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Àííîòàöèÿ

Ðàññìàòðèâàåòñÿ ìåòîä ïîëîæèòåëüíî èíâàðèàíòíûõ êîíóñîâ äëÿ ýâîëþöèîí-
íûõ óðàâíåíèé ñ êóáè÷åñêîé íåëèíåéíîñòüþ òèïà Äóôôèíãà è ñ ïåðèîäè÷åê-
ñêîé íåëèíåéíîñòüþ. Äëÿ óðàâíåíèé ïåðâîãî òèïà äîêàçûâàåòñÿ ñóùåñòâîâà-
íèå ïîëîæèòåëüíî èíâàðèàíòíîãî îãðàíè÷åííîãî ìíîæåñòâà. Äëÿ óðàâíåíèé
âòîðîãî òèïà äîêàçûâàåòñÿ îãðàíè÷åííîñòü ðåøåíèé. Ïðèâîäèòñÿ ëåììà î
íåñòðîãîé ðàçäåëèìîñòè êâàäðàòè÷íûõ êîíóñîâ â îñíàùåííîì ãèëüáåðòîâîì
ïðîñòðàíñòâå.

Abstract

We investigate the method of positively invariant cones for evolutionary
variational equations with monotone nonlinearities in a rigged Hilbert space
structure. A theorem of existence and uniqueness is stated for such class of
systems. In the paper we consider cubic nonlinearity of Du�ng-type and periodic
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nonlinearity. The existense of a positively invariant bounded set is proved for
equations of the �rst type. The boundedness of solutions is proved for equations
of the second type. A lemma on non-strict seperation of quadratic cones in a
rigged Hilbert space is stated.

1 Ââåäåíèå

Â äàííîé ðàáîòå èçó÷àåòñÿ ìåòîä ïîëîæèòåëüíî èíâàðèàíòíûõ êîíóñîâ äëÿ
îáùèõ ýâîëþöèîííûõ ñèñòåì. Ìåòîä ïîëîæèòåëüíî èíâàðèàíòíûõ êîíóñîâ
ñ èñïîëüçîâàíèåì ÷àñòîòíîé òåîðåìû âïåðâûå áûë ïðåäñòàâëåí äëÿ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ðàáîòàõ ([4], [15]). Â ðàáîòå ([4])
áûë äîêàçàí àíàëîã êðóãîâîãî êðèòåðèÿ àáñîëþòíîé óñòîé÷èâîñòè íåëèíåé-
íûõ ñèñòåì óïðàâëåíèÿ, äàþùèé îãðàíè÷åííîñòü ðåøåíèÿ íåëèíåéíûõ ñè-
ñòåì óïðàâëåíèÿ ñ ïåðèîäè÷åñêîé íåëèíåéíîñòüþ. Îäíàêî, â ýòîé è ïîñëå-
äóþùèõ ðàáîòàõ ([5], [13]) ðàññìîòðåí ëèøü òîëüêî ñëó÷àé äèôôåðåíöèàëü-
íûõ óðàâíåíèé, çàäàííûõ íà êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ. Â äàííîé ðàáîòå
ïðèâîäèòñÿ àíàëîã ýòîãî ðåçóëüòàòà äëÿ ñëó÷àÿ ýâîëþöèîííûõ óðàâíåíèé ñ
ïåðèîäè÷åñêîé íåëèíåéíîñòüþ íà îñíàùåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Â
÷àñòíîñòè, ñþäà âõîäÿò íåêîòîðûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ ñ ïåðèîäè÷åñêîé íåëèíåéíîñòüþ.

Ìåòîä èíâàðèàíòíûõ êîíóñîâ â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ òàêæå
äëÿ ýâîëþöèîííûõ ñèñòåì ñ êóáè÷åñêîé íåëèíåéíîñòüþ òèïà Äóôôèíãà, äëÿ
êîòîðûõ äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè ïîëîæèòåëüíî èíâàðèàíòíîãî âû-
ïóêëîãî ìíîæåñòâà. Äëÿ ýòîãî â ðàáîòå äîêàçàíà îáîáùåííàÿ ëåììà î ðàç-
äåëåíèè êîíóñîâ ([12]) äëÿ ñëó÷àÿ íåñòðîãîé ðàçäåëèìîñòè. Âïåðâûå òàêàÿ
çàäà÷à áûëà ðàññìîòðåíà äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ íåëèíåéíîñòüþ òèïà Äóôôèíãà â ðàáîòå ([6]).

Ïåðåõîäèì ê êðàòêîìó èçëîæåíèþ ñîäåðæàíèÿ ñòàòüè. Äàííàÿ ðàáîòà
ñîñòîèò èç òðåõ ãëàâ è îäíîãî ïðèëîæåíèÿ. Â ïåðâîé ãëàâå ðàññìîòðåíû
âîïðîñû ñóùåñòâîâàíèÿ ðåøåíèÿ äëÿ îäíîãî êëàññà ýâîëþöèîííûõ óðàâíå-
íèé ñ ìîíîòîííîé íåëèíåéíîñòüþ. Âî âòîðîé ãëàâå èçó÷àþòñÿ ýâîëþöèîííûå
óðàâíåíèÿ òèïà Äóôôèíãà, èñïîëüçóÿ ïðè ýòîì ìåòîä ïîëîæèòåëüíî èíâàðè-
àíòíûõ êîíóñîâ. Â òðåòüåé ãëàâå ðàññìàòðèâàåòñÿ îãðàíè÷åííîñòü ðåøåíèé
ýâîëþöèîííûõ ñèñòåì ñ ïåðèîäè÷åñêîé íåëèíåéíîñòüþ. Âàæíóþ ðîëü â äîêà-
çàòåëüñòâå îãðàíè÷åííîñòè ðåøåíèé èãðàåò ïîñòðîåíèå ñåòêè ïîëîæèòåëüíî
èíâàðèàíòíûõ êîíóñîâ, êîòîðàÿ ïîëó÷àåòñÿ ñ ïîìîùüþ ëåììû î ñòðîãîé ðàç-
äåëèìîñòè êâàäðàòè÷íûõ êîíóñîâ. Â ïðèëîæåíèè äëÿ ïîëíîòû èçëîæåíèÿ
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ïðèâåäåíà ÷àñòîòíàÿ òåîðåìà Ëèõòàðíèêîâà-ßêóáîâè÷à ([7]) äëÿ ýâîëþöèîí-
íûõ ñèñòåì.

2 Ñèñòåìû óïðàâëåíèÿ ñ ìîíîòîííîé íåëèíåéíîñòüþ

Ðàññìîòðèì îñíàùåíèå âåùåñòâåííîãî ãèëüáåðòîâà ïðîñòðàíñòâà Y0, òî åñòü
òðîéêó

Y1 ⊂ Y0 ⊂ Y−1, (1)

â êîòîðîé Y1 è Y−1 - òàêæå âåùåñòâåííûå ãèëüáåðòîâû ïðîñòðàíñòâà, è âëî-
æåíèÿ ïëîòíû è íåïðåðûâíû. Ïóñòü (·, ·)i è ‖ · ‖i, i = 1, 0,−1 - ñêàëÿðíîå
ïðîèçâåäåíèå è íîðìà â Yi ñîîòâåòñòâåííî. Íåïðåðûâíîñòü âëîæåíèÿ îçíà÷à-
åò, ÷òî ñóùåñòâóþò òàêèå êîíñòàíòû κ > 0 è κ′ > 0, ÷òî

‖y‖0 ≤ κ‖y‖1 , ∀ y ∈ Y1 (2)

è
κ′‖y‖−1 ≤ ‖y‖0 , ∀ y ∈ Y0 . (3)

Ïðåäïîëîæèì, ÷òî îñíàùåíèå (1) - (3) ðåàëèçîâàíî êàê ïîêàçàíî â ([1], [18]).
Òàêæå ïîëàãàåì, ÷òî â ãèëüáåðòîâîé òðîéêå ïðîñòðàíñòâ (1) äàíû òîëüêî
Y1 ⊂ Y0, ãäå äëÿ ïðîñòîòû ïðåäïîëàãàåì κ = 1. Ââåäåì íà Y0 ñëåäóþùóþ
íîðìó:

‖y‖−1 := sup
06=η∈Y1

|(y, η)0|
‖η‖1

(4)

