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Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾ÌÝÈ¿

Êà÷àëîâ Â.È., Ôåäîðîâ Þ.Ñ. 1

Àííîòàöèÿ

Ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè, ÿâëÿþùèéñÿ ëîãè÷åñêèì ïðîäîëæå-
íèåì ìåòîäà ðåãóëÿðèçàöèè Ñ.À.Ëîìîâà, ïðèìåíÿåòñÿ äëÿ ïîñòðîåíèÿ ïñåâ-
äîãîëîìîðôíûõ ðåøåíèé ñëàáî íåëèíåéíûõ ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé, ò.å. òàêèõ ðåøåíèé, êîòîðûå ïðåäñòàâèìû â
âèäå ñõîäÿùèõñÿ â îáû÷íîì ñìûñëå (íå àñèìïòîòè÷åñêè) ðÿäîâ ïî ñòåïåíÿì
ìàëîãî ïàðàìåòðà. Äîêàçàíî ñóùåñòâîâàíèå ïåðâûõ èíòåãðàëîâ ó ñèíãóëÿðíî
âîçìóùåííûõ ñèñòåì ãîëîìîðôíûõ ïî ìàëîìó ïàðàìåòðó è, òåì ñàìûì, îáîá-
ùåíà òåîðåìà Ïóàíêàðå î ðàçëîæåíèè. Èç ýòîãî è òåîðåìû î íåÿâíîé ôóíê-
öèè, ïðè óñëîâèè óñòîé÷èâîñòè ïî Ëàãðàíæó ðåøåíèé ñèñòåìû óðàâíåíèé
õàðàêòåðèñòèê, âûòåêàåò ñóùåñòâîâàíèå ïñåâäîãîëîìîðôíûõ â ãëîáàëüíîì
ñìûñëå ðåøåíèé ñëàáî íåëèíåéíûõ ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì. Ñëåäó-
åò îñîáî îòìåòèòü, ÷òî ðåãóëÿðèçèðóþùèå ôóíêöèè, îòâå÷àþùèå çà îïèñàíèå
ïîãðàíè÷íîãî ñëîÿ, òàêæå êàê è â ìåòîäå Ëîìîâà îïðåäåëÿþòñÿ ñïåêòðîì
ïðåäåëüíîãî îïåðàòîðà. ïðè óêàçàííîì ïîäõîäå ëþáàÿ íàïåð¼ä çàäàííàÿ ñòå-
ïåíü òî÷íîñòè àïïðîêñèìàöèè îáåñïå÷èâàåòñÿ ïðè ôèêñèðîâàííîì çíà÷åíèè
ìàëîãî ïàðàìåòðà, à íå ïðè ñòðåìëåíèè ïîñëåäíåãî ê íóëþ, êàê ýòî ïðîèñ-
õîäèò â êëàññè÷åñêèõ àñèìïòîòè÷åñêèõ ìåòîäàõ. Ýòî ÿâëÿåòñÿ âåñüìà âàæ-
íûì ïðè ðåøåíèè ïðèêëàäíûõ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷, âîçíèêàþùèõ

1 c©Êà÷àëîâ Â.È., Ôåäîðîâ Þ.Ñ., Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ÌÝÈ , 2016.
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â ðàçëè÷íûõ îáëàñòÿõ íàóêè. Ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè, íàðÿäó ñ
ìåòîäîì íîðìàëüíûõ ôîðì Â.Ô. Ñàôîíîâà, ñïåöèàëüíî ðàçðàáàòûâàëñÿ äëÿ
ðåøåíèÿ èìåííî íåëèíåéíûõ ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé è ñèñòåì,
÷òîáû çàëîæèòü îñíîâó àíàëèòè÷åñêîé òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé. Â
äàëüíåéøåì, óêàçàííûé â ðàáîòå ïîäõîä, áóäåò ðàñïðîñòðàí¼í íà äðóãèå òè-
ïû íåëèíåéíûõ çàäà÷, â òîì ÷èñëå íà óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíàÿ ðåãóëÿðèçàöèÿ, ïñåâäîãîëîìîðôíîå ðå-
øåíèå.

Abstract

The holomorphic regularization method, which is a logical continuation of
the method of regularization S. A.Lomov, is used to build pseudoholomorphic
solutions of weakly nonlinear singularly perturbed systems of di�erential
equations, i.e. those solutions which can be represented as convergent in the usual
sense (not asymptotic) series in powers of the small parameter. The existence
of �rst integrals of singularly perturbed systems holomorphic by the small
parameter is proved and, thus, the Poincare theorem about the decomposition
is generalized. From this and the implicit function theorem the Lagrange stability
of the solutions of the system of equations of characteristics follows the existence
of pseudoholomorphic in global sense solutions of weakly nonlinear singularly
perturbed systems. It should be noted that the regularizing functions responsible
for the description of the boundary layer are de�ned (as well as in the Lomov
method) by the limit spectrum of the operator. In this method any preassigned
accuracy of approximation is provided for a �xed value of the small parameter,
not for tending it to zero, as it happens in classic asymptotic methods. This is
very important in solving applied singularly perturbed problems arising in various
�elds of science. The holomorphic regularization method, along with the method of
normal forms of V.F. Safonov, was specially designed to solve precisely nonlinear
singularly perturbed equations and systems and to lay the foundation of the
analytic theory of singular perturbations. In the future the described approach
will be extended to other types of non-linear problems including equations in
Banach space.

