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Abstract

By using averaging functions, several new oscillation criteria are established for the
half-linear damped differential equation

“ dx
— [+q(t X“'zx——O,
ltJ q®lx|

a-2 dx =
EJ p(He LIXI X,1(t) w (x)

and the more general equation

j—t{r(t)w(X)

dx
d1

{r(t) y(x)

dx
dt

dx “? dx
— |+p(t x(t — |+q(t)g(x)=0,
dtj p( )co(g(X) )y (x) dtj q(Hgx)
where p,q ,r:[to,0)—R and y,g: R—R are continuous, r(t)>0, p(t)>0 and y(x)>0,
xg(x)>0 for x#0, o>1 a fixed real number. Our results generalize
and extend some known oscillation criteria in the literature.
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1. INTRODUCTION

We are concerned with the oscillation of solutions of second order differential
equations with damping terms of the following form

[r(t)w(x)fl—’; z—j}+p(t)¢£IXI“'2x,r(t)l//(X) f;}q(mxm— (1.1)

and the more general equation

ds | ds K J+q(t)g(x) 0. (1.2)

dt dt dt

where rEC[[to,OO),R+], pEC[[to,OO),[0,00)], qEC[[to,OO),R], WEC[R,R+] and gECI[RaR]
such that xg(x)>0 for x#0 and g'(x)>0 for x#0. ¢ is defined and continuous on RxR-{0}
with ue(u,v)>0 for uv#0 and @(Au, Av)= Ap(u,v) for 0<i<oo and (u,v) e RxR-{0}.

j—t(r(t)w(x) J+p(t)«p£ x). r(t)w(X)

By oscillation of equation (1.1)[(1.2)], we mean a function xe C!([Tx,),R) for some

T,>to, which has the property that (r(t),/,(x)
dt

de C'(T.,»),r)and satisfies equation

(1.D[(1.2)] on [Tx,).

A solution of equation (1.1)[(1.2)] 1s called oscillatory if it has arbitrarily large zeros
otherwise, it is called nonoscillatory. Finally, equation (1.1)[(1.2)] is called oscillatory if
all its solutions are oscillatory.

In Section 2 we provide sufficient conditions for the oscillation of all solutions of
(1.1). Several particular cases of (1.1) have been discussed in the literature. To cite a
few examples, the differential equation

il

has been studied by [5]-[12]. A more general equation than (1.3)
“d
(r(t)'//( ) }r (OIx|*"x=0, (1.4)

2 dx
dt

J+q(t)|x“ x=0, (1.3)

dt

has been considered by [2] and [20]. Our results include, as special cases, known
oscillation theorems for (1.3), (1.4). In particular, we extend and improve the results
obtained in [13], [17], [2] and [14].

In Section 3 we will establish oscillation criteria for equation (1.2). Several particular
cases of (1.2) have been discussed in the literature. To cite a few examples, the
differential equation

LS
dt

established by [16] and [19] considered a special case of this equation as

dx |“7 dx
m Z} +q(H)g(x)=0, (1.5)
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d dx |7 dx
d_t(r(t) m Z] +q(H)g(x)=0, (1.6)

Our results in this section generalize and improve [17], [1], [3] and [18].

2. OSCILLATION RESULTS FOR (1.1)

In order to discuss our main results, we need the following well-known inequality
which is due to Hardy et al. [4].
Lemma 2.1. If X and Y are nonnegative, then

X +(A-DY*-AXY ' >0, A>1,

where equality holds if and only if X=Y.
Theorem 2.1. Suppose, in addition to conditions

¢ (1,z)>z forallz#0, (2.1)

O<wy(x) <y forall x, (2.2)
that there exist differentiable functions

k, o :[t,,0) = (0,00) with p(t)>0
and the continuous function
H: D ={(t,s): t=s>to} >R and h: D={(t,s): t>s>to} —R,

and H has a continuous and nonpositive partial derivative on D with respect to the
second variable such that