è îáîçíà÷èì ÷åðåç Y−1 çàìûêàíèå Y0 ïî ýòîé íîðìå. Òîãäà Y−1 ìîæåò áûòü
ðàññìîòðåíî êàê òðåòüå ïðîñòðàíñòâî â îñíàùåíèè (1) (ñì. [1, 18]). Ýòî ïðî-
ñòðàíñòâî òàêæå ìîæíî ðàññìàòðèâàòü êàê ñîïðÿæ¼ííîå ê Y1 îòíîñèòåëüíî
Y0. Ïðîäîëæèâ ïî íåïðåðûâíîñòè ôóíêöèþ (u, v)0 íà Y−1×Y1, ïîëó÷èì ñêîá-
êó äâîéñòâåííîñòè ìåæäó Y−1 è Y1, òî åñòü áèëèíåéíóþ ôîðìó (·, ·)−1,1 íà
Y−1 × Y1, êîòîðàÿ ñîâïàäàåò ñ (·, ·)0 íà Y0 × Y1 è óäîâëåòâîðÿåò íåðàâåíñòâó

|(h, y)−1,1| ≤ ‖h‖−1‖y‖1 , ∀ h ∈ Y−1, ∀ y ∈ Y1 . (5)

Â ñîîòâåòñòâèè ñ ãèëüáåðòîâîé òðîéêîé ïðîñòðàíñòâ (1) ðàññìîòðèì òðè ëè-
íåéíûõ îïåðàòîðà

A ∈ L(Y1, Y−1) , B ∈ L(R, Y−1) , C ∈ L(Y0,R) . (6)

Âìåñòå ñ îïåðàòîðîì A ∈ L(Y1, Y−1) ìû áóäåì ðàññìàòðèâàòü ñîïðÿæ¼í-
íûé îòíîñèòåëüíî Y0 îïåðàòîð A+ ∈ L(Y1, Y−1), êîòîðûé ðàññìàòðèâàåòñÿ
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â ñîîòâåòñòâèè ñ ([1])

(Ay, η)−1,1 = (A+η, y)−1,1 , ∀ y, η ∈ Y1 . (7)

Åñëè A+ = A, òî îïåðàòîð A íàçûâàåòñÿ ñàìîñîïðÿæ¼ííûì îòíîñèòåëü-
íî Y0. Ñàìîñîïðÿæ¼ííîñòü îòíîñèòåëüíî Y0 ìîæåò áûòü ââåäåíà ïîäîáíûì
îáðàçîì è äëÿ ëèíåéíûõ îïåðàòîðîâ, äåéñòâóþùèõ ìåæäó äðóãèìè ïðîñòðàí-
ñòâàìè â ãèëüáåðòîâîé òðîéêå (1).

Ïîñòðîåíèå íåêîòîðûõ âñïîìîãàòåëüíûõ ýâîëþöèîííûõ âàðèàöèîííûõ
óðàâíåíèé îñíîâûâàåòñÿ íà ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, êîòîðûå ìû ââå-
ä¼ì â áëèæàéøåå âðåìÿ.

Åñëè äàíû−∞ ≤ T1 < T2 ≤ +∞ - äâà ïðîèçâîëüíûõ ÷èñëà, òî ìû îïðåäå-
ëèì íîðìó äëÿ èçìåðèìûõ ôóíêöèé ïî Áîõíåðó ([18]) â L2(T1, T2;Yj) , j =
1, 0,−1, êàê

‖y‖2,j :=

(∫ T2

T1

‖y(t)‖2
j dt

)1/2

. (8)

×åðåç W(T1, T2;Y1, Y−1) îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé y òàêèõ, ÷òî
y ∈ L2(T1, T2;Y1), ẏ ∈ L2(T1, T2;Y−1) è íîðìîé

‖y‖W(T1,T2;Y1,Y−1) :=
(
‖y‖2

2,1 + ‖ẏ‖2
2,−1

)1/2
. (9)

Ïî òåîðåìå âëîæåíèÿ ([14, 18]) ìîæíî ïîëàãàòü, ÷òî ëþáàÿ ôóíêöèÿ èç
W(T1, T2;Y1, Y−1) ïðèíàäëåæèò C(T1, T2;Y0). Ìû áóäåì èñïîëüçîâàòü ýòî
ïðåäïîëîæåíèå îòíîñèòåëüíî îïåðàòîðîâ A,B,C.

Ðàññìîòðèì îòíîñèòåëüíî ãèëüáåðòîâîé òðîéêè ïðîñòðàíñòâ
Y1 ⊂ Y0 ⊂ Y−1 íà èíòåðâàëå J ⊂ R ñëåäóþùåå óðàâíåíèå:

ẏ = Ay +Bφ(t, Cy) + f(t) , (10)

ãäå f ∈ L2
loc(J ;Y−1) .

Ðåøåíèåì (10) íàçîâ¼ì ôóíêöèþ y ∈ L2
loc(J ;Y1) ∩ C(J ;Y0) òàêóþ, ÷òî

ẏ ∈ L2
loc(J ;Y−1) è y óäîâëåòâîðÿåò óðàâíåíèþ (10) â âàðèàöèîííîì ñìûñëå,

òî åñòü äëÿ ïî÷òè âñåõ t ∈ J

(ẏ(t)− Ay(t)−Bφ(t, Cy(t))− f(t) , η − y(t))−1,1 = 0 , ∀ η ∈ Y1 . (11)

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñâîéñòâà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ
ðàññìàòðèâàåìîé çàäà÷è ([9]), ââåäåì ñëåäóþùåå ïðåäïîëîæåíèå.
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(A) Íåëèíåéíîñòü φ : R × R → R óäîâëåòâîðÿåò ñëåäóþùåìó ñâîéñòâó.
Ñåìåéñòâî îïåðàòîðîâ {A(t)}t∈R := −A − Bφ(t, C·) : Y1 → Y−1 òàêîå, ÷òî
äëÿ êàæäîãî t ∈ R îïåðàòîð A(t) ìîíîòîííûé, ñåìèíåïðåðûâíûé, òàêîé ÷òî
âûïîëíåíî íåðàâåíñòâî

‖A(t)y‖−1 ≤ c1‖y‖1 + c2, ∀y ∈ Y1, (12)

ãäå c1 > 0 è c2 ∈ R êîíñòàíòû.

Òàêæå ïðåäïîëîæèì, ÷òî

(A(t)y, y)−1,1 ≥ c3‖y‖2
1 + c4, ∀y ∈ Y1, (13)

ãäå c3 > 0 è c4 ∈ R êîíñòàíòû.

Äëÿ ýòîãî ñëó÷àÿ ìû èìååì ñëåäóþùèå ðåçóëüòàòû ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ([9]).

Òåîðåìà 1 Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå (A). Òîãäà äëÿ ëþáîãî f ∈
L2

loc(R+;Y−1) è ëþáîãî y0 ∈ Y0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå y ∈
L2

loc(R+;Y1) ∩ C (R+;Y0) óðàâíåíèÿ (11) òàêîå, ÷òî y(0) = y0. À òàêæå
äëÿ ëþáîãî T > 0 âåðíî

‖y‖L2(0,T ;Y1) ≤ k1(‖f‖L2(0,T ;Y−1), ‖y0‖0) (14)

è
‖y‖C([0,T ];Y0) ≤ k2(‖f‖L2(0,T ;Y−1), ‖y0‖0) , (15)

ãäå k1(·, ·) è k2(·, ·) - íåïðåðûâíûå è íåóáûâàþùèå ïî êàæäîé ïåðåìåííîé
ôóíêöèè.

3 Ýâîëþöèîííûå ñèñòåìû óïðàâëåíèÿ Ëóðüå ñ íåëèíåé-

íîñòüþ òèïà Äóôôèíãà

Ïóñòü V1 ⊂ V0 ⊂ V−1 - îñíàùåíèå âåùåñòâåííîãî ãèëüáåðòîâà ïðîñòðàíñòâà
V0, òî åñòü òðîéêà ãèëüáåðòîâûõ ïðîñòðàíñòâ ñ êîìïàêòíûì è íåïðåðûâíûì
âëîæåíèåì. Îáîçíà÷èì ÷åðåç (·, ·)Vj è ‖ · ‖Vj , j = 1, 0,−1, ñêàëÿðíîå ïðîèç-
âåäåíèå è íîðìó â Vj(j = 1, 0,−1) ñîîòâåòñòâåííî, è ÷åðåç (·, ·)V−1,V1 - ñêîáêó
äâîéñòâåííîñòè ìåæäó V−1 è V1. Ïóñòü A0 ∈ L(V1,V−1) - ëèíåéíûé îïåðàòîð,
b0 ∈ V−1 - îáîáù¼ííûé âåêòîð, c0 ∈ V0 - âåêòîð è d0 ≤ 0 - ÷èñëî. Ââåäåì ëèíåé-
íûå îïåðàòîðû C0 ∈ L(V0,R) è B0 ∈ L(R,V−1), ñîîòâåòñòâóþùèå âåêòîðàì
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c0 è b0, êîòîðûå îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì: C0ν = (c0, ν)V0, ∀ ν ∈ V0,
è B0ξ := ξb0, ∀ξ ∈ R.

