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Abstract

In this paper, two concepts of directional waves: directional, nearly monochro-
matic waves and directional, nearly bi-chromatic waves are presented. Di-
rectional, nearly monochromatic waves are propagation-direction-based nearly
monochromatic waves, whose energy is almost concentrated in a single prop-
agation direction. Directional, nearly bi-chromatic waves are the ones whose
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energy is almost concentrated in two wave propagation directions and the ap-
proach of these directions is very close. We show that the modified Schrédinger
equation, which is modified from the Schrodinger equation, governs the envelope
created by nearly bi-chromatic waves and also the modified Schrodinger-Nohara
equation modified from the Schrodinger-Nohara equation governs the envelope
surface created by directional, nearly bi-chromatic waves.

1. INTRODUCTION

In the course of studying the physical characteristics of group waves (wave
packets)[1][2] in the water, the Schrodinger equation has played an important
role in the mathematical and physical analysis. The envelope, which is cre-
ated by group waves, has been considered to model them. We can consider
two types of model of group waves as nearly monochromatic waves and nearly
bi-chromatic waves. In the former waves, the energy is almost concentrated in
a single wavenumber (Definition 1). Whereas in the latter waves, the energy is
almost concentrated in two wavenumbers and the approach of these wavenum-
bers is very close (Definition 3). The Schrédinger equation basically governs
the envelope created by nearly monochromatic waves [3]. The past studies of
modeling of group waves almost focused on nearly monochromatic waves [4][5].
This paper deals with nearly bi-chromatic waves in the model of group waves.

We present two concepts of directional waves: directional, nearly monochro-
matic waves and directional, nearly bi-chromatic waves. Directional, nearly
monochromatic waves are propagation-direction-based nearly monochromatic
waves, whose energy is almost concentrated in a single propagation direction
(Definition 2). The Schrodinger-Nohara equation governs the envelope surface
created by directional, nearly monochromatic waves [6][7]. Directional, nearly
bi-chromatic waves are the ones whose energy is almost concentrated in two
wave propagation directions and the approach of these directions is very close
(Definition 4).

We show that the modified Schrodinger equation, which is modified from
the Schrodinger equation, governs the envelope created by nearly bi-chromatic
waves and also the modified Schrédinger-Nohara equation modified from the
Schrodinger-Nohara equation governs the envelope surface created by direc-
tional, nearly bi-chromatic waves in this paper.
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The following section presents preliminaries of the envelope equations of
nearly monochromatic waves (the Schrodinger equation) and directional, nearly
monochromatic waves (the Schrodinger-Nohara equation) as well. The third
section defines nearly bi-chromatic waves and directional, nearly bi-chromatic
waves and then presents main results.

2. Preliminaries

Definition 1 Nearly monochromatic waves u(x,t) [3] are defined by the waves
whose energy is almost concentrated in one wavenumber as follows [10]:

u(x,t) = / Sy (k)etkr=w Bt} g (1)
k

Here k, t, x, w and S7 denote wavenumber, time, space, angular frequency
of dispersive characteristics with respect to wavenumber and spectrum of nearly
monochromatic waves, respectively. The profile of the spectrum of nearly monochro-
matic waves has a peak at k = ko and spreads €, (sufficiently small) around k.

Remark 1 Nearly monochromatic waves create an envelope and we can see it
as swell in ocean.

Theorem 1 The envelope created by nearly monochromatic waves satisfies the
following linear Schrédinger equation.[3][6]

. (c?A(x,t)

2
; at 1 wl(ko) aA(ﬂf, t)) 1 4 a A(.',U, t)

Remark 2 Here A(x,t) is the amplitude of nearly monochromatic waves of the
function of space z and time t. A(z,t) acts as the envelope of traveling waves.
w™ (k) means the n-th derivative of w with respect to k.

proof We consider plane traveling waves u(z,t) with dispersive characteristics

of the form:
u(x,t) = Az, t)e'thor—wko)l} (3)

as an approximation of the class of u(z,t) in Equation (1). This is based on
the assumption that most of the energy is concentrated in one wavenumber kg
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(nearly monochromatic waves) and the amplitude A(z,t) is not constant but
varies slowly in space and time. So, A(x,?) is derived from Equations (1) and
(3) as follows:

Alw,t) = [ Si(k)e = 0 ()
k
where
Pi(z, k,t) = (k— ko)x — {w(k) — w(ko) }t. (5)
The time derivative of A(x,t) is

Az, t .
P [0 ) = wlho)} Sy 50 )
k
Moreover, the spatial derivative of A(x,t) is obtained as follows:
’ 1(;1(377 t) - /Zn(k o kO)nsl(k)eiPI(%k,t)dk? n = 17 27 37 . (7)
x" k

