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Abstract

This paper presents a simple and efficient method for determining the solution of Riccati differ-
ential equation with coefficients rational. In case the differential Galois group of the differential
equation (E;) : y" = ry, r € C(x) is reducible, we look for the rational solutions of Riccati
differential equation 6’ + 6 = r, by reducing the number of check to be made and by accelerat-
ing the search for the partial fraction decomposition of the solution reserved for the poles of 6
which are false poles of r. This partial fraction decomposition of solution can be used to code
r. The examples demonstrate the effectiveness of the method.

1 Introduction

The quadratic Riccati differential equation :
(ER) : 0’ = p20” + p1o + po (1)

where pg, p1 and p, are in a differential field K, ps # 0. The quadratic Riccati differential
equation is first converted to a reduced Riccati differential equation :

(E,):0 +6*=r (2)

.0 1 : _ P _ 1.2 _ 1.
where : 9——p20—5a,W1tha—p—§+p1 and 7 = za* — 5a’ — papo

Furthermore, we put: % = 0, reduced Riccati differential equation (2) is converted to a second-
order linear ordinary differential equation :

(E) :y" =ry (3)
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If we have a particular solution non-zero of (£;) then general solution is : y = cu where
d =2, A constant (see[ 6,9,14]).

In paper, we base ourselves mainly on the work of J.J. Kovaci¢ [9] where differential Galois
group of the differential equation (£;) is reducible and we take : K = C(X).

In case where every solution of (£)) is Liouvillian corresponds to the case where reduced
Riccati differential equation (E,) have algebraic solution over K. The case where differential
Galois group is reducible corresponds to the case where the Riccati differential equation (E,)

have the rational solution % u solution of (E;). The solution u of (E;) is rational fraction if

only if “E, the fraction of simples poles with the integers residues and negative degree.

The field C(X)[u] is differential extension of C(X) by exponential of an integral and if v/ = =
then (u,v) two solutions of (£;) linearly independent over field of constants C. The ordinary
extension C(X)[u,v] is differential extension of C(X)[u], by a integral. C(X)[u,v] is Picard-
Vessiot extension of C(X)[u] for the differential equation(E;)(see[8-9-10]). The existence of
rational solution % of Riccati differential equation (E,) given all solutions of (E,) of course
research primitive of #

This paper presents a simple and efficient method for determining the solution of Riccati
differential equation with coefficients rational. In case the differential Galois group of the
differential equation (E)) : y"” = ry, r € C(x) is reducible, we look for the rational solutions of
Riccati differential equation €’ + 6% = r, by reducing the number of check to be made and by
accelerating the search for the partial fraction decomposition of the solution reserved for the
poles of 6 which are false poles of r. This partial fraction decomposition of solution can be used
to code r. The examples demonstrate the effectiveness of the method.

2 Form of rational solution of equation : (F))

Let r € C(x) r # 0 rational fraction and § € C(x) the rational solution of Riccati differential
equation (E,): 0 + 6% =r.

2.1 Study in the pole ¢ of multiplicity v of 0

We put:
0 = ﬁ ; where 7(c) #0
We have :
v v?
r=04+6=(x—c)¥[(r— E(x —c) ) — Z(m —o)* 2 4 7z — )
Thus :

(r= =)™ = (@ =1+ (@ =) [ =) 2 =7
1. Casel :v>2

The function (z — ¢)*r define and equal 7(c)? at c.

Thus c is pole of multiplicity 2v of r where :

lim(z — ¢)*r = (lim(x — ¢)"0)?
Tr—cC Tr—cC
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2. Case2 :v=1

We have: ] .
(7—5)2: (x—c)2r+zl—(x—c)7’

The function (x — ¢)?r define and equal 7(c)(7(c) — 1) at c.

Situation 1: lim(x — ¢)?r # 0, —~
Tr—C

¢ is double pole of r and the residue 7(c) of § at ¢ have tow possibility values following :

1 1
(7(c) — 5)2 = lim(z — )’r + 1

Thus, c is double pole of r and the residue of 6 at simple pole ¢ equal:

1
7(c) = e + 5
where
a? = lim(z — ¢)*r + 1
z—c 4
Situation 2 :  lim(x — 6)27“ = —1
- T—C 4

¢ is double pole of r and the residue of 6 at c is %

Situation 3 :  lim(z — ¢)*r =0
T—rC

¢ is simple pole of r or not pole of r and the residue of 8 at simple pole ¢ equal 1.

Proposition 1 Let 0 € C(z) such as : §' + 6% =r.

1. The fraction : r = % with N and D polynomaials relatively prime.

D = D,DiD3D?

(4)

where Dy, Dy, D3 and Dy polynomials relatively prime pair-wise. Dy, Dy and D3 which

simples roots, Dy without simple root.
1 1
. . 2 _ _ = . . 2 _
Ve € Root(Dy) glclgtlz(x c)r T Ve € Root(Ds) }:eri(x c)r # 1
2. (a) Let v > 2. ¢ pole of multiplicity v of 0 < ¢ € Root(Dy)
(b) ¢ simple pole of O with residue # 1, < ¢ € Root(Dj)
The residue of 0 there ¢ equal o, + % where

2 _ 1 N2
ac—}gr}:(x c)r+4

(c) ¢ simple pole of 0 with residue = 5 < ¢ € Roots(Ds)

1
2

()

(d) ¢ simple pole of 0 with residue = 1 < ¢ € Roots(Dy) or ¢ pole of 6 and false pole of r

Corollary 2 We assume that r = % with N and D polynomaials relatively prime, D =
DyD3D2D3? where Dy, Dy, D3 and Dy polynomials relatively prime pair-wise, Dy, Dy and

D5 which simples roots, D, without simple root.
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1 1
Ve € Root(Dy) lim(x — c)*r = T Ve € Root(Ds) lim(x — c)*r # —2
T—e T—e
A rational fraction 6 Verify 0' + 62 = r is the shape :

3 ac+§+125 D’1+D6

0=FE(@ ) — 4+ —
()+ Z et r —cC 2D2 D1 DQ

c€Roots(Dy) c€Roots(D3)

with Dy monic polynomial which simples roots and the roots are false poles of r.

2.2 Study in the infinity

Let: t € C(z); t +# 0 rational fraction such as : % 4 ¢? = 0.
case 1 : We assume that : d°(f) <0
We have : d°(0') < 0 and d°(6?) < 0 thus : d°(r) < 0.

We put:
0 =to(t) o rational fraction defined at 0.
We have:
0(0) = lim 20 = sum the residues of 6,
T—00

r=0+6>=(*-o)t* —o't> and lim 2*r = 0(0)* — ¢(0)
T—r00

1
Thus : d°r < —2 and (0(0) — 1)? = lim z%r + =

2 —00 4
1
If : lim 2% = ~71 then the sum of residues of 6 : o(0) = 3
T—00
1
If : lim 2% # 1 then the sum of residues of 6 : 0(0) = a + 3
T—00
where .
o2 = lim 2r 4+ = (7)
Z—00 4
case 2 : We assume that: d°(f) = 0.
E(#) constant # 0. We put :
0= E(0) +to(t); o rational fraction defined at 0.
We have:
0(0) = lim x(0 — E(0)) = the sum of residues of 0
T—00
and

r = 0 +6?
= (E0))*+2E()to+ (c* — o)t* — o't?
So E(r) constant equal E(0)?* :

2E(0)[ sum the residues of 0] = sum the residues of r

case 3 : We assume that: d°(6) > 0
We put :
v=d°(0)>1 and 6=1t"o(t)

o rational fraction defined at 0 . The scalar ¢(0) is the dominant coefficient of E(#). We have :

r=0+0 =t +uvt" o — "]
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Thus:
t*r = 0(0)? + o(t)
So: d’r =2v = 2d°0 and 0*(0) the dominant coefficient of E(r).

