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Abstract.

Frequency domain conditions for the existence of finite-dimensional projec-
tors and determining observations for attractors of semi-dynamical systems in
Hilbert spaces are derived. Evolutionary variational equations are considered
as control systems in a rigged Hilbert space structure. As an example we in-
vestigate a coupled system of Maxwell’s equations and the heat equation in
one-space dimension. We show the controllability of the linear part and the
frequency domain conditions for this example.

'Supported by G-RISC.



Differential Equations and Control Processes, N 1, 2013

1 Introduction

We investigate a class of evolutionary variational equations in general Hilbert
spaces. The variational equations are considered as general control or feedback
systems consisting of a linear part and a nonlinear part. A powerful method for
the qualitative investigation of such systems is the frequency theorem for equa-
tions of evolutionary type ([4, 14, 16]). Using some properties of the transfer
operator of the linear part of the given control system, the frequency theorem
gives sufficient conditions for the existence of Lyapunov functionals for dissi-
pativity, global stability and instability of nonlinear systems ([15, 17]). In this
paper we extend the frequency domain approach to the investigation of global
attractors generated by variational equations.

The article is divided as follows. In Sect. 2 we describe the rigged Hilbert
space structure which is used for variational systems. General monotonicity
conditions for the existence of global solutions to evolutionary problems are in-
troduced. The frequency domain method is described in Sect. 3. We define here
the transfer operator for the linear part of the system and quadratic forms for
the characterization of the linear part of the equation. A general theorem for the
existence of quadratic Lyapunov functionals is proved. In Sect. 4 such quadratic
Lyapunov functionals are used for the construction of bijective continuous maps
from an attractor onto a finite-dimensional projection. The realization of this
approach for systems in finite-dimensional spaces is shown in Sect. 5. In Sect. 6
we derive frequency domain conditions for a class of evolutionary equations.
In Sect. 7 we consider a coupled system of Maxwell’s equations and the heat
equation ([9, 10, 11, 18]). We give a characterization of this microwave heating
problem as control system in certain Hilbert spaces. The controllability of the
linear part of the system is shown and a frequency domain condition is verified.
The nonlinearities of the heating problem are described by quadratic forms.

2 Feedback control systems

Suppose that Y| is a real Hilbert space with (-, ) and ||-||o as scalar product and
a norm, respectively. Suppose also that on Y| there is a unbounded self-adjoint
operator A with dense domain D(A) such that

(Ay,y)o > llylls, Yy € D(A).
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Consider in Y, the new scalar product

(y,n)-1:= (A 'y, A 'n)e, Vy,n€Yp

and let Y_; be the completion of Y; with respect to this scalar product. It is
clear that Y_; is a Hilbert space. We denote the scalar product and norm of
Y_ 1 by (+,+)_1 and || - ||_1, respectively. Suppose that Y; C Y} is a Hilbert space
which is dense and continuously embedded into Y. Thus we have the dense
and continuous embedding Y7 C Yy C Y_; which is called rigged Hilbert space
structure ([1]). It follows from above that for y € Y} and n € Y; we have

[(n.9)ol = 1(A™n, Ay)ol < 1A nllol| Ayllo = llnll-1llyll:-

Extending by continuity the functionals (-, y)o onto Y_; we obtain the bilinear
form (-,-)_11 ("scalar product”) on Y_; x Y coinciding with (-,-)y on Yy x Y3
and satisfying |(n,y) 11| < |Inl[-1llyll, ¥n € Yo,y € Y1,

If —oo <T) < Ty < +o0 are two arbitrary numbers, we define the norm for
Bochner measurable functions in L*(Ty,T5;Y;), j =1,0,—1 by

1/2

VG2 1)

Iy]

Let W (Ty,Ty) denote the space of functions y such that y € L*(Ty, Ty; Y1)
and § € L*(Ty, Ty; Y 1) equipped with the norm

SRRl /]| A R (2)

Let us denote by C(T1,T5;Y)) the Banach space of continuous functions
y : [Th, To] — Yy provided with the norm

1yllw,z) == (Y]

ly( ey = sup [ly(@)]o.
tE[T17T2]

By Sobolev’s embedding theorem we can assume that any function from
W (T1,T5) belongs to C(T1,Ts;Yy). Assume also that = and W are two other
real Hilbert spaces with scalar products (-, )z, (-, -)w and norms || - ||z, || - ||w,
respectively, and

A2Y71—>Yf1, BIE—)Yfl, C:Y1—->W (3)

are linear continuous operators and define the nonlinearity ¢ : W — =.

