation, strong
solution, weak solution

1 Ââåäåíèå

Ïóñòü x = (x1, . . . , xN) ∈ RN , N ≥ 1, RN
l = RN ∩ {x1, . . . , xl > 0}, l ≤ N .

Du = (ux1
, . . . , uxN ). Xl = x1 · . . . · xl, X0 = 1.

Ðàññìîòðèì â îáëàñòè Q = RN
l × {t > 0} íà÷àëüíî-êðàåâóþ çàäà÷ó Äè-

ðèõëå
∂u

∂t
= div (a(|x|)D(um)), m > 1, (1)

u = 0, (x, t) ∈ ∂RN
l × (t > 0), (2)

u(x, 0) = u0(x), x ∈ RN
l . (3)

Çäåñü a(s) : R+ → R+ � íåîòðèöàòåëüíàÿ íåïðåðûâíî-äèôôåðåíöèðóåìàÿ
ôóíêöèÿ ïðè s > 0, óäîâëåòâîðÿþùàÿ óñëîâèþ

a(s) ∼ sα, a′(s) ≤ 0, α ≤ 0, (4)

çíàê ∼ èìååò ñìûñë äâóñòîðîííåé îöåíêè.

Íà÷àëüíàÿ ôóíêöèÿ óäîâëåòâîðÿåò óñëîâèÿì:

supportu0(x) ⊂ Bl
ρ0
, u0(x) ∈ L2

(
RN
l

)
, u0(x) ≥ 0, (5)

ãäå Bl
ρ = Bρ ∩RN

l , Bρ � øàð ñ öåíòðîì â íà÷àëå êîîðäèíàò è ðàäèóñîì ρ.

Íåîòðèöàòåëüíóþ èçìåðèìóþ ôóíêöèþ u(x, t) íàçîâåì ñëàáûì ðåøåíèåì
íà÷àëüíî-êðàåâîé çàäà÷è (1)�(3) â Q = ((0,∞)×RN

l ), åñëè

u(x, τ) ∈ L∞
(
0, t;L2

(
RN
l

))
,

um, u
m+1

2 ∈ L2
(

0, t;
◦
W

1
2,α,ω

(
RN
l

))
, ïðè ëþáîì t > 0,
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è èìååò ìåñòî òîæäåñòâî

t∫
0

∫
RNl

{−uξτ + a(|x|)D(um) ·Dξ} dx dτ = 0 (6)

äëÿ ëþáîé ôóíêöèè ξ(x, τ) ∈ C1
0

(
[0, t);C∞0

(
RN
l

))
.

Çäåñü C∞0 (RN
l ) � ïðîñòðàíñòâî áåñêîíå÷íî-äèôôåðåíöèðóåìûõ ôèíèò-

íûõ â RN
l ôóíêöèè.

◦
W 1

2,α,ω(RN
l ) � ïîïîëíåíèå ïðîñòðàíñòâà C∞0 (RN

l ) ïî íîðìå

‖v‖ ◦
W 1

2,α,ω(RNl )
=

(∫
RNl

|x|α|Dv|2dx+ c2
0

∫
RNl

ω(x) v2(x) dx

) 1
2

, α ≤ 0,

ãäå c2
0 � ïðîèçâîëüíî-ìàëàÿ êîíñòàíòà (êîòîðàÿ áóäåò ïîäáèðàòüñÿ ïîçæå).

Âåñîâàÿ ôóíêöèÿ ω(x) îïðåäåëÿåòñÿ êàê

ω(x) =

{
2|x|α−2, ïðè |x| ≤ 1,

2|x|αm+1
m , ïðè |x| > 1.

Ñîîòâåòñòâåííî ïðîñòðàíñòâî L2
(
0, t;

◦
W 1

2,α,ω

(
RN
l

) )
îïðåäåëÿåòñÿ êàê ïî-

ïîëíåíèå ïðîñòðàíñòâà C1
0

(
[0, t);C∞0

(
RN
l

))
ïî íîðìå

‖u(t)‖
L2(0,t;

◦
W 1

2,α,ω(RNl ))
=

( t∫
0

‖u(x, τ)‖2
◦
W 1

2,α,ω(RNl )
dτ

) 1
2

.

Ðàññìàòðèâàåìûå ïðîñòðàíñòâà ÿâëÿþòñÿ âåñîâûìè ãèëüáåðòîâûìè ïðî-
ñòðàíñòâàìè ñîáîëåâñêîãî òèïà [11].

Íåîòðèöàòåëüíóþ èçìåðèìóþ ôóíêöèþ íàçîâåì ñèëüíûì ðåøåíèåì çà-
äà÷è (1)�(3) â Q, åñëè îíî ÿâëÿåòñÿ ñëàáûì ðåøåíèåì çàäà÷è (1)�(3) â Q è
ut ∈ L2,loc((0,∞)×RN

l ).

Äàëåå áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u(x, t) îáëàäàåò ñâîéñòâîì êîíå÷-
íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ âîçìóùåíèè, åñëè äëÿ ëþáîãî t > 0 ôóíêöèÿ
u(x, t) ÿâëÿåòñÿ ôèíèòíîé ïî ïåðåìåííîé x.

Îñíîâíîé õàðàêòåðèñòèêîé äëÿ òàêèõ ôóíêöèé ÿâëÿåòñÿ ðàäèóñ íîñèòåëÿ,
êîòîðûé îïðåäåëÿåòñÿ êàê

ζ(t) = inf{ρ : u(x, t) = 0, |x| ≥ ρ}.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 95



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2016

Ñâîéñòâî ôèíèòíîñòè íîñèòåëÿ ðåøåíèÿ èçó÷àëîñü ìíîãèìè àâòîðàìè. Ê
íàèáîëåå ðàííèì ðåçóëüòàòàì â ýòîì íàïðàâëåíèè îòíîñÿòñÿ ðàáîòû [1], [2],
[5]. Â ýòèõ ðàáîòàõ îáðàùåíî âíèìàíèå íà ñóùåñòâåííîå âëèÿíèå íà ðàçìåð
íîñèòåëÿ íåêîòîðûõ ÷ëåíîâ â äèôôåðåíöèàëüíîì óðàâíåíèè. Ê áîëåå ïîçä-
íèì ðåçóëüòàòàì ìîæíî îòíåñòè ðàáîòû [9], [10], [11], [14]. Â ðàáîòå [14] äëÿ
ñèëüíîãî ðåøåíèÿ çàäà÷è Êîøè â RN × (t > 0) âäâîéíå íåëèíåéíîãî ïàðàáî-
ëè÷åñêîãî óðàâíåíèÿ ñ ïîãëîùàþùèì êîýôôèöèåíòîì áûëè èçó÷åíû âîïðîñû
ôèíèòíîñòè ðåøåíèÿ çàäà÷è Êîøè â çàâèñèìîñòè îò ôèíèòíîñòè íà÷àëüíîé
ôóíêöèè è ïîâåäåíèÿ ôóíêöèè a(s). Çäåñü æå äàíà òî÷íàÿ îöåíêà ðàäèóñà
íîñèòåëÿ ðåøåíèÿ çàäà÷è Êîøè. Â ñëó÷àå ôèíèòíîñòè íà÷àëüíîé ôóíêöèè
u0(x), ò. å. ïðè óñëîâèè supportu0(x) ⊂ Bρ0

, èç ðåçóëüòàòîâ ðàáîòû [14] äëÿ
ðàäèóñà íîñèòåëÿ ðåøåíèÿ çàäà÷è Êîøè âäâîéíå íåëèíåéíîãî ïàðàáîëè÷å-
ñêîãî óðàâíåíèÿ ñëåäóåò ñëåäóþùàÿ òî÷íàÿ îöåíêà

ζ(t) ≤ 4ρ0 + C||u0||
m+p−3
β−α

1,RN
· t

1
β−α ,

ãäå β � ïîñòîÿííàÿ Áàðåíáëàòòà, îïðåäåëÿåìàÿ ñ ïîìîùüþ ðàâåíñòâà β =
N(m+ p− 3) + p, α � ïîêàçàòåëü ñòåïåíè a(s), m è p � ïàðàìåòðû äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ. Ïðè÷åì â ïðèâåäåííîé îöåíêå óñëîâèÿ:m+p−3 > 0
è α > 0 ñóùåñòâåííû.

Â ðàáîòå [9] äëÿ ðàäèóñà íîñèòåëÿ ðåøåíèÿ çàäà÷è (1)�(3) ïðè íàëè÷èè
íåîäíîðîäíîãî èñòî÷íèêà â óðàâíåíèè (1) (ò. å. ñëàãàåìîãî b(|x|)uq â ïðàâîé
÷àñòè óðàâíåíèÿ (1)) áûëà ïîëó÷åíà îöåíêà

ζ(t) ≤ C
(
ρ0 + t

m−q
|λ|(m−1)+(|α|+2)(1−q)

)
,

ãäå α ≤ 0, λ ≤ 0 � ïîêàçàòåëè ñòåïåíè ôóíêöèè a(|x|) è b(|x|) ñîîòâåòñòâåííî,
0 < q < 1, 1 < m < q + 2, ρ0 � ðàäèóñ íîñèòåëÿ íà÷àëüíîé ôóíêöèè u0(x).

Èç ýòîé îöåíêè âèäíî, ÷òî ïðè íàëè÷èè íåîäíîðîäíîãî èñòî÷íèêà â óðàâ-
íåíèè (1) ðàäèóñ íîñèòåëÿ íå çàâèñèò îò ãåîìåòðèè ðàññìàòðèâàåìîé îáëàñòè
(ïàðàìåòðà l) ïðè áîëüøèõ çíà÷åíèÿõ âðåìåíè. Òàêàÿ çàâèñèìîñòü ìîæåò
ïðîÿâëÿòüñÿ ëèøü ïðè m ≥ q + 2. Â ýòîé ðàáîòå òàêæå äîêàçàíî, ÷òî ïðè
âûïîëíåíèè óñëîâèé q > 1, α ≤ 0, λ ≤ 0, m > 1 ðåøåíèå çàäà÷è (1)�(3) íå
îáëàäàåò ñâîéñòâîì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ âîçìóùåíèé (çàäà÷à
ïðè q = 1 íå ðåøåíà).

Åñòåñòâåííî âîçíèêàåò âîïðîñ: êàêîé âèä èìååò íåðàâåíñòâî äëÿ ðàäèóñà
íîñèòåëÿ ðåøåíèÿ çàäà÷è (1)�(3) â ñëó÷àå îòñóòñòâèÿ èñòî÷íèêà, è êàêîâà åãî
çàâèñèìîñòü îò ãåîìåòðèè ðàññìàòðèâàåìîé îáëàñòè.
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Ïðåæäå ÷åì ïåðåéòè ê ôîðìóëèðîâêå îñíîâíûõ ðåçóëüòàòîâ ñäåëàåì ðÿä
çàìå÷àíèé è ïðèâåäåì âñïîìîãàòåëüíûå ïðåäëîæåíèÿ.

2 Âñïîìîãàòåëüíûå ïðåäëîæåíèÿ

Çàìå÷àíèå. Ñôîðìóëèðîâàííûå â ðàáîòå óòâåðæäåíèÿ ïðåäïîëàãàþò ñóùå-
ñòâîâàíèå ñëàáîãî ãëîáàëüíîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)�(2). Ñó-
ùåñòâîâàíèå òàêîãî ðåøåíèÿ ïðè α = 0 äîñòàòî÷íî ïîäðîáíî ðàññìîòðåíî â
ìîíîãðàôèè [15]. Â ñëó÷àå α < 0 äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ
çàäà÷è (1)�(3) ìû ïðèâåäåì â ïóíêòå 4 â äâà ýòàïà. Ñíà÷àëà óñòàíàâëèâàåò-
ñÿ ñóùåñòâîâàíèå ðåøåíèÿ â îãðàíè÷åííîé îáëàñòè â âåñîâûõ ïðîñòðàíñòâàõ
ñîáîëåâñêîãî òèïà. Çàòåì ñòðîèòñÿ ðåøåíèå â íåîãðàíè÷åííîé îáëàñòè ñ ïî-
ìîùüþ ïðåäåëà ìîíîòîííîé ïîñëåäîâàòåëüíîñòè ðåøåíèé. Îãðàíè÷åíèÿ íà
ïàðàìåòð α è íà ðàçìåðíîñòü N (N > 2) äèêòóþòñÿ òåîðåìàìè âëîæåíèÿ è
êîìïàêòíîñòè äëÿ ïðîñòðàíñòâ ñîáîëåâñêîãî òèïà ñ âåñàìè. Ýòè îãðàíè÷åíèÿ
ïðèâåäåíû â ïóíêòå 4, è ìû áóäåì ñ÷èòàòü èõ âûïîëíåííûìè ïðè ôîðìóëè-
ðîâêå îñíîâíûõ òåîðåì.