Proposition 3 Let: 6 € C(x) such as : 0' + 6% =r.
1.d°(0) <0 < d°(r) <0. Thus : d°(r) < —2 and :

1
1oif lim a®r=—-
the sum of residues of 60 = z—00 4 ]

oo +3 if zli_g)loxzr# ~1
2. d°(0) =0 < d°(r) =0. In the case : E(0) is square root of E(r) :
2E(0)(sum of residues of 0) = sum of residues of r

= lim #(r — E(r))

3. We have : d°(0) >0 < d°(r) > 0. In the case :
(a) d°(r) = 2d°(0)
(b) The dominant coefficient of E(0) is square root of E(r)

2.3 Determination of E(6); d°(r) =2v >0

We assume that r is a rational fraction of degree 2v > 0 and § € C(z) such as : 0’ + 6 = r.
Let a the dominant coefficient of E(r). Thus: r ~ az* if x tend to oo:

Er)

2 = 14ait+...4at*”

The Taylor’s expansion of order v 4+ 1 at 0 :

Br)

(1 =2L)s = 14 syt + ...+ syt + o(t" )

We have :
t?r = t*E(r)+ o(t*)
= t*E(r) + o(t*)
= a(FED)I 4 o(t )

We have: § = tVo(t) with o rational fraction defined at 0 , ¢(0)* = a and

(o + %tu+1)2 — {4 Vz2t2u+2 + 2y
al 1+ st + ...+ s, 1t" 2 + o(t" )
14 V+1 ]/+1 V+1
0—1—575 = o(0)[ 14+ sit+ ...+ 5,01t +o(t")
Thus : y
0 = t7o = o(0)[t™ +st7 Vb s,0t] - 5t +o(t)

Electronic Journal. http://www.math.spbu.ru/diffjournal 5
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Imply :
E@) = o(0)[t7 +sit= V4. +5)

0(0)sy41 — 5 = sum of residues of 0

Proposition 4 Let r is a rational fraction of degree 2v > 0, 0 € C(z) such as : 0 + 6% = r
and a the dominant coefficient of E(r). If :

E(r)

(t?VT)% = 1+ sit+ ...+ syt + ot (8)

Then :
E) = o[t +st7 " V4 +3) (9)
aS,41 — g = sum of residues of (10)

where

3 Determination of partial fraction decomposition

Let r = % rational fraction with N and D polynomials relatively prime, D = D, D3 D3 D3 where

Dy, Dy, D3 et D, polynomials relatively prime pair-wise, Dy, Dy and D3 which simples roots,
D, without simple root.
1 1
Ve € Root(D,) lim(z — ¢)*r = T Ve € Root(D3) lim(x — ¢)*r # —=
T—C

Tr—C 4

Let 6 € C(z) rational fraction Verify : 6/ + 6% = r

3.1 Case d°D3;=0 and d°D,=0

N
D1 D2
This case corresponds to the fact that one pole ¢ of r is or simple or double with:

We have : r =

1
lim(z — ¢)?r = —~
Tr—cC

Proposition 5 We assume d°r < 0 and d°D3 = d°D, = 0. We have :

1 q
1- 2 - _ 1\2
xirgoxr+4 (2)

with q positive integer of parity against that of d°Dy

1D, D), D,
g = -_—2 471, 70 12
2Dy, Dy + Dy (12)
with Dy polynomial of degree :
1
d°Dy = §(q +1—d’°Dy) —d°D, (13)
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Proof. We have :
1D, Dy D
=-24 1420
2Dy Dy Dy
Sum of residues of 6 equal %d"DQ +d°Dqy +d°Dy = oo + %

7

1
with a2, = lim 2°r + T In particular : o = £ with ¢ € N
T—r00

1
Remark : if lim 2r = ~1 then: d°Dy =1, d°D; =d°Dy =0, 0 =

1
T—00 2 (z—

Proposition 6 : We assume d°r =0 and d°D3 = d°D, = 0.

1. E(0) square root of E(r) such as p = ﬁ lim x[r — E(r)] positive integer of same parity

T—00
as d°Ds.
2. We have : D DD
=F@)+-—=4+-L4+ 2L 14
0) + 3 D, "D, D, (14)
with Dqy polynomial of degree:
(o} 1 (o} 1 (o}
dD():—p—le——dDQ (15)
2 2
Proof. We have : D DD
0 = EO)+-=24 1L, 70
( )+2D2+D1+D0
We have:
2E(0)sum of residues(d) = sum of residues(r) = lim z[r — E(r)]
T—00
1
2B(0)[5d° Dy +d°Dy +d°Do] = lim alr — E(r)]
Tr—00
Thus : '
dODQ =+ QdODl + 2dOD0 = m a:h—>rgo :1:[7’ — E(T‘)]
If r constant then D; = Dy = Dy = 1 and 8 constant.
If » non-constant then r is not polynomial thus :
P= Fg dm el — B0
positive integer of same parity as d°Ds. [ |
Proposition 7 :
We assume d°r = 2v > 0 and d°Ds = d°D, =0
Let a the dominant coefficient of E(r) and we consider the Taylor’s expansion at infinity :
E )
(t2”i))§ = 1+sit+...+s, 0"+ ot (16)
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4a53+1 =p’ (17)
where p positive integer, p > d° Dy + 2d° Dy + v and same parity of d°Ds + 2d°Dy + v.

2. We have :
1D, D} D

0=FE0)+-——+ —+ — 18
()+2D2+D1+D0 (18)
with Dy polynomial of degree :
—v—d°D
d°Dy = % —d°D, (19)
and « the dominant coefficient of E(6) where :
b= 20681,4_1 (20)
Proof. We have :
E(G) = Oé[tiu —+ Slti(yil) “+ ..+ 81/]
QasSyt1 — g = sum of residues of0
1D, D), D)
) = EO)4+ -2 2L 70
( )+2D2+D1+D0
Thus:
1 v
§d0D2 —|— dODl —|— dODQ = OzS,,_H — 5
as, 1 = g with p positive integer. Thus: p > d°Ds + 2d°D; + v and same parity of d°Dsy +
2d°Dy + v. [ |

3.2 Case: D3 = X —cand d’°Dy, = 0

This case corresponds to the fact that a pole of r is simple or double with a only double pole
¢ such as :

tim(e — o # — @
r ol (22)

" DiD2(z —c)?

