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ÄÈÀÃÎÍÀËÜÍÛÌ ÂÛÐÎÆÄÅÍÈÅÌ ßÄÐÀ1

À.À.Áîáîäæàíîâ, M.À.Áîáîäæàíîâà, Â.Ô.Ñàôîíîâ2

Ìîñêîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ÌÝÈ

Àííîòàöèÿ

Äëÿ íåëèíåéíîé ñèíãóëÿðíî âîçìóùåííîé èíòåãðîäèôôåðåíöèàëüíîé çà-
äà÷è ñ äèàãîíàëüíûì âûðîæäåíèåì ÿäðà ðàçâèâàåòñÿ àëãîðèòì ðåãóëÿðèçî-
âàííûõ ïî Ëîìîâó àñèìïòîòè÷åñêèõ ðåøåíèé. Äîêàçûâàþòñÿ òåîðåìû î íîð-
ìàëüíîé è îäíîçíà÷íîé ðàçðåøèìîñòè ñîîòâåòñòâóþùèõ èòåðàöèîííûõ çàäà÷
êàê â íåðåçîíàíñíîì, òàê è â ðåçîíàíñíîì ñëó÷àÿõ. Àñèìïòîòè÷åñêàÿ ñõîäè-
ìîñòü ôîðìàëüíûõ ðåøåíèé ê òî÷íîìó ìîæåò áûòü îáîñíîâàíà ñ ïîìîùüþ
ìåòîäà Íüþòîíà â ôîðìå Ñðóáùèêà-Þäîâè÷à. Íà îñíîâå àíàëèçà ãëàâíîãî
÷ëåíà àñèìïòîòèêè âûäåëÿåòñÿ êëàññ ïðàâûõ ÷àñòåé è íà÷àëüíûõ äàííûõ,
ïðè êîòîðûõ òî÷íîå ðåøåíèå èñõîäíîé çàäà÷è ñòðåìèòñÿ (ïðè ñòðåìëåíèè
ìàëîãî ïàðàìåòðà ê íóëþ) ê ïðåäåëüíîìó íà âñåì ðàññìàòðèâàåìîì ïðîìå-
æóòêå âðåìåíè (ò.å. ðåøàåòñÿ òàê íàçûâàåìàÿ çàäà÷à èíèöèàëèçàöèè).

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, ïîãðàíè÷íûé ñëîé, èíòå-
ãðîäèôôåðåíöèàëüíîå óðàâíåíèå, äèàãîíàëüíîå âûðîæäåíèå ÿäðà, ïðîáëåìà
èíèöèàëèçàöèè.

1Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì ïðè Ïðåçèäåíòå ÐÔ
(ïðîåêò ÍØ-2081.2014.1).

2 c©À.À.Áîáîäæàíîâ, M.À.Áîáîäæàíîâà, Â.Ô.Ñàôîíîâ, Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò
ÌÝÈ , 2015.
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Abstract

For nonlinear singularly perturbed integro-di�erential problem with diagonal
degeneration of the kernel the algorithm for constructing regularized by Lomov
asymptotic solutions is developed. Theorems of normal and unique solvability
of the corresponding iterative tasks both in non-resonance and resonance case
are proved. Asymptotic convergence of formal solutions to the exact one can be
justi�ed by using Newton's method in the Srubshchik-Yudovich form. Basing on
the analysis of the leading term of the asymptotic behavior we describe the class
of right-hand parts and initial data for which the exact solution of the original
problem tends to limit function (when the small parameter tends to zero ) on all
the considered period of time (i.e. the so called initialization problem is solved).

Keywords: singular perturbation, boundary layer, integro-di�erential
equation, diagonal degeneration of the kernel, initialization problem.

Îáîçíà÷åíèÿ. Âåçäå â ðàáîòå ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ.
Âåêòîðû-ñòðîêè îáîçíà÷àþòñÿ â êðóãëûõ ñêîáêàõ: b = (b1, ..., br) , à âåêòîðû-
ñòîëáöû − â ôèãóðíûõ ñêîáêàõ: a = {a1, ..., ar} (òàê ÷òî aT = (a1, ..., ar) ).
Çâ¼çäî÷êà îçíà÷àåò òðàíñïîíèðîâàíèå è ñîïðÿæåíèå: b∗ =

(
b̄T
)
. Ââîäÿò-

ñÿ ìóëüòèèíäåêñû k = (k0, k1, k2) èçìåðåíèÿ |k| = k0 + k1+ +k2. ×åðåç
λ (t) îáîçíà÷åíà âåêòîð-ñòðîêà λ (t) = (λ0 (t) , λ1 (t) , λ2 (t)) , à ÷åðåç ej îáî-
çíà÷åí j−é îðò â ïðîñòðàíñòâå C3 êîìïëåêñíî-çíà÷íûõ òð¼õìåðíûõ ñòîá-
öîâ, ò.å. e0 = (1, 0, 0)T , e1 = (0, 1, 0)T , e2 = (0, 0, 1)T . Äàëåå, (m,λ (t)) ≡
≡ m0λ0 (t) + m1λ1 (t) + m2λ2 (t) , (m, τ) ≡ m0τ0 + m1τ1 + m2τ2. Ñêà-
ëÿðíîå ïðîèçâåäåíèå â êîìïëåêñíîì ïðîñòðàíñòâå C3 òð¼õìåðíûõ âåêòîð-
ñòîëáöîâ (èëè âåêòîð-ñòðîê) ââîäèòñÿ îáû÷íûì îáðàçîì: äëÿ ëþáûõ âåêòî-
ðîâ y = {y0, y1, y2} , z = {z0, z1, z2} , ïðèíàäëåæàùèõ ïðîñòðàíñòâó C3 , ïî-
ëàãàåì ïî îïðåäåëåíèþ (y, z)C3 =

∑2
j=0 yj z̄j (èíäåêñ C3 âåçäå îïóñêàåòñÿ).

È, íàêîíåö, ÷åðåç ϕj (t) áóäåì îáîçíà÷àòü λj (t) - ñîáñòâåííûé âåêòîð ìàò-
ðèöû A (t) (A(t)ϕj(t) ≡ λj(t)ϕj(t))), à ÷åðåç χi (t) − i -é ñòîëáåö ìàòðèöû
[Φ∗ (t)]−1 , ãäå Φ (t) ≡ (ϕ1 (t) , ..., ϕn (t)) . Òîãäà χi (t) − λ̄i (t) - ñîáñòâåííûé
âåêòîð ìàòðèöû A∗ (t) , ïðè÷åì (ϕj (t) , χi (t)) = δji− ñèìâîë Êðîíåêåðà,
i, j = 0, 2. Â ñóììå

∗∑
0≤|m|≤N

w(m)(t)e(m,τ)

çâåçäî÷êà îçíà÷àåò, ÷òî â íåé îòñóòñòâóþò ðåçîíàíñíûå ýêñïîíåíòû e(m,τ) ñ
m = (m0,m1,m2) , |m| ≥ 2 òàêèìè, ÷òî èìååò ìåñòî òîæäåñòâî (m, λ (t)) ≡
≡ λj (t) ∀t ∈ [0, T ] , j = 1, n.
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Â ñòàòüå [1] ðàññìàòðèâàëàñü ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé ñ äèàãî-
íàëüíûì âûðîæäåíèåì ÿäðà:

µy (t) =
t

∫
0

(t− s)K0 (t, s) y (s) ds+ h (t) , t ∈ [0, T ] , (1)

êîòîðàÿ äèôôåðåíöèðîâàíèåì ïî t ïðèâîäèëàñü ê èíòåãðîäèôôåðåíöèàëü-
íîé çàäà÷å

ε2 dydt =
t

∫
0

(
K0 (t, s) y (s, ε) + (t− s)

(
∂
∂tK0 (t, s)

)
y (s, ε)

)
ds+ ḣ (t) ,

y (0, ε) = h(0)
ε2 , t ∈ [0, T ]

(
ε =
√
µ
) (2)

