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Àííîòàöèÿ

Óñòàíîâëåíî, ÷òî ñèñòåìà óðàâíåíèé äèíàìèêè èäåàëüíîãî íåðåëÿòèâèñò-
ñêîãî ñàìîãðàâèòèðóþùåãî ïîëèòðîïíîãî ãàçà äîïóñêàåò áåñêîíå÷íîìåðíóþ
àëãåáðó Ëè ñ ÷åòûðüìÿ ïðîèçâîëüíûìè ôóíêöèÿìè âðåìåíè. Â îòëè÷èå îò
ñëó÷àÿ ïðîèçâîëüíîãî óðàâíåíèÿ ñîñòîÿíèÿ ãðóïïà ñèììåòðèé ðàñøèðÿåòñÿ,
äîïóñêàÿ òàêæå íåîäíîðîäíûå ðàñòÿæåíèÿ.

Êëþ÷åâûå ñëîâà: ñàìîãðàâèòèðóþùèé ïîëèòðîïíûé ãàç, óðàâíåíèÿ äâè-
æåíèÿ, òî÷å÷íûå ñèììåòðèè

Abstract

It is established that the system of dynamics equations of non-relativistic
polytropic perfect self-gravitating gas admits in�nite-dimensional Lie algebra with
four arbitrary functions of time. In contrast to the case of arbitrary state equation
the group of symmetries is expanded, allowing also dilations.

Keywords:polytropic self-gravitating gas, dynamics equations, Lie point
symmetries
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1 Ââåäåíèå

Â ðàáîòàõ [1, 2] áûë ïðîâåäåí ãðóïïîâîé àíàëèç è íàéäåíû ÷àñòíûå èíâàðè-
àíòíûå ðåøåíèÿ ìîäåëè "Íüþòîíîâñêàÿ êîñìîëîãèÿ êîòîðàÿ ÿâëÿåòñÿ áàçèñ-
íîé ïðè ìîäåëèðîâàíèè êðóïíîìàñøòàáíîé ñòðóêòóðû Âñåëåííîé [3]. Ìîäåëü
ïðåäñòàâëÿåò ñîáîé ñèñòåìó óðàâíåíèé äèíàìèêè íåðåëÿòèâèñòñêîãî ñàìîãðà-
âèòèðóþùåãî ãàçà ñ íóëåâûì äàâëåíèåì [1, 2]. Îáëàñòü ïðèìåíèìîñòè ìîäåëè
ìîæíî ðàñøèðèòü, åñëè ó÷åñòü èñòèííîå óðàâíåíèå ñîñòîÿíèÿ ãàçà. Â ýòîì
ñëó÷àå ìîäåëü ìîæåò ïðèìåíÿòüñÿ â òåîðèè îáðàçîâàíèÿ çâåçä èç ìåæçâåçä-
íîãî ãàçà [3]. Â íàñòîÿùåé ðàáîòå ìû ïðîâåäåì ãðóïïîâîé àíàëèç ñèñòåìû
óðàâíåíèé íåðåëÿòèâèñòñêîãî ñàìîãðàâèòèðóþùåãî ïîëèòðîïíîãî ãàçà. Ïðåä-
ïîëîæåíèå î ïîëèòðîïíîì óðàâíåíèè ñîñòîÿíèÿ ïðèíèìàåòñÿ â áîëüøèíñòâå
èññëåäîâàíèé è õîðîøî ñîãëàñóåòñÿ ñ äàííûìè ýêñïåðèìåíòà[3]. Îïûò èññëå-
äîâàíèÿ äèôôåðíöèàëíûõ óðàâíåíèé êëàññè÷åñêîé ãàçîäèíàìèêè [4] ïîêàçàë
ïîëåçíîñòü ïðèìåíåíèÿ ìåòîäîâ ãðóïïîâîãî àíàëèçà, ïîçâîëÿþùåãî â ïðèí-
öèïå ïîëó÷èòü ïîëíûé ñïèñîê òî÷íî ðåøàåìûõ ïîäìîäåëåé, èìåþùèõ ôè-
çè÷åñêèé ñìûñë è íåîáõîäèìûõ äëÿ òåñòèðîâàíèÿ ÷èñëåííûõ è ïðèáëèæåí-
íûõ àíàëèòè÷åñêèõ ìåòîäîâ ðåøåíèÿ. Íàøà öåëü � âû÷èñëåíèÿ àëãåáðû Ëè,
äîïóñêàåìîé ñèñòåìîé óðàâíåíèé äèíàìêè ïîëèòðîïíîãî ñàìîãðàâèòèðþùå-
ãî ãàçà ñ öåëüþ äàëüíåéøåé ðàçðàáîòêè ïðîãðàììû "Ïîäìîäåëè àíàëîãè÷íîé
ïðîãðàììå Ë.Â. Îâñÿííèêîâà äëÿ êëàññè÷åñêîé ãàçîäèíàìèêè [4]. Ñëó÷àè íó-
ëåâîãî äàâëåíèÿ è ïðîèçâîëüíîãî óðàâíåíèÿ ñîñòîÿíèÿ ðàññìîòðåíû â ðàáî-
òàõ [1, 5].

