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Abstract

The existence of weak solutions of integral equations and some coupled systems
of integral equations have been studied, on some suitable assumptions, by some
authors. In this work we concern with a coupled system of nonlinear Volterra-
Urysohn functional integral equations in the reflexive Banach space E. The
existence of weakly continuous solutions, in the Banach space C|I, E], will
be proved under some certain assumptions concerning the functional equations
that under the integral sign.

As an application, the coupled system of nonlinear Volterra-Hammerstien func-
tional integral equations is also studied.
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1 Introduction and Preliminaries

Let I = [0,T], and let L*(I) be the class of all Lebesgue integrable functions
defined on the interval I. Let E be a reflexive Banach space with norm ||.|| and
dual E*.

Denote C[I, E] the Banach space of strongly continuous functions =z : I — E
with sup-norm.

Indeed the existence of weak solutions of the integral and differential equations
and the coupled systems of integral equations have been extensively investigated
by a number of authors and there are many interesting results concerning this
problems (see[1]-[3], [5]-[7], [9]-[11] and [13]).

The existence of at least one weak solutions for the coupled systems of integral
equations of Uryshon type in a reflexive Banach spaces was proved in (see[6]),
where x takes values in reflexive Banach spaces, f; are weakly sequentially
continuous and weakly measurable on [ and

I fi(t, s, 2(8)]| < ki(t,s), 1 =1,2.

In this paper, we study the existence of weak continuous solutions x,y € C[I, E]
of the the coupled system of nonlinear Volterra-Urysohn integral equations

x(t) = hy(t) —I—/O fi(t,s,y(ma(s)))ds, tel (1)
y(t) = ho(t) —l—/o fo(t, s, x(mo(s)))ds, t el (2)

under another suitable assumptions of the functions f;, ¢ = 1,2 where m; :
0, 7] — [0,T], my(t) <t;, i=1,2 are continuous.

As an application, we set f;(t,s,y(m;(s))) by ki(t, s)gi(s,y(m;(s))), i=1,2,
and we study the existence of weak continuous solutions z,y € C[I, E] of the
coupled system of nonlinear Volterra-Hammerstien integral equations

w(t) = h(t) + / kit $)gu(s, y(ma(s)ds, €1 (3)

y(t) = ho(t) +/0 ko(t, 8)go(s, x(mso(s)))ds, tel. (4)

Now we present some auxiliary results that will be need in this work.
Let E be a Banach space and let z: I — E, then
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(1) z(.) is said to be weakly continuous (measurable) at ¢, € I if for every
¢ € X*, ¢(x(.)) is continuous (measurable) at t; .

(2) A function h: E — E is said to be sequentially continuous if A maps
weakly convergent sequence in E to weakly convergent sequence in FE .

If x is weakly continuous on [ , then x is strongly measurable and hence
weakly measurable (see[4] and[8]). Note that in reflexive Banach spaces weakly
measurable functions are pettis integrable (see[8] and [12] for the definition) if
and only if ¢(x(.)) is Lebesgue integrable on [ for every ¢ € E*.

Now we state a fixed point theorem and some propositions which will be used
in the sequal (see[10]).

Theorem 1 "O’Regan fized point theorem”

Let E be a Banach space and let () be a nonempty, bounded, closed and
conver subset of the space (C[0,T],FE) and let A : Q — Q be a weakly
sequentially continuous and assume that AQ(t) is relatively weakly compact
in E for each t € [0,T]. Then A has a fixed point in the set Q.

Proposition 1 A subset of a reflexive Banach space is weakly compact if and
only if it is closed in the weak topology and bounded in the norm topology.

Proposition 2 Let E be a normed space with y # 0. Then there exists a
¢ € E* with ||¢]| =1 and ||y|| = ¢(y).

2 Existence of weak solutions

This section deals with the existence of weak continuous solutions for the cou-
pled system of nonlinear Volterra-Urysohn integral equations (1)-(2).

Let fi: I x E — E, i = 1,2 be a nonlinear single-valued maps, assume that
fi, 1 =1, 2 satisty the following assumptions:

() fi(t,s,.), i = 1,2 are weakly sequentially continuous in x € E for each
t,sel xI.

(IT) fi(t,.,x(.)), i = 1,2 are weakly measurable on [ for each x € FE.