Ïðåäïîëîæèì, ÷òî φ : R×R→ R è g : R→ R - äâå ñêàëÿðíûå ôóíêöèè.
Ðàññìîòðèì ñèñòåìó íåïðÿìîãî óïðàâëåíèÿ, êîòîðàÿ ôîðìàëüíî çàïèñûâàåò-
ñÿ êàê

ν̇ = A0ν + b0[φ(t, w) + g(t)] ,

ẇ = (c0, ν)V0 + d0[φ(t, w) + g(t)] . (16)

Ïåðåïèøåì (16) êàê ñèñòåìó óïðàâëåíèÿ â ñòàíäàðòíîì âèäå. Äëÿ ýòî-
ãî ðàññìîòðèì ãèëüáåðòîâó òðîéêó ïðîñòðàíñòâ Z1 ⊂ Z0 ⊂ Z−1, â êîòîðîé
Zj := Vj×R, j = 1, 0,−1. Ñêàëÿðíîå ïðîèçâåäåíèå (·, ·)Zj

â Zj ââîäèòñÿ ñîîò-
íîøåíèåì

(
(ν1, w1), (ν2, w2)

)
Zj

:= (ν1, ν2)Vj + w1w2, ãäå (ν1, w1), (ν2, w2) ∈ Zj,
- ïðîèçâîëüíûå. Ñêîáêà äâîéñòâåííîñòè ìåæäó Z−1 è Z1, îïðåäåë¼ííàÿ äëÿ
(h, ξ) ∈ V−1 × R = Z−1 è (ν, ς) ∈ V1 × R = Z1, çàïèñûâàåòñÿ ñëåäóþùèì
îáðàçîì:

((h, ξ), (ν, ς))Z−1,Z1
:= (h, ν)V−1,V1 + ξ ς .

Ïóñòü b̂ :=
[
b0
d0

]
∈ Z−1 è ĉ :=

[
0
1

]
∈ Z0 . Ïðåäïîëîæèì, ÷òî îïåðàòîðû Ĉ ∈

L(Z0,R) è B̂ ∈ L(R, Z−1) ïðåäñòàâëåíû êàê

Ĉz = (ĉ, z)Z0
, ∀ z ∈ Z0 , B̂ξ = ξb̂ , ∀ ξ ∈ R ,

è îïåðàòîð Â ∈ L(Z1, Z−1) îïðåäåë¼í êàê

Â :=

[
A0 0

C0 0

]
.

Òåïåðü ðàññìîòðèì ñèñòåìó

ż = Âz + B̂ [φ(t, w) + g(t)] , w = Ĉz , (17)

ýêâèâàëåíòíóþ (16) ïðè z = (ν, w). Åñëè âûáðàòü −∞ ≤ T1 < T2 ≤ +∞
ïðîèçâîëüíûìè, òî ìû îïðåäåëèì íîðìó äëÿ èçìåðèìûõ ïî Áîõíåðó ôóíêöèé
â L2(T1, T2;Zj), j = 1, 0,−1, êàê

‖z‖2,j :=

(∫ T2

T1

‖z(t)‖2
Zj
dt

)1/2

. (18)

Ïóñòü W(T1, T2;Z1, Z−1) - ïðîñòðàíñòâî ôóíêöèé z òàêèõ, ÷òî
z ∈ L2(T1, T2;Z1) è ż ∈ L2(T1, T2;Z−1), ñ íîðìîé

‖z‖W(T1,T2;Z1,Z−1) :=
(
‖z‖2

2,−1 + ‖ż‖2
2,−1

)1/2
. (19)
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Ââåä¼ì ïðåäïîëîæåíèÿ (A1) � (A6) îòíîñèòåëüíî îïåðàòîðà A0 ∈
L(V1,V−1), âåêòîðîâ b0 ∈ V−1 è c0 ∈ V0 è ôóíêöèé φ è g.

(A1) Äëÿ ëþáîãî T > 0 è ëþáîé f = (f1, f2) ∈ L2(0, T ;V−1 × R) çàäà÷à

ν̇ = A0ν + f1(t) , (20)

ẇ = (c0, ν)V0 + f2(t) , (ν(0), w(0)) = (ν0, w0)

êîððåêòíî ïîñòàâëåíà, òî åñòü äëÿ ïðîèçâîëüíûõ (ν0, w0) ∈ Z0, (f1, f2) ∈
L2(0, T ;V−1×R) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå (ν, w) ∈ W(0, T ;Z1, Z−1),
óäîâëåòâîðÿþùåå (20) â âàðèàöèîííîì ñìûñëå, è êîòîðîå íåïðåðûâíî çàâèñèò
îò íà÷àëüíûõ äàííûõ, òî åñòü

‖(ν, w)‖2
W(0,T ;Z1,Z−1) ≤ k3‖(ν0, w0)‖2

V0×R + k4‖(f1, f2)‖2
2,−1 , (21)

ãäå k3 > 0 è k4 > 0 - íåêîòîðûå êîíñòàíòû.

(A2) Ñóùåñòâóåò λ > 0 òàêîå, ÷òî A0 + λI - ãóðâèöåâ îïåðàòîð.

(A3) Äëÿ ëþáûõ T > 0, (ν0, w0) ∈ Z1 × R, (ν̃0, w̃0) ∈ Z1 × R è (f1, f2) ∈
L2(0, T ;V1 × R) ðåøåíèå ïðÿìîé çàäà÷è (20) è ðåøåíèå ñìåæíîé çàäà÷è

˙̃ν = −(A+
0 + λ I)ν̃ + f1(t),

˙̃w = −C+
0 w̃ − λ w̃ + f2(t), (22)

íåïðåðûâíî ïî t â ñèëüíîì ñìûñëå ïî íîðìå ïðîñòðàíñòâà V1 × R .

(A4) Ïàðà (A0, b0) - L2 - óïðàâëÿåìà, òî åñòü äëÿ ïðîèçâîëüíîãî ν0 ∈ V0

ñóùåñòâóåò óïðàâëåíèå ξ (·) ∈ L2(0,∞;R) òàêîå, ÷òî çàäà÷à

ν̇ = A0ν + b0ξ , ν(0) = ν0

êîððåêòíî ïîñòàâëåíà â âàðèàöèîííîì ñìûñëå íà (0,∞) .

Ââåä¼ì ïåðåäàòî÷íóþ ôóíêöèþ äëÿ òðîéêè (Ac
0, b

c
0, c

c
0) êàê

χ(p) =
(
cc0, (A

c
0 − pIc)−1 bc0

)
Z0
, p ∈ ρ(Ac

0).

(A5) Ïðåäïîëîæèì, ÷òî λ > 0 è κ1 > 0 - ïàðàìåòðû, ãäå λ èç ïðåäïîëîæåíèÿ
(A2). Òîãäà:

λd0 + Re (−iω − λ)χ(iω − λ) + κ1 |χ(iω − λ)− d0 |2 ≤ 0 , ∀ω ≥ 0 . (23)

(A6) Ôóíêöèÿ φ : R × R → R íåïðåðûâíà è φ(t, 0) = 0, ∀ t ∈ R. Ôóíêöèÿ
g : R → R ïðèíàäëåæèò L2

loc(R ;R). Ñóùåñòâóþò ÷èñëà κ1 > 0 (èç (A5)),
0 ≤ κ2 < κ3 < +∞, β1 < β2 è ζ2 < ζ1 òàêèå, ÷òî
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a)
β1 < g(t) < β2 , (24)

äëÿ ïî÷òè âñåõ t èç ïðîèçâîëüíîãî êîìïàêòíîãî âðåìåííîãî èíòåðâàëà ;

b)

(φ(t, w) + βi)(w − ζi) ≤ κ1(w − ζi)2, i = 1, 2,

∀ t ∈ R, ∀w ∈ [ζ2, ζ1] ; (25)

c)

κ2(w1 − w2)
2 ≤ (φ(t, w1)− φ(t, w2))(w1 − w2) ≤ κ3(w1 − w2)

2,

∀ t ∈ R, ∀w1, w2 ∈ [ζ2, ζ1] . (26)

Çàìå÷àíèå 1 Íåëèíåéíîñòü, îáëàäàþùàÿ ñâîéñòâàìè b) è c) íàçûâàåòñÿ
íåëèíåéíîñòüþ òèïà Äóôôèíãà. Äëÿ êîíå÷íîìåðíîãî ñëó÷àÿ óðàâíåíèå ñ
íåëèíåéíîñòüþ òèïà Äóôôèíãà áûëî ðàññìîòðåíî â ðàáîòå ([2]).

Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ðåøåíèå óðàâíåíèÿ (17) äëÿ ëþáîãî T > 0
ïðèíàäëåæèò ïðîñòðàíñòâóW(0, T ;Z1, Z−1). Òîãäà ìû ïîêàæåì ñóùåñòâîâà-
íèå ðåøåíèé ñ íà÷àëüíûìè äàííûìè èç îïðåäåë¼ííîãî ìíîæåñòâà. Äëÿ ýòîãî
íàì ïîíàäîáÿòñÿ íåêîòîðûå âñïîìîãàòåëüíûå ðåçóëüòàòû.