Proposition 8 : Consider the Eq. (22) and let 6 € C(x) rational fraction Verify : 0' + 6% =r
We assume : d°r < 0. Accordingly, in view of (5) and (7) we have :

a.+3 1Dy, D) D

0= = — + = 23
r —cC + 2 DQ * Dl DO ( )
with Dy polynomial of degree :
1
d°Dy = \— §doD2 —d°D, (24)
where
A= Qoo — Qp (25)

one half positive integer of same parity as d°Ds.

Electronic Journal. http://www.math.spbu.ru/diffjournal 8
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Proof. We have : T
lim 20 = o, + = + édODg + d°Dy 4 d° Dy

T—00 2

1 1
(oo + §d"D2 +d°D; +d°Dy)* = lim 2*r 4+ -~ = o?

Z—00 4 o0

Thus: ]
§doD2 -+ dOD1 -+ doDo = Qo — O

Proposition 9 : Consider the Eq. (22) and let 6 € C(x) rational fraction Verify : 0’ +6* =r
We assume : d°r = 0. We have :

a.+3 1D, D) Dj

0=EFE@ — + = 26
()+LE‘—C 2D2+D1 DO ( )
with E*(0) = E(r) and Dy polynomial of degree :
1 1 1
d°Dy = =\ — =d’°Dy — d°Dy — = 27
0T 7 g T o (27)
where .
A= E@) xlgglo zlr — E(r)] — 2a, (28)
A s positive integer of parity against that of d°Ds.
Proof. We have :
1 1
QE(Q) [Oéc —+ 5 —+ §doD2 -+ dODl -+ doDo] = lim .’L'[T' — E(?”)]
T—r 00
Thus 1
1+ d°Dy +2d°Dy + 2d°Dy = ) xh_{IOlo z[r — E(r)] — 2a,
[ |

Proposition 10 : Consider the Eq. (22) and let 6 € C(z) rational fraction Verify : 0'+6> =r
We assume : d°r = 2v > 0. Let a the dominant coefficient of E(r), « the dominant coefficient
of E(9), t = % and Taylors expansion :

E
(twﬁ)% = 1+sit+...+s, 0t o™
a

We have : )
a.+s 1D, DI D!
6 =FE(0 c 2, -72 71, 70 20
( ) + Xr —C 2 D2 Dl DO ( )
Dy polynomial of degree :
1 d°D
d°Dy = as,11 — o, — _tvtals d°D; and o*=a (30)

2
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Proof. We have :
E@)=alt™” +st V4. +5)

and y
ASy+1 — 5 = SUM of residues of 6
Thus : .
a.+5 1D, D) D
0=FE@0 c 2, -2, 71,70
( ) + r —cC 2 DQ D1 DO
v 1 1
QSy11 — 5 =0+ 5 + §doD2 + doDl + dODD
Thus : . D
dODO = A&Spy4+1 — Q¢ — # — doD1

3.3 Case: (d°D3 # 0 and d°Dy # 0) or (d°D3 > 2 and d°Dy = 0)

DyD? and D3D, polynomials relatively prime. Thus there are two only polynomials N; and
N, such as :

DID%D?%DZ(T — E(T’)) = Nl(Dng) + NQ(D3D4)
doNl < do(D3D4)

Thus N N
- F ! 2 31
r=E0+ 5epr + By pins D, (31)
We have : N N . )
do(—1 ) = qo(—2 d° ) 32
(DgDz) 5.0, 0.07) < ¥ B.p,) < (32)

Because Dy does not have simple roots verify : d°Dy = 0 or d°Dy > 2. Thus: d°(D3Dy) > 2.
Thus :

. Ny
fm e pee =0 )
d°(r—E(r)) <0 (34)
Ny
d°(————
(50,0, <° (35)
We consider the rational fraction :
Ny
F=F —
(r)+ D2D? 0 (36)
where {1 D . D
= —[=(=3)? 1) (=2Y 37
G+ G+ D! (37
k=d°Ds#0 (38)

o 0 >
Proposition 11 : We assume { d°Ds 7 0 or { d°D3 2 2

d°Dy # 0 d°D, = 0

Electronic Journal. http://www.math.spbu.ru/diffjournal 10
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1. If - d°r >0 then : d°F = d°r and E(F)= E(r)

1
2. If : d°r < 0 then : d°F = —2 where lim 2*°F = 1
T—>00
3. For all c root of D3 we have:
1
lim(z — ¢)?F = lim(z — ¢)’r + ~
T—c T—c 4

4. For all ¢ root of Dy of multiplicity v we have:

(x—c)*r=(z—c)*F +o((x—c)"?)

Proof.
l.r—F= % + ¢ is from negative degree.
N 1
2 Jim o*F = i oy — i %0 = = i 0% = 4
3. Let ¢ root of Ds.
Ny (x—c)?
. 2 . 2 . 2
xh_}rilo(a: —o)(r—F) = }:1—% D00, D; + ilgi(x — )76
= lim(z —¢)?5 = 1
I rec 4
4. Let c root of Dy.
(r—c)¥(r—F) = M @™ (s

D1D3D;  Di

= o((x =)

Lemma 12 Let Z be non-zero rational fraction . ¥ is a finished set such as :
YN [Roots(Z) U poles(Z)] = (39)

1. Exists O open connected on which we have a square root holomorphic of Z, containing for
every ¢ € X a half-right closed by origin c.

2. If, besides, Z is from even degree then can choose O of complementary compact.

Proof. We fix ¢y not an element of ¥. Let ¥’ a finished set containing roots, poles of Z and
¢o. They consider all rights linked to the different pairs of points of ¥ U¥/.They choose a point
w not being on these rights. For all ¢ € ¥ U ¥’, which joins right w in ¢ does not contain any
other point of X U X'.

case 1 : d°Z even : Replacing Z by rational fraction: W

Electronic Journal. http://www.math.spbu.ru/diffjournal 11
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Assume d°Z = 0. We put: K = U [w, ¢].K is compact connected.
cey’
We put: O = C\ K. O is open at infinity such as for all ¢ € ¥ reaching right w in ¢ private of
w is contained in O.
If v a shoelace of O then K is in one connected component of C \ . Thus :
1 A A
%m ; ?(m)dx =+ Zresidue(i,c) =+d°Z = 0
cex’
Thus exist the primitive of Z7/ and the determination of logarithm of Z and the square root of
Z in O.

case 2 : d°Z odd : They use the previous case in replacing Z by rational fraction ﬁ [

Notation: We choose a square root of the polynomial of even degree : Ny + D3D3[E(r) — d]
on a connected open at infinity, roots of D3 and root of Dy. We put :

1
~ DsDy

SIS
(S

(£) (N1 + DiDi[E(r) — d]) (40)

d°D d°Ds > 2
Proposition 13 : We assume { 370 or { 5=

d°Dy #0 d°D, =0
We have:
1(DsyD3Dy) D) Dj

0=FE@®)+ Z ec(partial fraction of(F)% at c) +§m + D, + Do (41)
c€Root(D3)URoot(Dy)

where e, = +1

Proof. For ¢ root of multiplicity v > 2 of Dy

NI

(=)0 — S(@— )" )2 = (2 = )" (F)}) + of(x — )" ")

2
Thus : y )
(0= 8~ 2 (o — "™ = o — o) (F)* +ol(x — )" ™)
1% 1 1
6_—2(1:—0)756([?) +0(az—c)

Polar part of 6, associated in root ¢ of (D,), minus 3o 18 in sign meadows that of (F)z.
For ¢ root of D5 :