Äàëåå ïîëîæèì

ρn=ρ(1 + ξ(1− 2−(n+1))), ρn=ρ

(
1

2
− ξ

(
1− 2−(n+1)

))
, äëÿ ëþáûõ ρ > 4ρ0,

0 < ξ <
1

4
, n = 0, 1, 2, . . .

Èìååò ìåñòî ñëåäóþùåå ïðåäëîæåíèå:

Ëåììà 1 Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ãëàäêèõ ñðåçàþùèõ ôóíêöèé

ζn(x) â Bρn+1, óäîâëåòâîðÿþùàÿ óñëîâèÿì:

0 ≤ ζn(x) ≤ 1;

ζn(x) = 1, ïðè x ∈ Bρn \Bρn;

ζn(x) = 0 âíå Bρn+1
\Bρn+1

;

|Dζn| ≤
C2n

ξρ
;

∣∣∣∣∂ζn∂xj

∣∣∣∣ · (Xl)xj ≤
C2n+1Xl

ρ2
; (∗)

äëÿ âñåõ n = 0, 1, 2, . . . , j = 1, 2, . . . , l. Çäåñü C � íåêîòîðàÿ íåñóùåñòâåííàÿ

êîíñòàíòà.
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Äîêàçàòåëüñòâî. Ïðèìåðîì òàêèõ ôóíêöèé ÿâëÿåòñÿ ïîñëåäîâàòåëü-
íîñòü, îïðåäåëÿåìàÿ ðàâåíñòâàìè

ζn(x) =



0; |x| ≤ ρn+1,[
1−

(
ρn − |x|
ρn − ρn+1

)λ]λ
; ρn+1 < |x| ≤ ρn,

1; ρn < |x| < ρn,[
1−

(
|x| − ρn
ρn+1 − ρn

)λ]λ
; ρn ≤ |x| ≤ ρn+1;

0; |x| > ρn+1,

ãäå λ � äîñòàòî÷íî áîëüøàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Ïåðâûå òðè óñëîâèÿ î÷åâèäíû. Ñîîòíîøåíèÿ (*) î÷åâèäíû â îáëàñòÿõ:

|x| < ρn+1, ρn < |x| < ρn, è |x| > ρn+1.

Äîêàæåì ïåðâîå èç íåðàâåíñòâ â (*) â îáëàñòè ρn+1 < |x| ≤ ρn.

Èìååì:

ζnxj = λ2

[
1−

(
ρn − |x|
ρn − ρn+1

)λ]λ−1(
ρn − |x|
ρn − ρn+1

)λ−1

· 1

ρn − ρn+1

· xj
|x|
.

Òàê êàê âûðàæåíèÿ â ñêîáêàõ íå ïðåâîñõîäÿò åäèíèöû, è êðîìå òîãî

|xj|
|x|
≤ 1, ïðè j = 1, 2, . . . , N, òî

|ζnxj | ≤
λ2

ρ− ρn+1

.

Ïîäñòàâëÿÿ çíà÷åíèÿ ρn è ρn+1, áóäåì èìåòü:

|ζnxj | ≤
λ2

ξρ
· 1

2−(n+1) − 2−(n+2)
=

4λ22n

ξρ
.

Ñóììèðóÿ ïîëó÷åííîå íåðàâåíñòâî ïî j è çàìå÷àÿ, ÷òî

|Dζn| ≤
N∑
j=1

|ζnxj |,
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ïîëó÷èì îöåíêó

|Dζn| ≤
4λ2N2n

ξρ
.

Ýòî ñîîòâåòñòâóåò ïåðâîìó èç íåðàâåíñòâ (*) ñ C = 4λ2N . Òî÷íî òàêæå ìîæíî
îöåíèòü |Dζn| â îáëàñòè ρn ≤ |x| ≤ ρn+1.

Äëÿ äîêàçàòåëüñòâà âòîðîãî íåðàâåíñòâà â (*) äîñòàòî÷íî çàìåòèòü, ÷òî

(Xl)xj =
Xl

xj
, j = 1, 2, . . . , l.

Ëåììà 1 äîêàçàíà.

Ëåììà 2 Ïóñòü An è Bn � îãðàíè÷åííûå ïîñëåäîâàòåëüíîñòè íåîòðèöà-

òåëüíûõ ÷èñåë. Åñëè êðîìå ýòîãî An íå óáûâàåò, è äëÿ íåêîòîðîãî äîñòà-

òî÷íî ìàëîãî ε > 0

An +Bn ≤ εBn+1 + Cbn(An+1)
2
µ , ïðè âñåõ n = 0, 1, 2, . . . , (∗∗)

C è µ � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå, è b > 1, òî èìååò ìåñòî

îöåíêà

A0 ≤ C1(A∞)
2
µ , ãäå C1 = C1(C, b) è A∞ = lim

n→∞
An. (∗ ∗ ∗)

Äîêàçàòåëüñòâî. Ïðîâîäÿ èòåðàöèþ ïî n â íåðàâåíñòâå (**), íåòðóäíî
âûâåñòè ñîîòíîøåíèå

A0 ≤ εnBn + C

(
n−1∑
k=0

bk · εk
)

(An)
2
µ .

Ïîëàãàÿ ε = 1
2b , è çàòåì ïåðåõîäÿ ê ïðåäåëó â îêîí÷àòåëüíîì ñîîòíîøå-

íèè, ïîëó÷èì (***).

Ëåììà 2 äîêàçàíà.

Ëåììà 3 Åñëè u(x, τ) � ñèëüíîå ðåøåíèå, òî ðàâåíñòâî (6) ìîæíî âèäî-

èçìåíèòü è ïðåäñòàâèòü â âèäå

t∫
0

∫
RNl

{
uτξ + a(|x|)D(um) ·Dξ

}
dx dτ = 0, (7)
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ïðè ýòîì ïðîñòðàíñòâî ïðîáíûõ ôóíêöèé ξ ∈ C1
0

(
[0, t);C∞0

(
RN
l

))
ìîæåò

áûòü ðàñøèðåí äî ïðîñòðàíñòâà ôóíêöèè

η(x, τ) ∈ L2
(

0, t;
◦
V 2,α,ω

(
RN
l

))
,

ãäå
◦
V 1

2,α,ω

(
RN
l

)
� ìíîæåñòâî ôóíêöèé èç

◦
W 1

2,α,ω

(
RN
l

)
, èìåþùèõ êîìïàêò-

íûé íîñèòåëü â RN
l ñ ðàäèóñîì íîñèòåëÿ R(τ), óäîâëåòâîðÿþùèõ óñëîâèþ

R∗(t) = sup
0≤τ≤t

R(τ) <∞, ïðè ëþáîì t > 0.

Äîêàçàòåëüñòâî. Òàê êàê ïî óñëîâèþ ut ∈ L2

(
(0, t)×Bl

ρ

)
, òî ê ðàâåí-

ñòâó (6) ìîæíî ïðèìåíèòü èíòåãðèðîâàíèå ïî ÷àñòÿì ïî ïåðåìåííîé t. Ïî-
ëó÷åííîå ðàâåíñòâî ñîîòâåòñòâóåò ðàâåíñòâó (7). Ïóñòü η(x, τ) � ïðîèçâîëü-

íàÿ ôóíêöèÿ, ïðèíàäëåæàùàÿ L2
(
0, t;

◦
V 2,α,ω

(
RN
l

) )
. Òàê êàê ïðîñòðàíñòâî

L2
(
0, t;

◦
W 1

2,α,ω

(
RN
l

) )
ÿâëÿåòñÿ ïîïîëíåíèåì ïðîñòðàíñòâà

C1
0

(
[0, t);C∞0

(
RN
l

))
ïî íîðìå

‖v‖
L2(0,t;

◦
W 1

2,α,ω(RNl ))
=

( t∫
0

‖v‖2
◦
W 2,α,ω(RNl )

dτ

) 1
2

,

òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ôóíêöèé ξn(x, τ) ∈ C1
0

(
[0, t);C∞0 (RN

l )
)
,

ñõîäÿùàÿñÿ ê ôóíêöèè η(x, τ) ïî íîðìå ‖ · ‖
L2(0,t;

◦
W 1

2,α,ω(RNl ))
.

Ïîëîæèì â ðàâåíñòâå (7) ξ(x, τ) = ξn(x, τ) è ïðåäñòàâèì åãî â âèäå

t∫
0

∫
RNl

{
uτ(ξn − η) + a(|x|)D(um)(Dξn −Dη)

}
dx dτ +

+

t∫
0

∫
RNl

{uτη + a(|x|)D(um) ·Dη} dx dτ = I1 + I2 = 0.

(7′)

Ïîêàæåì, ÷òî ïåðâîå ñëàãàåìîå ñòðåìèòñÿ ê íóëþ ïðè n→∞. Òàê êàê η
èìååò êîìïàêòíûé íîñèòåëü â RN

l , òî äëÿ íåêîòîðîãî c > 1, è äëÿ äîñòàòî÷íî
áîëüøèõ çíà÷åíèé n, ïðè âñåõ 0 ≤ τ ≤ t

support ξn(x, τ) ⊂ Bl
cR∗(t), support η(x, τ) ⊂ Bl

cR∗(t)

(R∗(t) îïðåäåëåíî âûøå).
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Äëÿ ïåðâîãî ñëàãàåìîãî ïðè áîëüøèõ çíà÷åíèÿõ n

|I1| ≤
t∫

0

∫
BlcR∗(t)

(|uτ ||ξn − ξ|+ a(|x|)|D(um)| · |Dξn −Dη|) dx dτ.

Èñïîëüçóÿ îïðåäåëåíèå ôóíêöèè ω(x) ïîëó÷èì

t∫
0

∫
BlcR∗(t)

|uτ ||ξn − η|dx dτ ≤
[
(cR∗(t))|α|+2 + (cR∗(t))|α|

(
m+1
m

)] 1
2

×

×

( t∫
0

∫
BlcR∗(t)

|uτ |2dx dt

) 1
2
( t∫

0

∫
BlcR∗(t)

ω(x)|ξn − η|2dx dτ

) 1
2

=

= c1
0

[
(cR∗(t))|α|+2 + (cR∗(t))|α|

(
m+1
m

)] 1
2

·

( t∫
0

∫
BlcR∗(t)

|uτ |2dx dτ

) 1
2

×

×‖ξn − η‖
L2(0,t;

◦
W 1

2,α,ω(RNl ))
.

Òàê êàê um ∈ L2
(
0, t;

◦
W 1

2,α,ω

(
RN
l

) )
, òî

t∫
0

∫
BlcR∗(t)

a(|x|)|D(um)| · |Dξn −Dη| dx dτ ≤

≤

( t∫
0

∫
BlcR∗(t)

a(|x|)|D(um)|2 dx dτ

) 1
2

·

( t∫
0

∫
BlcR∗(t)

a(|x|)|Dξn −Dη|2 dx dτ

) 1
2

≤

≤ ‖um‖
L2(0,t;

◦
W 1

2,α,ω(RNl ))
· ‖Dξn −Dη‖

L2(0,t;
◦
W 1

2,α,ω(RNl ))
.

Íà îñíîâàíèè ïðèâåäåííûõ íåðàâåíñòâ äëÿ I1 áóäåì èìåòü

|I1| ≤

{
C−1

0

[
(cR∗(t))|α|+2 + (cR∗(t))|α|(

m+1
m )
] 1

2 ·

( t∫
0

∫
BlcR∗(t)

|uτ |2dx dτ

) 1
2

+

+ ‖um‖
L2(0,t;

◦
W 1

2,α,ω(RNl ))

}
‖ξn − η‖

L2(0,t;
◦
W 2,α,ω(RNl ))

.
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Âûðàæåíèå â ôèãóðíûõ ñêîáêàõ ïðèíèìàåò êîíå÷íîå çíà÷åíèå ïðè ëþáîì
t > 0, ñëåäîâàòåëüíî I1 → 0 ïðè n→∞. Ïåðåõîäÿ ê ïðåäåëó â ðàâåíñòâå (7′)
ïðè n→∞ ïîëó÷èì òðåáóåìîå óòâåðæäåíèå. Ëåììà 3 äîêàçàíà.