Ïðåäïîëîæèì, ÷òî Y1 ⊂ Y0 ⊂ Y−1 - ãèëüáåðòîâî îñíàùåíèå ïðîñòðàíñòâà
Y0, ‖ · ‖j, (·, ·)j - íîðìà è ñêàëÿðíîå ïðîèçâåäåíèå ñîîòâåòñòâåííî, è (·, ·)−1,1 -
ñêîáêà äâîéñòâåííîñòè ìåæäó Y−1 è Y1. Ðàññìîòðèì ëèíåéíóþ ñèñòåìó

ẏ = Ay , w = (c, y)0 , (27)

ãäå A ∈ L(Y1, Y−1) è c ∈ Y0.

Ïðåäïîëîæèì, ÷òî äëÿ êàæäîãî y0 ∈ Y0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
y(·, y0) ñèñòåìû (27) â W(0,∞;Y1, Y−1), óäîâëåòâîðÿþùåå óñëîâèþ y(0, y0) =
y0. Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ýòî ïðåäïîëîæåíèå.

(A7) Ïðîñòðàíñòâî Y0 ìîæíî ðàçëîæèòü Y0 = Y +
0 ⊕ Y −0 òàê, ÷òî âåðíî ñëå-

äóþùåå:

a) Äëÿ êàæäîãî y0 ∈ Y +
0 ìû èìååì lim

t→∞
y(t, y0) = 0, è äëÿ êàæäîãî y0 ∈ Y −0

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå y−(t) = y(t, y0) ñèñòåìû (27), îïðåäå-
ë¼ííîå íà (−∞, 0), òàêîå, ÷òî lim

t→−∞
y−(t) = 0 è (c, y(t, y0))0 = 0, ∀ t ≥ 0

òîãäà è òîëüêî òîãäà, êîãäà y0 = 0.
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b) Äëÿ êàæäîãî y0 ∈ Y +
0 ðàâåíñòâî (c, y(t, y0))0 = 0, ∀ t ≤ 0 âûïîëíÿåòñÿ

òîãäà è òîëüêî òîãäà, êîãäà y0 = 0, è äëÿ êàæäîãî y0 ∈ Y −0 ðàâåíñòâî
(c, y(t, y0))0 = 0,∀t ≤ 0 âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà y0 = 0 .

Äàëåå, çàïèñü L ≥ 0 äëÿ ëèíåéíîãî îïåðàòîðà L ∈ L(Z), ãäå Z - ãèëü-
áåðòîâî ïðîñòðàíñòâî, îçíà÷àåò, ÷òî L - ïîëîæèòåëüíûé, òî åñòü, (z, Lz)Z >
0, ∀ z ∈ Z\{0}; L ≤ 0 îçíà÷àåò, ÷òî −L - ïîëîæèòåëüíûé.

Ñëåäóþùàÿ ëåììà ñâÿçàíà ñ íåñòðîãèì ðàçäåëåíèåì êâàäðàòè÷íûõ êî-
íóñîâ ñ ïîìîùüþ ñïåöèàëüíûõ ôóíêöèîíàëîâ. Äëÿ äàëüíåéøåãî èçëîæåíèÿ
ââåäåì íåêîòîðûå îïðåäåëåíèÿ. Ïðåäïîëîæèì, ÷òîH - ãèëüáåðòîâî ïðîñòðàí-
ñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·). Êîíóñîì â H íàçîâ¼ì ìíîæåñòâî
C ⊂ H, C 6= ∅ òàêîå, ÷òî åñëè u ∈ C, ζ ∈ R, òî ζu ∈ C.

Ïðåäïîëîæèì, ÷òî P ∈ L(H), P = P ∗. Òîãäà ìíîæåñòâî C := {u ∈
H | (u, Pu) ≤ 0} - êîíóñ, êîòîðûé ìû áóäåì íàçûâàòü êâàäðàòè÷íûì.

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ðàçëîæåíèå H = H+ ⊕ H− òàêîå, ÷òî
P|H+ ≥ 0 è P|H− ≤ 0. Òîãäà êâàäðàòè÷íûé êîíóñ {u ∈ H | (u, Pu) ≤ 0}
íàçîâ¼ì êâàäðàòè÷íûì êîíóñîì ðàçìåðíîñòè dimH−.

Ëåììà 1 Ïðåäïîëîæèì ÷òî:

1. Y1 ⊂ Y0 ⊂ Y−1 - òðîéêà îñíàùåííûõ ãèëüáåðòîâûõ ïðîñòðàíñòâ ñî
ñêàëÿðíûìè ïðîèçâåäåíèÿìè (·, ·)i, ñîîòâåòñòâóþùèìè íîðìàìè ‖ · ‖i,
i = 1, 0,−1 è ñêîáêîé äâîéñòâåííîñòè (·, ·)−1,1 ìåæäó Y−1 è Y1;

2. ñóùåñòâóåò îïåðàòîð P ∈ L(Y−1, Y0) ∩ L(Y0, Y1), ñàìîñîïðÿæ¼ííûé è
ïîëîæèòåëüíûé â Y0 òàêîé, ÷òî

C := {y ∈ Y0 | (y, Py)0 ≤ 0} - îäíîìåðíûé êâàäðàòè÷íûé êîíóñ;

3. ñóùåñòâóþò âåêòîðû r ∈ Y0, h ∈ Y−1 è b ∈ Y−1, òàêèå ÷òî Ph = r,
(h, r)−1,1 = 0, Pb = h, (h, b) < 0, (r, b) < 0, à òàêæå 2(h, Py)−1,1 = (r, y)0

∀y ∈ Y0.

Òîãäà ñïðàâåäëèâû âêëþ÷åíèÿ

{y ∈ Y0|(y, Py)0 < 0, (r, y)0 < 0} = {y ∈ Y0|(y, Py)0 < 0, (h, y)−1 < 0}, (28)

{y ∈ Y0|(y, Py)0 ≤ 0, (h, y)−1 ≤ 0} ⊂ {y ∈ Y0|(y, Py)0 ≤ 0, (r, y)0 ≤ 0}, (29)

{y ∈ Y0|(y, Py)0 ≤ 0, (r, y)0 < 0} ⊂ {y ∈ Y0|(y, Py)0 ≤ 0, (h, y)−1 ≤ 0}, (30)

{y ∈ Y0|(y, Py)0 ≤ 0, (h, y)−1 ≤ 0, (r, y)0 = 0} = {y ∈ Y0|Py = µr, µ ∈ [0,+∞)}.
(31)
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Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç y0 òàêîé âåêòîð èç Y0, ÷òî Py0 = h,
à ÷åðåç y1 ∈ Y−1 òàêîé âåêòîð, ÷òî Py1 = r. Èç óñëîâèÿ ëåììû (r, y0)0 =
(h, y1)−1 < 0, (h, y0)−1 = (y0, Py0)0 < 0, (r, y1)−1 = (y1, Py1)−1 = 0. Êàê
ïîêàçàíî â ([12]), ïðè óñëîâèÿõ ëåììû âûïîëíåíî

{y ∈ Y0|(y, Py)0 < 0} ∩ {y ∈ Y0|(r, y)0 = 0} = ∅, (32)

{y ∈ Y0|(y, Py)0 ≤ 0} ∩ {y ∈ Y0|(h, y)−1 = 0} = {0}. (33)

Äîêàæåì (28). Ïóñòü äëÿ íåêîòîðîãî âåêòîðà y ∈ Y0 âûïîëíåíî (y, Py)0 < 0,
(r, y)0 < 0, íî (h, y)−1 ≥ 0. Òîãäà èç (33) (h, y)−1 6= 0. Îïðåäåëèì âåê-
òîð z ∈ Y0 ïî ôîðìóëå z = y + α1y0, ãäå α1 = −(h, y)0/(h, y0)−1 > 0.
Èç ðàâåíñòâà (h, z)−1 = 0 è (33) ñëåäóåò (z, Pz)0 ≥ 0, íî (z, Pz)0 =
(y, Py)0 + α2

1(y0, Py0)0 + 2α1(y0, Py)0, ãäå (y, Py)0 < 0, (y0, Py0)0 = 0, ïî-
ýòîìó (y, Py0)0 > 0. Îïðåäåëèì âåêòîð z1 ∈ Y0 ïî ôîðìóëå z1 = y1 − β1y0,
ãäå β1 = (r, y)0/(r, y0)0 > 0. Èç ðàâåíñòâà (r, z1)0 = 0 è (32) âûòåêàåò, ÷òî
(z1, P z1)0 ≥ 0, îòêóäà (y, Py0)0 < 0, ÷òî ïðîòèâîðå÷èò ñ âûâåäåííûì ðàíåå
íåðàâåíñòâîì (y, Py0)0 > 0. Îáðàòíîå âêëþ÷åíèå â (28), à òàêæå âêëþ÷åíèÿ
â (29) è (30) äîêàçûâàþòñÿ àíàëîãè÷íî.