Keywords: holomorphic regularization, pseudoholomorphic decision.
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Ââåäåíèå

Ïîñòîÿííî âîçíèêàþùèå ïðèêëàäíûå ñèíãóëÿðíî âîçìóùåííûå çàäà÷è â
òàêèõ îáëàñòÿõ, êàê õèìè÷åñêàÿ êèíåòèêà è òåîðèÿ ãîðåíèÿ, íåëèíåéíàÿ ýëåê-
òðîòåõíèêà, òåîðèÿ ãèðîñêîïîâ è äð, òðåáóþò ðàçâèòèÿ íà áàçå êëàññè÷åñêèõ
àñèìïòîòè÷åñêèõ ìåòîäîâ [1, 5] òàêèõ ïîäõîäîâ ê èõ ðåøåíèþ, êîòîðûå îáåñ-
ïå÷èâàþò ìàêñèìàëüíî âûñîêóþ òî÷íîñòü àïïðîêñèìàöèè. Áîëåå òîãî, íóæíî
ó÷èòûâàòü òîò ôàêò, ÷òî ìàëûé ïàðàìåòð â ëþáîé ñèíãóëÿðíî âîçìóùåííîé
çàäà÷è èìååò âïîëíå îïðåäåëåííîå, êîíêðåòíîå çíà÷åíèå. Â ýòîé ñâÿçè, â ðàì-
êàõ ìåòîäà ðåãóëÿðèçàöèè Ñ.À.Ëîìîâà [6, 7], âîçíèêëà êîíöåïöèÿ ïñåâäîàíà-
ëèòè÷åñêîãî (ïñåâäîãîëîìîðôíîãî) ðåøåíèÿ [2, 7]. ×òîáû ïîÿñíèòü åå ñóòü,
ðàññìîòðèì òèïè÷íóþ ëèíåéíóþ ñèíãóëÿðíî âîçìóùåííóþ çàäà÷ó â áàíàõî-
âîì ïðîñòðàíñòâå E :

εy′ + A(t)y = h(t), t ∈ [0, T ]

y(0, ε) = y0 ∈ E,
(1)

ãäå A(t) � îãðàíè÷åííûé èëè íåîãðàíè÷åííûé çàìêíóòûé îïåðàòîð, äåé-
ñòâóþùèé ïðè êàæäîì t ∈ [0, T ] â óêàçàííîì ïðîñòðàíñòâå. Êàê ïðàâèëî,
ðåãóëÿðèçîâàííîå ðåøåíèå çàäà÷è Êîøè (1) èìååò ñëåäóþùèé âèä:

y(t, ε) = Y0

(
t,
ϕ(t)

ε

)
+ εY1

(
t,
ϕ(t)

ε

)
+ . . .+ εnYn

(
t,
ϕ(t)

ε

)
+ . . . , (2)

â êîòîðîì ôóíêöèÿ ϕ(t) îïðåäåëÿåòñÿ ñïåêòðîì ïåðåìåííîãî îïåðàòîðà
A(t) . Åñëè ïåðåéòè ê ðàñøèðåíèþ ðÿäà (2)

Y (t, η, ε) = Y0(t, η) + εY1(t, η) + . . .+ εnYn(t, η) + . . . , (3)

òî çäåñü ìû óæå íàáëþäàåì ðåãóëÿðíóþ çàâèñèìîñòü îò ìàëîãî ïàðàìåòðà ε ,
è âîïðîñ îá àíàëèòè÷åñêîé çàâèñèìîñòè Y (t, η, ε) îò ε ñòàíîâèòñÿ ñîâåðøåí-
íî åñòåñòâåííûì. À èìåííî, åñëè ðÿä (3) ñõîäèòñÿ ðàâíîìåðíî ïî t ∈ [0, T ] ,
ïðè êàæäîì ôèêñèðîâàííîì η èç íåêîòîðîãî íåîãðàíè÷åííîãî ìíîæåñòâà G ,
â íåêîòîðîé îêðåñòíîñòè òî÷êè ε = 0 , òî ðåøåíèå y(t, ε) çàäà÷è Êîøè (1)
íàçûâàåòñÿ ïñåâäîàíàëèòè÷åñêèì (ïñåâäîãîëîìîðôíûì) [2, 5].