Electronic Journal. http://www.math.spbu.ru/diffjournal 61



Differential Equations and Control Processes, N 1, 2013

Consider the Cauchy problem for the evolutionary variational equation ([6])

y(t) = Ay(t) + Bo(Cy(t)),
_ (4)
y(0) = yo € Yo.

The variational interpretation of (4) means that

(9(t) — Ay(t)=B&(t),n — y(t))-11 =0,
Vn € Y1, w(t) = Cy(t), £(t) = o(w(t)), y(0) = o.
A function y € W (11, T3) N C(T1,Ts;Yy) is said to be a solution of (4) on
(T1,Ty) if y(0) = yo and the equation (4) is satisfied for a. a. t € [Ty, Ts].
In order to have an existence and uniqueness property for solutions of (4)

we state the following assumption.

(A1) The nonlinearity ¢ : W — = has the property that the operator
A= —-A—-B¢(C-) : Y7 — Y_; is monotone hemicontinuous such that the
inequality

[Ay[l-r < allyli+c2, Vyen (5)
is satisfied, where ¢; > 0 and ¢y € R are constants.

Suppose also that
(Ay,y) 11 > esllyllf + e, Yy e (6)

where ¢3 > 0 and ¢4 € R are again constants. Then it follows from ([3, 19])
that for arbitrary yy € Y, there exists a unique weak solution y € L (Ry;Y;)N
C(R,;Yp) with y(0) = yo.

Furthermore, the solution satisfies the inequalities

[yllz20.7:v1) < 91([lwollo) and
yllcorye) < g2(llvollo),

where ¢g; : R, — R,,7 = 1,2, are continuous and monotonically increasing
functions.

In the following L > 0 for a linear operator L € L£(Z), Z a Hilbert space,
means that L is positive, i. e. (z,Lz)z > 0,Vz € Z\{0}. L <0 means that —L
1s positive.

3 Frequency-domain methods

A basic tool for the construction of Lyapunov functionals is the following version
of Kalman-Yakubovich-Popov lemma ([4, 14, 16]). In the infinite dimensional

Electronic Journal. http://www.math.spbu.ru/diffjournal 62



Differential Equations and Control Processes, N 1, 2013

setting certain regularity conditions are necessary which we formulate at the
beginning of this section.

Suppose that in the following A > 0 is a fixed number.
(F1) For any T > 0 and any f € L%*(0,T;Y}) the problem

y=(A+X)y+ f(t), y(0)=wo (7)

is well-posed, i. e., for arbitrary yo € Yy, f € L?(0,T;Y_1) there exists a unique
solution y € W (0, T) satisfying (7) in the sense that

(ya 77)—1,1 - ((A + )\I)yﬂ?)—u + (f(t>777)—1,17 VU S Yi? a. a.te [O7T]

and depending continuously on the initial data, i. e.

Iy llvr) < eillyolls + e2llf112 1, (8)

where ¢; > 0 and ¢y > 0 are some constants.

(F2) The operator A+ I € L(Y1,Y_1) is regular ([16]), i. e. for any T > 0,
Yo € Y1,¢r € Y1 and f € L*(0,T;Y}) the solutions of the direct problem

y=A+M)y+ f(t), y(0)=yo, a a tel0,T]
and of the dual problem
= —(A+ MDY+ f(t), O(T)=1¢r, a.atel0,T]

are strongly continuous in ¢ in the norm of Y;. Here (A + AI)* € L(Y_1,Y))
denotes the adjoint to A + A1, i. e.

(A+ADy,n)-11=(y,(A+A)'n)-11, Vy,n €Y.

Note that assumption (F2) is satisfied if the embedding Y} C Y} is com-
pletely continuous ([16]).

(F3) The pair (A+ I, B) is L?-controllable ([16]), i. e. for arbitrary yy € Y
there exist a control £(-) € L*(0, 00; =) such that the problem

y=(A+X)y+BE y(0)=w (9)

is well-posed on the semiaxis [0, +00), i. e. there exists a solution y(-) € Lo
with y(0) = yo.