ñ íóëåâûì îïåðàòîðîì äèôôåðåíöèàëüíîé ÷àñòè [7]. Áûëî ïîñòðîåíî
àñèìïòîòè÷åñêîå ðåøåíèå çàäà÷è (2) â âèäå ÷àñòè÷íîé ñóììû yεN (t) =
=
∑N

k=−2 ε
jzj (t, ψ (t, ε)) ðåãóëÿðèçîâàííîãî ðÿäà, ñîäåðæàùåãî îòðèöàòåëü-

íûå ñòåïåíè ìàëîãî ïàðàìåòðà ε =
√
µ. Ïðè ïåðåõîäå ê íåëèíåéíîé çàäà-

÷å íàëè÷èå îòðèöàòåëüíûõ ñòåïåíåé ε ïðèâåä¼ò ê òîìó, ÷òî åå ôîðìàëüíîå
àñèìïòîòè÷åñêîå ðåøåíèå áóäåò çàïèñàíî â âèäå ðÿäà Ëîðàíà ïî ñòåïåíÿì
ε , ñîäåðæàùåãî ïðè ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷åíèÿõ �äèàãîíàëüíîãî
ÿäðà� K0 (t, t) òàê íàçûâàåìûå ñåêóëÿðíûå ÷ëåíû òèïà (t/ε)m cos (β (t) /ε) ,
êîòîðûå äåëàþò íåïðèãîäíûìè ôîðìàëüíûå ðÿäû äëÿ àñèìïòîòè÷åñêîãî àíà-
ëèçà ðåøåíèé ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ ïðè ε→ +0. Ïî ýòîé ïðè÷èíå
â ðàññìàòðèâàåìîé íèæå çàäà÷å (3) íà íåîäíîðîäíîñòü h (t) íàêëàäûâàåòñÿ
óñëîâèå h (0) = ḣ (0) = 0, êîòîðîå ïîçâîëÿåò èçáåæàòü â àñèìïòîòè÷åñêîì
ðåøåíèè îòðèöàòåëüíûõ ñòåïåíåé ïàðàìåòðà (ñì. [1]) è ïîñòðîèòü ðåãóëÿðè-
çîâàííûé ðÿä ïî íåîòðèöàòåëüíûì ñòåïåíÿì ïàðàìåòðà ε.

Èòàê, ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííóþ íåëèíåéíóþ çàäà÷ó

ε3 dydt =
t∫
0

(t− s)
2∑
j=0

εjKj (t, s) y(j) (t, s) ds+

+h (t) + ε3f (y, t) , y (0, ε) = y0, t ∈ [0, T ]
(
ε = 3
√
µ
) (3)

ñ áîëåå îáùèì, ÷åì â (1), ÿäðîì. ×òîáû íå óñëîæíÿòü âûêëàäêè, èññëåäóåòñÿ
ñêàëÿðíûé ñëó÷àé çàäà÷è (3). Íàëè÷èå â íåé ìíîæèòåëÿ ε3 ïåðåä ïðîèç-
âîäíîé y′ â ëåâîé ÷àñòè óðàâíåíèÿ è íåëèíåéíîñòüþ f (y, t) â åãî ïðàâîé
÷àñòè îçíà÷àåò, ÷òî ðàçëîæåíèå ðåøåíèÿ çàäà÷è (3) áóäåò âåñòèñü ïî äðîá-
íûì ñòåïåíÿì ïàðàìåòðà µ

(
ε = µ1/3

)
. Ïðåäïîëàãàÿ, ÷òî ðåøåíèå çàäà÷è (3)

ñóùåñòâóåò è èìååò íåîáõîäèìóþ ñòåïåíü ãëàäêîñòè íà îòðåçêå [0, T ] , ïðî-
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äèôôåðåíöèðóåì äâàæäû óðàâíåíèå (3). Áóäåì èìåòü

ε3 d
2y
dt2 =

∫ t
0{K0 (t, s) y (s, ε) +K1 (t, s) εy′ (s, ε) +K2 (t, s) ε2y′′ (s, ε) +

+ (t− s) (
(
∂
∂tK0 (t, s)

)
y (s, ε) +

(
∂
∂tK1 (t, s)

)
εy′ (s, ε) +

+
(
∂
∂tK2 (t, s)

)
ε2y′′ (s, ε))}ds+ h′ (t) +

+ε3
((

∂
∂yf (y, t) |y=y(t,ε)

)
y′ (t, ε) +

(
∂
∂tf (y, t) |y=y(t,ε)

))
,

ε3 d
3y
dt3 =

∫ t
0{2

(
∂
∂tK0 (t, s)

)
y (s, ε) + 2

(
∂
∂tK1 (t, s)

)
εy′ (s, ε) +

+2
(
∂
∂tK2 (t, s)

)
ε2y′′ (s, ε) + (t− s) (

(
∂2

∂t2K0 (t, s)
)
y (s, ε) +

+
(
∂2

∂t2K1 (t, s)
)
εy′ (s, ε) +

(
∂2

∂t2K2 (t, s)
)
ε2y′′ (s, ε))}ds+

+K0 (t, t) y +K1 (t, t) εy′ +K2 (t, t) ε2y′′ + h′′ (t) +

+ε3{
(
∂2

∂y2f (y, t) |y=y(t,ε)y′ (t, ε) +
(

∂2

∂t∂yf (y, t) |y=y(t,ε)
))

y′ (t, ε) +

+
(
∂
∂yf (y, t) |y=y(t,ε)

)
y′′ (t, ε) +

(
∂2

∂t∂yf (y, t) |y=y(t,ε)
)
y′ (t, ε) +

+
(
∂2

∂t2f (y, t) |y=y(t,ε)
)
}

Ââåäåì íîâûå ôóíêöèè y = y, ε ddty = z, ε2
(
d2y
dt2

)
= ε ddt

(
εdydt

)
= ε ddtz (t) =

= v (t) . Ïîëó÷èì óðàâíåíèå

ε
dv

dt
=

∫ t

0

{2
(
∂

∂t
K0 (t, s)

)
y (s, ε) + 2

(
∂

∂t
K1 (t, s)

)
z (s, ε) +

+ 2

(
∂

∂t
K2 (t, s)

)
v (s, ε) + (t− s) (

(
∂2

∂t2
K0 (t, s)

)
y (s) +

+

(
∂2

∂t2
K1 (t, s)

)
z (s) +

(
∂2

∂t2
K2 (t, s)

)
v (s))}ds+

+K0 (t, t) y (t) +K1 (t, t) z (t) +K2 (t, t) v (t) +
d2

dt2
h (t) +

+ ε3{
((

∂2

∂y2
f (y, t) |y=y(t,ε)

)
z (t, ε)

ε
+

(
∂2

∂t∂y
f (y, t) |y=y(t,ε)

))
z (t, ε)

ε

+

(
∂

∂y
f (y, t) |y=y(t,ε)

)
v (t, ε)

ε2
+

(
∂2

∂y∂t
f (y, t) |y=y(t,ε)

)
z (t, ε)

ε
+

+

(
∂2

∂t2
f (y, t) |y=y(t,ε)

)
}.

Äëÿ âåêòîð-ôóíêöèè w = {y, z, v} ñ ó÷åòîì ðàâåíñòâ h (0) = ḣ (0) = 0
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ïîëó÷àåì ñëåäóþùóþ çàäà÷ó:

εdwdt = A (t)w +
t

∫
0
B (t, s)w (s) ds+H (t) + εF (w, t, ε) ,

w (0, ε) = w0 (ε) ≡
≡
{
y0, ε · f

(
y0, 0

)
, ε2f

(
y0, 0

)
· ∂
∂ y f

(
y0, 0

)
+ ε2 ∂

∂ t f
(
y0, 0

)}
,

(4)

ãäå ìàòðèöû A (t) , B (t, s) è âåêòîð-ôóíêöèè H (t) , F (w, t, ε) èìåþò âèä
( e3 = {0, 0, 1} )

A (t) =

 0 1 0

0 0 1

K0 (t, t) K1 (t, t) K2 (t, t)

 , H (t) =

 0

0

h′′ (t)

 ,

B (t, s) =

 0 0 0

0 0 0

k0(t, s) k1(t, s) k2(t, s)

 ,

F (w, t, ε) =

{[(
∂2

∂y2
f (y, t)

)
z (t, ε) + ε

(
∂2

∂t∂y
f (y, t)

)]
z (t, ε) +

+ ε

(
∂2

∂y∂t
f (y, t)

)
z (t, ε) + ε2

(
∂2

∂t2
f (y, t)

)
+

+

(
∂

∂y
f (y, t)

)
v (t, ε)

}
e3,

kj (t, s) = 2
∂

∂t
Kj (t, s) + (t− s) ∂

2

∂t2
[Kj (t, s)] , j = 0, 2.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìàòðèöû A (t) áóäåò òàêèì:

λ3 = K2 (t, t)λ2 +K1 (t, t)λ+K0 (t, t) .