H(t,t)=0 for t>t,, H(t,s)>0 for t>s>t,,

and
_é‘i(H(t,s)k(s))Zh(t,s)(H(t,s)k(s))Oi‘;1 for all (t,s) € D,.
s

Then equation (1.1) is oscillatory if

im sup L [ HEpEkae- PO s, 23)
where
R(t,s)=h(t,s)+(H(t,s)k(s))"” (L 4p() +p(s)].
p(s) ds

Proof. On the contrary we assume that (1.1) has a nonoscillatory solution x(t). We
suppose without loss of generality that x(t)>0 for all te [ty,00). We define the function
o(t) as
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a2

e "% dx
[r(t) w(x) ” dt}
aty=o(t) 5 for t>t,.
X" x
Thus
( dx} Pttt
datt) 1 dp(t) dt ai) - AOOVE,
i oo a “OPY x“x @D

This and equation (1.1) imply

dat)y 1 dp(t) at) T
o < X0 d a(t)-pO[q(t) )1, m)] (a- 1)[7,0(t)r(t)] Iw(t)|

From (2.1) we obtain

dott) _ 1 dp(®) o il e
paneral GGk U CLUR GO

Multiply the above inequality by H(t,s)k(s) and integrate from T to t we obtain

d p(s)
" axs)ds

[Ht9kE)pE)a(s)ds < [ H(t,s)k(s)L
T T p(s)

) J H(t,s)k(s) CU(S)I“ :

j HESkE)p(s) s)ds- J HiLkE T2 iy

Since

w(S)

- j KO 2 dHE DR [ HESKE)ots)s

=HEDKDAT- [ LsXHEIK) afs)ds.

The previous inequality becomes

Electronic Journal. http://www.neva.ru/journal, http://www.math.spbu.ru/user/diffjournal 4




Differential Equations and Control Processes, Ne 4, 2008

JHEKS)pA)a(E)ds HEDRD)AT)
d p(s)

L j it SH(LIKES) s

IH(t SK(S) w(S)I“ B

+JH(t,S)k(S)p(S)‘a(S)‘dS_( () r(s)]l/(a )

Hence we have

IH(t,S)k(S)p(S)q(S)dS <H{EDK(T)exT)

2.4)

JH(t SKE) CO(S)I“ o

+ j RAS(HOSKG) * eXs]ds—(a=D] = 0 S

Define

X :[7p(s)r(s)]l/a[éR(t>S)],

:(H(t,s)k(s)[yp(s)f(s)]WD ‘w(s)‘;lj |

Since o>1, then by Lemma 2.1,

RS HEKE) ™ (5] & p(lif(;]??(ljfi) o)

for all t>s>T. Moreover, by (2.4) we also have for every t>T,

7SR (t,8)
o ’

o1 PO e,
94

JH(t,S)k(S)p(S)q(S)dS HED(Dax(Tr+

or

PSR (3)
v }ds <HETK(T)aT)

<H(L KDl (25

J {H(m)k(s)p(s)q(s)-

T

We use the above inequality for T=T to obtain
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| {H(t,s>k<s>p<s)q<s)- POIOR “’S)}ds <H(t, KTl ).
T, o
Therefore,
J {H(ts)k(s)p(s)q(s)— PR “’S)}ds
- {H(t,s)k(s)p(s)q(s)- L “’S)}ds

+f {H(t,s)k(s)p(s)q(s)— 7 p(s)r(;Ra (&) }ds.

|

JPOIER” (t,s>} i«
aa

SH(t,t(»{ [ K(5)0(6)/a(s) ds (T T,

for all t>T,. This gives

i sup | {H(m)k(s)p(s)q(s)-

< { [ k)9)]ats) dsﬂ<<To>\w(To>\} <on,

which contradicts the assumption (2.3). This completes the proof.
Corollary 2.1. If the condition (2.3) is replaced by the conditions

lim sup !
e H(tt,)

[Hesk@ps)aE)ds ==

to

j[ P(s)r(s)R”(t,s)ds < oo,

to

L
H(tt,)

then the conclusion of Theorem 2.1 remains valid.

lim sup
t—0

Theorem 2.2. Suppose that (2.1) and (2.2) are satisfied and let the functions H, h,
and k be the same as in Theorem 2.1. Moreover, assume that

O<inf]| lim inf 1) | <o 2.6)
t>s | t—o0 H(t’to)

and
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lim inf ) j O(S)N(S)RY (t,5)ds<oo, (2.7)

hold. If there exists a function Qe C([ty,0),R) such that

e
L (k(s)p(s)(s))

lim su

t—o0

(2.8)

and for every T>t,,

,O(S)I(S)R“ (t.5)

jds>CXT), (2.9)

t—0

where Q. (#) = max {€(¢),0}, then equation (1.1) is oscillatory.