It is easy to see that a pair (A + M, B) is L*-controllable if this pair is
exponentially stabilizable, i. e. if an operator K € L(Yy, Z) exists such that the
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solution y(-) of the Cauchy problem ¢ = (A+ A\ + BK)y, y(0) = yo, decreases
exponentially as t — oo, i. e.

Je >0, Fe>0:||yt)|o < ce llo vt > 0. (10)

Let us denote by H¢ and L the complexification of a real linear space H
and a real linear operator L, respectively, and introduce by

x(p) = C°(pI° — A°) "B, pe p(A°) (11)

the transfer operator function of the triple (A¢, B¢, C°).

(F4) Assume = = W and there exists an operator M = M* € L(Z, =) such
that

(0(Cy1) — d(Cy2),M(¢(Cy1) — ¢(Cy2)))=
< (&(Cy1) — &(Cy2), C(y1 — y2))=, Vy1,92 € Y7,

Theorem 1. Suppose that for the nonlinearity @ from (4) the condition (F}4)
15 satisfied and there exists a number X > 0 such that the following holds:

(12)

1. The pair (A+ M\, B) is exponentially stabilizable;
2. Consider the equation
y=(A+ )y (13)
in Yy. The space Yy can be decomposed into Yy =Y, @ Y0+ where

dimY, =:k < oo. Denote by y(-,yo) the (global) solution of (13) satisfying
y(0,90) = yo. For any yo € Y, we assume that tlim y(t,y0) = 0 and for
——00

any yo € Yy" we assume that lim y(t,y0) = 0;
t—+o00

RG(X(ZUJ - )‘>£7 £)E° _ (57 MC&)EC < 0, (14>
for all w € R with iw & o(A°) and all £ € Z¢, £ # 0.

Then there exists a real operator P = P* € L(Y_1,Yy) N L(Yp, Y1) which is
negative on Y, and positive on Yy" and there exists a number € > 0 such that
with
V(y) = (y, Py)o, Yy € Yy, the inequality

d
—V(y1(t) — y2(t)) + 22V (11(t) — v2(t))

dt (15)
< =2ellyi(t) — yo(B)| @ a. t>0

is satisfied for any two solutions y; and ys of (4).
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Proof. Suppose that y; and y are two arbitrary solutions of (4). Then y :=
Y1 — Y2 is a solution of

y(t) = Ay(t) + By(1) (16)
with ¢(t) := & (8) — &(t), where §(t) = ¢(Cyi(t)), t € Ry, i =1,2.
By assumption (F4) we have with o;(t) = Cy;(t), i = 1,2,
(Eu(t) =&a(t), M(&(1) —&2(t)))z < (&1(1) —&a(t), 01(t) —0a(t))= a. a. £ = 0. (17)

Because of conditions 1) and 3) the Likhtarnikov-Yakubovich theorem ([16])
with the Hermitian form

Fc(y7 5) - Re(f, Ccy>Ec - (57 Mcg)EC (18>

on Y\° x =¢ is applicable. It follows from this theorem that there exists a real
operator P = P* € L(Y_1,Y) N L(Yp, Y1) and a number € > 0 such that the
inequality

- (19
< =2[llylli + I€]E] Yy eYi,EeE
holds.
For £ = 0 we get from (19) the inequality
(A+ Ay, Py)-11 < —2ellylli, Yy € V1. (20)

From (20) it follows by Lyapunov’s theorem ([1]) that the operator P is
negative on Y,  and positive on Y;", respectively.

Putting in (19) y = y1 — 19, £ = & —& and using the fact that the inequality

(& Cy)=— (&, M&)= >0

along the solutions y1(-), y2(-) and the associated functions & = ¢(Cy;) is
satisfied, we derive from (19) the inequality

iV(yl(t) —y2(t)) + 2AV (y1(t) — y2(t))

dt
< =2e|jyi(t) — o (B)|I7, @ a. t > 0.
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4 Construction of homeomorphic maps from the attrac-
tor onto a subset of a finite-dimensional space

Under the assumptions of Sect. 2 the evolutionary equation (4) generates a semi-
dynamical system {¢'};>0 on the phase space Y. Suppose that this system has
a global B-attractor A ([2, 22]). One way to show the existence of such an
attractor is to use a frequency-domain theorem for the compact dissipativity
of the semi-dynamical system. From the property of compact dissipativity it is
easy to derive the existence of a global B-attractor A ([22]). Our aim is to use
the properties of Theorem 1 for the construction of a homeomorphic map from
this attractor onto a subset of the finite-dimensional space. Note that we do
not use any information about the fractal dimension of A.