Equation (7) shows the spatial derivative of the envelope equals an envelope of
the modified spectrum Sinﬂ)l(k), ie.,

o"A(z,t) (n) iPy(2,kt)
orm _ /ksl,m(k)e dk’ (8)
where
Sf"%(k:) =i"(k — ko)"S1(k). (9)

On the other hand, the dispersion relation of w(k) can be written as the
following Taylor expansion based on the profile of the spectrum defined by
Definition 1:

(k) = w(/co)+w’(k:0)(k:—k0)+%w”(ko)(k:—k0)2+%w”’(ko)(k:—ko)3+- .. (10)

Substituting the relations of Equations (7) and (10) into Equation (6) leads to
the following;:

0A(z,1) = o w™ (k) 0mA(x, t)
= > (—1)i 0 . (11)

n! ox™

n=1
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Equation (11) represents the higher order governing equation that governs the
amplitude of nearly monochromatic waves, namely, the equation that the enve-
lope of nearly monochromatic waves satisfies. Neglecting the third and higher
order of spatial derivatives in Equation (11), we obtain the linear Schrodinger
equation of Theorem 1. qged

Theorem 2 The envelope surface created by two-dimensional nearly monochro-
matic waves with a propagation direction (6y) satisfies the following Schrédinger
equation.[6][7]

: {8Af(:r;, Yy, t)

f f
Z - 0A! (z,y,1) +Sm90(914 (ﬂfay,t))}

ox oy

L O?Al(x,y,t)  O*Al(z,y,t)
+aw (ko) ( 922 + 0y ) =0 (12)

Remark 3 Here A/ (z,y,1) is the amplitude of two-dimensional nearly monochro-
matic waves of the function of two dimensional spaces x, y and timet. Al (x,y,t)
acts as the envelope surface of traveling waves. Equation (12) has the robustness
about the propagation direction; namely, the small variation of the propagation
direction makes no change of the original equation [8].

+ w (ko) (cos 6o

proof Simple expansion from Theorem 1 [6]. qged

Definition 2 Directional, nearly monochromatic waves u(x,y,t) are defined by
the waves whose energy s almost concentrated in one propagation direction of
waves as follows [6):

u(x, v, t) _ /Gl (e)ei{kox cos O+koy sinH—w(ko)t}d(g, (13)
0

where G1(6) denotes the directional spectrum of waves considered here. The
profile of the directional spectrum of waves has a peak at 6 = 6y and spreads €y
(sufficiently small) around 6.

Remark 4 Directional, nearly monochromatic waves also create an envelope
surface.

Theorem 3 The envelope surface created by directional, nearly monochromatic
waves satisfies the following Schrédinger-Nohara equation. [6][7]

DAz, y) A%z, y) z‘(f?“e(%y)ﬁw(x’y)) (14)

0 _
Mt dy 2k 0x? 0y?

cos 0y
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Remark 5 Here A%(x,v) is the amplitude of directional, nearly monochromatic
waves of the function of two dimensional spaces v and y. A°(x,y) acts as the
time-invariant envelope surface of traveling waves. 6y denotes an almost con-
centrated wave propagation direction. The Schrodinger-Nohara equation shows
the steady state of Equation (12). Therefore, the envelope surface created by
directional, nearly monochromatic waves equals the steady state of the enve-
lope surface created by two-dimensional wavenumber-based nearly monochro-
matic waves.

proof Directional, nearly monochromatic waves have the fixed wavenumber kg
but spread over small propagating directions €4 around the direction 6y, so most
of the wave energy is concentrated in one propagating direction ;. We then
can assume that two-dimensional plane traveling waves u(z, y,t) have the form
as:

u(x y t) — Ao(x y t)ei{k()xCos00+k0ysin907w(ko)t}. (15)

HereCA%(z,y,t) indicates the amplitude of nearly monochromatic waves in
terms of the directionality. A?(z,y,t) is immediately obtained from Equations
(13) and (15) as follows:

Aat) = [ Gio)e s
= A%z, y), (16)
Pf(x,1,0) = kox(cos§ — cosby) + koy(sinf — sin 6p). (17)

We can find that A%(x,y,t) becomes time-invariant, i.e., A%(x,7) from Equa-
tions (16) and (17).
The partial derivatives of A?(x,y) with respect to z and y are as follows:

A ‘
w — —ikg cos O A () + ik / cos Gy (0)e 1w 0dg, (18)
€T 0
0A%w,y) _

o = —iko sin g A’ (z, y) + iko / sin 0G1 ()19 0d9. (19)
) 9

In general, we obtain the following relations.
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/ cos”™ 6G (0) e w0 gy =
0