Ëåììà 4 Ïóñòü u(x, τ) � ñèëüíîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (1)�
(3), îáëàäàþùåå ñâîéñòâîì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ âîçìóùå-

íèé, è âûïîëíåíû óñëîâèÿ (4) è (5), òîãäà èìååò ìåñòî íåðàâåíñòâî

sup
0≤τ≤t

∫
RNl

Xl u
2(x, τ) dx ≤

∫
RNl

Xl u
2
0(x) dx,

ïðè ëþáîì t > 0.

Äîêàçàòåëüñòâî. Ïîëîæèì Xl,ε = (x1 − ε)+ . . . (xl − ε)+, ãäå

(xj − ε)+ =

{
xj − ε, xj ≥ ε, j = 1, 2, . . . , l,

0, xj < ε, j = 1, 2, . . . , l.

Òàê êàê ïî óñëîâèþ ôóíêöèÿ u(x, t) îáëàäàåò ñâîéñòâîì êîíå÷íîé ñêîðîñòè
ðàñïðîñòðàíåíèÿ âîçìóùåíèé, òî

u(x, τ) = 0 äëÿ âñåõ x òàêèõ, ÷òî |x| > ζ(τ),

ãäå ζ(τ) � ðàäèóñ íîñèòåëÿ ôóíêöèè u(x, τ).

Íàïîìíèì, ÷òî ζ(τ) îïðåäåëÿåòñÿ ïî ôîðìóëå

ζ(τ) = inf{ρ : u(x, τ) = 0, |x| > ρ}.

Ïîëîæèì ζ∗(t) = sup
0≤τ≤t

ζ(τ), òîãäà ïðè ëþáûõ 0 < τ ≤ t u(x, τ) = 0 äëÿ

âñåõ x òàêèõ, ÷òî |x| > ζ∗(t).

Âûáåðåì â ðàâåíñòâå (7) ïðîáíóþ ôóíêöèþ ξ(x, τ), ðàâíîé

ξ(x, τ) = Xl,ε u(x, τ).

Ôóíêöèÿ ξ(x, τ) � ôèíèòíà â îáëàñòè

B∗ = Bl
cζ∗(t) = RN

l ∩Bcζ∗(t)

(Bcζ∗(t) � øàð ñ öåíòðîì â íà÷àëå êîîðäèíàò è ðàäèóñîì cζ∗(t), c > 1) ïðè

ëþáîì 0 < τ ≤ t, ò. å. ïðèíàäëåæèò ïðîñòðàíñòâó L2(0, t;
◦
V 2,α,ω(RN

l )).
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Ïîäñòàâëÿÿ â (7) ôóíêöèþ ξ(x, τ), ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé
ïîëó÷èì ñîîòíîøåíèå

1

2

t∫
0

∫
B∗

(u2)τXl,εdx dτ = − m

m+ 1

N∑
j=1

t∫
0

∫
B∗

a(|x|)(um+1)xj(Xl,ε)xj dx dτ −

−m
t∫

0

∫
B∗

a(|x|)Xl,ε u
m−1|Du|2 dx dτ.

Îïóñêàÿ âòîðîå ñëàãàåìîå ñïðàâà (â ñèëó åãî îòðèöàòåëüíîñòè), áóäåì
èìåòü

1

2

t∫
0

∫
B∗

(u2)τ ·Xl,ε dx dτ ≤ −
m

m+ 1

N∑
j=1

t∫
0

∫
B∗

a(|x|)(um+1)xj · (Xl,ε)xj dx dτ,

îòñþäà
1

2

∫
B∗

u2(x, t)Xl,ε dx−
1

2

∫
B∗

u2
0(x)Xl,ε dx ≤

≤ − m

m+ 1

N∑
j=1

t∫
0

∫
B∗

a(|x|)(um+1)xj(Xl,ε)xjdx dτ. (∗)

Òàê êàê ∫
B∗

u2(x, t) ·Xl,ε dx =

∫
B∗

ω−1(x) · ω(x)u2(x, t) ·Xl,ε dx ≤

≤ [cζ∗(t)]l ·
[
(cζ∗(t))|α|+2 + (cζ∗(t))|α|(

m+1
m )
]
·
∫
B∗

ω(x)u2(x, t) dx ≤

≤ [cζ∗(t)]l ·
[
(cζ∗(t))|α|+2 + (cζ∗(t))|α|(

m+1
m )
]
· ‖u(t)‖2

◦
W 1

2,α,ω(RNl )
,

è ∫
B∗

u2
0(x)Xl,ε dx ≤ ρl0

∫
B∗

u2
0(x) dx

(ρ0 � ðàäèóñ íîñèòåëÿ íà÷àëüíîé ôóíêöèè), òî èíòåãðàëû ñëåâà â (∗) îãðàíè-
÷åíû ïî ε. Êðîìå òîãî òàê êàê Xl,ε → Xl ïðè ε→ 0 âîçðàñòàÿ, òî ïî òåîðåìå
Áåïïî � Ëåâè â èíòåãðàëàõ ñëåâà âîçìîæåí ïðåäåëüíûé ïåðåõîä ïîä çíàêàìè
èíòåãðàëîâ.
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Îöåíèì èíòåãðàë ñïðàâà â ñîîòíîøåíèè (∗), èñïîëüçóÿ íåðàâåíñòâî Þíãà
è ðàâåíñòâî

(um+1)xj =
(
u
m+1

2 · u
m+1

2

)
xj

=
(
u
m+1

2

)
xj
· u

m+1
2 +

+u
m+1

2 ·
(
u
m+1

2

)
xj

= 2u
m+1

2

(
u
m+1

2

)
xj
.

Èìååì ∣∣∣∣∣
N∑
j=1

t∫
0

∫
B∗

|x|α
(
um+1

)
xj

(Xl,ε)xj dx dτ

∣∣∣∣∣ ≤
≤

N∑
j=1

t∫
0

∫
B∗

|x|αum+1 · (Xl,ε)xj dx dτ +
N∑
j=1

t∫
0

∫
B∗

|x|α(Xl,ε)xj
(
u
m+1

2

)2

xj
dx dτ,

N [cζ∗(t)]l−1

( t∫
0

∫
B∗

|x|αum+1 dx dτ +

t∫
0

∫
B∗

|x|α
∣∣D(um+1

2

)∣∣2dx dτ) ≤
≤ N [cζ∗(t)]l−1

{
max

[
(cζ∗(t))2, (cζ∗(t))

|α|
m

]
·

t∫
0

∫
B∗

ω(x)um+1(x, τ) dx dτ+

+

t∫
0

∫
B∗

|x|α
∣∣D(um+1

2

)∣∣2dx dτ} ≤
≤ N [cζ∗(t)]l−1

{
max

[
(cζ∗(t))2, (cζ∗(t))

|α|
m

]
+ 1
}∥∥∥um+1

2

∥∥∥
L2(0,t;

◦
W 1

2,α,ω(RNl ))
.

Òàê êàê íîðìà ∥∥∥um+1
2

∥∥∥
L2(0,t;

◦
W 2,α,ω(RNl ))

êîíå÷íà ïðè ëþáîì t > 0 ïî óñëîâèþ çàäà÷è (1)�(3), à ñîìíîæèòåëü êîíå÷åí
ïðè ëþáîì t > 0 ïî îïðåäåëåíèþ, òî îòñþäà ñëåäóåò, ÷òî ïðàâàÿ ÷àñòü ñîîò-
íîøåíèÿ (∗) îãðàíè÷åíà ïî ε. Òàê êàê (Xl,ε)xj = [(Xl)xj ]ε → (Xl)xj âîçðàñòàÿ
ïðè ëþáîì j = 1, 2, . . . , l, òî îïÿòü ìîæíî èñïîëüçîâàòü òåîðåìó î ïðåäåëü-
íîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà. Ïåðåõîäÿ ê ïðåäåëó â (∗) ïðè ε → 0,
ïîëó÷èì

1

2

∫
B∗

u2(x, t)Xl dx−
1

2

∫
B∗

u2
0(x)Xl dx ≤
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≤ − m

m+ 1

N∑
j=1

t∫
0

∫
B∗

a(|x|)(um+1)xj(Xl)xjdx dτ.

Ïðèìåíÿÿ ê âíóòðåííåìó èíòåãðàëó â ïðàâîé ÷àñòè íåðàâåíñòâà èíòåãðèðî-
âàíèå ïî ÷àñòÿì, çàìå÷àÿ ïðè ýòîì, ÷òî

(Xl)xjxj = 0, j = 1, 2, . . . , l, [a(|x|)]xj = α|x|α−2 · xj < 0

ïðè xj > 0, j = 1, 2, . . . , l, è (Xl)xj = 0, j = l + 1, . . . , N,

ïðèõîäèì ê íåðàâåíñòâó∫
B∗

u2(x, t) ·Xl dx ≤
∫
B∗

u2
0(x)Xl dx.

Ëåììà 4 äîêàçàíà.

Ëåììà 5 Ïóñòü âûïîëíåíû óñëîâèÿ (4) è (5), è ôóíêöèÿ u(x, τ), ÿâëÿþùà-
ÿñÿ ðåøåíèåì çàäà÷è (1)�(3) îáëàäàåò ñâîéñòâîì êîíå÷íîé ñêîðîñòè ðàñ-

ïðîñòðàíåíèÿ âîçìóùåíèé. Òîãäà ìîìåíò

M(t) =

∫
RNl

Xl u(x, t) dx

ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)�(3) óäîâëåòâîðÿåò óñëîâèþ

M(t) ≤ 2M(0).

Äîêàçàòåëüñòâî. Â êà÷åñòâå ïðîáíîé ôóíêöèè â ðàâåíñòâå (7) âûáåðåì
ôóíêöèþ

ξ(x, τ) = Xl,ε χε µ(τ),

ãäå χε(x) � óñðåäíåííàÿ ôóíêöèÿ äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè χ(x)
øàðà Bl

ρ (ρ � ïîäáåðåì ïîçæå), à µ(τ) � íåïðåðûâíî-äèôôåðåíöèðóåìàÿ
ôóíêöèÿ ïðè τ > 0, óäîâëåòâîðÿþùàÿ óñëîâèÿì:

1

2
≤ µ(τ) ≤ 1, µ′(τ) < 0.

Çàôèêñèðóåì t è ïîëîæèì

R(t) = cζ∗(t), ãäå ζ∗(t) = sup
0≤τ≤t

ζ(τ), c > 1,
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ζ(τ) � ðàäèóñ íîñèòåëÿ ôóíêöèè u(x, τ), è ïóñòü ρ > R(t).

Ïîñëå ïîäñòàíîâêè ïðîáíîé ôóíêöèè, èç (7) áóäåì èìåòü

t∫
0

∫
BR(t)

uτXl,ε·χε(x)µ(τ) dx dτ = −
t∫

0

∫
BlR(t)

a(|x|)D(um)µ(τ)D(Xl,ε·χε(x)) dx dτ.

Ïðàâóþ ÷àñòü ïðåäñòàâèì âèäå

−
t∫

0

∫
BlR(t)

µ(τ) a(|x|)

{
N∑
j=1

(um)xj

[
(Xl,ε)xj · χε(x) +Xl,ε · (χε(x))xj

]}
dx dτ =

= −
N∑
j=1

t∫
0

µ(τ)

∫
BlR(t)

(um)xja(|x|)
[
(Xl,ε)xjχε(x) +Xl,ε(χε)xj

]
dx dτ =

=
N∑
j=1

t∫
0

µ(τ)

∫
BlR(t)

um
{

[a(|x|)]xj
[
(Xl,ε)xj · χε(x) +Xl,ε · (χε(x))xj

]
+

+ a(|x|)
[
2(Xl,ε)xj(χε)xj +Xl,ε(χε)xjxj

]}
dx dτ =

=
N∑
j=1

{ t∫
0

µ(τ)

∫
BlR(t)

um[a(|x|)]xj(Xl,ε)xjχε(x) dx dτ +

+

t∫
0

µ(τ)

∫
BlR(t)

um[a(|x|)]xj ·Xl,ε · [χε(x)]xj dx dτ +

+2

t∫
0

µ(τ)

∫
BlR(t)

um a(|x|)(Xl,ε)xj · (χε)xj dx dτ +

+

t∫
0

µ(τ)

∫
BlR(t)

um a(|x|) ·Xl,ε · (χε)xjxj dx dτ =
N∑
j=1

(
I

(j)
1 + I

(j)
2 + I

(j)
3 + I

(j)
4

)
.

