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1 Introduction

In recent years many investigations on fractional differential equations have
been made since it was shown that many physical systems can be represented
more accurately through fractional derivative formulation [17]. Fractional dif-
ferential equations, therefore find numerous applications in the field of visco-
elasticity, feed back amplifiers, electrical circuits, electro analytical chemistry,
fractional multi-poles, neuron modelling encompassing different branches of
physics, chemistry and biological sciences [22]. There have been many excellent
books and monographs available on this field such as [6, 7, 8, 10, 20, 21, 19, 23].

In the literature, cDα
0+u(t)+f(t, u(t)) = 0 is known as a single term equa-

tion. In certain cases, we find equations containing more than one differential
terms. These equations are called multi-term equations. A classical example
is the so-called Basset equation

AD1
0+y(x) + bDn

0+y(x) + cy(x) = f(x), y(0) = y0,

where 0 < n < 1. This equation is most frequently, but not exclusively, used
with n = 1

2 . It describes the forces that occur when a spherical object sinks in
a (relatively dense) incompressible viscous fluid, see [1, 19].

In the left and right fractional derivatives Dα
a+x and Dα

b−x, a is called a left
base point and b right starting point. Both a and b are called starting points of
fractional derivatives. An FDE containing more than one base point is called a
multiple stsrting points FDE. An FDE containing only one starting point
is called a single starting point FDE.

In [10], Liu discussed existence of positive solutions to the initial value
problems of the nonlinear multi-order fractional differential equation on half
line

Dα
0+D

β
0+D

γ
0+x(t) + f(t, x(t), Dp

0+x(t)) = 0, t ∈ (0,∞),

lim
t→0

t1−γx(t) =
∫ +∞

0 g0(t, x(t), Dp
0+x(t))dt,

lim
t→0

t1−βDγ
0+x(t) =

∫ +∞
0 g1(t, x(t), Dp

0+x(t))dt,

lim
t→0

t1−αDβ
0+D

γ
0+x(t) =

∫ +∞
0 g2(t, x(t), Dp

0+x(t))dt,

where x0, x1, x2 ∈ IR, α, β, γ, p ∈ (0, 1), D0+ is the standard Riemann-Liouville
fractional derivative, and f : (0,∞) × IR3 → IR is a Caratheodory function,
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g0, g1, g2 : (0,+∞)×IR2 → IR are strong Caratheodory functions and f, g0, g1, g2

may be singular at t = 0.

In [11], authors studied the solvability of the following initial value problems
for singular fractional differential equation with multiple starting points

cDα
∗+x(t) = m(t)f(t, x(t),cDp

∗+x(t)), a.e., t ∈ (0,∞),

x(0) = x0.

In [15], authors studied existence and uniqueness of the following two initial
value problems (IVPs for short) of nonlinear multi-term FDEs with impulses
on half lines:

cDα
0+x(t) = q(t)f(t, x(t), cDp

0+x(t)), a.e., t ∈ (ts, ts+1], s ∈ ZZ0,

x(0) = x0,

∆x(ts) = lim
t→t+s

x(t)− x(ts) = I(ts, x(ts)), s ∈ ZZ,

and
cDα
∗+x(t) = q(t)f(t, x(t), cDp

∗+x(t)), a.e., t ∈ (ts, ts+1], s ∈ ZZ0,

x(0) = x0,

∆x(ts) = lim
t→t+s

x(t)− x(ts) = I(ts, x(ts)), s ∈ ZZ,

where x0 ∈ IR, α ∈ (0, 1], 0 < p < α, ZZ0 = {0, 1, 2, · · · } and ZZ = {1, 2, · · · },
0 = t0 < t1 < t2 < t3 < · · · with lim

s→+∞
ts = +∞, cD∗+ is the standard Caputo

fractional derivative at the base points t = ∗, q : (0,+∞) → IR satisfies that
there exists l > −α such that |q(t)| ≤ tl for all t ∈ (0,+∞), f : (0,+∞) ×

IR2 → IR is a Carathéodory function and I :
+∞⋃
s=0

(ts, ts+1) × IR → IR a discrete

Carathéodory function. The recent studies on solvability of boundary value
problems for impulsive fractional differential equations may be found in [12, 13,
14] and the references therein.

In applications, our equation can be interpreted as the standard Malthus
population model y′ = λy subject to a perturbation f(t, y). That is y′ =
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λy + f(t, y). This situation makes us to study fractional differential equation
Dαy − λy = f(t, y) with α ∈ (0, 1] see [2, 24].

Motivated by mentioned papers, in this paper, we study the following initial
value problems (IVPs for short) of the nonlinear multi-term fractional differen-
tial equation on half line

cDα
0+x(t)− λx(t) = m(t)f(t, x(t), cDp

0+x(t)), a.e., t ∈ (0,+∞),

x(0) = x0,

∆x(ts) = lim
t→t+s

x(t)− x(ts) = I(ts, x(ts),
cDp

0+x(ts)), s ∈ ZZ,

(1)

and

cDα
t+s
x(t)− λx(t) = n(t)g(t, x(t), cDp

t+s
x(t)), a.e., t ∈ (ts, ts+1), s ∈ ZZ0,

x(0) = x0,

∆x(ts) = lim
t→t+s

x(t)− x(ts) = J(ts, x(ts),
cDp

t+s−1
x(ts)), s ∈ ZZ,

(2)

where

(i) x0 ∈ IR, α ∈ (0, 1], 0 < p < α, λ > 0, ZZ0 = {0, 1, 2, · · · } and ZZ =
{1, 2, · · · }, 0 = t0 < t1 < t2 < t3 < · · · with lim

s→+∞
ts = +∞,

(ii) cD∗+ is the standard Caputo fractional derivative at the starting points
t = ∗,

(iii) m : (0,+∞) → IR satisfies that there exists k1 > −α such that
|m(t)| ≤ tk1 for all t ∈ (0,+∞),

(iv) n :
+∞⋃
s=0

(ts, ts+1) → IR satisfies that there exists 0 ≥ l2 > −α, k2 >

p− α− l2 such that |n(t)| ≤ (t− ts)k2(ts+1 − t)l2 for all t ∈ (ts, ts+1)(s ∈ ZZ0),

(v) f : (0,+∞)×IR2 → IR are I-Carathéodory function and I : {ts}×IR2 →
IR discrete I-Carathéodory function,

(vi) g :
+∞⋃
s=0

(ts, ts+1) × IR2 → IR are II-Carathéodory function and J :

{ts} × IR2 → IR discrete II-Carathéodory functions. .
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A function x : (0,+∞) → IR is called a solution of IVP(1) if x|(ts,ts+1],
cDp

0+x|ts,ts+1] ∈ C0(ts, ts+1] (s ∈ ZZ0), the limits lim
t→t+s

x(t), lim
t→t+s

cDp
0+x(t)(s ∈ Z0)

exist, cIα0+
cDα

0+x(t) exists almost every point on (0,+∞) and all equations in
(1) are satisfied. A function x : (0,+∞) → IR is called a solution of IVP(2)
if x|(ts,ts+1],

cDp

t+s
x ∈ C0(ts, ts+1] (s ∈ ZZ0), the limits lim

t→t+s
x(t), lim

t→t+s

cDp

t+s
x(t) (s ∈

ZZ0) exist, cIα
t+s
cDα

t+s
x(t) exists almost every point on (ts, ts+1)(s ∈ ZZ0) and all

equations in (2) are satisfied.

Our purpose of this paper is to establish sufficient conditions for the exis-
tence and uniqueness of solutions (positive solutions) of IVP(1) (under assump-
tions (i), (ii), (iii) and (v)) and IVP(2) (under assumptions (i), (ii), (iv) and
(vi)), respectively. Existence results for IVP(2) generalizes those ones (Theo-
rem 3.1) obtained in [11]. Existence results for IVP(1) generalizes Theorem 11
in [15].

The remainder of this paper is organized as follows: the preliminary results
are given in Section 2, the main results are presented in Section 3. In Section
4, examples are presented.

2 Preliminary results

For the convenience of the reader, we present here the necessary definitions
from fixed point theory and fractional calculus theory. These definitions and
properties can be found in the literatures [18, 20, 23]. Denote the Gamma
function, Beta function and Mittag-Leffler functions respectively by

Γ(α1) =
∫ +∞

0 sα1−1e−sds,

B(α2, β2) =
∫ 1

0 (1− x)α2−1xβ2−1dx, α1 > 0, α2, β2 > 0,

Eα1
(x) =

+∞∑
s=0

xs

Γ(α1s+1) , α1 > 0, x ∈ IR,

Eα1,α2
(x) =

+∞∑
s=0

xs

Γ(α1s+α2)) , α1 > 0, α2 > 0, x ∈ IR.

Definition 1 [20]. Let c ≥ 0. The Riemann-Liouville fractional integral of
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order α > 0 of a function f : (c,∞)→ IR is given by

Iαc+f(t) = 1
Γ(α)

∫ t
c (t− s)α−1f(s)ds,

provided that the right-hand side exists.

Definition 2 [20]. Let c ≥ 0. The Caputo’s derivative of order α for a function
f : (c,∞)→ IR is defined as

cDα
c+f(t) = 1

Γ(n−α)

∫ t
c (t− s)n−α−1f (n)(s)ds,

for n− 1 < α < n, n ∈ IN. If 0 < α ≤ 1, then

Dα
c+f(t) = 1

Γ(1−α)

∫ t
c (t− s)−αf (1)(s)ds.

Obviously, the Caputo’s derivative of a constant is equal to zero.

Definition 3 Choose σ > max{−k1, α + k1, α}. h : (0,+∞) × IR2 → IR is
called a I-Carathéodory function if it satisfies the following assumptions:

(i) t → h
(
t, (1 + tσ)Eα,α(λtα)x,

(1+tσ)Eα,α−p(λt
α)

tp y
)

is continuous on

(ts, ts+1](s ∈ ZZ0) and is bounded on IR,

(ii) (x, y) → h
(
t, (1 + tσ)Eα,α(λtα)x,

(1+tσ)Eα,α−p(λt
α)

tp y
)

is continuous on

IR;

(iii) for each r > 0 there exists a constant Mr ≥ 0 such that |x|, |y| ≤ r

imply ∣∣∣h(t, (1 + tσ)Eα,α(λtα)x,
(1+tσ)Eα,α−p(λt

α)
tp y

)∣∣∣ ≤Mr, t ∈ (0,+∞).

Definition 4 Choose σ > max{−k1, α + k1, α}. H : {ts : s ∈ Z} × IR2 → IR
is called a discrete I-Carathéodory function if it satisfies the following assump-
tions:

(i) (x, y) → H
(
ts, (1 + tσs )Eα,α(λtαs )x,

(1+tσs )Eα,α−p(λt
α
s )

tps
y
)

is continuous on

IR for all s ∈ ZZ;

(ii) for each r > 0 there exists a constant Mrs ≥ 0 such that |x|, |y| ≤ r
imply∣∣∣H (ts, (1 + tσs )Eα,α(λtαs )x,

(1+tσs )Eα,α−p(λt
α
s )

tps
y
)∣∣∣ ≤Mrs, s ∈ Z,

+∞∑
s=1

Mrs < +∞.
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Choose σ > max{−k1, α + k1, α}. Let

X =

x :

x|(ts,ts+1],
cDp

0+x|(ts,ts+1] ∈ C0((ts, ts+1], IR), s ∈ ZZ0,

lim
t→t+s

x(t), lim
t→t+s

cDp
0+x(t) exist, s ∈ ZZ0,

lim
t→+∞

x(t)
(1+tσ)Eα,α(λtα) , lim

t→+∞
tp

(1+tσ)Eα,α−p(λtα)
cDp

0+x(t) exists

 .

For x ∈ X, define the norm by

||x|| = ||x||X = max

{
sup

t∈(0,+∞)

|x(t)|
(1 + tσ)Eα,α(λtα)

,

sup
t∈(0,+∞)

tp

(1 + tσ)Eα,α−p(λtα)
|cDp

0+x(t)|

}
.

Lemma 2.1. X is a Banach space with || · ||X defined.

Proof. It is easy to see that X is a normed linear space. Let {xu} be a Cauchy
sequence in X. Then ||xu − xv|| → 0, u, v → +∞. We will prove that there
exists x0 ∈ X such that xu → x0 as u→ +∞.

It follows from xu ∈ X and {xu} a Cauchy sequence that

sup
t∈(0,+∞)

|xu(t)−xv(t)|
(1+tσ)Eα,α(λtα) → 0, u, v → +∞, lim

t→+∞
xu(t)

(1+tσ)Eα,α(λtα) = Axu exists,

and

sup
t∈(0,+∞)

tp|cDp

0+xu(t)−cDp

0+xv(t)|
(1+tσ)Eα,α−p(λtα) → 0, u, v → +∞, lim

t→+∞

tpcDp

0+xu(t)

(1+tσ)Eα,α−p(λtα) = Bxu exists.

