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äîñòàòî÷íî ïîëíî â ãèäðîäèíàìè÷åñêîì ðåæèìå ñî ñêîëüæåíèåì [1-4]. Àíà-
ëèç âëèÿíèÿ ñêà÷êà òåìïåðàòóðû ó ïîâåðõíîñòè óìåðåííî êðóïíîé òâåðäîé
íåëåòó÷åé ñëàáî äåôîðìèðîâàííîé ñôåðè÷åñêîé ÷àñòèöû íà ñêîðîñòü òåðìî-
ôîðåçà ñäåëàí â ðàáîòå [5]. Â äàííîé ðàáîòå âïåðâûå ïðåäñòàâëåíà îöåíêà
îòíîñèòåëüíîãî âëèÿíèÿ ïîãðàíè÷íûõ òåìïåðàòóðíûõ è êîíöåíòðàöèîííûõ
ñêà÷êîâ â ñëîå Êíóäñåíà íà ñêîðîñòü ðàâíîìåðíîãî òåðìîôîðåòè÷åñêîãî ïå-
ðåíîñà ëåòó÷åé âûñîêîâÿçêîé ñôåðîèäàëüíîé êàïëè, êîòîðàÿ âûòÿíóòà â íà-
ïðàâëåíèè äâèæåíèÿ è èìååò ïðîèçâîëüíûé ýêñöåíòðèñèòåò. Ðàññìàòðèâàåòñÿ
ãèäðîäèíàìè÷åñêèé ðåæèì äâèæåíèÿ ñî ñêîëüæåíèåì è ôàçîâûì ïåðåõîäîì
îäíîãî èç êîìïîíåíòîâ áèíàðíîé ãàçîâîé ñìåñè íà ãðàíè÷íîé ïîâåðõíîñòè, ñ
ó÷åòîì òåðìîäèôôóçèîííûõ è ñòåôàíîâñêèõ ýôôåêòîâ. Ðåøåíèå àíàëîãè÷-
íîé çàäà÷è äëÿ ñïëþñíóòîãî ñôåðîèäà ïîëó÷àåòñÿ, åñëè ñäåëàíû èçâåñòíûå
çàìåíû â ðàñ÷åòíûõ ôîðìóëàõ äëÿ âûòÿíóòîãî ñôåðîèäà. Ðåçóëüòàòû ðàáîòû
ïîçâîëÿþò àíàëèçèðîâàòü èíòåðåñíûå ñëó÷àè èãëîîáðàçíûõ èëè äèñêîïîäîá-
íûõ òåë, êîãäà âëèÿíèå ñêà÷êîâ òåìïåðàòóðû è êîíöåíòðàöèè âáëèçè ãðàíè÷-
íîé ïîâåðõíîñòè ñ ïåðåìåííîé êðèâèçíîé îêàçûâàåòñÿ î÷åíü ñóùåñòâåííûì.
Î÷åâèäíî, ÷òî ÷àñòèöû óêàçàííîé ôîðìû õîðîøî àïïðîêñèìèðóþòñÿ âûòÿ-
íóòûìè èëè ñïëþñíóòûìè ñôåðîèäàìè âðàùåíèÿ, òàê êàê òàêèå ñôåðîèäû
â ïðåäåëüíûõ ñëó÷àÿõ âûðîæäàþòñÿ â îòðåçîê íèòè èëè êðóãëûé äèñê ñîîò-
âåòñòâåííî.

1 Îáùåå ðåøåíèå óðàâíåíèÿ Ñòîêñà â ñèñòåìå
êðèâîëèíåéíûõ êîîðäèíàò âûòÿíóòîãî ñôåðîèäà.

Ðàññìîòðèì òî÷êó íàáëþäåíèÿ ñ äåêàðòîâûìè êîîðäèíàòàìè (x, y, z), êî-
òîðàÿ íàõîäèòñÿ íà ðàññòîÿíèè γ > 0 îò îñè z. Ìåðèäèàííûå ïîëóáåñêî-
íå÷íûå ïëîñêîñòè ϕ = const îãðàíè÷åíû ýòîé îñüþ è ñîäåðæàò åå. Ïóñòü
ñïðàâåäëèâû ðàâåíñòâà

x + iy = γ exp(iϕ), z + iγ = f(ξ + iσ), i2 = −1.

Ïàðàìåòðû ξ è σ õàðàêòåðèçóþò âçàèìíî îðòîãîíàëüíûå ñåìåéñòâà êðè-
âûõ â ìåðèäèàííûõ ïîëóïëîñêîñòÿõ ϕ = const. Ôèêñèðóÿ ëþáóþ èç ïå-
ðåìåííûõ (ξ, σ, ϕ) ïîëó÷àåì òðè âçàèìíî îðòîãîíàëüíûõ ñåìåéñòâà ïîâåðõ-
íîñòåé. Ïðè ýòîì îñü z ÿâëÿåòñÿ îñüþ âðàùåíèÿ êîîðäèíàòíûõ ïîâåðõíî-
ñòåé ξ = const è σ = const.

Åñëè ïîñòîÿííàÿ c > 0 èìååò ðàçìåðíîñòü äëèíû, òî êîíôîðìíîå ïðåîá-
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ðàçîâàíèå
f(ξ + iσ) = c ch(ξ + iσ)

ïðèâîäèò ê ñëåäóþùèì ñîîòíîøåíèÿì

x = c sh ξ sin σ cos ϕ, y = c sh ξ sin σ sin ϕ, z = c ch ξ cos σ.

Êðèâîëèíåéíûå îðòîãîíàëüíûå êîîðäèíàòû (ξ, σ, ϕ) îïðåäåëÿþò åäèí-
ñòâåííûì îáðàçîì ïîëîæåíèå ïðîèçâîëüíîé òî÷êè ïðîñòðàíñòâà ñ ðàäèóñîì
âåêòîðîì r = (x, y, z), åñëè âûïîëíÿþòñÿ óñëîâèÿ

0 6 ξ < ∞, 0 6 σ 6 π, 0 6 ϕ < 2π.

Êîîðäèíàòíûå ïîâåðõíîñòè ξ = const è σ = const ïðåäñòàâëÿþò ñîáîé
âçàèìíî îðòîãîíàëüíûå ñåìåéñòâà ñîôîêóñíûõ âûòÿíóòûõ âäîëü îñè z ñôå-
ðîèäîâ è äâóïîëîñòíûõ ãèïåðáîëîèäîâ. Îíè èìåþò ñîîòâåòñòâóþùèå óðàâíå-
íèÿ

x2 + y2

λ2 − 1
+

z2

λ2 = c2, λ = ch ξ, 1 6 λ < ∞,

x2 + y2

1− µ2 −
z2

µ2 = −c2, µ = cos σ, −1 6 µ 6 +1,

à ïîëó÷àþòñÿ â ðåçóëüòàòå âðàùåíèÿ ýëëèïñà è ãèïåðáîëû âîêðóã îñè z, ïðî-
õîäÿùåé ÷åðåç ôîêóñû.

Ñîôîêóñíûå âûòÿíóòûå ñôåðîèäû èìåþò îáùèé ãåîìåòðè÷åñêèé öåíòð
â íà÷àëå êîîðäèíàò (ξ = 0, σ = π/2) è ôîêóñû F±, ðàñïîëîæåííûå â òî÷-
êàõ (γ = 0, z = ±c), êîòîðûå ñîîòâåòñòâóþò (ξ = 0, σ = 0) è (ξ = 0, σ = π).
Ðàññòîÿíèÿ îò ôîêóñîâ F± ýëëèïñà λ = λ0 äî òî÷êè (γ, z) ìåðèäèàííîé ïëîñ-
êîñòè ðàâíû

r± =

√
γ2 +

(
z ∓ c

)2
.

Ìåæäó êîîðäèíàòàìè (γ, z) è (λ, µ) ñóùåñòâóåò ñâÿçü

γ = c
√(

λ2 − 1
)(

1− µ2
)
, z = cλµ.

Òîãäà ìîæíî çàïèñàòü
r± = c

(
λ∓ µ

)
,

à îáðàòíîå ïðåîáðàçîâàíèå êîîðäèíàò ðàñêðûâàåò ãåîìåòðè÷åñêèé ñìûñë áåç-
ðàçìåðíûõ ïåðåìåííûõ (λ, µ)

λ = ch ξ =
r− + r+

2c
, µ = cos σ =

r− − r+

2c
.
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Áîëüøàÿ è ìàëàÿ ïîëóîñè (a, b) âûòÿíóòîãî ñôåðîèäà âðàùåíèÿ λ = λ0

ðàñïîëîæåíû âäîëü îñåé z è γ, à çíà÷åíèÿ âû÷èñëÿþòñÿ ïîñðåäñòâîì ôîðìóë

a = c ch ξ0 = cλ0, b = c sh ξ0 = c
√

λ2
0 − 1.

Îòêóäà ïàðàìåòðû c, λ0 è ýêñöåíòðèñèòåò e âûðàæàþòñÿ ÷åðåç a è b

c2 = a2 − b2, λ0 =
1

e
, 0 6 e =

c

a
=

√
1− b2

a2 6 1.

Âûòÿíóòûé ñôåðîèä âûðîæäàåòñÿ ïðè ξ0 = 0 èëè λ0 = 1 â îòðåçîê ïðÿìîé
z 6 |c|, êîòîðûé ñîåäèíÿåò ôîêóñû F±.

Â ïðîèçâîëüíîé ïðàâîé ñèñòåìå êðèâîëèíåéíûõ îðòîãîíàëüíûõ êîîðäè-
íàò (q1, q2, ϕ) âðàùåíèÿ ìåòðè÷åñêèå êîýôôèöèåíòû (h1, h2, hϕ) íàõîäÿòñÿ ñ
ïîìîùüþ ôîðìóë [1]

1

h2
m

=
( ∂x

∂qm

)2
+
( ∂y

∂qm

)2
+
( ∂z

∂qm

)2
,

1

h2
ϕ

=
(∂x

∂ϕ

)2
+
(∂y

∂ϕ

)2
+
(∂z

∂ϕ

)2
,

m = 1; 2.

Òîãäà ïðîèçâîäíûå

∂γ

∂λ
= cλ

√
1− µ2

λ2 − 1
,

∂γ

∂µ
= −cµ

√
λ2 − 1

1− µ2 ,
∂z

∂λ
= cµ,

∂z

∂µ
= cλ

äàþò äëÿ êîýôôèöèåíòîâ Ëÿìý âûðàæåíèÿ â ïåðåìåííûõ (λ, µ)

1

h2
λ

=
(∂γ

∂λ

)2
+
(∂z

∂λ

)2
= c2λ

2 − µ2

λ2 − 1
,

1

h2
µ

=
(∂γ

∂µ

)2
+
(∂z

∂µ

)2
= c2λ

2 − µ2

1− µ2 ,

1

h2
ϕ

=
(∂γ

∂ϕ

)2
+
(∂z

∂ϕ

)2
= γ2,

hλ

hµ
=

√
λ2 − 1

1− µ2 ,
hµ

hλ
=

√
1− µ2

λ2 − 1
, c2hλhµ =

√(
λ2 − 1

)(
1− µ2

)
λ2 − µ2 .

Îñåñèììåòðè÷íîå ñòàöèîíàðíîå âåêòîðíîå ïîëå ñêîðîñòåé â íåñæèìàåìîé
ñðåäå îïðåäåëÿåòñÿ ÷åðåç ôóíêöèþ òîêà Ψ(r), êîòîðàÿ äëÿ ñòîêñîâà òå÷åíèÿ
óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ ÷åò-
âåðòîãî ïîðÿäêà

E4Ψ(r) ≡ E2
(
E2Ψ(r)

)
= 0.
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Â ïðàâîé îðòîãîíàëüíîé ñèñòåìå êðèâîëèíåéíûõ êîîðäèíàò (q1, q2, ϕ) âðàùå-
íèÿ îñåñèììåòðè÷íûé ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð Ñòîêñà â ÷àñò-
íûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà è êîìïîíåíòû âåêòîðà ñêîðîñòè v = v(r)
îïðåäåëÿþòñÿ ôîðìóëàìè [1]

E2 ≡ γh1h2

{
∂

∂q1

( h1

γh2

∂

∂q1

)
+

∂

∂q2

( h2

γh1

∂

∂q2

)}
,

v1(q1, q2) = −h2

γ

∂Ψ(q1, q2)

∂q2
, v2(q1, q2) =

h1

γ

∂Ψ(q1, q2)

∂q1
, vϕ(q1, q2) = 0.

Äàëåå ëèíåéíîå óðàâíåíèå äëÿ ôóíêöèè òîêà èíòåãðèðóåòñÿ â ñïåöèàëüíîé
ñèñòåìå êîîðäèíàò (µ, λ, ϕ) âûòÿíóòîãî ñôåðîèäà âðàùåíèÿ è ïðèìåíÿåò ïîä-
ñòàíîâêó

E2Ψ(λ, µ) = Ω(λ, µ), E2Ω(λ, µ) = 0, (1)

ãäå îïåðàòîð Ñòîêñà â ïåðåìåííûõ (λ, µ) çàïèøåòñÿ òàê

E2 ≡ 1

c2
(
λ2 − µ2

)((λ2 − 1
) ∂2

∂λ2 +
(
1− µ2) ∂2

∂µ2

)
.

Ïðîìåæóòî÷íàÿ ñêàëÿðíàÿ ôóíêöèÿ Ω(λ, µ) èìååò ðàçìåðíîñòü ñêîðî-
ñòè è íàçûâàåòñÿ "ñòîêñëåòîì". Â ïðîèçâîëüíîé òî÷êå r ïðîñòðàíñòâà ôóíê-
öèÿ Ω(λ, µ) ðàâíà ïðîèçâåäåíèþ ðàññòîÿíèÿ γ ýòîé òî÷êè äî îñè ñèììåòðèè
òå÷åíèÿ è ïðîåêöèè íà îñü ϕ àêñèàëüíîãî âåêòîðà çàâèõðåííîñòè ñêîðîñòè.
Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ "ñòîêñëåò"ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ "êðó-
ãîâóþ âèõðåâóþ ñèëó".

×àñòíûé èíòåãðàë ïåðâîãî óðàâíåíèÿ (1) îïèñûâàåò âèõðåâîå âåêòîðíîå
ïîëå ñêîðîñòåé, à îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ
èìååò ñòðóêòóðó "ñòîêñëåòà"è âûðàæàåò ñîáîé ïîòåíöèàëüíóþ ñîñòàâëÿþ-
ùóþ òå÷åíèÿ.

Ïîñëå îáåçðàçìåðèâàíèÿ âåëè÷èí è ìåòðè÷åñêèõ êîýôôèöèåíòîâ Ëÿìý

r = ar̃, r± = ar̃±, γ = aγ̃, z = az̃,

vλ = Uṽλ, vµ = Uṽµ, Ψ = Ua2Ψ̃, Ω = UΩ̃

âîëíèñòàÿ ëèíèÿ ñâåðõó îïóñêàåòñÿ.

