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Abstract

The paper treats the transformation of the concentrated form of the func-

tional (associated to the finite elements method — FEM) attached to the reso-
lution of the three dimensional (3D) field from the inhomogeneous, non-linear
and anisotropic systems that have random main directions of magnetisation.
We have got the useful form of the functional which is used in the numerical
computation of the distribution of the field created by permanent magnets.
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1. Introduction

In practice, there appear situations when it is necessary to establish the
distribution of the magnetic field in inhomogeneous, non-linear and anisotropic
systems (concerning both permanent magnets — field sources — and ferromag-
netic yokes existing in the real technical system).

The concentrated form of the functional, valid for the systems with perma-
nent magnets [1, 2|, written in Eq(1)

H
F:/ /B-dﬂ dv+/B-ﬁ,VHds (1)
0 Sn

(%

must be transformed in order to be used in computations, as it follows. We
have made the mention that v is the domain (volume) where the field problem
has been analysed, and Sy is its boundary with Neumann conditions. Eq(1)
contains three unknown quantities: B — flux density, H — magnetic field
intensity and Vz — magnetic scalar potential. In the process of minimising of

the functional it is necessary an expression containing only one variable.

The field sources being permanent magnets, H is obtained from the mag-
netic scalar potential Vg [1, 3]:

H = —grad Vy. (2)

In Fig.1 we have considered domain (volume) v = v" U v” | where we have
analysed the problem of the mag-

netic field. The sub-domain @’ v S’
is without permanent magnetisa-
tion (M, = 0), and sub-domain
v” is with permanent magnetisation Sh
(M, # 0, the permanent magnet).

The boundary of the 3D domain
Y =SyuS,uSyusy)  (3)

is a closed surface and it contains
— for generality — mixed conditions,
for both the area without perma-
nent magnetisation S’ = Sy U S,

Fig.1. The study domain
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and for that with permanent magnet S” = S3,US?,. For S, and S% there have
to be known the Neumann conditions and for S}, and S7, — the Dirichlet condi-
tions. In a general case there can be more zones with permanent magnetisation,
when ©v” is a reunion of there and v’ is the reunion of all the zones without
permanent magnetisation, having a similar meaning as those for boundaries S”

and 9.

2. Anisotropic and non-linear 3D permanent magnets
with random main directions of magnetisation

For anisotropic media with permanent magnets, the law of the link between
B,H and M has become

B = ji,H + jyM,, (4)

where [1,, is tensor of magnetic permeability in the zone with permanent magnet
[4]. For the ferromagnetic yokes, considered anisotropic, B = jaH, and for
the non-ferromagnetic zones (e.q. the zones with air), B = poH. It is known
that, following the main directions of magnetisation, the components of the flux
density are collinear with the components of the magnetic field intensity, namely
tensors g, and g have diagonal matrices [4, 5]. Taking into consideration a
3D domain where the main directions of magnetisation, in random disposition,
are noted with (u,v,w)" in the zones with M, = 0, and with (u,v,w)” in
the permanent magnet, the linking relations between B and H after there
directions are

B, =uH, v=u v v (5)

for ferromagnetic yokes, and
B, = ,upVHV + MOMpm V= u//7 UH? w” (6)

for the zones with permanent magnetisation. For the considered case, tensors
i, and [ have got non-linear components, depending on H. Eq(5) show
that a component of the flux density following one of the main directions of
magnetisation depends only on the components of the magnetic field intensity
following the same direction, namely after the main directions of magnetisation
B and H components are collinear. In other words, the components follow-
ing the main directions of magnetisation do not depend one on another. For
zones with permanent magnets (Eq.6) there also intervene the components of
permanent magnetisation, which have to be known for a given magnet.
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Within the finite element method (FEM), the domain of 3D analysis is
divided in m finite elements (e.q. tetrahedra), of sufficiently small elements, so
that the calculus accuracy be good. In this case, functional (1) can be written

F=Y"F (7
A=1

Taking into consideration Eq(7) and the mentions we have previously done,
the functional becomes

m’ H,
F:Z / /ﬁ)\I‘_I)\dI‘_I)\ dv p +
A=1 vl 0
m" ﬂ,\ mlN
+ Z / /(/:Lp)\IrIA + /L()MPA) dIrIA dvy + Z /(/:L)\IrI)\) -nVg\ds p +
A=1 UK 0 A=l S;V)\
my B B
+ Z /(ﬁp)\H)\ + /L()Mp)\) -nVgyds p, (8)
S U

where m' is the number of finite elements in o', m” is the number of finite
elements in v” (m =m’'+m"), m/y is the number of finite elements adjacent
to boundary S}, m/ is the number of finite elements adjacent to boundary
S% , and index A represents the fact that the quantities refer to finite element A.