[(residue of 6 at c)— %]2 = lim((z — c)(F)%)2

Tr—cC

Thus: 1
[(residue of 0 at ¢) — 5] = e (residue of (F)% at c)

+@7 is in sign meadows that of (F)%

Polar part of 6, associated in root ¢ of (D3), minus e

Thus :
1(DyD3Dy) D) Dy

t S S el e 7 T Sl 1
atc) + 3 D.D:D, D, Dy

N[

0=FE@®)+ Z ec(partial fraction of (F)

c€Root(D3)URoot(Dy)

Electronic Journal. http://www.math.spbu.ru/diffjournal 12
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°D °Ds > 2
Proposition 14 : We assume: d°r < 0 and { ElloDi 7;00 or { ZODi _ 0
We have:
1 1(DyD3Dy) D) Dy
6= Z ec(partial fraction of (F)2 at ¢) + 5% D—i D—z (42)
c€Root(D3)JRoot(Dy)

where Dy polynomial of degree :

DS

c€Roots(D3)URoots(Dy)

ec (residue of ((F)%

Proof. We have:

lim x6 =
r—r00

D

c€Roots(D3)URoots(Dy)

1
and lim z%r + =
T—300 4

DY

c€Roots(D3)UZéros(Dy)

T—00

=

. residue of (F)

ec(residue

at

T—00

1 1 1
at C)+§dO(D2D3D4)+doD1—|—doDo—5]2 = lim :L'QT—I—Z

(43)

1 1
Of ((F)§ at C) + §dO(D2D3D4) + doDl + dODO

1
(lim 26 — 5)2 Thus :

1 1 1
c)+§d0(D2D3D4)+d"D1 +d"D0—§]2 = lim 2%r+-~

Z—>00 4

|
Proposition 15 : We assume d°r = 0. We have:
1(DyD3Dy) Dy Dy
0=FE@0)+ Z ec(partial fraction of(F)% at c) +§% + ﬁ + 32 (44)
c€Root(D3)URoot(Dy)

where E*(0)

0 o 1 .
d°Dy = 2E0) g}i}r&x[r—E(r)]—[

Proof.
E*(0) =
Thus:
2E(0)] ec(residue of (F)%
c€R(D3)UR(Dx)

at

E(r) and Dqy polynomial of degree :

2.

c€R(D3)UR(Dy)

1 1
ec(residue of (F)zat ¢)+ §d°(D2D3D4) +d°Dy]

(45)

E(r) and 2E(60) Z residue of 0 at ¢ = Z residue of 1 at ¢

c

1
C) -+ édo(D2D3D4) -+ dODl -+ doDo] = lim l’(?" — E(T))

T—00

Electronic Journal. http://www.math.spbu.ru/diffjournal 13
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Proposition 16 : We assume d°r = 2v > 0. We have:

1(DyD3Dy) D)  Dj

0=FE@®0)+ Z ec(partial fraction of(F)% at c)+ 2 DyDiD,s + D, + Do (46)
c€Root(D3)URoot(Dy)
where Dy polynomial of degree :
v . 1 1
d°Dy = asy41 — 5 [ Z ec(residue of (F)zat )+ §d°(D2D3D4) +d°Dy] (47)

c€Roots(D3)URoots(Dy)

Proof. Let a dominant coefficient of E(r), and we have :
as,41 — 5 = sum of residues of 0.

1(DyDsDy) D) Dy
0 =E)+ , Z / ec(partial fraction of (F)% at c) + 5% D_i + D_z
c€Zéros(D3)UZéros(Dy)
Thus :
1
ASy41 — g = [ Z Ee (Tesidue Of (F)% at C) + §dO<D2D3D4) 4+ doDl —+ doDo]
c€R(D3)UR(Dy)
Thus:
1 1
d°Dy = as,q4q — % — g. (residue of (F)2 at ¢) + EdO(D2D3D4) + d°D;|
c€R(D3)UR(Dy)

3.4 Case d’D3;=0 and d°D, # 0

Dy D2 and D, polynomials relatively prime. Thus there are two only polynomials Ny and N,
such as :
DlD%DgDi(T - E(T’)) = N1<D1D§) + N2D4
doNl < doD4

We have : N N
- E ! : 48
=BT Bt bopen, (48)

N
. 2 1 _
Jim D? 0 (49)
We consider the rational fraction :
N, 1 D,

F=F A —4 50
(r) + D2 4d0D4(D4 (50)

dng — O

Proposition 17 : We assume { D, 0

1. If - d°r >0 then : d°F = d°r and E(F)= E(r)
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1
2. If : d°r < 0 then : d°F = —2 where lim 2°F = 1

T—00

3. For all ¢ root of Dy of multiplicity v we have:

(x—c)*r=(x—c)*F+o((x—c)*1)

Proof.
l.r—F= Dlgém + 4de4(%)’ is from negative degree.
> N 1 D
. 2 o . _1 IR T 2 _4 /
A e F= i M 4, (O,

o 1 D

1
e — 1 ,: —
P 4d0D4(D4> 1

3. Let ¢ root of Dy :

v z—c)?” v D;
(2= (r=F) = 5% 55 + (2~ )" i (51

= o((z =)

[
Notation: We choose a square root of the polynomial of even degree : N; + D3[E(r) —
I dolD4 (g—i)’] on a connected open at infinity, root of D,. We put :
1 1 1 Dj 1
F)z = —(Ny + Di[E(r) — Mk 51
( )2 D4< 1+ 4[ (T) 4doD4(D4 2 ( )
Proposition 18 : We assume : d°r < 0. We have :
1 (DyDy) Dy Dy
0 = Z ec(partial fraction of (F)% at ¢) + 5 (DZDi) Fi D—Z (52)

c€Roots(Dy)
where e, = £1 and Dy polynomial of degree :

1 1 1
[ Z e. (residue of ((F)% at ¢) + §dO(D2D4) +d°Dy +d°Dy — 5]2 = lim 2% + 1 (53)

T—$00
c€Root(Dy)
Proof.

1
lim 20 = Z ec(residue of ((F)% at ¢) + ido(D2D4) +d°D; +d°Dy

T—00
c€Roots(Dy)

1 1
N AT Y .
xllr)gox r+4 (zh_{goxﬁ 2) . Thus :

1 1 1 1
[ Z ec residue of (F)2 at ¢) + §d°(D2D4) +d°Dy +d°Dy — 5]2 = lim 2°r + -

T—00 4
c€Roots(Dy)
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Proposition 19 : We assume d°r = 0. We have :

1(D2Dy) n Dy n Dy

1
=F ) ) F)2 — 4
7 0) + Z ec(partial fraction of (F)2 at ¢)+ > DD, D, D, (54)
c€Roots(Dy)

where . = £1 and Dy polynomial of degree :
Dy = —— limafr — ()| —[ Y & (residue of (F)} at &)+ ~d*(DyDs) +d°Dy
0—2E<9)xir£10xr r . (residue o at c) + 3 9Dy 1

c€Roots(Dy)
(55)

Proof.