It follows that∣∣∣∣ lim
t→+∞

xu(t)
(1+tσ)Eα,α(λtα) − lim

t→+∞
xv(t)

(1+tσ)Eα,α(λtα)

∣∣∣∣→ 0, u, v → +∞

and ∣∣∣∣ lim
t→+∞

tpcDp

0+xu(t)

(1+tσ)Eα,α−p(λtα) − lim
t→+∞

tpcDp

0+xv(t)

(1+tσ)Eα,α−p(λtα)

∣∣∣∣→ 0, u, v → +∞.

Thus both lim
u→+∞

Axu and lim
u→+∞

Bxu exist.

Since lim
t→t+s

x(t) and lim
t→t+s

cDp
0+x(t) exist, we know both x(t)

(1+tσ)Eα,α(λtα) and

tpcDp

0+x(t)

(1+tσ)Eα,α−p(λtα) are continuous on [ts, ts+1]. Thus there exist two functions
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x0s, y0s(s ∈ ZZ0) defined on [ts, ts+1] such that

lim
u→+∞

xu(t)
(1+tσ)Eα,α(λtα) = x0s(t),

lim
u→+∞

tpcDp

0+xu(t)

(1+tσ)Eα,α−p(λtα) = y0s(t), t ∈ [ts, t+ s+ 1], s ∈ ZZ0.

Let x0(t) = x0s(t) and y0(t) = y0s(t) for t ∈ (ts, ts+1](s ∈ ZZ0). It follows that
both x0 and y0 are defined on [0,+∞) and the limits lim

t→t+s
x0(t), lim

t→t+s
y0(t)(s ∈ ZZ0)

exist.

Furthermore, we have

sup
t∈(0,+∞)

∣∣∣ xu(t)
(1+tσ)Eα,α(λtα) − x0(t)

∣∣∣→ 0, u→ +∞,

sup
t∈(0,+∞)

∣∣∣ tpcDp

0+xu(t)

(1+tσ)Eα,α−p(λtα) − y0(t)
∣∣∣→ 0, u→ +∞.

We have that

lim
t→+∞

x0(t) = lim
t→+∞

lim
u→+∞

xu(t)
(1+tσ)Eα,α(λtα) = lim

u→+∞
lim
t→+∞

xu(t)
(1+tσ)Eα,α(λtα) = lim

u→+∞
Axu,

lim
t→+∞

y0(t) = lim
t→+∞

lim
u→+∞

tpcDp

0+xu(t)

(1+tσ)Eα,α−p(λtα) = lim
u→+∞

lim
t→+∞

tpcDp

0+xu(t)

(1+tσ)Eα,α−p(λtα) = lim
u→+∞

Bxu.

Denote

x0(t) = ((1 + tσ)Eα,α(λtα))x0(t), y0(t) =
(1+tσ)Eα,α−p(λt

α)
tp y0(t).

We prove that y0(t) = cDp
0+x0(t) for t ∈ (ts, ts+1]. In fact, there exists cu =

lim
t→t+s

xu(t) such that

|xu(t) + cu − cIp0+y0(t)| =
∣∣cIp0+

cDp
0+xu(t)− cIp0+y0(t)

∣∣
=
∣∣∣∫ t0 (t−s)p−1

Γ(p) [cDp
0+xu(s)− y0(s)]ds

∣∣∣
≤
∫ t

0
(t−s)p−1

Γ(p)

∣∣∣cDp
0+xu(s)− (1+sσ)Eα,α−p(λs

α)
sp y0(s)

∣∣∣ ds
≤
∫ t

0
(t−s)p−1

Γ(p)
sp

(1+sσ)Eα,α−p(λsα)

∣∣∣ (1+sσ)Eα,α−p(λs
α)

sp
cDp

0+xu(s)− y0(t)
∣∣∣ ds
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≤
∫ t

0
(t−s)p−1

Γ(p)
(1+sσ)Eα,α−p(λs

α)
sp ds sup

t∈(0,+∞)

∣∣∣ tp

(1+tσ)Eα,α−p(λtα)
cDp

0+xu(s)− y0(t)
∣∣∣

→ 0 as u→ +∞.

Hence lim
u→+∞

[xu(t) + cu − cIp0+y0(t)] = 0. Then x0(t) + c0 = cIp0+y0(t). Hence

y0(t) = Dp
0+x0(t). Then x0 ∈ X and xu → x0 as u→ +∞ in X. It follows that

X is a Banach space. Lemma 2.1 is proved.

Lemma 2.2. Let M be a subset of X. Then M is relatively compact if and
only if the following conditions are satisfied:

(i) both
{
t→ x(t)

(1+tσ)Eα,α(λtα) : x ∈M
}

and
{
t→ tpcDp

0+x(t)

(1+tσ)Eα,α−p(λtα) : x ∈M
}

are uniformly bounded,

(ii) both
{
t→ x(t)

(1+tσ)Eα,α(λtα) : x ∈M
}

and
{
t→ tpcDp

0+x(t)

(1+tσ)Eα,α−p(λtα) : x ∈M
}

are equicontinuous in any subinterval (ts, ts+1](s ∈ ZZ0),

(iii) both
{
t→ x(t)

(1+tσ)Eα,α(λtα) : x ∈M
}

and
{
t→ tpcDp

0+x(t)

(1+tσ)Eα,α−p(λtα) : x ∈M
}

are equi-convergent as t→ +∞.

Proof. ” ⇐ ”. From Lemma 2.1, we know X is a Banach space. In order to
prove that the subset M is relatively compact in X, we only need to show M

is totally bounded in X, that is for all ε > 0, M has a finite ε-net.

For any given ε > 0, by (i)-(iii), then there exists ts0
and δ > 0 such that∣∣∣ x(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )
− x(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )

∣∣∣ ≤ ε
3 , t1, t2 ≥ ts0

, x ∈M,

∣∣∣∣ t
p
1
cDp

)+
x(t1)

(1+t
σ
1 )Eα,α−p(λt

α
1 )
− t

p
2
cDp

0+x(t2)

(1+t
σ
2 )Eα,α−p(λt

α
2 )

∣∣∣∣ ≤ ε
3 , t1, t2 ≥ ts0

, x ∈M,

∣∣∣ x(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )
− x(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )

∣∣∣ ≤ ε
3 , t1, t2 ≤ (ts, ts+1], |t1 − t2| < δ, x ∈M,

∣∣∣ t
p
1
cDp

0+x(t1)

(1+t
σ
1 )Eα,α−p(λt

α
1 )
− t

p
2
cDp

0+x(t2)

(1+t
σ
2 )Eα,α−p(λt

α
2 )

∣∣∣ ≤ ε
3 , t1, t2 ≤ (ts, ts+1], |t1 − t2| < δ, x ∈M.

Define

X|(0,ts0 ] =

x :
x|(ts,ts+1],

cDp
0+x|(ts,ts+1] ∈ C0((ts, ts+1], IR), s = 0, 1, · · · , s0,

lim
t→t+s

x(t), lim
t→t+s

cDp
0+x(t) exist, s = 0, 1, · · · , s0

 .
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For x ∈ X|(0,ts0 ], define

||x||s0
= max

{
sup

t∈(0,ts0 ]

|x(t)|
(1+tσ)Eα,α(λtα) , sup

t∈(0,ts0 ]

tp|cDp

0+x(t)|
(1+tσ)Eα,α−p(λtα)

}
.

Similarly to Lemma 2.1, we can prove that X(0,ts0 ] is a Banach space.

Let M |(0,ts0 ] = {t → x(t), t ∈ (0, ts0
] : x ∈ M}. Then M |(0,ts0 ] is a subset of

X|(0,ts0 ]. By (i) and (ii), and Ascoli-Arzela theorem, we can know that M |(0,ts0 ]

is relatively compact. Thus, there exist x1, x2, · · · , xk ∈ M such that, for any
x ∈M , we have that there exists some i = 1, 2, · · · , k such that

||x− xi||s0
= max

{
sup

t∈(0,ts0 ]

|x(t)−xi(t)|
(1+tσ)Eα,α(λtα) , sup

t∈(0,ts0 ]

tp|cDp

0+x(t)−cDp

0+xi(t)|
(1+tσ)Eα,α−p(λtα)

}
≤ ε

3 .

Therefore, for x ∈M , we have that

sup
t∈(0,+∞)

|x(t)−xi(t)|
(1+tσ)Eα,α(λtα) = max

{
sup

t∈(0,ts0 ]

|x(t)−xi(t)|
(1+tσ)Eα,α(λtα) , sup

t≥ts0

|x(t)−xi(t)|
(1+tσ)Eα,α(λtα)

}

≤ max

{
ε
3 , sup
t≥ts0

∣∣∣ x(t)
(1+tσ)Eα,α(λtα) −

x(ts0)

(1+tσs0)Eα,α(λtαs0)

∣∣∣
+
∣∣∣ x(ts0)

(1+tσs0)Eα,α(λtαs0) −
xi(ts0)

(1+tσs0)Eα,α(λtαs0)

∣∣∣ , sup
t≥ts0

∣∣∣ xi(ts0)

(1+tσs0)Eα,α(λtαs0) −
xi(t)

(1+tσ)Eα,α(λtα)

∣∣∣}

< ε
3 + ε

3 + ε
3 = ε.

Similarly we can get

sup
t∈(0,+∞)

tp|cDp

0+x(t)−cDp

0+xi(t)|
(1+tσ)Eα,α−p(λtα) < ε.

So, for any ε > 0, M has a finite ε-net {Ux1
, Ux2

, · · · , Uxk}, that is, M is totally
bounded in X. Hence M is relatively compact in X.

⇒. Assume that M is relatively compact, then for any ε > 0, there exists
a finite ε-net of M . Let the finite ε-net be {Ux1

, Ux2
, · · · , Uxk} with xi ⊂ M .

Then for any x ∈M , there exists Uxi such that x ∈ Uxi and

||x|| ≤ ||x− xi||+ ||xi|| ≤ ε+ max {||xi|| : i = 1, 2, · · · , k} .
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It follows that M is uniformly bounded. Then (i) holds.

Furthermore, there exists ts0
> 0 such that∣∣∣ xi(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )
− xi(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )

∣∣∣ < ε,

∣∣∣ t
p
1
cDp

0+xi(t1)

(1+t
σ
1 )Eα,α−p(λt

α
1 )
− t

p
2
cDp

0+xi(t2)

(1+t
σ
2 )Eα,α−p(λt

α
2 )

∣∣∣ < ε

for all t1, t2 ≥ ts0
or all t1, t2 ∈ (ts, ts+1] with |t1 − t2| < δ. Then we have for

t1, t2 ≥ ts0
that∣∣∣ x(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )
− x(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )

∣∣∣
≤
∣∣∣ x(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )
− xi(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )

∣∣∣+
∣∣∣ xi(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )
− xi(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )

∣∣∣
+
∣∣∣ xi(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )
− x(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )

∣∣∣
≤ 3ε, x ∈M, t1, t2 ≥ ts0

or all t1, t2 ∈ (ts, ts+1] with |t1 − t2| < δ.

Similarly we have∣∣∣ x(t1)

(1+t
σ
1 )Eα,α(λt

α
1 )
− x(t2)

(1+t
σ
2 )Eα,α(λt

α
2 )

∣∣∣ < 3ε,

t1, t2 ≥ ts0
or all t1, t2 ∈ (ts, ts+1] with |t1 − t2| < δ.

Thus (ii) and (iii) hold. Consequently, Lemma 2.2 is proved.

Lemma 2.3. Suppose that x ∈ X. Then u ∈ X is a solution of

cDα
0+u(t)− λu(t) = m(t)f(t, x(t), cDp

0+x(t)), a.e., t ∈ (ts, ts+1], s ∈ ZZ0,

u(0) = x0,

∆u(ts) = I(ts, x(ts),
cDp

0+x(ts)), s ∈ ZZ,

(3)
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if and only if

u(t) =
∫ t

0 (t− v)α−1Eα,α(λ(t− v)α)m(v)f(v, x(v), cDp
0+x(v))dv + x0Eα(λtα)

+
s∑
j=1

Eα(λ(t− tj)α)I(tj, x(tj),
cDp

0+x(ts)), t ∈ (ts, ts+1], s ∈ ZZ0.

(4)

Proof. Step 1. Let x ∈ X. We prove that u satisfies (4) if u is a solution of
(3).

