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Abstract

In this paper we are concerned with a stochastic differential equation with non-
local condition. We study the existence of a unique mean square continuous
solution. The continuous dependencies of the solution with respect to the ran-
dom initial value and deterministic coefficients of the nonlocal condition are
shown. A stochastic differential equation with an integral condition is consid-
ered as well.
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1 Introduction

Problems with nonlocal conditions have been extensively studied by several
authors in the last decades for ordinary differential equations. The reader is re-
ferred to ([3]-[4]) and ([6]-[8]), and references therein. Also problems of stochas-
tic differential equations have been extensively studied by several authors in the
last decades, especially those contain the noisy term of Brownian motion W (t).
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The reader is referred to ([1]-[2]) and ([10]-[17]) and references therein.
Here we are concerned with the stochastic differential equation
dX(t)
dt

with the nonlocal random initial condition

= f(t,X () +W(t), te(0,T] (1)

X(0)+ Y arX () = Xo, 7 € (0,T), (2)
k=1

where X is a second order random variable independent of the Brownian mo-
tion (or Wiener process) W(t) and aj are positive real numbers.

The existence of a unique mean square continuous solution will be studied. The
continuous dependencies with respect to random initial value X, and determin-
istic coefficients of the nonlocal condition a; will be established. The problem
(1) with the mean square Riemann-Stieltjes integral condition

X (0) + /X(s)dv(s) = Xo. (3)

will be considered.

2 Integral representation

Let I = [0,T], (92, F, P) be a fixed probability space, where 2 is a sample
space, I’ is a o—algebra and P is a probability measure. We denote by Lo(£2)
the Banach space of random variables X : {2 — R such that

/X%ip < 0.
Q

Let X(t;w) = {X(t),t € [,w € Q} be a second order stochastic process, i.e.,
E(X?*(t)) < oo,t € 1.

Now let C' = C(I, Ly(€2)) be the class of all mean square continuous second
order stochastic processes with the norm

| X llo= sup || X(¢) |l2= Sup}\/E(X(t))Q-

t€[0,T) tel0,T

Throughout the paper we assume that the following assumptions hold
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(i) The function f: [0,7] x Ly(2) — Lo(£2) is mean square continuous.

(ii) There exists an integrable deterministic function & : [0,7] — R with

t

/k(s)ds <m

sup
T
0

telo

]

where m is a positive real number such that the function f satisfies the
mean square Lipschitz condition

I F(8 X0(2) = S(E, Xa(1)) [l2< K(E) | Xo(t) = Xo(t) [|2 -
(iii) There exists a positive real number m; such that

sup || f(2,0) [2< 14
t€[0,7]

where m, is a positive real number.
Now we have the following lemma.

Lemma 1 The solution of the problem (1)-(2) can be expressed by the stochastic
Riemann integral equation

X(t) = a Xo—Zak/f(s,X(s))ds—Zak/W(s)ds

+ /tf(s,X(s))ds+/tW(s)ds
0 0

N —1
where a = (1 + > ak> .

k=1

Proof. Integrating equation (1), we obtain

X(t) = X(O)—l—/f(s,X(s))ds-l—/W(s)ds
0 0

and

X (1) = X(0) +/f(s,X(3))ds+/W(s)ds,
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then
> arX(m) =) arX(0)+ ) / (s, X(s))ds + > ay / W (s)ds
k=1 k=1 k=1 k=1
Xo— X(0) = Z%X(O) + Y ay / f(s, X(s))ds + Z ay / W (s)ds
k=1 k=1 3 k=1
and
<1 + Zak) X(0) =X, — ak/f(s, X(s))ds — ak/W(S)ds,
k=1 k=1 k=1
then
n -1 n Tk n g
X(0) = (1 + ak> Xo — ak/f(s,X(s))ds — Zak/W(s)ds
k=1 k=1 3 k=1
Hence

" -1
where a = (1—|—Zak) . m
k

=1

Now define the mapping

FX(t) = a| Xo— ak/f(s,X(s))ds—Zak/W(s)ds
0

then we can prove the following lemma.
Lemma 2 F : C — C.
Proof. Let X € C| t1, t, € [0,T] such that | to — t; |< 9, then

| FX(t) — FX (1) o< / 1/ (5, X (3))], ds + / W (s)], ds.

1 1
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From assumption (ii) we have

£ X @) Nz = 1 £ 0) o<l f(#, X(2)) = F(2,0) [la< B(#) || X(E) [|2,

then we have

I F(EX @) M2 < k@) (| X (@) [l +ma

B X e +ma.

IA A

So,

to to

| FX(t2) — FX(t) |, < || X HC/k(s)ds+m1(t2—t1)+/\/§ds,

tl tl

which proves that F': C — C. =

3 Existence and uniqueness

For the existence of a unique solution X € C' of the problem (1)-(2), we have
the following theorem.

Theorem 1 Let the assumptions (i)-(iii) be satisfied. If 2m < 1, then the
problem (1)-(2) has a unique solution X € C.

Proof. Let X and X* € C, then

| PX@ = FX0) 2 < [ 176 X)) = Fs X6 ds
£ ad o [ 56 X)) - f5. X ()l ds

t
< X=X Yo [ ks
0

n Tk

+oa) e XX HC/k(s)ds.
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Then

| FX — FX* ||¢ < m<1+a2ak> | X — X" ||c.
k=1
< 2| X=X"|c.