E*(0) = E(r) and 2E(0) Z residue of 6 at c= Z residue of r atc

C C

2E(0)] Z gc (residue of (F)% at ¢) + %dO(D2D4) +d°Dy + d°Dy| = lim z(r — E(r))

T—00
c€Roots(Dy)

Proposition 20 We assume d°r = 2v > 0. We have :

LDxDy) Dy Dy

2 D,D, D, D,

0=FE®)+ Z ec(partial fraction of (F)% at ¢) +

c€Roots(Dy)

where . = £1 and Dy polynomial of degree :

1
d’Dy = as,1 — g — Z g. (residue of (F)% at c) + 5alo(D2D4) +d°D]

c€Roots(Dy)

Proof. Let a dominant coefficient of E(r). E(0) = at™ + sit= "V 4+ . 4+ 5,]. as,41 —

sum residue of 0, where a® = a. Thus :

1 1(DyD,) D' D!
0=E0)+ Z ec(partial fraction of (F)z at ¢) + §—< DZQDt) Fi Fg

c€Roots(Dy)
Thus:
1
asy1 — g = Z gc (residue of (F)% at ¢) + édo(D2D4) +d°Dy + d°Dy)
c€Roots(Dy)
Thus :
1
d°Dy = as,41 — g — Z gc (residue of (F)% at ¢) + §d°(D2D4) + d°Dy]
c€Roots(Dy)

(56)

(57)

2:
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4 Recurrent method at infinity

4.1 Presentation of Dy as determinant:

Proposition 21 : Let : ¢q,..., ¢, complexes constants . We put :
Plz) = (x—c1)...(x —cm) (58)
™ —prr™ + pex™E — 4 (= 1)™p,,
e .. ot
cp . . ot
For jeN, weput: o;=c| +...+ ¢, and A =
1 cm cm—1
1.
0o 01 Om—1
01 02 Om
A% = (59)
Om—1 Om O2m—2
2.
o1y Om—1 1
x
A?P(x) = (60)
Om 02m—1 xm
(o) g1 . . Om-—1
g1 g9 . . Om
Proof. A, | . ) polynomials at c¢q,...,c, with real coefficients. Thus,
Om—1 Om . . 0O09m—2
op . . Om-—1 1
) x
A?P(z) and | . ) . | polynomials at ¢, ..., ¢y, with real coefficients. Thus to
Om - . O9m—1 ™
have both identities we can assume ci, ..., ¢,,, x reals. Furthermore, we can content themselves
with the open of Zariski ¢y, ..., ¢y, x distinct real non-zero.
We have: Vj =1,...,m, cJ'= plc;””’l — pQC}”’Q — = (=1D)"pp.
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We put:
e, .o.odrtoer
o ..ot
Az) =
Cr - . CcTLogm
T ‘,L,mfl m
c ..ot 0
co . .ot 0
A(z) = = AP(x)
Cm cn=t 0
x ™1 P(x)
We put:
A1
1
v; = , pour j=1,....m
j—1
Cm
The scalar product:
<vjvp>= AP 4 A = g
Y%k~ — 9 m — Yjt+k-2
Matrix of Gram of wy,..., v, is:
0o o1 . . Om-—1
g1 g2 . . Om
G =
Om—-1 Om Oom—2
Thus :
(o4) o1 . . Om-1
g1 gy . . Om
A? =
Om—1 Om O2m—2
A1
1
We put : v,(z) = : ., Jj=1,...,m+ 1. We notice:
et
/7t
— j+k—2 __ i+k—2
< (), vp(x) > = < vy, v > +a’ = Ojyk—2+a’
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The j-th column of matrix of Gram of matrix defines A(z) is :

0j—1 1
O'j xr
+ 277!
Oj+m—1 ™
Thus :
oy 01 . . Om 1 o1 . . Op o9 - Om—1
01 09 .« Omt1 T 09 - . Omy1 o1 . Om
2
A(z) = | . o] N
m
Om Omy1 - - O2m x Om+1 - - O2m Om - O2m-1
_ i+j—2 .
= E x cofactor; j(M)
i,j
where
(o) 01 .o Om
01 02 -+ Om41
M =
Om Om+1 - - O2m
1
T

We obtain : A%(z) = A?2P%(z) = (1x...2™)Com(M)

:L,m

The cofactor (m + 1, m + 1) of M is A?. The adjoint of M is non-zero.
We prove that adjoint of M of rank 1.

det(M) = 0. Because : 0, = p10m—1 — P20m—2 — ... — (—=1)"pnoo
et Yk > m; op = p1ok-—1 — p2ok—2— ... — (=1)"PpOk—m
Thus, the (m+1)-th column of M is is a linear combination of other column.
1 0 .0
. . 0
We consider the matrix: Ey; =
0 0
oo + 1 01 .o Om
01 g2 .. 0m+1
M+ El,l = . . and
Om Om+1 - - O2m

m

:L.m—l—l

2m
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1 01 .o Om 09 03 .« Om+1
0 02 .« Om+1 03 04 . . Om+2
det(M—FELl) = det(M)—l— . . =
0 Om+1 - - O2m Om+1 Om+2 - - O2m
c1 cr’
It is the determinant of Gram of ' ey
Cm cn
Thus: )
c1 . cr’
det(M + El,l) =
Cm co
But:
g . . .c e ...t
. . . 1
= (_1)m_1pm . . = PmA
Cm - - . Ch N R |

Thus : det(M+Ey,) = p2 A% Or p,, = ¢1...c, is scalar non-zero, M + E, ; is invertible matrix.
M symmetric matrix, Com(M) symmetric matrix, we have :

MCom(M) = Com(M)M = det(M)I = 0; I matrice identité

Thus:
(M—i—El,l)Com(M) = ELlC'om(M)

Or M + E; is invertible and Com(M) # 0, Com(M) of rank 1.

Thus :
cofactor; m1(M)

tor; ;(M) =
cofactor J( ) Cofactorm+1,m+1(M)

cofactory,1 (M)

Fori=1,...,m+1,j=1,....,m+1, we put : C;; = cofactor; ;(M).

Cij  Cim+1 Cmiry
A2 A2 A?