From x ∈ X, we have that there exists r > 0 such that ||x|| = r < +∞.
Since f is Carathéodory function and I a discrete Carathéodory function, then
there exist Mr,Mrs ≥ 0 such that

|f(t, x(t), cDp
0+x(t))| =

∣∣∣f (t, (1+tσ)Eα,α(λtα)x(t)
(1+tσ)Eα,α(λtα)

)∣∣∣ ≤Mr, t ∈ [0,∞),

|I(ts, x(ts),
cDp

0+x(ts))| ≤Mrs, s ∈ ZZ,
+∞∑
s=1

Mrs < +∞.

Firstly, we have for t ∈ (ts, ts+1] that∣∣∣∫ t0 (t− v)α−1Eα,α(λ(t− v)α)m(v)f(v, x(v), cDp
0+x(v))dv

∣∣∣
≤Mr

∫ t
0 (t− v)α−1Eα,α(λ(t− v)α)vk1dv

≤Mr

+∞∑
j=0

λj

Γ((j+1)α)

∫ t
0 (t− v)α−1(t− v)αjvk1dv

≤Mr

+∞∑
j=0

λj

Γ((j+1)α)

∫ t
0 (t− v)α+αj−1vk1dv

= Mr

+∞∑
j=0

λj

Γ((j+1)α)t
α+αj+k1

∫ 1

0 (1− w)α+αj−1wk1dw

≤Mrt
α+k1Eα,α(λtα)B(α, k1 + 1).

So
∫ t

0 (t− v)α−1Eα,α(λ(t− v)α)m(v)f(v, x(v), cDp
0+x(v))dv is convergent.

Assume u is a solution of (3). We will prove (4). For t ∈ (t0, t1] = (0, t1],
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from Example 4.9 in [8], then

u(t) =
∫ t

0 (t− v)α−1Eα,α(λ(t− v)α)m(v)f(v, x(v), cDp
0+x(v))dv + x0Eα(λtα)

for , t ∈ (t0, t1]. Then (4) holds for s = 0. Now we suppose that (4) holds for
s ≤ k. That is

u(t) =
∫ t

0 (t− v)α−1Eα,α(λ(t− v)α)m(v)f(v, x(v), cDp
0+x(v))dv + x0Eα(λtα)

+
s∑
j=1

Eα(λ(t− tj)α)I(tj, x(tj),
cDp

0+x(ts)), t ∈ (ts, ts+1], s ≤ k.

For t ∈ (tk+1, tk+2], we let

u(t) =
∫ t

0 (t− v)α−1Eα,α(λ(t− v)α)m(v)f(v, x(v), cDp
0+x(v))dv + x0Eα(λtα)

+
k∑
j=1

Eα(λ(t− tj)α)I(tj, x(tj),
cDp

0+x(ts)) + Φ(t), t ∈ (tk+1, tk+2],

(5)
where Φ : (tk+1, tk+2] → R is a differentiable function. By ∆u(tk+1) =
I(tk+1, x(tk+1),

cDp
0+x(tk+1)), we get

lim
t→t+k+1

Φ(t) = I(tk+1, x(tk+1),
cDp

0+x(tk+1)). (6)

For ease expression, denote Gx(t) = G(t, x(t), cDp
0+x(t)) for a function G :

(0,+∞)×R2 → R and x ∈ X. Then (3) implies for t ∈ (tk+1, tk+2] that

m(t)f(t, x(t),cDp
0+x(t)) + λu(t) = cDα

0+u(t) = 1
Γ(1−α)

∫ t
0 (t− s)−α (u(s))′ ds

=

k∑
j=0

∫ tj+1
tj

(t−v)−α
(∫ v

0
(v−w)α−1Eα,α(λ(v−w)α)m(w)fx(w)dw+x0Eα(λvα)+

j∑
i=1

Eα(λ(v−ti)α)Ix(ti)

)′
dv

Γ(1−α)

+

∫ t
tk+1

(t−v)−α
(∫ v

0
(v−w)α−1Eα,α(λ(v−w)α)m(w)fx(w)dw+x0Eα(λvα)+

k+1∑
i=1

Eα(λ(v−ti)α)Ix(ti)+Φ(v)

)′
dv

Γ(1−α)

=
∫ t

0
(t−v)−α(

∫ v
0

(v−w)α−1Eα,α(λ(v−w)α)m(w)fx(w)dw)
′
dv

Γ(1−α)

+

k∑
j=0

j∑
i=1

Ix(ti)
∫ tj+1
tj

(t−v)−α(Eα(λ(v−ti)α))
′
dv

Γ(1−α)
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+
x0

∫ t
0
(t−v)−α(Eα(λvα))

′
dv

Γ(1−α) +

k+1∑
i=1

Ix(ti)
∫ t
tk+1

(t−v)−α(Eα(λ(v−ti)α))
′
dv

Γ(1−α) +

∫ t
tk+1

(t−v)−αΦ′(v)dv

Γ(1−α)

=

∫ t
0
(t−s)−α

(∫ s
0

(s−w)α−1
+∞∑
v=0

λv(s−w)αv

Γ(α(v+1)) m(w)fx(w)dw

)′
ds

Γ(1−α)

+

k∑
j=0

j∑
i=1

Ix(ti)
∫ tj+1
tj

(t−s)−α
(

+∞∑
v=0

λv(s−ti)
αv

Γ(αv+1)

)′
ds

Γ(1−α)

+
x0

∫ t
0
(t−s)−α

(
+∞∑
v=0

λvsαv

Γ(αv+1)

)′
ds

Γ(1−α) +

k+1∑
i=1

Ix(ti)
∫ t
tk+1

(t−s)−α
(

+∞∑
v=0

λv(s−ti)
αv

Γ(αv+1)

)′
ds

Γ(1−α) + cDα
t+k+1

Φ(t)

= 1
(1−α)Γ(1−α)

+∞∑
v=0

λv

Γ(α(v+1))

[∫ t
0 (t− s)1−α (∫ s

0 (s− w)α(v+1)−1m(w)fx(w)dw
)′
ds
]′

+

k∑
j=0

j∑
i=1

Ix(ti)
+∞∑
v=1

λv

Γ(αv)

∫ tj+1
tj

(t−s)−α(s−ti)αv−1ds

Γ(1−α)

+
x0

+∞∑
v=1

λv

Γ(αv)

∫ t
0
(t−s)−αsαv−1ds

Γ(1−α) +

k+1∑
i=1

Ix(ti)
+∞∑
v=1

λv

Γ(αv)

∫ t
tk+1

(t−s)−α(s−ti)αv−1ds

Γ(1−α) + cDα
t+k+1

Φ(t).

By variable changing s−ti
t−ti = w in second and fourth term and s

t = w in third
term, interchanging the sum order of the second term, integration by parts for
the first term, we get

m(t)f(t, x(t),cDp
0+x(t)) + λu(t)

= 1
Γ(2−α)

+∞∑
v=0

λv

Γ(α(v+1))

[
(1− α)

∫ t
0 (t− s)−α

∫ s
0 (s− w)α(v+1)−1m(w)fx(w)dwds

]′

+

k∑
i=1

k∑
j=i

Ix(ti)
+∞∑
v=1

λv(t−ti)
α(v−1)

Γ(αv)

∫ tj+1−ti
t−ti

tj−ti
t−ti

(1−w)−αwαv−1dw

Γ(1−α) +
x0

+∞∑
v=1

λvtα(v−1)

Γ(αv)

∫ 1

0
(1−w)−αwαv−1ds

Γ(1−α)

+

k+1∑
i=1

Ix(ti)
+∞∑
v=1

λv(t−ti)
α(v−1)

Γ(αv)

∫ 1
tk+1−ti
t−ti

(1−w)−αwαv−1dw

Γ(1−α) + cDα
t+k+1

Φ(t)
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= 1
Γ(2−α)

+∞∑
v=0

λv

Γ(α(v+1))

[
(1− α)

∫ t
0 (t− s)−α

∫ s
0 (s− w)α(v+1)−1m(w)fx(w)dwds

]′

+

k∑
i=1

Ix(ti)
+∞∑
v=1

λv(t−ti)
α(v−1)

Γ(αv)

∫ tk+1−ti
t−ti

0 (1−w)−αwαv−1dw

Γ(1−α)

+

k+1∑
i=1

Ix(ti)
+∞∑
v=1

λv(t−ti)
α(v−1)

Γ(αv)

∫ 1
tk+1−ti
t−ti

(1−w)−αwαv−1dw

Γ(1−α) + x0

+∞∑
v=1

λvtα(v−1)

Γ(α(v−1)+1) + cDα
t+k+1

Φ(t)

= 1
Γ(1−α)

+∞∑
v=0

λv

Γ(α(v+1))

[∫ t
0

∫ t
s (t− s)−α(s− w)α(v+1)−1dsm(w)fx(w)dw

]′

+

k∑
i=1

Ix(ti)
+∞∑
v=1

λv(t−ti)
α(v−1)

Γ(αv)

∫ 1

0
(1−w)−αwαv−1dw

Γ(1−α) +
Ix(tk+1)

+∞∑
v=1

λv(t−ti)
α(v−1)

Γ(αv)

∫ 1

0
(1−w)−αwαv−1dw

Γ(1−α)

+x0

+∞∑
v=1

λvtα(v−1)

Γ(α(v−1)+1) + cDα
t+k+1

Φ(t)

= 1
Γ(1−α)

+∞∑
v=0

λv

Γ(α(v+1))

[∫ t
0 (t− s)αv

∫ 1

0 (1− u)−αuα(v+1)−1dum(w)fx(w)dw
]′

+
k+1∑
i=1

Ix(ti)
+∞∑
v=1

λv(t−ti)α(v−1)

Γ(α(v−1)+1) + λx0Eα(λtα) + cDα
t+k+1

Φ(t)

=
+∞∑
v=0

λv

Γ(αv+1)

[∫ t
0 (t− s)αvm(w)fx(w)dw

]′
+ λ

k+1∑
i=1

Ix(ti)Eα(λ(t− ti)α)

+λx0Eα(λtα) + cDα
t+k+1

Φ(t)

= m(t)fx(t) + λ
∫ t

0 (t− s)α−1Eα,α(λ(t− s)α)m(s)fx(s)ds+ λx0Eα(λtα)

+λ
k+1∑
j=1

Eα(λ(t− tj)α)Ix(tj) + cDα
t+k+1

Φ(t).

It follows from (5) that cDα
t+k+1

Φ(t) − λΦ(t) = 0 for t ∈ (tk+1, tk+2]. Then (6)

and Example 4.9 in [8] imply that Φ(t) = I(tk+1, x(tk+1),
cDp

0+x(tk+1))Eα(λ(t−

Electronic Journal. http://www.math.spbu.ru/diffjournal 86



Differential Equations and Control Processes, N 2, 2016

tk+1)
α). Substituting Φ into (5), we know that (4) holds for s = k + 1. By

mathematical induction method, we know that (4) holds for all s ∈ ZZ0.

Step 2. Now assume u satisfies (4). We will prove that u is a solution of
(3) and u ∈ X.

We firstly prove that u ∈ X. In fact, we have∣∣∣∫ t0 (t− s)α−1Eα,α(λ(t− s)α)m(s)fx(s)ds
∣∣∣

≤Mrt
α+k1Eα,α(λtα)B(α, k1 + 1)→ 0, t→ 0+,

∣∣∣∫ t0 (t− s)α−p−1Eα,α−p(λ(t− s)α)m(s)fx(s)ds
∣∣∣

≤Mrt
α−p+k1Eα,α−p(λt

α)B(α− p, k1 + 1)→ 0, t→ 0+.