Åãî êîðíè λ = λj (t) îáðàçóþò ñïåêòð σ (A (t)) =
{
λj (t) , j = 0, 2

}
ìàòðè-

öû A (t) . Áóäåì ïðåäïîëàãàòü, ÷òî îí ïðîñòîé, ò.å. ÷òî λi (t) 6=λj (t) , i 6=
6= j, i, j = 0, 2,∀t ∈ [0, T ] . Òîãäà ìàòðèöà A (t) èìååò ïîëíóþ ñèñòåìó
ñîáñòâåííûõ âåêòîðîâ {ϕj (t)} , êîòîðûå ìîæíî çàïèñàòü â âèäå ϕj (t) =
=
{

1, λj (t) , λ2j (t)
}
, j = 0, 2. Îáîçíà÷èì ÷åðåç Φ (t) ìàòðèöó èç ñîáñòâåí-

íûõ âåêòîðîâ îïåðàòîðà A (t) :

Φ (t) = (ϕ0 (t) , ϕ1 (t) , ϕ2 (t)) ≡

 1 1 1

λ0 (t) λ1 (t) λ2 (t)

λ20 (t) λ21 (t) λ22 (t)
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è âû÷èñëèì ìàòðèöó (Φ∗ (t))−1 = χ (t) ≡ (χ0 (t) , χ1 (t) , χ2 (t)) . Òîãäà χj (t)
áóäåò λj (t)− ñîáñòâåííûì âåêòîðîì ñîïðÿæåííîé ìàòðèöû A∗ (t) , ïðè-
÷åì ñèñòåìû âåêòîðîâ {ϕj (t)} è {χi (t)} áóäóò áèîðòîíîðìèðîâàííûìè, ò.å.
(ϕi (t) , χj (t)) = δij− ñèìâîë Êðîíåêåðà, i, j = 0, 2, ∀t ∈ [0, T ] .

Ïîäûòîæèì óñëîâèÿ, ïðè êîòîðûõ áóäåò ðàññìàòðèâàòüñÿ çàäà÷à (4):

1) h (t) ∈ C∞[0, T ], h (0) = ḣ (0) = 0, Kj (t, s) ∈ C∞ (0 ≤ s ≤ t ≤ T ) , j =
= 0, 2;

2) ñïåêòð ìàòðèöû A(t) óäîâëåòâîðÿåò òðåáîâàíèÿì: à) λi (t) 6=
6= λj (t) , i 6= j, λj(t) 6= 0, i, j = 0, 2,∀t ∈ [0, T ] , á)Reλj(t) ≤ 0, j =
= 0, 2 (∀t ∈ [0, T ]);

3) ôóíêöèÿ f (y, t) ÿâëÿåòñÿ ìíîãî÷ëåíîì3 îò y : f (y, t) =f0 (t) +
+
∑N0

r=1 fr (t) yr ñ êîýôôèöèåíòàìè fr (t) ∈ C∞
(
[0, T ] ,C1

)
, r = 0, N0, N0 <

< ∞ (òîãäà è âåêòîð-ôóíêöèÿF (w, t, ε) òàêæå áóäåò ìíîãî÷ëåíîì ïî w :
F =

∑N
|m|=0 F

(m) (t, ε)wm ñ âåêòîðíûìè êîýôôèöèåíòàìè F (m) (t, ε) èç êëàñ-

ñà C∞
((

[0, T ] ,C3
)
× {ε > 0}

)
);

4) Ðàâåíñòâà (m,λ (t)) ≡ m0λ0 (t) + m1λ1 (t) + m2λ2 (t) = λj (t) (ïðè
|m| ≥ 2 è j ∈ {0, 1, 2} ) ëèáî íå èìåþò ìåñòà íè ïðè êàêèõ t ∈ [0, T ] ,ëèáî
âûïîëíÿþòñÿ òîæäåñòâåííî ïðè âñåõ t ∈ [0, T ] .

�1. Ðåãóëÿðèçàöèÿ çàäà÷è (4)

Ââåäåì ðåãóëÿðèçèðóþùèå ïåðåìåííûå

τj =
1

ε

∫ t

0

λj (θ) dθ ≡ ψj (t)

ε
, j = 0, 2 (5)

è äëÿ ôóíêöèè w̃ (t, τ, ε) (τ = (τ0, τ1, τ2)) ïîñòàâèì ñëåäóþùóþ çàäà÷ó:

ε
∂w̃

∂t
+

2∑
j=0

λj (t)
∂w̃

∂τj
− A (t) w̃ −

t∫
0

B (t, s) w̃

(
s,
ψ (s)

ε
, ε

)
ds =

= H (t) + εF (w̃, t, ε) , w̃ (0, 0, ε) = w0 (ε) .

(6)

ßñíî, ÷òî åñëè w̃ = w̃ (t, τ, ε) ðåøåíèå çàäà÷è (6), òî åãî ñóæåíèå

w (t, ε) ≡ w̃
(
t, ψ(t)ε , ε

)
(ψ = (ψ0, ψ1, ψ2)) ÿâëÿåòñÿ òî÷íûì ðåøåíèåì çàäà-

÷è (4). Îäíàêî â (6) íå ïðîèçâåäåíà ðåãóëÿðèçàöèÿ èíòåãðàëüíîãî ÷ëåíà

3Ôóíêöèÿ f (y, t) âçÿòà â âèäå ìíîãî÷ëåíà îò y ðàäè óïðîùåíèÿ âûêëàäîê; ìîæíî ñ÷èòàòü, ÷òî f (y, t)
àíàëèòè÷íà ïî y .
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Jw̃ (t, τ, ε) =

∫ t

0

B (t, s) w̃

(
s,
ψ (s)

ε
, ε

)
ds. (7)

Äëÿ îñóùåñòâëåíèÿ ýòîé îïåðàöèè ââåäåì êëàññ Mε,àñèìïòîòè÷åñêè èí-
âàðèàíòíûé îòíîñèòåëüíî îïåðàòîðà J (ñì.[2], ñòð.62).

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî âåêòîð-ôóíêöèÿ
w(t, τ)={w0, w1, w2} ïðèíàäëåæèò ïðîñòðàíñòâó U, åñëè îíà ïðåäñòàâëÿåòñÿ
ñóììîé âèäà

w(t, τ) =
∗∑

0≤|m|≤N

w(m)(t)e(m,τ) ≡

≡
∗∑

0≤m0+m1+m2≤N

w(m0,m1,m2)(t)em0τ0+m1τ1+m2τ2, N = Nw <∞ (8)

ñ êîýôôèöèåíòàìè w(m) (t) ∈ C∞
(
[0, 1] ,C3

)
, 0 ≤ |m| ≤ N. Çâåçäî÷êà â

(8) íàä çíàêîì ñóììû îçíà÷àåò, ÷òî â ýòîé ñóììå îòñóòñòâóþò ðåçîíàíñíûå
ýêñïîíåíòû (ñì. [1]), ò.å. òàêèå ýêñïîíåíòû e(m,τ) èçìåðåíèÿ |m| ≥ 2, äëÿ
êîòîðûõ ïðè íåêîòîðûõ j ∈ {0, 1, 2} è t ∈ [0, T ] âûïîëíÿåòñÿ òîæäåñòâî
(m,λ (t)) ≡ λj (t) .