1. Ïñåâäîãîëîìîðôíûå ïî ïàðàìåòðó èíòåãðàëû ñëàáî
íåëèíåéíûõ ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì

Ðàññìîòðèì íà îòðåçêå [0, T ] ñëàáî íåëèíåéíóþ ñèíãóëÿðíî âîçìóùåííóþ
ñèñòåìó

ε
dy

dt
= A(t)y + εF (t, y) (4)
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ñ íà÷àëüíûì óñëîâèåì

y(0, ε) = y0 (5)

è ìàëûì ïîëîæèòåëüíûì ïàðàìåòðîì ε . Çäåñü y = (y1, . . . , yk) ; y0 =
= (y0,1, . . . , y0,k) ; F (t, y) = (F1(t, y), . . . , Fk(t, y)) ; A(t) � ìàòðèöà ðàçìåðîì
k × k , ãîëîìîðôíàÿ íà îòðåçêå [0, T ] . Îò âåêòîð-ôóíêöèè F (t, y) òàêæå
ïîòðåáóåì ãîëîìîðôíîñòü íà öèëèíäðå ΩT = [0, T ]× Ω , ãäå Ω ÿâëÿåòñÿ îä-
íîñâÿçíîé îáëàñòüþ â Rk .

Ïóñòü ñîáñòâåííûå çíà÷åíèÿ {λp(t)}kp=1 îïåðàòîðà A(t) ãîëîìîðôíû è
ðàçëè÷íû íà îòðåçêå [0, T ] è íå îáðàùàþòñÿ òàì â íîëü. Äàëåå, ïóñòü
{bp(t)}kp=1 � ñîîòâåòñòâóþùèå èì ñîáñòâåííûå âåêòîðû, à {b∗p(t)} � áèîðòîãî-
íàëüíî ñîïðÿæåííàÿ ñèñòåìà. Îáîçíà÷èì ÷åðåç e∗m = (0, . . . , 1, . . . , 0) âåêòîð-
ñòðîêó, ó êîòîðîé åäèíèöà íàõîäèòñÿ íà m -ì ìåñòå, à îñòàëüíûå ýëåìåíòû �
íóëè. Çàìåòèì, ÷òî íàëîæåííûå óñëîâèÿ íà ñîáñòâåííûå çíà÷åíèÿ, íàçûâàþò-
ñÿ óñëîâèÿìè ñòàáèëüíîñòè ñïåêòðà [6] è ÿâëÿþòñÿ íàèáîëåå åñòåñòâåííûìè
â òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé [1, 7].

Â ñîîòâåòñòâèè ñ ìåòîäîì ãîëîìîðôíîé ðåãóëÿðèçàöèè [3, 4, 5] ñîñòàâèì
óðàâíåíèå ïåðâûõ èíòåãðàëîâ ñèñòåìû (4) â îáëàñòè ΩT :

ε
∂U

∂t
+

k∑
m=1

(〈e∗m, A(t)y〉+ εFm(t, y))
∂U

∂ym
= 0, (6)

ãäå 〈·, ·〉 îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â Rk . Ðåøåíèå óðàâíåíèÿ (6)
áóäåì èñêàòü â âèäå ðÿäà ïî ñòåïåíÿì ε :

U(t, y, ε) = U0(t, y) + εU1(t, y) + . . .+ εnUn(t, y) + . . . , (7)

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 20



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 3, 2016

äëÿ êîýôôèöèåíòîâ Un(t, y) êîòîðîãî èìååì:

k∑
m=1

〈e∗m, A(t)y〉∂U0

∂ym
= 0,

k∑
m=1

〈e∗m, A(t)y〉∂U1

∂ym
= −

(
∂U0

∂t
+

k∑
m=1

Fm(t, y)
∂U0

∂ym

)
,

k∑
m=1

〈e∗m, A(t)y〉∂U2

∂ym
= −

(
∂U1

∂t
+

k∑
m=1

Fm(t, y)
∂U1

∂ym

)
,

........................................................
k∑

m=1

〈e∗m, A(t)y〉∂Un
∂ym

= −

(
∂Un−1
∂t

+
k∑

m=1

Fm(t, y)
∂Un−1
∂ym

)
,

........................................................

(8)

Îáîçíà÷èì ÷åðåç

M =
∂

∂t
+

k∑
m=1

Fm(t, y)
∂

∂ym
è L =

k∑
m=1

〈e∗m, A(t)y〉 ∂
∂ym

� ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðî-
èçâîäíûõ.

Äëÿ ïîñòðîåíèÿ k íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (6) (k íåçàâèñèìûõ
èíòåãðàëîâ èñõîäíîé ñèñòåìû), áóäåì ïîñëåäîâàòåëüíî ïîëàãàòü U0 áûòü ðàâ-
íûì

t∫
0

λp(τ)dτ, p = 1, k.

Äàëåå äîêàæåì, ÷òî ôóíêöèÿ

Û
[p]
1 (t, y) = − ln〈b∗p(t), y〉

ïðè êàæäîì p = 1, k ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

LÛ
[p]
1 = −λp(t). (9)
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Äåéñòâèòåëüíî, ïðè ôèêñèðîâàííîì p :

LÛ
[p]
1 = −

k∑
m=1

〈e∗m, A(t)y〉〈e∗m, b∗p(t)〉
〈b∗p(t), y〉

= − 1

〈b∗p(t), y〉

k∑
m=1

〈e∗m, A(t)y〉〈e∗m, b∗p(t)〉 =

= − 1

〈b∗p(t), y〉

k∑
m=1

〈e∗m, y〉〈e∗m, A∗(t)b∗p(t)〉 = − 1

〈b∗p(t), y〉

k∑
m=1

〈e∗m, y〉〈e∗m, b∗p(t)〉λp(t) =

= − 1

〈b∗p(t), y〉
λp(t)〈b∗p(t), y〉 = −λp(t),

÷òî è òðåáîâàëîñü äîêàçàòü.