Ïî îïðåäåëåíèþ

χε(x) =

{
1, x ∈ Bl

ρ−ε,

0, x 6∈ Bl
ρ+ε.
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Ñëåäîâàòåëüíî [χε(x)]xj = [χε(x)]xjxj = 0, äëÿ x ∈ Bl
ρ−ε, è j = 1, 2, . . . , N .

Ïîäáåðåì ε íàñòîëüêî ìàëûì, ÷òîáû

ρ− ε > R(t),

òîãäà
supportu(x, τ) ∩ support [χε(x)]xj = ∅,

è
supportu(x, τ) ∩ support [χε(x)]xjxj = ∅,

ïðè j = 1, 2, . . . , N , è 0 ≤ τ ≤ t. Ñëåäîâàòåëüíî

I
(j)
2 = I

(j)
3 = I

(j)
4 = 0, j = 1, 2, . . . , N.

Êðîìå ýòîãî, òàê êàê [a(|x|)]xj ≤ 0, j = 1, 2, . . . , N , ïî óñëîâèþ, òî I1 ≤ 0.

Òàêèì îáðàçîì,

t∫
0

∫
BlR(t)

uτXl,ε · χε(x)µ(τ) dx dτ ≤ 0.

Ïåðåõîäÿ ê ïðåäåëó â ïîñëåäíåì ðàâåíñòâå ïðè ε→ 0, ïîëó÷èì

t∫
0

∫
BlR(t)

uτ Xl µ(τ) dx dτ ≤ 0,

îòñþäà
t∫

0

∫
BlR(t)

(u · µ)τXl dx dτ ≤
t∫

0

∫
BlR(t)

Xl µ
′(τ)u dx dτ,

èëè ∫
BlR(t)

u(x, t)µ(t)Xl dx−
∫

BlR(t)

u0(x)µ(0)Xl dx ≤
t∫

0

∫
BlR(t)

Xl µ
′(τ)u dx dτ,

òàê êàê µ′(τ) < 0, òî

1

2

∫
BlR(t)

Xl u(x, t) dx−
∫

BlR(t)

Xl u0(x) dx ≤ 0.
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Ëåììà 5 äîêàçàíà.

Çàìå÷àíèå. Â ñëó÷àå îäíîðîäíîé äèôôóçèè, ò. å. ïðè a(|x|) = |x|α, è
α = 0, èìååò ìåñòî ðàâåíñòâî (çàêîí ñîõðàíåíèÿ ìîìåíòà)∫

RNl

Xl u(x, t) dx =

∫
RNl

Xl u0(x) dx, t > 0.

Â ñàìîì äåëå, èç ëåììû 5 ñëåäóåò, ÷òî â ýòîì ñëó÷àå

t∫
0

∫
BlR(t)

uτXl µ(τ) dx dτ = 0. (∗)

Âûáåðåì âíà÷àëå µ(τ), óäîâëåòâîðÿþùèì óñëîâèþ

γ ≤ µ(τ) ≤ 1, µ′(τ) < 0, ãäå γ < 1.

Òîãäà â ñèëó ëåììû 5∫
BlR(t)

Xl u(x, t) dx ≤ 1

γ

∫
BlR(t)

Xl u0(x) dx.

Çàòåì, ïîäáåðåì µ(τ), óäîâëåòâîðÿþùèì óñëîâèþ

γ ≤ µ(τ) ≤ 1, µ′(τ) > 0.

Òîãäà èç (∗) áóäåì èìåòü

γ

∫
BlR(t)

Xl u0(x) dx ≤
∫

BlR(t)

Xl u(x, t) dx.

Òàêèì îáðàçîì,

γ

∫
BlR(t)

Xl u0(x) dx ≤
∫

BlR(t)

Xl u(x, t) dx ≤ 1

γ

∫
BlR(t)

Xl u0(x) dx.

Îñòàåòñÿ ïåðåéòè â ïîëó÷åííîì íåðàâåíñòâå ê ïðåäåëó ïðè γ → 1.
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3 Îñíîâíûå ðåçóëüòàòû

Îñíîâíûìè ðåçóëüòàòàìè íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ ñëåäóþùèå óòâåðæäå-
íèÿ:

Òåîðåìà 1 Ïóñòü u(x, t) � ñèëüíîå ðåøåíèå çàäà÷è Äèðèõëå (1)�(3), ãäå
u0(x) è a(s) óäîâëåòâîðÿþò óñëîâèÿì (4) è (5). Òîãäà ïðè âñåõ α ≤ 0 ôóíê-

öèÿ u(x, t) îáëàäàåò ñâîéñòâîì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ âîçìó-

ùåíèé, è äëÿ ðàäèóñà íîñèòåëÿ ζ(t) ôóíêöèè u(x, t) èìååò ìåñòî îöåíêà

ζ(t) ≤ C

ρ0 +

(∫
RNl

Xlu0(x)dx

)m−1
βl−1

· t
1

βl−α

 , (8)

ãäå βl = (N + l)(m− 1) + 2 � ïîñòîÿííàÿ Áàðåíáëàòòà, ñîîòâåòñòâóþùàÿ

îáëàñòè RN
l , C = C(m,N, l).

Òåîðåìà 2 Åñëè u(x, t) � ñèëüíîå ðåøåíèå çàäà÷è Äèðèõëå (1)�(3) äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ îäíîðîäíîé äèôôóçèè (α = 0), è êðîìå òîãî âûïîë-

íåíû óñëîâèÿ (5), òî èìååò ìåñòî äâóñòîðîííÿÿ îöåíêà

sup
x∈RNl

u(x, t) ∼ t
−N+l

βl

(∫
RNl

u0(x)dx

) 2
βl

. (9)

Äîêàçàòåëüñòâî òåîðåìû 1. Íà îñíîâàíèè ëåììû 3 â êà÷åñòâå ïðîáíûõ
ôóíêöèé â ðàâåíñòâå (7), ìîæíî âûáðàòü ôóíêöèè

ξn(x, t) = ζm+1
n uXl,ε, n = 0, 1, 2, . . .

ãäå ζn(x) � ñðåçàþùèå ôóíêöèè èç ëåììû 1. Òàê êàê ïðè ýòîì support ζn ∩
supportu0 = ∅, ïðè n = 0, 1, 2, . . . , òî èç (7) áóäåì èìåòü

1

2

∫
RNl

ζm+1
n u2Xl,ε dx = −

t∫
0

∫
RNl

a(|x|)D(um)Du ζm+1
n Xl,ε dx dτ −

− (m+ 1)

t∫
0

∫
RNl

a(|x|)D(um) ζmn D ζn uXl,ε dx dτ−
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−
t∫

0

∫
RNl

a(|x|)D(um)ζm+1
n uDXl,ε dx dτ.

Èñïîëüçóÿ òåîðåìó Ä. Âèòàëè, ïåðåéäåì ê ïðåäåëó ïðè ε → 0 â ïîñëåäíåì
ðàâåíñòâå. Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïðèõîäèì ê ðàâåíñòâó

1

2

∫
RNl

ζm+1
n u2(t)Xl dx+m

t∫
0

∫
RNl

a(|x|)um−1|Du|2ζm+1
n Xl dx dτ =

− (m+ 1)

t∫
0

∫
RNl

a(|x|)D(um) ζmn DζnuXl dx dτ−

−
t∫

0

∫
RNl

a(|x|)D(um) ζm+1
n uDXl dx dτ = I1 + I2.

(10)

Ïðåäñòàâèì I1 â âèäå

I1 = −m(m+ 1)

t∫
0

∫
RNl

a(|x|)um ·Du · ζmn DζnXl dx dτ.

Äàëåå, èñïîëüçóÿ íåðàâåíñòâî Þíãà, ïîëó÷èì îöåíêó

|I1| ≤
m(m+ 1)

2
ε2

t∫
0

∫
RNl

a(|x|)um−1 · |Du|2 · ζm+1
n Xl dx dτ +

+
m(m+ 1)

2ε2

t∫
0

∫
RNl

a(|x|)um+1 · ζm−1
n |Dζn|2Xl dx dτ,

(11)

ïðè ∀ ε > 0.

Òàê êàê

I2 = − m

m+ 1

t∫
0

∫
RNl

a(|x|) ·D(um+1)ζm+1
n DXl dx dτ,
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òî, ïðèìåíÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì ê I2, áóäåì èìåòü:

I2 =
m

m+ 1

t∫
0

∫
RNl

{
um+1

N∑
j=1

[
a(|x|)ζm+1

n (Xl)xj
]
xj

}
dx dτ =

=
m

m+ 1

t∫
0

∫
RNl

um+1

[
N∑
j=1

a(|x|)xj(Xl)xj

]
ζm+1
n dx dτ+

+
m(m+ 1)

m+ 1

t∫
0

∫
RNl

um+1

[
N∑
j=1

ζnxj(Xl)xj

]
ζmn a(|x|) dx dτ+

+
m

m+ 1

t∫
0

∫
RNl

um+1a(|x|)ζm+1
n

(
N∑
j=1

(Xl)xjxj

)
dx dτ.

Òàê êàê (Xl)xjxj = 0; (Xl)xj = 0, ïðè j > l; a(|x|)xj ≤ 0, ïðè j = 1, 2, . . . , l,
òî íà îñíîâàíèè ëåììû 1 äëÿ I2 ïîëó÷èì îöåíêó

I2 ≤
C2n+1

ρ|α|+2

t∫
0

∫
RNl

um+1ζmn Xl dx dτ. (12)

Èç (10), (11) è (12) ïîëó÷èì ñîîòíîøåíèå

1

2

∫
RNl

ζm+1
n u2Xldx+

(
m− m(m+ 1)

2
ε2

) t∫
0

∫
RNl

a(|x|)um−1|Du|2ζm+1
n Xl dx dτ ≤

≤ m(m+ 1)

2ε2

t∫
0

∫
RNl

a(|x|)um+1ζm−1
n |Dζn|2Xl dx dτ+C

2n+1

ρ|α|+2

t∫
0

∫
RNl

um+1ζmn Xl dx dτ.

Òàê êàê ζmn (x) ≤ ζm−1
n (x), íà îñíîâàíèè ëåììû 1 èìååì:

1

2

∫
RNl

ζm+1
n u2Xldx+

(
m− m(m+ 1)

2
ε2

) t∫
0

∫
RNl

a(|x|)um−1|Du|2ζm+1
n Xl dx dτ ≤
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≤ 2

(
m(m+ 1)

2ε2
+ C

)
22n

ρ|α|+2

t∫
0

∫
RNl

um+1ζm−1
n Xl dx dτ.

Ïîëàãàÿ â ïîñëåäíåì íåðàâåíñòâå ε =
√

1
m+1 , è çàìå÷àÿ, ÷òî

ζm−1
n (x) ≤ ζ2s

n+1, ïðè ëþáîì s > 0,

áóäåì èìåòü:∫
RNl

ζm+1
n u2Xldx+

t∫
0

∫
RNl

a(|x|)um−1|Du|2ζm+1
n Xl dx dτ ≤

≤ C(m,N, α)
22n

ρ|α|+2

t∫
0

∫
RNl

um+1ζ2s
n+1Xl dx dτ.

(13)

Ïóñòü νn(x, t) = u
m+1

2 ζsn, µ = 4
m+1 , è âûáåðåì s óäîâëåòâîðÿþùèì óñëî-

âèþ:

s >
(m+ 1)2

4
.

Èç íåðàâåíñòâà (13) ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé áóäåì èìåòü:

sup
0<τ<t

∫
RNl

νµnXldx+

t∫
0

∫
RNl

a(|x|)|Dνn|2Xl dx dτ ≤

≤ C(m,N, α)
22n

ρ|α|+2

t∫
0

∫
RNl

Xlν
2
n+1 dx dτ.