We know that lim
t→0+

u(t) exists and is finite. By a direct computation, it follows

for t ∈ (ts, ts+1] that

cDp
0+u(t) = 1

Γ(1−p)
∫ t

0 (t− s)−pu′(s)ds

=

s−1∑
j=0

∫ tj+1
tj

(t−s)−p
[∫ s

0
(s−u)α−1Eα,α(λ(s−u)α)m(u)fx(u)du+x0Eα(λsα)+

j∑
i=1

Ix(ti)Eα(λ(s−ti)α)

]′
ds

Γ(1−p)

+

∫ t
ts

(t−s)−p
[∫ s

0
(s−u)α−1Eα,α(λ(s−u)α)m(u)fx(u)du+x0Eα(λsα)+

s∑
i=1

Ix(ti)Eα(λ(s−ti)α)

]′
ds

Γ(1−p)

= 1
Γ(1−p)

∫ t
0 (t− s)−p

[∫ s
0 (s− u)α−1Eα,α(λ(s− u)α)m(u)fx(u)du

]′
ds

+ 1
Γ(1−p)x0

∫ t
0 (t− s)−p [Eα(λsα)]′ ds

+ 1
Γ(1−p)

s−1∑
j=0

∫ tj+1

tj
(t− s)−p

[
j∑
i=1

Eα(λ(s− ti)α)Ix(ti)

]′
ds

+ 1
Γ(1−p)

∫ t
ts

(t− s)−p
[

s∑
i=1

Eα(λ(s− ti)α)Ix(ti)

]′
ds
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= 1
(1−p)Γ(1−p)

[∫ t
0 (t− s)1−p (∫ s

0 (s− u)α−1Eα,α(λ(s− u)α)m(u)fx(u)du
)′
ds
]′

+ 1
Γ(1−p)x0

∫ t
0 (t− s)−p

[
+∞∑
v=0

λvsαv

Γ(αv+1)

]′
ds

+ 1
Γ(1−p)

s−1∑
j=0

∫ tj+1

tj
(t− s)−p

[
j∑
i=1

+∞∑
v=0

λv(s−ti)αv
Γ(αv+1) Ix(ti)

]′
ds

+ 1
Γ(1−p)

∫ t
ts

(t− s)−p
[

s∑
i=1

+∞∑
v=0

λv(s−ti)αv
Γ(αv+1) Ix(ti)

]′
ds

(use integration by parts for first term)

= 1
Γ(1−p)

[∫ t
0 (t− s)−p

∫ s
0 (s− u)α−1Eα,α(λ(s− u)α)m(u)fx(u)duds

]′
+ 1

Γ(1−p)x0

+∞∑
v=1

∫ t
0 (t− s)−p λvsαv−1

Γ(αv) ds

+ 1
Γ(1−p)

s−1∑
j=0

j∑
i=1

∫ tj+1

tj
(t− s)−p

+∞∑
v=1

λv(s−ti)αv−1

Γ(αv) Ix(ti)ds

+ 1
Γ(1−p)

∫ t
ts

(t− s)−p
s∑
i=1

+∞∑
v=1

λv(s−ti)αv−1

Γ(αv) Ix(ti)ds

= 1
Γ(1−p)

[∫ t
0

∫ t
u(t− s)−p(s− u)α−1Eα,α(λ(s− u)α)dsm(u)fx(u)du

]′
+ 1

Γ(1−p)x0

+∞∑
v=1

tαv−p
∫ 1

0 (1− w)−p λ
vwαv−1

Γ(αv) dw

+ 1
Γ(1−p)

s−1∑
i=1

s−1∑
j=i

(t− ti)αv−p
∫ tj+1−ti

t−ti
tj−ti
t−ti

(1− w)−p
+∞∑
v=1

λvwαv−1

Γ(αv) Ix(ti)dw

+ 1
Γ(1−p)

s∑
i=1

(t− ti)αv−p
∫ 1
ts−ti
t−ti

(1− w)−p
+∞∑
v=1

λvwαv−1

Γ(αv) Ix(ti)dw
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= 1
Γ(1−p)

[
+∞∑
v=0

λv

Γ(α(v+1))

∫ t
0 (t− u)α(v+1)−p ∫ 1

0 (1− w)−pwα(v+1)−1dwm(u)fx(u)du

]′
+λx0t

α−pEα,α+1−p(λt
α)

+ 1
Γ(1−p)

s−1∑
i=1

(t− ti)αv−p
∫ ts−ti

t−ti
0 (1− w)−p

+∞∑
v=1

λvwαv−1

Γ(αv) Ix(ti)dw

+ 1
Γ(1−p)

s∑
i=1

(t− ti)αv−p
∫ 1
ts−ti
t−ti

(1− w)−p
+∞∑
v=1

λvwαv−1

Γ(αv) Ix(ti)dw

= 1
Γ(1−p)

[
+∞∑
v=0

λv

Γ(α(v+1))

∫ t
0 (t− u)α(v+1)−p ∫ 1

0 (1− w)−pwα(v+1)−1dwm(u)fx(u)du

]′

+λx0t
α−pEα,α+1−p(λt

α) + λ
s∑
i=1

Ix(ti)(t− ti)α−pEα,α+1−p(λ(t− ti)α)

=
∫ t

0 (t− u)α−p−1Eα,α−p(λ(t− u)α)m(u)fx(u)du

+λx0t
α−pEα,α+1−p(λt

α) + λ
s∑
i=1

Ix(ti)(t− ti)α−pEα,α+1−p(λ(t− ti)α),

t ∈ (ts, ts+1], s ∈ ZZ0.

So lim
t→0+

cDp
0+u(t) exists and is finite.

It is easy to see that u|(ts,ts+1],
cDp

0+u|(ts,ts+1] ∈ C0((ts, ts+1])(s ∈ ZZ0) and
limits lim

t→t+s
u(t), lim

t→t+s

cDp
0+u(t)(s ∈ ZZ0) exist. Note

Eα(λtα) =
+∞∑
v=0

λvtαv

Γ(αv+1) = 1 +
+∞∑
v=1

λvtαv

αvΓ(αv) ≤ 1 + λtα

α Eα,α(λtα),

Eα,α+1−p(λt
α) =

+∞∑
v=0

λvtαv

Γ(αv+α+1−p) ≤
+∞∑
v=0

λvtαv

(αv+α−p)Γ(αv+α−p)

≤
+∞∑
v=0

λvtαv

(α−p)Γ(αv+α−p) = 1
α−pEα,α−p(λt

α).
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It follows that

Eα(λtα)
Eα,α(λtα) ≤ Γ(α) + λtα

α ,
Eα,α+1−p(λt

α)
Eα,α−p(λtα) ≤

1
α−p . (7)

Hence, we have, for t ∈ (ts, ts+1], use (7), that

|u(t)|
(1+tσ)Eα,α(λtα) ≤

1
(1+tσ)Eα,α(λtα)

∫ t
0 (t− s)α−1Eα,α(λ(t− s)α)sk1Mrds

+ |x0|Eα(λtα)
(1+tσ)Eα,α(λtα) + 1

(1+tσ)Eα(λtα)

s∑
j=1

Eα(λ(t− tj)α)Mrj

≤ Eα,α(λtα)
(1+tσ)Eα,α(λtα)

∫ t
0 (t− s)α−1sk1Mrds+ |x0|Eα(λtα)

(1+tσ)Eα,α(λtα)

+ 1
(1+tσ)Eα(λtα)

s∑
j=1

Eα(λtα)Mrj

≤ Mr

1+tσ t
α+k1B(α, k1 + 1) + |x0|

1+tσ

(
Γ(α) + λtα

α

)
+

Γ(α)+λtα

α

1+tσ

+∞∑
j=1

Mrj.

So lim
t→+∞

|u(t)|
(1+tσ)Eα,α(λtα) = 0. Similarly we get, for t ∈ (ts, ts+1] and using (7), that

tp|cDp

0+u(t)|
(1+tσ)Eα,α−p(λtα) ≤

tp

(1+tσ)Eα,α−p(λtα)

∫ t
0 (t− u)α−p−1Eα,α−p(λ(t− u)α)uk1Mrdu

+ λ|x0|tα
(1+tσ)Eα,α−p(λtα)Eα,α+1−p(λt

α)

+λ tp

(1+tσ)Eα,α−p(λtα)

s∑
j=1

Mrj(t− tj)α−pEα,α+1−p(λ(t− ti)α)

≤ tpEα,α−p(λt
α)

(1+tσ)Eα,α−p(λtα)

∫ t
0 (t− u)α−p−1uk1Mrdu

+ λ|x0|tα
(1+tσ)Eα,α−p(λtα)Eα,α+1−p(λt

α) + λ tα

(1+tσ)Eα,α−p(λtα)

+∞∑
j=1

MrjEα,α+1−p(λt
α)

≤ tα+k1

(α−p)(1+tσ)B(α− p, k1 + 1)Mr + λ|x0|tα
(α−p)(1+tσ) + λtα

(α−p)(1+tσ)

+∞∑
j=1

Mrj.

So lim
t→+∞

tp

(1+tσ)Eα,α−p(λtα)
cDp

0+u(t) = 0. Then u ∈ X.
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We secondly prove that u satisfies the system (3). We know easily that
u(0) = x0. From (4), it is obviously that ∆u(ts) = I(ts, x(ts),

cDp
0+x(ts)) for all

s ∈ Z. By direct computation, we have for t ∈ (tj, tj+1](j ∈ Z) similarly to
above discussion that

cDα
0+u(t) = 1

Γ(1−α)

∫ t
0 (t− s)−αu′(s)ds

= 1
Γ(1−α)

j∑
i=1

∫ ti
ti−1

(t− s)−αu′(s)ds+ 1
Γ(1−α)

∫ t
tj

(t− s)−αu′(s)ds

= 1
Γ(1−α)

j∑
i=1

∫ ti
ti−1

(t− s)−α
(∫ s

0 (s− u)α−1Eα,α(λ(s− u)α)m(u)fx(u)du

+x0Eα(λsα) +
i−1∑
j=1

Eα(λ(t− tj)α)Ix(tj)

)′
ds

+ 1
Γ(1−α)

∫ t
tj

(t− s)−α
(∫ s

0 (s− u)α−1Eα,α(λ(s− u)α)m(u)fx(u)du

+x0Eα(λsα) +
j∑
i=1

Eα(λ(s− ti)α)Ix(ti)

)′
ds

=
∫ t

0
(t−s)−α(

∫ s
0

(s−u)α−1Eα,α(λ(s−u)α)m(u)fx(u)du)
′
ds

Γ(1−α)

+

j∑
i=1

i−1∑
j=1

Ix(tj)
∫ ti
ti−1

(t−s)−α(Eα(λ(t−tj)α))
′
ds

Γ(1−α)

+
x0

∫ t
0
(t−s)−α(Eα(λsα))

′
ds

Γ(1−α) +

j∑
i=1

Ix(ti)
∫ t
tj

(t−s)−α(Eα(λ(s−ti)α))
′
ds

Γ(1−α)

= λu(t) +m(t)f(t, x(t), cDp
0+x(t)).

Thus u ∈ X and u is a solution of (3). This completes the proof.

Electronic Journal. http://www.math.spbu.ru/diffjournal 91



Differential Equations and Control Processes, N 2, 2016

Let us define an operator T on X by

(Tx)(t) =
∫ t

0 (t− u)α−1Eα,α(λ(t− u)α)m(u)f(u, x(u), cDp
0+x(u))du

+x0Eα(λtα) +
s∑
j=1

Eα(λ(t− tj)α)I(tj, x(tj),
cDp

0+x(tj)

(8)

for t ∈ (ts, ts+1], s ∈ ZZ0.

Lemma 2.4. Suppose that f is a I-Carathéodory function and I a discrete
I-Carathéodory function. Then

(i) T : X → X is well defined;

(ii) the fixed point of the operator T coincides with the solution of IVP(1);

(iii) T : X → X is completely continuous.

Proof. From Lemma 2.1, X is a Banach space. (i) the proof comes from Step
2 in the proof of Lemma 2.3. (ii) from Lemma 2.3, the proof is obvious. (iii)
the proof is divided into following three steps:

Step 1. Prove that T is continuous. Use the facts that f is a Carathéodory
function and I a discrete Carathéodory function.

Step 2. Let M be a bounded subset of X. Prove that TM is bounded set.
Use the facts that f is a Carathéodory function and I a discrete Carathéodory
function.

Step 3. Let M be a bounded subset of X. Use Lemma 2.2, prove that
TM is relatively compact based upon Lemma 2.2. Use the facts that f is a
Carathéodory function and I a discrete Carathéodory function. The details are
omitted.

Let

δ0(t) =
s∑
j=0

tj+1(tj+1 − tj)α+k2+l2Eα,α(λ(tj+1 − tj)α)
s+1∏
v=1

Eα(λ(tv − tv−1)
α),

t ∈ (ts, ts+1], s ∈ ZZ0,

and

δ1(t) = [λ(ts+1 − ts)α−p + 1]
s∑
j=0

tj+1(tj+1 − tj)α−p+k2+l2×

[Eα,α(λ(tj+1 − tj)α) + Eα,α−p(λ(tj+1 − tj)α)]×
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s∏
v=1

Eα(λ(tv − tv−1)
α)Eα,α+1−p(λ(t− ts)α), t ∈ (ts, ts+1], s ∈ ZZ0. (9)

Y =

x :

y|(ts,ts+1],
cDp
∗+y|(ts,ts+1] = cDp

t+s
y ∈ C0((ts, ts+1], IR), s ∈ ZZ0,

lim
t→t+s

y(t), lim
t→t+s

cDp

t+s
y(t) exist, s ∈ ZZ0,

lim
t→+∞

y(t)
δ0(t) , lim

t→+∞

cDp

∗+y(t)

δ1(t) exists

 .