Òåïåðü ïîêàæåì íåçàâèñèìîñòü ñèñòåìû ôóíêöèé {Û [p]
1 }kp=1 . Èìååì,

∂(Û
[1]
1 , . . . , Û

[k]
1 )

∂(y1, . . . , yk)
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

〈e∗1, b∗1〉
〈b∗1, y〉

〈e∗2, b∗1〉
〈b∗1, y〉

. . .
〈e∗k, b∗1〉
〈b∗1, y〉

〈e∗1, b∗2〉
〈b∗2, y〉

〈e∗2, b∗2〉
〈b∗2, y〉

. . .
〈e∗k, b∗2〉
〈b∗2, y〉...

... . . . ...
〈e∗1, b∗k〉
〈b∗k, y〉

〈e∗2, b∗k〉
〈b∗k, y〉

. . .
〈e∗k, b∗k〉
〈b∗k, y〉

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= −

− 1

〈b∗1, y〉 . . . 〈b∗k, y〉
det(B∗)T 6= 0,

ãäå B∗ � ìàòðèöà ñî ñòîëáöàìè b∗1(t), . . . , b
∗
k(t) .

×òî æå êàñàåòñÿ ðåøåíèÿ îñòàëüíûõ óðàâíåíèé ñåðèè (8), êîòîðûå êðàòêî
ìîæíî çàïèñàòü òàê:

LUn = −MUn−1, n = 2, 3, . . . , (10)

òî çäåñü ìû âîñïîëüçóåìñÿ èíòåãðàëüíûì ïðåäñòàâëåíèåì ðåøåíèé óðàâíå-
íèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà [8]. Äëÿ ýòîãî ïðîâåäåì ÷åðåç
òî÷êó y0 ãèïåðïëîñêîñòü Λ : yk = y0,k , è ïóñòü ỹ = (ỹ1, . . . , ỹk−1) � êîîðäè-
íàòû íà íåé.

Çàïèøåì ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê:

dy

ds
= A(t)y. (11)

Íå íàðóøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ôàçîâûå òðàåêòîðèè ýòîé ñèñòåìû,
ïðîõîäÿùèå ÷åðåç ïîâåðõíîñòü Λ , òðàíñâåðñàëüíû (íå êàñàòåëüíû) ê íåé [4,
8].
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Ñèñòåìà (1) ÿâëÿåòñÿ àâòîíîìíîé, ïîñêîëüêó t âûñòóïàåò â ïîëè ïàðà-
ìåòðà, à s ≥ 0 � íåçàâèñèìîé ïåðåìåííîé. Îáùåå ðåøåíèå òàêîé ñèñòåìû
(ïðè âûäâèíóòûõ óñëîâèÿõ íà îïåðàòîð A(t) ) îáùåèçâåñòíî è çàäàåòñÿ ôîð-
ìóëîé

y = B(t)esD(t)C, (12)

ãäå B(t) � ìàòðèöà, ñòîëáöàìè êîòîðîé ñëóæàò ñîáñòâåííûå âåêòîðû îïåðà-
òîðà A(t) ; ìàòðèöà D(t) äèàãîíàëüíà è èìååò ñëåäóþùèé âèä:

D(t) =

 λ1(t) . . . 0
... . . . ...

0 . . . λk(t)

 ;

C � ñòîëáåö ïðîèçâîëüíûõ êîíñòàíò.

Ïóñòü g(s, ỹ, t) � çíà÷åíèå ðåøåíèÿ ñèñòåìû (11) (ñ íà÷àëüíûì óñëîâèåì
g(0, ỹ, t) = y(ỹ) íà ãèïåðïëîñêîñòè Λ ) â ìîìåíò âðåìåíè s . Â ïåðâóþ î÷åðåäü
ìû äîëæíû óäîâëåòâîðèòü óêàçàííîìó íà÷àëüíîìó óñëîâèþ. Äëÿ ýòîãî â
ëåâóþ ÷àñòü ðàâåíñòâà (12) ïîäñòàâèì ñòîëáåö âûñîòû ê Ỹ = (ỹ, y0,k)

T , à â

ïðàâîé ïîëîæèì s = 0 . Òîãäà ïîëó÷èì, ÷òî C = B−1(t)Ỹ . Ñëåäîâàòåëüíî,

g(s, ỹ, t) ≡ B(t)esD(t)B−1(t)Ỹ .