Ïîäñòàâëÿÿ (8) â (7) âìåñòî w̃ è îáîçíà÷àÿ k(m) (t, s) ≡ B (t, s)w(m) (s) ,
áóäåì èìåòü

Jw (t, τ) =
∗∑

0≤|m|≤N

∫ t

0

k(m) (t, s) e
1
ε

∫ s
0
(m,λ(θ))dθds.

Ïðèìåíÿÿ îïåðàöèþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì, áóäåì èìåòü

J (m) (t, ε) ≡
∫ t
0 k

(m) (t, s) e
1
ε

∫ s
0
(m,λ(θ))dθds = ε

∫ t
0
k(m)(t,s)
(m,λ(s))de

1
ε

∫ s
0
(m,λ(θ))dθds =

= ε[k
(m)(t,s)

(m,λ(s))e
1
ε

∫ s
0
(m,λ(θ))dθ|s=ts=0 −

∫ t
0
∂
∂s

(
k(m)(t,s)
(m,λ(s))

)
e

1
ε

∫ s
0
(m,λ(θ))dθ] =

= ε[k
(m)(t,t)

(m,λ(t))e
1
ε

∫ t
0
(m,λ(θ))dθ − k(m)(t,0)

(m,λ(0)) ]− ε
∫ t
0
∂
∂s

(
k(m)(t,s)
(m,λ(s))

)
e

1
ε

∫ s
0
(m,λ(θ))dθds.

Ïðîäîëæàÿ ýòó ïðîöåäóðó äàëåå, ïîëó÷èì àñèìïòîòè÷åñêîå ðàçëîæåíèå

J (m) (t, ε) =
∞∑
ν=0

(−1)ν εν+1[
(
Iνm

(
k(m) (t, s)

))
s=t
· e

1
ε

∫ t
0
(m,λ(θ))dθ−

−
(
Iνm

(
k(m) (t, s)

))
s=0

],

(9)
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ãäå ââåäåíû îïåðàòîðû

I0m =
1

(m,λ (s))
· , Iνm =

1

(m,λ (s))
· ∂
∂s
Iν−1m , ν ≥ 1. (10)

Ñëåäîâàòåëüíî,

Jy (t, τ) =
∗∑

0≤|m|≤N

∞∑
ν=0

(−1)νεν+1[
(
Iνm

(
k(m) (t, s)

))
s=t
· e(m,τ)−

−
(
Iνm

(
k(m) (t, s)

))
s=0

]

(11)

ïðè÷åì ýòîò ðÿä ñõîäèòñÿ ïðè ε → +0 àñèìïòîòè÷åñêè (ðàâíîìåðíî ïî t ∈
[0, T ] ) ê îáðàçóJy (t, τ, σ) (ñì.[3], [7]). Ýòî îçíà÷àåò, ÷òî êëàññ Mε = U|τ=ψ(t)/ε
àñèìïòîòè÷åñêè èíâàðèàíòåí îòíîñèòåëüíî èíòåãðàëüíîãî îïåðàòîðà J.

Ïóñòü òåïåðü ðÿä

w̃ (t, τ, ε) =
∞∑
q=0

εqwq (t, τ) ≡
∞∑
q=0

εq
∗∑

0≤|m|≤Nq

w(m)
q (t) e(m,τ) (12)

ñõîäèòñÿ àñèìïòîòè÷åñêè ïðè ε → +0 ðàâíîìåðíî ïî (t, τ) ∈ [0, T ] ×
×
{

Re τj ≤ 0, j = 0, 2
}
. Òîãäà îáðàç Jw̃ (t, τ, ε) áóäåò, î÷åâèäíî, òàêæå ïðåä-

ñòàâëÿòüñÿ àñèìïòîòè÷åñêèì ðÿäîì, ðàâíîìåðíî ñõîäÿùèìñÿ ïðè ε → +0.
Ýòî ïîçâîëÿåò ïîëó÷èòü îêîí÷àòåëüíîå ðàñøèðåíèå èíòåãðàëüíîãî îïåðàòî-
ðà J ñëåäóþùèì îáðàçîì. Äëÿ ïðîèçâîëüíîãî ýëåìåíòà (8) ïðîñòðàíñòâà U
ìîæíî çàïèñàòü

Jw (t, τ) = R0w (t, τ) +
∞∑
ν=1

ενRνw (t, τ) ,

ãäå îïåðàòîðû Rν : U → U (îïåðàòîðû ïîðÿäêà ïî ε ) âû÷èñëÿþòñÿ ïî
ôîðìóëàì:

R0w (t, τ) ≡ 0,

Rν+1w (t, τ) = (−1)ν
∑∗

0≤|m|≤N [
(
Iνm
(
k(m) (t, s)

))
s=t
· e(m,τ)−

−
(
Iνm
(
k(m) (t, s)

))
s=0

], ν ≥ 0, τ = ψ(t)
ε .

(120)

Ñ ó÷åòîì ýòèõ ôîðìóë ðåçóëüòàò ïîäñòàíîâêè ðÿäà (12) â èíòåãðàë Jw̃
ìîæíî çàïèñàòü â âèäå

Jw̃ =
∞∑
r=0

εr
r∑
s=0

Rr−sws (t, τ) |τ=ψ(t)/ε. (13)
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Ðàâåíñòâî(13) ÿâëÿåòñÿ îñíîâàíèåì äëÿ ñëåäóþùåãî îïðåäåëåíèå ðàñøèðåíèÿ
J̃ èíòåãðàëüíîãî îïåðàòîðà J.

Îïðåäåëåíèå 2. Ôîðìàëüíûì ðàñøèðåíèåì îïåðàòîðà J íàçîâåì
îïåðàòîð J̃ , äåéñòâóþùèé íà ëþáóþ íåïðåðûâíóþ ïî (t, τ) ∈ [0, T ] ×
×
{

Re τj ≤ 0, j = 0, 2
}
ôóíêöèþ w̃(t, τ, ε) âèäà (12) ïî çàêîíó

J̃w̃ ≡ J̃

( ∞∑
q=0

εkwq(t, τ)

)
=

∞∑
r=0

εr
r∑
s=0

Rr−sws(t, τ).

Òåïåðü ëåãêî çàïèñàòü çàäà÷ó, ïîëíîñòüþ ðåãóëÿðèçîâàííóþ ïî îòíîøå-
íèþ ê èñõîäíîé (4):

ε
∂w̃

∂t
+

2∑
j=0

λj(t)
∂w̃

∂τj
−A(t)w̃− J̃w̃− εF (w̃, t, ε) = H(t), w̃(0, 0, ε) = w0 (ε) . (14)

�2. Ðàçðåøèìîñòü èòåðàöèîííûõ çàäà÷

Ïîäñòàâëÿÿ (12) â (14) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ
ñòåïåíÿõ ε, ïîëó÷àåì ñëåäóþùèå èòåðàöèîííûå çàäà÷è:

L0w0 ≡
2∑
j=0

λj(t)
∂w0

∂τj
− A(t)w0 = H(t), w0(0, 0) = w0

0; (150)

L0w1 = −∂w0

∂t
+R1w0 + F̂ (w0, t, 0) , w1(0, 0) = w0

1; (151)

· · ·

L0wk = −∂wk−1
∂t

+R1wk−1 +R2wk−2 + · · ·+Rkw0 + P̂k (w0, ..., wk−1) ,

wk(0, 0) = w0
k. (15k)