(III) fi(.,s,2(.)), @ = 1,2 are continuous on I for each z € F.

(IV) || fi(t, s, z(s))|| < ai(t,s)+0b; ||x(s)], i =1,2, a; : I x I — Ry is integrable
in s and continuous in t, b; are constants,

and fotai(t,s)ds<MZ-, i=1,2 ,tel.
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(V) hi(t) : I — I, i=1,2 are continuous functions.
(V) T <1, i=1,2.

Definition 1 Let X be the class of all ordered pairs (u,v), u,v € C|I, E], with
norm [|(u, v)|| = [|lull + |[v]].

Definition 2 By a weak solution of the coupled system (1)-(2) we mean the
ordered pair of functions (x,y) € X, x,y € C[I, E] such that

¢(m(t)):¢(h1(t))—|—/0 o(fi(t, s, y(ma(s))))ds,  tel

By(t)) = d(ha(t)) + / Ofolt s, x(ma(s))ds, tel
for all ¢ € E*.

Now for the existence of a weak continuous solution of (1)-(2) we have the
following theorem

Theorem 2 Let the assumptions (1)-(VI) be satisfied. Then the coupled sys-
tem of the nonlinear functional integral equations (1)-(2) has at least one weak
continuous solution (x,y) € X, z,y € C[I, E].

Proof. Let
Ut) = (x(t),y(t))
_ /fltsyml( 1)ds, ha(t) /fgts:cmg( ))ds), tel
Let A be defined by
AU(t) = A(z(t), y(t)) = (A1y(t), Asx (1))

where

Aqy(t) /fltsyml s)))ds, tel

AQZL’ —hQ /fgtsxmg )))d tel
Now let the set (), be defined by

Qr ={U = (z,y) s 2,y € ClLLE], |ly()[ <o, [l <oy 7 =71+ 72}
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Let U € @), be an arbitrary ordered pair, then we have from proposition 2
[Ay(@)]] = ¢(Awy(t))
t
= G(®) + [ 6t ylm(s)ds
0

— Jhal + / Lt 5. y(ma(s))) |ds

< uh1||+/{a1ts T lly(ma(s)) [ }ds
S Hh1||—|‘/ al(t Sd5+b1/ Hy m1 ))Hds
<

Vhall + M; + by / ly(ma (s)|lds
0
< |\ha|| + My + byry T

Therefore,
| Ay (t)|| < ||h1]| + My + by T = ry, where r = %
Similarly,
| Asz(t)|| < |||l + Ma + barsT = 19, where 19 = MTJ;JQ\?;
Since

AU = [[Ay@) + [|A22(2)]]

< Hh1H + th” + My + Mo + byriT + boryT

Then

|AU| <

Hence, AU € (@,, which proves that AQ, C Q,, i.e. A: @, — @., and the class
of functions {AQ),} is uniformly bounded.

Now (@), is nonempty, closed, convex and uniformly bounded.

As a consequence of proposition 1, then AQ), is relatively weakly compact.

Now, we prove that A : X — X. For this, let x,y € C[I, E]. Let t1,ty €
I, t; <ty (without loss of generality assume that ||AU(t2) — AU(t1)]| # 0)),
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then
Ayy(ts) — Ary(ty) = (ha(ta) — ha(t)) + / it 5, y(ma(s)))ds
- / Fit s, y(ma(s)))ds
= (hi(t) - ha(t) + / it 5, y(mi(s)))ds

to

7 Pt s, yOma(s)))ds — / Sty 5, y(ma (s))ds

ty

= (hi(tz) — hi(t1))
4+ /0 [f1(t2,5,5(ma(s))) — fi(ti, s, y(mai(s)))]ds

ta

+ ) fl(t2737y(m1(8)))d3

Therefore as a consequence of proposition 2, we obtain

[A1y(t2) — Awy(t)|l = o(Awy(ta) — Ary(tr)) t
= o(hi(ta) —hi(t1)) + | o(fi(t2, s,y(ma(s)))