Äàëåå, ðàññìîòðèì ñèñòåìó

B(t)esD(t)B−1(t)Ỹ = y, (13)

èç êîòîðîé âûòåêàåò, êàê óðàâíåíèå äëÿ îïðåäåëåíèÿ s :

〈e∗k, B(t)e−sD(t)B−1(t)y〉 = y0,k, (14)

òàê è ôîðìóëû äëÿ êîîðäèíàò ỹ1, . . . , ỹk−1 :

ỹm = 〈e∗m, B(t)e−sD(t)B−1(t)y〉, m = 1, k − 1 (15)

Äëÿ äàëüíåéøåãî íàì ïîíàäîáÿòñÿ îïåðàòîðû çàìåíû ïåðåìåííûõ. Ïóñòü
s = S(y, t) � ðåøåíèå óðàâíåíèÿ (14), à G(y, t) � âåêòîð-ôóíêöèÿ, êîìïî-
íåíòàìè êîòîðîé ñëóæàò ïðàâûå ÷àñòè ðàâåíñòâà (15).

Îïðåäåëåíèå 1 Îïåðàòîð W (t) , çàäàííûé ôîðìóëîé

W [ϕ(s, ỹ, t)] = ϕ(S(y, t), G(y, t); t)
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íàçûâàåòñÿ îïåðàòîðîì çàìåíû ïåðåìåííûõ (s, ỹ) íà ïåðåìåííóþ y . Îá-
ðàòíûé ê íåìó îïåðàòîð W−1(t, s) , çàäàííûé ïî ôîðìóëå

W−1[Φ(y, t)] = Φ(g(s, ỹ, t), t),

íàçûâàåòñÿ îïåðàòîðîì çàìåíû ïåðåìåííîé y íà ïåðåìåííûå (s, ỹ) .

Çàìåòèì, ÷òî îáå ýòè îïåðàöèè íå ìåíÿþò îöåíêó ìîäóëÿ ôóíêöèé, ê
êîòîðûì èõ ïðèìåíÿþò ïðè ñîîòâåòñòâóþùåì èçìåíåíèè ïåðåìåííîé s , ïî-
ñêîëüêó êàæäàÿ òî÷êà îáëàñòè Ω ïðèíàäëåæèò êàêîé-íèáóäü îäíîé ôàçîâîé
òðàåêòîðèè ñèñòåìû (11).

Èìååì äëÿ ðåøåíèé ñåðèè óðàâíåíèé (10):

U2(t, y) = −W (t)

s∫
0

W−1(t, s1)MU1(t, y)ds1,

U3(t, y) = W (t)

s∫
0

ds1W
−1(t, s1)MW (t)

s1∫
0

W−1(t, s2)MU1(t, y)ds2,

.................................................................................

Un(t, y) = (−1)n−1W (t)

s∫
0

ds1W
−1(t, s1)MW (t)

s1∫
0

ds2W
−1(t, s2)M . . .

. . .W (t)

sn−2∫
0

W−1(t, sn−1)MU1(t, y)dsn−1,

.................................................................................

(16)

Çàìåòèì, ÷òî Un(t, y) = 0 íà ãèïåðïëîñêîñòè Λ ïðè âñåõ n = 2, 3, . . . .
×òî æå êàñàåòñÿ U1(t, y) , òî âûáåðåì åãî îáðàùàþùèìñÿ â íîëü â íà÷àëüíîé
òî÷êå:

U
[p]
1 (t, y) = − ln

〈b∗p(t), y〉
〈b∗p(0), y0〉

, p = 1, k.

Äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè ðÿäà (7) ðàâíîìåðíî íà [0, T ] × ω , ãäå
ω � ïðîèçâîëüíûé êîìïàêò èç Ω â íåêîòîðîé îêðåñòíîñòè òî÷êè ε = 0
(çàâèñÿùåé îò ω ), âîñïîëüçóåìñÿ ñëåäóþùèì óòâåðæäåíèåì, äîêàçûâàåìûì
ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.

Ëåììà 1. Åñëè â âûðàæåíèè

(gm(x)(gm−1(x)(. . . (g1(x)))x)x . . .)x
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ðàñêðûòü ñêîáêè ïî ôîðìóëå ïðîèçâîäíîé ïðîèçâåäåíèÿ è çàìåíèòü g
(l)
r (x) ,

ãäå 1 ≤ r ≤ m , 0 ≤ l ≤ m íà l! , òî ïîëó÷åííàÿ ñóììà áóäåò ðàâíà
(2m− 1)!! .

Ïðåäñòàâèì Un(t, y) â ñëåäóþùåì âèäå:

Un(t, y) =

= (−1)n−1W (t)
s∫
0

ds1
s1∫
0

ds2 . . .
sn−3∫
0

dsn−2
sn−2∫
0

W−1(t, s1)MW (t)W−1(t, s2)M . . .

. . .W (t)W−1(t, sn−1)MU1(t, y)dsn−1.