Äëÿ äîêàçàòåëüñòâà (31) äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè ñäåëàííûõ ïðåä-
ïîëîæåíèÿõ

{y ∈ Y0|(y, Py)0 ≤ 0, (r, y)0 = 0} = {y ∈ Y0|y = µy1, µ ∈ (−∞,+∞)}. (34)

Âåêòîð âèäà µy1, î÷åâèäíî, ïðèíàäëåæèò ìíîæåñòâó â ëåâîé ÷àñòè (34),
òàê êàê (y1, Py1) = (r, y1)−1 = 0. Äîïóñòèì, ÷òî ñóùåñòâóåò âåêòîð y ∈ Y−1,
ëèíåéíî íåçàâèñèìûé ñ y1, òàêîé, ÷òî (y, Py)−1 ≤ 0 è (r, y)−1 = 0. Èç (32)
(h, y) 6= 0. Îïðåäåëèì âåêòîð z2 = y1−α2y, ãäå α2 = (h, y1)/(h, y)−1. Òàê êàê y
è y1 ëèíåéíî íåçàâèñèìû, òî z2 6= 0. Î÷åâèäíî, (h, z2) = 0, îòêóäà (z2, P z2) >
0. Â òî æå âðåìÿ (z2, P z2) = (y1, Py1) + α2

2(y, Py)0 − 2α2(y1, Py1)−1 < 0.
Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò (34). �

Çàìå÷àíèå 2 Äàííàÿ ëåììà ÿâëÿåòñÿ îáîáùåíèåì àíàëîãè÷íîé ëåììû èç
([6]) íà ñëó÷àé áåñêîíå÷íîìåðíûõ ïðîñòðàíñòâ.

Ïðèâåäåì ôîðìóëèðîâêó ëåììû èç [2], êîòîðàÿ áóäåò èñïîëüçîâàòüñÿ ïðè
äîêàçàòåëüñòâå òåîðåìû 2.

Ëåììà 2 Ïðåäïîëîæèì, ÷òî t0 ≥ 0, k(·), R(·), Vi(·), Ui(·) : [t0,∞) → R,
i = 1, 2, - íåïðåðûâíûå ôóíêöèè è κ1 > κ2 - ÷èñëà òàêèå, ÷òî âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:
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1) Â íåêîòîðîé îêðåñòíîñòè ìíîæåñòâà

T1 := {t ∈ (t0,∞) |R(t) = κ1 , Vi(t) ≤ 0 , i = 1, 2 , U1(t) ≤ 0}

ôóíêöèÿ R íå âîçðàñòàåò, è â íåêîòîðîé îêðåñòíîñòè ìíîæåñòâà

T2 := {t ∈ (t0,∞) |R(t) = κ2 , Vi(t) ≤ 0 , i = 1, 2 , U2(t) ≥ 0}

ôóíêöèÿ R íå óáûâàåò.

2) Â íåêîòîðîé îêðåñòíîñòè ìíîæåñòâà

T3 := {t ∈ (t0,∞) |κ2 ≤ R(t) ≤ κ1 , Vi(t) ≤ 0 , i = 1, 2 , U1(t) = 0}

ôóíêöèÿ U1 íå âîçðàñòàåò, è â íåêîòîðîé îêðåñòíîñòè ìíîæåñòâà

T4 := {t ∈ (t0,∞) |κ2 ≤ R(t) ≤ κ1 , Vi(t) ≤ 0 , i = 1, 2 , U2(t) = 0}

ôóíêöèÿ U2 íå óáûâàåò.

3) Íà ìíîæåñòâå {t ∈ (t0,∞) |κ2 ≤ R(t) ≤ κ1} ôóíêöèÿ k(·) íåîòðèöà-
òåëüíà, è ôóíêöèÿ t 7→ Vi(t) +

∫ t
0 k(τ)Vi(τ)dτ , i = 1, 2, íå âîçðàñòàåò.

4) R(t0) ∈ [κ2,κ1], Vi(t0) ≤ 0, i = 1, 2, U1(t0) ≤ 0 , U2(t0) ≥ 0.

Òîãäà äëÿ ëþáîãî t ≥ t0 âåðíî, ÷òî R(t) ∈ [κ2,κ1], Vi(t) ≤ 0, i = 1, 2,
U1(t) ≤ 0, U2(t) ≥ 0.

Ñëåäóþùàÿ òåîðåìà äàåò ñóùåñòâîâàíèå ïîëîæèòåëüíî èíâàðèàíòíîãî
âûïóêëîãî ìíîæåñòâà äëÿ ñèñòåìû (16). Â ðàáîòå ([12]) áûëà äîêàçàíà àíà-
ëîãè÷íàÿ òåîðåìà äëÿ ñëó÷àÿ ñòðîãîãî ðàçäåëåíèÿ êîíóñîâ.

Òåîðåìà 2 Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû (16) âûïîëíåíû (A1) � (A7).
Òîãäà ñóùåñòâóåò çàìêíóòîå, ïîëîæèòåëüíî èíâàðèàíòíîå è âûïóêëîå
ìíîæåñòâî G òàêîå, ÷òî

{(ν, w) ∈ V1 × R | ν = 0, w ∈ [ζ2, ζ1]} ⊂ G ⊂ {(ν, w) ∈ V1 × R |w ∈ [ζ2, ζ1]} .
(35)

Äîêàçàòåëüñòâî àíàëãîè÷íî äîêàçàòåëüñòâó èç ([12]) ñ ïðèìåíåíèåì ëåì-
ìû 1 î íåñòðîãîì ðàçäåëåíèè êîíóñîâ.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñèñòåìó (16) â ôîðìå (17). Ïî òåîðå-
ìå Ëèõòàðíèêîâà-ßêóáîâè÷à (Ïðèëîæåíèå À) ïðåäïîëîæåíèÿ (A1), (A3),
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(A4), (A6) ãàðàíòèðóþò ñóùåñòâîâàíèå ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà
P̂ ∈ L(Z−1, Z0)∩L(Z0, Z1), êîòîðûé ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì â Z0, òàêîãî,
÷òî ñëåäóþùàÿ êâàäðàòè÷íàÿ ôîðìà â Z1 × R:

W (z, ξ) := 2 ((Â+ λI)z + b̂ ξ, P̂ z)Z−1,Z1
+ (κ1(ĉ, z)Z0

− ξ) (ĉ, z)Z0
,

óäîâëåòâîðÿåò íåðàâåíñòâó

W (z, ξ) ≤ 0 , ∀ z ∈ Z1, ∀ ξ ∈ R . (36)

Ïîäñòàâèâ ξ = 0 â (36), ïîëó÷àåì ñëåäóþùåå íåðàâåíñòâî

2 ((Â+ λI)z, P̂ z)Z−1,Z1
≤ −κ1(ĉ, z)

2
Z0
, ∀ z ∈ Z1 . (37)

Â ñèëó (A2) ñóùåñòâóåò ðàçëîæåíèå Z0 = Z+
0 ⊕ Z−0 ïðè dimZ−0 = 1 òàêîå,

÷òî âûïîëíÿåòñÿ (A7) äëÿ Yj = Zj, j = 1, 0,−1, A = Â+ λI è c = ĉ. Èç (37)
ñëåäóåò, ÷òî äëÿ ëþáîãî z0 ∈ Z0 ðåøåíèå z(·) ñèñòåìû

ż = (Â+ λI)z , z(0) = z0 (38)

óäîâëåòâîðÿåò íåðàâåíñòâó

V (y(t, y0))− V (y(s, y0)) ≤ −
∫ t

s

(c, y(τ, y0))
2
0 dτ . (39)

ïðè V (z) = (z, P̂ z)Z0
è c = ĉ. Òîãäà ïî ëåììå 4 èç ([12]) âûïîëíåíî

P̂|Z+
0
≥ 0 è P̂|Z−

0
≤ 0 . (40)

Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî ìíîæåñòâî Ĉ := {z ∈ Z0 | (z, P̂ z)Z0
≤ 0}

ÿâëÿåòñÿ îäíîìåðíûì êâàäðàòè÷íûì êîíóñîì. Òàêæå èç (36) ñëåäóåò, ÷òî

2 (b̂, P̂ z)Z−1,Z1
= (ĉ, z)Z0

, ∀ z ∈ Z1 . (41)

Çàìåòèì, ÷òî â ñêîáêå äâîéñòâåííîñòè (·, ·)Z−1,Z1
ìû èìååì

(b̂, ĉ)Z−1,Z1
= d0 ≤ 0 . (42)

Âàðèàíò ñòðîãîãî íåðàâåíñòâà â (42) îòíîñèòñÿ ê ñëó÷àþ ñòðîãî ðàçäåëåíèÿ
êîíóñîâ, êîòîðûé ðàññìîòðåí â ðàáîòå ([12]). Ðàññìîðèì ñëó÷àé (b̂, ĉ)Z−1,Z1

=
0.