Theorem 2. Suppose that the assumptions of Theorem 1 are satisfied with a
parameter X > 0 and with respect to the decomposition Yy = Yy, @ Y,", where
dimYy; = k. Then there exists a linear operator II : Yy — Y, such that
IT: A— IIA is a homeomorphism.

Proof. Suppose that y; and y are two solutions on A, i. e. we can assume that
yi(t), yao(t) € A, t € R.
It follows from (15) that
d

%[ewv(fyl(t) —y2(t)] < —2eeM||yi(t) — e(t)|F, VE< T (21)

Integration of (21) on [s, 7] gives

€2ATV(y1 (7-) _ y2(7—)) < eZAsV(yl(s) — yQ(S))

T

— 22 [ n(e) - walt) e

S

(22)

since eM||y1(¢)||1 and eM||y2(t)||; are in L?(—o0, 7;Y}) the function
M|y (t) —y2(t)])1 is also in L?(—o0, 7;Y7). It follows that there exists a sequence
of times s; — —o0 as j — oo with

ly1(s;) — ya(s;)[l1e™ — 0.

Putting in (22) s = s; and assuming j — oo we get

T

PV (4 (1) — galr)) < —2¢ / () — |2 <0, (23)

—0oQ
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Choose now an invertible linear map @) : Y7 — Y7 such that the function V
takes the form

V(y) = —llulli + lvll7
where () = Q 'y, y € Y and (u,v) € Yy @Y.
We define the map II by Ily :=u € Y.
[

Remark 1. The construction of a homeomorphism II : A — IIA is closely
related to the existence of a finite number of determining modes. Let us recall
the following definition which goes back to O. Ladyzhenskaya ([7, 13, 20]).
Suppose that the variational system (4) generates a semigroup {p'}>o in the
phase space Yj. Suppose also that this semigroup has an attractor A and a
finite dimensional projector II with the following property: For any two orbits
1,72 on the attractor A the condition IIy; = IIv, implies that 4, = 5. In this
case we say that the number of determining modes of {¢'};¢ is finite. It follows
that under the conditions of Theorem 2 the number of determining modes is
finite. The properties of the quadratic form V' (y) from the proof of Theorem 2
are related to the cone condition ([8, 21]).

In the next section we consider some questions connected with determining
functionals.

5 Constructing a reduced system from measurements

In this section we describe an algorithm for the construction of homeomorphic
maps II in the sense of Sect. 4. For simplicity we consider the finite-dimensional
case.

Suppose that

y=r) (24)
is a given (unknown) differential equation in R", f : R” — R" is a smooth
vector field which generates the semi-group {('};~9. Suppose that A is the
global B-attractor of the semi-group. Our aim is to construct a homeomorphic
map
II: A — IIA C R%. (The more general case II : A — IIA C RF k =
2,3,...,n— 1, can be described similarly.)

Step 1. Choice of the linear part
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Choose a number A > 0 and matrices A, B and C of order n X n,n x 1
and 1 x n, respectively, such that (A + A, B) is stabilizable, and A 4+ Al has
2 eigenvalues with positive real part and n — 2 eigenvalues with negative real
part.

Step 2: Reconstruction of the class of nonlinearities

Calculate on [0, T the linear semigroup ¢’ = e with A from Step 1. Take
an € > 0 (tolerance), a natural number N and observe near the attractor the
solutions y;(-),7 = 1,2,..., N, of (24) on [0,T]. Find for any i = 1,2,..., N a
solution & € L*>(0,T;R"™) of the linear inequality

t

sup |Cy;(t) — CS(t)y;(0) — /CS(t — 5)Bo;(s)ds| < e. (25)

tel0,T
(0,77 t

It follows that & (t) ~ £(Cy;(t)) in the sense of L*(0,T), where
Ui (t) = Ay; + BE(Cy;(t)) on [0,T].

Determine two constants —oo < py < 2 < 400 (2 < +o0 if g = —oo and
p1 > —oo if pg = +00) such that

i [Cilt) — ;O < [6(H) — & (D]CTyit)
< 1alCu(t) — gy ()2 i = L., N, L€ [0,T].