×àñòíîå ðåøåíèå âòîðîãî óðàâíåíèÿ (1)(
λ2 − 1

)∂2Ω(λ, µ)

∂λ2 +
(
1− µ2)∂2Ω(λ, µ)

∂µ2 = 0
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èùåòñÿ â ôîðìå ïðîèçâåäåíèÿ äâóõ ôóíêöèé Ω(λ, µ) = L(λ)M(µ). Â ñèëó
íåçàâèñèìîñòè ïåðåìåííûõ λ è µ êàæäàÿ èç ÷àñòåé â ðàâåíñòâå

λ2 − 1

L(λ)

d2L(λ)

dλ2 = −1− µ2

M(µ)

d2M(µ)

dµ2

äîëæíà áûòü ïîñòîÿííîé âåëè÷èíîé, êîòîðóþ ñ÷èòàåì ðàâíîé −n
(
n−1

)
äëÿ

öåëûõ ïîëîæèòåëüíûõ çíà÷åíèé n. Íàïðèìåð, ïðè n = −k+1 ìîæíî çàïèñàòü

n
(
n− 1

)
= −k

(
− k + 1

)
= k
(
k − 1

)
.

Â ðåçóëüòàòå äëÿ ôóíêöèé L(λ) è M(µ) ïîëó÷àåì äâà îáûêíîâåííûõ ëèíåé-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ âòîðîãî ïîðÿäêà(

λ2 − 1
)
L′′(λ)− n

(
n− 1

)
L(λ) = 0,

(
1− µ2)M ′′(µ) + n

(
n− 1

)
M(µ) = 0.

Óðàâíåíèå Ãåãåíáàóýðà ñòåïåíè m = −0, 5(
1− u2)Z ′′(u) + n

(
n− 1

)
Z(u) = 0

èìååò äâà êëàññà ëèíåéíî íåçàâèñèìûõ ðåøåíèé Jn(u), Hn(u) � ôóíêöèè Ãå-
ãåíáàóýðà ïåðâîãî è âòîðîãî ðîäîâ, øèðîêî ïðèìåíÿåìûå â ãèäðîäèíàìèêå.
Ñâîéñòâà ôóíêöèé Ãåãåíáàóýðà ïîäðîáíî èññëåäîâàíû è ÷àñòè÷íî ïðåäñòàâ-
ëåíû â Ïðèëîæåíèè. Â êà÷åñòâå ôóíêöèè L(λ) ìîæíî ðàññìàòðèâàòü Jn(λ)
èëè Hn(λ), à â êà÷åñòâå ôóíêöèè M(µ) ìîæíî âûáðàòü Jn(µ) èëè Hn(µ).

Ôóíêöèè Ãåãåíáàóýðà Hn(µ) âòîðîãî ðîäà ïîðÿäêà n > 2 áåñêîíå÷íû
â òî÷êàõ íà îñè µ = ±1 ñèììåòðèè òå÷åíèÿ. Ïóñòü òàêàÿ ëîãàðèôìè÷å-
ñêàÿ îñîáåííîñòü íå ëåæèò â ôèçè÷åñêîé ïðèðîäå ãèäðîäèíàìè÷åñêîé çàäà÷è.
Î÷åâèäíî, ÷òî ñ ó÷åòîì ñîîòíîøåíèé (Ï.13) ÷àñòíûå ðåøåíèÿ äëÿ "ñòîêñëå-
òà"èìåþò èñêëþ÷èòåëüíî âèä ïðîèçâåäåíèé

Jn(λ)Jn(µ), Hn(λ)Jn(µ), n > 0.

Îáùåå ðåøåíèå âòîðîãî óðàâíåíèÿ (1) çàïèøåòñÿ â âèäå áåñêîíå÷íîãî ðÿäà
ïî óëüòðàñôåðè÷åñêèì ïîëèíîìàì Ãåãåíáàóýðà ñòåïåíè −0, 5

Ω(λ, µ) =
1

e2

∞∑
n=0

{
δnJn(λ) + δ

′

nHn(λ)
}

Jn(µ),

ãäå δn, δ
′

n åñòü ïðîèçâîëüíûå ïîñòîÿííûå áåçðàçìåðíûå âåëè÷èíû.

Ïðåäïîëîæèì, ÷òî ñïðàâåäëèâî ðàçëîæåíèå

Ψ(λ, µ) =
∞∑

n=0

gn(λ)Jn(µ).
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Òîãäà ñ ó÷åòîì ôîðìóëû (Ï.1) ïåðâîå óðàâíåíèå (1) çàïèøåòñÿ òàê

∞∑
n=0

{(
λ2−1

)
g′′n(λ)−n

(
n−1

)
gn(λ)

}
Jn(µ) =

(
λ2−µ2) ∞∑

n=0

δnJn

δ′
nHn

(λ)Jn(µ). (2)

Ñ ïîìîùüþ ôîðìóëû (Ï.8) è ÷àñòíûõ òîæäåñòâ

µ2J0(µ) = J0(µ)− 2J2(µ), µ2J1(µ) = J1(µ) + 2J3(µ)

óðàâíåíèå (2) ïðèâîäèòñÿ ê âèäó

∞∑
n=0

{(
λ2 − 1

)
g′′n(λ)− n

(
n− 1

)
gn(λ)

}
Jn(µ) =

=
(
λ2 − 1

)( δ0J0

δ
′
0H0

(λ)J0(µ) +
δ1J1

δ
′
1H1

(λ)J1(µ)

)
+

+
1

5

(
10

δ0J0

δ
′
0H0

(λ) +
δ2

δ
′
2

(
5λ2 − 1

) J2

H2
(λ)− 2

7

δ4J4

δ
′
4H4

(λ)

)
J2(µ)−

− 1

7

(
14

δ1J1

δ
′
1H1

(λ)− δ3

δ
′
3

(
7λ2 − 3

) J3

H3
(λ) +

2

3

δ5J5

δ
′
5H5

(λ)

)
J3(µ)−

−
∞∑

n=4

1

2n− 3

{(
n− 1

)
n

2n− 5

δn−2

δ
′
n−2

−
(
n− 3

)(
n− 2

)
2n− 1

δn

δ′
n

}
Jn−2

Hn−2
(λ)Jn(µ) +

+
∞∑

n=4

1

2n + 1

{(
n + 1

)(
n + 2

)
2n− 1

δn

δ′
n

−
(
n− 1

)
n

2n + 3

δn+2

δ
′
n+2

}
Jn+2

Hn+2
(λ)Jn(µ). (3)

Èçâåñòíûå ñîîòíîøåíèÿ [1]

J2(λ) =
1

2

(
1− λ2), J3(λ) =

1

2

(
1− λ2)λ,

J4(λ) =
1

8

(
1− λ2)(5λ2 − 1

)
=

1

4

(
5λ2 − 1

)
J2(λ),

J5(λ) =
1

8

(
1− λ2)(7λ2 − 3

)
λ =

1

4

(
7λ2 − 3

)
J3(λ),

H2(λ) =
1

2
J2(λ) ln

λ + 1

λ− 1
+

1

2
λ, H3(λ) =

1

2
J3(λ) ln

λ + 1

λ− 1
+

1

6

(
3λ2 − 2

)
,

H4(λ) =
1

2
J4(λ) ln

λ + 1

λ− 1
+

1

24

(
15λ2 − 13

)
λ,

H5(λ) =
1

2
J5(λ) ln

λ + 1

λ− 1
+

1

120

(
105λ4 − 115λ2 + 16

)
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äàþò îöåíêè(
5λ2 − 1

)
J2(λ) = 4J4(λ),

(
7λ2 − 3

)
J3(λ) = 4J5(λ),(

5λ2 − 1
)
H2(λ) = 2J4(λ) ln

λ + 1

λ− 1
+

1

6

(
15λ2 − 13

)
λ +

5

3
λ = 4H4(λ) +

5

3
λ,(

7λ2 − 3
)
H3(λ) = 2J5(λ) ln

λ + 1

λ− 1
+

+
1

30

(
105λ4 − 115λ2 + 16) +

7

15
= 4H5(λ) +

7

15
.

Ìíîãî÷ëåíû Ãåãåíáàóýðà îáðàçóþò ñèñòåìó ëèíåéíî íåçàâèñèìûõ ôóíê-
öèé. Òîãäà ðàâåíñòâî (3) îêàæåòñÿ òîæäåñòâîì, åñëè â îáåèõ ÷àñòÿõ áóäóò
ðàâíû êîýôôèöèåíòû ïðè ïîëèíîìàõ Jn(µ) îäèíàêîâîãî ïîðÿäêà. Ïîýòîìó
äëÿ ôóíêöèé gn(λ) èìååì ëèíåéíûå íåîäíîðîäíûå îáûêíîâåííûå äèôôåðåí-
öèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà

g′′0(λ) =
δ0J0

δ
′
0H0

(λ), g′′1(λ) =
δ1J1

δ
′
1H1

(λ),

(
λ2 − 1

)
g′′2(λ)− 2g2(λ) = 2

δ0J0

δ
′
0H0

(λ) +
1

3
δ

′

2λ +
2

5

(
2
δ2

δ
′
2
− 1

7

δ4

δ
′
4

)
J4

H4
(λ),

(
λ2 − 1

)
g′′3(λ)− 6g3(λ) = −2

δ1J1

δ
′
1H1

(λ) +
1

15
δ

′

3 +
2

7

(
2
δ3

δ
′
3
− 1

3

δ5

δ
′
5

)
J5

H5
(λ),

(
λ2 − 1

)
g′′n − n

(
n− 1

)
gn(λ) =

=

{ (
n− 3

)(
n− 2

)(
2n− 3

)(
2n− 1

) δn

δ′
n

−
(
n− 1

)
n(

2n− 5
)(

2n− 3
) δn−2

δ
′
n−2

}
Jn−2

Hn−2
(λ) +

+

{ (
n + 1

)(
n + 2

)(
2n− 1

)(
2n + 1

) δn

δ′
n

−
(
n− 1

)
n(

2n + 1
)(

2n + 3
) δn+2

δ
′
n+2

}
Jn+2

Hn+2
(λ).

×àñòíûé èíòåãðàë âîçìóùåííîãî óðàâíåíèÿ(
λ2 − 1

)
g′′n(λ)− n

(
n− 1

)
gn(λ) =

Jm

Hm
(λ), n 6= m, n + m 6= 1

íàõîäèòñÿ ñ ïîìîùüþ ðàâåíñòâà (Ï.1)

g∗n(λ, m) =
1(

m− n
)(

m + n− 1
) Jm

Hm
(λ).

Íàïðèìåð, èìååì

g∗n(λ, n− 2) = − 1

2
(
2n− 3

) Jn−2

Hn−2
(λ), g∗n(λ, n + 2) = +

1

2
(
2n + 1

) Jn+2

Hn+2
(λ).
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Òàêèì îáðàçîì, ïîñëå çàìåíû ïðîèçâîëüíûõ ïîñòîÿííûõ

δn

δ′
n

→ 2
(
n− 1

)
n
(
2n− 1

)δn

δ′
n

, n > 2

èñêîìàÿ áåçðàçìåðíàÿ ôóíêöèÿ òîêà ïðåäñòàâëÿåòñÿ â âèäå áåñêîíå÷íîãî ðÿ-
äà ïî óëüòðàñôåðè÷åñêèì ïîëèíîìàì Ãåãåíáàóýðà

Ψ(λ, µ) =
∞∑

m=0

Ψm, λ(λ)Jm(µ), (4)

Ψ0, λ(λ) =
α0J0

α
′
0H0

(λ) +
1

2

(
δ0λ

2 − 1

3
δ

′

0λ
3), (5)

Ψ1, λ(λ) =
α1J1

α
′
1H1

(λ)− 1

2

(
δ

′

1λ
2 +

1

3
δ1λ

3), (6)

Ψ2, λ(λ) = −δ0 +
(
δ

′

0 − 2δ
′

2
)
λ +

α2J2

α
′
2H2

(λ) +
24

25

(
δ2

δ
′
2
− δ4

δ
′
4

)
J4

H4
(λ), (7)

Ψ3, λ(λ) = −1

3

(
δ

′

1 + 2δ
′

3 + δ1λ
)

+
α3J3

α
′
3H3

(λ) +
120

49

(
δ3

δ
′
3
− δ5

δ
′
5

)
J5

H5
(λ), (8)

Ψn, λ(λ) =

(
n− 3

)(
n− 2

)(
n− 1

)
n(

2n− 3
)2 (

δn−2

δ
′
n−2

− δn

δ′
n

)
Jn−2

Hn−2
(λ) +

+
αnJn

α′
nHn

(λ) +

(
n− 1

)
n
(
n + 1

)(
n + 2

)(
2n + 1

)2 (
δn

δ′
n

− δn+2

δ
′
n+2

)
Jn+2

Hn+2
(λ). (9)

Çäåñü ÷ëåíû ñ ïîñòîÿííûìè êîýôôèöèåíòàìè (α, α
′
) îïèñûâàþò ïîòåíöèàëü-

íóþ ñîñòàâëÿþùóþ âåêòîðíîãî ïîëÿ ñêîðîñòåé, à äðóãèå ñëàãàåìûå ñîîò-
âåòñòâóþò âèõðåâîé ñîñòàâëÿþùåé òå÷åíèÿ. Âñå ñëåäóþùèå ÷åðåç îäèí ÷ëå-
íû ðàçëîæåíèÿ ñâÿçàíû äðóã ñ äðóãîì, òàê êàê ïîñòîÿííûå èíòåãðèðîâàíèÿ
(δ, δ

′
) "çàöåïëÿþòñÿ".

Â ïðàâîé ñïåöèàëüíîé ñèñòåìå êîîðäèíàò (µ, λ, ϕ) âûòÿíóòîãî ñôåðîèäà
â ñèëó òîæäåñòâà (Ï.6) ñïðàâåäëèâû ðàâåíñòâà

vµ(λ, µ) = −hλ

γ

∂Ψ(λ, µ)

∂λ
= − 1

e
√(

λ2 − µ2
)(

1− µ2
) ∞∑

n=0

dΨn, λ(λ)

dλ
Jn(µ),

vλ(λ, µ) = +
hµ

γ

∂Ψ(λ, µ)

∂µ
= − 1

e
√(

λ2 − µ2
)(

λ2 − 1
) ∞∑

n=0

Ψn+1, λ(λ)Pn(µ).
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Åñëè ôèçè÷åñêàÿ ïðèðîäà çàäà÷è èñêëþ÷àåò ñèíãóëÿðíûå îñîáåííîñòè íà
îñè ñèììåòðèè òå÷åíèÿ, òî â ðàçëîæåíèè (4) îòñóòñòâóþò ÷ëåíû ñ ìíîãî÷ëå-
íàìè Ãåãåíáàóýðà ïîðÿäêà n = 0 è n = 1, òàê êàê ýòî ïðèâîäèò ê áåñêîíå÷íûì
òàíãåíöèàëüíûì ñêîðîñòÿì â òî÷êàõ µ = ±1. Òîãäà ñ ó÷åòîì (Ï.13) ëèíåéíî
íåçàâèñèìàÿ ñèñòåìà ôóíêöèé

{
1, λ, λ2, λ3

}
òðåáóåò ñ÷èòàòü

α0 = α
′

0 = δ0 = δ
′

0 = α1 = α
′

1 = δ1 = δ
′

1 = 0.

Òîãäà çàìåíà(
n− 3

)(
n− 2

)(
n− 1

)
n(

2n− 3
)3 (

δn−2

δ
′
n−2

− δn

δ′
n

)
→ δn−1

δ
′
n−1

, n > 4

äîñòàâëÿåò ðàçëîæåíèå

Ψ(λ, µ) =

(
C1λ +

α2J2

α
′
2H2

(λ) +
δ3J4

δ
′
3H4

(λ)

)
J2(µ)+

+

(
C2 +

α3J3

α
′
3H3

(λ) +
δ4J5

δ
′
4H5

(λ)

)
J3(µ) +

+
∞∑

m=4

{
δn−1Jn−2

δ
′
n−1Hn−2

(λ) +
αnJn

α′
nHn

(λ) +
δn+1Jn+2

δ
′
n+1Hn+2

(λ)

}
Jm(µ). (10)

ãäå C1, C2 åñòü ïîñòîÿííûå èíòåãðèðîâàíèÿ.

