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Abstract. This paper concerns the study of the following stochastic differ-
ential equation:

dX = —f(X)dt + o(X, )pdW,

X(0) =z > 0,

where ¢ is a positive parameter, f(s) € C!(R) is a positive and increasing
function for the positive values of s, o € C*(R x R), W is a (one dimensional)
Wiener process defined on a given probability space (€2, §,P) with a filtration
{T }i>0 satisfying the usual conditions. Under some conditions, we show that
any solution of the above problem extincts in a finite time and its extinction
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time goes to the one of the solution of a certain differential equation as € goes to
zero. We also extend the above results to other classes of extinction problems.
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1 Introduction

In this paper, we consider the following stochastic differential equation (SDE)

dX = —f(X)dt + o(X, )pdW, (1)

X(0) =z > 0, (2)

where € is a positive parameter, f(s) € C*(R) is a positive and increasing func-
tion for the positive values of s, ¢ € C}Y(R x R), W is a (one dimensional)
Wiener process defined on a given probability space (€2, §,P) with a filtration
{F}i>0 satisfying the usual conditions (i.e it is right continuous and {§}¢ con-
tains all P-null sets (see [11]). Let us notice that our stochastic differential
equation is given in Stratonovich form. It is well known that if a SDE is given
in It form, it may be rewritten in Stratonovich form. In fact, if X (¢) solves

dX = —f(X)dt+ g(X)dW, where the SDE is given in It form, then X (¢) solves
dX = —f(X)dt + b(X)odW

with .
b(s) = f(s) + 59 (s)g(s).

The first SDE dates back to 1930 and has been written by Uhlenbeck and Orn-
stein (see [17]) and has been used as a model for the Brownian motion (irregular
motion of a particle suspended in a fluid first observed on the microscope by
the botanist Brown in the XIX century). A mathematical study of SDFE; is
due to It half a century age and they have extensively used in practically all
branches of science and technology from physics to biology (see [1], [4], [9],
[11]-[13], [15]-[17] and the references cited therein). We know that a solution
X (t) of the SDE in (1)-(2) may extinct in a finite time, namely there exists a
finite time T such that X(¢) > 0 for ¢t € (0,7) but X(¢) = 0 for t > T. The
time T is called the extinction time of X (¢). In the case of ordinary differential
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equations (ODE), one may determine easily the extinction time in a lot of sit-
uations. In the case of SDE, the problem is more complicated because of the
stochastic term. Our aim in this paper is to describe the extinction time when
e is small enough. Our work was motived by the paper of Friedman and Lacey
in [8] and the one of Groisman and Rossi in [10], concerning the phenomenon
of blow-up (we say that a solution blows up in a finite time if it reaches the
value infinity in a finite time). In [8], Friedman and Lacey have considered the
following initial-boundary value problem

ur(x,t) = eAu(z,t) + f(u(z,t)) in Qx(0,7),
u(z,t) =0 on 00 x(0,7T),

u(z,0) =ug(x) in €,

where A is the Laplacian, ¢ is a positive parameter, f(s) is a positive, increasing,

convex function for the nonnegative values of s, O+°O % < 400, {2 is a bounded

domain in RY with smooth boundary 9, ug(x) is a continuous function in €.
Under some additional conditions on the initial data, they have shown that
if € is small enough, the solution u of the above problem blows up in a finite
time and its blow-up time goes to the one of the solution «(t) of the following
differential equation

a(t) = fa(t), t>0, a0)=M,

as € goes to zero where M = sup,cq uo(x).
Let us notice that the blow-up time of the solution «(t) of the differential
equation is given by Ty = ]\ZOO %. A similar result has been obtained by

Groisman and Rossi in [10], where they have considered the SDE below
dX = f(X)dt + o(X,e)edW,

In this problem, o(X,e) which represents the diffusion of the SDE plays the
same role as eAu of the partial differential equation considered in [8]. In this
paper, we obtain an analogous result for the problem of extinction.