Step 3. Graphic test of the frequency-domain condition

(26)

Compute the frequency-domain characteristic x(iw — \) = C((iw — \)I —
A)~'B and compare with the circle C[u1, j2] with p; < us from Step 2 (1).

If there is no intersection between x(iw — \) and C|uq, p2] go to Step 4.

In other case change A, B, C' and begin again with Step 1.

Step 4: Calculation of a homeomorphism IT: A — 11 A

Find with A, B, C from Step 1 and pu; < ps from Step 3 an n X n matrix
P = P* of the matrix inequality

2y"P[(A+ Ay + BY] + (12Cy — ) (¢ — i Cy) <0,
Vy e R", Vo € R, |y| + [¢] # 0. (27)

Such a solution exists by the frequency theorem and is computable in a
finite number of steps. Any solution P = P* of (27) has 2 negative and n — 2
positive eigenvalues. Define a regular matrix () = Q* through
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X(iw — A)

Figure 1: The frequency-domain characteristic

Q*PQ = +1

Then the projection IT : R” — R? is defined by Iy = u,y € R",u € R?,
v € R"2 s. th. (;‘) =Q .

It follows from Theorem 2 that of A is the global B-attractor of (24) then
IT: A — IIA is a homeomorphism.

Step 5. Determination of a reduced ODE for the full equation

Let IT : A — I1A be the homeomorphism from Step 4. Determine a reduced
2-dimensional ODE @ = II f(h(u)) from the observations I1y;(t), where y;(t)

———

g(u)
are arbitrary solutions of (24) near the attractor and use constructively the
extension theorem of Stein to extend this vector field from the closed set I1.A C

E = R? to a Lipschitz vector field on the whole E.

6 Determining observations for variational equations

Suppose that F' and G are quadratic forms on Y] x Z. The class N(F,G) of
nonlinearities for (4) consists of all maps ¢ such that the following conditions
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are satisfied:
For any T > 0 and any two functions y(-) € L?(0,T;Y;) and &£(-) €
L*(0,T; =) with
£(t) = p(Cy(1)), a. a.t € [0,] (25)
it follows that
F(y(t),&(t) >0, a. a. t €[0,T] (29)

and there exists a continuous function ® : Y7 — R (generalized potential) and
numbers A > 0 and v > 0 such that

[ Guemnar = Sewo) - o)

’ . (30)

—i—)\/CI)(y(T))dT forall 0<s<t<T

S

and
®(y) > 7|lyllg, Yy € Yo (31)

Suppose that S is an other Hilbert space which we call observation space.
Any bounded linear operator M :Y; — S is called observation operator.

Assume that P € £(Y_1,Yy) N L(Yp, Y1), P = P* in Y) and introduce the

function

1

1
Vy) = 5(%PZ/)0 + §<I>(y), Yy € Y.

Assume that there exists number A > 0 and p > 0 such that for an arbitrary
solution y(-) of (4) we have

Ly (e) + 22V (D) < pMy (D)3, . 81 0.

Then the observation
o(t) = ullMy(®)|I$ (32)
is called by us determining for the dissipativity with domain D of (4), i. e. the
property T
/ | My(7)||%dT — 0 for t — +o00
t

implies that limsup V(y(t)) < C and, consequently, (4) is dissipative with

t—+o00

domain of dissipativity D := {y € Yy|||yol|? < %}
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For an equivalent definition of an observation determining for dissipativity
of a variational inequality, see ([9]).

In order to state a frequency-domain theorem for the existence of an ob-
servation determining for dissipativity we need the following frequency-domain
condition.

(F5) There exists numbers A > 0 and g > 0 such that the following three
properties hold:

a) Any solution of y = (A+ Al)y, y(0) = yp is exponentially decreasing for
t — 400, i. e., there exist constants c3 > 0 and € > 0 such that

ly®)llo < ese”lyollo, ¢ > 0; (33)
b) F(y. &) + G°(y, &) — pl M5 <0, V(y,§) € Y x E°: Jw € R with
iwy = (A° 4+ Ny + B;
c¢) The functional

oo

T(y(-),6()) = /[Fc(y(T),ﬁ(T)) +G(y(7),&(7)) — pl| My(7)

0

%C] dr

is bounded from above on the set
My, = {y(), E()|y =(A° + M)y + B,
y(0) = yo. y(-) € W(0,00),£(-) € L*(0, 00;Z°)}
for any yp € Y.
Theorem 3. Suppose that there are numbers X > 0 and p > 0 such that the
assumptions (F1)-(F3), (F5) are satisfied for the variational equation (4) with

nonlinearity ¢ € N(F,G). Then the observation given by (32) is determining
for the dissipativity of the variational equation (4).