Âûðàæåíèÿ (4) � (9) ÿâëÿþòñÿ îñíîâîé äëÿ ðåøåíèÿ øèðîêîãî êëàññà çà-
äà÷ ôèçèêî-õèìè÷åñêîé ãèäðîäèíàìèêè è óäà÷íî ñîãëàñóþòñÿ ñ ðàçëîæåíèåì
äëÿ ôóíêöèè òîêà ïî ïîëèíîìàì Ãåãåíáàóýðà â ñôåðè÷åñêîé ñèñòåìå êîîðäè-
íàò [1]. Äåéñòâèòåëüíî, ïî îïðåäåëåíèþ êîîðäèíàò (λ, µ) âûòÿíóòîãî ñôåðî-
èäà âðàùåíèÿ ïðè c → 0 èëè e → 0 ðàäèàëüíàÿ êîîðäèíàòà λ íåîãðàíè÷åííî
âîçðàñòàåò è ïðîèñõîäèò ïåðåõîä ê áåçðàçìåðíûì ñôåðè÷åñêèì êîîðäèíàòàì
(r, θ). Â ýòîì ïðåäåëüíîì ñëó÷àå cλ → r, µ → cos θ ñïðàâåäëèâû ñëåäóþùèå
îöåíêè

Jn(λ) ∼ O
(
λn
)
, Jn−2(λ) ∼ O

(
λn−2), Jn+2(λ) ∼ O

(
λn+2),

Hn(λ) ∼ O
(
λ−n+1), Hn−2(λ) ∼ O

(
λ−n+3), Hn+2(λ) ∼ O

(
λ−n−1),

êîòîðûå äîñòàâëÿþò äëÿ ôóíêöèè òîêà èçâåñòíóþ ñòðóêòóðó

Ψ(r, cos θ) =
∞∑

n=0

{
rn, r−n+1, rn+2, r−n+3

}
Jn(cos θ).
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2 Ñèëà âÿçêîãî ñîïðîòèâëåíèÿ.

Èíòåãðàëüíîå äåéñòâèå ãèäðîäèíàìè÷åñêèõ íàïðÿæåíèé íà âñþ ïîâåðõ-
íîñòü âûòÿíóòîãî ñôåðîèäà âðàùåíèÿ ïðè îñåñèììåòðè÷íîì äâèæåíèè îêðó-
æàþùåé æèäêîñòè íàïðàâëåíî âäîëü îñè z. Åñëè òå÷åíèå âíåøíåé íåñæèìàå-
ìîé ñðåäû ñ êîýôôèöèåíòîì äèíàìè÷åñêîé âÿçêîñòè η ñ÷èòàåòñÿ ñòîêñîâûì,
òî z - ïðîåêöèÿ ðåçóëüòèðóþùåé ñèëû îïðåäåëÿåòñÿ ðàçìåðíûì âûðàæåíè-
åì [1]

Fz = πη

∫
γ3 ∂

∂n

(E2Ψ

γ2

)
δt.

Ýòà ôîðìóëà ïðèìåíÿåòñÿ â ñèììåòðè÷íûõ çàäà÷àõ äëÿ ëþáîãî òèïà ãðà-
íè÷íûõ óñëîâèé, êîãäà âíåøíÿÿ ñðåäà ÿâëÿåòñÿ áåñêîíå÷íî ïðîòÿæåííîé èëè
îãðàíè÷åíà â ïðîñòðàíñòâå. Óêàçàííûé äèíàìè÷åñêèé ïàðàìåòð îáóñëîâëåí
çàâèõðåíèÿìè òå÷åíèÿ è çàïèñàí ÷åðåç õàðàêòåðèñòè÷åñêèå êîîðäèíàòû ñ
ïðàâîé ñèñòåìîé ëîêàëüíûõ åäèíè÷íûõ âåêòîðîâ (n, t, iϕ). Â íàïðàâëåíèÿõ
îñåé n è t äóãè èìåþò äèôôåðåíöèàëüíûå ýëåìåíòû äëèíû δn è δt. Èí-
òåãðèðîâàíèå èäåò âäîëü êîíòóðà ìåðèäèàííîãî ñå÷åíèÿ òåëà â íàïðàâëåíèè
êàñàòåëüíîãî âåêòîðà t, êîòîðûé îáðàçóåò ïðÿìîé ïîëîæèòåëüíûé óãîë ñ âåê-
òîðîì n âíåøíåé íîðìàëè ê êîíòóðó. Íèæíèé è âåðõíèé ïðåäåëû èíòåãðèðî-
âàíèÿ ñîîòâåòñòâóþò âåðõíåé è íèæíåé òî÷êàì ïåðåñå÷åíèÿ îñè ñèììåòðèè ñ
ãðàíè÷íîé ïîâåðõíîñòüþ.

Â âûòÿíóòîé ñôåðîèäàëüíîé ñèñòåìå êîîðäèíàò (µ, λ, ϕ) ñ ó÷åòîì n = iλ,
t = −iµ ñïðàâåäëèâû ñîîòíîøåíèÿ [1]

δn = +
δλ

hλ
, δt = −δµ

hµ
.

Ïóñòü ðàçìåðíàÿ ôîðìóëà äëÿ ðåçóëüòèðóþùåãî äåéñòâèÿ âíåøíåé ñðå-
äû íà êîîðäèíàòíóþ ïîâåðõíîñòü λ = λ0 ñ äèôôåðåíöèàëüíûì ýëåìåíòîì
ïëîùàäè dSλ = 2πγδt

Fz = −πη

{ −1∫
+1

(
γ
∂
(
E2Ψ

)
∂λ

− 2
(
E2Ψ

)∂γ

∂λ

)
hλ

hµ
dµ

}
λ=λ0

=

= πηc

{ +1∫
−1

((
λ2 − 1

)∂(E2Ψ
)

∂λ
− 2λ

(
E2Ψ

))
dµ

}
λ=λ0
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äîïóñêàåò ïåðåìåíó ìåñòàìè ïîðÿäêà äèôôåðåíöèðîâàíèÿ ïî λ è èíòåãðèðî-
âàíèÿ ïî µ

Fz = πηae

{(
λ2 − 1

) ∂

∂λ

+1∫
−1

(
E2Ψ

)
dµ− 2λ

+1∫
−1

(
E2Ψ

)
dµ

}
λ=λ0

.

Ïðè îòñóòñòâèè ñèíãóëÿðíûõ îñîáåííîñòåé íà îñè ñèììåòðèè òå÷åíèÿ ðàç-
ëîæåíèå ðàçìåðíîãî "ñòîêñëåòà"â áåñêîíå÷íûé ðÿä ïî óëüòðàñôåðè÷åñêèì
ïîëèíîìàì Jn(µ) Ãåãåíáàóýðà íà÷èíàåòñÿ ñ èíäåêñà n = 2

Ω(λ, µ) = E2Ψ(λ, µ) = 2
U

e2

∞∑
n=2

(
n− 1

)
n
(
2n− 1

) δnJn

δ′
nHn

(λ)Jn(µ).

Ïîýòîìó â ñèëó ðàâåíñòâ (Ï.6) è (Ï.14) èìååì

Fz = −8πηaλ0U
δ2

δ
′
2

((
λ2

0 − 1
)P1

Q1
(λ0) + 2λ0

J2

H2
(λ0)

)
.

Òàê êàê ñïðàâåäëèâû òîæäåñòâà(
λ2 − 1

)
P1(λ) + 2λJ2(λ) = 0,

(
λ2 − 1

)
Q1(λ) + 2λH2(λ) = 1,

òî èíòåãðàëüíîå äåéñòâèå íàïðÿæåíèé íà âñþ ïîâåðõíîñòü âûòÿíóòîãî ñôå-
ðîèäà âðàùåíèÿ îïðåäåëÿåòñÿ òîëüêî îäíèì êîýôôèöèåíòîì δ

′

2 â ðàçìåðíîé
ôîðìóëå

Fz = −8πηaλ0Uδ
′

2. (11)

Ïðàâàÿ êðèâîëèíåéíàÿ îðòîãîíàëüíàÿ ñïåöèàëüíàÿ ñèñòåìà êîîðäèíàò
(µ, τ, ϕ) ñæàòîãî ñôåðîèäà, ó êîòîðîãî ìàëàÿ îñü âðàùåíèÿ ëåæèò íà îñè
z, ââîäèòñÿ òàê

z + iγ = c
(
τµ + i

√(
τ 2 + 1

)(
1− µ2

))
, c > 0, τ > 1, |µ| 6 1.

Êîíôîðìíîå ïðåîáðàçîâàíèå äëÿ êîîðäèíàò (µ, λ, ϕ) âûòÿíóòîãî ñôåðîèäà
âðàùåíèÿ

z + iγ = c
(
λµ + i

√(
λ2 − 1

)(
1− µ2

))
, c > 0, λ > 1, |µ| 6 1

ïåðåõîäèò â ïðåîáðàçîâàíèå äëÿ ñïëþñíóòîãî ñôåðîèäà, åñëè îäíîâðåìåííî
ñäåëàíû çàìåíû λ → +iτ , c → −ic. Ðåøåíèå îñåñèììåòðè÷íîé ãèäðîäèíà-
ìè÷åñêîé çàäà÷è äëÿ ñæàòîãî ñôåðîèäà ïîëó÷àåòñÿ èç ðåøåíèÿ àíàëîãè÷íîé
çàäà÷è äëÿ âûòÿíóòîãî ñôåðîèäà, êîãäà â ïîëó÷åííûõ ñîîòíîøåíèÿõ ïðîèç-
âåäåíû óêàçàííûå çàìåíû.
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3 Ïîñòàíîâêà çàäà÷è. Óðàâíåíèÿ è ãðàíè÷íûå óñëîâèÿ.

Ïóñòü íåïîäâèæíàÿ áåñêîíå÷íî ïðîòÿæåííàÿ áèíàðíàÿ ãàçîâàÿ ñìåñü
íåðàâíîìåðíî íàãðåòà ñ ïîñòîÿííûì ãðàäèåíòîì òåìïåðàòóðû AT . Â òàêóþ
ãàçîîáðàçíóþ ñðåäó ñ êîýôôèöèåíòàìè äèíàìè÷åñêîé âÿçêîñòè η è âçàèìíîé
äèôôóçèè D êîìïîíåíòîâ ïîìåùàåòñÿ ñôåðîèäàëüíàÿ êàïëÿ ÷èñòîé âûñî-
êîâÿçêîé ëåòó÷åé æèäêîñòè ñ óäåëüíîé òåïëîòîé ïàðîîáðàçîâàíèÿ L. Ìî-
ëåêóëû ëåòó÷åãî âåùåñòâà êàïëè èñïàðÿþòñÿ íà ìåæôàçíîé ãðàíèöå ïðè
èñ÷åçàþùå ìàëûõ ÷èñëàõ Ìàõà è îáðàçóþò ïåðâóþ (ëåòó÷óþ) êîìïîíåíòó
áèíàðíîé ãàçîâîé ñìåñè. Ïîâåðõíîñòü àýðîçîëüíîé ÷àñòèöû íåïðîíèöàåìà
äëÿ ãàçîâûõ ìîëåêóë âòîðîãî (íåñóùåãî) êîìïîíåíòà. Ýôôåêòû òåïëîâîãî,
äèôôóçèîííîãî ñêîëüæåíèé ãàçîâîé ñìåñè âäîëü ìåæôàçíîé ãðàíèöû è ÿâ-
ëåíèå ëåòó÷åñòè âûçûâàþò îòíîñèòåëüíîå äâèæåíèå ñôåðîèäàëüíîãî òåëà â
îêðóæàþùåé ñðåäå. Î÷åâèäíî, ÷òî ïðè ðàâíîìåðíîì äâèæåíèè âûñîêîâÿç-
êàÿ êàïëÿ îêàæåòñÿ âûòÿíóòîé â íàïðàâëåíèè âåêòîðà AT . Åå íàïðàâëåí-
íûé òåðìîôîðåòè÷åñêèé ïåðåíîñ â ðåæèìå ñî ñêîëüæåíèåì õàðàêòåðèçóåòñÿ
â ëàáîðàòîðíîé ñèñòåìå êîîðäèíàò èñêîìîé ñêîðîñòüþ Uph òåðìîôîðåçà. Äà-
ëåå òåîðåòè÷åñêàÿ ìîäåëü ïðåíåáðåãàåò âíóòðåííåé öèðêóëÿöèåé âûñîêîâÿç-
êîãî âåùåñòâà êàïëè è òåðìîêàïèëëÿðíûìè ýôôåêòàìè, êîòîðûå îáóñëîâëå-
íû ïåðåìåííûì ìåæôàçíûì ïîâåðõíîñòíûì íàòÿæåíèåì. Òîãäà ïðè äâèæå-
íèè òàêîãî "òâåðäîãî"ëåòó÷åãî ñôåðîèäà âðàùåíèÿ âÿçêîå ñîïðîòèâëåíèå Fv

âíåøíåé ñðåäû ñòðåìèòñÿ óðàâíîâåñèòü òåðìî - è äèôôóçèîôîðåòè÷åñêóþ
ñèëû

(
FTph,FDph

)
, à òàêæå ðåàêòèâíîå äåéñòâèå Fp îò íåñêîìïåíñèðîâàí-

íîãî ôàçîâîãî ïåðåõîäà ëåòó÷åãî êîìïîíåíòà ãàçîâîé ñìåñè. Ñêîðîñòü Uph

äîñòèãàåòñÿ, åñëè èñ÷åçàåò ðåçóëüòèðóþùàÿ ñèëà F ≡ FTph +FDph +Fp +Fv.

Âëèÿíèå ëåòó÷åñòè íà òåðìîôîðåç òåëà ïðîèñõîäèò ñ ðàçíûõ ñòîðîí. Âî-
ïåðâûõ, ìåíÿþòñÿ ðàñïðåäåëåíèÿ òåìïåðàòóð âíóòðè è â îêðåñòíîñòè ÷àñòè-
öû. Â ðåçóëüòàòå ïîÿâëÿåòñÿ äîïîëíèòåëüíîå ñêîëüæåíèå ãàçîîáðàçíîé ñðåäû
âäîëü ïîâåðõíîñòè òåëà. Âî-âòîðûõ, îêðóæàþùåå ïðîñòðàíñòâî íàñûùàåòñÿ
ïàðîì ëåòó÷åãî âåùåñòâà è óñèëèâàåòñÿ òåðìîäèôôóçèÿ êîìïîíåíòîâ ñìåñè
ãàçîâ.