0
ta

— St s, y(ma(s))ds + [ ¢(fi(te, s,y(ma(s))))ds

= Ih(ta) = (1) 1

[ M5 (s)) = ftr. .y (ma(s)l s
+ N alta, s y(ma(s))ds

< lhi(t2) — ha(th)]]

tq

+ i [ f1(t2, s,y(mi(s))) — fi(t1, s, y(ma(s)))|lds

o [Canlta s b [ () s
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Similarly,

| Aoz (tz) — Apz(ty)]| < |\ht2(t2) — ha(ty)]
+L4Hﬁ%ﬁwWM@D—ﬁ%ﬁwWM$MWS

+ /t2 as(ta, s)ds + bo /tZ [z(ma(s)))llds

tq t1

Therefore,

AU (t2) — AU(t1)]| = [[(Ary(t2), Aex(t2)) — (Ary(tr), Asz(t1))]]
= [[((Awy(t2) — Ary(t1)), (Ao (ta), Asz(tr))) ]l
= [[A1y(t2) — Ary(to) || + [[Azz(t2) — As(t1)|

which proves that A : X — X.

It remains to prove that A is weakly sequentially continuous.

Let {U,} be a sequence in @), converges weakly to U Vt € I, then {y,}, {z.}
converges weakly to y, z, respectively, i.e. y,(t) = vy, x,(t) = x, Vt el
weakly:.

Since fi(t, s,y(m1(s))) and fa(t, s, x(ma(s))) are weakly sequentially continuous
in y and x, then fi(t,s,y,(mi(s))) and fo(t, s, x,(m2(s))) converges weakly to
fi(t, s,y(m1(s))) and fo(t, s, z(mao(s))) respectively.

Thus ¢(fi(t, s, yn(mi(s)))) and o(fa(t, s, x,(me(s)))) converges strongly to
fi(t, s, y(my(s))) and o(fo(t, s, x(m2(s)))) respectively.

By applying Lebesgue dominated convergence theorem for Pettis integral, then
we get

aémm%mwmmzzﬁmmm%m@mm

t
— /OHfl(t,S,y(ml(s)))Hds, Voe B, tel

and

¢(/O falt, s, xn(mafs)))ds) = /O¢(f2(t78,$n(m2(8))))d8

t
%Q/Hb@&xWM@DWa VecE. tel
0
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Then ¢(AU,((t))) — ¢(AU((t))), V¢ € E*, t € I. Hence, A is weakly
sequentially continuous (i.e. AU,(t) — AU(t),Vt € I weakly).

Since all conditions of O’Regan theorem are satisfied, then the operator A has
at least one fixed point U € (@),, and hence the coupled system of nonlinear
functional integral equations (1)-(2) has at least one weak solution.

3 Application

This section, as an application, deals with the existence of weak continuous so-
lution for the coupled system of nonlinear Volterra-Hammerstien integral equa-
tions (3)-(4).

Let g, : I x E — E, 1= 1,2 be a nonlinear single-valued maps, assume that
gi, ki 1= 1,2 satisfy the following assumptions:

(i) gi(t,.), i =1,2 are weakly sequentially continuous in x € E for each t € I.
(ii) gi(.,x), ©=1,2 are weakly measurable on I.

(iii) There exists an integrable functions a;(¢) and a constants b; > 0 such that
ng(t,l'( O < ai(t) + bi [l(ma(D))]], i =1,2.

(iv) ki : I x I — R, are integrable in s and continuous in ¢ and
fok( ,s)ai(s)ds < M;, fo (t,s)ds < K;, i=1,2 ,tel.

(v) hi(t) : I — I, i=1,2 are continuous functions.

Definition 3 By a weak solution of the coupled system (3)-(4) we mean the
ordered pair of functions (x,y) € X, xz,y € C[I, E] such that

ola(t) = o) + [ Fa(t.s)oon(s.plmi(s))ds. te

o(y(t)) = dlha(t)) + / ka(t, 5)(ga(s, (ms(s))))ds, 1€ 1
for all ¢ € E*.

Now for the existence of a weak continuous solution of (3)-(4) we have the
following theorem

Theorem 3 Let the assumptions (i)-(v) be satisfied. Then the coupled sys-
tem of the nonlinear functional integral equations (3)-(4) has at least one weak
continuous solution (x,y) € X, z,y € C[I, E].
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Proof. Let

fi(t7 Say(ml(s))) - kl(tv S)gi(svy(mi(s)))7 1=1,2.

From the assumptions on g;, k;, we find that the assumptions of Theorem 2.2
are satisfied. Then result follows.
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