Ïðè âûïîëíåíèè (40) - (42) âñå ãèïîòåçû ëåììû 1 âûïîëíåíû, ïîýòîìó
ñïðàâåäëèâû âêëþ÷åíèÿ (28) - (31), (33), ãäå âåêòîð r = ĉ è îáîáù¼ííûé
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âåêòîð h = b̂. Âûáåðåì òî÷êè z1 = (0, ζ1) ∈ V1 × R è z2 := (0, ζ2) ∈ V1 × R.
Î÷åâèäíî, ÷òî

(ĉ, z1)Z0
= ζ1 , Âz1 = 0 , (ĉ, z2)Z0

= ζ2 , Âz2 = 0 . (43)

Îïðåäåëèì âäîëü ïðîèçâîëüíîãî ðåøåíèÿ z(·) óðàâíåíèÿ (17) ôóíêöèè

V̂i(t) := (z(t)− zi , P̂ (z(t)− zi))Z0
,

Ûi(t) := (ĉ, z(t)− zi)Z0
, i = 1, 2 ,

è ââåä¼ì ìíîæåñòâî

G := {z ∈ Z1 | (z − zi, P̂ (z − zi))Z0
≤ 0 , i = 1, 2 , (ĉ, z)Z0

∈ [ζ2, ζ1]} . (44)

Òàê êàê âûïîëíåíû (40) è (33), òî ìíîæåñòâî G âûïóêëî è îãðàíè÷åíî. Ïî-
êàæåì, ÷òî G ïîëîæèòåëüíî èíâàðèàíòíî äëÿ ðåøåíèé óðàâíåíèÿ (17). Äëÿ
ýòîãî ìû ïðèìåíèì ëåììó 4 èç ([12]) äëÿ âðåìåííîãî èíòåðâàëà [t0,∞), ôóíê-
öèé k(t) ≡ 2λ, Vi(t) = V̂i(t), Ui(t) = Ûi(t) è ÷èñåë κ1 = w1, κ2 = w2. Èç (36)
ñëåäóåò, ÷òî äëÿ i = 1, 2, t0 ≤ s ≤ t, âäîëü ðåøåíèÿ z(t) è w(t) = (ĉ, z(t))Z0

V̂i(τ) |ts + 2λ

∫ t

s

V̂i(τ)dτ

≤ −
∫ t

s

[κ1(w(τ)− ζi)− (φ(τ, w(τ)) + βi)] (w(τ)− ζi)dτ

+

∫ t

s

(g(τ)− βi)(w(τ)− ζi)dτ . (45)

Âîñïîëüçîâàâøèñü (A6), ìû çàêëþ÷àåì, ÷òî äëÿ i = 1, 2 è âñåõ t ≥ s ≥ t0
òàêèõ, ÷òî

w(τ) ∈ [ζ2, ζ1], τ ∈ [s, t],∫ t

s

[κ1(w(τ)− ζi)− (φ(τ, w(τ)) + βi)](w(τ)− ζi) dτ ≥ 0

è

∫ t

s

(g(τ)− βi) (w(τ)− ζi) dτ ≤ 0 . (46)

Òàêèì îáðàçîì, èç (45) è (46) ñëåäóåò, ÷òî äëÿ i = 1, 2 è t ≥ s ≥ t0 ìû èìååì

V̂i(τ) |ts + 2λ

∫ t

s

V̂i(τ)dτ ≤ 0 ,

òî åñòü, ôóíêöèè t 7→ V̂i(t) + 2λ
∫ t

0 V̂i(τ) dτ íå âîçðàñòàþò. Ïîëó÷èëè, ÷òî
óñëîâèå 3) ëåììû 4 èç [12] âûïîëíåíî. Â ñèëó z(t0) ∈ G, óñëîâèå 4) ëåììû
òàêæå âûïîëíåíî.
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Äàëåå, ÷åðåç Ti, i = 1, 2, 3, 4 ìû áóäåì îáîçíà÷àòü ìíîæåñòâà, êîòîðûå
îïðåäåëåíû â ëåììå 2. Èç (31) ñëåäóåò, ÷òî åñëè t ∈ T1, òîãäà z(t) = z1.
Òàêèì îáðàçîì, èç (16) è (25) ñëåäóåò, ÷òî

ẇ(t) = d0[φ(t, w(t)) + g(t)] < 0 . (47)

Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî w(t) íå âîçðàñòàåò â îêðåñòíîñòè T2.

Èç (31) è ðàâåíñòâà (b̂, ĉ)Z−1,Z1
= 0 ñëåäóåò, ÷òî äëÿ t ∈ T3 ìû èìååì

z(t) = z1, è â ñèëó (44) è (A6) èìååì

˙̂
U1(t) =(ż(t), ĉ)Z−1,Z1

= (Âz(t) + b̂ [φ(t, w(t)) + g(t)], ĉ)Z−1,Z1

=(b̂, ĉ)Z−1,Z1
[φ(t, w1) + g(t)] < 0 .

Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî Û2(t) íå âîçðàñòàåò âáëèçè T4.

Òàêèì îáðàçîì, ìû ïðîâåðèëè âñå ïðåäïîëîæåíèÿ ëåììû 2. Ñëåäîâàòåëü-
íî, G ïîëîæèòåëüíî èíâàðèàíòíî. Îñòà¼òñÿ ïîêàçàòü âêëþ÷åíèå (35). Ïóñòü
z = (0, w) ∈ V1 × R, ãäå w ∈ [w2, w1]. Òàê êàê (ĉ, z)Z0

= w, òî âëîæåíèå (35)
âåðíî, åñëè

(z − zi , P̂ (z − zi))Z0
≤ 0 , i = 1, 2 . (48)

Èç (31) è (43) ñëåäóåò, ÷òî äëÿ âûïîëíåíèÿ (48) äîñòàòî÷íî, ÷òîáû èç Âz = 0
âûòåêàëî (z, P̂ z)Z0

≤ 0. Íî ïîñëåäíåå íåðàâåíñòâî ñëåäóåò èç (37), òàê êàê

2λ(z, P̂ z)Z0
≤ −κ1(ĉ, z)

2
Z0
≤ 0 .

�

4 Ýâîëþöèîííûå óðàâíåíèÿ ñ ïåðèîäè÷åñêîé íåëèíåé-

íîñòüþ

Â ýòîé ãëàâå áóäåì ðàññìàòðèâàòü ýâîëþöèîííûå ñèñòåìû, ãäå íåëèíåéíîñòü
ÿâëÿåòñÿ ïåðèîäè÷åñêîé îòíîñèòåëüíî ÷àñòè ïðîñòðàíñòâåííûõ ïåðåìåííûõ
ôóíêöèåé.

Ðàññìîòðèì òðîéêó îñíàùåííûõ ãèëüáåðòîâûõ ïðîñòðàíñòâ Y1 ⊂ Y0 ⊂
Y−1, êîòîðàÿ ââîäèòñÿ àíàëîãè÷íî òîìó, êàê îíà ââåäåíà â ïåðâîé ãëàâå.

Ïóñòü A : Y1 → Y−1 ëèíåéíûé íåïðåðûâíûé îïåðàòîð, èìåþùèé íîëü, êàê
ñîáñòâåííîå ÷èñëî, b � âåêòîð èç Y−1, c � âåêòîð èç Y0. Îïðåäåëèì îïåðàòîðû
C ∈ L(Y0,R) è B ∈ L(R, Y−1) ñëåäóþùèì îáðàçîì:

Cy = (c, y)0, ∀y ∈ Y0, Bξ = ξb, ∀ξ ∈ R. (49)
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Îïðåäåëèì òàêæå íåëèíåéíîñòü φ : R→ R, êîòîðàÿ ÿâëÿåòñÿ ïåðèîäè÷å-
ñêîé ôóíêöèåé ñ ïåðèîäîì ζ.

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ýâîëþöèîííîãî âàðèàöèîííîãî óðàâíåíèÿ
([11])

ẏ(t) = Ay(t) +Bφ(Cy(t)),

y(0) = y0 ∈ Y0.
(50)

Ôóíêöèÿ y ∈ W(T1, T2;Y1, Y−1) ∩ C(T1, T2;Y0) íàçûâàåòñÿ ðåøåíèåì (50)
íà (T1, T2), åñëè y(0) = y0 è óðàâíåíèå (50) âûïîëíåíî â âàðèàöèîííîì ñìûñëå
(11).

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü ÷òî äëÿ ðåøåíèÿ (50) âûïîëíåíû ñâîé-
ñòâà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.Òàêæå áóäåì ïðåäïîëàãàòü â
äàëüíåéøåì ÷òî λ > 0 íåêîòîðîå ôèêñèðîâàííîå ÷èñëî. Ââåäåì íåêîòîðûå
ïðåäïîëîæåíèÿ.