Çàäà÷à ðåøàåòñÿ â ïðàâîé îðòîãîíàëüíîé ñïåöèàëüíîé ñèñòåìå êðèâî-
ëèíåéíûõ êîîðäèíàò (µ, λ, ϕ) âûòÿíóòîãî ñôåðîèäà âðàùåíèÿ. Ãåîìåòðè÷å-
ñêèé öåíòð ñôåðîèäàëüíîé êàïëè ñ ïîëóîñÿìè a è b < a æåñòêî ñâÿçàí ñ
íà÷àëîì êîîðäèíàò. Ïîëÿðíàÿ îñü z îðèåíòèðîâàíà â íàïðàâëåíèè âåêòî-
ðà AT = (∇T )∞. Â ýòîé èíåðöèàëüíîé ñèñòåìå îòñ÷åòà àýðîçîëüíàÿ ÷àñòèöà
ïîêîèòñÿ, à öåíòð ìàññ âíåøíåé ñðåäû ïåðåìåùàåòñÿ ñî ñêîðîñòüþU = −Uph.
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Áèíàðíàÿ ñìåñü ãàçîâ ñ÷èòàåòñÿ íåñæèìàåìîé, èçîòðîïíîé è óìåðåííî
ðàçðåæåííîé, êîãäà äîñòàòî÷íî ìàëûå ÷èñëà Êíóäñåíà Kn < 0, 3 îïðåäåëÿþò-
ñÿ ïðîèçâåäåíèåì ìàêñèìàëüíîé ñðåäíåé äëèíû ñâîáîäíîãî ïðîáåãà ãàçîâûõ
ìîëåêóë ïåðâîãî èëè âòîðîãî ñîðòà íà ìàêñèìàëüíîå çíà÷åíèå H = max

∣∣K∣∣
ìîäóëÿ ñðåäíåé êðèâèçíû êîîðäèíàòíîé ïîâåðõíîñòè λ = λ0 âûòÿíóòîãî ñôå-
ðîèäà âðàùåíèÿ:

K =
1

2

(
K1 + K2

)
, K1 =

1

R1
, K2 =

1

R2
.

Çäåñü (K1, K2) è (R1, R2) åñòü ãëàâíûå êðèâèçíû è ðàäèóñû êðèâèçíû ãðà-
íè÷íîé ïîâåðõíîñòè â äâóõ íîðìàëüíûõ âçàèìíî ïåðïåíäèêóëÿðíûõ ñå÷åíèÿõ
(íîðìàëüíûì ñå÷åíèåì ïîâåðõíîñòè â ïðîèçâîëüíîé åå òî÷êå íàçûâàåòñÿ ëè-
íèÿ ïåðåñå÷åíèÿ ýòîé ïîâåðõíîñòè ñ ïëîñêîñòüþ, ïðîõîäÿùåé ÷åðåç íîðìàëü
ê ïîâåðõíîñòè â äàííîé òî÷êå). Òîãäà â ñèëó íåðàâåíñòâà òðåóãîëüíèêà∣∣K∣∣ =

1

2

∣∣K1 + K2
∣∣ 6 1

2

(∣∣K1
∣∣+ ∣∣K2

∣∣)
ñïðàâåäëèâà îöåíêà ñâåðõó

H = max
∣∣K∣∣ =

1

r

(∣∣K1
∣∣+ ∣∣K2

∣∣).
Òàê êàê ýëëèïñ â ìåðèäèàííîé ïëîñêîñòè (γ, z) èìååò óðàâíåíèå

z2

a2 +
γ2

b2 = 1,

òî èçâåñòíàÿ ôîðìóëà äëÿ êðèâèçíû ïëîñêîé êðèâîé äàåò

K1 =

(
1 +

(dz

dγ

)2
)− 3

2 d2z

dγ2 = ∓ a

b2

(
1 +

c2γ2

b4

)− 3
2

.

Äëÿ îìáèëè÷åñêèõ âåðøèí (0;±a) âûòÿíóòîãî ñôåðîèäà, ëåæàùèõ íà îñè z∣∣K1
∣∣ =

∣∣K2
∣∣ =

a

b2 ,
∣∣K∣∣ =

a

b2 >
1

b
.

Äëÿ íåîìáèëè÷åñêèõ âåðøèí (±b; 0) âûòÿíóòîãî ñôåðîèäà, ðàñïîëîæåííûõ
íà îñè γ ∣∣K1

∣∣ =
b

a2 ,
∣∣K2
∣∣ =

1

b
,

∣∣K∣∣ =
1

2b

(
1 +

b2

a2

)
<

1

b
.

Î÷åâèäíî, ÷òî íà ïîâåðõíîñòè âûòÿíóòîãî ñôåðîèäà âåëè÷èíà H = max |K|
äîñòèãàåòñÿ òîëüêî â äâóõ îìáèëè÷åñêèõ (ýëëèïòè÷åñêèõ) òî÷êàõ. Òàêèì îá-
ðàçîì, îòíîøåíèå ÷èñåë Êíóäñåíà äëÿ âûòÿíóòîãî ñôåðîèäà è ñôåðû ñ ýêâè-
âàëåíòíûì ýêâàòîðèàëüíûì ðàäèóñîì b ðàâíî a/b.
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Îòíîñèòåëüíûå ïåðåïàäû òåìïåðàòóðû è êîíöåíòðàöèè êîìïîíåíòîâ ãà-
çîâîé ñìåñè ïðåäïîëàãàþòñÿ ìàëûìè. Ïîýòîìó íå ðàññìàòðèâàåòñÿ òåìïå-
ðàòóðíàÿ è êîíöåíòðàöèîííàÿ çàâèñèìîñòü êîýôôèöèåíòîâ ìîëåêóëÿðíîãî
ïåðåíîñà. Â òî÷êàõ ñ ðàäèóñîì âåêòîðîì r îíè ñ÷èòàþòñÿ ïîñòîÿííûìè âåëè-
÷èíàìè ïðè íåâîçìóùåííûõ çíà÷åíèÿõ äàâëåíèÿ p0, òåìïåðàòóðû T0 è îòíî-
ñèòåëüíîé êîíöåíòðàöèè C0 ëåòó÷åãî êîìïîíåíòà â ãàçîâîé ñìåñè (â ìåñòå íà-
õîæäåíèÿ íà÷àëà êîîðäèíàò ïðè îòñóòñòâèè êàïëè). Îäíàêî íåîäíîðîäíîñòü
íåâîçìóùåííîãî òåìïåðàòóðíîãî ïîëÿ ñ÷èòàåòñÿ çàìåòíîé íà ðàññòîÿíèè a

è äîñòàòî÷íî áîëüøîé ïî ñðàâíåíèþ ñ ïåðåïàäàìè òåìïåðàòóðû, êîòîðûå
îáóñëîâëåíû âûäåëåíèåì òåïëà ïðè äèññèïàöèè ýíåðãèè ïóòåì âíóòðåííå-
ãî òðåíèÿ. Èçìåíåíèåì íåâîçìóùåííîãî ïàðàìåòðà T0 ñ òå÷åíèåì âðåìåíè
ïðåíåáðåãàåì.

Âíåøíèå ìàññîâûå ñèëû íå äåéñòâóþò, à òåïëîâûå èñòî÷íèêè âíå è âíóòðè
àýðîçîëüíîé ÷àñòèöû îòñóòñòâóþò. Äèíàìèêà óìåðåííî êðóïíîãî âûòÿíóòî-
ãî ñôåðîèäà ïðîèñõîäèò ïðè ìàëûõ ÷èñëàõ Ðåéíîëüäñà è Ïåêëå. Ïîýòîìó â
óðàâíåíèÿõ ìåäëåííîãî (ïîëçóùåãî) äâèæåíèÿ âíåøíåé ñðåäû è òåïëîìàññî-
ïåðåíîñà îïóùåíû íåëèíåéíûå ÷ëåíû (èíåðöèîííûé è êîíâåêòèâíûå). Âðåìå-
íà ãèäðîäèíàìè÷åñêîé, òåïëîâîé è êîíöåíòðàöèîííîé ðåëàêñàöèè ÿâëÿþòñÿ
äîñòàòî÷íî ìàëûìè ïî ñðàâíåíèþ ñ õàðàêòåðíûì âðåìåíåì òåðìîôîðåòè÷å-
ñêîãî ïåðåíîñà. Òîãäà ñîñòîÿíèÿ ãàçîîáðàçíîé ñðåäû è êîíäåíñèðîâàííîé ôà-
çû îïèñûâàþòñÿ â êâàçèñòàöèîíàðíîì ïðèáëèæåíèè (âåêòîðíîå ïîëå ñêîðî-
ñòåé v(r), ðàñïðåäåëåíèÿ äàâëåíèÿ p(r) è îòíîñèòåëüíîé êîíöåíòðàöèè C(r)
ëåòó÷åãî êîìïîíåíòà â áèíàðíîé ãàçîâîé ñìåñè, ñêàëÿðíûå ïîëÿ òåìïåðà-
òóð T (r), T

′
(r) âíå è âíóòðè ÷àñòèöû ñ÷èòàþòñÿ êàê óñòàíîâèâøèåñÿ â ëþáîé

ìîìåíò âðåìåíè) íà îñíîâå ãèäðîäèíàìè÷åñêîãî àíàëèçà îñåñèììåòðè÷íûìè
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè Ñòîêñà � íåðàçðûâíîñòè � Ëàïëàñà:

η∆v = ∇p, div v = 0, ∆C = 0, ∆T = 0, ∆T
′
= 0.

Íà áåñêîíå÷íîñòè âåêòîð ñêîðîñòè U îäíîðîäíîãî â ïðîñòðàíñòâå ïîòîêà
ãàçîâîé ñìåñè íàïðàâëåí âäîëü îñè z; ñêàëÿðíîå ðàñïðåäåëåíèå òåìïåðàòó-
ðû T åñòü ëèíåéíàÿ ôóíêöèÿ êîîðäèíàòû z; îòíîñèòåëüíàÿ êîíöåíòðàöèÿ C

íåâîçìóùåíà:

r →∞ : v = U iz, T = T0 + ATz, C = C0.

Íà íåïðîíèöàåìîé äëÿ ãàçîâûõ ìîëåêóë âòîðîãî ñîðòà ãðàíè÷íîé ïî-
âåðõíîñòè âûòÿíóòîãî ñôåðîèäà: 1) êàñàòåëüíàÿ ñîñòàâëÿþùàÿ vt ãèäðîäè-
íàìè÷åñêîé ñêîðîñòè ãàçîîáðàçíîé ñðåäû ðàâíà ñóììå ñêîðîñòåé òåïëîâîãî è
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äèôôóçèîííîãî ñêîëüæåíèé, êîòîðûå ïðîïîðöèîíàëüíû ëîêàëüíûì òàíãåí-
öèàëüíûì ãðàäèåíòàì ∇tT è ∇tC ñîîòâåòñòâåííî; 2) îòíîñèòåëüíàÿ êîíöåí-
òðàöèÿ C ïåðâîãî êîìïîíåíòà ãàçîâîé ñìåñè è òåìïåðàòóðà T èñïûòûâàþò
ñêà÷êè, îáóñëîâëåííûå íîðìàëüíûìè ê ìåæôàçíîé ãðàíèöå ðàçäåëà ãðàäèåí-
òàìè ∇nC è ∇nT óêàçàííûõ âåëè÷èí â ñëîå Êíóäñåíà; 3) íîðìàëüíûé ïîòîê
òåïëà ñ ó÷åòîì ôàçîâîãî ïåðåõîäà íåïðåðûâåí (íîðìàëüíûé ïîòîê ìàññû ëå-
òó÷åãî êîìïîíåíòà ãàçîâîé ñìåñè è ðàçíîñòü íîðìàëüíûõ ïîòîêîâ òåïëà âíå
è âíóòðè êàïëè ïðîòèâîïîëîæíû ïî çíàêó). Ðåçóëüòèðóþùåå äåéñòâèå F íà
ëåòó÷óþ âûñîêîâÿçêóþ àýðîçîëüíóþ ÷àñòèöó ñôåðîèäàëüíîé ôîðìû ñî ñòî-
ðîíû íàáåãàþùåãî ïîòîêà âíåøíåé ñðåäû ðàâíî íóëþ.

λ = λ0 : tv = t
(
KTsl

η

ρT
∇T + KDslD∇C

)
,

n

(
n2v +

(n1 + n2)
2m1

ρ
D
(
∇C +

KTD

T
∇T
))

= 0,

C − Cs(T
′
) = n

(
VCC∇C + VCT

1

T ′∇T
)
, T − T

′
= n

(
VTT∇T + VTCT

′∇C
)
,

n
(
− κ∇T + κ′∇T

′
)

= −Lm1n

(
n1v −

(n1 + n2)
2m2

ρ
D
(
∇C +

KTD

T
∇T
))

,

Fz = 0,

ρ = m1n1 + m2n2, C =
n1

n1 + n2
, Cs(T

′
) =

n1s(T
′
)

n1 + n2
.

Çäåñü (n1, n2), n1s(T
′
) � ÷èñëåííûå êîíöåíòðàöèè ãàçîâûõ ìîëåêóë ïåðâî-

ãî è âòîðîãî ñîðòà ñ ìàññàìè (m1, m2), íàñûùåííûõ ïàðîâ ëåòó÷åãî âåùå-
ñòâà ïðè ëîêàëüíîé òåìïåðàòóðå T

′
ãðàíè÷íîé ïîâåðõíîñòè; (κ, κ′

) � êî-
ýôôèöèåíòû óäåëüíîé òåïëîïðîâîäíîñòè ãàçîâîé ñðåäû è êîíäåíñèðîâàííîé
ôàçû; (KTsl, KDsl), (VTT , VTC), (VCC , VCT ) � ãàçîêèíåòè÷åñêèå êîýôôèöèåíòû
òåïëîâîãî è äèôôóçèîííîãî ñêîëüæåíèé, òåìïåðàòóðíûõ è êîíöåíòðàöèîí-
íûõ ïîãðàíè÷íûõ ñêà÷êîâ. Ëîêàëüíûå åäèíè÷íûå õàðàêòåðèñòè÷åñêèå âåêòî-
ðû n = +iλ, t = −iµ è iϕ îáðàçóþò ïðàâóþ òðîéêó [1].