For the ferromagnetic materials (non-linear and anisotropic) contained in
sub-domain v’, there are not known in advance the working points (for each
finite element) on the magnetisation curves, curves that have to be known.
Therefore, the components of tensors ) are initially unknown. The process of
solving the field problem finally implies solving a system of equations (obtained
through minimising the functional (8)) where the unknown quantities are mag-
netic scalar potentials Vy; (i = 1,n) from the n nodes of the discretization
mesh of study domain v. As ), has got unknown values, solving the system
of equations implies more iterations, starting from initially chosen values for
the components of the tensor, and correcting them at each iteration. If the
process is convergent, there are finally obtained stable values for piy, differing
from one finite element to the other. Thus, in an iteration, the resolution of
the system obtained from Eq(8) is done for the steady components of tensors
iy (as against Hy), but different for different .
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For the non-linear and anisotropic permanent magnets contained in subdo-
main v” the problem is alike, but we have to take into consideration fi,y. The
demagnetisation curves of the magnets following each main direction have to
be known.

The unit vectors of the random main directions (u,v,w)” of zone v’ are
considered (€7, €2, €3)', and the unit vectors of the random main directions
(u,v,w)"” of the permanent magnet (zone v”) are considered (€1, és,e3)" (see
Fig.2, where index " is for v’ and index ” for v"). If we take into consideration
Eqgs(5) and (6) and the above mentioned observations, the terms of functional
(8) can be written as following:

— for zone o'

.E[)\ -E[)\
[ @) = [ et e
0 0
+Hy€3), - (dH, &1 + dH, & + dH,e3)).

Taking into consideration that cos¢,s = coss. (where r;s = 1,2,3) and
processing this term, we have got

H)
/ (InH\AH)) = [§ (i H + po H + o Hy) +

0
+ H H, (ftu + o) cos o1z + HyHy (fho + ) €08 @23 +

+ HyHy (f + fi) cos 9031];\; (9)
— for zone v”, similarly, we have got
H, H)y
1t 10M0) ALY = [t ot o) €1+ M) €
: + (tpwHow + pioMpw) gs]&' -[(dH, e, + dH,&; + dHe3)]\ =
= {% (Mpqu + pp Hyy + MpwHZ;) + HyHy (fpu + pipo) Os @12+
+HyHy (ppo + ppw) €08 023 + HyHy (fipw + fipu) €08 031+
+ 1o [Hy (Mpy + My, cos @12 + My, cos w31) + Hy, (M, cos 12+

+ My + My 08 23) + Hyy (Myy 08 @31 4+ My, cos oz + Myy)] Yy . (10)
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In Eq(8) there are terms having the form (B -n), = (B,),, namely the
normal components of the flux density (Neumann conditions) on boundaries
vy and S}, of finite elements A adjacent to them. In order to write the
equations as against a rectangular system of axes, there are going to be ex-
pressed the components following the main directions of magnetisation of H
and M, depending on their components following the axes of the rectangular

system.

Fig.2. The magnetisation Fig.3. The position of the
main directions reference systems

In this context, in Fig.3 there is taken into consideration the general case of
relative disposal of the rectangular system (z,y, z) against the system attached
to the main directions of magnetisation (u,v,w). The representation has been
done by a single drawing for both subdomain v’ and v”, having the following
meaning: for v/, the system of axes (u,v,w)" and angles (Yuz, Puys Puzs ---)
will wear index ’; for v”, the axes and angles will be marked by index ”, namely
(w,v,w)" and (Puz, Puy; Puz, - --)". For reasons of clearness of the drawing, in
Fig.3 we have noted only part of the angles, the rest of them being obvious.

In order to obtain the linking relations between the components in the two
systems of reference, in a random finite element A we have expressed H) in
system (z,y,z) and then in system (u,v,w). The formulation is similar in
subdomains v' and v”, thus the appropriate indices (" and ") being required
only when the equations are completely written (22 and 29). Thus, on one hand

H, = (H,i+ H,j+ H.k), (11)
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and on the other

H, = (H,e, + H,es + Hyé3), . (12)
Through identification, after calculus, from Eqs(11) and (12) there results:
(Hy), = (Hycospy, + H,cos gy, + Hycos oy, (13)
(Hy), = (Hycospyy + H,cospyy + Hycos puy), (14)
(H.), = (Hycospy,+ H,cosp,, + Hy,cospy:), - (15)

From (13, 14, 15), applying the rule of Cramer [6], there results (H,)y,
(Hy)», (Hy)y expressed in comparison with (Hy)x, (Hy)x, (H.)a:

(Hv))\ = (kvax + kvyHy + kvsz))\ ) (17)
(Hw))\ = (kwa:H:c + kway + szHz))\ ) (18)

where coefficients k,; (r = u,v,w and s = x,y, 2) result trough identification
and are steady values to established systems of axes (they depend only on angles
©rs between the two systems of axes).