Proof. On the contrary we assume that (1.1) has a nonoscillatory solution x(t). We
suppose without loss of generality that x(t)>0 for all te[ty,0). Defining w(t) as in the
proof of Theorem 2.1, we obtain (2.4) then we get

H(:D {H(t DECICICRALL (t’s)}ds <KDATHIET)
where
p(s)r(s)Ra (t,) (a-1)a
D=4 j { ~(H(t,5)K()
(a DH (t,s)k(s) =
s)|(aD) }ds,
" oporoye 14
for all T>T,. Thus, by (2.9), we have
Q(T)<k(T)aw(T) forall T>T, (2.10)
and
}im sup J(t,T)<oo forall T=T,. (2.11)
Let
1
F — H k (a-)a
() HLT,) R(ES)(H (2,5 )k(s)) | axXs)| s,
(-1 ¢ — a
G(t)= H(@sKE) (o)) as) e ds,

H(tT,) 1

for t>Ty. Then by (2.4) and (2.11) we get that
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1 ]-{(a—l)H(t,s)k(s)
H(LT,) 7 (p(s)r(s))" ™

lim sup|G(t)-F(t)] < lim sup | (s)[et
t—o0 t—00

R(t,8)(H(t,5)k(s)) " @|(s)|}ds
< prg supJ(t,T, )<co. (2.12)

Now, we claim that

T |(s)
k(s ds < oo,
1O e

Suppose to the contrary that

()20
ds
I s

By (2.6), there 1s a positive constant 1 satisfying

inf lim inf 2 |5 ) 2.15)
521, | o0 H(t,to)

On the other hand, by (2.14) for any positive number p there exists a T>T, such that

al(a-1)

(2.13)

alla-1)

(2.14)

1
al(a-1)

]k(s) ) —ds > LA A forall t2T
(p(s)r(s)) (a—=Dn

so for all =T,

-1

(@l
GO="my | j H(t )d{jk(u)

‘ C(K )‘a/(a-l) d
(Pl )r @)™

_(a- e j{—éH(t,s)} J O )
HLT) 1| o )y

(- 1)7”“1 { —SH(t, s)} o)™ "
TR D “ Py

7 @y j{—aH(t sq o HHET) 016
(a D HT) Os nH(tT,)

From (2.15) we have
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lim inf w
t—00 H(t,t,)

H@.T))
H(tt,)
for all t>T,, and since p is arbitrary constant, we conclude that

lim G(t)=o0. (2.17)

t—oo
Next, consider a sequence {t_}~ in (Ty,00) with lim,_,.t,=cc and such that

>77>(),

So there exists T,>T; such that

lim [G(t, )-F(t,)]=limsup [ G(t)-F(t)].
n—o0 t—o0
In view of (2.12), there exists a constant M such that

G(t,)-F(t,)<M for all sufficient large n. (2.18)

It follows from (2.17) that
lim G(t. )=o0. (2.19)

n—oo

This and (2.18) give
lim F(t, )=oo. (2.20)

n—oo

Then, by (2.18) and (2.19),

F(tn) 1> -M >i forn large eIlOllgh-
Gt,)  G(t,) 2

Thus,
Ft,) 1
G(t,) 2
This and (2.20) imply that

for n large enough.