Âåëè÷èíà êàæäîãî èç ãàçîêèíåòè÷åñêèõ êîýôôèöèåíòîâ çàâèñèò ñëîæ-
íûì îáðàçîì îò êîýôôèöèåíòîâ èñïàðåíèÿ, àêêîìîäàöèè ýíåðãèè è òàíãåí-
öèàëüíîãî èìïóëüñà, ìàññ è ñå÷åíèé âçàèìîäåéñòâèÿ ãàçîâûõ ìîëåêóë êàæ-
äîãî ñîðòà. Ñîîòâåòñòâóþùèå âûðàæåíèÿ íàõîäÿòñÿ â õîäå òî÷íîãî ðåøå-
íèÿ çàäà÷è î òåïëî-ìàññîïåðåíîñå â êíóäñåíîâñêîì ãàçîâîì ñëîå, êîòîðûé
ïðèëåãàåò íåïîñðåäñòâåííî ê ïîâåðõíîñòè êàïëè è èìååò òîëùèíó ïîðÿäêà
ñðåäíåé äëèíû ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçîâîé ñìåñè. Â ñëîå Êíóäñåíà
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ìîëåêóëû, âûëåòàþùèå ñ ïîâåðõíîñòè êàïëè, ñòàëêèâàþòñÿ ñ ìîëåêóëàìè,
êîòîðûå äâèæóòñÿ ê ìåæôàçíîé ãðàíèöå ðàçäåëà. Ïîâåðõíîñòü êàïëè îêàçû-
âàåò íåïîñðåäñòâåííîå âëèÿíèå íà èíòåíñèâíîñòü ïåðåíîñà òåïëà è ìàññû â
êíóäñåíîâñêîì ñëîå, ãäå îáúåìíûå ãèäðîäèíàìè÷åñêèå óðàâíåíèÿ íå èìåþò
ìåñòà. Ãàçîêèíåòè÷åñêèå êîýôôèöèåíòû îïðåäåëÿþòñÿ ìàòåìàòè÷åñêèìè ìå-
òîäàìè êèíåòè÷åñêîé òåîðèè ãàçîâ èç ðåøåíèÿ ñèñòåìû óðàâíåíèé Áîëüöìà-
íà. Íàïðèìåð, êîýôôèöèåíòû (VTT , VTC), (VCC , VCT ) ïî âåëè÷èíå ñðàâíèìû
ñî ñðåäíåé äëèíîé ñâîáîäíîãî ïðîáåãà ãàçîâûõ ìîëåêóë è ïîçâîëÿþò îöå-
íèòü âëèÿíèå òåìïåðàòóðíûõ è êîíöåíòðàöèîííûõ ïîãðàíè÷íûõ ñêà÷êîâ íà
âåêòîðíîå ïîëå ñêîðîñòåé v(r) âíå óìåðåííî êðóïíîãî ëåòó÷åãî âûòÿíóòîãî
ñôåðîèäà, ñêàëÿðíûå òåðìîäèôôóçèîíûå ðàñïðåäåëåíèÿ T (r), T

′
(r), C(r) è

èñêîìóþ ñêîðîñòü òåðìîôîðåçà Uph. Â ðàáîòàõ ïðåäñòàâëåíû àíàëèòè÷åñêèé
âèä è ìåòîäèêà âû÷èñëåíèÿ ãàçîêèíåòè÷åñêèõ êîýôôèöèåíòîâ (KTsl, KDsl),
(VTT , VTC), (VCC , VCT ) äëÿ áèíàðíîé ãàçîâîé ñìåñè ñ ïðîèçâîëüíûìè êîíöåí-
òðàöèÿìè è îòíîøåíèÿìè ìàññ ìîëåêóë êîìïîíåíòîâ.

Ïðè çàïèñè òåðìîäèôôóçèîííîé ñèëû îïóñêàåòñÿ áàðîäèôôóçèîííûé
÷ëåí è ñëàãàåìîå ñ ñèëàìè, òàê êàê îíè íå äåéñòâóþò íà ãàçîâûå ìîëåêóëû.

Â äàííîé ðàáîòå íå ó÷èòûâàåòñÿ ýôôåêò èçîòåðìè÷åñêîãî ñêîëüæåíèÿ.
Â åãî îñíîâå ëåæèò ãèïîòåçà, ñîãëàñíî êîòîðîé òàíãåíöèàëüíàÿ ñîñòàâëÿþ-
ùàÿ ëîêàëüíîé ñêîðîñòè âíåøíåé ñðåäû îòíîñèòåëüíî ïîâåðõíîñòè òâåðäîãî
òåëà ïðîïîðöèîíàëüíà òàíãåíöèàëüíûì íàïðÿæåíèÿì Πnt, êîòîðûå äåéñòâó-
þò â äàííîé òî÷êå íà ãðàíè÷íîé ïîâåðõíîñòè. Ïîñòîÿííàÿ ïðîïîðöèîíàëü-
íîñòè, ñâÿçûâàþùàÿ ýòè äâå âåëè÷èíû, íàçûâàåòñÿ êîýôôèöèåíòîì òðåíèÿ
ñêîëüæåíèÿ. Åñëè ýòîò êîýôôèöèåíò îòëè÷åí îò íóëÿ, òî â îáùåì ñëó÷àå
ïðåäïîëàãàåòñÿ åãî çàâèñèìîñòü òîëüêî îò ïðèðîäû îêðóæàþùåé æèäêîñòè è
ñîñòîÿíèÿ òâåðäîé ïîâåðõíîñòè. Îòíîñèòåëüíûé âêëàä ýôôåêòà èçîòåðìè÷å-
ñêîãî ñêîëüæåíèÿ èìååò ïîðÿäîê âåëè÷èíû O(Kn) è ìîæåò îêàçûâàòü î÷åíü
ñóùåñòâåííîå âëèÿíèå íà òåðìîôîðåòè÷åñêèé ïåðåíîñ èãëîîáðàçíûõ èëè äèñ-
êîïîäîáíûõ àýðîçîëüíûõ ÷àñòèö.

Òåìïåðàòóðíàÿ çàâèñèìîñòü îòíîñèòåëüíîé êîíöåíòðàöèè íàñûùåííîãî
ïàðà ëåòó÷åãî âåùåñòâà ðàçëàãàåòñÿ â ðÿä Òåéëîðà âáëèçè ñðåäíåé òåìïå-
ðàòóðû ìåæôàçíîé ïîâåðõíîñòè. Ïðè äîñòàòî÷íî ìàëîé íåèçîòåðìè÷íîñòè
âûòÿíóòîé ñôåðîèäàëüíîé ÷àñòèöû â ðàçëîæåíèè óäåðæèâàþòñÿ ïåðâûå äâà
÷ëåíà

Cs(T
′
) = Cs(Tw) +

∂Cs

∂T ′

∣∣∣
T ′=Tw

(
T

′ − Tw
)
.

Äàëåå îñåñèììåòðè÷íàÿ ãèäðîäèíàìè÷åñêàÿ çàäà÷à äëÿ ãàçîâîé ñðåäû ðå-
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øàåòñÿ â òåðìèíàõ ñòîêñîâà ôóíêöèÿ òîêà. Â ïðàâîé îðòîãîíàëüíîé ñïåöè-
àëüíîé ñèñòåìå êðèâîëèíåéíûõ êîîðäèíàò (µ, λ, ϕ) âûòÿíóòîãî ñôåðîèäà âðà-
ùåíèÿ ñîñòàâëÿþùèå âåêòîðà ñêîðîñòè v(r) îïðåäåëÿþòñÿ ñ ïîìîùüþ ôîð-
ìóë [1]

vµ(λ, µ) = −hλ

γ

∂Ψ(λ, µ)

∂λ
, vλ(λ, µ) = +

hµ

γ

∂Ψ(λ, µ)

∂µ
, vϕ(λ, µ) = 0.

Ôèçè÷åñêèå âåëè÷èíû è ìåòðè÷åñêèå êîýôôèöèåíòû â óðàâíåíèÿõ è ãðà-
íè÷íûõ óñëîâèÿõ îáåçðàçìåðèâàþòñÿ òàê

r = ar̃, γ = aγ̃, z = az̃, hλ =
1

ae
h̃λ, hµ =

1

ae
h̃µ,

vλ = Uṽλ, vµ = Uṽµ, Ψ = Ua2Ψ̃,

T = T0 + ATaT̃ , T
′
= T0 + ATaT̃

′
, Fz = πη0aUF̃z,

à çàòåì âîëíèñòàÿ ëèíèÿ ñâåðõó îïóñêàåòñÿ è ïîñòàíîâêà çàäà÷è èìååò ñëå-
äóþùèé ïðèâåäåííûé ëèíåàðèçîâàííûé âèä

r →∞ : Ψ = −1

2
γ2, T = z, C = C0,

λ = λ0 : −Ua
∂Ψ

∂λ
= γ

hµ

hλ

(
KTsl

η0

ρ0T0
ATa

∂T

∂µ
+ KDslD

∂C

∂µ

)
,

n02
Ua

D

∂Ψ

∂µ
+

n2
0m1

ρ0
γ
hλ

hµ

(∂C

∂λ
+ εKTD

∂T

∂λ

)
= 0,

C = Cs(τ) +
∂Cs

∂T ′

∣∣∣
T ′=τ

(
T

′ − τ
)

+
hλ

e

(
kCC

∂C

∂λ
+ εkCT

∂T

∂λ

)
,

εT = εT
′
+

hλ

e

(
εkTT

∂T

∂λ
+ kTC

∂C

∂λ

)
,

−κ0

κ′
0

∂T

∂λ
+

∂T
′

∂λ
=

Lm1n
2
0D

ATaκ′
0n02

(∂C

∂λ
+ εKTD

∂T

∂λ

)
,

Fz = 0,

ãäå äëÿ êðàòêîñòè ïèñüìà ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ

n0 = n01 + n02, ρ0 = m1n01 + m2n02,

η0 = η(T0, C0, p0), κ0 = κ(T0, C0, p0), κ′

0 = κ′
(T0, p0),

τ =
Tw − T0

ATa
� 1, ε =

ATa

Tw
� 1,

VTT

VTC
= a

kTT

kTC
∼ b2

a
O
(
Kn
)
,

VCC

VCT
= a

kCC

kCT
∼ b2

a
O
(
Kn
)
.
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Åñëè ñòðåìÿòñÿ ê íóëþ îòíîøåíèÿ
(
kTT , kTC , kCC , kCT

)
, ïðîïîðöèîíàëüíûå

÷èñëó Êíóäñåíà, òî ãðàíè÷íûå óñëîâèÿ äëÿ òåìïåðàòóðû è îòíîñèòåëüíîé
êîíöåíòðàöèè ïåðâîãî êîìïîíåíòà ãàçîâîé ñìåñè èìåþò òàêîé æå âèä, êàê è
äëÿ ñëó÷àÿ êðóïíîãî ñôåðîèäà.

4 Ðåøåíèå òåðìîäèôôóçèîííîé çàäà÷è.

Îáùåå ðåøåíèå êîíöåíòðàöèîííî-òåïëîâîé çàäà÷è ïðåäñòàâëÿåòñÿ áåñêî-
íå÷íûìè ðÿäàìè ïî ïîëèíîìàì Pn(µ) Ëåæàíäðà [6].

T (λ, µ) =
∞∑

n=0

Tn, λ(λ)Pn(µ), T
′
(λ, µ) =

∞∑
n=0

T
′

n, λ(λ)Pn(µ),

C(λ, µ) =
∞∑

n=0

Cn, λ(λ)Pn(µ).

Çäåñü âûòÿíóòûå ðàäèàëüíûå ôóíêöèè çàïèñûâàþòñÿ òàê

Tn, λ(λ) = EnPn(λ) + FnQn(λ), T
′

n, λ(λ) = GnPn(λ) + HnQn(λ),

Cn, λ(λ) = KnPn(λ) + LnQn(λ).

Ïîñòîÿííûå âåëè÷èíû En, Fn, Gn, Hn, Kn, Ln ïîäëåæàò îïðåäåëåíèþ.

Èç óñëîâèé íà áåñêîíå÷íîñòè è êîíå÷íîñòè òåìïåðàòóðû âíóòðè ñôåðîèäà
íà îòðåçêå |z| 6 c ïîëó÷àåì

E0 = 0, E1 = e, En = 0, Hn = 0,

K0 = C0, K1 = 0, Kn = 0, n > 2.

Â ðåçóëüòàòå èìååì

T (λ, µ) = F0Q0(λ) +
(
eλ + F1Q1(λ)

)
µ +

∞∑
n=2

FnQn(λ)Pn(µ),

T ′(λ, µ) = G0 + G1λµ +
∞∑

n=2

GnPn(λ)Pn(µ),

C(λ, µ) = C0 + L0Q0(λ) + L1Q1(λ)µ +
∞∑

n=2

LnQn(λ)Pn(µ).
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Ïóñòü ñïðàâåäëèâû ñëåäóþùèå ðàçëîæåíèÿ

∞∑
m=0

{
hλ

d

dλ

Cm, λ

Tm, λ
(λ)

}
λ=λ0

Pm(µ) =
∞∑

n=0

un

vn
(λ0)Pn(µ),

ãäå ðàäèàëüíûå êîýôôèöèåíòû un = un(λ0), vn = vn(λ0) îïðåäåëÿþòñÿ ñ
ïîìîùüþ óñëîâèé îðòîãîíàëüíîñòè òèïà (Ï.16)

un =
2n + 1

2

√
λ2

0 − 1
∞∑

m=0

{{
dCm, λ(λ)

dλ

}
λ=λ0

+1∫
−1

Pm(µ)Pn(µ)√
λ2

0 − µ2
dµ

}
,

vn =
2n + 1

2

√
λ2

0 − 1
∞∑

m=0

{{
dTm, λ(λ)

dλ

}
λ=λ0

+1∫
−1

Pm(µ)Pn(µ)√
λ2

0 − µ2
dµ

}
.

Ìíîãî÷ëåíû Ëåæàíäðà åñòü ëèíåéíî-íåçàâèñèìûå ôóíêöèè. Ïîýòîìó èç
òðåòüåãî, ÷åòâåðòîãî è ïÿòîãî ãðàíè÷íûõ óñëîâèé ñëåäóþò ñîîòâåòñòâóþùèå
ðàâåíñòâà (n > 2)

C0 + L0Q0(λ0) = Cs(τ) +
∂Cs

∂T ′

∣∣∣
T ′=τ

(
G0 − τ

)
+

1

e

(
kCCu0 + εkCTv0

)
,

L1Q1(λ0) =
∂Cs

∂T ′

∣∣∣
T ′=τ

G1λ0 +
1

e

(
kCCu1 + εkCTv1

)
,

LnQn(λ0) =
∂Cs

∂T ′

∣∣∣
T ′=τ

GnPn(λ0) +
1

e

(
kCCun + εkCTvn

)
,

εF0Q0(λ0) = εG0 +
1

e

(
kTCu0 + εkTTv0

)
,

ε
(
1 + F1Q1(λ0)

)
= εG1λ0 +

1

e

(
kTCu1 + εkTTv1

)
,

εFnQn(λ0) = εGnPn(λ0) +
1

e

(
kTCun + εkTTvn

)
,(κ0

κ′
0

+ εKTDβ
){dQ0(λ)

dλ

}
λ=λ0

F0 + β

{
dQ0(λ)

dλ

}
λ=λ0

L0 = 0,

(κ0

κ′
0

+ εKTDβ
)(

e +

{
dQ1(λ)

dλ

}
λ=λ0

F1

)
+ β

{
dQ1(λ)

dλ

}
λ=λ0

L1 −G1 = 0,

(κ0

κ′
0

+ εKTDβ
){dQn(λ)

dλ

}
λ=λ0

Fn

+β

{
dQn(λ)

dλ

}
λ=λ0

Ln −
{

dPn(λ)

dλ

}
λ=λ0

Gn = 0.
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Çäåñü è äàëåå ïðèìåíÿþòñÿ îáîçíà÷åíèÿ

β =
Lm1n

2
0D

ATaκ′
0n02

, δ =
κ0

κ′
0

+ εKTDβ.