(14)

Ê âíóòðåííåìó èíòåãðàëó ïðàâîé ÷àñòè íåðàâåíñòâà (14) ïðèìåíèì âå-
ñîâîå íåðàâåíñòâî Ñîáîëåâà�Ãàëüÿðäî�Íèðåíáåðãà [10] (νn+1(x, t) èìååò êîì-
ïàêòíûé íîñèòåëü â RN

l ïðè ëþáîì t > 0), áóäåì èìåòü:∫
RNl

Xlν
2
n+1dx ≤ C

(∫
RNl

Xl|Dνn+1|2dx

)B

·

(∫
RNl

Xlν
µ
n+1dx

) 2(1−B)
µ

, (15)

ãäå B îïðåäåëÿåòñÿ èç óñëîâèÿ

N + l

2
=

(N + l − 2)B

2
+

(N + l)(1−B)

µ
. (16)
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Èç (16) íàõîäèì B è (1−B)

B =
βl − 2

βl + 2
, 1−B =

4

βl + 2
, (17)

βl = (N + l)(m − 1) + 2 � àíàëîã ïîñòîÿííîé Áàðåíáëàòòà äëÿ îáëàñòåé
âèäà RN

l .

Òàê êàê ∫
RNl

Xl|Dνn+1|2 dx ≤

≤ Ca(ρ)−B

(∫
RNl

Xla(|x|)|Dνn+1|2dx

)B

·

(∫
RNl

Xlν
µ
n+1dx

) 2(1−B)
µ

, (18)

òî èíòåãðèðóÿ (18) ïî âðåìåíè îò 0 äî t, è ïðèìåíÿÿ íåðàâåíñòâî Ã�åëüäåðà ê
ïðàâîé ÷àñòè ïîëó÷åííîãî ñîîòíîøåíèÿ, èç (15) ïîëó÷èì:

t∫
0

∫
RNl

Xl ν
2
n+1 dx dτ ≤

≤ Ca(ρ)−Bt1−B

( t∫
0

∫
RNl

Xl a(|x|)|Dνn+1|2 dx

)B

·

(
sup

0<τ<t

∫
RNl

Xl ν
µ
n+1 dx

)2(1−B)
µ

. (19)

Èç (14) íà îñíîâàíèè (19) ïîëó÷èì ñîîòíîøåíèå

sup
0<τ<t

∫
RNl

Xl ν
µ
n dx+

t∫
0

∫
RNl

Xl a(|x|)|Dνn|2 dx dτ ≤

≤ C
(a(ρ) · t)1−B · 22n

ρ2

( t∫
0

∫
RNl

Xl a(|x|)|Dνn+1|2dx

)B
·

(
sup

0<τ<t

∫
RNl

Xl ν
µ
n+1 dx

)2(1−B)
µ

.

Äàëåå, èñïîëüçóÿ íåðàâåíñòâî Þíãà ê ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåí-
ñòâà äëÿ ëþáîãî ε > 0, ïîëó÷èì îöåíêó

sup
0<τ<t

∫
RNl

Xl ν
µ
n dx+

t∫
0

∫
RNl

Xl a(|x|)|Dνn|2 dx dτ ≤
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≤ ε

t∫
0

∫
RNl

Xl a(|x|)|Dνn+1|2 dx dτ +C(ε)2
Cn

1−B
t · a(ρ)

ρ
2

1−B

 sup
0<τ<t

∫
RNl

Xl ν
µ
n+1 dx


2
µ

. (20)

Òàê êàê ïîñëåäîâàòåëüíîñòè

An = sup
0<τ<t

∫
RNl

Xl ν
µ
n dx è Bn =

t∫
0

∫
RNl

Xla(|x|) |Dνn|2 dx dτ

îãðàíè÷åíû ïðè ëþáûõ çíà÷åíèÿõ ρ è t, è êðîìå òîãî An � íåóáûâàþùàÿ ïî-
ñëåäîâàòåëüíîñòü, òî ïðèìåíÿÿ ê ñîîòíîøåíèþ (20) ëåììó 2, ïîëó÷èì îöåíêó

sup
0<τ<t

∫
RNl

Xl ν
µ
0 dx ≤ Cta(ρ)ρ−

2
1−B

 sup
0<τ<t

∫
RNl

Xl ν
µ
∞ dx


2
µ

, (21)

ãäå
ν∞(x, t) = u

m+1
2 ζs∞

è

ζ∞(x) =


0, |x| ≤

(
1

2
− ξ
)
ρ,

1,

(
1

2
− ξ
)
ρ < |x| ≤ (1 + ξ)ρ,

0, |x| > (1 + ξ)ρ.

Èç íåðàâåíñòâà (21) ñëåäóåò ñîîòíîøåíèå

sup
0<τ<t

∫
Bl
ρ(1+ 1

2 ξ)
\Bl

ρ( 1
2−

1
2 ξ)

Xl u
2dx ≤

≤ Cta(ρ)ρ−
2

1−B

 sup
0<τ<t

∫
Blρ(1+ξ)\B

l

ρ( 1
2−ξ)

Xl u
2dx


2
µ

.

(21′)

Äàëåå, ïîäáåðåì ξ = δ2−j, ãäå 0 < δ < 1
4 è ðàññìîòðèì ïîñëåäîâàòåëüíî-

ñòè

ρj = ρ(1 + δ2−j), ρj = ρ

(
1

2
− δ2−j

)
, j = 0, 1, 2, . . .
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Îáîçíà÷àÿ U l
j = Bl

ρj
\Bl

ρj
èç (21′) áóäåì èìåòü

Ij+1 = sup
0<τ<t

∫
U lj+1

Xlu
2dx ≤ Cbj · ta(ρ)ρ−

2
1−B · I

2
µ

j , (22)

ãäå b > 1.

Íà îñíîâàíèè ëåììû (5.6) â [6] èç (22) ñëåäóåò, ÷òî Ij → 0 ïðè j → ∞,
åñëè òîëüêî

t · a(ρ)ρ−
2

1−B · I
2
µ−1

0 ≤ C0, (23)

ãäå C0 � äîñòàòî÷íî ìàëàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò ïàðàìåòðîâ
çàäà÷è.

Òàêèì îáðàçîì, åñëè ïåðåìåííûå ρ è t ñâÿçàíû ñîîòíîøåíèåì (23), òî
èìååò ìåñòî ðàâåíñòâî

I∞ =

∫
Blρ\Blρ\2

Xlu
2dx = 0, (23′)

ãäå I∞ = lim
j→∞

Ij.

Èñïîëüçóÿ ëåììó 3, óñèëèì íåðàâåíñòâî (23) çàìåíÿÿ I0 íà

µl(0) =

∫
RNl

Xlu
2
0dx.

Ïîñëå çàìåíû óñëîâèå (23) ïðèíèìàåò âèä

t · a(ρ)ρ−
2

1−B ·

(∫
RNl

Xlu
2dx

) 2
µ−1

≤ C0. (24)

Èç (24) äëÿ ρ èìååì îöåíêó

ρ ≥ C2t
2

βl+2(|α|+1)

(∫
RNl

Xlu
2
0dx

) m−1
βl+2(|α|+1)

. (25)

Ó÷èòûâàÿ (23′), íà îñíîâàíèè (25) ìû ìîæåì óòâåðæäàòü, ÷òî ðåøåíèå
u(x, t) ðàâíî íóëþ äëÿ âñåõ (x, t), óäîâëåòâîðÿþùèõ óñëîâèþ

|x| ≥ C3t
2

βl+2(|α|+1)

(∫
RNl

Xlu
2
0dx

) m−1
βl+2(|α|+1)

,
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ò.å. ôóíêöèÿ u(x, t) îáëàäàåò ñâîéñòâîì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ
âîçìóùåíèé. Äîêàæåì ñîîòíîøåíèå (8). Â íåðàâåíñòâå Ñîáîëåâà�Ãàëüÿðäî�
Íèðåíáåðãà (15) âûáåðåì µ = 2

m+1 , òîãäà èç (16) äëÿ B è 1 − B ïîëó÷èì
çíà÷åíèÿ

B =
m(N + l)

m(N + l) + 2
, 1−B =

2

m(N + l) + 2
. (26)

Îáîçíà÷èì ÷åðåç Pj = sup
0<τ<t

∫
U lj

Xl u(x, τ) dx, òîãäà äëÿ íåêîòîðîé êîíñòàí-

òû C4 > 0 èìååì

Pj ≥ C4ρ
(N+l) 1

2 · sup
0<τ<t

(∫
U lj

Xlu
2(x, τ) dx

) 1
2

. (27)

Íåðàâåíñòâî (22) äëÿ âûáðàííîãî çíà÷åíèÿ µ, ó÷èòûâàÿ (26), èìååò âèä

sup
0<τ<t

(∫
U lj

Xlu
2 dx

)
≤

≤ C5b
jta(ρ)ρ−(m(N+l)+2)

(
sup

0<τ<t

∫
U lj−1

Xlu dx

)m+1

.

(28)

Èç (27) è (28) ñëåäóåò

Pj ≤ C6ρ
(N+l) 1

2

(
bjta(ρ)ρ−(βl+(N+l))

) 1
2 · P

m+1
2

j−1 =

= C6

(
bjtρ−(βl+|α|

) 1
2 · P

m+1
2

j−1 .

(29)

Êàê è â ñëó÷àå (22) èç (29) ñëåäóåò, ÷òî Pj → 0 êàê òîëüêî

tρ(−βl+|α|)Pm−1
0 ≤ C7,

ãäå C7 � äîñòàòî÷íî ìàëàÿ êîíñòàíòà. Íà îñíîâàíèè ëåììû 5, îòñþäà âûòå-
êàåò, ÷òî u(x, t) = 0 ïî÷òè äëÿ âñåõ (x, t), óäîâëåòâîðÿþùèõ óñëîâèþ

|x| ≥ C8t
1

βl+|α|

(∫
RNl

Xlu0(x)dx

) m−1
βl+|α|

. (30)
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Òàê êàê ïî ïðåäïîëîæåíèþ |x| > ρ/2 > 2ρ0, òî u(x, t) = 0 ïî÷òè âñþäó
äëÿ âñåõ (x, t)

|x| ≥ 4ρ0 + C8t
1

βl+|α|

(∫
RNl

Xlu0(x)dx

) m−1
βl+|α|

.

Ñëåäîâàòåëüíî äëÿ ðàäèóñà íîñèòåëÿ ζ(t) èìååì îöåíêó

ζ(t) ≤ 4ρ0 + C8t
1

βl+|α|

(∫
RNl

Xlu0(x)dx

) m−1
βl+|α|

.

Òåîðåìà 1 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2. Ïðåæäå âñåãî îòìåòèì, ÷òî èç ðåçóëüòàòîâ
ðàáîòû [3], êîòîðûå èìåþò ìåñòî è â ñëó÷àå m > 1, ëåâàÿ ÷àñòü ñîîòíîøå-
íèÿ (9) êîíå÷íà ïðè ëþáîì t > 0.

Èç òåîðåìû 1 äëÿ óðàâíåíèÿ îäíîðîäíîé äèôôóçèè (÷òî ñîîòâåòñòâóåò
ñëó÷àþ a(|x|) = |x|α, è α = 0) ëåãêî ïîëó÷èòü îöåíêó ñíèçó äëÿ ðåøåíèÿ
çàäà÷è (1)�(3) â ðàâíîìåðíîé ìåòðèêå. Â ñàìîì äåëå, äëÿ ëþáîãî t > 0 èìååì∫

RNl

Xl u(x, t) dx =

∫
|x|≤ζ(t)

Xl u(x, t) dx ≤ C(N)
(

sup
x∈RNl

u(x, t)
)
· ζ(t)l+N . (31)

Òàê êàê â ðàññìàòðèâàåìîì ñëó÷àå äëÿ ëþáîãî t > 0∫
RNl

Xl u(x) dx =

∫
RNl

Xl u0(x) dx (çàêîí ñîõðàíåíèÿ ìîìåíòà),

òî èç (31) ïðè

t > ρ
(βl+|α|)
0

(∫
RNl

Xl u0(x) dx

)−(m−1)

ïîëó÷èì îöåíêó

sup
x∈RNl

u(x, t) ≥ C(m,N, l)t
−N+l

βl

(∫
RNl

Xl u0(x) dx

) 2
βl

. (32)

Èñïîëüçóÿ ðåçóëüòàò ðàáîòû [3], êîòîðûé èìååò ìåñòî è â ñëó÷àå m > 1,
íà îñíîâàíèè (32) ïîëó÷àåì (9).