(F1) Äëÿ ëþáîãî T > 0 è ëþáîãî f ∈ L2(0, T ;Y1) çàäà÷à

ẏ = (A+ λI)y + f(t), y(0) = y0 (51)

êîððåêòíî ïîñòàâëåíà, ò. å. äëÿ ïðîèçâîëüíîãî y0 ∈ Y0, f ∈ L2(0, T ;Y−1) ñó-
ùåñòâóåò åäèíñòâåííîå ðåøåíèå y ∈ W(0, T ;Y1, Y−1), óäîâëåòâîðÿþùåå (51) â
òîì ñìûñëå ÷òî

(ẏ, η)−1,1 = ((A+ λI)y, η)−1,1 + (f(t), η)−1,1, ∀η ∈ Y1, äëÿ ï. â. t ∈ [0, T ]

è çàâèñÿùåå íåïðåðûâíî îò íà÷àëüíûõ äàííûõ, ò. å.

‖y(·)‖2
W(0,T ;Y1,Y−1) ≤ c1‖y0‖2

0 + c2‖f‖2
2,−1, (52)

ãäå c1 > 0 è c2 > 0 íåêîòîðûå êîíñòàíòû.

(F2) Ïàðà (A+λI,B) L2-óïðàâëÿåìà ([7]), ò. å. äëÿ ïðîèçâîüíîãî y0 ∈ Y0

ñóùåñòâóåò óïðàâëåíèå ξ(·) ∈ L2(0,∞;R) òàêîå ÷òî çàäà÷à

ẏ = (A+ λI)y +Bξ, y(0) = y0 (53)

õîðîøî îáóñëîâëåíà íà ïîëóîñè [0,+∞), ò. å. ñóùåñòâåò ðåøåíèå y(·) ∈ L∞ ñ
y(0) = y0.

Îáîçíà÷èì ÷åðåç Hc and Lc êîìïëåêñèôèêàöèþ âåùåñòâåííîãî ëèíåéíîãî
ïðîñòðàíñòâà H è âåùåñòâåííîãî ëèíåéíîãî îïåðàòîðà L, ñîîòâåòñòâåííî, è
ââåäåì ÷åðåç

χ(p) = Cc(Ac − pIc)−1Bc, p ∈ ρ(Ac) (54)
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ïåðåäàòî÷íóþ ôóíêöèþ òðîéêè (Ac, Bc, Cc).

Ñëåäóþùåå ïðåäïîëîæåíèå îïèñûâàåò êëàññ íåëèíåéíîñòåé, êîòîðûå ìû
áóäåì ðàññìàòðèâàòü â áóäóùåì.

(F3) Ïðåäïîëîæèì, ÷òî φ ïðèíàäëåæèò ñåêòîðó M [κ1, κ2], ò. å.

κ1 ≤
φ(w)

w
≤ κ2 w 6= 0. (55)

Ñëåäóþùàÿ òåîðåìà ñâÿçàíà ñ ïîñòîðîåíèåì êîíóñíîé ñåòêè. Ââåäåì íåêî-
òîðûå îïðåäåëåíèÿ.

Òåîðåìà 3 Ïðåäïîëæèì ÷òî ñ íåêîòîðûì λ > 0 âûïîëíåíû ñëåäóþùèå
óñëîâèÿ äëÿ ñèñòåìû (50)

1) Ðàññìîòðèì óðàâíåíèå
ẏ = (A+ λI)y (56)

â Y0. Ïðîñòðàíñòâî Y0 ìîæåò áûòü ðàçëîæåíî íà Y0 = Y −0 ⊕ Y +
0 ãäå

dimY −0 =: 1. Îáîçíà÷èì ÷åðåç y(·, y0) ãëîáàëüíîå ðåøåíèå (56), óäîâëå-
òâîðÿþùåå y(0, y0) = y0. Äëÿ ëþáîãî y0 ∈ Y −0 áóäåì ïðåäïîëàãàòü,
÷òî lim

t→−∞
y(t, y0) = 0 è äëÿ ëþáîãî y0 ∈ Y +

0 áóäåì ïðåäïîëàãàòü, ÷òî

lim
t→+∞

y(t, y0) = 0;

2) Âûïîëíåíî ÷àñòîòíîå óñëîâèå

Re[(1 + χ(iω − λ)κ1)
∗(1 + χ(iω − λ)κ2)] < 0 ∀ω ∈ R; (57)

3) (b, c)−1 < 0.

Òîãäà ñèñòåìà (50) óñòîé÷èâà ïî Ëàãðàíæó, ò. å. ëþáîå ðåøåíèå ñè-
ñòåìû (50) îãðàíè÷åíî íà [t0,+∞).

Äîêàçàòåëüñòâî. Ïóñòü y(·, t0, y0) - ðåøåíèå ñèñòåìû (50) c y(t0, t0, y0) =
y0. Ïóñòü d ∈ Y1 - ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà A, êîòîðàÿ ñîîòâåòñòâóåò
íóëåâîìó ñîáñòâåííîìó ÷èñëó, òàêàÿ ÷òî (C, d) = ζ.

Ïî òåîðåìå Ëèõòàðíèêîâà-ßêóáîâè÷à (Ïðèëîæåíèå À) ñóùåñòâóåò îïåðà-
òîð P = P ∗ ∈ L(Y−1, Y0) ∩ L(Y0, Y1) è ÷èñëî δ > 0, òàêèå ÷òî

2((A+λI)y+Bξ, Py)−1,1+(κ−1
2 ξ−Cy)(κ−1

1 ξ−Cy) ≤ −δ(‖y‖2
1+|ξ|2) ∀y ∈ Y1, ξ ∈ R.

(58)
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Ïîäñòàâèâ â (58) ξ = 0, ïîëó÷àåì íàðàâåíñòâî

2((A+ λI)y, Py)−1,1 + (Cy)2 ≤ −δ‖y‖2
1 ∀y ∈ Y1. (59)

Â ñèëó íåðàâåíñòâà (59), ïðåäïîëîæåíèÿ 1) òåîðåìû, à òàêæå íàáëþäàåìî-
ñòè ïàðû (A+ λI, C), ìû ìîæåì èñïîëüçîâàòü îáîáùåííóþ ëåììó Ëÿïóíîâà
([10]), â ñèëó êîòîðîé ñóùåñòâóåò ðàçëîæåíèå Y0 = Y +

0 ⊕ Y −0 ïðè dimY −0 = 1
òàêîå, ÷òî âûïîëíÿåòñÿ

P|Y +
0
≥ 0 è P|Y −

0
≤ 0 . (60)

Ðàññìîòðèì ôóíêöèþ Ëÿïóíîâà V (y) = (y, Py)0. Åå ïðîèçâîäíàÿ â ñèëó
ñèñòåìû (50)

V̇ (y(t)) = 2(Ay(t) +Bφ(Cy(t)), Py(t))0 (61)

Òîãäà èç ñîîòíîøåíèÿ (58) è ïðåäïîëîæåíèÿ (F3) ïîëó÷àåì, ÷òî äëÿ
v(t) := V (y(t)), ãäå y - ðåøåíèå (50) âûïîëíåíî

d

dt
v(t) ≤ −2λv(t) äëÿ ï. â. t ≥ t0. (62)

Îòñþäà, â ñèëó ëåììû 3.1.1 ([13]), ìíîæåñòâî {y|(y, Py)0 < 0} ÿâëÿåòñÿ ïî-
ëîæèòåëüíî èíâàðèàíòíûì äëÿ ñèñòåìû (50).

Èç âûøåñêàçàííîãî ñëåäóåò ÷òî C := {y ∈ Y1|(y, Py)0 < 0} ÿâëÿåòñÿ
ïîëîæèòåëüíî èíâàðèàíòíûì êâàäðàòè÷íûì êîíóñîì ðàçìåðíîñòè 1.

Ëåãêî ïðîâåðèòü, ÷òî äëÿ ðåøåíèé ñèñòåìû (50) âûïîëíåíî ñîîòíîøåíèå

y(t, t0, y0)− jd = y(t, t0, y0 − jd) ∀t ≥ to, j ∈ Z. (63)

Ñëåäîâàòåëüíî âíóòðåííîñòü

Ωj := {y ∈ Y1|(y − jd, P (y − jd))0 < 0} (64)

êâàäðàòè÷íîãî êîíóñà

{y ∈ Y1|(y − jd, P (y − jd))0 ≤ 0} (65)

ÿâëÿåòñÿ ïîëîæèòåëüíî èíâàðèàíòíûì ìíîæåñòâîì.