For y ∈ Y , let z0, z1 be defined by defined by (11), the norm by

||y|| = ||y||Y = max

{
sup

t∈(0,+∞)

|y(t)|
δ0(t)

, sup
t∈(0,+∞)

|cDp
∗+y(t)|
δ1(t)

}
.

Definition 2.5. h : (0,+∞) × IR2 → IR is called a II-Carathéodory function
if it satisfies the following assumptions:

(i) t→ h (t, δ0(t)x, δ1(t)y) is continuous on (ts, ts+1](s ∈ ZZ0) and bounded
on IR,

(ii) (x, y)→ h (t, δ0(t)x, δ1(t)y) is continuous on IR;

(iii) for each r > 0 there exists a constant Mr ≥ 0 such that |x|, |y| ≤ r

imply

|h (t, δ0(t)x, δ1(t)y)| ≤Mr, t ∈ (0,+∞).

Definition 2.6. H : {ts : s ∈ ZZ}×IR2 → IR is called a discrete II-Carathéodory
function if it satisfies the following assumptions:

(i) (x, y)→ H (ts, δ0(ts)x, δ1(ts)y) is continuous on IR for all s ∈ ZZ;

(ii) for each r > 0 there exists a constant Mrs ≥ 0 with
+∞∑
s=1

Mrs < +∞

such that |x|, |y| ≤ r imply

|H (ts, δ0(ts)x, δ1(ts)y)| ≤Mrs, s ∈ ZZ.

Lemma 2.6. Y is a Banach space with || · ||Y defined.

Proof. The proof is similar to that used in the proof of Lemma 2.1. The details
are omitted.

Lemma 2.7. Let M be a subset of Y . Then M is relatively compact if and
only if the following conditions are satisfied:

(i) both
{
t→ y(t)

δ0(t) : y ∈M
}

and
{
t→

cDp
∗+y(t)

δ1(t) : y ∈M
}

are uniformly

bounded,
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(ii) both
{
t→ y(t)

δ0(t) : y ∈M
}

and
{
t→

cDp
∗+y(t)

δ1(t) : y ∈M
}

are equicontinu-

ous in any subinterval (ts, ts+1](s ∈ ZZ0),

(iii) both
{
t→ y(t)

δ0(t) : y ∈M
}

and
{
t→

cDp
∗+y(t)

δ1(t) : y ∈M
}

are equi-

convergent as t→ +∞.

Proof. The proof is similar to that used in the proof of Lemma 2.2. The details
are omitted.

Lemma 2.8. Suppose that x ∈ Y . Then u ∈ Y is a solution of
cDα

t+s
u(t)− λu(t) = n(t)g(t, x(t), cDp

t+s
x(t)), a.e., t ∈ (ts, ts+1), s ∈ ZZ0,

u(0) = x0, ∆u(ts) = J(ts, x(ts),
cDp

t+s−1
x(ts)), s ∈ ZZ.

(10)

if and only if

u(t) =



∫ t
0 (t− v)α−1Eα,α(λ(t− v)α)n(v)g(v, x(v), cDp

0+x(v))dv + x0Eα(λtα),

t ∈ (t0, t1],

∫ t
ts

(t− v)α−1Eα,α(λ(t− v)α)n(v)g(v, x(v), cDp

t+s
x(v))dv

+

[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
J(tj, x(tj),

cDp

t+j−1
x(tj))

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − v)α−1Eα,α(λ(tj − v)α)n(v)g(v, x(v), cDp

t+j−1
x(v))dv

]
×

Eα(λ(t− ts)α),

t ∈ (ts, ts+1], s ∈ ZZ, x ∈ X.
(11)
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Proof. In fact, for x ∈ Y , we have ||y|| = r < +∞. Since g is a II-Carathéodory
function and J a discrete II-Carathéodory function, we know that there exists
Mr ≥ 0, Mrs ≥ 0 such that

|f(t, x(t), cDp

t+s
x(t))| ≤Mr, t ∈ (ts, ts+1], s ∈ ZZ0,

|J(ts, x(ts),
cDp

t+s−1
x(ts))| ≤Mrs, s ∈ ZZ0.

Then ∣∣∣∫ tts(t− v)α−1Eα,α(λ(t− v)α)n(v)g(v, x(v), cDp

t+s
x(v))dv

∣∣∣
≤Mr

∫ t
ts

(t− v)α−1Eα,α(λ(t− v)α)(v − ts)k2(ts+1 − v)l2dv

≤Mr

∫ t
ts

(t− v)α+l2−1Eα,α(λ(ts+1 − ts)α)(v − ts)k2dv

≤Mr(ts+1 − ts)α+k2+l2Eα,α(λ(ts+1 − ts)α)B(α + l2, k2 + 1).

Furthermore, we have∣∣∣∫ tts(t− v)α−p−1Eα,α−p(λ(t− v)α)n(v)g(v, x(v), cDp

t+s
x(v))dv

∣∣∣
≤Mr(ts+1 − ts)α+k2+l2−pEα,α−p(λ(ts+1 − ts)α)B(α + l2 − p, k2 + 1).

If u is a solution of (10), then from Example 4.9 in [8] we have

u(t) =
∫ t

0 (t− v)α−1Eα,α(λ(t− v)α)n(v)g(v, x(v), cDp

t+s
x(v))dv + x0Eα(λtα),

t ∈ (t0, t1].

When t ∈ (ts, ts+1](s ≥ 1), we have similarly that there exist numbers cs ∈ IR
such that

u(t) =
∫ t
ts

(t− v)α−1Eα,α(λ(t− v)α)n(v)g(v, x(v), cDp

t+s
x(v))dv

+csEα(λ(t− ts)α), t ∈ (ts, ts+1].

By ∆u(ts) = J(ts, x(ts),
cDp

t+s−1
x(ts)), we see

cs = cs−1Eα(λ(ts − ts−1)
α) + J(ts, x(ts),

cDp

t+s−1
x(ts))

+
∫ ts
ts−1

(ts − v)α−1Eα,α(λ(ts − v)α)n(v)g(v, x(v), cDp

t+s−1
x(v))dv.
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It follows that

cs = x0

s∏
v=1

Eα(λ(tv − tv−1)
α)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
J(tj, x(tj),

cDp

t+j−1
x(tj))

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − w)α−1Eα,α(λ(tj − w)α)n(w)g(w, x(w), cDp

t+j−1
x(w))dw.

Then u satisfies (11). We have furthermore that

cDp

t+s
u(t) =



∫ t
0 (t− w)α−p−1Eα,α−p(λ(t− w)α)n(w)g(w, x(w), cDp

0+x(w))dw

+λx0t
α−pEα,α+1−p(λt

α), t ∈ (t0, t1],

∫ t
ts

(t− w)α−p−1Eα,α−p(λ(t− w)α)n(w)g(w, x(w), cDp

t+s
x(w))dw

+λ(t− ts)α−p
[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
J(tj, x(tj),

cDp

t+j−1
x(tj))

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − w)α−1Eα,α(λ(tj − w)α)n(w)g(w, x(w), cDp

t+j−1
x(w))dw

]
×

Eα,α+1−p(λ(t− ts)α), t ∈ (ts, ts+1], s ∈ ZZ, x ∈ X.
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If u satisfies (11), we have

y|(ts,ts+1],
cDp
∗+y|(ts,ts+1] = cDp

t+s
y ∈ C0((ts, ts+1], IR),

lim
t→t+s

y(t), lim
t→t+s

cDp

t+s
y(t) exist, s ∈ ZZ0.

Note
s+1∏
v=1

Eα(λ(tv − tv−1)
α) ≥ 1, we have

|u(t)|
δ0(t) ≤

Mr

δ0(t)

∫ t
ts

(t− w)α−1Eα,α(λ(t− w)α)(w − ss)k2(ts+1 − w)l2dw

+ 1
δ0(t)

[
|x0|

s∏
v=1

Eα(λ(tv − tv−1)
α) +

s∑
j=1

Mrj

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)

+Mr

s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − w)α−1Eα,α(λ(tj − w)α)(w − ss)k2(ts+1 − w)l2dw
]

Eα(λ(ts+1 − ts)α)

≤ MrEα,α(λ(ts+1−ts)α)
∫ t
ts

(t−w)α−1(w−ss)k2(ts+1−w)l2dw
s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

+
|x0|+

+∞∑
j=1

Mrj

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

+
Mr

s∑
j=1

Eα,α(λ(tj−tj−1)α)
∫ tj
tj−1

(tj−w)α−1(w−ss)k2(ts+1−w)l2dw

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

≤
|x0|+

+∞∑
j=1

Mrj+Mr

s+1∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
.
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Use Stolz theorem, we have

lim
s→+∞

|x0|+
+∞∑
j=1

Mrj+Mr

s+1∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

= lim
s→+∞

Eα,α(λ(ts+1−ts)α)(ts+1−ts)α+k2+l2B(α+l2,k2+1)

ts+1(ts+1−ts)α+k2+l2Eα,α(λ(ts+1−ts)α)
= lim

s→+∞
B(α+l2,k2+1)

ts+1
= 0,

we know that lim
t→+∞

|u(t)|
δ0(t) = 0. Similarly we can prove that

|cDp

∗+u(t)|
δ1(t)

≤
|x0|+

+∞∑
j=1

Mrj+Mr

s+1∑
j=1

[Eα,α−p(λ(tj−tj−1)α)+Eα,α(λ(tj−tj−1)α)](tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
.

Then Stolz theorem implies that lim
t→+∞

|cDp

∗+u(ts,ts+1](t)|
δ1(t) = 0. It follows that

u ∈ Y . The remainder of the proof is similar to that used in the proof of
Lemma 2.3. The details are omitted.
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Let us define T1 : Y → Y by

(T1x)(t) =

∫ t
0 (t− u)α−1Eα,α(λ(t− u)α)n(u)g(u, x(u), cDp

t+0
x(u))du+ x0Eα(λtα),

t ∈ (t0, t1],

∫ t
ts

(t− u)α−1Eα,α(λ(t− u)α)n(u)g(u, x(u), cDp

t+s
x(u))du

+

[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
J(tj, x(tj),

cDp

t+j−1
x(tj))

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − u)α−1Eα,α(λ(tj − u)α)n(u)g(u, x(u), cDp

t+j−1
x(u))du

]
Eα(λ(t− ts)α),

t ∈ (ts, ts+1], s ∈ ZZ, x ∈ X.
(12)

Lemma 2.9. Suppose that g is a II-Carathéodory function and J a discrete
II-Carathéodory function. Then

(i) T1 : Y → Y is well defined;

(ii) the fixed point of the operator T1 coincides with the solution of IVP(2);

(iii) T1 : Y → Y is completely continuous.

Proof. By Lemma 2.6, Y is a Banach space. Use Lemma 2.7 and Lemma
2.8, it is similar to those of the proofs of (i), (ii) and (iii) in Lemma 2.4 and
details are omitted.

3 Main theorems

In this section, we are in the position to prove the existence and uniqueness
results for solutions of IVP(1) and IVP(2) respectively. We firstly present the
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main assumptions which will be used in Theorem 3.1 and Theorem 3.2 for
existence of solutions IVP(1).

(H1). Let σ > max{−k1, α + k1, α}. Suppose that there exist non-
decreasing functions Φ,Ψ : [0,+∞)× [0,+∞)→ [0,+∞) such that

f is a I-Carathéodory function and there exists a piecewise continuous
bounded function r : (0,+∞)→ IR such that∣∣∣f (t, (1 + tσ)Eα,α(λtα)u,

(1+tσ)Eα,α−p(λt
α)

tp v
)
− r(t)

∣∣∣ ≤ Φ(|u|, |v|),
t ∈ (0,+∞), u, v ∈ IR.

I is a discrete I-Carathéodory function and there exists a sequence {Is} and

a sequence {ψs} with
+∞∑
s=1

ψs < +∞ such that∣∣∣I (ts, (1 + tσs )Eα,α(λtαs )u,
(1+tσs )Eα,α−p(λt

α
s )

tps
v
)
− Is

∣∣∣ ≤ ψsΨ(|u|, |v|),
s ∈ ZZ, u, v ∈ IR.