Thus: o
2 ] it =2
P(z)* = g Ay &

1<i,j<m+1

. Z Cz’,mﬂ Cj,m+1 pHi—2
A2 A2

1<i,j<m+1
_ ( Ci,erl xi—l)?
— E N

1<i<m+1
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Or P is monic polynomial and : % =1
g . . . Om-—1 1
oy . . . Om T
Cimt1 1
Pl = gt =
Om Oom-1 T
We obtain :
Oop . . . Om-1 1
oy, . . . Om T
A?P(z) =
Om - - . Ogpoq ™
[ |
4.2 Taylor expansion of %
Proposition 22 : Let ¢y, ..., ¢, are pairwise distinct constant.
We put, for j=0,...,m: o, =c,+ ...+ ¢ and P(z) = (x — ¢1)...(x — ¢)
! P’ P, 1 1
—V 4+ (=) =2 61
P Er=Y = (61)
i#j
2. Weput : t= % Taylor expansion on the neighborhood of infinity :
(a) .
P P SRS
(S) + (3 = DU o2 ) — (1= Do ol (62)
=2 p=0
(b)
P&
T = Z ot (63)
1=0

;e 1
Proof. We have : % = Z

Gy +r = 3

r—C X — Cj
i#j ! J
1 1

_ Z[ C;—Cj + Cj—Ci ]
r — C; T —Cj

i#]

1 1

CZ‘—Cj[L'—Ci

= 2
i#]
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2. We put: t = % We have :

00 k k
_ 2 :§ :Ci G kt1
k=1 i J
As : i} i
E = E E c C;
Ci — ¢ J
it i#j ptv=k—1,0<u<k—1
m
— n+v
= > (000, = > ™
ptv=k—1, 0<pu<k—1 i=1
= | E 0,0, — ko1
pt+rv=k—1, 0<u<k—1
Thus :
o) k—
P\ l
(%) +( E OuOk—1-p) — kox_1]t
k=1 p=0

-2
Z 0u,01—2— M l—l)O’l Q]tl

Mg

=2 p=0
[ |
4.3 Research of D,
Let r = ﬁw rational fraction and 6 € C(x) where : 6 + 6% = r.
We put :
D/
=5+ — 64
+ 7 (o4
where S = FE(0) + Z 6. and Dy monic polynomial of degree m. We have :
c poles of r
Dj Dy Dj
r 2 / 2
2
0 +6°=5+5°+ (DO)+(DO)+ SDO (65)
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D), D) R
0 +0*=r<( )2+ 25 :E (66)

+
D0> (Do Dy

with B = DyD;D3Dy and R polynomials as: r — $' — §% = £
case 1: d°7r=2v >0
1 R

We have: d°S = v and dO% = v — 1. Taylors expansion of I%S, pr

We obtain the Taylors expansion of —1;[£ — 25 D—‘l)] at order L.

The Taylors expansion equal the Taylors expansion of : xu T [(g—é)/ + (3—3)2]

[(2) + (£)?] [see proposition 23] the coefficient of t¥+!

Lett=—>.In Taylors expansion of

$" Tivp P
is : 0(2] — 00 =m? —m. For | > 2, coefficient of 7~ use : oy,...,0_s.
Besides, we have :
m
D/
o= 2
Do 1 — et
s
ke gk
= D> dt (67)
i=1 k=0
oo
= E Uktk
k=

Thus, Taylors expansion of :

L Doy Dy LB, Dh

o = — — =25 68
() + (5] - ol — 2570 (68)
and the coefficient of ¢* is:
—2aoy, + polynomial at oy, . .., 01 (69)
® = (0 determine o by recurrence at k = v.
case 2 : d°r <0
The coefficient of t* in Taylors expansion of :
D) Dy o R Dj
U = 2?[(22) + (=2 = 4+ 228(z=2 70
PR + ()] 2 + 208 1Y) (10)
is :
2moy, — (k + 1)og + (2 lim xS)oy, + polynomial at oy, ..., 01 (71)
T—r 00

By recurrence o} at condition :

k#2 lim xS+ 2m —1

T—00

1 1
We have : lim xS +m = a2 + = with o = lim 2% + -.
T—00 T—00 4
For k # 2a.., to be o at function of oy, ..., 0.
If 20, € N then coefficient of t**> non-zero thus is no solution or is zero thus oy, is arbitrary

and oy; k > 204, depend in a unique way.

Dy is polynomial determined by oy, ..., 09,_1 by determinant formulae, the problem of non-
unique suite (0 )ren put if 20 is positive integer equal to or less than 2m—1, then 4 lim 2*r+1
T—00
is square of integer and :
lim 2%2r < m? —m (72)
T—00
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Example 23 In this example we consider the Riccati differential equation (2) where:

221
L 2eR* (73)

)
.CC2

r=-—1+

We have Dy =1, Dy =1, D3 = z and E*(0) = —1.
We can assume E(0) = i.

2t 2 2
igr%)x T+ 1= =%
. ap+=s D
0 = 2 4 20
vt T + DO
2i(ag + 3 +d°Dy) = 0. Thus : m=d°Dy = —apg— 3 €N
Thus : Oéoz—m—%;rz—l—l—%:—l—i-miﬁm and 0 = i—%—i—%&.
0 solution of Riccati equation if and only if Dy verify :
D6 ' D6 2 . m D6 .m
-0 —0 i — )20 —9; "
(5,) (g, 20— )p, =%
Thus ® = 0 where D . b
O — 2[(20) 1 (20321 49 = My 20y o,
(Y + (P2 420 = ) pe) - 2im
Taylors expansion of ® =0 at t = % :
co k-1
¢ = Z[(Z 0u0k—1-p) — kok—1 — 2moy_1 + 2ioy|t
k=1 p=1
As og =m. Thus:
k—1
P=0&VE>1, (Z 0u0k—1-p) — kok_1 — 2moy_1 + 2io, =0
n=0

For k=1, 02 — 09 — 2mog + 2ioy = 0 equivalent to 2ioy = m? + m.

k—2
Forall : k> 2, 2oy = kopy — Y 0,0k 14
pn=1
( 20y =12
2109 = 207
For example m = 3, : 2io3 = 309 — 0%

2i0’4 = 40’3 - 20’10'2

| 205 = b0y — 20103 — 0%
Thus , the polynomial Dy partner to :

0Op 01 02 1 3 —61 —6 1
o 02 03wl _|=00 =6 =9 e s 10i? — 20250 — 20250
09 O3 04 332 —6 —97 —bH4 ZEZ
o3 04 05 IO —9; =54 99; 23

Thus
Dy = 2® + 6iz? — 152 — 154
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5 Method of last minor
Let r = m rational fraction and § € C(z) as : 6’ + 6* =r.
6 solution of Eq (2) if and only if Dy verify :

BD} +2SBD}, = RD, (74)

We choose a complex number ¢ not pole of r and we use the expression of polynomials following
the powers of = — c.

For the sake of simplicity, in the following we assume that ¢ = 0. Constant coefficient constant
of B is non-zero.

Denote by ay, by and rj, coefficients of ¥, in A, B and R respectively, k € N.

If ke Zthen: a,=b.=r,=0.

5.1 Case d°r <0

We put : § = %

If d°B =1 then r are pole unique, it is simple or double. If ¢ simple pole of r then r of degree
—1 and Eq (2) has no rational solution.

If ¢ double pole of r then : A = a, + %,
Thus, Eq (72) :

a?2-—1
r= 1—6)42 and R = 0.

(z

Dy —2(ac+ 3)

F() = p—— (75)

The solutions :
D} = (~2a.)(x — o) 2! (76)
Do =(z—c)7* + 1 (77)

where [ non-zero constant .
We have, an infinity of the other rational solution when —2a, € N*, with the same parity of S.
We assume : d°B > 2 and we look Dy polynomial of degree m > 1 verify Ed (72).

d°B > 2

P —m>1 and Dy verify Ed (72).

Proposition 24 : We assume : d°r < 0, {

d°(BDY + 2AD}) < d°B +m — 2
1. We have: 0 0/ =

c nave { d°R < d°B — 2

2. We have: rgop_o = 2a405_1m +m(m — 1)

—1_
3. We have: { @B =32~ T O
rgop—2 = M(200 — M)
Proof.