(cos”GO 2Ch cos”flﬁo(—kio) nC’gCOS"*QGO(—kLO)2 (—l)"> (20)

ko
X(1‘1‘9(9c,y) MMay) FMey) . TAzy) )T
/9 sin” 0G4 ()™ @90 g9 =
(s 0y oCrsin™to(—E) WCosin20p(—£) - —(2)) (22
< (Afay) Den) Sden) . 24 )

where the superscript of T means the transpose of vectors. The Schrodinger-
Nohara equation is obtained by n = 2 in Equations (20) and (21). qed

3. Main Results

Definition 3 Nearly bi-chromatic waves u(x,t) are defined by the waves whose
enerqy is almost concentrated in two wavenumbers and the approach of these
wavenumbers is very close as follows:

u(x,t) = / Sy(k)etkr=w Bt} g (24)
k

Here Sy denotes the spectrum of nearly bi-chromatic waves. The profile of the
spectrum of nearly bi-chromatic waves has two peaks at k = ko and k = ki and
spreads €, (sufficiently small) around ko and k. Moreover, ko and ki are very
closely approached with each other as follows:

k1= ko + Apg (Ak/ko < 1) (25)

Remark 6 Nearly bi-chromatic waves create an envelope and we can see it as
beat in ocean.

Theorem 4 The envelope created by mearly bi-chromatic waves satisfies the
following modified Schrodinger equation.
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i 8A($7 t) / Akeig(x’t) " aA(lE, t)
Z{ a (w (ko) + e o) ) =5,

1 " Akeig(x’t) 1 8214(517, t)
where "
g(x,t) = Ay ($ — w2(k0)t> = Ap(x — w (ko)t).! (27)
0

Remark 7 The modified Schrodinger equation becomes the Schrodinger equa-
tion of Theorem 1 when Ay = 0; namely, A; = 0 means that nearly bi-chromatic
waves change to nearly monochromatic waves.

proof The following equation can be assumed by the definition of nearly bi-
chromatic waves.

U(Jf,t) — A(SU, t) {ei(kox—w(ko)t) + ei(klx—w(kl)t)} (28)

This is based on the assumption that most of the energy is concentrated in two
wavenumbers ky and k1, which are very closely approached with each other as
described Definition 3. w(kq) is also written by

w(k) = wlko) + Au, (29)

where

Ay = w (ko) Ay.2 (30)

A(z,t) is derived from Equations (22) and (26) using Equations (23) and (27)
as follows:

1 iPy (k1)
where Py(z,k,t) = Py(z, k,t).
The time derivative of A(x,t) is
0A(x,t) : iA e Paakt) g
— k ’L 2 xZ,
o = 0 [ S0

1 2 T

* e [ — ) S Edk (32)

!The dispersion relation of w(k) is presented by w(k) = 1/gk tanh(hk) in water waves [9]. Here g and h denote
acceleration due to gravity and uniform water depth, respectively. If hk > 1 (deep water), then w(k) = /gk.

So, w' (ko) = 31/ = G-

20(k1) = Vgk1 = \/g(ko + Ak) = V/gko /1 + %f >~ w(ko)(1 4+ %ﬁ) So, A, =

LA = w (ko) A
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Moreover, the spatial derivative of A(x,t) is obtained by neglecting the second
and higher order of A as follows:

O A(x,t) —mAkeww/ . Pyt
> . k— ko)~ iPo (kD) g
Oz" (1 + eiole)2 Jy (k= ko) (k)e

1 n 1Py (x,k t
T m/k "(k — ko)" Sz (k)e Jdk, n=1,2,3,--- (33)

Substituting the relations of Equations (10) and (31) into Equation (30) leads
to the following:

QA@Y) _ 5y (k) "4,

(4

ot = n! ox™
Ape9@t N w (k) 0" A, t)
1 + eig(@t) Z(_Z) " n! ox™ (34)

n—=

Equation (32) represents the higher order governing equation, which governs
the amplitude of nearly bi-chromatic waves; namely, the equation that the
envelope of nearly bi-chromatic waves satisfies. Neglecting the third and higher
order of spatial derivatives in Equation (32), we obtain the modified Schrodinger
equation of Theorem 4. qged

Remark 8 Equation (32) becomes to be identical with Equation (11) when
Ay = 0 (namely, when nearly bi-chromatic waves change to nearly monochro-
matic waves).