2 Âû÷èñëåíèå àëãåáð Ëè

Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé äèíàìèêè èäåàëüíîãî íåðåëÿòèâèñòñêî-
ãî ñàìîãðàâèòèðóþùåãî ïîëèòðîïíîãî ãàçà. Ñèñòåìà óðàâíåíèé èìååò âèä:

∂ρ
∂t +∇(ρ−→v ) = 0,
∂−→v
∂t + (−→v ∇)−→v +∇Φ +∇p/ρ = 0,

∆Φ = 4πGρ,
∂p
∂t +−→v ∇p+ γp∇−→v = 0,

(1)

ãäå ρ � ïëîòíîñòü æèäêîñòè, p � äàâëåíèå, Φ � ãðàâèòàöèîííûé ïîòåíöèàë,
−→v � ñêîðîñòü, G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ, γ � ïîêàçàòåëü ïîëèòðîïû,
∇ � îïåðàòîð Ãàìèëüòîíà, ∆ � îïåðàòîð Ëàïëàñà [4].
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Ïåðåïèøåì ñèñòåìó óðàâíåíèé (1) (â áåçðàçìåðíûõ ïåðåìåííûõ) â äåêàð-
òîâûõ êîîðäèíàòàõ

ρt + ρ(ux + vy + ωz) + uρx + vρy + ωρz = 0

ut + uux + vuy + ωuz + Φx + px/ρ = 0

vt + uvx + vvy + ωvz + Φy + py/ρ = 0

ωt + uωx + vωy + ωωz + Φz + pz/ρ = 0

Φxx + Φyy + Φzz − ρ = 0

pt + upx + vpy + ωpz + γp(ux + vy + ωz) = 0

(2)

ãäå x, y, z � äåêàðòîâû êîîðäèíàòû, t � âðåìÿ, u, v, ω � êîìïîíåíòû âåêòîðà
ñêîðîñòè.

Ãåíåðàòîð ãðóïïû áóäåì èñêàòü â âèäå

X = ξ(x)∂x+ξ(y)∂y+ξ
(z)∂z+ξ

(t)∂t+η
(Φ)∂Φ+η(ρ)∂ρ+η

(p)∂p+η
(u)∂u+η(v)∂v+η

(ω)∂ω,

(3)
ãäå êîìïîíåíòû êàñàòåëüíîãî âåêòîðíîãî ïîëÿ ξ è η ÿâëÿþòñÿ ôóíêöèÿìè
âñåõ çàâèñèìûõ è íåçàâèñèìûõ ïåðåìåííûõ [6].

Ðàñ÷åò ïî ñòàíäàðòíîìó àëãîðèòìó Ëè - Îâñÿííèêîâà [6] ñ ïðèìåíåíèåì
ïàêåòà GeM [7] ïðèâîäèò ê îïðåäåëÿþùèì óðàâíåíèÿì

η
(u)
t,v = η

(u)
t,w = η

(v)
t,w = η

(u)
v,v = η

(u)
v,w = η

(u)
w,w = η

(v)
w,w = ξ

(t)
x = 0,

ξ
(x)
x = 1

2
−2η(ρ)p+η(p)ρ

ρp , ξ
(y)
x = −η(u)v , ξ

(z)
x = −η(u)w , η

(F )
x = −η(u)t ,

η
(ρ)
x = η

(p)
x = η

(u)
x = η

(v)
x = η

(w)
x = ξ

(t)
y = 0, ξ

(x)
y = η

(u)
v , ξ

(z)
y = −η(v)w ,

ξ
(y)
y = 1

2
−2η(ρ)p+η(p)ρ

ρp , η
(F )
y = −η(v)t , ξ

(x)
z = η

(u)
w , ξ

(y)
z = η

(v)
w ,

η
(ρ)
y = η

(p)
y = η

(u)
y = η

(v)
y = η

(w)
y = ξ

(t)
z = 0, ξ

(z)
z = 1

2
−2η(ρ)p+η(p)ρ

mρ ,

η
(F )
z = −η(w)t , η

(ρ)
z = η

(p)
z = η

(u)
z = η

(v)
z = η

(w)
z = 0, ξ

(t)
t = −1

2
η(ρ)