Òåîðåìà 2 äîêàçàíà.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 117



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2016

4 Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ

íà÷àëüíî-êðàåâîé çàäà÷è (1)�(3)

Äîêàçàòåëüñòâî ïðîâåäåì ïîêà äëÿ ñëó÷àÿ îãðàíè÷åííîé îáëàñòè Ω = RN
l ∩

BR = Bl
R ïðè ïðîèçâîëüíîì R > ρ0 (ρ0 � ðàäèóñ íîñèòåëÿ íà÷àëüíîé ôóíê-

öèè u0(x)). Òî åñòü çàäà÷à ñîñòîèò â îïðåäåëåíèè ðåøåíèÿ íà÷àëüíî-êðàåâîé
çàäà÷è

∂u

∂t
= div (a(|x|)D(um)), m > 1, (1′)

u(x, τ) = 0, (x, τ) ∈ ∂Ω× (t > 0), (2′)

u(x, 0) = u0(x), x ∈ Ω (3′)

â êëàññå ôóíêöèé

u(x, τ) ∈ L∞
(
0, t;L2(Ω)

)
, um, u

m+1
2 ∈ L2

(
0, t;

◦
W 2,α,ω(Ω)

)
,
∂u

∂τ
∈ L2(Ω×(0, t)),

ñ íà÷àëüíîé ôóíêöèåé, óäîâëåòâîðÿþùåé óñëîâèÿì

supportu0(x) ⊂ Bl, u0 ∈ L2(Bl
ρ0

), u0(x) ≥ 0.

Íàèáîëåå ïîäõîäÿùèì ìåòîäîì äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ
çàäà÷è (1′)�(3′) â äàííîì ñëó÷àå ÿâëÿåòñÿ ìåòîä êîìïàêòíîñòè, èçëîæåííûé â
ìîíîãðàôèè [8], è ïðèìåíåííûé â òåîðåìå 12.2. Ïðèìåíèì óïîìÿíóòûé ìåòîä
äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (1′)�(3′).

Äëÿ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé un(x, τ) Ãàë�åðêèíà ñîîòíîøåíèå
12.29 òåîðåìû 12.2 â [8] â íàøåì ñëó÷àå èìååò âèä

1

2

d

dτ

∫
Ω

u2
n(x, τ) dx+

4

(m+ 1)2

∫
Ω

a(|x|)
∣∣∣D (um+1

2
n

)∣∣∣2 dx = 0.

Èíòåãðèðóÿ äàííîå ðàâåíñòâî îò 0 äî t, ïîëó÷èì

1

2

∫
Ω

u2
n(x, τ) dx+

4

(m+ 1)2

t∫
0

∫
Ω

a(|x|)
∣∣∣D (um+1

2
n

)∣∣∣2 dx dτ =
1

2

∫
Ω

u2
0n(x) dx.

Òàê êàê ïî îïðåäåëåíèþ u0n(x)→ u0(x) â L2(Ω), òî ïðàâàÿ ÷àñòü ïîëó÷åííîãî
ñîîòíîøåíèÿ îãðàíè÷åíà. Ïîýòîìó

un(x, τ) îãðàíè÷åíû â L∞
(
0, t;L2(Ω)

)
,
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u
m+1

2
n (x, τ) îãðàíè÷åíû â L2

(
0, t;

◦
W

1
2,α,ω (Ω)

)
.

Ïîñëåäíåå óòâåðæäåíèå ñëåäóåò èç íåðàâåíñòâà (5.17) òåîðåìû 5.1 â [7].
Â íåðàâåíñòâå (5.17) ïîëàãàåì µ(x) = |x|α, ν(x) = c2

0ω(x), r(x) = ω(x),
p = q = 2, c0 = 1

2C , m = 0, l = 1. Ïîêàçàòåëü ω(x) ïîäáèðàåòñÿ òàê, ÷òî-
áû óñëîâèÿ òåîðåìû 5.1 â [7] âûïîëíÿëèñü. Òîãäà íà îñíîâàíèè (5.17) äëÿ

v(x, τ) ∈
◦
W 1

2,α,ω (Ω) ïðè ëþáîì τ > 0 èìååì∫
Ω

ω(x)v2(x, τ) dx ≤ c

∫
Ω

|x|α|D(v(x, τ))|2 dx.

Îòñþäà, çàìåíÿÿ v(x, τ) íà u
m+1

2
n , à çàòåì èíòåãðèðóÿ ïîëó÷åííîå íåðàâåíñòâî

îò 0 äî t, ïîëó÷èì

t∫
0

∫
Ω

ω(x)um+1
n dx dτ ≤ c

t∫
0

∫
Ω

|x|α
∣∣∣D (um+1

2
n

)∣∣∣2 dx.
Íà îñíîâàíèè ïîëó÷åííîãî íåðàâåíñòâà è ñîîòíîøåíèÿ 12.29 â [8], äëÿ íîðìû

u
m+1

2
n (x, τ) â ïðîñòðàíñòâå L2

(
0, t;

◦
W 1

2,α,ω(Ω)
)
èìååì îöåíêó

∥∥∥um+1
2

n (x, τ)
∥∥∥
L2(0,t;

◦
W 1

2,α,ω(Ω))
=

( t∫
0

∥∥∥um+1
2

n (τ)
∥∥∥2

◦
W 2,α,ω(Ω)

dτ

) 1
2

≤

≤

( t∫
0

∫
Ω

ω(x)um+1
n (x, τ) dx dτ +

t∫
0

∫
Ω

|x|α
∣∣∣D (um+1

2

)∣∣∣2 dx dτ) 1
2

≤

≤ c

( t∫
0

∫
Ω

|x|α
∣∣∣D (um+1

2

)∣∣∣2 dx dτ) 1
2

≤ c

(∫
Ω

u2
0n(x) dx

) 1
2

.

Ñëåäîâàòåëüíî u
m+1

2
n (x, τ) îãðàíè÷åíû â L2(0, t;

◦
W 1

2,α,ω(Ω)). Äëÿ âûïîëíå-
íèÿ íåðàâåíñòâà (5.17) â [7] íåîáõîäèìî âûïîëíåíèå óñëîâèÿ A äëÿ ïîòåí-

öèàëà V (x) = ν(x)
µ(x) è óñëîâèé (5.13) è (5.15). Ýòè óñëîâèÿ âûïîëíÿþòñÿ äëÿ

ôóíêöèè ω(x) (êîòîðàÿ áóäåò îïðåäåëåíà íèæå) ïðè N 6= 2. Â íàøåì ñëó÷àå
âûïîëíÿåòñÿ óñëîâèå π-ïîãðóæåíèÿ ðàññìàòðèâàåìûõ êóáîâ Qdx, è ñëåäîâà-
òåëüíî êóáû Qd̂x

, ãäå dx = d̂x(1 − ε) � êîìïàêòíî âëîæåíû â Ω ïðè ε > 0.
Äàëåå ïåðåéäåì ê îöåíêå ôóíêöèîíàëà a(u, v) (12.32) â [8]. Äëÿ óðàâíåíèÿ
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(1′) ôóíêöèîíàë a(u, v) ñ òî÷íîñòüþ äî êîíñòàíòû îïðåäåëÿåòñÿ â âèäå

a(u, v) =
N∑
j=1

∫
Ω

|x|α um−1uxj vxj dx = − 1

m

∫
Ω

umdiv (|x|α ·Dv) dx.

Ïðåäñòàâëÿÿ div (|x|α ·Dv) â âèäå

div (|x|αDv) = α|x|α−2
N∑
j=1

xj vxj + |x|α∆v,

äëÿ ìîäóëÿ ôóíêöèîíàëà a(u, v) ïîëó÷èì îöåíêó

|a(u, v)| ≤ N |α|

(∫
Ω

um+1|x|(α−1)(m+1
m )dx

) m
m+1

·

(∫
Ω

|Dv|m+1 dx

) 1
m+1

+

+

(∫
Ω

um+1|x|α(
m+1
m )dx

) m
m+1
(∫

Ω

|∆v|m+1 dx

) 1
m+1

≤

≤ c

[(∫
Ω

um+1 · |x|(α−1)(m+1
m )dx

) m
m+1

+

(∫
Ω

um+1|x|α(
m+1
m )dx

) m
m+1
]
· ‖v‖ ◦

W r
2(Ω)

.

Çäåñü ìû èñïîëüçîâàëè òåîðåìó âëîæåíèÿ ñ r =
(
m−1

2

)
N
m+1 + 2.

Äàëåå èç ýëåìåíòàðíîãî íåðàâåíñòâà

(a+ b)
m
m+1 ≤ a

m
m+1 + b

m
m+1 ≤ 2

m
m+1 (a+ b)

m
m+1 , a ≥ 0, b ≥ 0,

äëÿ ôóíêöèîíàëà a(u, v) èìååì

|a(u, v)| ≤ c(α,N,m)

(∫
Ω

um+1 · |x|α(
m+1
m )
(

1 + |x|−
m+1
m

)
dx

) m
m+1

· ‖v‖ ◦
W r

2(Ω)
.

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ ω(x):

ω(x) =

{
2|x|α−2, ïðè |x| ≤ 1,

2|x|α(
m+1
m ), ïðè |x| > 1.

Òîãäà äëÿ ôóíêöèîíàëà a(u, v) ïîëó÷èì îöåíêó

|a(u, v)| ≤ c(α,N,m)

(∫
Ω

um+1ω(x) dx

) m
m+1

· ‖v‖ ◦
W r

2(Ω)
.
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Ïðè çíà÷åíèÿõ α, óäîâëåòâîðÿþùèõ óñëîâèþ

− mN

m+ 1
< α ≤ 0, 2−N < α ≤ 0 (N > 2),

ω(x) � ïðèíàäëåæèò êëàññó A-Ìàêåíõàóïòà (ñì. ïðèìåð 1.3 â [11]). Ïîýòîìó
ïðîñòðàíñòâî ôóíêöèé ñ êîíå÷íîé íîðìîé

‖f(x)‖L2,ω(x)
=

(∫
Ω

|f(x)|2 ω(x) dx

) 1
2

îáðàçóåò âåñîâîå áàíàõîâîå ïðîñòðàíñòâî ëåáåãîâñêîãî òèïà.

Èòàê, îêîí÷àòåëüíî èìååì

|a(u, v)| ≤ c
∥∥∥um+1

2

∥∥∥ 2m
m+1

L2,ω(x)(Ω)

· ‖v‖ ◦
W r

2(Ω)
,

òî åñòü íîðìà ôóíêöèîíàëà a(u, v) èìååò îöåíêó

‖a(u, v)‖W−r2 (Ω) ≤ c
∥∥∥um+1

2

∥∥∥ 2m
m+1

L2,ω(x)(Ω)

.

Çàìåíÿÿ â ïîñëåäíåì íåðàâåíñòâå u íà un(x, τ), ïîëó÷èì

‖a(un(τ), v)‖W−r2 (Ω) ≤ c
∥∥∥um+1

2
n (τ)

∥∥∥ 2m
m+1

L2,ω(x)(Ω)

.

Âîçâåäÿ îáå ÷àñòè â ñòåïåíü m+1
m , è ïðîèíòåãðèðîâàâ â ïðåäåëàõ îò 0 äî

t, ïîëó÷èì

t∫
0

‖a(un(τ), v)‖
m+1
m

W−r2 (Ω)
dτ ≤ c

t∫
0

∥∥∥um+1
2

n (τ)
∥∥∥2

L2,ω(x)(Ω)

dτ ≤

≤ c
∥∥∥um+1

2
n

∥∥∥2

L2(0,t;
◦
W 1

2,α,ω(x)(Ω))
.

Èç ýòîé îöåíêè ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèîíàëîâ

a(un(τ), v) îãðàíè÷åíû â L
m+1
m

(
0, t;W−r

2 (Ω)
)
.

Äàëåå, íåîáõîäèìî îïðåäåëèòü êëàññû ôóíêöèé B0, B, B1. Ïóñòü

B0 =

v
∣∣∣∣∣
∫
Ω

|x|α
∣∣∣D (vm+1

2

)∣∣∣2 dx <∞
 .
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(Íàïîìíèì, ÷òî íîðìà â ïðîñòðàíñòâå
◦
W 1

2,α,ω(x)(Ω) îïðåäåëÿåòñÿ â âèäå

‖v‖ ◦
W 1

2,α,ω(x)(Ω)
=

(∫
Ω

|x|α|Dv|2 dx+ c2
0

∫
Ω

ω(x) v2 dx

) 1
2

,

ãäå c0 � ïðîèçâîëüíî ìàëàÿ ïîëîæèòåëüíàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò âå-
ñîâûõ ôóíêöèé è îò ôóíêöèè v.) Â êà÷åñòâå ïðîñòðàíñòâà B âûáåðåì ïðî-
ñòðàíñòâî Lm+1,ω(x)(Ω), è íàêîíåö ïóñòü B1 = W−r

2 (Ω).