Òàê êàê ïîñòîÿííûå Gm ëåãêî èñêëþ÷àþòñÿ, òî ñêàëÿðíûå òåðìîäèôôó-
çèîííûå ïîëÿ âíå è âíóòðè âûòÿíóòîé ñôåðîèäàëüíîé ÷àñòèöû íàõîäÿòñÿ èç
÷èñëåííîãî ðåøåíèÿ ñëåäóþùåé ëèíåéíîé íåîäíîðîäíîé ñèñòåìû 2(m∗ + 1)
àëãåáðàè÷åñêèõ óðàâíåíèé ñ 2(m∗ + 1) íåèçâåñòíûìè Fm è Lm (0 6 m 6 m∗)

ε
∂Cs

∂T ′

∣∣∣
T ′=τ

Q0(λ0)F0 − εQ0(λ0)L0 +

+
1

e

(
εkCC −

∂Cs

∂T ′

∣∣∣
T ′=τ

kTC

)
u0 −

1

e
ε
(∂Cs

∂T ′

∣∣∣
T ′=τ

kTT − εkCT

)
v0 =

= −ε
(
Cs(τ)− C0 −

∂Cs

∂T ′

∣∣∣
T ′=τ

τ
)
,(κ0

κ′
0

+ εKTDβ
)
F0 + βL0 = 0,

(κ0

κ′
0

+ εKTDβ
)∂Cs

∂T ′

∣∣∣
T ′=τ

{
λ
dQ1(λ)

dλ

}
λ=λ0

F1−

−

(
Q1(λ0)− β

∂Cs

∂T ′

∣∣∣
T ′=τ

{
λ
dQ1(λ)

dλ

}
λ=λ0

)
L1 +

+
1

e

(
kCCu1 + εkCTv1

)
= −

(κ0

κ′
0

+ εKTDβ
)∂Cs

∂T ′

∣∣∣
T ′=τ

,

ε

(
Q1(λ0)−

(κ0

κ′
0

+ εKTDβ
){

λ
dQ1(λ)

dλ

}
λ=λ0

)
F1 − εβ

{
λ
dQ1(λ)

dλ

}
λ=λ0

L1 −

− 1

e

(
kTCu1 + εkTTv1

)
= ε
(κ0

κ′
0

+ εKTDβ − 1
)
,

(κ0

κ′
0

+ εKTDβ
)∂Cs

∂T ′

∣∣∣
T ′=τ

{
Pn(λ)

dQn(λ)

dλ

}
λ=λ0

Fn −

−

({
Qn(λ)

dPn(λ)

dλ

}
λ=λ0

− β
∂Cs

∂T ′

∣∣∣
T ′=τ

{
Pn(λ)

dQn(λ)

dλ

}
λ=λ0

)
Ln +

+
1

e

(
kCCun + εkCTvn

){dPn(λ)

dλ

}
λ=λ0

= 0,
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ε

({
Qn(λ)

dPn(λ)

dλ

}
λ=λ0

−
(κ0

κ′
0

+ εKTDβ
){

Pn(λ)
dQn(λ)

dλ

}
λ=λ0

)
Fn −

− εβ

{
Pn(λ)

dQn(λ)

dλ

}
λ=λ0

Ln −
1

e

(
kTCun + εkTTvn

){dPn(λ)

dλ

}
λ=λ0

= 0.

Îïðåäåëåííûå èíòåãðàëû âèäà

χm, n(λ0) =

+1∫
−1

Pm(µ)Pn(µ)√
λ2

0 − µ2
dµ, n = 0, 1, 2, . . .

âû÷èñëÿþòñÿ ñ ïîìîùüþ ôîðìóëû ïðèâåäåíèÿ (èíòåãðàëû χm, n âûðàæàþòñÿ
÷åðåç ïîäîáíûå èíòåãðàëû χm′ , n′ , êîãäà èíäåêñû m è m

′
, n è n

′
îòëè÷àþòñÿ

äðóã îò äðóãà íà ïðîèçâîëüíûå öåëûå ÷èñëà). Ñ ýòîé öåëüþ ïðèìåíÿåòñÿ
ðåêóððåíòíîå ñîîòíîøåíèå (Ï.3), êîòîðîå ïîçâîëÿåò çàïèñàòü òîæäåñòâî

1

2m + 1

((
m + 1

)
Pm+1(µ)Pn(µ) + mPm−1(µ)Pn(µ)

)
=

=
1

2n + 1

((
n + 1

)
Pm(µ)Pn+1(µ) + nPm(µ)Pn−1(µ)

)
, m > 1, n > 1.

Îáå ÷àñòè ýòîãî ðàâåíñòâà äåëÿòñÿ íà êâàäðàòíûé êîðåíü
√

λ2
0 − µ2, à çàòåì

èíòåãðèðóþòñÿ ïî µ, ãäå −1 6 µ 6 +1. Â ðåçóëüòàòå èìååì(
2n + 1

)((
m + 1

)
χm+1, n(λ0) + mχm−1, n(λ0)

)
=
(
2m + 1

)((
n + 1

)
χm, n+1(λ0) + nχm, n−1(λ0)

)
.

Îòñþäà ïîñëå çàìåíû n →
(
n−1

)
ïîëó÷àåì èñêîìóþ ðåêóððåíòíóþ ôîðìóëó

n
(
2m + 1

)
χm, n(λ0) =

(
2n− 1

)((
m + 1

)
χm+1, n−1(λ0) + mχm−1, n−1(λ0)

)
−

−
(
n− 1

)(
2m + 1

)
χm, n−2(λ0), n > 2.

Òàê êàê ïîëèíîìû Ëåæàíäðà óäîâëåòâîðÿþò óðàâíåíèÿì

d

dµ

{(
1− µ2)dPm(µ)

dµ

}
+ m

(
m + 1

)
Pm(µ) = 0,

(
1− µ2)dPm(µ)

dµ
=
(
m + 1

){
µPm(µ)− Pm+1(µ)

}
,
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òî ïðàâàÿ ÷àñòü î÷åâèäíîãî ðàâåíñòâà

d

dµ

{√
λ2

0 − µ2
(
1− µ2)Pm(µ)

dµ

}
=

=
√

λ2
0 − µ2 d

dµ

{(
1− µ2)Pm(µ)

dµ

}
− µ√

λ2
0 − µ2

(
1− µ2)dPm(µ)

dµ

ïðåäñòàâëÿåòñÿ òàê

− m + 1√
λ2

0 − µ2

{
m
(
λ2

0 − µ2)Pm(µ) + µ
(
µPm(µ)− Pm+1(µ)

)}
, m = 0, 1, 2, . . . .

Çäåñü ôèãóðíàÿ ñêîáêà â ñèëó (Ï.3) è (Ï.7) èìååò âèä

mλ2
0Pm(µ)− 1

2m + 3

((
m + 2

)
Pm+2(µ) +

(
m + 1

)
Pm(µ)

)
−

−
(
m− 1

)( (
m + 1

)(
m + 2

)(
2m + 1

)(
2m + 3

) Pm+2(µ) +
2m2 + 2m− 1(

2m− 1
)(

2m + 3
) Pm(µ) +

+

(
m− 1

)
m(

2m− 1
)(

2m + 1
) Pm−2(µ)

)
= −

(
m− 1

)2
m(

2m− 1
)(

2m + 1
) Pm−2(µ) +

+ m

(
λ2

0 − 2
m2 + m− 1(

2m− 1
)(

2m + 3
))Pm(µ)−

m
(
m + 2

)2(
2m + 1

)(
2m + 3

) Pm+2(µ).

Òàêèì îáðàçîì, îáå ÷àñòè òîæäåñòâà

d

dµ

{√
λ2

0 − µ2
(
1−µ2)dPm(µ)

dµ

}
=

m
(
m + 1

)√
λ2

0 − µ2

{ (
m− 1

)2(
2m− 1

)(
2m + 1

)Pm−2(µ)−

−
(

λ2
0 − 2

m2 + m− 1(
2m− 1

)(
2m + 3

))Pm(µ) +

(
m + 2

)2(
2m + 1

)(
2m + 3

) Pm+2(µ)

}

ïðîèíòåãðèðóåì ïî µ íà îòðåçêå
∣∣µ∣∣ 6 1. Â ðåçóëüòàòå ïîëó÷àåì ôîðìóëó(

m + 2
)2(

2m + 1
)(

2m + 3
) χm+2, 0(λ0) =

=
(
λ2

0 − 2
m2 + m− 1(

2m− 1
)(

2m + 3
))χm, 0(λ0)−

(
m− 1

)2(
2m− 1

)(
2m + 1

) χm−2, 0(λ0),

m > 2.
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Â ÷àñòíûõ ñëó÷àÿõ ïðè m = 0, 1, 2, 3 óêàçàííûå èíòåãðàëû âû÷èñëÿþòñÿ
ëåãêî

χ0, 0(λ0) = 2 arcsin
1

λ0
,

χ1, 0(λ0) = 0,

χ2, 0(λ0) = −3

2

√
λ2

0 − 1 +
(3

2
λ2

0 − 1
)

arcsin
1

λ0
,

χ3, 0(λ0) = 0.

Ðåêóððåíòíîå ñâîéñòâî (Ï.3) äàåò ñîîòíîøåíèå(
2m + 1

)
χm, 1(λ0) =

(
m + 1

)
χm+1, 0(λ0) + mχm−1, 0(λ0), m > 1.

Ñ ó÷åòîì òîæäåñòâ

χ0, 1(λ0) = χ1, 0(λ0) = 0

èìååì ðàâåíñòâà

χ2k+1, 0(λ0) = χ2k, 1(λ0) = 0, k = 0, 1, 2, . . . .

5 Ðåøåíèå ãèäðîäèíàìè÷åñêîé çàäà÷è.
Îïðåäåëåíèå ñêîðîñòè òåðìîôîðåçà.

Â ñïåöèàëüíîé ñôåðîèäàëüíîé ñèñòåìå êîîðäèíàò ïðè îòñóòñòâèè ñèí-
ãóëÿðíûõ îñîáåííîñòåé íà îñè ñèììåòðèè òå÷åíèÿ ãàçîâîé ñìåñè ôóíêöèÿ
òîêà Ψ = Ψ(λ, µ) ðàçëàãàåòñÿ â áåñêîíå÷íûé ðÿä ïî óëüòðàñôåðè÷åñêèì ïî-
ëèíîìàì Ãåãåíáàóýðà ñòåïåíè −0, 5

Ψ(λ, µ) =
∞∑

m=2

Ψn, λ(λ)Jn(µ).

Âûòÿíóòûå ðàäèàëüíûå ôóíêöèè Ψn, λ(λ) èìåþò ñëåäóþùèå âûðàæåíèÿ

Ψ2, λ(λ) = −2ω
′

2λ +
α2J2

α
′
2H2

(λ) +
24

25

{
ω2

ω
′
2
− ω4

ω
′
4

}
J4

H4
(λ),

Ψ3, λ(λ) = −2

3
ω

′

3 +
α3J3

α
′
3H3

(λ) +
120

49

{
ω3

ω
′
3
− ω5

ω
′
5

}
J5

H5
(λ),
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Ψn, λ(λ) =

(
n− 3

)(
n− 2

)(
n− 1

)
n(

2n− 3
)2 {

ωn−2

ω
′
n−2

− ωn

ω′
n

}
Jn−2

Hn−2
(λ) +

+
αnJn

α′
nHn

(λ) +

(
n− 1

)
n
(
n + 1

)(
n + 2

)(
2n + 1

)2 {
ωn

ω′
n

− ωn+2

ω
′
n+2

}
Jn+2

Hn+2
(λ), n > 4,

ãäå (α, α
′
), (ω, ω

′
) åñòü ïðîèçâîëüíûå ïîñòîÿííûå èíòåãðèðîâàíèÿ.

Íà áåñêîíå÷íîñòè ïîñòóïàòåëüíûé ïîòîê îäíîðîäíûé è íåîáõîäèìî ñ÷è-
òàòü

α2 = 2e2, αn+1 = 0, ωn − ωn+2 = 0, n > 2.

Ïîýòîìó â ïåðâîå è âòîðîå ëèíåàðèçîâàííûå ãðàíè÷íûå óñëîâèÿ ïîäñòàâëÿåì
ôóíêöèè

Ψ2, λ(λ) = −2ω
′

2λ + 2e2J2(λ) + α
′

2H2(λ) +
24

25

(
ω

′

2 − ω
′

4

)
H4(λ),

Ψ3, λ(λ) = −2

3
ω

′

3 + α
′

3H3(λ) +
120

49

(
ω

′

3 − ω
′

5

)
H5(λ),

Ψn, λ(λ) =

(
n− 3

)(
n− 2

)(
n− 1

)
n(

2n− 3
)2 (

ω
′

n−2 − ω
′

n

)
Hn−2(λ) +

+ α
′

nHn(λ) +

(
n− 1

)
n
(
n + 1

)(
n + 2

)(
2n + 1

)2 (
ω

′

n − ω
′

n+2

)
Hn+2(λ), n > 4.

Òîãäà ðåêóððåíòíûå ñâîéñòâà (Ï.6), (Ï.9)

dJn+1(µ)

dµ
= −Pn(µ),

(
1− µ2)dPn(µ)

dµ
= n

(
n + 1

)
Jn+1(µ), n > 1

è óñëîâèÿ îðòîãîíàëüíîñòè òèïà (Ï.15), (Ï.16) äëÿ óëüòðàñôåðè÷åñêèõ ïîëè-
íîìîâ Jn(µ), Pn(µ) ïðèâîäÿò ê àëãåáðàè÷åñêèì ñîîòíîøåíèÿì

L0 + εKTDF0 = 0,
1

e
U

{
dΨ2, λ(λ)

dλ

}
λ=λ0

=

= −2KTsl
η0

ρ0T0
AT − 2

(
KTsl

η0

ρ0T0
ATF1 + KDsl

D

a
L1

)
Q1(λ0),

1

e
U Ψ2, λ(λ0) =

n2
0m1D

ρ0n02a

{
εKTD

(
λ2

0 − 1
)
e− 2

(
L1 + εKTDF1

)
H2(λ0)

}
,
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1

e
U

{
dΨn+1, λ(λ)

dλ

}
λ=λ0

=

= −n
(
n + 1

)(
KTsl

η0

ρ0T0
ATFn + KDsl

D

a
Ln

)
Qn(λ0), n > 2,

1

e
U Ψn+1, λ(λ0) = −n

(
n + 1

)n2
0m1D

ρ0n02a

(
Ln + εKTDFn

)
Hn+1(λ0), n > 2.

Çäåñü è äàëåå ïðèìåíÿþòñÿ òîæäåñòâà(
λ2 − 1

)dQn(λ)

dλ
= −n

(
n + 1

)
Hn+1(λ),

dHn+1(λ)

dλ
= −Qn(λ), n > 1.

Òàêèì îáðàçîì, êîýôôèöèåíòû α
′

m èñêëþ÷àþòñÿ èç êàæäîé ïàðû óðàâ-
íåíèé

1

e
U

{
2ω

′

2 + 2e2λ0 + Q1(λ0)α
′

2 +
24

25
Q3(λ0)

(
ω

′

2 − ω
′

4

)}
=

= 2KTsl
η0

ρ0T0
AT + 2

(
KTsl

η0

ρ0T0
ATF1 + KDsl

D

a
L1

)
Q1(λ0),

1

e
U

{
2ω

′

2λ0 + e2(λ2
0 − 1

)
−H2(λ0)α

′

2 −
24

25
H4(λ0)

(
ω

′

2 − ω
′

4

)}
=

= −n2
0m1D

ρ0n02a
εKTD

(
λ2

0 − 1
)
e + 2

n2
0m1D

ρ0n02a

(
L1 + εKTDF1

)
H2(λ0),

1

e
U

{
α

′

3Q2(λ0)+
120

49

(
ω

′

3−ω
′

5

)
Q4(λ0)

}
= 6
(
KTsl

η0

ρ0T0
ATF2+KDsl

D

a
L2

)
Q2(λ0),

1

e
U

{
2

3
ω

′

3−α
′

3H3(λ0)−
120

49

(
ω

′

3−ω
′

5

)
H5(λ0)

}
= 6

n2
0m1D

ρ0n02a

(
L2+εKTDF2

)
H3(λ0),

1

e
U

{(
n− 2

)(
n− 1

)
n
(
n + 1

)(
2n− 1

)2 Qn−2(λ0)
(
ω

′

n−1 − ω
′

n+1

)
+

+ Qn(λ0)α
′

n+1 +
n
(
n + 1

)(
n + 2

)(
n + 3

)(
2n + 3

)2 Qn+2(λ0)
(
ω

′

n+1 − ω
′

n+3

)}
=

= n
(
n + 1

)(
KTsl

η0

ρ0T0
ATFn + KDsl

D

a
Ln

)
Qn(λ0), n > 3,
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1

e
U

{(
n− 2

)(
n− 1

)
n
(
n + 1

)(
2n− 1

)2 Hn−1(λ0)
(
ω

′

n−1 − ω
′

n+1

)
+

+Hn+1(λ0)α
′

n+1 +
n
(
n + 1

)(
n + 2

)(
n + 3

)(
2n + 3

)2 Hn+3(λ0)
(
ω

′

n+1 − ω
′

n+3

)}
=

= −n
(
n + 1

)n2
0m1D

ρ0n02a

(
Ln + εKTDFn

)
Hn+1(λ0), n > 3.