ρ ,

ξ
(x)
t = 1

2
−2η

(u)
w ρwp−2η

(u)
v ρvp+η(ρ)up−η(p)ρu+2η(u)ρp

ρp ,

ξ
(y)
t

1
2
2η

(u)
v ρup−2η

(v)
w ρwp+η(ρ)vp−η(p)ρv+2η(v)ρp

ρp ,

ξ
(z)
t = 1

2
2η

(u)
w ρup+2η

(v)
w ρvp+η(ρ)wp−η(p)ρw+2η(w)ρp

ρp ,

η
(ρ)
t = η

(p)
t = ξ

(t)
ρ = ξ

(x)
ρ = ξ

(y)
ρ = ξ

(z)
ρ = η

(F )
ρ = 0, η

(ρ)
ρ = η(ρ)

ρ ,

η
(p)
ρ = η

(u)
ρ = η

(v)
ρ = η

(w)
ρ = ξ

(t)
u = ξ

(x)
u = ξ

(y)
u = ξ

(z)
u = η

(F )
u = η

(ρ)
u = η

(p)
u = 0,

η
(u)
u = 1

2
−η(ρ)p+η(p)ρ

ρp , η
(v)
u = −η(u)v , η

(w)
u = −η(u)w ,

ξ
(t)
w = ξ

(x)
w = ξ

(y)
w = ξ

(z)
w = η

(F )
w = η

(ρ)
w = 0, η

(w)
w = 1

2
−η(ρ)p+η(p)ρ

ρp ,

ξ
(t)
F = ξ

(x)
F = ξ

(y)
F = ξ

(z)
F = 0, η

(F )
F = −η(ρ)p+η(p)ρ

ρp ,

η
(ρ)
F = η

(p)
F = η

(u)
F = η

(v)
F = η

(w)
F = ξ

(t)
p = ξ

(x)
p = ξ

(y)
p = ξ

(z)
p = η

(F )
p = η

(ρ)
p = 0,

η
(p)
p = η(p)

p , η
(u)
p = η

(v)
p = η

(w)
p = 0.

(4)
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Èõ ðåøåíèå äàåò áåñêîíå÷íîìåðíóþ àëãåáðó Ëè ñ ãåíåðàòîðàìè

X1 = ∂x, X2 = ∂y, X3 = ∂z, X4 = ∂t

X5 = y∂z − z∂y + v∂ω − ω∂v
X6 = z∂x − x∂z + ω∂u − u∂ω
X7 = x∂y − y∂x + u∂v − v∂u

X8 = 2Φ∂Φ − 2ρ∂ρ + u∂u + v∂v + u∂ω + t∂t + 2x∂x + 2y∂y + 2z∂z

X9 = 2ρ∂ρ + 2p∂p − t∂t − x∂x − y∂y − z∂z (5)

X(1)
∞ = −F1,ttx∂Φ + F1,t∂u + F1(t)∂x

X(2)
∞ = −F2,tty∂Φ + F2,t∂v + F2(t)∂y

X(3)
∞ = −F3,ttz∂Φ + F3,t∂ω + F3(t)∂z

X(4)
∞ = F4(t)∂Φ,

ãäå Fi(t) - ïðîèçâîëüíûå ôóíêöèè.

Ãåíåðàòîðû X1, X2, X3, X4 ñîîòâåòñòâóþò òðàíñëÿöèÿì,

X5, X6, X7 - âðàùåíèÿì,

X8, X9 - íåîäíîðîäíûì ðàñòÿæåíèÿì,

X
(1)
∞ , X

(2)
∞ , X

(3)
∞ ÿâëÿþòñÿ îáîáùåííûìè ïðåîáðàçîâàíèÿìè Ãàëèëåÿ,

X
(4)
∞ îçíà÷àåò êàëèáðîâî÷íóþ èíâàðèàíòíîñòü.

Â ñëó÷àå F1(t) = F2(t) = F3(t) = t, F4(t) = 0 ìû âèäèì, ÷òî àëãåáðà Ëè (5)
ñîäåðæèò ïîäàëãåáðó, ñîîòâåòñòâóþùóþ ãðóïïå Ãàëèëåÿ, ÷òî ÿâëÿåòñÿ íåîá-
õîäèìûì óñëîâèåì ìåõàíè÷åñêîé îáîñíîâàííîñòè ìîäåëè. Òàêèì îáðàçîì, â
ñëó÷àå ïîëèòðîïíîãî ãàçà àëãåáðà Ëè ðàñøèðÿåòñÿ ïî ñðàâíåíèþ ñ ïðîèç-
âîëüíûì óðàâíåíèåì ñîñòîÿíèÿ [5], äîïóñêàÿ íåîäíîðîäíûå ðàñòÿæåíèÿ.