Our paper is written in the following manner. In the next section, we show
that when ¢ is small enough, any solution X (¢) of the SDE defined in (1)—(2)
extincts in a finite time and its extinction time goes to the one of the solution

of a certain differential equation. Finally, in the last section, we extend the
results of section 2 to other classes of extinction problems.
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2 Extinction times

In this section, under some conditions, we show that if € is small enough, any
solution X (¢) of (1)—(2) extincts in a finite and its extinction time goes the one
of the solution of a certain ordinary differential equation (ODE). For the sake
of simplicity, let us start with an example concerning the ODEs.

Consider the following ODE

y (1) =—y"t), t>0, (3)

y(0) = M >0, (4)

where p > 0. An explicit solution of (3)—(4) is given by

y(t) = —— o if >l

y(t) = (M"? — (L= p))T7 if 0<p<l,

where (z), = max{z,0}.

Thus, we see that if p > 1, 0 < y(t) < M for t > 0 and lim;_, . y(¢ ) =0, but
f0<p<l1l,0<y(t) <Mforte [O,Afi;p) but y(t) = 0 for t > 5 M2 In this
case, we say that the solution y(t) of (3)—(4) extincts in a finite tlme and the
time Ty = % is called the extinction time of the solution y(t).

1
More generally, consider the following ODE

a(t)=—f(alt), t>0. (5)

a(0) =M >0 (6)

where f(s) € C'(R) is a positive and increasing function for the positive values
of s. It is well known that if the integral fo ) diverges then the solution
a(t) of (5)—(6) satisfies 0 < a(t) < M and lim;_ ;. a(t) = 0 but if the integral

fOM % converges then the solution of (5)—(6) extincts in a finite time and its

extinction time Tp is given by Ty = |, M di
Thus, we see that for certain ODEs, the extmction times of solutions are given
explicitly.

Now, let us consider the SDFE,. Our first result is the following.
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Theorem 1 Suppose that 0(X,e) = ¢X and fo < 4o00. Then for almost

every w, any solution X (t) of the SDE in (1)- (2) extmcts in a finite time for

every € > 0 and its extinction time T goes to [° -4 as e tends to zero.
€ 0 f(s)

Proof. Since o(X,¢) = X, then we have

dX = — f(X)dt + e XodW,

Setting Z = Xe ", it is not hard to see that dZ = e=*WdX — eeW XydWV,
which implies that
dZ = —e= W f(eV Z)dt.

This gives a non-autonomous ODE for each w such that W(.,w) is continuous,

Z,(t) = —e~ Wt (W) 7 (1)), t >0,

Zw(O) = Xy.

In the above problem w is regarded as a parameter. Consider M > 0 and define

Ay ={w : W(.,w) iscontinuous and  max |W(.,w)| < M},
0<t<T+1

where T' = f o ds . Let Z; be the solution of the following ODE

Z\(t) = —e~Mfe*MZ,(t), t>0,

Z1 (O) = Xyp.
Similarly, let Z5 be the solution of the ODE below
Zy(t) = =M f(eM Zy(t)), t >0,

ZQ(O) = Xyp.

It is not hard to see that Z;(t) extincts at the time 7% = M fo Mo f‘gs) and

Zs(t) extincts at the time T5 = e %M fo o %. By the maximum principle
for ODE, we discover that

Zo(t) < Zy(t) < Zy(t) for t>0, we Ay.
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Therefore, if w € Ay then Z,(t) extincts in a finite time 7 such that 75 <
T¥ < T7. Obviously, we have lim._o 75 = lim._o 77 f o ds . Consequently,

we obtain lim. o7 = [;° fcés) Use the fact that P(J3,_, AM) =1and X =

e Z to complete the rest of the proof. [J
Consider now the SDE in to sense. It may be rewritten as follows

dX = — f(X)dt + eXdW, (7)

We have the following result.
Theorem 2 Theorem 1 remains valid if X (t) solves (7)—(8).

