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Abstract

We investigate in this paper, the asymptotic stability of the zero solution
and boundedness of all solutions of a certain third order nonlinear ordinary vec-
tor differential equation. Our results revise and improve those results obtained
by Tunc and Ates [Tunc C., Ates, M., Stability and boundedness results for so-
lutions of certain third order nonlinear vector differential equations,Nonlinear
Dynamics 45 (2006); 273-281].
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Recently, Tunc and Ates [11] considered the differential equation
X +F(X, X, X)X +Bt)X +H(X)=P(t,X,X,X), (1.1)

or the equivalent system form

X =Y
Y = Z (1.2)
Z = —F(X,Y,2)Z-B@t)Y —H(X)+ P(t,X,Y, Z)

where F' and B are n X n-symmetric continuous matrix functions, H and P
are continuous vector functions, ¢ € [0,00) and X € IR", IR" denotes the real
n-dimensional Euclidean space IR X IR x --- X IR (n factors). It is also assumed
that the Jacobian matrix .J,(X) and the matrix B(t) exist, and are symmetric
and continuous. Hence the following theorems were proved.

In the case P = 0, the following result was established.

Theorem A (Tunc and Ates[11]). In addition to the fundamental assump-
tions on F, B and H suppose that:

(i) there exists an n X n-real continuous operator A(X,Y) for any vectors X,Y

in IR"™ such that
HX)=HY)+AX,)Y)(X-Y), (H(0)=0),
whose eigenvalues N\;(A(X,Y)), (i=1,2,---.n), satisfy
0<dp < NAXY)) <Ay
for fized constants o, and Ap;

(1i) there exists a real n X n-constant symmetric matriz A such that the matri-

ces A, B(t), B(t), (F(X,Y,Z) — A) have positive eigenvalues and pairwise
commute with themselves as well as with operator A(X,Y") for any X,Y

in IR", and that
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0, = min{N(A), N(F(X,Y,2))}, Ay = max{\;(A), (F(X,Y,Z))},

1<i<n 1<i<n
o = _min  (A(B{), Ae= max  (A(B()

Ay < kb0, (where k is a positive constant),

0 S )\Z(F(X’Y’Z)_A) S % ande:maXp\Z(B(t))‘? (221727 7n)7

1 50n \° 5.0, \2 62
h < = 215,
where Ezmm{<4Ab+4> ’ <6Aa+7 e

Then, the zero solution of system (1.2) is asymptotically stable.
In the case P # 0, the following result was established.
Theorem B (Tunc and Ates[11]). Let all the conditions of Theorem A be

satisfied, and in addition we assume that there exist a finite constant K > 0
and a non-negative and continuous function 8 = 0(t) such that the vector P
satisfies

1P, X, Y, Z)|| < 0(t) + o) ([[X] + IV + 121D,
t
where [ 0(s)ds < K < oo for allt > 0. Then the exists a constant D > 0

0
such that any solution (X (t),Y (t), Z(t)) of (1.2) determined by
X(0)=Xo, Y(0)=Yo, Z(0)=2%
satisfies
IXII<D, Wi<D, |Z]<D

for all t > 0.

These are very interesting results obtained by the authors [11]. However,
these results contain certain conditions which are not necessary for the stability
and boundedness of (1.2). Our aim in this paper is to further study the stability
(when P = 0) and boundedness (when P # 0) of solutions of Eq. (1.1). In the
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next section, we establish criteria for the stability of the zero solution of Eq.
(1.1) when P = 0, and the boundedness of solutions of Eq. (1.1) when P # 0,
which extend and improve Theorems A and B,respectively. An effective method
for studying the stability and boundedness of nonlinear differential equations is
the second method of Lyapunov (See [1-11]).

2. Statement of the results

Let H(0) = 0 and J;, = J,(X) denote the Jacobian matrix (0Oh;/0z ;) derived
from the vector H(X) in (1.1). Our first theorem is given for the case in which
P=0.

Theorem 1. Assume that F(X,Y,Z), B(t), B(t) and J,(X) are symmetric for
al X,Y,Z in IR" and t € [0,00), and let g, Op, O, Ao, Ay, Ap, and € be positive

constants.