(H2). Let σ > max{−k1, α + k1, α}. Suppose that δ1i(i = 1, 2, · · · ,m)
with δi = δ1i + δ2i > 0(i = 1, 2, . . . ,m) and δ1 ≤ δ2 ≤ · · · ≤ δm. The following
assumptions are satisfied:

f is a I-Carathéodory function and there exist nonnegative numbers Ai(i =
1, 2, . . . ,m), piecewise continuous bounded function r : (0,+∞)→ R such that∣∣∣f (t, (1 + tσ)Eα,α(λtα)u,

(1+tσ)Eα,α−p(λt
α)

tp v
)
− r(t)

∣∣∣ ≤ m∑
i=1

Ai|u|δ1i|v|δ2i

hold for all t ∈ (0,+∞), u, v ∈ IR.

I is a discrete I-Carathéodory function and there exist nonnegative numbers

Bi(i = 1, 2, . . . ,m), a sequence {Is} and a sequence {ψs} with
+∞∑
j=1

ψj < +∞

such that∣∣∣I (ts, (1 + tσs )Eα,α(λtαs )u,
(1+tσs )Eα,α−p(λt

α
s )

tps
v
)
− Is

∣∣∣ ≤ ψs
m∑
i=1

Bi|u|δ1i|v|δ2i

hold for all s ∈ ZZ, u, v ∈ IR.

Let

φ(t) =
∫ t

0 (t− s)α−1Eα,α(λ(t− s)α)m(s)r(s)ds+ x0Eα(λtα)

+
s∑
j=1

Eα(λ(t− tj)α)Ij, t ∈ (ts, ts+1], s ∈ ZZ0.

(13)
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Then

cDp
0+φ(t) =

∫ t
0 (t− u)α−p−1Eα,α−p(λ(t− u)α)m(u)r(u)du

+λx0t
α−pEα,α+1−p(λt

α) + λ
s∑
i=1

Ii(t− ti)α−pEα,α+1−p(λ(t− ti)α),

t ∈ (ts, ts+1], s ∈ ZZ0.

(14)

Denote

M = max
{

(σ−α−k1)B(α,k1+1)
σ , (σ−α−k1)B(α−p,k1+1)

σ(α−p)

}
,

N = max

{(
Γ(α) + λ

α
σ−α
σ

(
α

σ−α
)α/σ)

, λ(σ−p)
σ(α−p)

(
p

σ−p

)p/σ}
.

Theorem 3.1. Suppose that (H1) holds. Then IVP(1) has at least one solution
if

M
(

α+k1

σ−α−k1

)(α+k1)/σ

Φ (r + ||φ||, r + ||φ||) +N
+∞∑
j=1

ψjΨ (r + ||φ||, r + ||φ||) ≤ r

(15)
has a positive solution r0 > 0.

Proof. Let X and T be defined in Section 2. From Lemma 2.3 and 2.4, we
need to prove that T has at least one fixed point in X. By (7) and direct
computation, we have

cDp
0+(Tx)(t) =

∫ t
0 (t− u)α−p−1Eα,α−p(λ(t− u)α)m(u)fx(u)du

+λx0t
α−pEα,α+1−p(λt

α) + λ
s∑
i=1

Ix(ti)(t− ti)α−pEα,α+1−p(λ(t− ti)α),

t ∈ (ts, ts+1], s ∈ ZZ0.

(16)

It is easy to show that

sup
t∈(0,+∞)

ta

1+tb
= b−a

b

(
a
b−a
)a/b

, b > a > 0,
Eα(λ(t−tj)α)

Eα,α(λtα) ≤ Γ(α) + λtα

α . (17)

One has for t ∈ (ts, ts+1] from (8) and (12), (16) and (7), that

|(Tx)(t)−φ(t)|
(1+tσ)Eα,α(λtα) ≤

1
(1+tσ)Eα,α(λtα)

∫ t
0 (t− s)α−1Eα,α(λ(t− s)α)|m(s)|fx(s)− r(s)|ds
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+ 1
(1+tσ)Eα,α(λtα)

s∑
j=1

Eα(λ(t− tj)α)|Ix(tj)− Ij|

≤ 1
(1+tσ)Eα,α(λtα)

∫ t
0 (t− s)α−1Eα,α(λ(t− s)α)sk1Φ

(
|x(s)|

(1+sσ)Eα,α(λsα) ,
sp|cDp

0+x(s)|
(1+sσ)Eα,α(λsα)

)
ds

+ 1
(1+tσ)Eα,α(λtα)

s∑
j=1

Eα(λ(t− tj)α)Ψ
(

|x(tj)|
(1+tσj )Eα,α(λtαj ) ,

tpj |cD
p

0+x(tj)|
(1+tσj )Eα,α(λtαj )

)
≤ 1

(1+tσ)Eα,α(λtα)

∫ t
0 (t− s)α−1Eα,α(λ(t− s)α)sk1dsΦ (||x||, ||x||)

+ 1
(1+tσ)Eα,α(λtα)

s∑
j=1

Eα(λ(t− tj)α)ψjΨ (||x||, ||x||)

≤ 1
1+tσ

∫ t
0 (t− s)α−1sk1dsΦ (||x||, ||x||) +

Γ(α)+λtα

α

1+tσ Ψ (||x||, ||x||)
+∞∑
j=1

ψj

≤ tα+k1

1+tσ B(α, k1 + 1)Φ (||x||, ||x||) +
(

Γ(α) + λtα

α(1+tσ)

)
Ψ (||x||, ||x||)

+∞∑
j=1

ψj

≤ σ−α−k1

σ

(
α+k1

σ−α−k1

)(α+k1)/σ

B(α, k1 + 1)Φ (||x||, ||x||)

+
(

Γ(α) + λ
α
σ−α
σ

(
α

σ−α
)α/σ)

Ψ (||x||, ||x||)
+∞∑
j=1

ψj.

Furthermore, we have from (13) and (15), (16) and (7), that

tp|cDp

0+(Tx)(t)−cDp

0+φ(t)|
(1+tσ)Eα,α−p(λtα)

≤ tp

(1+tσ)Eα,α−p(λtα)

∫ t
0 (t− s)α−p−1Eα,α−p(λ(t− s)α)|m(s)||fx(s)− r(s)|ds

+ tp

(1+tσ)Eα,α−p(λtα)λ
s∑
j=1

Eα,α+1−p(λ(t− tj)α)|Ix(tj)− Ij|

≤ tp

(α−p)(1+tσ)

∫ t
0 (t− s)α−p−1sk1dsΦ (||x||, ||x||) + tp

(α−p)(1+tσ)λΨ (||x||, ||x||)
s∑
j=1

ψj
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≤ tα+k1

(α−p)(1+tσ)B(α− p, k1 + 1)Φ (||x||, ||x||) + tp

(α−p)(1+tσ)λΨ (||x||, ||x||)
+∞∑
j=1

ψj

≤ σ−α−k1

σ(α−p)

(
α+k1

σ−α−k1

)(α+k1)/σ

B(α− p, k1 + 1)Φ (||x||, ||x||)

+λ(σ−p)
σ(α−p)

(
p

σ−p

)p/σ
Ψ (||x||, ||x||)

+∞∑
j=1

ψj.

Hence

||Tx− φ|| ≤M
(

α+k1

σ−α−k1

)(α+k1)/σ

Φ (||x||, ||x||) +N
+∞∑
j=1

ψjΨ (||x||, ||x||) . (18)

It is easy to show that φ ∈ X. Let r > 0 and define Ωr =
{x ∈ X : ‖x− φ‖ ≤ r} . For x ∈ Ωr, we have ‖x − φ‖ ≤ r. Then ||x|| ≤
||x − φ|| + ||φ|| ≤ r + ||φ||. Let r0 > 0 be a solution of (14). From above
discussion, we have

||Tx− φ|| ≤M
(

α+k1

σ−α−k1

)(α+k1)/σ

Φ (r0 + ||φ||, r0 + ||φ||)

+N
+∞∑
j=1

ψjΨ (r0 + ||φ||, r0 + ||φ||) ≤ r0.

It is easy to see that TΩr0
⊂ Ωr0

. Then, Schauder fixed point theorem implies
that T has a fixed point x ∈ Ωr0

, which is a solution of IVP(1). The proof is
completed.

Theorem 3.2. Suppose that (H2) holds. Then IVP(1) has at least one solution
x ∈ X if

δm < 1 or δm = 1 with N0 < 1 or δm > 1 with ‖φ‖1−δm(δm−1)δm−1

δδmm
≥ N0, (19)

where

N0 =
m∑
i=1

[
max

{
(σ−α−k1)B(α,k1+1)

σ , (σ−α−k1)B(α−p,k1+1)
σ(α−p)

}(
α+k1

σ−α−k1

)(α+k1)/σ

Ai

+ max

{(
Γ(α) + λ

α
σ−α
σ

(
α

σ−α
)α/σ)

, λ(σ−p)
σ(α−p)

(
p

σ−p

)p/σ}
Bi

+∞∑
j=1

ψj

]
||φ||δi−δm.
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Proof. Let X and T be defined in Section 2. By Lemma 2.3 and Lemma 2.4 we
seek solutions of IVP(1) by getting the fixed point of T in X. Let φ be defined
by (11). We can get (12). Let r > 0 and define Ωr = {x ∈ X : ‖x− φ‖ ≤ r} .

For x ∈ Ωr, we have ‖x− φ‖ ≤ r. Then ||x|| ≤ ||x− φ|| + ||φ|| ≤ r + ||φ||.
Using (H2), we find similarly to the proof of Theorem 3.1 that

|(Tx)(t)−φ(t)|
(1+tσ)Eα,α(λtα) ≤

m∑
i=1

[
(σ−α−k1)B(α,k1+1)

σ

(
α+k1

σ−α−k1

)(α+k1)/σ

Ai

+
(

Γ(α) + λ
α
σ−α
σ

(
α

σ−α
)α/σ)

Bi

+∞∑
j=1

ψj

]
||x||δ1i+δ2i.

Furthermore, we have

tp

(1+tσEα,α−p(λtα)|
cDp

0+(Tx)(t)− cDp
0+φ(t)|

≤
m∑
i=1

[
(σ−α−k1)B(α−p,k1+1)

σ(α−p)

(
α+k1

σ−α−k1

)(α+k1)/σ

Ai

+λ(σ−p)
σ(α−p)

(
p

σ−p

)p/σ
Bi

+∞∑
j=1

ψj.

]
||x||δ1i+δ2i.

It follows that

||Tx− φ|| ≤
m∑
i=1

[
max

{
(σ−α−k1)B(α,k1+1)

σ , (σ−α−k1)B(α−p,k1+1)
σ(α−p)

}(
α+k1

σ−α−k1

)(α+k1)/σ

Ai

+ max

{(
Γ(α) + λ

α
σ−α
σ

(
α

σ−α
)α/σ)

, λ(σ−p)
σ(α−p)

(
p

σ−p

)p/σ}
Bi

+∞∑
j=1

ψj

]
×

[r + ||φ||]δi.
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Then

||Tx− φ|| ≤ [r + ||φ||]δm×
m∑
i=1

[
max

{
(σ−α−k1)B(α,k1+1)

σ , (σ−α−k1)B(α−p,k1+1)
σ(α−p)

}(
α+k1

σ−α−k1

)(α+k1)/σ

Ai

+ max

{(
Γ(α) + λ

α
σ−α
σ

(
α

σ−α
)α/σ)

, λ(σ−p)
σ(α−p)

(
p

σ−p

)p/σ}
Bi

+∞∑
j=1

ψj

]
||φ||δi−δm

= N0[r + ||φ||]δm.

(i) If δm < 1, we can choose r0 > 0 sufficiently large such that [r0 +
||φ||]δmN0 < r0. Let Ωr0

= {x ∈ Y : ||x − φ|| < r0}. It is easy to see that
TΩr0

⊂ Ωr0
. Then, Schauder fixed point theorem implies that T has a fixed

point x ∈ Ωr0
, which is a bounded solution of IVP (1).

(ii) If δm = 1, we choose

r0 ≥ ||φ||N0

1−N0
.

Let Ωr0
= {x ∈ Y : ||x − φ|| < r0}. It is easy to see that TΩr0

⊂ Ωr0
. Then,

Schauder fixed point theorem implies that T has a fixed point x ∈ Ωr0
, which

is a bounded solution of IVP (1).

(iii) If δm > 1, we choose r = r0 = ‖φ‖
δm−1 . By assumption,

r0

(r0+‖φ‖)δm
= ‖φ‖1−δm(δm−1)δm−1

δδmm
≥ N0.

Let Ωr0
= {x ∈ Y : ||x − φ|| < r0}. It is easy to see that TΩr0

⊂ Ωr0
. Then,

Schauder fixed point theorem implies that F has a fixed point x ∈ Ωr0
, which

is a solution of IVP(1). The proof is completed.