In zone v", for M, we have done the same, and similar relations result,

but using index ”:

(Mpu)l;\ - (kurchm + kuyMpy + kUZMpZ)I)I\ ) (19)
(Mpv);/ - (kvapx + kvyMpy + kszm)lA/ ) (20)
(Mpw)/A/ - (kwpr:v + kUJyMpy + szMm)l)( : (21)

If Eqs(16), (17) and (18) are replaced — written with index ' — in Eq(9), there
results

H,

/ (FnHAIHD) = (A H? + Ay H? + AL H 4

0 + A HHy+ Ay HyH, + A H.H,),, (22)
where the following notations have been made:

(Awe)y =[5 (ks + 1ok, + ki) + kurkur (f + fro) cos pra+
Hhivakuws (1o + Ha) €08 023 + Kk (o + p1a) cos o]y, (23)
(Ayy);\ = [% (:uukiy + va?;y + kaiy) + Kuykoy (ftu + o) COS @12+
Koy Ky (o + ) €08 023 + Kuykuy (fw + ) cOS 9031];\ ,  (24)
(A =[5 (ki + ok, + pks,.) + kuzkos (1 + po) cOs Q1o+
+kokw: (,Uv + Mw) oS a3 + Ky Ky (Mw + Mu) COS 9031]/)\ ) (25)
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(Amy);\ - [Mukumkuy + kavxkvy + kakawy+

+ (ku:ckvy + kvxkuy) (,uu + ,uv) COS 9012""

+ (kva:kwy + kkavy) (,uv + ,uw) COS 9023"’

+ (kwa:kuy + kukay) (,Uw + ,uu) COs @31]1)\ ) (26)
(Ayz)l)\ - [Mukuykuz + kavykvz + kawysz+

+ (kuykvz + kvykuz) (Mu + Mv) COS Y12+

+ (kvysz + kwykvz) (,uv + ,uw) COS 9023""

+ (kwykuz + kuysz) (,uw + ,uu) COs 9031]/)\ ) (27)
(Aza:)l)\ - [,uukuzkux + kavzkvx + kawzkwx+

+ (kuzkva: + kvzkux) (,uu + Mv) COos Y12+

+ (kvzkwa: + szkvx) (Mv + ,uw) COS P93+

+ (szkux + kuzkwx) (Mw + ,uu) COS 9031]/)\ . (28)

Similarly, if Egs (16), (17) and (18) — written with index ” — and Eqgs (19),
(20) and (21) are replaced in (10), we are going to obtain

H)

/ (i FL + 10 M) dFL)" = (Ag HE + Ay H? + AL H? + Ay HHy+
0
+A,.H,H, + A, H.H,)\ + (K, H, + K,H, + K.H.,)\, (29)

where: (A,)), (Ayy)ys (A22)), (Azy)y s (Ays)) s (Az)) have got similar expres-
sion with those in relations (23 =+ 28), but — being for v” — they will contain
the elements of matrix ji,, and coefficients (k,5)y with 7 = (u,v,w)” and

s = (x,y,2)" are written with index ”;

(K2)y = po [Mpu (Kuz + Koz €08 013 + kg cO8 31) +

+ My (K €08 912 + Ky + ke COS @23) +

+ My (Kuz €OS 31 + Kyz COS 023 + Ky ) K : (30)
(Ky);' = pio [Mpy (Kuy + kuy oS 12 + Ky €OS p31) +

+ My (Kuy €08 @19 + kyy + Ky cOS 0a3) +

+ My (Kuy 08 31 + Ky €08 a3 + Fuy )] 4 (31)
(K.)Y = o [Mpy (kuz + Koz €08 912 + ki cos @31) +

+ My (Kyz €8 12 + ks + Ky COS a3) +

+M, (Kuz cos w31 + Ky cos pa3 + Ky ) ')'\ . (32)
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Taking into consideration Eqs (2), (22) and (29), the functional (1) can be
written as following:

C(OVEN® L, (OVe\® . [OVE\®
A (a_) LA, (a_y) e (S

A=1 ”IA
Ve[V ., (OVe\[OVe\ ., [OVi\[OVi
A A A
* W(aa:><ay>+ y2<ay)(8z)+ (a)(ax> ot
A
s Vi \ 2 OVir\ 2 Vi \ 2
/) (e (5
A=1 '

, (Ve \[O0Vy
+A”< 0z >< ox )

dv p +
A
+) / (BuVi)ds p + Y / (B,Vi)ds p . (33)
A G N \

This is the useful form of the functional in calculus, the only unknown
quantity being magnetic scalar potential V.

3. Conclusions

Getting Eq (33) means an important intermediary stage in solving the
field problem in inhomogeneous 3D domains, with non-linear and anisotropic
permanent magnets and ferromagnetic yokes, having random main direction
of magnetisation. In notations “A” and “K” (see Eqs 23-32), there inter-
vene the field sources too (permanent magnetisation M, ), the parameters of
magnetic circuit materials g, and fi,) (obtained from the non-linear magneti-
sation curves of the ferromagnetic yokes, and those of the demagnetisation of
permanent magnets), the relative disposal of the main magnetisation axes in
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comparison with a chosen rectangular system, as well as the Neumann con-
ditions (B,), on the boundary of the domain. All these have to be known
so that, for a system with a given geometry, the solution of field problem be
unique.

For the above mentioned case (inhomogeneous, non-linear and anisotropic
system having random main direction), the transformation of the functional
— in order to obtain a form that can be used in the numerical computations
— has got an increased complexity, due to the degree of generality taken into
consideration.
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