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Abstract

The paper presents the minimization of functional issue, associated to the
finite elements method (FEM) and establish on detail the equations to solve the
problem of the three-dimensional (3D) magnetic field, in inhomogeneous, non-
linear and anisotropic domains with random main directions of magnetization.
Numerical computation of the algebraic equations system obtained, it could be
established the state quantities of the magnetic field or other quantities which
are interested in.
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4. The minimization of the energy functional

On FEM, the functional must be minimized to get the equations system
which follow to solve the field problem. If the finite elements of 3D discretization
mesh are small enough, the relation (33) from [1] become
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where v, is the volume of the finite element .
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The magnetic scalar potential (Vp), — unknown function in a current point
P(x,y,z) inside the finite element A = 1,m — could be written depending on
the magnetic scalar potentials Vi, Vi;, Vg, Vi of the 4,7, k, ¢ nodes (fig.4)
which determine an irregular tetrahedron (finite element). The expression of
(Vi),, for random A, may be written [2] under the form

(VH) [(Cu + Cjz$ + CLiY + Criz ) VHz"’

6ua
+ (cij + cjjx + cpjy + cjz) Vi + (cir + cjpr + ey + conz) Var+

+ (Cig + Cjex + Crey + ngZ) Ve (35)
A

where: vy, = £det (C),/6; vy > 0; ¢ (r,s = 1,],k,{) are the algebraic
complements (cofactors) in the matrix (C), of the nodes coordinates which
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determine the tetrahedron \:
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From (35), for the terms of relation (34), results:
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The last two sums of expression (34) may be not
detailed in a general treatment, because the boundary Fig.4. Finite element
conditions for the possible concrete cases are different.
In practice we can also have cases when the Neumann conditions are equal
to zero what correspond to canceling of the last two sums. With the object
of continuing the general analysis of the minimization process of functional,
we will detail only the first two sums of relation (34), following to take into
account, for concrete cases, the terms corresponding to the Neumann boundary
conditions too. With these mentions, taking into account the relations (37, 38,
39), the functional (34) become

m
1
F = Z [A;Z (CjiVHi—Fijij+Cjk;VHk;—I—ngVHg)Q—FA;y(ckile—l—
-FijVHj+CkaHk-I-Ck;gVHg)Q+A;Z(CgiVH¢+ngVHj—I—CngHk+cggVH€)2—|—
+ AL, (cjiViaitciViaj+cwVar+cjeVae) (criViitcr Vi +ciVar+cuVire) +

+ A (ciViri+cejVij+cunVire+creVire) (ceViri+cg Vi +coeVir+cuVie) +
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+ Alzm (C&'VHZ' +coiVu; —|—CngHk;—|—ngVHg) (CjiVHi +¢;i Vi, —|—CjkVHk;—|—ngVHg) ]A+

+Z {36v {AH (¢;iViitcjiVij+cinVin+cjeVie)  + Ay, (cri Vit
+ijVHj+CkaHk+Ck£VH€)2+AIZIZ (CeiVHz+C£jVHj+C£kVHk+C££VH£)2+
+ AL, (¢jiVii+ciiVirj+cipVine+cjdVie) (criViitcr Vi +ciVar+cedVie) +
+ A7 (ciVii+ Vi + o Vi +creVae) (coViri+cg Vi +coVar+cuVie) +
+ A (cuVizitcoVirj+caVir+cuVar) (¢;iViritcj; Vi + eV + eV, —
— 1 [KY (¢jiVaitcijVij+cipVar+cieVire) + K, (criViri+cu Vi +cu Vind-

+ creVae) + K2 (coVii+cojVij+coVar+cuVie)) } . (40)

The expression (40) could be written more concentrated, in the following

way ) ,
FeY RS (F - R, (1)
A=1 A=1

where: F} 1is the general term of the first sum;
FY' is the general term of the second sum;
Fé’/\ is the second general term of the second sum.
To minimize the functional we have to cancel its derivatives by magnetic scalar
potential of the n nodes from the discretization mesh. Using the concentrated
form (41), results
OF)\

Az_:avm Zavﬂ Zavm 0; i=1Ln. (42)

The system (42) contains n algebraic equations, where the unknowns are the
magnetic scalar potentials Vg; (i = 1,n) the 3D discretization mesh of the
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studied domain. In particular cases, where the studied domain has not perma-
nent magnetization zones (permanent magnets), the terms of the last sum are

canceled (K] = K] = K! =0).