Now if 2m < 1, then the operator F': C' — (' is contraction.
Then by Banach’s fixed point theorem [2], there exists a unique solution X € C
of the problem (1)-(2) can be expressed by (4). =

4 Continuous dependence

Consider the random differential equation (1) with the nonlocal condition
X(0)+> aX(m)=Xo .me(0,T) (5)
k=1

Definition 1 The solution X € C of the nonlocal problem (1)-(2) is continu-
ously dependent (on the random initial value Xo) if Ve > 0, 30 > 0 such that
| Xo — Xo ||2< 6 implies that || X — X ||[c<e.

Consider now the two problems (1)-(2) and (1),(5).
Here, we study the continuous dependence (on the random initial value Xj) of
the solution of the random differential equation (1) and (2).

Theorem 2 Let the assumptions (i)-(iii) be satisfied. Then the solution of the
nonlocal problem (1)-(2) is continuously dependent on the random initial value
Xo.

Proof. Let X(t) as defined in equation (4) be the solution of the nonlocal
problem (1)-(2) and

Xt = a Xo—Zak/f(s,X(s))ds—Zak/W(s)ds
= k=1

+ /tf(s,X(s))ds+/tW(s)ds
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be the solution of the nonlocal problem (1) and (5). Then

X(t) = X(1) = a[Xo— X,] — aZak/[f(s,X(s)) _ f(s, X(s))]ds

t

+ /[f(s,X(s)) — f(s, X(s))]ds.

0

Using our assumptions, we get

| X - X®) |2 < al Xo—Xo |2

+ a3 [ 170, X60) = £, X060 | ds

T / | (s, X(5)) — (5. X(5) |12 ds
0

< ab+2m|| X -X e,

then

| X =X |e<

This completes the proof. m
Now consider the random differential equation (1) with the nonlocal condition

X(0)+ Y aX(m)=Xo 7€ (0,7) (6)
k=1

Definition 2 The solution X € C of the nonlocal problem (1)-(2) is continu-
ously dependent (on the coefficients ay, of the nonlocal condition) if Ve > 0, 30 >
0 such that | a, — ay |< 0 implies that || X — X ||[c< €.

Consider now the two problems (1)-(2) and (1),(6).
Here, we study the continuous dependence (on the coefficients ay, of the nonlocal
condition) of the solution of the random differential equation (1) and (2).

Theorem 3 Let the assumptions (i)-(iii) be satisfied. Then the solution of the
nonlocal problem (1)-(2) is continuously dependent on the coefficients ay, of the
nonlocal condition.
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Proof.Let X(t) as defined in equation (4) be the solution of the nonlocal prob-
lem (1)-(2) and

X(t) = a Xo—de/f(s,)z(s))ds—Z&k/W(s)dS
— k=1

T

be the solution of the nonlocal problem (1) and (6). Then

t

X(0) = X(0) = la—aXo+ [1£(X(s)) ~ 5. X(s)lds

0

— azn:akjf(s,X(s))ds+&zn:&kjf(s,X(s))ds
_ [azn:ak—d g dk] jW(s)ds.

Now

IA
—
S}
o
|
)
oy
~—
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and

also

oyl
f Mz
A

o

Tk

> ap > ap
_ | k= =
1+ Z ag 1+ Z a
k=1 k=1
> (ar —ayg)
k=1

IN

Electronic Journal. http://www.math.spbu.ru/diffjournal 55



Differential Equations and Control Processes, N 3, 2017

Tk

— [ X)) ~ (s, X (s)ds + o~ ) [ £l X ()
0

0
-%&/U@X@D—ﬂaiwm%-

Then
t
www—angS7ﬁnxub+/uﬂaan—ﬂaX@»Mds
Tk
Tk
+ ndm || X ||e +m1T]n5/ | W(s) |2 ds
0
Tk
+a/wfuan—ﬂ&X@nb@,
0
and
| X=Xle < ndl|Xolla+m || X=X [lc+ndfm || X [lc +miT]
Tk
+ am | X - X ||e +n5/\/§d$,
0
then
~ i 2 3
H X - X HC’ < no H X() H2 +m || X HC +m1T—i— 57']5]
L (ltam| X - X e
i 2
+om|X—-X|c.

Hence

nd (|| Xo ll2 +m || X flo +muT + 3T4)

X — X |[o< — .
I le< o €

This completes the proof. m
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5 Nonlocal integral condition

Let v : [0,7] — [0, 7] be nondecreasing function such that
ar = v(tr) —v(tk-1), T € (tr—1, k)

where (0 < t; < to < t3 <...<T).

Then, the nonlocal condition (2) will be in the form
-|- ZX Tk tk; — ”U(tk 1)) XO.

From the mean square continuity of the solution of the nonlocal problem (1)-(2),
we obtain from [15]

AR ;X(Tk)(v(tk) —o(ty_q)) = /O X (s)dv(s)

That is, the nonlocal conditions (2) is transformed to the mean square Riemann-
Stieltjes integral condition
T
©)+ [ X(5)dgls) = Xo
0

Now, we have the following corollary.

Corollary 1 Let the assumptions (i)-(iii) be satisfied, then the random differ-
ential equation (1) with the nonlocal integral condition (3) has a unique solution
given by the solution of

T s

X(t) = a* | Xo— //f@X ))dOdv(s O//W )dfdv(s
+ 0/ , X d9+/W(9)d(9,

where a* = (14 v(T) — v(0)) "

Proof. Taking the limit of equation (4) we get the proof. m
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