Proof. Applying the formula given in the introduction, the SDE in (7)—(8)
may be rewritten in Stratonovich sense in the following manner

2 X

dX = —f(X) - T + EXodVV,
X(O) = Xy.
Setting Z = Xe~°", it is not hard to see that
dZ = e WdX — ee™ " XodW

which implies that

2
—e Z]dt.
2

This gives a non-autonomous ODE for each w such that W(.,w) is continuous,

dZ = [V (e Z) +

82

Z,(t) = =Vt f(eEWED) 7 (1)) + Eesw(t"")Zw(t)], t>0,

Zw(O) = Xy.
Consider M > 0 and define

Ay =A{w : W(,w) iscontinuous and max |W(.,w)| < M},
0<t<T+1

where T' = f . ds . Let Z; be the solution of the following ODE

82

Zy(t) = —[e= M f(e=M Zu(t)) + 56‘52‘421(15)], t >0,
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Zl(O) = Xy.
Similarly, let Z5 be the solution of the ODE below

62

Zo(t) = =M (e Za() + SN (1), >0,

ZQ(O) = Xp.
It is not difficult to see that Z;(t) extincts at the time

—eM

e i) d
Tla — GZEM/ 02
0 flo)+ SeMo

and Z(t) extincts at the time

eM .

(& o d
15 = e_QEM/ 02 )
o flo)+5eMo

We observe that the above times are finite because fo % is finite. Owing to
the maximum principle for ODE, we obtain

Zo(t) < Zy(t) < Zy(t) for t>0, we Ay.

We deduce that if w € Ay then Z,(t) extincts at the time T which is estimated
as follows
T; <T¢ <Tj.

Since fo % is finite, applying the dominated convergence theorem, it is not
hard to see that

ZTo d
lim 77 =lim T = iy
e=0 el o flo)
Hence, we have
o d
imT% = [ 2
e=0 o f(s)

Use the fact that X = e Z and P(US_,Ay) = 1 to complete the rest of the
proof. []
Now, let us consider the general case. We have the following result.

Theorem 3 Let ¢.(s,x) be the flur associated to the ODE 3y = o(y,¢€), y(0) =

x and let H(s,x,e) = f(fzés’é))g(;’g). Suppose that

lii%H(s,x,g) = f(x), (9)
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H(s,z,e) > H(t,z,e) if s>t (10)

and there exists a function kg(x) such that

1 1
m < ks(z) € L ([0, xq]). (11)

Then for almost every w, any solution of (1)-(2) extincts in a finite time and
its extinction time T satisfies the following relation lim. . TY = Ty where
Ty = fox“ %. In addition if for every s € R, there exists l; such that

0 1 1
EW < ls(x) €L ([0,1‘0]), (12)

then there exists a random variable K = K(w) such that with total probability
|T5 — T()’ < eK.

Proof. Since ¢.(t,z) is the flux of the following ODE

y=oye),
y(0) = .
we have
(@)t ) = o(¢e(t, x), €), (13)
¢:(0,2) = . (14)

Let Z,(t) be the solution of the Random differential equation

_ _f(¢E(W(taw)7 Zw(t)))
e = = W tw), Zo()

t>0, (15)

Z,(0) = xq. (16)
Setting X (t,w) = ¢-(W(t,w), Z,(t)), we observe that

dX = (Qbe)t(m Zw)dW + ((bs)x(m Zw)dZw
o(p-(W, Z,),e)dW + (¢.).(W, Z,)dZ,
= o(X,e)dW — f(X)dX.
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Therefore, X is a solution of the SDE defined in (1)—(2). On the other hand,
from (13)—(14), we get

do.
= dt,
o(p-(t,x),¢)
which implies that
¢e(t,7)
/ s _y (17)
. 0(se)

Take the derivative in x of (17) to obtain

(0:)e(t, ) 1 _
o(p:(t,x),e) o(x,e)

which implies that

It follows from (13) that

5 _ —F@(W(tw). Zu(1)o(Zu(t) <)
? o(9:(W(t,w), Z,(t), )

Take the expression of H to arrive at

Z,(t) = —HW(t,w), Z,(t),e), t>0,

Zw(O) = X2y-
Consider M > 0 and define

Ay ={w : W(,w) iscontinuous and  max |W(,w)| < M},
0<t<Ty+1

where Ty = [ %. Let Zi(t) be the solution of the following ODE
Z(t) = —H(—M, Zi(t),e), t>0,
Zl(O) = Xy
and let Z5(t) be the one of the ODE below

Zy(t) = —H(M, Zy(t),¢), t>0,

ZQ(O) = X2y-
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From (11), we observe that the integrals [ L and [ are finite.