Èñïîëüçóÿ òåîðåìó 5.1 â [7], ïîëàãàÿ p = q = 2, m = 0, l = 1, r(x) = ω(x),
µ(x) = |x|α, è ν(x) = c2

0 ω(x) (c0 � äîñòàòî÷íî ìàëàÿ ïîäîáðàííàÿ êîíñòàíòà),
èç îöåíêè (5.17) â [7] ïîëó÷èì(∫

Ω

ω(x) v2(x) dx

) 1
2

≤ c

{∫
Ω

(
|x|α|Dv|2 + c2

0 ω(x) v2(x)
)
dx

} 1
2

,

îòñþäà (∫
Ω

ω(x) v2(x) dx

) 1
2

≤ c∗

(∫
Ω

|x|α|Dv|2 dx

) 1
2

,

ãäå c∗ = c∗(c0, c).

Ïîëàãàÿ â ýòîì íåðàâåíñòâå v(x) ðàâíûì u
m+1

2 (x, τ), áóäåì èìåòü(∫
Ω

ω(x)um+1(x, τ) dx

) 1
2

≤ c∗

(∫
Ω

|x|α
∣∣∣D (um+1

2

)∣∣∣2 dx) 1
2

,

èëè

‖u(τ)‖Lm+1,ω(x)(Ω)
= ‖u(τ)‖B ≤ (c∗)

2
m+1

(∫
Ω

|x|α
∣∣∣D (um+1

2

)∣∣∣2 dx) 1
m+1

.

Îòñþäà ñëåäóåò, ÷òî B0 ⊂ B. Íà îñíîâàíèè çàìå÷àíèÿ, ñäåëàííîãî â [7] (ñòð.
85 â êîíöå ðàáîòû) âëîæåíèå B0 ⊂ B ÿâëÿåòñÿ êîìïàêòíûì. Â ñàìîì äåëå,
èç ñäåëàííîãî çàìå÷àíèÿ ñëåäóåò, ÷òî âëîæåíèå

◦
W

1
2,α,ω(x)(Ω) ⊂ L2,ω(x)(Ω)

òàêæå êîìïàêòíî, òàê êàê
◦
W 2,α,ω(x)(Ω) ÿâëÿåòñÿ ïîïîëíåíèåì ïðîñòðàíñòâà

C∞0 (Ω) ïî íîðìå (∫
Ω

|x|α|Dv|2 dx+ c2
0

∫
Ω

ω(x) v2(x) dx

) 1
2

.
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Îòìåòèì òàêæå, ÷òî óñëîâèÿ òåîðåìû 5.1 â [7] äëÿ îãðàíè÷åííûõ îáëàñòåé Ω
ïðè âûáðàííûõ âåñîâûõ ôóíêöèÿõ âûïîëíÿþòñÿ (èìåííî çäåñü èñïîëüçóåòñÿ
îãðàíè÷åííîñòü îáëàñòè Ω). Íåòðóäíî ïðîâåðèòü òàêæå âûïîëíåíèå óñëîâèÿ
lim f(x) = 0, x→ ∂Ω, â çàìå÷àíèè [7] (ñòð. 85 â êîíöå ðàáîòû).

Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ îñòàåòñÿ ïðèìåíèòü òåîðåìó
12.1 â [8], è ïîâòîðèòü ïî÷òè äîñëîâíî ïóíêò 4) â äîêàçàòåëüñòâå òåîðåìû 12.2.
Èòàê, äëÿ îãðàíè÷åííûõ îáëàñòåé óòâåðæäåíèå äîêàçàíî. Ïåðåéäåì ê ñëó÷àþ
íåîãðàíè÷åííîé îáëàñòè RN

l .

Ïóñòü un(x, t) � ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

∂un
∂t

= div (a(|x|) ·D(umn )) , m > 1, (1n)

un = 0, (x, t) ∈ ∂Bl
n × (t > 0), (2n)

un(x, 0) = u0(x), x ∈ Bl
n, (3n)

â îáëàñòè {Bl
n × (0, t)}, ïðè un(x, τ) ∈ L∞(0, t;L2(Bl

n)),

∂un
∂τ
∈ L2

({
Bl
n × (0, t)

})
, um, u

m+1
2

n ∈ L2
(

0, t;
◦
W

1
2,α,ω

(
Bl
n

))
,

ãäå
◦
W 1

2,α,ω

(
Bl
n

)
� ïîïîëíåíèå ïðîñòðàíñòâà C∞0 (Bl

n) ïî íîðìå(
c2

0

∫
Bln

ω(x) v2(x) dx+

∫
Bln

a(|x|) |Dv|2 dx

) 1
2

.

Ïóñòü, äàëåå

vn(x, τ) =

{
un(x, τ), (x, τ) ∈ {Bl

n × (0, t)},
0, (x, τ) ∈ {(RN

l \Bl
n)× (0, t)}.

Ôóíêöèè vn(x, τ) òàêæå ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è (1n)�(3n) ñîîòâåòñòâåí-
íî â îáëàñòÿõ {Bl

n × (0, t)}.
Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü vn(x, τ) ÿâëÿåòñÿ íåóáûâàþùåé ïîñëå-

äîâàòåëüíîñòüþ ïðè (x, τ) ∈ {RN
l × (0, t)}. Ïîëîæèì Qt = {Bl

n × (0, t)}, è
ïóñòü η(x, τ) � ïðîèçâîëüíàÿ ôóíêöèÿ, ïðèíàäëåæàùàÿ C1

0([0, t);C∞0 (RN
l )), ñ

η(x, t) = 0. Ïîäáåðåì n íàñòîëüêî áîëüøèì, ÷òîáû

support η(x, τ) ⊂ {Bl
n × [0, t)}, ïðè âñåõ 0 ≤ τ ≤ t.
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Òîãäà èç (6) ñëåäóåò ñîîòíîøåíèå∫∫
Qt

{
(vn − vn+1)ητ + (vmn − vmn+1) div(a(|x|) ·Dη)

}
dx dτ = 0. (33)

Ïðåäñòàâèì vmn − vmn+1 â âèäå

vmn − vmn+1 =

1∫
0

d

dξ
(vnξ + (1− ξ)vn+1)

mdξ =

= m

1∫
0

d

dξ
(vnξ + (1− ξ)vn+1)

m−1dξ · (vn − vn+1) = bn(x, τ)(vn − vn+1),

ãäå

bn(x, τ) = m

1∫
0

d

dξ
(vnξ + (1− ξ)vn+1)

m−1dξ, bn(x, τ) ≥ 0.

Ïîñòðîèì ãëàäêóþ àïïðîêñèìàöèþ bn,ε(x, τ) (êîòîðàÿ áóäåò óòî÷íÿòüñÿ)
ôóíêöèè bn(x, τ), è ðàññìîòðèì êëàññè÷åñêóþ íà÷àëüíî-êðàåâóþ çàäà÷ó

ητ = −bn,εdiv(a(|x|)Dη)− ϕ(x, τ) â Qt,

η(x, τ) = 0 íà ∂Qt,

η(x, t) = 0,

(34)

ãäå ϕ(x, τ) � ïðîèçâîëüíàÿ íåîòðèöàòåëüíàÿ ãëàäêàÿ ôóíêöèÿ ñ êîìïàêòíûì
íîñèòåëåì â Qt.

Ïóñòü η(x, τ) � êëàññè÷åñêîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è, òîãäà èç
(33) ïîëó÷èì∫∫
Qt

(vn − vn+1)ϕ(x, τ) dx dτ =

∫∫
Qt

(bn − bn,ε)(vn − vn+1)div(a(|x|) ·Dη) dx dτ,

Îòñþäà∫∫
Qt

(vn − vn+1)ϕ(x, τ) dx dτ ≤

(∫∫
Qt

|bn − bn,ε|2

bn,ε
|vn − vn+1)|2 dx dτ

) 1
2

×

×

(∫∫
Qt

bn,ε(div (a(|x|) ·Dη))2dx dτ

) 1
2

.

(35)
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Óìíîæèì îáå ÷àñòè óðàâíåíèÿ (34) íà

ζ(τ) · div (a(|x|)Dη),

ãäå ζ(τ) � ãëàäêàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ

1

2
≤ ζ(τ) ≤ 1, ζτ ≥ c > 0, τ ∈ [0, t).

Çàòåì ïðîèíòåãðèðóåì ïî îáëàñòè Qt ïîëó÷åííîå ðàâåíñòâî. Â ðåçóëüòàòå
ïîëó÷èì∫∫

Qt

ητ ζ(τ) div (a(|x|) ·Dη) dx dτ +

∫∫
Qt

ζ bn,ε(div(a(|x|) ·Dη))2dx dτ+

+

∫∫
Qt

ζ ϕ(x, τ) div(a(|x|) ·Dη) dx dτ = 0.
(36)

Èñïîëüçóÿ ðàâåíñòâî η(x, t) = 0 ïðè èíòåãðèðîâàíèè ïî ÷àñòÿì ïåðâîãî èí-
òåãðàëà â ëåâîé ÷àñòè ðàâåíñòâà (36), ïîëó÷èì∫∫

Qt

ητ ζ(τ) div (a(|x|) ·Dη) dx dτ = −
∫∫
Qt

ζ(τ) a(|x|) · (Dη) · (Dητ) dx dτ =

= −1

2

∫∫
Qt

ζ(τ) a(|x|)[(Dη)2]τ dx dτ ≥
1

2

∫∫
Qt

a(|x|)|Dη|2 · ζ ′(τ) dx dτ.

Ñëåäîâàòåëüíî èç (36) èìååì

1

2

∫∫
Qt

a(|x|)|Dη|2ζ ′(τ) dx dτ +

∫∫
Qt

ζ bn,ε(div (a(|x|) ·Dη))2dx dτ ≤

≤
∫∫
Qt

ζ a(|x|) ·Dϕ ·Dη dx dτ.

Ïðèìåíèì ê ïðàâîé ÷àñòè ïîëó÷åííîãî ñîîòíîøåíèÿ íåðàâåíñòâî Þíãà
(èñïîëüçóÿ òàêæå ñâîéñòâà ôóíêöèè ζ(τ)) áóäåì èìåòü∫∫
Qt

bn,ε(div(a(|x|)·Dη))2dx dτ+

∫∫
Qt

a(|x|)·|Dη|2dx dτ ≤ c

∫∫
Qt

a(|x|)·|Dϕ|2dx dτ.
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Âîçâðàùàÿñü ê (35), ïîëó÷èì∫∫
Qt

(vn − vn+1)ϕ(x, τ) dx dτ ≤ c

(∫∫
Qt

a(|x|) · |Dϕ|2dx dτ

) 1
2

×

×

(∫∫
Qt

|bn − bn,ε|2

bn,ε
|vn − vn+1)|2 dx dτ

) 1
2

.

(37)

Òåïåðü íàì íåîáõîäèìî äîêàçàòü, ÷òî âòîðîé èíòåãðàë â ïðàâîé ÷àñòè ñòðå-
ìèòñÿ ê íóëþ íåçàâèñèìî îò ôóíêöèè ϕ. Äëÿ ýòîãî ïîäáåðåì ïîäõîäÿùóþ àï-
ïðîêñèìàöèþ äëÿ bn(x, τ). Âûáåðåì êîíñòàíòû K è ε, òàê ÷òîáû K > ε > 0,
è îïðåäåëèì ïðè ôèêñèðîâàííîì çíà÷åíèè n

bK,ε = min{K,max(bn, ε)}.