Now, we establish existence results for IVP(2) under some suitable assump-
tions. Let δ0(t) and δ1(t) be defined by (9).

(H3). Suppose that there exist non-decreasing functions Φ,Ψ : [0,+∞)×
[0,+∞)→ [0,+∞) such that

g is a II-Carathéodory function and there exists a piecewise continuous
bounded function r : (0,+∞) → R such that |g (t, δ0(t)u, δ1(t)v)− r(t)| ≤
Φ(|u|, |v|), t ∈ (0,+∞), u, v ∈ IR.
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J is a discrete II-Carathéodory function and there exists sequence {Js} and

{ψs} with
+∞∑
s=1

Js < +∞ and
+∞∑
s=1

ψs < +∞ such that |I (ts, δ0(t)u, δ1(t)v)− Js| ≤

ψsΨ(|u|, |v|), s ∈ ZZ, u, v ∈ IR.

(H4). Suppose that δ1i(i = 1, 2, · · · ,m) with δi = δ1i + δ2i > 0(i =
1, 2, . . . ,m) and δ1 ≤ δ2 ≤ · · · ≤ δm. The following assumptions are satisfied:

g is a II-Carathéodory function and there exist nonnegative numbers
Ai(i = 1, 2, . . . ,m), a piecewise continuous bounded function r : (0,+∞) →
R such that |g (t, (δ0(t)u, δ1(t)v)− r(t)| ≤

m∑
i=1

Ai|u|δ1i|v|δ2i hold for all t ∈

(0,+∞), u, v ∈ IR.

J is a discrete II-Carathéodory function and there exist nonnegative num-

bers Bi(i = 1, 2, . . . ,m), sequences {Js} and {ψs} with
+∞∑
s=1

Js,
+∞∑
s=1

ψs < +∞ such

that |J (ts, δ0(ts)u, δ1(ts)v)− Js| ≤ ψs
m∑
i=1

Bi|u|δ1i|v|δ1i hold for all s ∈ ZZ, u, v ∈

IR.

Denote

φ(t) =

∫ t
0 (t− u)α−1Eα,α(λ(t− u)α)n(u)r(u)du+ x0Eα(λtα), t ∈ (t0, t1],

∫ t
ts

(t− u)α−1Eα,α(λ(t− u)α)n(u)r(u)du+

[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
Jj +

s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − u)α−1Eα,α(λ(tj − u)α)n(u)r(u)du
]

Eα(λ(t− ts)α),

t ∈ (ts, ts+1], s ∈ ZZ, x ∈ X.
(20)
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Then

cDp
ts

+φ(t) =

∫ t
0 (t− u)α−p−1Eα,α−p(λ(t− u)α)n(u)r(u)du

+λx0t
α−pEα,α+1−p(λt

α), t ∈ (t0, t1],

∫ t
ts

(t− u)α−p−1Eα,α−p(λ(t− u)α)n(u)r(u)du

+λ(t− ts)α−p
[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
Jj

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − u)α−1Eα,α(λ(tj − u)α)n(u)r(u)du
]

Eα,α+1−p(λ(t− ts)α),

t ∈ (ts, ts+1], s ∈ ZZ, x ∈ X.

(21)

Theorem 3.3 Suppose that (H3) holds. Then IVP(2) has at least one solution
if

AΦ (r + ||φ||, r + ||φ||) +BΨ (r + ||φ||, r + ||φ||) ≤ r (22)

has a positive solution r0 > 0, where

A = max

sup
s∈ZZ0

s+1∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
,

sup
s∈ZZ0

s+1∑
j=1

[Eα,α−p(λ(tj−tj−1)α)+Eα,α(λ(tj−tj−1)α)](tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]

 ,
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B = max

sup
s∈ZZ0

+∞∑
j=1

ψj

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
,

sup
s∈ZZ0

+∞∑
j=1

ψj

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]

 .

Proof. Let Y and T1 be defined in Section 2. From Lemma 2.8 and 2.9, we
need to prove that T1 has at least one fixed point in Y .One gets

cDp

t+s
(T1x)(t) =

∫ t
0 (t− s)α−p−1Eα,α−p(λ(t− s)α)n(s)g(s, x(s), cDp

t+s
x(s))ds

+λx0t
α−pEα,α+1−p(λt

α), t ∈ (t0, t1],

∫ t
ts

(t− s)α−p−1Eα,α−p(λ(t− s)α)n(s)g(s, x(s), cDp

t+s
x(s))ds

+λ(t− ts)α−p
[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
J(tj, x(tj),

cDp

t+j−1
x(tj))

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − s)α−1Eα,α(λ(tj − s)α)n(s)g(s, x(s), cDp

t+j−1
x(s))ds

]
×

Eα,α+1−p(λ(t− ts)α), t ∈ (ts, ts+1], s ∈ ZZ, x ∈ X.

(23)

By (H3) and direct computation, from (9), (12) and (20), we have for t ∈
(ts, ts+1] that

|(Tx)(t)−φ(t)|
δ0(t) ≤

∫ t
ts

(t−u)α−1Eα,α(λ(t−u)α)|n(u)||g(u,x(u),cDp

t+s−1

x(u))−r(u)|du

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
s+1∏
v=1

Eα(λ(tv−tv−1)α)
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+ Eα(λ(t−ts)α)
s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
s+1∏
v=1

Eα(λ(tv−tv−1)α)
×

[
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
|J(tj, x(tj),

cDp

t+j−1
x(tj))− Jj|

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − u)α−1Eα,α(λ(tj − u)α)|n(u)||g(u, x(u), cDp

t+j−1
x(u))− r(u)|du

]
≤ Eα,α(λ(ts+1−ts)α)

∫ t
ts

(t−u)α−1(u−ts)k2(ts+1−u)l2Φ(||x||,||x||)du
s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
s+1∏
v=1

Eα(λ(tv−tv−1)α)

+ Eα(λ(ts+1−ts)α)
s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
s+1∏
v=1

Eα(λ(tv−tv−1)α)
×

[
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
ψjΨ(||x||, ||x||)

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
Eα,α(λ(tj − tj−1)

α)×

∫ tj
tj−1

(tj − u)α−1(u− tj−1)
k2(tj − u)l2Φ(||x||, ||x||)du

]
≤ Eα,α(λ(ts+1−ts)α)

∫ t
ts

(t−u)α+l2−1(u−ts)k2duΦ(||x||,||x||)
s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

+

+∞∑
j=1

ψjΨ(||x||,||x||)+
s∑
j=1

Eα,α(λ(tj−tj−1)α)
∫ tj
tj−1

(tj−u)α+l2−1(u−tj−1)k2duΦ(||x||,||x||)
s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

≤ Eα,α(λ(ts+1−ts)α)(t−ts)α+k2+l2
∫ 1

0
(1−w)α+l2−1wk2dwΦ(||x||,||x||)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
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+

+∞∑
j=1

ψjΨ(||x||,||x||)+
s∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2
∫ 1

0
(1−w)α+l2−1wk2dwΦ(||x||,||x||)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

≤

+∞∑
j=1

ψjΨ(||x||,||x||)+
s+1∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)Φ(||x||,||x||)
s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

≤ sup
s∈ZZ0

+∞∑
j=1

ψj

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
Ψ(||x||, ||x||)

+ sup
s∈ZZ0

s+1∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
Φ(||x||, ||x||).

Furthermore, from (9), (21) and (23), we have

|cDp

∗+(Tx)(t)−cDp

∗+φ(t)|
δ1(t) ≤

∫ t
ts

(t−u)α−p−1Eα,α−p(λ(t−u)α)|n(u)||g(u,x(u),cDp

t+s
x(u))−r(u)|du

δ1(t)

+λ(t−ts)α−p
δ1(t)

[
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
|J(tj, x(tj),

cDp

t+j−1
x(tj))− Jj|

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − u)α−1Eα,α(λ(tj − u)α)|n(u)||g(u, x(u), cDp

t+j−1
x(u))− r(u)|du

]
×

Eα,α+1−p(λ(t− ts)α)

≤ Eα,α−p(λ(ts+1−ts)α)
∫ t
ts

(t−u)α−p−1u−ts)k2(ts+1−u)l2duΦ(||x||,||x||)

[λ(ts+1−ts)α−p+1]
s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]

+ λ(t−ts)α−p

[λ(ts+1−ts)α−p+1]
s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
×
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[
+∞∑
j=1

ψjΨ(||x||, ||x||)

+
s∑
j=1

Eα,α(λ(tj − tj−1)
α)
∫ tj
tj−1

(tj − u)α−1(u− tj−1)
k2(tj − u)l2duΦ(||x||, ||x||)

]

≤ Eα,α−p(λ(ts+1−ts)α)(ts+1−ts)α−p+k2+l2B(α−p+l2,k2+1)

[λ(ts+1−ts)α−p+1]
s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Φ(||x||, ||x||)

+
λ(ts+1−ts)α−p

s∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)

[λ(ts+1−ts)α−p+1]
s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Φ(||x||, ||x||)

+
λ(ts+1−ts)α−p

+∞∑
j=1

ψj

[λ(ts+1−ts)α−p+1]
s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Ψ(||x||, ||x||)

≤

s+1∑
j=1

[Eα,α−p(λ(tj−tj−1)α)+Eα,α(λ(tj−tj−1)α)](tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Φ(||x||, ||x||)

+

+∞∑
j=1

ψj

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Ψ(||x||, ||x||)

≤ sup
s∈ZZ0

s+1∑
j=1

[Eα,α−p(λ(tj−tj−1)α)+Eα,α(λ(tj−tj−1)α)](tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Φ(||x||, ||x||)

+ sup
s∈ZZ0

+∞∑
j=1

ψj

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Ψ(||x||, ||x||).

Hence

||T1x− φ|| ≤ AΦ(||x||, ||x||) +BΨ(||x||, ||x||). (24)

It is easy to show that φ ∈ X. Let r > 0 and define Ωr =
{x ∈ X : ‖x− φ‖ ≤ r} . For x ∈ Ωr, we have ‖x − φ‖ ≤ r. Then ||x|| ≤
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||x − φ|| + ||φ|| ≤ r + ||φ||. Let r0 > 0 be a solution of (14). From above
discussion, we have

||Tx− φ|| ≤ AΦ (r0 + ||φ||, r0 + ||φ||) +BΨ (r0 + ||φ||, r0 + ||φ||) . ≤ r0.

It is easy to see that TΩr0
⊂ Ωr0

. Then, Schauder fixed point theorem implies
that T has a fixed point x ∈ Ωr0

, which is a solution of IVP(2). The proof is
completed.

Theorem 3.4 Suppose that (H4) holds. Let N0 =
m∑
i=1

[AAi +BBi] ||φ||δi−δm

and A,B are defined in Theorem 3.3. Then IVP(2) has at least one solution
x ∈ Y if

δm < 1 or δm = 1 with N0 < 1 or δm > 1 with ‖φ‖1−δm(δm−1)δm−1

δδmm
≥ N0, (25)

Proof. Let Y and T1 be defined in Section 2. By Lemma 2.8 and Lemma 2.9 we
seek solutions of IVP(2) by getting the fixed point of T1 in Y . Let φ be defined
by (20). We can get (21). Let r > 0 and define Ωr = {x ∈ X : ‖x− φ‖ ≤ r} .

For x ∈ Ωr, we have ‖x− φ‖ ≤ r. Then ||x|| ≤ ||x− φ|| + ||φ|| ≤ r + ||φ||.
Using (H4), use (9), (20) and (12), we find similarly to the proof of Theorem
3.3 that

|(Tx)(t)−φ(t)|
δ0(t) ≤

m∑
i=1

sup
s∈Z0

s+1∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
Ai

+ sup
s∈ZZ0

+∞∑
j=1

ψj

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)
Bi

 ||x||δ1i+δ2i.
Furthermore, use (9), (21) and (23), similarly to the proof of Theorem 3.3, we
have

|cDp

t+s
(Tx)(t)−cDp

t+s
φ(t)|

δ1(t)

≤
m∑
i=1

sup
s∈ZZ0

s+1∑
j=1

[Eα,α−p(λ(tj−tj−1)α)Eα,α(λ(tj−tj−1)α)](tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α−p(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Ai

+ sup
s∈ZZ0

+∞∑
j=1

ψj

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α−p(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]
Bi

 ||x||δ1i+δ2i.
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It follows that

||Tx− φ|| ≤
m∑
i=1

[AAi +BBi] [r + ||φ||]δi.

≤ [r + ||φ||]δm
m∑
i=1

[AAi +BBi] ||φ||δi−δm = N0[r + ||φ||]δm.

The remainder of the proof is similar to that of Theorem 3.2 and is omitted.
The proof is complete.