(17)

Äàëåå, åñëè ôóíêöèÿ íåñêîëüêèõ ïåðåìåííûõ ãîëîìîðôíà â íåêîòîðîé çà-
ìêíóòîé îãðàíè÷åííîé îáëàñòè, òî ñóùåñòâóåò êîíñòàíòà q > 0 òàêàÿ, ÷òî
â ýòîé îáëàñòè |Dαf | ≤ q|α|(|α|!) , ãäå |α| = α1 + . . . αk+1 , 0 ≤ |α| < +∞ .
Îòñþäà ñëåäóåò, ÷òî ýòà îöåíêà íå çàâèñèò îò íàçâàíèÿ ïåðåìåííûõ (èõ âñåãî
k + 1 ), à çàâèñèò òîëüêî îò ïîðÿäêà |α| ïðîèçâîäíîé, ïîýòîìó èõ âñå ìîæíî
ñ÷èòàòü îäíîé ïåðåìåííîé, êîòîðóþ îáîçíà÷èì ÷åðåç v . Ñ äðóãîé ñòîðîíû
ðåçóëüòàò, ñôîðìóëèðîâàííûé â ëåììå 1, íå çàâèñèò îò ôóíêöèè, ïîýòîìó
âìåñòî îïåðàòîðà M ìîæíî ðàññìîòðåòü îïåðàòîð M = (k + 1)ψ(v)(d/dv) .
Òîãäà ïîëó÷èì, ÷òî

|Un(t, y)| ≤

∣∣∣∣∣∣
s∫

0

ds1

s1∫
0

ds2 . . .

sn−3∫
0

dsn−2

sn−2∫
0

dsn−1

∣∣∣∣∣∣ (k + 1)n−1qn−1(2n− 3)!!|U1(t, y)|

èëè

|Un(t, y)| ≤ (k + 1)n−1qn−1sn−1(2n− 3)!!

(n− 1)!
|U1(t, y)| ∀(t, y) ∈ ΩT . (18)

Èç îöåíêè (18) è ñëåäóåò ñõîäèìîñòü ðÿäà (7) ðàâíîìåðíî íà [0, T ] × ω â
íåêîòîðîé îêðåñòíîñòè òî÷êè ε = 0 .

2. Ïñåâäîãîëîìîðôíûå ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷

Äàäèì îïðåäåëåíèå ïñåâäîãîëîìîðôíîñòè, êàê ýòî ïîíèìàåòñÿ â ìåòîäå
ãîëîìîðôíîé ðåãóëÿðèçàöèè.

Îïðåäåëåíèå 2 Ðåøåíèå y(t, ε) = (y1(t, ε), . . . , yk(t, ε)) çàäà÷è Êîøè (4),
(5) íàçûâàåòñÿ ïñåâäîãîëîìîðôíûì â òî÷êå ε = 0 , åñëè ñóùåñòâóåò ôóíê-
öèÿ Y (t, η, ε) = (Y1(t, η, ε), . . . , Yk(t, η, ε)) , ãäå η = (η1, . . . , ηk) , ãîëîìîðôíàÿ
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â òî÷êå O(0, . . . , 0) ∈ Rk+2 , òàêàÿ, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
δ > 0 òàêèå, ÷òî äëÿ âñåõ t ∈ [0, δ] âûïîëíåíî ðàâåíñòâî

y(t, ε) = Y

(
t,
ϕ(t)

ε
, ε

)
(19)

äëÿ íåêîòîðîé ãîëîìîðôíîé íà îòðåçêå [0, T ] ôóíêöèè
ϕ(t) = (ϕ1(t), . . . , ϕk(t)) .

Åñëè ïðè ýòîì ðÿä

∞∑
n=0

Yn(t, η)εn, (20)

ïðåäñòàâëÿþùèé ôóíêöèþ (19), ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0, T ] , ïðè
êàæäîì η èç íåêîòîðîãî íåîãðàíè÷åííîãî ìíîæåñòâà G ⊂ Rk , â íåêîòîðîé
îêðåñòíîñòè òî÷êè ε = 0 (çàâèñÿùåé îò η ), òî ðåøåíèå y(t, ε) íàçûâà-
åòñÿ ïñåâäîãîëîìîðôíûì â ãëîáàëüíîì ñìûñëå.

Òàê æå, êàê è â ñëó÷àå ëèíåéíîé ñèñòåìû [4, 10] âåðíà

Òåîðåìà 1 Ðåøåíèå y(t, ε) çàäà÷è Êîøè (4), (5) ÿâëÿåòñÿ ïñåâäîãîëîìîðô-
íûì â òî÷êå ε = 0 .

Íà ñàìîì äåëå, áîëåå âàæíîé ÿâëÿåòñÿ ãëîáàëüíàÿ ïñåâäîãîëîìîðôíîñòü.

Òåîðåìà 2 Åñëè Reλp(t) ≤ 0 ∀t ∈ [0, T ] , òî ðåøåíèå y(t, ε) íà÷àëüíîé
çàäà÷è (4), (5) ÿâëÿåòñÿ ïñåâäîãîëîìîðôíûì â òî÷êå ε = 0 â ãëîáàëüíîì
ñìûñëå.

Äîêàçàòåëüñòâî. Ðåøåíèå y(t, ε) îïðåäåëÿåòñÿ ñèñòåìîé k ïåðâûõ íåçà-
âèñèìûõ èíòåãðàëîâ

t∫
0

λ1(τ)dτ − ε ln
〈b∗1(t), y〉
〈b∗1(0), y0〉

+ ε2U
[1]
2 (t, y) + . . . = 0,

.......................................................................
t∫

0

λk(τ)dτ − ε ln
〈b∗k(t), y〉
〈b∗k(0), y0〉

+ ε2U
[k]
2 (t, y) + . . . = 0.