Çäåñü w0
j− êîýôôèöèåíò ïðè εj â ðàçëîæåíèè íà÷àëüíîãî âåêòîðà

w0 (ε) ïî ñòåïåíÿì ε, îïåðàòîðû Rν âû÷èñëÿþòñÿ ïî ôîðìóëàì (120) ,
Pk (w0, ..., wk−1)� ìíîãî÷ëåíû îò w1, ..., wk−1 ñ êîýôôèöèåíòàìè, çàâèñÿùè-
ìè îò w = w0 (t, τ) , ïðè÷åì Pk (w0, ..., wk−1) ëèíååí îòíîñèòåëüíî wk−1;
øëÿïêà ∧ íàä F, ..., Pk îçíà÷àåò çíàê îïåðàöèÿ âëîæåíèÿ ñîîòâåòñòâóþ-
ùåé âåêòîð-ôóíêöèè â ïðîñòðàíñòâî U, â êîòîðîì îòñóòñòâóþò ðåçîíàíñ-
íûå ýêñïîíåíòû (ýòà îïåðàöèÿ äåéñòâóåò ñëåäóþùèì îáðàçîì: åñëè â ìíî-
ãî÷ëåíå îò ýêñïîíåíò g (t, eτ0, eτ1, eτ2) ïîÿâëÿåòñÿ ðåçîíàíñíàÿ ýêñïîíåíòà
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e(m,τ) (|m| ≥ 2, (m,λ (t)) ≡ λj (t)) , òî îïåðàöèÿ ∧ çàìåíÿåò å¼ íà ñîîòâåò-
ñòâóþùóþ ýêñïîíåíòó eτj ïåðâîãî èçìåðåíèÿ; ïîäðîáíåå ñì.[2], c. 234 ).

Êàæäàÿ èç èòåðàöèîííûõ çàäà÷ (15k) èìååò âèä ñèñòåìû

L0w(t, τ) ≡
2∑
j=0

λj(t)
∂w

∂τj
− A(t)w = H(t, τ), (16)

ãäå H(t, τ) =
∑∗

0≤|m|≤NH H
(m)(t)e(m,τ) ∈ U − ñîîòâåòñòâóþùàÿ ïðàâàÿ

÷àñòü. Ïðîñòðàíñòâî U ìîæíî ïðåäñòàâèòü â âèäå ïðÿìîé ñóììû ïîäïðî-
ñòðàíñòâ U (s) = {w(t, τ) : w(t, τ, σ) =

∑∗
|m|=sw

(m)(t)e(m,τ)}, s = 0, 1, ..., N,

ò.å. U =
∑N

s=0⊕U (s). Ïðèìåì ñëåäóþùåå îáîçíà÷åíèå: åñëè w(t, τ)−
ýëåìåíò (8) ïðîñòðàíñòâà U , òî ÷åðåç y(s)(t, τ) áóäåì îáîçíà÷àòü ñóììó∑∗
|m|=sw

(m)(t)e(m,τ) ∈ U (s). Â ÷àñòíîñòè,

w(1)(t, τ) =
∑
|m|=1

w(m)(t)e(m,τ) ≡
2∑
j=0

wej (t) eτj ∈ U (1).

H(1)(t, τ) =
∑
|m|=1

H(m)(t)e(m,τ) ≡
2∑
j=0

Hej(t)eτj ∈ U (1).

Íàì ïîíàäîáèòñÿ ñêàëÿðíîå (ïðè êàæäîì t ∈ [0, T ] ) ïðîèçâåäåíèå â ïðî-
ñòðàíñòâå U (1). Îíî ââîäèòñÿ ñëåäóþùèì îáðàçîì:

< w(t, τ), p(t, τ) >≡<
2∑
j=0

wej(t)eτj ,
2∑
j=0

pe1(t)eτj >
def
=

2∑
j=0

(wej(t), pej(t)),

ãäå (, )− îáû÷íîå ñêàëÿðíîå ïðîèçâåäåíèå â C3. Íåòðóäíî âèäåòü, ÷òî
âåêòîð-ôóíêöèè νj(t, τ) ≡ χj(t)e

τj (ãäå χj(t)− ñîáñòâåííûé âåêòîð ìàòðèöû
A∗(t), ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ λ̄j(t)(j = 0, 2)) îáðàçóþò
áàçèñ ÿäðà ñîïðÿæåííîãî â U (1) îïåðàòîðà L∗0 =

∑2
j=0 λ̄j(t)

∂
∂τj
− A∗(t) (ê

îïåðàòîðó L0). Äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü H(t, τ) ∈ U è âûïîëíåíû óñëîâèÿ 1) è 2à). Òîãäà äëÿ
ðàçðåøèìîñòè óðàâíåíèÿ (16) â ïðîñòðàíñòâå U íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû

< H(1)(t, τ), νj(t, τ) >≡ 0 (j = 0, 2,∀t ∈ [0, T ]). (17)

Äîêàçàòåëüñòâî. Áóäåì îïðåäåëÿòü ðåøåíèå ñèñòåìû (16) â âèäå ýëå-
ìåíòà

w(t, τ, σ) =
∗∑

0≤|m|≤Ny

w(m)(t, σ)e(m,τ) (18)
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ïðîñòðàíñòâà U, ãäå Ny ≥ NH . Ïîäñòàâëÿÿ (18) â (16), áóäåì èìåòü

∗∑
0≤|m|≤Ny

[(m,λ (t)) I − A (t)]w(m) (t) e(m,τ) =
∗∑

0≤|m|≤NH

H(m) (t) e(m,τ).

Ïðèðàâíèâàÿ çäåñü ñâîáîäíûå ÷ëåíû è êîýôôèöèåíòû ïðè îäèíàêîâûõ ýêñ-
ïîíåíòàõ, ïîëó÷èì ñèñòåìû óðàâíåíèé

[λj (t) I − A (t)]wej = Hej(t), j = 0, 2,

−A (t)w(0) (t) = H(0) (t) ,

[(m,λ (t)) I − A (t)]w(m) (t) = H(m) (t) , 2 ≤ |m| ≤ NH ,

[(m,λ (t)) I − A (t)]w(m) (t) = 0, NH < |m| ≤ Ny.

(19)

Òàê êàê det A (t) 6= 0 (∀t ∈ [0, T ]) è â U îòñóòñòâóþò ðåçîíàíñíûå ýêñïî-
íåíòû( (m,λ (t)) /∈ σ (A (t)) ), òî âñå ñèñòåìû (19), êðîìå ïåðâîé, îäíîçíà÷íî
ðàçðåøèìû â ïðîñòðàíñòâåCn ([0, T ] ,Cn) . Ïðè ýòîì èõ ðåøåíèÿ èìåþò âèä

w(0) (t) = −A−1 (t)H(0) (t) ,

w(m) (t) = [(m,λ (t)) I − A (t)]−1H(m) (t) (0 ≤ |m| ≤ NH),

w(m) (t) ≡ 0 (|m| > NH) .

(20)

Äëÿ ðàçðåøèìîñòè æå ïåðâîé ñèñòåìû (19) íåîáõîäèìî è äîñòàòî÷íî âû-
ïîëíåíèÿ óñëîâèé (17) (ñì.[2]). Åñëè ýòè óñëîâèÿ âûïîëíåíû, òî ðåøåíèÿ óêà-
çàííîé ñèñòåìû çàïèñûâàþòñÿ â ôîðìå

wej (t) = αej (t)ϕj (t) +
2∑

s = 0, s 6= j

(Hej (t) , χs (t))

λj (t)− λs (t)
ϕs (t) , j = 0, 2,

ãäå ϕj (t) − � λj (t) �- ñîáñòâåííûé âåêòîð ìàòðèöû A (t) (ñì. îáîçíà÷åíèÿ,
ââåäåííûå â íà÷àëå ñòàòüè), αej (t) ∈ C∞

(
[0, T ] ,C1

)
−ïðîèçâîëüíûå ñêàëÿð-

íûå ôóíêöèè. Òåîðåìà äîêàçàíà.