(i) The matrices F(X,Y,Z), B(t), B(t) and Jy(X) are associative and com-
mute pairwise. The eigenvalues N(F(X,Y,Z)), \i(B(t)), Mi(B(t)), and
N(Jp(X)) (i=1,2,---,n) of F(X,Y,Z),B(t), B(t) and Jy(X) satisfy

0 <6, < M(F(X,Y, Z)) < A, (2.1)
0<d < N(B() <A, (2.2)

0 < & < M(Jn(X)) < A (2.3)

e = max |\(B(1))] (2.4)

with 6,00 — Ap > €.
Then, the zero solution of system (1.2) is asymptotically stable.
In the case P # 0 we have the following result.
Theorem 2. Let all the conditions of Theorem 1 be satisfied, and in addition
we assume that there exists a finite constant K > 0 and a non-negative and

continuous function 0 = 0(t) such that the vector P satisfies

1P, X, Y, Z)| < 6(t) + o) (1X] + 1Y) + 121D, (2.5)
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'
where O(s)ds < K < oo for allt > 0. Then there exists a constant D > 0

0
such that any solution (X (t),Y (t), Z(t)) of (1.2) determined by

satisfies

IX®I <D, YOI <D, 2] <D
for allt > 0.
3. Some Preliminaries

The following results will be basic to the proofs of Theorems 1 and 2. We
do not give the proofs since they are found in [1-7,9,10,11].
Lemma 1. Let D be a real symmetric n X n matrix, then for any X in IR",
we have

A4IX|)? > (DX, X) > 64| X |7,

where 04, Ay are the least and greatest eigenvalues of D, respectively.
Lemma 2. Let Q, D be any two real n X n commuting symmetric matrices.

Then

(1) The eigenvalues \;(QD)(i = 1,2,--- ,n) of the product matrix QD are real
and satisfy

max A;j(Q)A\x(D) > N(QD) > min \;(Q) (D).

1<j,k<n 1<) k<n
(ii) The eigenvalues \;(Q + D) (i = 1,2,--- ,n) of the sum of matrices Q and

D are real and satisfy

{max (@) + max )\k(D)} > \i(Q+D) > { min \;(Q)+ min )\k(D)} :

1<5<n 1<k<n 1<5<n 1<k<n

where \;(Q) and A\,(D) are, respectively, the eigenvalues of ) and D.

4. The Function V
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Our main tool in the proof of our result is the Lyapunov function V =

V(t,X,Y, Z) defined by

1 1
2V = 25a/ <H(0’X),X>d0’+(5a/ (cF(X,0Y,2)Y,Y)do
0 0

+aB6y(X, X) + (7, 7) + (B(t)Y,Y) + 2a36,(X, ) (4.1)
+2a0(X, Z) + 20,(Y, Z) + 2(Y, H(X)) — af(Y,Y)
where § = 6,0, and « satisfies
[ 1 o B—0p—c¢ }
a < min§ —, , — 4.2
{(5@ 6(Aa - 5@) 6[5a + 5h 1(Ab - 51))2] ( )
The function V above can be written thus,
1
W = ||Z+6,Y +aBX|? + 5a/ (0F(X,0Y. Z)Y.Y)do — 62V, Y)
0
HBOY,Y) = 36, (YY) + aB(d — aB)(X, X)
(4.3)

195, / (H(0X), X)do — B76,|| H(X)|?

+B10a2Y + B7105 H (X))

The following result is immediate from (4.3).
Lemma 3. Assume that all the hypotheses on matrices F(X,Y, Z), B(t) and
vector H(X) in Theorems 1 and 2 are satisfied. Then there exists a positive

constant 01 such that
V(t, X, Y, Z) > a(|XIP+ Y7+ [12]%), (4.4)

for arbitrary X,Y, Z in IR".

Proof of Lemma 3. We shall make use of the result:

H(X):/O Jp(01X) X doy (4.5)
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for arbitrary X in IR", which follows from integrating the equality

d
dT‘lH(O'lX) = Jh(UlX)X

with respect to o7 and then using the fact that H(0) = 0.
By (4.5), we can rewrite (4.3) thus,

2V = ||Z 4+ 8. + aBX|? + b, /1 ocl{F(X,0Y,Z) - 6,1}Y,Y)do
0
+({B(t) = 89, ' I}Y,Y) + aB(0 — aB)(X, X)
1 1
+20, / / o1({I — J, (01 X) B~ Y (0102 X) X, X)dodoy
0 0

+610a 2Y + B0 H (X)),

By (2.1), (2.2) and (2.3) of Theorem 1, and Lemma 1, we have that
W > |7+ 6, + aBX | + aB(6, — af)| X+ 26,(1 — Aus 5| X
By (2.5) and (4.2), we have that there is a constant d; > 0 such that
2V > ||Z +6,Y + afX||> + 6| X||°.

Hence we can find a positive number ¢; small enough such that (4.4) holds.
This completes the proof of Lemma 3.
The following lemma is instrumental in the proof of the next result.

Lemma 4. Subject to earlier conditions on F' and H the following are true.

(i) %/Ole(X, oY, 2)Y,Y)do = (F(X,Y, 2)Y, Z),

(i) % /O (H(0X),X)do = (H(X),Y).