5. The establish of FEM equations

For every node of the discretization mesh, it must be known the coordinates
(x,y, z), the adjacent finite elements and the neighboring nodes. In order to
establish the rules for writing the equations system, two local numbering are
introduced: N,; is the number of the neighbor nodes to the node i; M,; is the
number of adjacent elements to the node ¢. The concrete values for N,; and
M,; depends on the position of every node i = 1,n in the discretization mesh.
For instance, for any node ¢ from inside of the tetrahedral mesh, N,; = 12 and
M,; = 20 [3]. The magnetic scalar potential Vp; of the node i appears only
in elementary functionless Fy, FY and FJ) which belong to the tetrahedral
adjacent to the node i. Thus, the equation from the system (42) concerning to
any node ¢ from inside of the discretization mesh, which has M, = a adjacent
elements, will be

§ /! a - 1
() A(E) A5

where are made the notations

CVji = ¢iVui + ¢V + cip Vi + ¢jeVie
CVE = Vi +cejVa; + cnVar + cueVae (44)
CVIU = ¢V + cejVaj + coeVir + coVie

with which the expressions of elementary functionless are:

(

Fi=

[(A’ )1 (CV)i+(AL), (CVE)+(AL),(CVOT +
+(4L,), (CV), (CVE), +(4,.), (CVE), (CV L)+
+(AL), OV, (CVi), .

d (45)
Fi= g [(A0)(CVI2+ (4,) (CVRY+(AL) (CV S+
+(A,),(CVH),(CVE)+(4.) (CVE),(CVE) +
\ HAL),(CVD,(CVI), ]

361}
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(Fl = g |(ALL(CVIT+ (A7) (CVRT+(AL) (CVO? +
+(A7,),(CV),(CVE),+(A},) (CVE),(CVE), +
HAL)L(CVE,(CV), ]

Qe (46)
Fl'= g [(AL)(CVI)2+ (AL,), (CVI+(AL) (CV O+
+(43,),(CV)),(CVE),+(A].) (CVE),(CVE) +
HAL),(CVO,(0V3), |,

Fii=§ (KD, (CVA),+ (K], (CVE), + (KD, (OVD), |

) S R R TRRRLETEERE (47)
Fly= 4 [(KD,(CV )+ (K]) (CVE)+ (KD, (CVD),]

In the relations (45, 46, 47) the subscripts (1,2,3,...,a) written af-
ter the parenthesis show that the quantities (CVj, CVEk,CVY{), Vi, Vuj,
VHk? VH£)7 Crs (T - ]nkvga s = i)jakag)a (AgcxaA;yaA;zaA;yaA;zaA;x)7
(A” A” A"

he Ap ALLALLAY ALY, correspond to the finite element with the same
index, and (v1,vs, ... ,v,) are the adjacent tetrahedral volumes of the node i
for what the relation is written. The algebraic complements c,; of the matrix
(C)) — written with the nodes coordinates i, j, k, ¢ which determine the finite
element \ — are constant quantities for an established discretization mesh. The
elementary functionals FY and F}) are different by zero only for the finite ele-
ments from the zone with permanent magnetization, where the functionals Fy
are null. If the element A is in the zone without permanent magnet, F # 0
and FY = I\ = 0.

Derive the relations (45, 46, 47), the general forms of these three kind of
terms from functional becomes:

OF, 1
6‘/}: — 181))\{ [A;xcgi+A;yczi+A;ZC%i+A;ycjicki+AézckiC€i+A;xcéz‘cji] VHﬁ-
i
+ [A;ijZ‘ij +A;yckickj +AlzzC€iC€j + %A;y (cjickj —|—Ckiij)+

+ 5 A, (cricej+cncky) +5 AL, (cucij+cjice)] Vi +

/ / ! 1 4/
+ [ A, ciicin+ AL cricre+ AL crico+ 5 AL, (Cjickr+ Cricir)+
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1 4/ LA/
+3 A, (chicor+ceicrr) +5A%, (CficjkﬂLCjiCEkﬂ Vi +
/ / / 1 4/
+ [Axxcjicjg—FAyyckiCkg—|—AZZC&'CM+QAxy (Cjick€+ckicj€)+

+3 AL (cricutcuicre) +3AL, (cacjetcjicu)] VH@})\; (48)

OFY 1
A no2 "2 no2 " " "
aVH. = 181))\{ [A:mccji+Ayycki+Azzcﬂi+Axycjicki+AyzckiC£i+Azg:c€icji] VHﬁ‘
(3
% 1 " 1 qn
+ [Afycjicy; + Ay crickj+ AL cac+ 5 Ay, (cjickj+cricji) +
1 A/ 1 pM
+ EAyz (Ck@'ng+Cgiij)+§Azx (C&'ij-FCjngj)] VHj-i-
" 1 " 141
+ [A] cjicin+ Ay, cricie+ AL crico+3 A%, (CjiChie+ Cricik)+
+3 AV, (crico+cucrn) +3 A%, (cocip+cjicon)| Ve +
5 Ay (Crico+coicrr) +5 A%, (Cicik+cjice) | Var

1" 1" /" 1 A
+ [Axmcjicj€+AykaiCk£+AZZC&'C££+§Axy (cjickg—i—ckicjg)—l—

+3 A7 (Cricotcucre) +5 A%, (Cricio+cjico)] VHE})\; (49)

DF",
av:{z = % (K;;Cji + K;/Cki + K;/Cgi)A , (50)

where A=1,2,3, ... ,a.