Íå áóäåì ôîðìóëèðîâàòü òåîðåìó îá îäíîçíà÷íîé ðàçðåøèìîñòè ñèñòåìû
(16) (ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ). Îòìåòèì òîëüêî, ÷òî
åñëè òåîðåìó 1 ïðèìåíèòü ê äâóì ïîñëåäîâàòåëüíûì èòåðàöèîííûì çàäà÷àì
(15l), (15l+1), òî ïîëó÷èì óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè â ïðîñòðàíñòâå
U ñèñòåìû (15l) (ñì., íàïðèìåð, [2]).
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�3. Ïîñòðîåíèå ðåøåíèé èòåðàöèîííûõ çàäà÷

Ðàññìîòðèì ñèñòåìó (150) . Òàê êàê íåîäíîðîäíîñòü H (t, τ) = H (t) ≡
≡ H(0)(t) íå çàâèñèò îò ýêñïîíåíò eτj , òî äëÿ íå¼ óñëîâèÿ îðòîãîíàëüíîñòè
(17) àâòîìàòè÷åñêè âûïîëíÿþòñÿ, ïîýòîìó ñèñòåìà (150) èìååò ðåøåíèå â
ïðîñòðàíñòâå U, êîòîðîå ìîæíî çàïèñàòü â âèäå

w0(t, τ) =
2∑
j=0

α
(0)
j (t)ϕj(t)e

τj + w
(0)
0 (t), (21)

ãäå w
(0)
0 (t) = −A−1(t)H(0)(t), α

(0)
j (t) ∈ C∞

(
[0, T ] ,C1

)
− ïðîèçâîëüíûå ñêà-

ëÿðíûå ôóíêöèè. Ïîä÷èíèì (18) íà÷àëüíîìó óñëîâèþ w0(0, 0) = y0; áóäåì
èìåòü

2∑
j=0

α
(0)
j (0)ϕj(0) + w

(0)
0 (0) = w0 ⇔

⇔ α
(0)
j (0) = (w0 + A−1(0)H(0)(0), χj(0)), j = 0, 1, 2.

(22)

Ïåðåéäåì òåïåðü ê ñëåäóþùåé èòåðàöèîííîé çàäà÷å (151) . Ïîäñòàâëÿÿ
(21) â (151) , ïîëó÷èì ñèñòåìó

L0w1 = −
∑2

j=0(α
(0)
j (t)ϕj(t))̇e

τj − ẇ(0)
0 (t)+

+
∑2

j=0

[
B(t,t)ϕj(t)

λj(t)
α
(0)
j (t) eτj − B(t,0)ϕj(0)

λj(0)
α
(0)
j (0)

]
+

+F̂
(∑2

j=0 α
(0)
j (t)ϕj(t)e

τj + w
(0)
0 (t), t, 0

)
.

(23)

Âû÷èñëÿÿ

F̂

(
2∑
j=0

α
(0)
j ϕj(t)e

τj + w
(0)
0 (t), t, 0

)
= F0 (t) +

2∑
j=0

F ej
(
α
(0)
0 , α

(0)
1 , α

(0)
2 , t

)
eτj+

+
∗∑

2≤|m|≤N1

F (m)
(
α
(0)
0 , α

(0)
1 , α

(0)
2 , t

)
e(m,τ),

è ïîä÷èíÿÿ ïðàâóþ ÷àñòü ñèñòåìû (23) óñëîâèÿì îðòîãîíàëüíîñòè (17), ïî-
ëó÷èì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

α̇
(0)
j = −

(
ϕ̇j (t)− B(t,t)

λj(t)
ϕj (t) , χj (t)

)
α
(0)
j +

(
F ej

(
α
(0)
0 , α

(0)
1 , α

(0)
2 , t

)
, χj (t)

)
,

α
(0)
j (0) = (y0 + A−1(0)H(0)(0), χj(0)), j = 1, n.

(24)
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Ñèñòåìà (24) â ðåçîíàíñíîì ñëó÷àå ÿâëÿåòñÿ íåëèíåéíîé ñèñòåìîé äèôôå-

ðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî α
(0)
j (t) , à çíà÷èò, åå ðàçðåøèìîñòü íà

îòðåçêå [0, T ] íå ãàðàíòèðîâàíà. Åñëè, íàïðèìåð, ñïåêòð {λj (t)} ìàòðèöû
A (t) â ôèêñèðîâàííîé òî÷êå t ∈ [0, T ] ðàñïîëîæåí ïî îäíó ñòîðîíó îò íåêî-
òîðîé ïðÿìîé π , ïðîõîäÿùèé ÷åðåç íóëü êîìïëåêñíîé ïëîñêîñòè λ , è íà íåé
íåò òî÷åê λj (t) , òî ñèñòåìà ÿâëÿåòñÿ òðåóãîëüíîé. Â ýòîì ñëó÷àå óðàâíåíèÿ
(24) ïîñëåäîâàòåëüíî èíòåãðèðóþòñÿ è, çíà÷èò, èõ ðàçðåøèìîñòü íà îòðåçêå
[0, T ] ñòàíîâèòñÿ î÷åâèäíîé. Â äðóãèõ ñëó÷àÿõ ðàñïîëîæåíèÿ ñïåêòðà λj (t)
îòíîñèòåëüíî ìíèìîé îñè òðåóãîëüíîñòü ñèñòåìû (24) íàðóøàåòñÿ. Îäíàêî
â ëþáîì ñëó÷àå ñóùåñòâóåò íåêîòîðàÿ áèðàöèîíàëüíàÿ çàìåíà ïåðåìåííûõ,
ïîçâîëÿþùàÿ ïîíèçèòü ïîðÿäîê ñèñòåìû è ñâåñòè èññëåäîâàíèå ïðîáëåìû
ðàçðåøèìîñòè â öåëîì ê ïðîáëåìå ðàçðåøèìîñòè äëÿ áîëåå ïðîñòîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé. Ìû íå áóäåì îáñóæäàòü çäåñü ýòó ïðîáëåìó.
Ïîòðåáóåì, ÷òîáû ñèñòåìà (24) èìåëà ðåøåíèå â êëàññå C∞

(
[0, T ] ,C3

)
. Â

ýòîì ñëó÷àå ôóíêöèèα
(0)
j (t) , âõîäÿùèå â ðåøåíèå (21) ñèñòåìû (150) , áóäóò

ïîëíîñòüþ âû÷èñëåíû, à ñàìà ñèñòåìà (150) áóäåò èìåòü åäèíñòâåííîå ðå-
øåíèå â ïðîñòðàíñòâå U. Ïðè ýòîì áóäåò íàéäåíî ðåøåíèå ñèñòåìû (151) (ñ

òî÷íîñòüþ äî ýëåìåíòîâ ÿäðà îïåðàòîðà L0 â U (1) ). Ïîèñê ôóíêöèéα
(1)
j (t) ,

âõîäÿùèõ â óêàçàííîå ÿäðî, îñóùåñòâëÿåòñÿ ïî òîé æå ñõåìå, ÷òî è ïîèñê
ôóíêöèé α

(0)
j (t) . Ïðè ýòîì äëÿ α

(1)
j (t) óæå ïîëó÷àåòñÿ ëèíåéíàÿ ñèñòåìà

äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàçðåøèìîñòü êîòîðîé íà îòðåçêå [0, T ] ãà-
ðàíòèðîâàíà ãëàäêîñòüþ âõîäÿùèõ â íåå êîýôôèöèåíòîâ. Ñôîðìóëèðóåì ñî-
îòâåòñòâóþùèé ðåçóëüòàò â âèäå òåîðåìû.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 1) � 4) è çàäà÷à (24) ðàçðåøè-
ìà íà îòðåçêå [0, T ] . Òîãäà âñå èòåðàöèîííûå çàäà÷è (15k) (k = 0, 1, 2, ...)
îäíîçíà÷íî ðàçðåøèìû â êëàññå U (ïðè èõ ïîñëåäîâàòåëüíîì ðåøåíèè).

�4. Àñèìïòîòè÷åñêàÿ ñõîäèìîñòü ôîðìàëüíûõ ðåøåíèé

Ïîñòðîèâ ðåøåíèÿ w0 (t, τ, σ) , ..., wl (t, τ, σ) çàäà÷ (150) , ..., (15l) â ïðî-
ñòðàíñòâå U, ñîñòàâèì ÷àñòè÷íóþ ñóììó

Sl (t, τ, σ, ε) =
l∑

k=0

εkwk (t, τ, σ) .