F(t
im +“) =00, (2.21)
n—w (3% (tn)
On the other hand, by the Holder's inequality, we have

21 for all t>T,. Therefore by (2.16) G(t)>n
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F(t,)= H(t j R(t, S)(H(, s)k(s)) " |e(s)]ds
i) (a-D)/a
5 j Ht, ke
H( (Pl )r(s))

X{(a T I Ps)r(s)R (tn,s>ds}

(a)a l/a
(i, 1)(ag)/3z {H(t IP(S (s)RA(t, ,s)ds} ,

and therefore,

Fi(t) _ y
G‘“(tn) (-1 VH(,,T

j Pp(s)r(s)R(t, ,s)ds

< P 17)/ PHG )jp(S)I”(S)R (t,,s)ds

for all large n. It follows from (2.21) that

lim AL j p(s)r ()R “(t,,s)ds=oo, (2.22)

that 1s,

R(t_,s)d

m )jp<s>r<s) (t,.s)ds=o0,

which contradicts (2.7). Hence, (2.13) holds. Then, it follows from (2.10) that
t Qa/(afl) t
.[k (s) - (Sl)/(al)ds s .[k (s) ‘a)(S)‘ 1/(a—1)
i (ko)) o (PO)XGs)

which contradicts (2.8). This completes the proof of Theorem 2.2.

Theorem 2.3. Suppose that (2.1) and (2.2) are satisfied and let the functions H, h, p
and k be the same as in Theorem 2.1. Moreover, assume that

al(a-1)

ds < o,
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lim inf H(t, 0 j H(t,s)0(s)k(s)q(s)ds<oo, (2.23)

and (2.6) hold. If there exists a function Qe C([ty,),R) such that (2.8) and (2.9) hold,
then equation (1.1) is oscillatory.

Proof. Without loss of generality, we may assume that there exists a solution x(t) of
equation (1.1) such that x(t)#0 on [Ty,0) for some sufficiently large To>ty. Define w(t)
as of Theorem 2.1. As in the proofs of Theorem 2.1 and 2.2, we can obtain (2.4), (2.5)
and (2.10). From (2.23) it follow that

lim sup| G()-F(1)] < k(t, e(t,)

-liminf

t—w

j H (¢,5)p(s)k(s)q(s)ds<oo, (2.24)

9 () t

where F(t) and G(t) are defined as in the proof of Theorem 2.2. By (2.9) we have
[H(.5)peks)a(s)ds

Q(t,) < liminf
v (,0)

—liminf

t—o0 (’ 0)

j P(s)r(s)R (2,5 )ds.

This and (2.9) imply that

liminf

t—00

j (s)r(s)R? (¢, )ds < oo.

9 () t
Considering a sequence {t, }le in (Ty,00) with lim,_,,t,=o0 and such that

tl‘l

lim wm [ PR (1, ,5)ds

n’Ot

= liminf H(tt j P(S)r(s)R (¢, )ds<oo, (2.25)

270/ t,
Now, suppose that (2.14) holds. With the same argument as in Theorem 2.2, we
conclude that (2.17) is satisfied. By (2.24), there exists a constant M such that (2.18) is
fulfilled. Then, following the procedure of the proof of Theorem 2.2, we see that (2.22)
holds, which contradicts (2.25). This contradiction proves that (2.25) fails. The
remainder of the proof is similar to that of Theorem 2.2, so we omit the details. This
completes the proof of Theorem 2.3.

Theorem 2.4. Suppose that (2.1) and (2.2) are satisfied and let the functions H, h, p
and k be the same as in Theorem 2.1. Moreover, suppose that

Electronic Journal. http://www.neva.ru/journal, http://www.math.spbu.ru/user/diffjournal 11




Differential Equations and Control Processes, Ne 4, 2008

limsup 1t I P(s)r(s)R(¢,s )ds<oo, (2.26)

70)t0

and (2.6) hold. If there exists a function Qe C([to,0),R) such that (2.8) hold for every
TZt() and

imsup o | {H (5)pKE)a(s) PR “’S)}ds >0, 227)

T

then equation (1.1) is oscillatory.
The proof of Theorem 2.4 can be carried out as the proof of Theorem 2.2 and therefore
it will be omitted.

Remark 2.1. If o=2 and p(t)=0, r(t)=1 and y(x)=1, then Theorem 2.1, 2.2 extend and
improve theorem in [17].