1. d°(BD{ + 2AD)) < sup(d°(BDy),d°(2ADJ))
If Dy =1 then :

sup(d°(BDY), d°(2AD})) = d°(2AD,) = d°A < d°B — 1 = d°B + d°Dy — 2
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d°(BDY) = d°B +m — 2

If d°Dy > 2 then :
0= <then {dO(QADg):dOA+m—1§dOB+m—2

2. We have : d°(RDy) < d°B + m — 2 and coefficients of 2% 5t™~2 in Eq (72).

3. Accordingly, in view of : lim z6 = a, + —.

T—00 2
|
We put :
1 01 0
x 0
7 2 2
v(x) = —R +2A : + B
' ma™ ! ' L
xm m(m — 1)z™
(78)
vy (x)
va ()
_ vs(x)
Um—&-l(x)
The k' element of v(z) is:
ve(z) = Bk — 1)(k — 2)2" % 4+ 2A4(k — 1)2"2 — Ra*! (79)

d°B+k—3

vg(z) of degree equal to or less than d°B + k — 3 and x of coefficient:

(k= 1)(k = 2) + 2451 (k — 1) — rap_»
(k= m — D)2z 4k 1) (50)
= (k —m — 1)(2ad03,1 +m+k— 2)

For k < m, the coefficient of 24" 5+¥=3 is zero if and only if :
2adoB,1 = —(m +k - 2) S {—(m — 1), —-m,..., —2(m — 1)}

Um41 of degree equal to or less than d°B 4+ m — 3.

For k > 3 the coefficient of more low degree of vy, is coefficient of: "3 equal by(k — 1)(k —2) .
Let V matrix of m+ 1 row and k™ row is row [}, of coefficients of vy, (z) in basis of Cgopm_3[X].
l3,..., Lt linearly independent system.

The Eq (72) give :

Dy=dy+dix+...+2™, (81)

obtained :
dovi(x) + ... + dip—10m(T) + Vg (z) =0 (82)
doly + ...+ dpm_1lyy + L1 =0 (83)
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Thus, the matrixV" is rank m — 1, m or m + 1 .Accordingly, existence of Dy correspondent

linearly dependent in row I, 11 of l1,...., 1, .
Let cq, ..., ¢y, roots of Dy distinct.
(o) oy . . Ompm—-1
01 o2 . . Om
Weput for jeN:o; =] +...+ ), et A? =
O—mfl O_m . . 0-277172
00 Om—1
The m column vector R ) , of m+1 column of are linearly independent.
Om O2m—1
0o Om—1
The equation of hyperplane H engendered by vectors ' e ' is:
Om O2m—1
op . . . Om—1 T
o . . . Om i)
=0 (84)
Om - « - 0O2m—1 Tm+l

The coefficient of x,,4; is A% # 0 and H as equation:

Tmt1 = )\11’1 + ...+ )\mJTm (85)
where A ...\, scalar satisfying :
(Om, . 702m—1) = )\1(0'07 e ,O'm_l) + ...+ )\m(o—m—ly P ,O'Qm_g) (86)
ol Om—1 1
o . . . Om i
The derivative of | . . . | is derived last column . The Eq (72) equivalent to :
Tm Oom—1 T
) Om—1 1
o1 Tm v1(z)
=0 (87)
Om - - - O2m-1 Um+1($)

Thus, Vz, v(x) € H. Application of Taylor, this equivalent to columns of matrix V' in hyper-
plane H.

lnr = Ml + o+ Al (88)
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o9 . . . Ome1 1 o0 . . . Om—1 1
o1 . . . Onm x o1 . . . Onm x
Om—1 - - . O9m—2 Z‘m_l (89)
Om - - . O9m—1 ™ 0 Coe 0 xm—/\l—/\gm—...—)\mxm_l
= A?[z™ — A\ — dow — ... — A}
gp . . . Om-1 1
o1 . . . On x
The polynomial Dy partner to | . : . |.Thus :
Om O2m—1 x™
Do(z) = 2™ — Ay — dox — ... — 2™ ! (90)
For k=1,...,m+ 1, we put:
() = pr(a) + 2P 2wy (91)
where d°py(x) < d°B — 3.
w1
The matrix W partner to: . is triangulares where k' entry diagonal equal (k — 1 —
Wi,

m)(2agep—1 +m + k — 2). The coefficient is non-zero except possibly for a single value of k.
wy
Thus, rank of . ism or m— 1.
Wm,
For rank(V') = m, the Eq (72) as solution equivalent to [y, ..., [, linearly independent.
Hence, after, we assume : rank(V) = m — 1. In that case [; and [y are linear combinations of

l3,...,lnt1. One of both combinations has to express [, 1. Thus we have two situations.
Situation 1 :
[ linear combination of I3, ..., l,,+1 where coefficient of [,,,1 non-zero. By replacement of [,, 1,
we obtain [; is linear combination of lo, ..., [,,.
Thus, w; is linear combination of ws, ..., wy,. (ws,...,w,) libre system where d°wy, = k — 1
for: k=2,...,m. Thus : wy; =0.
If .

ll = Z Oéjlj (92)

j=2

where a; constant, then :
w, = Zajwj (93)

As w; =0, thus for all j =2,...,m, «; =0 equivalent to /[; =0. Thus R =0
First way of having D:

Dy —24
Zo 24 94
D, B (94)
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_TEA has to be the sum of simple elements of the shape:
Thus: Dy =Dy =D;=1and D3 = B.

For all ¢ root of D3, —2a, = . + 1; where ag = lim(x — 0)27’ + 1

fe

r—cC

where p,. greater or equal than 1.

Tr—cC
Thus : ]
a. <0 and 4lim(z — ¢)*r + Z] = (pe + 1) (95)
Tr—rcC
Thus :
Dy=m H (x — c)te (96)
c€Root(D3)
Dy is primitive non-zero in roots of Ds.
Second way of having Dy:
bt = DAl (97)
j=2
where); constant (j = 2,...,m) The relations linearly dependent between l,,,41 et l1,..., 1Ly,
are : .
lr = A1+ > Nl (98)
j=2
Thus we have an infinity of solutions :
Dy=am—A=> Na'™! (99)
j=2
where \ arbitrarily constant.
Situation 2
[y is linear combination of I3, . . ., [,,41 where coefficient of [,,,,; non-zero and /5 is linear combina-
tion of I3, ...,[,. Thus, wy is linear combination of ws, ..., w,,. Thus, ws = 0. wy,ws, ..., wy,
libre system .
If - .
lg = Z&jlj (100)
j=3
then :

j=3

As: wy =0. Thus, for all j =3,...,m, «o; =0 equivalent to l =0 and 24 —zR =0
First way of having D:

2A
—Dy =2AD; + BD; (102)
x
2A(Dy — xDy) = xBDy (103)
We put : Q = Dy — zD,. % = —%.
Dy=Dy=Dy=1 and Q= (1—m) H (x — ) (104)

c€Root(D3)
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Thus: Dy = Cx avec C' = —%; C rational function.
The coefficient of x in @ is zero. @'(0) =0 (A(0) =0 ; 24 = zR)
Second way of having Dj:

lnr = Ml + > Al (105)
=3
Thus : .
Do=am—> Na'™! (106)
j=1

lambdasy arbitrarily constant.