Â ðåçóëüòàòå èç ïåðâîé ïàðû óðàâíåíèé ñ ó÷åòîì èçâåñòíîãî òîæäåñòâà

2λH2(λ) +
(
λ2 − 1

)
Q1(λ) = 1

èìååì äëÿ ñêîðîñòè U âûðàæåíèå

eU = 2KTsl
η0

ρ0T0
ATH2(λ0)−

n2
0m1D

ρ0n02a
εKTDe

(
λ2

0 − 1
)
Q1(λ0) +

+ 2

{(
KTsl

η0

ρ0T0
AT +

n2
0m1D

ρ0n02a
εKTD

)
F1+

+
(
KDsl +

n2
0m1

ρ0n02

)D

a
L1

}
Q1(λ0)H2(λ0)− 2

(
λ0Q1(λ0) +H2(λ0)

)1

e
Uω

′

2+

+
24

25

(
Q1(λ0)H4(λ0)−Q3(λ0)H2(λ0)

)1

e
U
(
ω

′

2 − ω
′

4

)
.

Â êàæäîì ëèíåéíîì íåîäíîðîäíîì àëãåáðàè÷åñêîì óðàâíåíèè ñèñòåìû(
n− 2

)(
n− 1

)(
2n− 1

)2 {
Qn−2(λ0)Hn+1(λ0)−Qn(λ0)Hn−1(λ0)

}
1

e
U
(
ω

′

n−1− ω
′

n+1

)
−

−
(
n + 2

)(
n + 3

)(
2n + 3

)2 {
Qn(λ0)Hn+3(λ0)−Qn+2(λ0)Hn+1(λ0)

}
1

e
U
(
ω

′

n+1−ω
′

n+3

)
=

=

{(
KTsl

η0

ρ0T0
AT +

n2
0m1D

ρ0n02a
εKTD

)
Fn+

(
KDsl+

n2
0m1

ρ0n02

)D

a
Ln

}
Qn(λ0)Hn+1(λ0)

ïðèñóòñòâóþò òðè íåèçâåñòíûå âåëè÷èíû (ω
′

n−1, ω
′

n+1, ω
′

n+3), êîòîðûå èìåþò
òîëüêî ÷åòíûå èëè íå÷åòíûå èíäåêñû. Ïîñëå ïåðåõîäà ê ïðîìåæóòî÷íîé íåèç-
âåñòíîé

Xn−1(λ0) =
Qn−2(λ0)Hn+1(λ0)−Qn(λ0)Hn−1(λ0)(

2n− 1
)2 1

e
U
(
ω

′

n−1 − ω
′

n+1

)
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ñ ó÷åòîì îáîçíà÷åíèÿ

rn =
(
KTsl

η0

ρ0T0
AT +

n2
0m1D

ρ0n02a
εKTD

)
Fn +

(
KDsl +

n2
0m1

ρ0n02

)D

a
Ln

óêàçàííàÿ áåñêîíå÷íàÿ ñèñòåìà ïðèâîäèòñÿ ê áîëåå ïðîñòîìó âèäó(
n−2

)(
n−1

)
Xn−1(λ0)−

(
n+2

)(
n+3

)
Xn+1(λ0) = rnQn(λ0)Hn+1(λ0), n > 3.

Îáå ÷àñòè êàæäîãî òàêîãî óðàâíåíèÿ óìíîæàåì íà n
(
n+1

)
è ïî÷ëåííî ñêëà-

äûâàåì óðàâíåíèÿ îòíîñèòåëüíî íåèçâåñòíûõ ñ ÷åòíûìè, à çàòåì îòäåëüíî ñ
íå÷åòíûìè èíäåêñàìè. Â ðåçóëüòàòå äëÿ íåèçâåñòíûõ X2(λ0) è X3(λ0) èìåþò
ìåñòî ñóììàðíûå ðàâåíñòâà

24X2(λ0) = −
(
λ2

0 − 1
) ∞∑

m=1

r2m+1

{
Q2m+1(λ)

dQ2m+1(λ)

dλ

}
λ=λ0

,

120X3(λ0) = −
(
λ2

0 − 1
) ∞∑

m=2

r2m

{
Q2m(λ)

dQ2m(λ)

dλ

}
λ=λ0

,

òàê êàê ïðè îãðàíè÷åííûõ çíà÷åíèÿõ ω
′

n ñïðàâåäëèâû ïðåäåëüíûå ñîîòíîøå-
íèÿ

lim
n→∞

n
∣∣Qn(λ0)

∣∣ = 0, lim
n→∞

n
∣∣Hn(λ0)

∣∣ = 0,

lim
n→∞

n
(
n + 1

)(
n + 2

)(
n + 3

)∣∣Xn+1(λ0)
∣∣ = 0

â ñèëó îöåíêè äëÿ Qn(λ0) â äàííîé çàäà÷å [6]∣∣Qn(λ0)
∣∣ < π

n
q−n−1

√
1− 1

q2 , q = λ0 +
√

λ2
0 − 1 > 1.

Èíòåãðàëüíîå äåéñòâèå íîðìàëüíûõ è êàñàòåëüíûõ íàïðÿæåíèé íà ïî-
âåðõíîñòü âûòÿíóòîãî ñôåðîèäà ñî ñòîðîíû îêðóæàþùåé ñðåäû îïðåäåëÿåòñÿ
ðàçìåðíûì âûðàæåíèåì âèäà

Fz = +
8

e
πη0Uaω

′

2.

Ïîýòîìó ïðè ðàâíîìåðíîì äâèæåíèè òàêîãî òåëà âûïîëíÿåòñÿ äîïîëíèòåëü-
íîå óñëîâèå

ω
′

2 = 0.

Òàêèì îáðàçîì, â ãèäðîäèíàìè÷åñêîì ðåæèìå ñî ñêîëüæåíèåì èñêîìàÿ z
- ïðîåêöèÿ ñêîðîñòè öåíòðà ìàññ áèíàðíîé ãàçîâîé ñìåñè îïðåäåëÿåòñÿ ÷åðåç
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ïîñòîÿííûå r2m+1 èëè (F2m+1, L2m+1) ñ íå÷åòíûìè èíäåêñàìè (m = 0; 1; 2; ...)

U = KTsl
η0

ρ0T0
AT −

(
KTsl

η0

ρ0T0
AT +

n2
0m1D

ρ0n02a
εKTD

)(
λ2

0 − 1
)
Q1(λ0)−

− 1

e

(
λ2

0 − 1
)m=m∗∑

m=0

r2m+1

{
Q2m+1(λ)

dQ2m+1(λ)

dλ

}
λ=λ0

.

Çäåñü ñóììèðîâàíèå ïî m îãðàíè÷åíî çíà÷åíèåì m∗ = 1; 2; 3; ..., òàê êàê òåð-
ìîäèôôóçèîííàÿ çàäà÷à ðåøàåòñÿ ñ çàäàííîé ñòåïåíüþ òî÷íîñòè è ðàçëîæå-
íèÿ äëÿ T (r) è C(r) óäåðæèâàþò âûòÿíóòûå ðàäèàëüíûå ôóíêöèè Tn, λ(λ) è
Cn, λ(λ) ïðè ïîëèíîìàõ Pn(µ) Ëåæàíäðà ñ ïîðÿäêîì n 6 2m∗ + 1.

6 Àíàëèç ðåçóëüòàòîâ

Ïðè òåðìîôîðåçå âûòÿíóòîãî â íàïðàâëåíèè äâèæåíèÿ òâåðäîãî ëåòó÷åãî
ñôåðîèäà ñ ïîëóîñÿìè a è b, êîãäà ñôåðà ñ ýêâèâàëåíòíûì ýêâàòîðèàëüíûì
ðàäèóñîì b < a ÿâëÿåòñÿ äîñòàòî÷íî êðóïíîé è âëèÿíèå ïîãðàíè÷íûõ ñêà÷êîâ
òåìïåðàòóðû è êîíöåíòðàöèè íà ïåðåíîñ àýðîçîëüíîé ÷àñòèöû èñ÷åçàþùå
ìàëîå

(
kTT = kTC = kCC = kCT = 0

)
ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ

Fn = Ln = Gn = 0 ïðè n 6= 1

Cs(τ)− C0 −
∂Cs

∂T ′

∣∣∣
T ′=τ

τ = 0,

∂Cs

∂T ′

∣∣∣
T ′=τ

Q1(λ0)F1 −Q1(λ0)L1 = −∂Cs

∂T ′

∣∣∣
T ′=τ

, Q1(λ0)F1 − λ0G1 = −1,(
Q1(λ0)−

(κ0

κ′
0

+ εKTDβ
){

λ
dQ1(λ)

dλ

}
λ=λ0

)
F1−

−β

{
λ
dQ1(λ)

dλ

}
λ=λ0

L1 =
κ0

κ′
0

+ εKTDβ − 1.

Îòñþäà èìååì

Q1(λ0)F1 =
4′

4
, Q1(λ0)L1 =

∂Cs

∂T ′

∣∣∣
T ′=τ

4′′

4
, λ0G1 =

4′′

4
,
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ãäå ââåäåíû îáîçíà÷åíèÿ

4 = 1−
(

κ0

κ′
0

+ β
(∂Cs

∂T ′

∣∣∣
T ′=τ

+ εKTD

)){ λ

Q1(λ)

dQ1(λ)

dλ

}
λ=λ0

,

4′
=

κ0

κ′
0

+ β

(
∂Cs

∂T ′

∣∣∣
T ′=τ

{
λ

Q1(λ)

dQ1(λ)

dλ

}
λ=λ0

+ εKTD

)
− 1,

4′′
= 4+4′

=
(κ0

κ′
0

+ βεKTD

)(
1−

{
λ

Q1(λ)

dQ1(λ)

dλ

}
λ=λ0

)
.

Òîãäà âûðàæåíèå äëÿ ñêîðîñòè öåíòðà èíåðöèè ãàçîîáðàçíîé ñðåäû

U1 = KTsl
η0

ρ0T0
AT −

(
KTsl

η0

ρ0T0
AT +

n2
0m1D

ρ0n02a
εKTD

)(
λ2

0 − 1
)
Q1(λ0) +

+2λ0

{(
KTsl

η0

ρ0T0
AT +

n2
0m1D

ρ0n02a
εKTD

)
F1+

(
KDsl+

n2
0m1

ρ0n02

)D

a
L1

}
Q1(λ0)H2(λ0)

ïîçâîëÿåò çàïèñàòü

U1 =

{
KTsl

η0

ρ0T0
AT +

(
KDsl +

n2
0m1

ρ0n02

)D

a

∂Cs

∂T ′

∣∣∣
T ′=τ

}(
1−
(
λ2

0−1
)
Q1(λ0)

)4′′

4
+

+
n2

0m1D

ρ0n02a
εKTD

{(
1−

(
λ2

0 − 1
)
Q1(λ0)

)4′′

4
− 1

}
.

Â ñèëó ó÷åòà ëåòó÷åñòè è òåðìîäèôôóçèîííûõ ýôôåêòîâ ýòà ðàñ÷åòíàÿ ôîð-
ìóëà îáîáùàåò ðåçóëüòàòû èçâåñòíûõ òåîðèé òåðìîôîðåçà êðóïíûõ òâåðäûõ
àýðîçîëüíûõ ÷àñòèö ñôåðîèäàëüíîé ôîðìû â ïðîñòîì ãàçå [3].

Äëÿ ôóíêöèé Ëåæàíäðà âòîðîãî ðîäà

Q1(λ) =
1

2
λ ln

λ + 1

λ− 1
− 1, λ

dQ1(λ)

dλ
=

1

2
ln

λ + 1

λ− 1
− λ2

λ2 − 1

ïðè 0 < e < 1 èìåþò ìåñòî ðàçëîæåíèÿ

λ0 ln
λ0 + 1

λ0 − 1
=

1

e
ln

1 + e

1− e
= 2
(
1 +

1

3
e2 + . . .

)
,

λ2
0

λ2
0 − 1

=
1

1− e2 = 1 + e2 + . . . ,

Q1(λ0) =
1

3
e2 + . . . ,

{
λ
dQ1(λ)

dλ

}
λ=λ0

=
2

3
e2 − . . . .
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Â ïðåäåëüíîì ñëó÷àå ÷àñòèöû ñôåðè÷åñêîé ôîðìû

lim
e→0

{
λ

Q1(λ)

dQ1(λ)

dλ

}
λ=λ0

= −2, lim
e→0

{(
λ2

0 − 1
)
Q1(λ0)

}
=

1

3
,

lim
e→0

4 = 1 + 2

(
κ0

κ′
0

+ β
(∂Cs

∂T ′

∣∣∣
T ′=τ

+ εKTD

))
,

lim
e→0

4′
=

κ0

κ′
0
− β

(
2
∂Cs

∂T ′

∣∣∣
T ′=τ

− εKTD

)
− 1, lim

e→0
4′′

= 3
(κ0

κ′
0

+ εKTDβ
)
.

Ïîýòîìó ïîëó÷àåì ðåçóëüòàò

U2 = lim
e→0

U1 = 2KTsl
η0

ρ0T0

κ0

κ′
0

+
Lm1n

2
0D

κ′
0n02

KTD

Tw

1 + 2
κ0

κ′
0

+ 2
Lm1n

2
0D

κ′
0n02

(∂Cs

∂T ′

∣∣∣
T ′=Tw

+
KTD

Tw

) AT +

+ 2
(
KDsl +

n2
0m1

ρ0n02

)
D

∂Cs

∂T ′

∣∣∣
T ′=Tw

κ0

κ′
0

+
Lm1n

2
0D

κ′
0n02

KTD

Tw

1 + 2
κ0

κ′
0

+ 2
Lm1n

2
0D

κ′
0n02

(∂Cs

∂T ′

∣∣∣
T ′=Tw

+
KTD

Tw

) AT −

− n2
0m1D

ρ0n02

KTD

Tw

1 + 2
Lm1n

2
0D

κ′
0n02

∂Cs

∂T ′

∣∣∣
T ′=Tw

1 + 2
κ0

κ′
0

+ 2
Lm1n

2
0D

κ′
0n02

(∂Cs

∂T ′

∣∣∣
T ′=Tw

+
KTD

Tw

) AT ,

êîòîðûé óäà÷íî ñîãëàñóåòñÿ ñ ðàíåå ïîëó÷åííûìè.