0 H(—M,se) HMs)

We deduce that the solution Z(t) extincts in a finite time Tf = [° m
Zo ds

0 HOIsE)" The maximum

and the solution Zs(t) extincts in a finite time 75 =
principle for ODE implies that

Zo(t) < Zy(t) < Zy(t) for t>0, we Ay.
Therefore, if w € Ay then Z,(t) extincts in a finite time T such that
Ts <T¢ <Ty.

Due to (11) and the dominated convergence theorem, it is not hard to see that

T ds
lim 77 = hmT Ty = —.
0! i oy F(s)
Therefore, lim. .o 7% = Ty. We observe that P(J,/°, Ayr) = 1. Use Taylor’s

expansion to obtain

1 1 0 1

H(—M,s,2)  H(—M,s0) 0z H(—M,s,2)’

where € is an intermediate value between 0 and €. We deduce from (12) that

"o ds T s -
/0 H(—]W,s,g)S 0 mﬂLs/ I_n(s)ds.

It follows that there exists a random variable K = K (w) such that

T, —Ty| < eK
and the proof is complete. []
Remark 1 If o(x,e) = cx and f(s) = s with 0 < g < 1 then
d-(s,2) = xe” and H(s,xz, ) = ale 1703,
If o(z,e) = eaP and f(s) = s? with 0 <p < q < 1, then

a—p

be(s,x) = (7P + (1 —p)ss)ﬁ and H(s,z,¢) = 2P(z"? + (1 — p)es)i-r.
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3 Other extinctions times

In this section, we show the possibility to extend the results of the previous
section to another problem of extinction which is called problem of quenching.
To illustrate our analysis, let us consider the following ODE

!

y(t)=—-y"), t>0, (18)

y(0) = M >0, (19)
where p > 0. An explicit solution of (18)—(19) is given by
p+l

y(t) = (MP* = (p+ 1)t)i1 for te 0T

).

(t) reaches the value zero which implies

Hence we see that if ¢t = M
p+1

that 7/ () explodes at the same time. In this case, we say that the solution y(t)
quenches in a finite time.
More generally, consider the following ODE

y (1) =—fly(t), t>0, (20)

y(0) = M >0, (21)

where f(s) is a positive decreasing function for the positive values of s,
limg o+ f(s) = 400, fo ds < +400. It is not hard to see that M > y(t) > 0

for t € [0,1}) but l1m,g_,T0 ( ) = 0 where Ty = OM f‘és)
that y(t) quenches in a finite time and the time Tj is called the quenching time
of y(t). Let us also notice that the derivative in t of y(¢) explodes at the time
Th.

Now, let us consider the following SDE
dX = —f(X)dt + o(X, e)odW, (22)

Therefore, we discover

X(0) =z > 0, (23)

where f(s) is positive, decreasing function for the positive values of s,
limg_,o+ f(s) = +00. We have the following result.

Theorem 4 Suppose that o(X,e) = X and fo < 4o00. Then for almost

every w, any solution X (t) of the SDE in (22)- (23) quenches in a finite time

or every € > ana s quencning ime goes 10 2o as g 1enas 1o zZero.
0 and it hing time T to 5" 765 tends t
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Proof. Since o(X,e) =X, then we have

dX = — f(X)dt + e XodW,

Take Z = Xe W, A straightforward computation yields
dZ = dXe " —eXe=WdW,

which implies that
dZ = —e W f(X)dt.

Use the expression of X to obtain
dZ = - (e 7).
Introduce the following Random differential equation

Zu(t) = — W [V 7, (1)),

Zw(O) = Xy-
Consider M > 0 and define

Ay ={w: W(,w) iscontinuous and  max |W(,w)| < M},
0<t<Tp+1

where Ty = [7° -2 Let Z,(t) be the solution of the following ODE
0 f(s) g

Zi(t) = —e~Mfle=MZi (1), t>0,

Z1 (O) = Xy,
and let Z5(t) be the one of the ODE below
Zy(t) = —eM f(eFM Z,(t)), t >0,

ZQ(O) = X2y.