Definition 4 Directional, nearly bi-chromatic waves u(x,y,t) are defined by
the waves whose energy s almost concentrated in two wave propagation direc-
tions and the approach of these directions is very close as follows:

u(x, v, t) _ /GQ(@)ei{kox cos 0+koy sinH—w(ko)t}dQ. (35)
0

Here the directional spectrum Go has two peaks at 0 = 6y and 0 = 61 and spreads
€9 (sufficiently small) around 0y and 0,. Moreover, 6y and 0y are very closely
approached with each other as follows:

0, = 0y + Ay (A@/Qo < 1). (36)

Theorem 5 The envelope created by directional, nearly bi-chromatic waves sat-
isfies the following modified Schrodinger-Nohara equation.
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. 5‘A‘9
(1 Aeemeh<x7y>> cosfy sinfy #
= e _ 7
BT ) sinfy —cosfy )\ 24w

dy
. 2A9 2A9
_ L (FAwy) | TAmY)) (37)
2]€0 Ox? 8y2
where
h(z,y) = kox sin 0y — koy cos b0,. (38)

Remark 9 The modified Schrodinger-Nohara equation becomes to be identi-

cal with the Schrodinger-Nohara equation of Theorem 3 when Ay = 0 (namely,
when directional, nearly bi-chromatic waves change to directional, nearly monochro-
matic waves).

proof The following equation can be assumed by the definition of directional,
nearly bi-chromatic waves.

u(l’, y7 t) — Ao(x7 y7 t) {el(k‘()lﬂ COs 9()+k‘()y Sin 907w(/€0)t) + el(k‘()l' COSs 91+k‘()y smHl—w(ko)t)

(39)
HereCA%(z,y,t) indicates the amplitude of nearly bi-chromatic waves in terms
of the directionality. This is based on the assumption that most of the energy is
concentrated in two wave propagation directions 6y and 6, as described Defini-
tion 4. Then A’(z,y,t) is immediately obtained from Equations (33) and (37)
using Equation (34) as follows:

1 0
2 . 1Py (x,y,0
A%z, y,t) = = /9G2(9)e (.9.9) 19

= A'(z,y) (40)

where PY(x,y,0) = P!(x,y,0). A’(z,y,t) becomes to be a time-invariant form
of A?(x,y) same as Equation (16). Here we obtain the first order partial deriva-
tives of A%(x,y) with respect to z and y as follows:

8149(:57 y) . 1A gk sin eoefiA(’h(x’y) P
T = iky cos 6y — |+ o iBoh(eg) Al(z,y)
" |
+ 1+ ezizeh(w Y) /COS QGQ(Q)GZPQQ(%’y,H)dQ’ (41)
70 J
0A° (2,y) . iAoy cos e Bohn)
2y = — | thpsiny + oA Az, )
” |
+ Tr eiizeh(x m /sin 9G2(9)62P5(x,y,0)d@ (42)
2
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Moreover, the second order derivatives of A?(x,y) are obtained through the
neglection of the second and higher order of Ay as follows:

82,49(;,;, y) 9 9 Agk% sin 290€—iA9h(x,y) y
T = — <k’o cos” Oy — 1+ o—iBh(z,y) ) A (x, y)

2k2 cos O, 2Apk2 sin e 120 (@y)
-+ 1+ e—iboh(zy) (1 + e iBoh(r9))2

X / cos 0G5 (0)e 2 w0 g (43)
0

k2 .
B 1+ _'OAeh( y) /COS2 602(6)62P29(m,yﬁ)d67
el , 9

82A9(x7y) 2 . 9 Agk% sin 20067iA9h(1ay) 0
5 (7430 sin” 6y + e ) A%(z,y)

2k sin 0 2AgkZ cos Bye~1Boh(wy)
1 + e—idoh(zy) (1+ e—iAgh(Jc,y))Q

« / sin 0Gy(0)e P =) g (44)
0
— ki sin® 0Go(0)e P g

1 _|_ efiAGh(xvy) 9 2 ’

From Equations (39) and (40) the following relations are obtained.

A? A?
oS 0076 (. 9) + 8111(9078 (z,9) =
ox oy
—ikoA%(z,y) + Lo cos(6 — 0)Ga(0)eE ¥ ag  (45)
’ 1 + e*iAOh(xvy) 0
A? A?
sin 9078 (z.y) _ Ccos 9078 (. 9) =
Ox oy
Z'Agkoe_iAeh(m’y) 0 iko . iPY(z,y,0)
[ o ) A(z,y) — [ o ) /osm(Q — 0y)Go(0)e df  (46)

We also obtain the following relation from Equations (41) and (42).
PA(x,y)  OPAw,y)
Ox? Oy?

2kj iPY(2.,0)
R /9 cos(0 — 00)Ga(0)c P de  (47)

2N\ gk2e~iBoh(zy) . -
(1+ (fiAeh(xvy))Z /GSID(Q —6p)G2(0)e By (2.9.9) 10

—2]{:(2)A9(x, y) +
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The modified Schrodinger-Nohara equation is obtained from Equations (43),
(44) and (45). qed
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