Remark 2.2. If p(t)=0, r(t)=1 and y(x)=1, then Theorem 2.1, 2.3 and 2.4 extend and
improve Theorem 2, 4 and 3 of Li [13], respectively.

Remark 2.3. If p(t)=0, then Theorem 2.1-2.4 extend and improve Theorem 2, 4, 6
and 5 in [2], respectively.

Example 2.1. Consider the differential equation

d( » —|x (1) dxj 52
—t"(1+e — [+t77x(t)=0, t=>t,>1.
dt( ( )dt (1) 0

We note that
a=2 and y (x)=1+e ™V
Let
p(s)=1, k(s)=s* and H(t,s)=(t-s)>.
Then

ggqgsupm%]{ms)k@)p(s)q(s)- ”’(S)r(;lRa“’s)}ds

of 13 g0
=limsup 1 j{tzsz—QtS2+sz—9t—2—g—2]ds:oo.
" 257 s

Hence, this equation is oscillatory by Theorem 2.1. while, Ayanlar and Tiryaki [2], fails.
Example 2.2. Consider the differential equation

d (1 2+cos?t 1+3x2%dx } Lde 1

= ——+-x=0, t>t,=1.
dt\ t 1+3cos?t 2+x% dr ) t ar t

We not that
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If we take p(t)=t, k(t)=t, H(t,s)=(t-s)? then

imsp - | {H(t,s)k(s)p(s)q(s)-

240/ ¢,

=lim sup 11) ] (t-s)’s _3[ Zreos’s J[ s + i_iJJ

PR (t,S)} i
a

oo (t- 4\ 1+3cos’s S
. 1 1 tf Js
> lim suj ts)%s ——| s +—— 2=
P n

Hence, this equation is oscillatory. One such solution of this equation is x(t)=cos t.

3. OSCILLATION RESULTS FOR (1.2)

Theorem 3.1. Suppose that (2.1) and

S g('(;?_zl)l/(a_l) > 5>0 for x =0, (3.1)
v (X)|g(x

hold, and let the functions H, h and k be the same as in Theorem 2.1. Moreover,
suppose that there exist p e C([to,20),(0,00)). Then equation (1.2) is oscillatory if

lim sup-— {Hﬁ: SO~ ap(s)rf)Qa(t’S)}ds |
0 ( > O)t o
where
B=— and Q(t.s)=|h(t.s)- [ L dpls) p(s)j(H(t,s)k(S))l/a .
o-1 p(s) ds

Proof. Without loss of generality, we may assume that there exists a solution x(t) of
equation (1.2) such that x(t)#0 on [Ty,0) for some sufficiently large T¢>ty. Define w(t)
as

a-2

() fl’; fl’;
at=p(t) for t>t,.
o)

Thus,
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a2 dX,’
daxt)_ 1 dp® o @ [r(W()df df}@
dt pt) dt g(x) dt

gx) et

(e ) [oton)]
This and equation (1.2) imply

dat) _ 1 dp(t) o)
dt = ot) dt (t)-pOIq)pt)e(1,—— 0 ]
_ g'(X) \a)(t)|@ |
(P I™*N" " [pOrH]
From (2.1) and (3.1) we have
d a)(t) < 1 d ,O(t) ((Kt)— ,0( t)q (t)— p(t)a)(t) 5 Ia)(t)|a—1

at  pt) dt [pOr®]"“"

Multiply the above inequality by H(t,s)k(s) and integrate from T to t we obtain

j HEKEPE)aE)s < j HL9kGs )[ L2600 §<S> ofs )) o)
I L9k -0 J HEKOPOOT ot 22 s

Since

; j H(t,s)k(s)?dszH(t,T)k(T) o T)+ j gis (H(t,s)k(s))o(s)ds

r (@)
=H(t DK(T)(T)-[ 2,5 )HEK(E) « ofs)ds.