Îáîçíà÷èì ñóæåíèå ýòîé ñóììû ïðè τ = ψ (t) /ε ÷åðåçwεl (t) . Èìååò ìåñòî
ñëåäóþùåå óòâåðæäåíèå (äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî àíàëîãèè ñ ðàáîòîé
[3]).
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Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà ôóíêöèÿ wεl (t)
óäîâëåòâîðÿåò çàäà÷å (2) ñ òî÷íîñòüþ äî ÷ëåíîâ, ñîäåðæàùèõ εl+1 , ò.å.

εdwεl(t)dt = A (t)wεl (t) +
∫ t
0 B (t, s)wεl (s) ds+

+εF (wεl (t) , t) +H (t) + εl+1Fl (t, ε) , yεl (0) = y0,
(25)

ãäå ‖Fl (t, ε)‖C[0,T ] ≤ F̄l, F̄l > 0− ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε ∈
∈ (0, ε0] ( ε0 > 0− äîñòàòî÷íî ìàëî)

Ïðè äîêàçàòåëüñòâå àñèìïòîòè÷åñêîé ñõîäèìîñòè ôîðìàëüíîãî ðåøåíèÿ
wεl (t) ê òî÷íîìó w (t, ε) èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå (ñì.[4] ) î
ðàçðåøèìîñòè îïåðàòîðíîãî óðàâíåíèÿ Pε (u) = 0.

Òåîðåìà 3. Ïóñòü îïåðàòîð Pε äåéñòâóåò èç áàíàõîâà ïðîñòðàí-
ñòâà B1 â áàíàõîâî ïðîñòðàíñòâî B2 è èìååò â íåêîòîðîì øàðå
{‖u− u0‖ ≤ r} ⊂ B1 äâå íåïðåðûâíûå ïðîèçâîäíûå. Ïóñòü òàêæå ñóùå-

ñòâóåò îïåðàòîð Γε ≡
[
P
′

ε (u0)
]−1

è âûïîëíåíû óñëîâèÿ

1′) ‖Γε‖ ≤ c1ε
−k, 2′) ‖Pε (u0)‖ ≤ c2ε

m (m > 2k) , 3′)
∥∥∥P ′′ε (u)

∥∥∥ ≤ c3.

Òîãäà óðàâíåíèå Pε (u) = 0èìååò ïðè äîñòàòî÷íî ìàëûõ ε ∈ (0, ε0] ðåøå-
íèå u∗ ∈ B1, óäîâëåòâîðÿþùåå íåðàâåíñòâó

‖u∗ − u0‖B1
≤ cεm−k.

Âîñïîëüçîâàâøèñü ýòèì óòâåðæäåíèåì, ìû òàê æå, êàê è â [6], äîêàæåì
ñëåäóþùóþ òåîðåìó îá îöåíêå îñòàòî÷íîãî ÷ëåíà.

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ 1) � 4) è çàäà÷à (21) ðàçðåøèìà
íà îòðåçêå [0, T ] . Òîãäà ñèñòåìà (4) ïðè ε ∈ (0, ε0] (ε0 > 0− äîñòàòî÷íî
ìàëî) èìååò åäèíñòâåííîå ðåøåíèå w (t, ε) ∈ C1

(
[0, T ] ,C3

)
è ñïðàâåäëèâà

îöåíêà
‖w (t, ε)− wεl (t)‖C[0,T ] ≤ Cl · εl+1 (l = 0, 1, ...) , (26)

ãäå ïîñòîÿííàÿ Cl > 0 íå çàâèñèò îò ε ∈ (0, ε0].

�5. Ïðåäåëüíûé ïåðåõîä â çàäà÷å (4). Ðåøåíèå çàäà÷è
èíèöèàëèçàöèè

Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 4 , òî òî÷íîå ðåøåíèå çàäà÷è (4) ïðåä-
ñòàâëÿåòñÿ â âèäå

w (t, ε) = wε0 (t) + εF0 (t, ε) , (27)
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ãäå ‖F0 (t, ε)‖C[0,T ] ≤ F̄0, F̄0− ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε ïðè ε ∈
∈ (0, ε0], ε0 > 0− äîñòàòî÷íî ìàëî, wε0 (t) èìååò âèä (ñì.(21),(24))

w0(t, τ) =
n∑
j=1

α
(0)
j (t)ϕj(t)e

1
ε

∫ t
0
λj(θ)dθ + w

(0)
0 (t), w

(0)
0 (t) = −A−1(t)H(0)(t), (28)

à ôóíêöèè α
(0)
j (t) óäîâëåòâîðÿþò çàäà÷å (24). Èç (28) âèäíî, ÷òî åñëè

ñïåêòð σ (A (t)) ìàòðèöû A (t) íàõîäèòñÿ ñëåâà îò ìíèìîé îñè (Re λj (t) <
< 0

(
∀t ∈ [0, T ] , j = 1, n

)
), òî èìååò ìåñòî ðàâíîìåðíûé ïðåäåëüíûé ïåðåõîä∥∥∥w (t, ε)− w(0)

0 (t)
∥∥∥
C[δ,T ]

→ 0 (ε→ +0) (∗)

(çäåñü δ − ïðîèçâîëüíàÿ ïîñòîÿííàÿ èç ïðîìåæóòêà (0, T ) ). Åñëè æå ñðå-
äè òî÷åê ñïåêòðàσ (A (t))èìåþòñÿ ÷èñòî ìíèìûå, òî ïðåäåëüíûé ïåðåõîä
(∗) â ñèëüíîì ñìûñëå â îáùåì ñëó÷àå íå èìååò ìåñòà. Ïîýòîìó â ýòîé ñè-
òóàöèè îáû÷íî ñòàâèòñÿ ñëåäóþùàÿ çàäà÷à èíèöèàëèçàöèè: âûäåëèòü êëàññ
Σ =

{
y0, h (t) , K (t, s)

}
èñõîäíûõ äàííûõ çàäà÷è (2), äëÿ êîòîðûõ ãàðàíòèðó-

åòñÿ ðàâíîìåðíûé ïðåäåëüíûé ïåðåõîä (ïðè ε→ +0 ) òî÷íîãî ðåøåíèÿ y (t, ε)
ðàññìàòðèâàåìîé çàäà÷è ê íåêîòîðîé ïðåäåëüíîé ôóíêöèè y (t)íà âñåì îò-
ðåçêå âðåìåíè [0, T ] . Ïîïðîáóåì ðåøèòü ýòó çàäà÷ó.

Èç (28) âèäíî, ÷òî ðàâíîìåðíûé ïåðåõîä w (t, ε) → w
(0)
0 (t) (ε→ +0) íà

âñåì îòðåçêå [0, T ] áóäåò ãàðàíòèðîâàí, åñëè ôóíêöèè α
(0)
j (t) , óäîâëåòâîðÿþ-

ùèå çàäà÷å (24), áóäóò òîæäåñòâåííî ðàâíû íóëþ. Ïîñêîëüêó âåêòîð-ôóíêöèÿ

F ej
(
α
(0)
0 , α

(0)
1 , α

(0)
2 , t

)
èìååò âèä (ñì.[3], c. 242-243)

F ej
(
α
(0)
0 , α

(0)
1 , α

(0)
2 , t

)
= F̃ ej (t)αj+

∑
|mj |≥2

(mj,λ(t))≡λj(t)

F̃mj

(t)
(
α
(0)
0

)mj
0
(
α
(0)
1

)mj
1
(
α
(0)
2

)mj
2

,

ãäå mj =
(
mj

0,m
j
1,m

j
2

)
− ìóëüòèèíäåêñ, òî çàäà÷à (24) èìååò íóëåâîå ðåøå-

íèå òîãäà è òîëüêî òîãäà, êîãäà

(w0 + A−1(0)H(0)(0), χj(0)) = 0, j = 0, 2. (29)

Äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ 1) � 4) . Òîãäà äëÿ òîãî ÷òîáû
èìåë ìåñòî ïðåäåëüíûé ïåðåõîä

‖w (t, ε)− ¯̄w (t)‖C[0,T ] → 0 (ε→ +0) , (∗∗)
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íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëèñü ðàâåíñòâà (29). Ïðè ýòîì
¯̄w (t) ≡ w

(0)
0 (t) .