(21)
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Çäåñü U
[p]
n (t, y) ïðè p = 1, 2, . . . , k îïðåäåëÿþòñÿ ôîðìóëàìè (16), êîãäà

U1(t, y) = U
[p]
1 (t, y) .

Ïåðåïèøåì ñèñòåìó (21) ñëåäóþùèì îáðàçîì

ln
〈b∗1(t), y〉
〈b∗1(0), y0〉

− εU [1]
2 (t, y)− ε2U [1]

3 (t, y)− . . . =
1

ε

t∫
0

λ1(τ)dτ,

.......................................................................

ln
〈b∗k(t), y〉
〈b∗k(0), y0〉

− εU [k]
2 (t, y)− ε2U [k]

3 (t, y)− . . . =
1

ε

t∫
0

λk(τ)dτ

è ïðîïîòåíöèèðóåì ïîëó÷èâøèåñÿ óðàâíåíèÿ ïî îñíîâàíèþ e :
〈b∗1(t), y〉
〈b∗1(0), y0〉

V [1](t, y, ε) = e
1
ε

∫ t

0
λ1(τ)dτ ,

........................................
〈b∗k(t), y〉
〈b∗k(0), y0〉

V [k](t, y, ε) = e
1
ε

∫ t

0
λk(τ)dτ ,

(22)

ãäå

V [p](t, y, ε) = e−εU
[p]
2 (t,y)−ε2U [p]

3 (t,y)−..., p = 1, k.

Äàëåå, åñëè, ñêàæåì, λr(t) ÿâëÿåòñÿ êîìïëåêñíûì, òî òîãäà âìåñòî äâóõ
óðàâíåíèé â ñèñòåìå (22), ñîîòâåòñòâóþùèõ λr(t) è λr(t) , ïîñòàâèì äâà óðàâ-
íåíèÿ, ïîëó÷àþùèåñÿ èç îäíîãî èç íèõ âûäåëåíèåì äåéñòâèòåëüíîé è ìíèìîé
÷àñòåé. Â ýòèõ óñëîâèÿõ ïåðâûå ÷àñòè íîâûõ óðàâíåíèé áóäóò èìåòü ñëåäó-
þùèé âèä:

e
1
εRe

∫ t

0
λr(τ)dτ cos

1

ε
Im

t∫
0

λr(τ)dτ


e

1
εRe

∫ t

0
λr(τ)dτ sin

1

ε
Im

t∫
0

λr(τ)dτ

 .

Åñëè òåïåðü îáîçíà÷èòü ïðàâûå ÷àñòè íîâîé ñèñòåìû ÷åðåç αp , òî ñèñòåìà
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(22) ïðåîáðàçóåòñÿ â òàêóþ ñèñòåìó:
〈b∗1(t), y〉
〈b∗1(0), y0〉

V [1](t, y, ε) = α1,

.................................
〈b∗k(t), y〉
〈b∗k(0), y0〉

V [k](t, y, ε) = αk,

(23)

ïðè÷åì, íå òåðÿÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ëåâûå ÷àñòè óðàâíåíèé (23) ñ
ñîîòâåòñòâóþùèìè íîìåðàìè ïîëó÷åíû âûäåëåíèåì äåéñòâèòåëüíûõ è ìíè-
ìûõ ÷àñòåé (íåñìîòðÿ íà ñîõðàíèâøèåñÿ îáîçíà÷åíèÿ). Åùå çàìåòèì, ÷òî
0 ≤ αp ≤ 1 , ïðè ýòîì ëåâîå íåðàâåíñòâî ïðè âåùåñòâåííîì λp(t) ÿâëÿåò-
ñÿ ñòðîãèì.

Âûáåðåì î÷åíü ìàëåíüêèå α0 > 0 è ðàññìîòðèì ïàðàëëåëåïèïåä

Πα0
= {Q(t, α1, . . . , αk) : 0 ≤ t ≤ T, α0 ≤ |αp| ≤ 1}.

Òàê êàê V [p](t, y, 0) = 1 è U
[p]
1 (t, y) íåçàâèñèìû, òî âûïîëíåíû âñå óñëîâèÿ

òåîðåìû î íåÿâíîé ôóíêöèè, ïðè÷åì ðåøåíèå y = Y0(t, α1, . . . , αk) ñèñòå-
ìû (23) ïðè ε = 0 îãðàíè÷åííîå. Ïîýòîìó â îêðåñòíîñòè σQ êàæäîé òî÷-
êè Q ∈ Πα0

ñóùåñòâóåò ðåøåíèå y = Y0(t, α1, . . . , αk) , ãîëîìîðôíîå ïî ε ,
ðàâíîìåðíî â ýòîé îêðåñòíîñòè. Ïîñêîëüêó Πα0

� êîìïàêò, òî âûäåëÿÿ èç
îòêðûòîãî ïîêðûòèÿ {σQ} êîíå÷íîå ïîäïîêðûòèå {σQ}N1 ïðèõîäèì ê âûâî-
äó, ÷òî Y (t, α1, . . . , αk, ε) ãîëîìîðôíî ïî ïîñëåäíåé ïåðåìåííîé â íåêîòîðîé
îêðåñòíîñòè òî÷êè ε = 0 (íàèìåíüøåé èç ñîîòâåòñòâóþùèõ êîíå÷íîìó ïîä-
ïîêðûòèþ). Òåîðåìà äîêàçàíà.