4 Examples

In this section, we present examples to illustrate Theorem 3.2 and Theorem 3.4.

Example 4.1. Consider the following IVP

cD
2
3

0+x(t)− x(t) =

t−
1
6

[
B + A

(
|x(t)|

(1+t2)E2/3,2/3(t2/3)

)σ( t1/6|cD
1
6
0+x(t)|

(1+t2)E2/3,5/6(t2/3)

)τ]
, a.e., t ∈ (0,+∞),

x(0) = x0,

∆x(s) = 2−s

[
b+ a

(
|x(s)|

(1+s2)E2/3,2/3(s2/3)

)σ( s1/6|cD
1
6
0+x(s)|

(1+s2)E2/3,5/6(s2/3)

)τ]
, s ∈ ZZ,

(26)
where A,B, a, b ∈ IR are constants.

Corresponding to IVP(1), we have α = 2
3 , p = 1

6 , λ = 1, k1 = −1
6 , m(t) =

t−
1
6 , ts = s, s ∈ Z, and

f(t, u, v) = B + A
(

u
(1+t2)E2/3,2/3(t2/3)

)σ (
t1/6|v|

(1+t2)E2/3,5/6(t2/3)

)τ
,

I(s, u, v) = 2−s
[
b+ a

(
u

(1+s2)E2/3,2/3(s2/3)

)σ (
s1/6|v

(1+s2)E2/3,5/6(s2/3)

)τ]
.

Hence (i), (ii) and (iii) in Section 1 are satisfied.
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Choose σ = 2. Then σ > max{−k1, α + k1, α} and

f
(
t, (1 + t2)E2/3,2/3(t

2/3)u,
(1+t2)E2/3,5/6(t2/3)

t1/6
v
)

= B + A |u|σ |v|τ ,

I
(
s, (1 + s2)E2/3,2/3(s

2/3)u,
(1+s2)E2/3,5/6(s2/3)

s1/6 v
)

= 2−s [b+ a |u|σ |v|τ ] .

Then (v) in Section 1 holds.

Choose m = 1, δ11 = δ, δ21 = τ , δ1 = σ + τ , r(t) = A and Is = 2−sb,
ψs = 2−s, A1 = |A| and B1 = |b|. Then∣∣∣f (t, (1 + tσ)Eα,α(tα)u,

(1+tσ)Eα,α−p(λt
α)

tp v
)
− r(t)

∣∣∣ ≤ A1|u|δ11|v|δ21,

∣∣∣I (s, (1 + sσ)Eα,α(sα)u,
(1+tσs )Eα,α−p(s

α)
sp v

)
− Is

∣∣∣ ≤ ψsB1|u|δ11|v|δ21.

Hence (H2) in Section 3 holds.

By direct computation we have

N0 = max
{

(σ−α−k1)B(α,k1+1)
σ , (σ−α−k1)B(α−p,k1+1)

σ(α−p)

}(
α+k1

σ−α−k1

)(α+k1)/σ

|A|

+ max

{(
Γ(α) + λ

α
σ−α
σ

(
α

σ−α
)α/σ)

, λ(σ−p)
σ(α−p)

(
p

σ−p

)p/σ}
|a|

+∞∑
j=1

2−s

=
max{ 3B(2/3,5/6)

4 , 3B(1/2,5/6)
2 }

4
√

3
|A|+ max

{
Γ(2/3) + 1

3
√

2
, 11

6
1

12
√

11

}
|a|.

Using Mathlab7.0, we have N0 < 2.6|A|+ 2.2|b|.
Furthermore, we have for t ∈ (s, s+ 1] that

|φ(t)|
(1+t2)E2/3,2/3(t2/3)

≤ |A|
(1+t2)E2/3,2/3(t2/3)

∫ t
0 (t− s)− 1

3 E2/3,2/3((t− s)2/3)s−
1
6ds

+ |x0|
(1+t2)E2/3,2/3(t2/3)

E2/3(t
2/3) + |b|

(1+t2)E2/3,2/3(t2/3)

s∑
j=1

E2/3((t− j)2/3)2−s

≤ |A|
1+t2

∫ t
0 (t− s)− 1

3s−
1
6ds+ |x0|

(1+t2) + |b|
(1+t2)

s∑
j=1

2−s

≤ |A|
1+t2 t

1
2 B(2/3, 5/6) + |x0|+ |b|

≤ 1.8|A|+ |x0|+ |b|
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and use (7), we have

tp|cD
1
6
0+φ(t)|

(1+t2)E2/3,1/2(t2/3)
≤ |A| tp1+t2

∫ t
0 (t− u)−

1
2u−

1
6du+ |x0| t

1/6

1+t2 t
1
2

1
2/3−1/6

+|b| t1/61+t2

s∑
i=1

2−s(t− i) 1
2

1
2/3−1/6

≤ 2.3|A|+ 2|x0|+ 2|b|.
Then

‖φ‖ = max

{
sup

t∈(0,+∞)

|φ(t)|
(1+t2)E2/3,2/3(t2/3)

, sup
t∈(0,+∞)

t1/6

(1+t2)E2/3,11/6(t2/3)
|cD

1
6

0+φ(t)|

}

≤ 2.3|A|+ 2|x0|+ 2|b|.
Since

σ + τ < 1 or

σ + τ = 1 with 2.6|A|+ 2.2|a| < 1 or

σ + τ > 1 with (2.3|A|+2|x0|+2|b|)1−σ−τ (σ+τ−1)σ+τ−1

(σ+τ)σ+τ ≥ 2.6|A|+ 2.2|a|

(27)

implies (19) holds, by Theorem 3.2, IVP(26) has at least one solution x ∈ X if
(27) holds. This example is ended.

Example 4.2. Consider the following IVP

cD
2
3

s+x(t)− x(t)

= (t− s)− 1
2 (s+ 1− t)− 1

12

[
B + A

(
|x(t)|
δ0(t)

)σ( |cD 1
6
s+
x(t)|

δ1(t)

)τ]
,

a.e., t ∈ (s, s+ 1), s ∈ ZZ0,

x(0) = x0,

∆x(s) = 2−s

[
b+ a

(
|x(s)|
δ0(s)

)σ( |cD 1
6
(s−1)+

x(s)|
δ1(s)

)τ]
, s ∈ ZZ,

(28)
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where a, b, A,B ∈ IR, σ, τ ≥ 0 and

δ0(t) =
E2/3,2/3(1)(s+1)(s+2)[E2/3(1)]

s+1

2 , t ∈ (s, s+ 1], s ∈ ZZ0,

δ1(t) = (E2/3,1/2(1) + E2/3,2/3(1))(s+ 1)(s+ 2)
[
E2/3(1)

]s
E2/3,3/2((t− ts)2/3),

t ∈ (s, s+ 1], s ∈ ZZ0.

Corresponding to IVP(2), we have α = 2
3 , p = 1

6 , k2 = l2 = − 1
12 , λ = 1,

ts = s for s ∈ ZZ0, n(t) = (t− s)− 1
2 (s+ 1− t)− 1

12 for t ∈ (s, s+ 1) and

g(t, u, v) = B + A
(
|u|
δ0(t)

)σ ( |v|
δ1(t)

)τ
,

J(s, u, v) = 2−s
[
b+ a

(
|u|
δ0(s)

)σ ( |v|
δ1(s)

)τ]
.

Choose m = 1, r(t) = B and Js = 2−sb. Then

|J (ts, δ0(ts)u, δ1(ts)v)− Js| ≤ |a|ψs|u|σ|v|τ ,

|g (t, (δ0(t)u, δ1(t)v)− r(t)| ≤ |A||u|σ|v|τ .

One sees that (i), (ii) (iv), (vi) and (H4) hold. By Mathlab 7.0, we have

A = max

{
sup
s∈ZZ0

2E2/3,2/3(1)B(7/12,11/12)

(s+2)E2/3,2/3(1) , sup
s∈ZZ0

2[E2/3,1/2(1)+E2/3,2/3(1)]B(7/12,11/12)

(s+2)[E2/3,2/3(1)+E2/3,1/2(1)]

}
< 1.9,

B = max

sup
s∈ZZ0

2
+∞∑
j=1

2−j

(s+1)(s+2)E2/3,2/3(1) , sup
s∈ZZ0

2
+∞∑
j=1

2−j

(s+1)(s+2)[E2/3,2/3(1)+E2/3,1/2(1)]


≤ 1

E2/3,2/3(1) < 0.8.

We have for t ∈ (s, s+ 1] that

|φ(t)|
δ0(t) ≤

1
δ0(t)

∣∣∣∣∫ tts(t− u)α−1Eα,α(λ(t− u)α)n(u)Bdu+

[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α)
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+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
2−jb+

s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − u)α−1Eα,α(λ(tj − u)α)n(u)Bdu
]

Eα(λ(t− ts)α)
∣∣∣

≤
|x0|+

+∞∑
j=1

2−j |b|+|B|
s+1∑
j=1

Eα,α(λ(tj−tj−1)α)(tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α+k2+l2Eα,α(λ(tj+1−tj)α)

=
2|x0|+2|b|+4(s+1)|B|E2/3,2/3(1)B(7/12,11/12)

(j+1)(s+2)E2/3,2/3(1) ≤ |x0|+|b|+2|B|E2/3,2/3(1)B(7/12,11/12)

E2/3,2/3(1)

and

|cDp

ts+φ(t)

δ1(t) ≤ 1
δ1(t)

∣∣∣∫ tts(t− u)α−p−1Eα,α−p(λ(t− u)α)n(u)Bdu

+λ(t− ts)α−p
[
x0

s∏
v=1

Eα(λ(tv − tv−1)
α) +

s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
Jj

+
s∑
j=1

(
s∏

v=j+1

Eα(λ(tv − tv−1)
α)

)
×

∫ tj
tj−1

(tj − u)α−1Eα,α(λ(tj − u)α)n(u)r(u)du
]

Eα,α+1−p(λ(t− ts)α)
∣∣∣

≤
|x0|+

+∞∑
j=1

2−j |b|+|B|
s+1∑
j=1

[Eα,α−p(λ(tj−tj−1)α)+Eα,α(λ(tj−tj−1)α)](tj−tj−1)α+k2+l2B(α+l2,k2+1)

s∑
j=0

tj+1(tj+1−tj)α−p+k2+l2 [Eα,α(λ(tj+1−tj)α)+Eα,α−p(λ(tj+1−tj)α)]

≤
|x0|+|b|+|B|

s+1∑
j=1

[E2/3,1/2(1)+E2/3,2/3(1)]B(7/12,11/12)

s∑
j=0

(j+1)[E2/3,2/3(1)+E2/3,1/2(1)]

≤ |x0|+|b|+2|B|[E2/3,1/2(1)+E2/3,2/3(1)]B(7/12,11/12)

E2/3,2/3(1)+E2/3,1/2(1) .

It follows that

||φ|| ≤ max
{
|x0|+|b|+2|B|E2/3,2/3(1)B(7/12,11/12)

E2/3,2/3(1) ,
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|x0|+|b|+2|B|[E2/3,1/2(1)+E2/3,2/3(1)]B(7/12,11/12)

E2/3,2/3(1)+E2/3,1/2(1)

}
< 0.8|x0|+ 0.8|b|+ 3.7|B|.

Then N0 = A|A|+B|a|. Since

σ + τ < 1 or σ + τ = 1 with 1.9|A|+ 0.8|a| < 1 or

σ + τ > 1 with (0.8|x0|+0.8|b|+3.7|B|)1−(σ+τ)(σ+τ)σ+τ−1

(σ+τ)σ+τ) ≥ 1.9|A|+ 0.8|a|
(29)

imply (25) hold, we know from Theorem 3.4 that IVP(28) has at least one so-
lution x ∈ Y if (29) holds. This example is ended.

Remark 4.1. We can prove that IVP(1) has at least one solution if

(i), (ii), (iii), (v) hold, f
(
t, (1 + tσ)Eα,α(λtα)x,

(1+tσ)Eα,α−p(λt
α)

tp y
)

is bounded

and there exists positive sequence {ψs} with
+∞∑
s=1

ψs < +∞ such that

I
(
ts, (1+tσs )Eα,α(λtαs )x,

(1+tσs )Eα,α−p(λtαs )

t
p
s

y
)

ψs
is bounded.

Remark 4.2. It is easy to prove that IVP(2) has at least one solution if (i), (ii),
(iv), (vi) hold, g(t, δ0(t)u, δ1(t)v) is bounded and there exists positive sequence

{ψs} with
+∞∑
s=1

ψs < +∞ such that J(ts,δ0(ts)u,δ1(ts)v)
ψs

is bounded.
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