5.2 Cased’r=2vr>0

We put : E = E(f) and S = E + 4. We have:

d°(BD{) <d°B+m — 2 (107)
d°(EB+ A)Dy=d°B+m —1+v
Thus
d°(RDy) =d°B+m —1+v (108)
Thus, d°R=d°B+v — 1 and 74,1 = 2am where o dominant coefficient of F.
We put :
1 0
1 0
2 2 2
o) = —R| © | +2EB+4) Y |+B
xm ma™ ! m(m — 1)z™ 2
(109)
v ()
va()
_ vs(x)
Umn41(T)
The k' element of v(x) is :
ve(z) = B(k — 1)(k — 2)2" 2 + 2(EB + A)(k — 1)2* 2 — Ra** (110)
vr(x) of degree equal to or less than d°B + v + k — 2 where coefficient of z%BH++=2 equal

2a(k —1—m).
For k = 1,...,m, the k' element of v(x) of degree: d°R + k — 1.
The (m + 1) element of v(x) of degree equal to or less than d°R +m — 1.

Proposition 25 We put : vi(z) = pp(x) + 2% Fwy(x) where d°py(x) < d°R.
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1.
d°wi(x) =k—1 pour k=1,...,m (111)
d°Wp1(x) <m —1
2. (wy,...,wy) libre system and
W1 () = Mwr (x) + ... + Apwp () (112)
where A1, ..., A\, constants
3.
DO =" — )\1 - )\21‘ — ... )\m_ll‘m_l (113)
1s solution if and only if
Example 26 In this example we consider the Riccati differential equation (2) where:
! EI S SR I
r= — x
(x+1D)* (z41)2 4(z+1)2? =x+1
Dy=Dy=D3=1, Dy=(z+1)% d°(r)=2,v=1. We have
Pog?yop it 1
N (x 4+ 1)* 4(x 4+ 1)?
Study at (-1): Laurent series development at —1 :
1 1 5
2 =¢_ — )y e ==+l
(F)> = 1((;E—|—1)2 2w+1) " )i e
Study at infinity: We have : Ex(;’) =1+t* where t = 1,
(1426%)2 =1+ 2+ o(t?)
Thus : s,41 =1 et E(0) = ax where o = 1.
1 5 1 D
0=ar+e_ — + + =
1((95 Y12 20zt 1)) (x+1) Dy
o v 5e_y 95¢_1 3
a=—1 a=1 _ , ,
Case : ] and ] are to be rejected because we obtain negative values
E_ 1= — E_ 1= —

Of Do.

Afra=1ande_y =1 then : d°Dy =2
Lf ra=—1ete_y=1then : d°Dy=0
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Casel:a=1ande_; =1.

1 3 n Dy
(x+1)2 2(x+1) Dy
where d°Dy = 2. Research of coefficients of Dy.

0=x+

= 1 ___3
S = T4 e T o
x3+2x2—%x—%

(z+1)?

r—S8 —5%=2% where: R=42?+4z and B = (1 + z)*.

1 0 0 —4x — 42?
v(z)=—R| x |+2SB| 1 |+B| 0 |=] -1—2—22°
x? 2x 2 2+ 22 + 423
0 —4 —4 0
V= -1 -1 0 =2
2 2 0 4

ls = —2ly. Thus : Dy = 2> + 2z .

0 n 1 3 n 2(x+1) N 1 3 n 1 n 1
= — = — —_
(x+1)2 2x+1) 2242z (x+1)2 2x+1) = x+2
Case 2: a=—1 and e_1 = 1. We obtain the rational fraction :
1 3
0=—x+

(z+1)2 2(x+1)

It cannot be solution because the sum of this fraction with the already found solution is not the
logarithmic prime of a rational fraction.

Example 27 : In this example we consider the Riccati differential equation (2) where:

i+ L4 29 8 _ 64 152 N 30 10
16 (x—1)2% (z—1)P° 6(x—1)* 9(xz—1)2 27(x—1)2 18(x—1) (z+2)? 8l(z+2)

Dy =Dy=1, D3y=x+2 and Dy = (x — 1)*. We have :

r =

1

- . _ 3 2 - =

Ny = (2418 - 2454)(c — 1) + (0 +2)", 6= —gm;
g L (24182 - 2454) (o — L’ + (2 +2)° T

16 (v —1)3(x +2)? Hz+2)?

Laurent series development at 1 :

— ) e ==+1
1((31:—1)4 -1 )i e

11
o(————— + .)€ = +1
€ 2(2(a:+2)+ ); €-2

—~
T

~—
[
I
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We have :
1(D2D3D4)’ B 1 N 2
2 DyD3Dy  2(x+2) w-—1
Thus :
1 2 11 1 2 D!
0=FE( _ =0
O+l Ty ey o1 T D
where .
E?(0) = E(r) = —
(6) = B() = o
116_2 5)
d°Dy = — 2 — =
() A
Case { c 1 and { “1
_9 = 1 E_9 =
0-

Case 1: If:ey=1e5=—1, E(#) =1 then : d°Dy =1.
1 1 5
0=-+

Dy
—~ -
4 (r—1* z+2
Research of coefficients of Dy.

Dy

gl 1 5
4 (=1t 242

sot — 1023 4 1922

r— (S + 5% =& where : R

—182+3 ,B=(z—1)*z+2)

_ 1.4 3 _ 2 _3
_R(1>+2SB<(1)>:< Lot 4 102% — 1922 + 18z 2)
Xz

v(x)

—x* + 2023 — 3822 + 36x — 1

v 7318 19 10 -
~5 36 —38 20 —5

l2 = 2[1 Thus : D() =x— 2.

1 1 5 1
9121—1—

(35—1)4_x—|—2+:1:—2

Case 2: If :e1=1,e_9=—1, E() = =} then : d°Dy = 9.

o _ -1 n 1 5 n Dj{

n (LU — 1)4 x4+ 2 DO

She cannot be solution because the sum of this fraction with the already found solution is
not the logarithmic prime of a rational fraction.
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Case 3: If ey =—1,e_9=—1, E(9) = =} then : d°Dy = 5.

~1 1 5 4 D)

03 = -
ST T T -1 z+2 2-17D,

Research of coefficients of Dy.

P 1 5 4
4 (-1 42 w1

R = 2a" +362° — 1372% + 1682 — 88 , B = (x — 1)"(z +2)

-37 —168 137 36 2 0 0 0 0
-32 =L 266 180 —37 2 0 0 0
yo| 4 ™ —162 368 219 36 3 0 0
0 12 -138 =22 474 254 -33 1 0
0 0 24 —212 —95 —584 285 -—28 1
0 0 0 40 =300 =¥ —698 312 —21

2

We consider V,, the minor 6 x 6 obtained by column vector 1, 2,6, 7, 8, 9. In Z/5Z :

22 0 0 0 O
22 2 0 0 0
-1 2 =1 =1 0 0

%_02—1210
0 0 1 0 2 =2
0 0 —2 2 2 —1

detV, = 1. Accordingly, row 6 is not linear combination of other row and Dy he does not
have Dy.
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