Proof. See [4,5,9].
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Lemma 5. Assume that all the conditions of Theorem 1 are satisfied.

Then
0(t) <0 forall t>0 (4.6)
and especially
d
0(t) = 2 V(£ XY, 2) <0 provided IXI1P+ Y12+ 1217 >0 (4.7)

Proof of Lemma 5. A straightforward calculation from (4.1), (1.2) and

Lemma 4 give

b= VX0, (0, 2(0) = ~Vi— Vo - Vi
where
Vi = —%ozﬁ/o (X, (e X)X)do
~(Y, {8.B(t) = B(t) — {[Jn(X) + aB5,]}Y'}
(ZAF(X,Y,Z) - 6,1} 2)
1 1
Vo = —1of / (0 X)X, X) + 4(X, [B(t) — 6,1Y ) }do
0
v = —1ap /0 (e X)X.X) + A(X {F(X.Y.2) — 6,01} 2)}do

Since J,(X) is symmetric and positive definite, we have that

(Jn(e X)X, X) +4(X, [B(t) — 6l]Y)

— lJ7X + 2773 B(t) — 1Y |? = 121B(t) — 11, Y |

and

(Jn(o X)X, X))+ 4 X {F(X,Y,Z) = 6.1} 2)

— |lJFX + 20, *[F(X,Y. 2) — 8,1)2|> ~ |12[F (X, Y, Z) — 8,1]J,, * 2]
Using the fact that

[ 12130 - s s = 1 [ B0 - 607, 86) - 8017 o
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and

1 1
/ 12[F (XY, Z) = 6,11, 2 Z|*do
0
1
= 4/ (JMF(X,Y, 2) = 0,12, [F(X,Y, Z) — 6,1)Z)do,
0
we have,

. 1 !
it) < —50f /0 (X, J(0X)X)do

_ / (Y, {8.B(t) — Ju(X) — [B(t) + aBé.]] - aBJ;  [B(t) - 6,11*}Y)do
—/%ZHNXJQ@—ﬁdﬂf—&@ﬁwF@UKZf—%ﬂﬂmw
0

1
< —Lamnx|?
_{5a5b — 0 — € — 0455@ — 046(5}:1(Ab — (51,)2}HYH2
—{1 = afd, (As = 0u) }HI 2]

< =&|IX)17 =Y |1F =651 Z))

where d3 = %cxﬂéh, 0y = 040 — Op — € — a0, + 5,;1(Ab — 63)?] and
05 =1 — aBd; (Ay — d4).
By (4.2),03, 04 and 5 are positive. This completes the proof.
Proof of Theorem 2. Consider the function V' defined by (4.1). Then, under
the assumptions of Theorem 2 the conclusion of Lemma 3 can be obtained, that
18,

V> a(XP+IYIE+ 127 (4.8)
and since P(t, X,Y,Z) # 0, then the conclusion of Lemma 5 can be revised as

follows

d
0=V < (aBX +0.Y + Z,P(t, XY, Z)).
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Next, by noting the assumption of Theorem 2 on P(¢,X,Y,Z) and using
Schwarz’s inequality, we obtain

0 < (afIX] VI + [[Z1) < 1P, X, Y, Z)|
< (@B X[+ dall YT+ [1211) > (6(2) + 6@) (X + Y1+ 11Z1))

< Ss(IXI+ YT+ 121D > (0@) + o)X + (1Y + 1 Z]])
where dg = max{af3,d,, 1}.
Hence, by using the inequalities

IXI <1+ (X7 Yl <i+vIE 1zl <1+12)°

and (4.8), we obtain

v < 57(9(t) + 589(25)1), (49)
where 07 = 30 and dg = 4565f1-

Integrating both sides of (4.9) from 0 to t(¢ > 0), leads to the inequality

v(t) —v(0) <67 | O(s)ds+ds [ v(s)0(s)ds.
0 0

On putting dy = v(0) + 67K, it follows that

v(t) < dg + s /Otv(s)ﬁ(s)ds.

Gronwall-Bellman inequality yields

o(t) < Gy exp (58 /0 tﬁ(s)ds) |

The proof of the theorem is now complete.

5. Remarks

(). Clearly, Theorems 1 and 2 are improvement and extension of Theorems
A and B respectively. Particularly, from Theorems 1 and 2, we see that
hypothesis (i) of Theorems A and B is not necessary since H(X) is assumed

differentiable.
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(ii). Also, from Theorems 1 and 2, it is clear that we do not need any symmetric

matrix A (as assumed in Theorems A and B), thus the condition 0 <

M(F(X,Y,Z)—A) < g, (1=1,2,...,n), is not necessary.
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