Proof. From the assumptions (F1)-(F3), (F5) it follows ([16]) that there exists
an operator P = P* € L(Y_1,Yy) N L(Yp, Y1) such that

((A+ M)y + BE, Py)-11+ F(y, &) + G(y,§)

2 - (34)
S MHMZ/HS7 vy € Yia\v/£ S=_

From (34) and assumption (F5) it follows ([5]) that (y, Py)o > 0, Yy € Yj.
For an arbitrary solution y(-) of (4) and &£(t) = ¢(Cy(t)) we get from (34) the
inequality

(W), Py(t)) 1.1+ Aly(t), Py(t))o + F(y(t), (1))

FGly(0),£0) — My )E <0, 2 a >0, O

Electronic Journal. http://www.math.spbu.ru/diffjournal 71



Differential Equations and Control Processes, N 1, 2013

Integration of (35) on the time interval 0 < s < ¢ gives

S(0(0), Py(t))o = 5(u(s), Py(s))
2 / (y(), Py(r)odr + / P o
/G d7'<,u/HMy )||*dr.
From the inequalities (29) and (30) it follows that
j F(y(r). §(r))dr > 0 (37)

and

! (38)
+ /\/CID(y(T))dT, 0<s<t.

Taking into account (36) — (38) we obtain that

S (), Py()o -+ 52(u(0)) — 5(u(s), Py(s))o — 5(u(s))

t

2 [ (). Pylr))o - 50(u(r))dr

S

(39)

<n [ 10y(r)3dr

Introduce the functions

m(t) = 3 ((t), Py(t))o + 5(u(1)

and
g(t) == —pl| My(t)][5.
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Then we get from (39) the inequality
t t
m(t) —m(s) + 2/\/m(7)d7 < /g(T)dT.

The last inequality implies the assertion.
Il

7 Maxwell’s equation in one-space dimension with ther-
mal effect

Consider the coupled system of Maxwell’s equation and heat transfer equation
in one space dimension ([18])

Wy = Wey — 0(0)wy, (z,t) € Qr, (40)
0r = 0 + 0 (07, (z,t) € Qr, (41)
w(0,t) = 0,w(1,t) =0, te0,T7, (42)
6(0,t) =0(1,t) =0, t €10,7], (43)
w(zx,0) = wy(z), w(x,0) = wi(z), x € (), (44)
O(x,0) = bOy(x), x € €, (45)

where 7> 0,92 = (0,1) and Q7 = Q x (0, 7.

In order to write this system in the form (4) we introduce the following
notations:

U1 wy(z,t) wy(z,t)
Yy, )= v | = | wlz,t) |, yolx)=| wo(z,t)
Y3 (9(55, t) (90(:6, t)

t o (6 t
ey (@0 Z ((o@uin
&a(x,1) o(0)w;(x,t)
In the last expression we have used the new function ¢ from the decompo-
sition
ag(0) =09+ a(0),
where oy > 0 is a constant and a(6) > 0,60 > 0.
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Let A be the selfadjoint positive operator generated on L?(0, 1) by the dif-
ferential expression Av = —wv,, for homogeneous Dirichlet boundary conditions.
Consider the spaces Yy = L%*(0,1) x Hj(0,1) x L*(0,1), Y1 = H;(0,1) and
= = L*(0,1) x L*(0,1). Suppose that the norm in Yj is given by || (v1, v, v3)|lo =
max ||v;[|z2() and (-,-)o is the associated scalar product. Similar norm and

scalar product are considered in =. Using the operator A we can define the
Hilbert space rigging structure Y; C Yy C Y1 by

Yi=D(A) = Hy(0,1) x Hy(0,1) x Hy(0,1),
using the norm || -||; generated by the scalar product (ny,n2)1 = (A™1ny, A1)
for arbitrary 1,72 € D(A).

The pairing (-,-)_1; on Y_; x Y] is introduced as continuous extension of
the functional (-,n) onto Y_;. This procedure was described in Sect. 2.