Â ñèëó óñëîâèÿ 3) â ôîðìóëèðîâêå òåîðåìû, ïî ëåììå 5 ([12]) ñóùåñòâóåò
âåêòîð r ∈ Y0, òàêîé ÷òî

intC ∩ {y ∈ Y1|(y, r)0 = 0} = ∅. (66)
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Ïîäñòàâèâ â (58) y = d, ξ = 0, ïîëó÷àåì (d, Pd)−1,1 < 0. Ñëåäîâàòåëüíî
ìîæíî íàéòè òàêîå j, ÷òî

|(r, y0)0| < j|(r, d)0|, (y0, Py0)0 ∓ (y0, Pd)0 + j2(d, Pd)0 < 0. (67)

Èç âûøåñêàçàííîãî ñëåäóåò, ÷òî

y(t, t0, y0) ∈ Γj := Ωj ∩ Ω−j. (68)

Òåïåðü ïîêàæåì, ÷òî

|(r, y(t, t0, y0))0| < j|(r, d)0| t ≥ t0. (69)

Äåéñòâèòåëüíî, åñëè ýòî íå òàê, òî ñóùåñòâóåò t̄ > t0, òàêîå ÷òî
|(r, y(t, t0, y0))0| = j|(r, d)0|. À ýòî çíà÷èò, ÷òî äëÿ σ = 1 èëè σ = −1 èìå-
åì (y(t̄, t0, y0 + σjd), P (y(t̄, t0, y0) + σjd))0 > 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ
y(t, t0, y0) ∈ Γj.

Òåïåðü ïîêàæåì îãðàíè÷åííîñòü y(t, t0, y0). Â ñèëó ócëîâèÿ (66) îïåðàòîð
P ìîæåò áûòü ïðåäñòàâëåí â ôîðìå P = M − τ(r, r)0, ãäå M - ïîëîæèòåëüíî
îïðåäåëåííûé îïåðàòîð, à τ ïîëîæèòåëüíîå ÷èñëî.

Ïóñòü ε áóäåò ïîëîæèòåëüíûì ÷èñëîì, òàêèì ÷òî M > εI. Äëÿ ðåøåíèÿ
y(t) = y(t, t0, y0), êîòîðîå óäîâëåòâîðÿåò íåðàâåíñòâàì (68) è (69) ñïðàâåäëèâî

ε‖y(t)− jd‖2 ≤(y(t)− jd,M(y(t)− jd))0

=(y(t)− jd, P (y(t)− jd))0 + τ |(r, y(t)− jd)0|2

<τ [2(r, y)2
0 + 2j2(r, d)2]

<4τj2(r, d)2

(70)

äëÿ t ≥ t0, ÷òî îçíà÷àåò îãðàíè÷åííîñòü y(·, t0, y0) íà [t0,+∞). �

Çàìå÷àíèå 3 Ýâîëþöèîííûå óðàâíåíèÿ (50) îïèñûâàþò øèðîêèé êëàññ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïåðèîäè÷åñêè-
ìè íåëèíåéíîñòÿìè. Íàïðèìåð, ìîæíî ïîêàçàòü, ÷òî óðàâíåíèå ñèíóñ-
Ãîðäîíà ([17]) ìîæåò áûòü ïðåäñòàâëåíî â âèäå (50).

Ïðèëîæåíèå À

×àñòîòíàÿ òåîðåìà äëÿ ýâîëþöèîííûõ ñèñòåì

Äëÿ ïîëíîòû èçëîæåíèÿ ïðåäñòàâèì ôîðìóëèðîâêó ÷àñòîòíîé òåîðåìû
Ëèõòàðíèêîâà-ßêóáîâè÷à äëÿ ýâîëþöèîííûõ ñèñòåì. Ýòà òåîðåìà äàåò íåîá-
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õîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè íåêîòîðûõ îïåðàòîðíûõ íåðà-
âåíñòâ. Â ïðèëîæåíèè ïðåäïîëàãàåòñÿ, ÷òî âñå ïðîñòðàíñòâà è îïåðàòîðû
êîìïëåêñíû, çâåçäî÷êà îáîçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå.

Ïðåäïîëîæèì ÷òî Y1, Y0, Y−1 ãèëüáåðòîâû ïðîñòðàíñòâà ñî ñêàëÿðíûìè
ïðîèçâåäåíèÿìè (·, ·)1, (·, ·)0, (·, ·)−1 è íîðìàìè ‖ · ‖1, ‖ · ‖0, ‖ · ‖−1, ñîîòâåò-
ñòâåííî. Ðàññìîòðèì îñíàùåíèå îñíàùåíèå êîìïëåêñíîãî ãèëüáåðòîâà ïðî-
ñòðàíñòâà
Y1 ⊂ Y0 ⊂ Y−1

1. Ïóñòü Ξ áóäåò òàêæå ãèëüáåðòîâûì ïðîñòðàíñòâîì ñî ñêà-
ëÿðíûì ïðîèçâåäåíèåì (·, ·) è íîðìîé ‖ · ‖Ξ.

Ïóñòü A è B � ëèíåéíûå íåïðåðûâíûå îïåðàòîðû A ∈ L(Y1, Y−1), B ∈
L(Ξ, Y−1). Ââåäåì ñëåäóþùèå ïðåäïîëîæåíèÿ.

(H1) Îïåðàòîð A ∈ L(Y1, Y−1) ÿâëÿåòñÿ ðåãóëÿðíûì, ò. å., äëÿ ëþáîãî
T > 0, y0 ∈ Y1, ψT ∈ Y1 è f ∈ L2(0, T ;Y0) ðåøåíèå ïðÿìîé çàäà÷è Êîøè

ẏ = Ay + f(t), y(0) = y0, a. a. t ∈ [0, T ]

è äâîéñòâåííîé çàäà÷è Êîøè

ψ̇ = −A∗ψ + f(t), ψ(T ) = ψT , a. a. t ∈ [0, T ]

ñèëüíî íåïðåðûâíû ïî t ïî íîðìå ïðîñòðàíñòâà Y1.

(H2) Ïàðà (A,B) L2 - óïðàâëÿåìà, ò.å., äëÿ ïðîèçâîëüíîãî y0 ∈ Y0 ñóùå-
ñòâóåò óïðàâëåíèå ξ(·) ∈ L2(0,∞; Ξ) òàêîå ÷òî çàäà÷à Êîøè

ẏ = Ay +Bξ, y(0) = y0

êîððåêòíî ïîñòàâëåíà íà ïîëóîñè [0,∞), ò.å., ñóùåñòâóåò ðåøåíèå y(·) ∈ L∞,
óäîâëåòâîðÿþùåå y(0) = y0.

(H3) Ïóñòü F(y, ξ) � ýðìèòîâà ôîðìà íà Y1 × Ξ, ò. å.,

F(y, ξ) = (F1y, y)−1,1 + 2Re(F2y, ξ)Ξ + (F3ξ, ξ)Ξ,

ãäå
F1 = F ∗1 ∈ L(Y1, Y−1), F2 ∈ L(Y0,Ξ), F3 = F ∗3 ∈ L(Ξ,Ξ).

Îïðåäåëèì ÷èñëî
α := sup

ω,y,ξ
(‖y‖2

1 + ‖ξ‖2
Ξ)−1F(y, ξ),

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì òðîéêàì (ω, y, ξ) ∈ R+ × Y1 × Ξ, òàêèì ÷òî
iωy = Ay +Bξ.

1Ïîñòðîåíèå îñíàùåíèÿ ãèëüáåðòîâà ïðîñòðàíñòâà â êîìïëåêñíîì ñëó÷àå àíàëîãè÷íî âåùåñòâåííîìó
ñëó÷àþ
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Òåîðåìà 4 (×àñòîòíàÿ òåîðåìà Ëèõòàðíèêîâà-ßêóáîâè÷à äëÿ íåîñîáî-
ãî ñëó÷àÿ, ([7])) Ïðåäïîëîæèì ÷òî äëÿ ëèíåéíûõ îïåðàòîðîâ A ∈
L(Y1, Y−1), B ∈ L(Ξ, Y−1) è ýðìèòîâîé ôîðìû F íà Y1 × Ξ âûïîëíåíû ïðåä-
ïîëîæåíèÿ (H1), (H2). Òîãäà ñóùåñòâóåò îïåðàòîð P = P ∗ ∈ L(Y−1, Y0)∩
L(Y0, Y1) è ÷èñëî δ > 0 òàêèå ÷òî

2Re(Ay +Bξ, Py)−1,1 + F(y, ξ) ≤ −δ(‖y‖2
1 + ‖ξ‖2

Ξ),∀(y, ξ) ∈ Y1 × Ξ, (71)

òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî ÷àñòîòíîå óñëîâèå α < 0 ãäå α
áåðåòñÿ èç (H3).

Çàìå÷àíèå 4 Åñëè â (71) îïåðàòîðû A,B è âñå ïðîñòðàíñòâà âåùåñòâåí-
íû, òîãäà îïåðàòîð P , êîòîðûé ÿâëÿåòñÿ ðåøåíèåì ýòîãî íåðàâåíñòâà,
òàêæå ìîæåò áûòü âçÿò âåùåñòâåííûì ([7]).
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