Setting g1(s) = e M f(e7*Ms) and go(s) = "M f(e“Ms), one easily sees that
im0+ g1(s) = 400, limg_g+ g2(s) = +o0,

©ods oy / " do
=e — < +00,
/0 g1(s) 0 f(o)
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M

o (s Y / 0 do
=e — < +o00.
/0 92(s) o  [flo)

On the other hand, the maximum principle for ODE implies that

Zy(t) < Z,(t) < Z: (1),

as long as all of them are defined. Hence, it is not hard to see that Z(t)
quenches at the time

e My
Tls — 625M/ ’ ﬁ
0 f(s)
and Z(t) quenches at the time
T5 = e %M /GEM% ﬁ
0 f(s)

We deduce that for w € Ay, Z,(t) quenches at the time 7 which obeys the
following estimates
T <T? <1T7.

Let us notice that lim._,¢ 75 = lim. 017 = Oxo %. Therefore, we conclude that
lim._, 7T¥ = O"TO %. Since P(lJ3,_; Ax) = 1, using the fact that X = eV Z,
we see that the solution X (¢) of the SDE quenches in a finite time with total
probability and its quenching time 7 goes to Oxo % as € tends to zero. This
ends the proof. [

When (X, ¢e) = X, the above theorem reveals that any solution of (22)—(23)
quenches in a finite time. In the following, we want to know what happens if
we consider the SDE in to sense. In this case, our problem can be rewritten as

follows

dX = — f(X)dt + eXdW, (24)

The result below gives an answer when the SDE is taken in to sense.

Theorem 5 Theorem J remains valid if X (t) solves (24)—-(25).

Proof. Taking into account the formula given in the introduction, the SDE in
(24)—(25) may be rewritten in Stratonovich sense in the following manner

2 X

dX = —f(X) — T + €X()dW,
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X(O) = X2y-
Setting Z = Xe W, we easily see that
dZ = e WVdX — e~ XodW,

which implies that
2
dZ = [V f(eV Z) + TfWZ}dt.

This gives a non-autonomous ODE for each w such that W(.,w) is continuous,

82

Z,(t) = — [Vt £ (W ED) 7 (1)) + §e€W<f7w>Zw(t)], t>0,

Zw(O) = X2y-

Consider M > 0 and define

Ay ={{w : W(,w) iscontinuous and max |W(, w)| <M},
0<i<T+1

where T = foxo %. Let Z; be the solution of the following ODE

82

Z\(t) = —le M fe M Z, (1)) + Ee—aM Zi(t)], t>0,

Zl(O) = Xy.

Similarly, let Z5 be the solution of the ODE below

82

Zy(t) = —[e™M (e Za(t)) + gegMZz(t)], t>0,

ZQ(O) = Xy.

Setting
2

—& —& 8 —&
gi(s)=e Mf(e Ms)—i—Ee Mg

and
2

g2(8> — eer(eeMS) + %eaM&
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we observe that

lim gi(s) =400 and lim gs(s) = +o0.

s—0t s—0t

Taking into account g; and gy, the above ODE may be rewritten as follows

!

Zl<t) - _gl(Zl(t))7 t>0, Zl(o) = Zo,

Zy(t) = —g1(Za(t)), t>0, Zy(0) = .

On the other hand, a routine calculation yields

eM —eM

/xo ds /e o do < /6 Y do -4
o gi1(s) 0 flo) + SeMo 0 f(o)

/‘LUO ds B /‘GEA[.'IJQ do- < /ea]wxo do— 3 +OO
o 920s) Jo  flo)+5e Mo~ Sy flo) '

Hence, we easily see that Z;(t) quenches at the time

and

e—sJVIl,

- 0 do
Tl:/ g2 eM
0 flo) +SeMo

and Zs(t) quenches at the time

eM

T _ /6 o do
2 0 flo) + %6_5]\/‘[0.