Let us now define linear operators A: Y, - Y ;and B:=Z — Y _; by

—0'0[ —A 0 -1 0
A= I 0 0 and B = 0 0
0 0 —A 0 I

The original initial-boundary problem (40) — (45) can be written as
y=Ay+ B¢ y(0) = (46)

Let us show that the pair (A, B) is L?-controllable.

For this we show that the spectrum of A lies in the left-hand side of the
complex plane.

Consider for this the eigenvalue problem
Av = Ao, (47)
where v = (v1, v9, v3)T is an eigenvector and )\ the associated eigenvalue.
Equation (47) can be written in the form

—0OpU1 — AUQ = )\Ul,
V1 = )\'UQ, (48)
—AU3 = )\Ug.

Suppose that A\, are the eigenvalues of A and e; the associated eigenfunc-
tions. It is well-known that the system {ej}; forms a basis of L?*(Q). Thus
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every element v;,7 = 1,2, 3, can be written as
V) = g Cfek, 1=1,2,3,
k

where cF

new system

are certain coefficients. Now the equation (48) is equivalent to the

—0 Z ey — Z AiChep = )\Zc’fek, (49)
k k k
Z e = A Z cher, (50)
k k
—Z)\kcgek = )\chek. (51)
k k

Let us show that any A satisfying (49) — (51) has a negative real part. From
(49), (50) it follows that for any k either ¢} = ¢§ = 0 (in this case is c& # 0 for
certain k) or

A2+ oA + A, = 0. (52)

It is clear that any \ satisfying (52) has a negative real part.

From (51) it follows that for any & either ¢§ = 0 (in this case we have ¢} # 0
or ¢k # 0) or A = —\.

Thus we have shown that the spectrum of A lies on the left-hand side of
the imaginary axis. From this it follows that the pair (A4, B) is L?-controllable.

Let us consider the quadratic form

0= ((2): (), [ee= [ ot

and verify the conditions from Sect. 6.

=cC

Suppose that F° is the Hermitian extension of F' on Y x =Z° In order
to show the boundedness of the functional J(y(:),£(-)) on the set M,, it is
sufficient to use the equation

1 1
d
pm /(w? +w?)dw + /O(G)wfdx =0, (53)

0 0
which follows from (40) — (45). Integration of (53) gives

1 oo 1
/m%w@m+//}@@Mﬁ:a
0 0 0
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where C' > 0 is some constant. The last equation implies that

/00/10(9)wt2d”5dt=7Fc(y(7),§(7))d7< C.

Let us check now the frequency-domain condition. Suppose that {\;} are
the eigenvalues of A and {e;} the associated eigenfunctions which form a basis
of L?(0,1). Using this property we can write

:Zwk ek, ZG’“ 6k§$t Zf ek7
k

where w"(t), 0% (t) and £*(t) are the associated Fourier coefficients.
Consider F(y, §) for iwy = A% + B¢, w € R, & € =, i. e. the form

F(y, ) = (Io(iw)&, £). (54)

Suppose that @*, 6% and ék are the Fourier transforms of w”, 8% and £*, respec-
tively. It follows from (54) that

(Mo (iw)é, &) = > (T§(iw)E", &) (55)

k

In order to calculate Iy(iw), w € R we take the formal Fourier transforma-
tion in (40), (41). As result we get the equations

—wP 0" (iw) + iwog” (iw) — A" (iw) + EF(iw) = 0, (56)
iwb* (iw) + M (iw) — E¥(iw) =0, k=1,2,.... (57)
From (56), (57) we get
W* (iw) = xo(iw, \p)&r (iw) and
0" (iw) = xa(iw, )& (i),
where

Xo(iw, Ar,) = (—w2 —wog + /\k)_1 and
xi(iw, A\p) = (iw —X\e)™h, k=1,2,....

From this formula and (55) it follows that
(IT5(iw)€", €F) = Re(wrér) = Re(iwxo) €1 (iw) [
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Thus we have the representation

ITh (i) = ( et 0 ) |

In order to get the inequality I1%(iw) < 0, we have to show that
Re(iwxo) <0, weR. (58)
Inequality (58) means that
iw (Mkw + w?)i — w?aq
R =R <0
¢ (uﬂ —iwao—l—)\k) ¢ < (M + w22 +w?od ) — 7

i.e. —w?0y <0, VYw €R. The last inequality is satisfied since oq > 0.
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