×èñëåííûé àíàëèç ïðîâîäèëñÿ â ìàòåìàòè÷åñêîì ïàêåòå Maple V.6 äëÿ
ïàðî-âîçäóøíîé ñìåñè ”H2O + N2”. Ïðè ýòîì èñïîëüçîâàëèñü ñëåäóþùèå ïà-
ðàìåòðû: KTsl = 1,16, KDsl = 0,30, η1 = 1,28 · 10−5 Ïà·ñ, η2 = 1,81 · 10−5 Ïà·ñ,
T0 = 293 Ê, L = 2,4535 · 106 Äæ/êã, n0 = 2,70 · 1025 ì−3, D = 2,5 · 10−5

ì2/c, κ = 0,026 Äæ/(Ê·ì), κ1 = 0,599 Äæ/(Ê·ì), P1s = 17,54 ìì ðò.

ñò., ∂Cs

∂T ′

∣∣∣
T ′=Tw

= 1, 67 · 10−3K−1, KTD = 5, 5 · 10−3, µ1 = 0,018 êã/ìîëü,

µ1 = 0,028 êã/ìîëü. Ïîëó÷åííûå ðåçóëüòàòû ïðèâåäåíû â òàáëèöàõ 1�6.
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Òàáëèöà 1. AT = 100 Ê/ì, T0 = 293 Ê, C0 = 10−3, a = 10 ìêì

Îòíîøåíèå
ìàëîé
ïîëóîñè
ê áîëüøîé

×èñëî
Êíóäñåíà

Îòíîñèòåëüíîå
èçìåíåíèå
ñêîðîñòè

U1 U

.210 .17931666 .53530749 1.2386564903 1.9017185849

.270 .10847551 .41496783 1.2383288536 1.7521954947

.330 .07261584 .33752437 1.2379792011 1.6558273455

.390 .05199122 .28445555 1.2376131364 1.5896590619

.450 .03905118 .24627627 1.2372344647 1.5419359483

.510 .03040317 .21772905 1.2368458835 1.5061431626

.570 .02433938 .19570868 1.2364493688 1.4784332481

.630 .01992407 .17828304 1.2360464074 1.4564125151

.690 .01660967 .16419655 1.2356381419 1.4385256675

.750 .01405843 .15260290 1.2352254670 1.4237244516

.810 .01205283 .14291345 1.2348090945 1.4112799259

.870 .01044770 .13470768 1.2343895980 1.4006713591

.930 .00914310 .12767801 1.2339674460 1.3915179487

.990 .00806843 .12159481 1.2335430243 1.3835354496
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Òàáëèöà 2. AT = 100 Ê/ì, T0 = 293 Ê, C0 = 10−3, a = 5 ìêì

Îòíîøåíèå
ìàëîé
ïîëóîñè
ê áîëüøîé

×èñëî
Êíóäñåíà

Îòíîñèòåëüíîå
èçìåíåíèå
ñêîðîñòè

U1 U

.210 .35863332 .89462824 1.2386564907 2.3467935721

.270 .21695102 .72294504 1.2383288539 2.1335725545

.330 .14523168 .60489109 1.2379792015 1.9868217938

.390 .10398244 .51998856 1.2376131367 1.8811578062

.450 .07810237 .45667280 1.2372344650 1.8022457924

.510 .06080634 .40802201 1.2368458838 1.7415062303

.570 .04867876 .36969352 1.2364493692 1.6935566945

.630 .03984815 .33885276 1.2360464078 1.6548841495

.690 .03321934 .31358571 1.2356381422 1.6231166066

.750 .02811685 .29256140 1.2352254673 1.5966047583

.810 .02410567 .27483025 1.2348090948 1.5741719825

.870 .02089540 .25969929 1.2343895984 1.5549597061

.930 .01828619 .24665265 1.2339674463 1.5383287922

.990 .01613685 .23529937 1.2335430247 1.5237949215
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Òàáëèöà 3. AT = 100 Ê/ì, T0 = 293 Ê, C0 = 10−3, a = 2.5 ìêì

Îòíîøåíèå
ìàëîé
ïîëóîñè
ê áîëüøîé

×èñëî
Êíóäñåíà

Îòíîñèòåëüíîå
èçìåíåíèå
ñêîðîñòè

U1 U

.210 .71726664 1.37779996 1.2386564904 2.9452773535

.270 .43390204 1.16756276 1.2383288536 2.6841555066

.330 .29046335 1.01198603 1.2379792012 2.4907968552

.390 .20796488 .89337487 1.2376131365 2.3432656106

.450 .15620474 .80069755 1.2372344648 2.2278850656

.510 .12161268 .72675687 1.2368458835 2.1357321243

.570 .09735752 .66669269 1.2364493689 2.0607811205

.630 .07969629 .61712866 1.2360464074 1.9988460760

.690 .06643869 .57566147 1.2356381419 1.9469474089

.750 .05623370 .54054337 1.2352254670 1.9029184012

.810 .04821134 .51047894 1.2348090945 1.8651531355

.870 .04179080 .48449145 1.2343895981 1.8324408071

.930 .03657239 .46183297 1.2339674460 1.8038542969

.990 .03227371 .44192270 1.2335430244 1.7786736842
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Òàáëèöà 4. AT = 100 Ê/ì, T0 = 293 Ê, C0 = 10−2, a = 10 ìêì

Îòíîøåíèå
ìàëîé
ïîëóîñè
ê áîëüøîé

×èñëî
Êíóäñåíà

Îòíîñèòåëüíîå
èçìåíåíèå
ñêîðîñòè

U1 U

.210 .17891867 .53541291 1.2378282741 1.9005775115

.270 .10823475 .41499930 1.2375038023 1.7510670129

.330 .07245467 .33752305 1.2371575259 1.6547267013

.390 .05187583 .28443879 1.2367949937 1.5885874713

.450 .03896451 .24625201 1.2364199742 1.5408908727

.510 .03033569 .21770114 1.2360351385 1.5051213986

.570 .02428536 .19567909 1.2356424438 1.4774318305

.630 .01987985 .17825278 1.2352433619 1.4554289280

.690 .01657281 .16416619 1.2348390247 1.4375578397

.750 .01402722 .15257271 1.2344303181 1.4227706929

.810 .01202608 .14288359 1.2340179470 1.4103388568

.870 .01042451 .13467821 1.2336024794 1.3997418487

.930 .00912280 .12764894 1.2331843792 1.3905990638

.990 .00805052 .12156616 1.2327640286 1.3826264145

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal 35



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ, N. 2, 2006

Òàáëèöà 5. AT = 100 Ê/ì, T0 = 293 Ê, C0 = 10−2, a = 5 ìêì

Îòíîøåíèå
ìàëîé
ïîëóîñè
ê áîëüøîé

×èñëî
Êíóäñåíà

Îòíîñèòåëüíîå
èçìåíåíèå
ñêîðîñòè

U1 U

.210 .35783734 .89501778 1.2378282744 2.3457065854

.270 .21646950 .72315236 1.2375038027 2.1324075941

.330 .14490934 .60500008 1.2371575263 1.9856379334

.390 .10375165 .52004155 1.2367949940 1.8799797858

.450 .07792902 .45669245 1.2364199745 1.8010836454

.510 .06067138 .40802105 1.2360351389 1.7403634995

.570 .04857072 .36967943 1.2356424441 1.6924340342

.630 .03975970 .33883007 1.2352433623 1.6537809595

.690 .03314561 .31355728 1.2348390251 1.6220317891

.750 .02805445 .29252907 1.2344303185 1.5955370706

.810 .02405217 .27479523 1.2340179473 1.5731201980

.870 .02084902 .25966242 1.2336024798 1.5539226832

.930 .01824561 .24661448 1.2331843795 1.5373054985

.990 .01610104 .23526028 1.2327640289 1.5227844371

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal 36



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ, N. 2, 2006

Òàáëèöà 6. AT = 100 Ê/ì, T0 = 293 Ê, C0 = 10−2, a = 2.5 ìêì

Îòíîøåíèå
ìàëîé
ïîëóîñè
ê áîëüøîé

×èñëî
Êíóäñåíà

Îòíîñèòåëüíîå
èçìåíåíèå
ñêîðîñòè

U1 U

.21 .7156746803 1.3787889533 1.2378282741 2.9445322246

.27 .4329390041 1.1682160735 1.2375038024 2.6831756353

.33 .2898186722 1.0124276340 1.2371575259 2.4896899928

.39 .2075033097 .8936781426 1.2367949937 2.3420916465

.45 .1558580415 .8009076031 1.2364199742 2.2266781321

.51 .1213427659 .7269023659 1.2360351386 2.1345120052

.57 .0971414386 .6667923635 1.2356424438 2.0595593894

.63 .0795194089 .6171950945 1.2352433620 1.9976295056

.69 .0662912275 .5757032904 1.2348390247 1.9457399144

.75 .0561088949 .5405666456 1.2344303182 1.9017221745

.81 .0481043338 .5104880153 1.2340179470 1.8639693196

.87 .0416980491 .4844894811 1.2336024795 1.8312699046

.93 .0364912168 .4618222959 1.2331843792 1.8026964205

.99 .0322020747 .4419050775 1.2327640286 1.7775287122
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7 Ïðèëîæåíèå.

Ôóíêöèè Ãåãåíáàóýðà Jn(x), Hn(x) ïåðâîãî è âòîðîãî ðîäîâ óäîâëåòâîðÿ-
þò äèôôåðåíöèàëüíîìó óðàâíåíèþ

(x2 − 1)
d2

dx2

Jn

Hn
(x)− n(n− 1)

Jn

Hn
(x) = 0 (Ï.1)

Êàê ëèíåéíî íåçàâèñèìûå ðåøåíèÿ îíè èìåþò ñâîéñòâà, êîòîðûå âûâîäÿòñÿ
íåïîñðåäñòâåííî èç ñâÿçè ñ ñîîòâåòñòâóþùèìè ôóíêöèÿìè Ëåæàíäðà Pn(x),
Qn(x) ïåðâîãî è âòîðîãî ðîäîâ ïîðÿäêà n > 2

Jn(x) =
Pn−2(x)− Pn(x)

2n− 1
, Hn(x) =

Qn−2(x)−Qn(x)

2n− 1
(Ï.2)

Ôóíêöèè Ëåæàíäðà ïåðâîãî è âòîðîãî ðîäîâ îáëàäàþò îäèíàêîâûìè ðå-
êóððåíòíûìè ñâîéñòâàìè (n > 1)(

2n + 1
)
x

Pn

Qn
(x) =

(
n + 1

)Pn+1

Qn+1
(x) + n

Pn−1

Qn−1
(x), (Ï.3)

d

dx

Pn+1

Qn+1
(x)− d

dx

Pn−1

Qn−1
(x) =

(
2n + 1

)Pn

Qn
(x), (Ï.4)

êîòîðûå ïîçâîëÿþò çàïèñàòü äëÿ Ôóíêöèé Ãåãåíáàóýðà ïåðâîãî è âòîðîãî
ðîäîâ ñëåäóþùèå ðåêóððåíòíûå ðàâåíñòâà

(2n− 1)x
Jn

Hn
(x) = (n + 1)

Jn+1

Hn+1
(x) + (n− 2)

Jn−1

Hn−1
(x),

n > 1

n > 3
, (Ï.5)

d

dx

Jn

Hn
(x) = −Pn−1

Qn−1
(x),

n > 1

n > 2
, (Ï.6)

Èç ñîîòíîøåíèé (Ï.3) è (Ï.5) ñëåäóþò òîæäåñòâà

x2 Pn

Qn
(x) =

(n + 1)(n + 2)

(2n + 1)(2n + 3)

Pn+2

Qn+2
(x) +

2n2 + 2n− 1

(2n− 1)(2n + 3)

Pn

Qn
(x) +

+
(n− 1)n

(2n− 1)(2n + 1)

Pn−2

Qn−2
(x), n > 2, (Ï.7)

x2 Jn

Hn
(x) =

(n + 1)(n + 2)

(2n− 1)(2n + 1)

Jn+2

Hn+2
(x) +

2n2 − 2n− 3

(2n− 3)(2n + 1)

Jn

Hn
(x) +

+
(n− 3)(n− 2)

(2n− 3)(2n− 1)

Jn−2

Hn−2
(x),

n > 2

n > 4
(Ï.8)
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Äèôôåðåíöèàëüíîå óðàâíåíèå (Ï.1) â ñèëó ðàâåíñòâà (Ï.6) ïîçâîëÿåò çà-
ïèñàòü ôîðìóëó

(x2 − 1)
d

dx

Pn

Qn
(x) = −n(n + 1)

Jn+1

Hn+1
(x), n > 1 (Ï.9)

Ïðèâåäåì ñîîòíîøåíèÿ, ñâÿçûâàþùèå ôóíêöèè Ëåæàíäðà ïåðâîãî è âòî-
ðîãî ðîäîâ. Êîìáèíàöèÿ ôîðìóë (Ï.3) äàåò äâà ðàâåíñòâà

(n + 1)
{
Pn+1(x)Qn(x)− Pn(x)Qn+1(x)

}
= n

{
Pn(x)Qn−1(x)− Pn−1(x)Qn(x)

}
,

(n + 1)
{
Pn+1(x)Qn−1(x)− Pn−1(x)Qn+1(x)

}
=

(2n + 1)x
{
Pn(x)Qn−1(x)− Pn−1(x)Qn(x)

}
.

Îòêóäà ïîñëåäîâàòåëüíî ïîëó÷àåì

n
{
Pn(x)Qn−1(x)− Pn−1(x)Qn(x)

}
= P1(x)Q0(x)− P0(x)Q1(x),

Pn(x)Qn−1(x)− Pn−1(x)Qn(x) =
1

n
, (Ï.10)

Pn+1(x)Qn−1(x)− Pn−1(x)Qn+1(x) =
2n + 1

n(n + 1)x
(Ï.11)

Çäåñü èñïîëüçîâàíû âûðàæåíèÿ

P0(x) = 1, P1(x) = x, Q0(x) =
1

2
ln

x + 1

x− 1
, Q1(x) =

1

2
x ln

x + 1

x− 1
− 1.

(Ï.12)

Âûðîæäåííûå ñëó÷àè ïðè n = 0 è 1 îïðåäåëÿþòñÿ ôîðìóëàìè

J0(x) = 1, J1(x) = −x, H0(x) = −x, H1(x) = −1. (Ï.13)

Åñëè àðãóìåíò íåîãðàíè÷åííî âîçðàñòàåò, òî ôóíêöèÿ ïåðâîãî ðîäà Jn(x)
îáðàùàåòñÿ â áåñêîíå÷íîñòü êàê ïîëèíîì ñòåïåíè n, à ôóíêöèÿ âòîðîãî ðîäà
Hn(x) ñòðåìèòñÿ ê íóëþ. Îäíàêî ôóíêöèÿHn(x) èìååò îñîáåííîñòü ëîãàðèô-
ìè÷åñêîãî òèïà ïðè x = ±1.

+1∫
−1

Jn(x)dx =


2, åñëè n = 0,
2
3 , åñëè n = 2,

0, åñëè n 6= 0; 2,

(Ï.14)

+1∫
−1

Jm(x)Jn(x)

1− x2 dx =
2

n
(
n− 1

)(
2n− 1

) δmn, (Ï.15)
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+1∫
−1

Pm(x)Pn(x) dx =
2

2n + 1
δmn. (Ï.16)

Çäåñü ñèìâîë Êðîíåêåðà δmn ðàâåí åäèíèöå ïðè m = n è íóëþ ïðè m 6= n.
Óñëîâèå îðòîãîíàëüíîñòè (Ï.15) ñïðàâåäëèâî, êîãäà m, n 6= 0; 1.
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