According to the maximum principle for ODE, we obtain

Zg(t) < Zw(t) < Zl(t) fO?“ w e Ay

as long as all of them are defined. We deduce that if w € Ay then Z,(t)
quenches at the time 7 which satisfies the following estimates

T5; <T¢ <1Tr.
Since fo % is finite, using the dominated convergence theorem, we easily derive
the following equalities
0 ds

by =y 7s = [ 575
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Hence, we have

o ds

lim 7Y = —.

e=0 o [f(s)
Use the fact that X = eV Z and P(USS_, Ays) = 1 to complete the rest of the
proof. []
Now, let us consider the general case concerning the phenomenon of quenching.
We can derive the following important result.

Theorem 6 Let ¢.(s,x) be the ﬂu:z: associated to the ODE 9§ = o(y,¢), y(0) =

x and let H(s,x,e) = f(gbié‘i(?)m) . Suppose that
hrgl+ H(s,x,e) = 400, lilr(l) H(s,xz,¢) = f(x), (26)
H(s,z,e) > H(t,z,e) if s>t (27)

and there exists a function kg(x) such that

1 1
m < ky(x) € L ([0, x0)). (28)

Then for almost every w, any solution of (22)-(23) quenches in a finite time
and its quenching time T satisfies the following relation lim._oT¥ = Ty where
fx“ dS . In addition if for every s € R, there exists Iy such that

0 1

%m < ls(x> € Ll([o,xo]), (29)

then there exists a random variable K = K(w) such that with total probability
|T€ — T()’ < eK.

Proof. Since ¢.(t,z) is the flux of the following ODE

y=o0(y,e),

we easily see that

¢-(0,x) =
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Let Z,(t) be the solution of the Random differential equation

_f(¢5<W(t7w)7 Zw(t))
G(W(t,w), Zu(t))

Zw(O) = Xy.

dZ.,(t) =

t>0,

As in the proof of Theorem 3, we find that
Z,(t) = —HW(t,w), Z,(t),e), t>0,

Zw(O) =X
and X (t,w) = ¢ (W (t,w), Z,(t)) is a solution of (22)—(23).
Consider M > 0 and define

Ay =A{w: W(,,w) iscontinuous and  max |W(., w)| < M},
0<t<Tp+1

where Ty = [ fcés) Let Z1(t) be the solution of the following ODE

Z\(t) = —H(=M, Z\(t),e), t>0

Z1 (O) = X2
and let Zs(t) be the one of the ODE below
Zy(t) = —H(M, Zs(t),¢), t>0,

ZQ(O) = X2y.

Setting
g1(s) = H(—=M,s,e) and go(s) = H(M,s,¢),

we easily see that

lim gi(s) =400 and lim gs(s) = +o0.

s—0t s—0F

We also observe that the integrals

fo TMs5) MSE and f 7 are finite because

of (28). Hence, we deduce that the solutlon Zl( ) quenches in a finite time 77 =
0 # and the solution Z,(t) quenches in a finite time 75 = [ il s 3
On the other hand, the maximum principle for ODE implies that

Zo(t) < Zy(t) < Zy(t)  for w e Ay,
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as long as all of them are defined. Therefore, if w € Ay then Z,(t) quenches
in a finite time 7 such that

T; <T? <1T7.
Due to (26) and the dominated convergence theorem, it is not hard to see that

lim7T; =lim Ty, =Ty = " ﬁ

T =1 =1= | 7

Therefore, lim. o 7% = Tp. Obviously P({J;;o, Ayr) = 1. Using Taylor’s ex-
pansion, we find that

1 1 0 1

H(—M,s,2)  H(—M,50) " 9e H(—M,s2)

where € is an intermediate value between 0 and . We deduce from (29) that

/xo ds < x0£+5/xol (s)ds
o H(=M,s,e) = Jy f(s) 0 M .

It follows that there exists a random variable K = K (w) such that

1. — Tyl < eK
and the proof is complete. [J
Remark 2 If o(x,e) = ex and f(s) = s~7 with ¢ > 0, then
b-(s,z) = xe® and H(s, x, )=z leslatl)s,
If o(z,e) = exP and f(s) = s 9 with ¢ >0, p > 1 then

ptq

be(s, ) = (7P + (1 —p)es)ﬁ and H(s,z,¢) = 2P(z" P + (1 — p)es)r1.
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