Â ïîñëåäóþùèõ ðàáîòàõ äëÿ ðåàëèçàöèè ïðîãðàììû "Ïîäìîäåëè"ìû
âîçüìåì çà îñíîâó 13-òè ìåðíóþ ïîäàëãåáðó ñ ãåíåðàòîðàìè

X̂1 = ∂x, X̂2 = ∂y, X̂3 = ∂z, X̂4 = ∂t, X̂5 = ∂Φ, X̂6 = t∂x + ∂u,

X̂7 = t∂y + ∂v, X̂8 = t∂z + ∂ω, X̂9 = y∂z − z∂y + v∂ω − ω∂v,
X̂10 = z∂x − x∂z + ω∂u − u∂ω, X̂11 = x∂y − y∂x + u∂v − v∂u,

X̂12 = 2Φ∂Φ − 2ρ∂ρ + u∂u + v∂v + ω∂ω + t∂t + 2x∂x + 2y∂y + 2z∂z, (6)

X̂13 = 2ρ∂ρ + 2p∂p − 2t∂t − x∂x − y∂y − z∂z.

Êîììóòàòîðû ïðèâåäåíû â òàáëèöå 1.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿò â äàëüíåéøåì ðåøèòü ñëåäóþùèå çà-
äà÷è: ðàñ÷åò îïòèìàëüíîé ñèñòåìû ïîäàëãåáð 13-òè ìåðíîé àëãåáðû Ëè (6),
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Òàáëèöà 1: Òàáëèöà êîììóòàòîðîâ äëÿ 13-òè ìåðíîé ïîäàëãåáðû (6)

X̂1 X̂2 X̂3 X̂4 X̂5 X̂6 X̂7 X̂8 X̂9 X̂10 X̂11 X̂12 X̂13

X̂1 0 0 0 0 0 0 0 0 0 −X̂3 X̂2 2X̂1 −X̂1

X̂2 0 0 0 0 0 0 0 0 X̂3 0 −X̂1 2X̂2 −X̂2

X̂3 0 0 0 0 0 0 0 0 −X̂2 X̂1 0 2X̂3 −X̂3

X̂4 0 0 0 0 0 X̂1 X̂2 X̂3 0 0 0 X̂4 −X̂4

X̂5 0 0 0 0 0 0 0 0 0 0 0 2X̂5 0

X̂6 0 0 0 −X̂1 0 0 0 0 0 −X̂8 X̂7 X̂6 0

X̂7 0 0 0 −X̂2 0 0 0 0 X̂8 0 −X̂6 X̂7 0

X̂8 0 0 0 −X̂3 0 0 0 0 −X̂7 X̂6 0 X̂8 0

X̂9 0 −X̂3 X̂2 0 0 0 −X̂8 X̂7 0 −X̂11 X̂10 0 0

X̂10 X̂3 0 −X̂1 0 0 X̂8 0 −X̂6 X̂11 0 −X̂9 0 0

X̂11 −X̂2 X̂1 0 0 0 −X̂7 X̂6 0 −X̂10 X̂9 0 0 0

X̂12 −2X̂1 −2X̂2 −2X̂3 −X̂4 −2X̂5 −X̂6 −X̂7 −X̂8 0 0 0 0 0

X̂13 X̂1 X̂2 X̂3 X̂4 0 0 0 0 0 0 0 0 0

ïîñòðîåíèå è èçó÷åíèå èíâàðèàíòíûõ ðåøåíèé (â ïåðâóþ î÷åðåäü ìîäåëèðó-
þùèõ ñôåðè÷åñêè ñèììåòðè÷íîå äâèæåíèå ãàçà) è ÷àñòè÷íî-èíâàðèàíòíûõ
ðåøåíèé ("Âèõðü Îâñÿííèêîâà"[8]), à òàêæå òàê íàçûâàåìûõ "ïðîñòûõ"(ïî
òåðìèíîëîãè Îâñÿííèêîâà) ðåøåíèé [9, 10].

3 Áëàãîäàðíîñòè

Ðàáîòà âûïîëíåíà ïî ãîñçàäàíèþ Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ
(ïðîåêò 1.8630.2017/Á× ¾Ãðóïïîâîé àíàëèç óðàâíåíèé äèíàìèêè ïîëèò-
ðîïíîãî ñàìîãðàâèòèðóþùåãî ãàçà¿). Ñòàòüÿ âûïîëíåíà ïðè ïîääåðæêå
Ïðàâèòåëüñòâà ÐÔ (Ïîñòàíîâëåíèå �211 îò 16.03.2013 ã.), ñîãëàøåíèå �
02.A03.21.0011.
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