The previous inequality becomes
(a-1)

j H(t9k(s)p(s)a(s)ds < HE D(T) e T)+ j QULS)H(LSK(S) « [efs)|ds

(a-1Ya

) « FHLSK)| )

1 Lo .

Define
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X :ﬁ(l—a)/a[p(s)r(s)]l/a[éQ(t,S)]’

(a-1)/a o)

Y = ( B [H(t,s k)]
Then use the lemma 2.1, we have

@a| o ﬂH(t SkE)|as)" " _ 7 pems) (t, 5)
QUXHEK) o} ~(@- D™= s
From (3.2) we have

J {H(t,s>k<s)p(s>q<s>-

T

(A s

ﬂ(l—a) p(SZSS)Q“ (t, S) } ds SI—I(t,T)k(T) a(’]')

The remainder of the proof proceeds as in the proof of Theorem 2.1. The proof is
complete.

Following the procedure of the proof of Theorem 2.2 and 2.3, we can also prove the
following theorems.

Theorem 3.2. Suppose that (2.1) and (3.1) hold, and let the functions H, h and k be
the same as in Theorem 2.1. If there exist two functions peC'([ty,0),(0,00)) and
Q e C([tg,»),R) such that

lim inf H(t o) [ ASHIQ L) (33)

and that for every T>ty,

lim infﬁ l CH () p()k(s)q(s)-

I-) >
S p(SZES)Q G ge>um), (34

and (2.8) hold, then every solution of (1.2) is oscillatory.

Theorem 3.3. Suppose that (2.1) and (3.1) hold, and let the functions H, h and k be
the same as in Theorem 2.1. If there exist two functions peC!([ty,),(0,00)) and

0 e C([to,),R) such that (2.8), (3.4) and

t—0

lim MH(%,D ! H(t,5)p(s)k(s)q(s)ds<oo, (3.5)

t—0
hold, then every solution of (1.2) is oscillatory.

Theorem 3.4. Suppose that (2.1) and (3.1) are satisfied. Let the functions H, h and k
be the same as in Theorem 2.1. If there exist two functions p e C'([ty,0),(0,0)) and

Q e C([tg,),R) such that
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th_l)rg sup H(tlt ) ] P(s)r(s)Q” (¢ ,s )ds<eo, (3.6)

0/,
and for every T>t,,

i sup et | {H )pk(s)a(s) L “’S)}ds >Q(), (37)

T

and (2.8) hold, then every solution of (1.2) is oscillatory.

Remark 3.1. If p(t)=0 and a=2, then Theorem 3.2 and 3.4 extend and improve

Theorem 4 and 3 of Grace [3].

Remark 3.2. If p(t)=0 and H(t,s)=(t-s)" from Theorem 3.1, we obtain Theorem 2 of

Agarwal and Grace [1].
Example 3.1. Consider the differential equation

i(t'zx 2(1)%) +Hx(1)=0, t>t,>1.

dt
We note that
0=2, r(t)=t>, q(t)=t" and g)_ 3.
p(x)
Let
p(s)=1, k(s)=s* and H(t,s)=(t-s)>.
Then

t

imsp = | {H(ts)k(s)p(s)q(s)—

’Oto

0.0 (t,s>} i
aa

t

2
=lim sup ! 2J t’s —2s +S3—3t—2+£—1 ds=,
= (it 4s” s 3

to

Hence, this equation is oscillatory by Theorem 3.1.

Example 3.2. Consider the differential equation

1 2+cos?t 1+3x%dx \ | 4 1
— ot
t 1+3cos?t 2+x2 dr | tdi t(1+3cos)

(x+x")=0, t>t,=1.We not that

M:zmzzz:& a=2.
w(x)

If we take p(t)=t, k(t)=t, H(t,s)=(t-s)? then
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VOO0 (t,s>} i
(24

t

: |
im sup o | {H(ts)k(s)p(s)q(s)—

240/ ¢,

fl —1(2+°0828j[4@+£_£_1nds

1+3cos?s 2\ 1+3cos?s

| AN ts s 2 ).
Zygsm(t_l)z! (t—S) (ZJ_Z[ S +S—2—T—$] ]dS—OO

Hence, this equation is oscillatory. One such solution of this equation is x(t)=cos t.
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