Äàëåå, äëÿ bK,ε ïîñòðîèì ãëàäêóþ àïïðîêñèìàöèþ b
(k)
K,ε → bK,ε â ïðîñòðàíñòâå

L∞(Qt) (ýòî âîçìîæíî ïîòîìó, ÷òî bK,ε � îãðàíè÷åííàÿ èçìåðèìàÿ ôóíêöèÿ),

óäîâëåòâîðÿþùóþ óñëîâèþ b
(k)
K,ε ≥ ε. Òîãäà áóäåì èìåòü∫∫

Qt

∣∣bn − b(k)
K,ε

∣∣2|vn − vn+1|2 dx dτ ≤

≤
∫∫
Qt

|bn − bK,ε|2|vn − vn+1|2 dx dτ + 2

∫∫
Qt

∣∣bK,ε − b(k)
K,ε

∣∣2|vn − vn+1|2 dx dτ ≤

≤ 2

∫∫
Qt

(
(bn −K)+ + ε

)2|vn − vn+1|2 dx dτ+

+ 2

∫∫
Qt

∣∣bK,ε − b(k)
K,ε

∣∣2|vn − vn+1|2 dx dτ = I1 + I2.

Òàê êàê bn ÿâëÿåòñÿ ñóììèðóåìîé â Qt ôóíêöèåé, òî ïðè äîñòàòî÷íî áîëüøîì
çíà÷åíèè K

(bn −K)+ < ε ïî÷òè âñþäó â Qt.

Ñëåäîâàòåëüíî äëÿ I1 èìååì

I1 ≤ 8ε2

∫∫
Qt

|vn − vn+1|2dx dτ.
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Äàëåå, ïîäáèðàÿ k òàêæå äîñòàòî÷íî áîëüøèì, äëÿ ïðîèçâîëüíîãî ε èìå-
åì

I2 ≤ 2ε2

∫∫
Qt

|vn − vn+1|2dx dτ.

Òàêèì îáðàçîì,∫∫
Qt

∣∣bn − b(k)
K,ε

∣∣2|vn − vn+1|2dx dτ ≤ 10ε2

∫∫
Qt

|vn − vn+1|2dx dτ.

Ïîëàãàÿ â (37) bn,ε ðàâíûì b
(k)
K,ε, èç (37) ïîëó÷èì îöåíêó∫∫

Qt

(vn − vn+1)ϕ(x, τ) dx dτ ≤

≤ cε
1
2

(∫∫
Qt

a(|x|)|Dϕ|2dx dτ

) 1
2
(∫∫

Qt

|vn − vn+1|2dx dτ

) 1
2

.

Òàê êàê ε � ïðîèçâîëüíî è íå çàâèñèò îò ϕ(x, τ), òî∫∫
Qt

(vn − vn+1)ϕ(x, τ) dx dτ ≤ 0.

Ïî óñëîâèþ ϕ(x, τ) � ïðîèçâîëüíàÿ íåîòðèöàòåëüíàÿ ãëàäêàÿ ôóíêöèÿ, ñëå-
äîâàòåëüíî èç ïîñëåäíåãî ñîîòíîøåíèÿ íåîáõîäèìî èìååì

vn ≤ vn+1 ïî÷òè âñþäó â Qt,

ò. å. vn(x, τ) � íåóáûâàþùàÿ ïîñëåäîâàòåëüíîñòü â Qt. Âåðíåìñÿ ê ñðåäíèì
Ãàë�åðêèíà. Êàê óñòàíîâëåíî â [8] (òåîðåìà 12.2) äëÿ ëþáîãî ðåøåíèÿ un(x, τ)
çàäà÷è (1n)�(3n) àïïðîêñèìàöèè Ãàë�åðêèíà un,k óäîâëåòâîðÿþò ñîîòíîøåíèþ

1

2

∫
Bln

u2
n,k(x, t) dx+

4

(m+ 1)2

t∫
0

∫
Bln

a(|x|)
∣∣∣D (um+1

2

n,k

)∣∣∣2 dx dτ =
1

2

∫
Bln

u2
0k(x) dx.

Îòñþäà ïîñëå ïðåäåëüíîãî ïåðåõîäà ïðè k →∞ ïîëó÷èì

1

2

∫
Bln

u2
n(x, t) dx+

4

(m+ 1)2

t∫
0

∫
Bln

a(|x|)
∣∣∣D (um+1

2
n

)∣∣∣2 dx dτ =
1

2

∫
Bln

u2
0(x) dx.
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Èç ïîñëåäíåãî íåðàâåíñòâà âèäíî, ÷òî

t∫
0

∫
Bln

a(|x|)
∣∣∣D (um+1

2
n

)∣∣∣2 dx dτ ≤ c, n = 1, 2, . . .

Èñïîëüçóÿ íåðàâåíñòâî (5.17) òåîðåìû 5.1 â [7], ïîëó÷èì îöåíêó (ïðè âûáðàí-
íûõ âåñîâûõ ôóíêöèÿõ).

t∫
0

∫
Bln

ω(x)um+1
n dx dτ +

t∫
0

∫
Bln

a(|x|)
∣∣∣D (um+1

2
n

)∣∣∣2 dx dτ ≤ c, n = 1, 2, . . .

Òîãäà äëÿ ïîñëåäîâàòåëüíîñòè v
m+1

2
n (x, τ) ïîëó÷èì∥∥∥vm+1

2
n (x, τ)

∥∥∥
L2(0,t;

◦
W 1

2,α,ω(RNl ))
≤ c.

Òàê êàê ïðîñòðàíñòâî L2(0, t;
◦
W 2,α,ω(RN

l )) ÿâëÿåòñÿ ñëàáî-ïîëíûì ãèëüáåðòî-
âûì ïðîñòðàíñòâîì (ïðè âûáðàííûõ âåñîâûõ ôóíêöèÿõ), òî ñóùåñòâóåò òàêàÿ

ôóíêöèÿ v(x, τ) = u
m+1

2 (x, τ) ∈ L2(0, t;
◦
W 1

2,α,ω(RN
l )), è òàêàÿ ïîñëåäîâàòåëü-

íîñòü v
m+1

2

ñ ïîñëåäîâàòåëüíîñòè v
m+1

2
n , ÷òî v

m+1
2

ñ ñõîäèòñÿ ñëàáî ê v = u
m+1

2 â

ïðîñòðàíñòâå L2(0, t;
◦
W 1

2,α,ω(RN
l )). Òàê êàê ñ äðóãîé ñòîðîíû ïî äîêàçàííîìó

ïîñëåäîâàòåëüíîñòü v
m+1

2

ñ ÿâëÿåòñÿ íåóáûâàþùåé ïîñëåäîâàòåëüíîñòüþ, òî ïî

òåîðåìå Áåïïî � Ëåâè v
m+1

2

ñ ñõîäèòñÿ ê u
m+1

2 ïî÷òè âñþäó â Q = (0, t)×RN
l .

Ïóñòü äàëåå η(x, τ) � ïðîèçâîëüíàÿ ïðîáíàÿ ôóíêöèÿ ñ êîìïàêòíûì íî-
ñèòåëåì â RN

l . Ïîäáåðåì ñ òàê, ÷òîáû

support η(x, τ) ⊂
{

[0, t)×Bl
n̄

}
ïðè âñåõ 0 ≤ τ ≤ t.

Òîãäà äëÿ ðåøåíèÿ vñ íà÷àëüíî-êðàåâîé çàäà÷è (1ñ)�(3ñ) â îáëàñòè{
[0, t)×Bl

n̄

}
èìååì ñîîòíîøåíèå

t∫
0

∫
RNl

−vñ ητ dx dτ +

t∫
0

∫
RNl

a(|x|)D(vmñ )Dη dx dτ = 0.

Ïðèìåíÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì âî âòîðîì èíòåãðàëå, áóäåì èìåòü

t∫
0

∫
RNl

vñ ητ dx dτ +

t∫
0

∫
RNl

vmñ div(a(|x|) ·Dη) dx dτ = 0.
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Ê ëåâîé ÷àñòè ðàâåíñòâà ìû ìîæåì ïðèìåíèòü òåîðåìó Áåïïî � Ëåâè. Ïî-
ýòîìó, ïåðåõîäÿ ê ïðåäåëó ïðè n→∞, ïîëó÷èì

t∫
0

∫
RNl

u ητ dx dτ +

t∫
0

∫
RNl

um div(a(|x|) ·Dη) dx dτ = 0. (38)

Òàê êàê η = η(x, τ) � ïðîèçâîëüíàÿ ïðîáíàÿ ôóíêöèÿ ñ êîìïàêòíûì
íîñèòåëåì â RN

l , òî íàéäåííàÿ íàìè ôóíêöèÿ u = u(x, τ) ÿâëÿåòñÿ î÷åíü
ñëàáûì ðåøåíèåì çàäà÷è (1)�(3), óäîâëåòâîðÿþùèì óñëîâèÿì

u
m+1

2 ∈ L2
(

0, t;
◦
W 2,α,ω

(
RN
l

))
, u(x, τ) ∈ L∞

(
0, t;L2

(
RN
l

))
.

×òîáû ïðèìåíèòü èíòåãðèðîâàíèå ïî ÷àñòÿì â ðàâåíñòâå (38) íåîáõîäèìî,
÷òîáû èíòåãðàë

I =

t∫
0

∫
RNl

a(|x|)D(um) ·Dη dx dτ

áûë êîíå÷íûì ïðè ëþáîì t > 0.

Òàê êàê

D(um) =
2m

m+ 1
· u

m−1
2 ·D

(
u
m−1

2

)
,

òî ïîäûíòåãðàëüíóþ ôóíêöèþ a(|x|) ·D(um) ·Dη ìîæíî îöåíèòü ñëåäóþùèì
îáðàçîì:

a(|x|) |D(um)| · |Dη| ≤ m

m+ 1

(
a(|x|)um−1 · |Dη|+ a(|x|)

∣∣∣D (um+1
2

)∣∣∣2 · |Dη|) .
Ñëåäîâàòåëüíî äëÿ ìîäóëÿ I èìååì

|I| ≤ m

m+ 1

t∫
0

∫
RNl

(
a(|x|)um−1 · |Dη|+ a(|x|)

∣∣∣D (um+1
2

)∣∣∣2 · |Dη|) dx dτ ≤

≤ m

m+ 1

t∫
0

∫
RNl

|x|α um−1|Dη| dx dτ +

+
m

m+ 1

t∫
0

∫
RNl

a(|x|)
∣∣∣D (um+1

2

)∣∣∣2 · |Dη| dx dτ =
m

m+ 1
(I1 + I2).

(39)
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Îöåíèì I1, ïîäáèðàÿ R òàê, ÷òîáû support η(x, τ) ⊂ Bl
R × [0, t), áóäåì

èìåòü

I1 ≤ max |Dη|
t∫

0

( ∫
BlR∩{|x|<1}

|x|α um−1 dx+

∫
BlR∩{|x|≥1}

|x|α um−1 dx

)
dτ =

= 2−
m−1
m+1 ·max |Dη|

t∫
0

( ∫
BlR∩{|x|<1}

|x|
2

m+1 (m−1−|α|)[ω(x)]
m−1
m+1 · um−1 dx+

+

∫
BlR∩{|x|≥1}

|x|−
|α|
m [ω(x)]

m−1
m+1um−1 dx

)
dτ.

Ïðè |α| ≤ m− 1, è R > 1 èìååì

I1 ≤ 2−
m−1
m+1 ·R

2(m−1−|α|)
m+1 ·max |Dη|

t∫
0

∫
BlR

[ω(x)]
m−1
m+1 um−1 dx.

Ïðèìåíÿÿ íåðàâåíñòâî Ã�åëüäåðà, ïîëó÷èì

I1 ≤ C(m,R) · t
2

m+1 max |Dη| ·
∥∥∥um+1

2

∥∥∥ 2(m−1)
m+1

L2(0,t;
◦
W 1

2,α,ω(RNl ))
.

Äëÿ I2 áóäåì èìåòü

I2 ≤ max |Dη| ·
∥∥∥um+1

2

∥∥∥2

L2(0,t;
◦
W 1

2,α,ω(RNl ))
.

Ñëåäîâàòåëüíî, I êîíå÷íà ïðè ëþáîì t > 0, ò. å. ôóíêöèÿ a(|x|) ·D(um) ·
Dη � ëîêàëüíî èíòåãðèðóåìà â RN

l × (0,∞). Ïîýòîìó â (38) âî âòîðîì èí-
òåãðàëå ìîæíî ïðîâåñòè èíòåãðèðîâàíèå ïî ÷àñòÿì. È òîãäà ìû ïðèäåì ê
ðàâåíñòâó (6), ò. å. u(x, τ) � ñëàáîå ðåøåíèå çàäà÷è (1)�(3). Óòâåðæäåíèå
äîêàçàíî ïîëíîñòüþ.
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