Ïðèìåð 1. Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ñêàëÿðíîãî óðàâíåíèÿ

εy′ = −y + εy2ee
ty, ε > 0

y(0, ε) = 1.

Èìååì, ñ ïîìîùüþ óêàçàííîãî ïîäõîäà,

y(t, ε) = e−t/ε − εe−te−et−t/ε
(
ee

t−t/ε − eet
)

+ . . .

� ïñåâäîãîëîìîðôíîå â ãëîáàëüíîì ñìûñëå ðåøåíèå.

Ïðèìåð 2. Ïðèìåíèì ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè ê ñëàáî íåëè-
íåéíîé ñèíãóëÿðíî âîçìóùåííîé ñèñòåìå âòîðîãî ïîðÿäêà:{

εy′1 = −(et + 1)y1 + 2e−ty2 + εey2t

εy′2 = e2ty1 − 3y2,

y1(0, ε) = 1, y2(0, ε) = 0.
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Èìååì

U
[1]
0 (t, y) = −t; U

[2]
0 (t, y) = −3t− et + 1;

U
[1]
1 (t, y) = − ln(ety1 + y2); U

[2]
1 (t, y) = − ln(e2ty1 − 2y2).

Çäåñü, y = (y1, y2) .

Äàëåå, ñîñòàâèì ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê
dy1
ds

= −(et + 1)y1 + 2e−ty2,

dy2
ds

= −e2ty1 − 3y2,

è, â êà÷åñòâå íà÷àëüíîé ïîâåðõíîñòè, âûáåðåì ïðÿìóþ Λ : y1−2e−2ty2−1 = 0 .
Ïóñòü ỹ2 = y2 � êîîðäèíàòà íà Λ . Òîãäà(

g1(s, ỹ2, t)

g2(s, ỹ2, t)

)
=

(2e−t + 1)ỹ2 + et

et + 2

(
2e−t

et

)
e−ts − et

et + 2

(
−1

et

)
e−(3+e

t)s;

s =
1

et + 3
ln(y1 − 2y2e

−2t) ≡ S(y, t),

ỹ2 =
y1e

t + y2 − et

2e−t + 1
≡ G(y, t).

Â èòîãå ïîëó÷èì äâà íåçàâèñèìûõ ïåðâûõ èíòåãðàëà:
ln(ety1 + y2)− εU [1]

2 (t, y)− . . . = − t
ε
,

ln(e2ty1 − 2y2)− εU [2]
2 (t, y)− . . . =

−3t− et + 1

ε
,

ãäå

U
[1]
2 (t, y) = et

S(y,t)∫
0

g1(s1, G(y, t), t) + etg2(s1,G(y,t),t)

etg1(s1, G(y, t), t) + g2(s1, G(y, t), t)
ds1,

U
[2]
2 (t, y) = e2t

S(y,t)∫
0

2g1(s1, G(y, t), t) + etg2(s1,G(y,t),t)

e2tg1(s1, G(y, t), t)− 2g2(s1, G(y, t), t)
ds1.
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Íàêîíåö, èñïîëüçóÿ àëãîðèòì ïîñòðîåíèÿ ðÿäà äëÿ âåêòîð-ôóíêöèè, çà-
äàííîé íåÿâíî, íàéäåì ïñåâäîãîëîìîðôíîå â ãëîáàëüíîì ñìûñëå ðåøåíèå:

y(t, ε) =

(
Y0,1

Y0,2

)
+ ε

(
Y1,1

Y1,2

)
+ . . . .

Çäåñü,

Y0,1 =
2e−t/ε + e(−3t−e

t+1)/ε

2et + e2t
, Y0,2 =

et−t/ε − e(−3t−et+1)/ε

et + 2
,

à Y1,1 è Y1,2 îïðåäåëÿþòñÿ èç ëèíåéíîé ñèñòåìû
∂U

[1]
1

∂y1
Y1,1 +

∂U
[1]
1

∂y2
Y1,2 = U

[1]
2 ,

∂U
[2]
1

∂y1
Y1,1 +

∂U
[2]
1

∂y2
Y1,2 = U

[2]
2

ïðè (y1, y2) = (Y0,1, Y0,2) .

Çàêëþ÷åíèå

Ìåòîä ðåãóëÿðèçàöèè Ñ.À.Ëîìîâà ïîçâîëÿåò èññëåäîâàòü ñèíãóëÿðíî
âîçìóùåííûå çàäà÷è òàêæå è â íåêîìïàêòíûõ îáëàñòÿõ [9].Äàëüíåéøèå èñ-
ñëåäîâàíèÿ áóäóò ïîñâÿùåíû ðàñïðîñòðàíåíèþ ìåòîäà ãîëîìîðôíîé ðåãóëÿ-
ðèçàöèè íà íåëèíåéíûå çàäà÷è óêàçàííîãî òèïà.
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