We notice that for specify equation 4 of the system (42), the term having the
form (50) represents the free terms of the equation, because it doesn’t contain
the magnetic scalar potentials of the nodes (the unknowns of the problem).
After the introduction of the terms (48, 49, 50) in relation (43), results the
general form of an equation from the system (42), written for any node i from
inside of the discretization mesh

Nvi
CiVii+ Y CuViay=TL;; i=T1n, (51)

t=1

where we note that:
a

1
C; = ZM (Amci-JrAyyc%i+Azzc§i+Axycjicki+Ayzckicm+Azxc&cﬁ)t, (52)
t=1
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w

1
Ci = Z p— [Amxcjicjj+Ayyck;ickj+AzzC€iC€j+%Amy (cjickj+ericy;)+
1 181}75

5 Ay. (Cricej+cuicry)+5Az (cacij+cjice)], . (53)

a

Z (Kngi+K;/Cki+KgCgi)t . (54)

t=1

TL; =

S| =

In relations (52, 53) — obtained by writing more concentrated the relations
(48, 49) — the terms (Auy),, (Ayy)y (Az)s (Asy)y (Ayz),, (Azz), contain the
components of the tensors of the ferromagnetic materials permeability (tty, o,
), of the air — gap (py = fty = fw = po), or of the permanent magnet (g,
Lps Hpw) (S.[1]), as the finite element ¢ — adjacent to the node i for which is
written the relation (51) — is situated in the ferromagnetic material zone, in air
— gap or in permanent magnet. The current index ¢t from the expressions (52,
53, 54) refers to the finite element A = ¢, which could particularized for all the
nodes i = 1,n of the discretization mesh, identifying the elements (1 + M)
from around of each node. The quantity w from the relation (53) represent
the number of finite element (of the M,; adjacent to the node i) to which any
neighbor node (of the V,; neighbor to the node 7) is adjacent. For the analyzed
case (i —an inner node) w =5 [3]. The coefficients ¢,; from the relations (52,
53, 54) are obtained by identifying the nodes j,k and ¢ of each finite element
around the common node i for what the relation (51) is written. Therefore,
for each node ¢ with unknown magnetic scalar potential an equation having
the form (51) could be written. In relation with the concrete position of each
node ¢, the number of the neighbor nodes N,;, respectively of the adjacent
elements M,; of the node 7, gets particularly values. For the nodes on the
boundary surface with non-null Neumann conditions of the studied domain, in
equation (43) we introduce supplementary particular terms correspond to these
conditions (the last two sums from energetic functional (34)).

6. Conclusions

If we write the equation (51) for all the nodes i = 1, n with unknowns mag-
netic scalar potentials of the 3D discretization mesh in which the field problem
is analyzed, a compatible system of algebraic equations is obtained. The val-
ues of the magnetic scalar potentials are gotten by numerical computation of
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the system. After that, we can get (s.eq. 37, 38, 39) the components of the
magnetic field intensity for each finite element A\ = 1, m:

A% 1
(Ho)y = = (6—5> = g0, (iVag F i Vag + Vi + ¢ieVie) - (55)
A
oV, 1
(H,), = — (8—;> = _G_U)\ (ckiVai + Vi + cuVar + cueVae) ,  (56)
A
oV, 1
(H.), = — ( aj) = _6_m( Vi + ciVij + cosVie + coVie) - (57)
A

The components of the magnetic flux density B, are determined from
H, and the tensors of magnetic permeability, in the following way: in air-gap
B, = ,LLOI:I \; in ferromagnetic materials B, = ﬁ,\I:I A; In permanent magnets
B) = i H)y.

In conclusion, by numerical computation of equation system (51), we get
H, and B, (A = 1,m) in each finite element of the studied domain which is
3D, inhomogeneous, nonlinear and anisotrop. After we know Hy and B), we
can determine other quantities which we are interested in, such as: magnetic
voltage, magnetic flux through certain surfaces, forces (torque) applied on coils
or electric conductors placed within the air-gap and so on.
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