Çàìå÷àíèå. Ðàâåíñòâà (29) îçíà÷àþò, ÷òî êëàññ èíèöèàëèçàöèè Σ =
=
{
w0, H (t) , B (t, s)

}
íå çàâèñèò îò ÿäðà B (t, s) è ÷òî íà÷àëüíûé âåêòîð w0

ñîâïàäàåò ñ ïðåäåëüíûì ðåøåíèåì ¯̄w (t) = −A−1 (t)H(0) (t) ≡ −A−1 (t)H (t)
â íà÷àëüíûé ìîìåíò âðåìåíè t = 0. Ýòîò ôàêò ÿâëÿåòñÿ åñòåñòâåííûì äëÿ
ñèíãóëÿðíî âîçìóùåííûõ çàäà÷, òàê êàê èìåííî ðàññîãëàñîâàíèå íà÷àëüíîãî
óñëîâèÿ ñ ïðåäåëüíûì ðåøåíèåì â íà÷àëüíûé ìîìåíò t = 0 è ïîðîæäàåò
ïîãðàíè÷íûé ñëîé, äåëàþùèé íåâîçìîæíûì ðàâíîìåðíûé ïåðåõîä (∗∗) íà
âñåì îòðåçêå âðåìåíè [0, T ] .

�6. Ïðèìåð

Â êà÷åñòâå èëëþñòðàöèè ðàçðàáîòàííîãî àëãîðèòìà ðàññìîòðèì ñëåäóþ-
ùóþ èíòåãðîäèôôåðåíöèàëüíóþ çàäà÷ó:

ε3 dydt =
∫ t
0 (t− s)

[
(t− s− 1) y (s, ε)− εy′ (s, ε)− ε2y′′ (s, ε)

]
+

+ε3y3, y (0, ε) = y0, t ∈ [0, T ] .
(30)

Çäåñü: K0 (t, s) = t− s− 1, K1 (t, s) = K2 (t, s) ≡ −1, h (t) ≡ 0, f (y, t) = y3.

Ïðè ýòîì çàäà÷à (4) èìååò âèä (w = {y, z, v})

εdwdt = A (t)w +
t

∫
0
B (t, s)w (s) ds+ εF (w, t, ε) ,

w (0, ε) = w0 (ε) ;
⇔

εdwdt =

 0 1 0

0 0 1

−1 −1 −1

w +
∫ t
0

 0 0 0

0 0 0

2 0 0

w (s, ε) +

+ε

 0

0

6yz2 + 3y2v

 , w (0, ε) = w0 (ε) ≡

 y0

ε
(
y0
)3

3ε2
(
y0
)5
 .

(31)

Ñïåêòð ìàòðèöû A (t) ≡ A îáðàçóþò ÷èñëà λ0 = −1, λ1 = −i, λ2 = +i.
ßñíî, ÷òî ìû èìååì äåëî ñ ðåçîíàíñíûì ñëó÷àåì çàäà÷è (30). Âû÷èñëèì
ñîáñòâåííûå âåêòîðû ìàòðèö A è A∗ :

ϕ0 =

 1

−1

1

 , ϕ1 =

 1

−i
−1

 , ϕ2 =

 1

i

−1

 ; χ0 =


1
2

0
1
2

 ,
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χ1 =


1
4 −

i
4

− i
2

−1
4 −

i
4

 , χ2 =


1
4 + i

4
i
2

−1
4 + i

4

 . (32)

Ðåãóëÿðèçàöèþ çàäà÷è (31) ïðîèçâåä¼ì ñ ïîìîùüþ ïåðåìåííûõ

τ0 =
1

ε

∫ t

0

λ0ds = − t
ε
, τ1 =

1

ε

∫ t

0

λ1ds = −it
ε
, τ2 =

1

ε

∫ t

0

λ2ds = +
it

ε
. (33)

Ïðè ýòîì ïîëó÷èì ñíà÷àëà ÷àñòè÷íî ðåãóëÿðèçîâàííóþ çàäà÷ó(6). Ïðîèçâîäÿ
â íåé ðåãóëÿðèçàöèþ èíòåãðàëüíîãî ÷ëåíà â ïðîñòðàíñòâå U (ìíîãî÷ëåíîâ ïî
ýêñïîíåíòàì âèäà (8)), à çàòåì îïðåäåëÿÿ ðåøåíèå ðàñøèðåííîé çàäà÷è (14)
â âèäå ðÿäà (12), ïîëó÷èì èòåðàöèîííûå çàäà÷è (15k) . Ïîñêîëüêó ìû îãðà-
íè÷èìñÿ ïîñòðîåíèåì ãëàâíîãî ÷ëåíà àñèìïòîòèêè ðåøåíèÿ èñõîäíîé çàäà÷è
(30), òî âûïèøåì òîëüêî ïåðâûå äâå èòåðàöèîííûå çàäà÷è:

L0w0 ≡
2∑
j=0

λj
∂w0

∂τj
− Aw0 = 0, w0(0, 0) = w0

0 =

 y0

0

0

 ; (340)

L0w1 = −∂w0

∂t
+R1w0 + F̂ (w0, t, 0) , w1(0, 0) = w0

1. (341)

Çàäà÷à (340) èìååò â ïðîñòðàíñòâå U ñëåäóþùåå ðåøåíèå (ñì. ôîðìóëû
(21) è (32)):

w0 (t, τ) =

= α0 (t)ϕ0e
τ0+α1 (t)ϕ1e

τ1+α2 (t)ϕ2e
τ2 ≡

 α0e
τ0 + α1e

τ1 + α2e
τ2

−α0e
τ0 − iα1e

τ1 + iα2e
τ2

α0e
τ0 − α1e

τ1 − α2e
τ2

 . (35)

Ïîä÷èíÿÿ (35) íà÷àëüíîìó óñëîâèþ w0(0, 0) = w0
0, íàéäåì çíà÷åíèÿ αj (0) :

α0 (0) =


 y0

0

0

 ,

 1/2

0

1/2


 =

y0

2
,

α1 (0) =


 y0

0

0

 ,

 1/4− i/4
−i/2
−1/4− i/4


 =

(
1

4
+
i

4

)
y0,

α2 (0) =


 y0

0

0

 ,

 1/4 + i/4

i/2

−1/4 + i/4


 =

(
1

4
− i

4

)
y0.

(36)
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Âû÷èñëèì òåïåðü âûðàæåíèÿ R1w0 è F (w0, t, 0) â ïðàâîé ÷àñòè ñèñòåìû
(341) :

R1w0 (t, τ) = R1 (α0 (t)ϕ0e
τ0 + α1 (t)ϕ1e

τ1 + α2 (t)ϕ2e
τ2) =

=
2∑
j=0

(
B (t, t)αj (t)ϕ1

λj
eτj − B (t, 0)αj (0)ϕ1

λj

)
=

=

 0

0

− 2α0 (t)

 eτ0 −

 0

0

− 2α0 (0)

+

 0

0

− 2iα1 (t)

 eτ1−

−

 0

0

− 2iα1 (0)

+

 0

0

2iα2 (t)

 eτ2 −

 0

0

2iα2 (0)

 ,

F (w0, t, 0) =


0

0

(6α0e
τ0 + 6α1e

τ1 + 6α2e
τ2) (−α0e

τ0 − iα1e
τ1 + iα2e

τ2)2 +

+3 (α0e
τ0 + α1e

τ1 + α2e
τ2)2 (α0e

τ0 − α1e
τ1 − α2e

τ2)

 =

=


0

0

− 9e3τ2α3
2 − 9e2τ2+τ0α0α

2
2 − 3e2τ2+τ1α1α

2
2 + 6eτ2+τ0+τ1α0α1α2−

− 9eτ0+2τ1α0α
2
1 − 9e3τ1α3

1 + 12ieτ0+2τ1α0α
2
1 + 12ie2τ0+τ1α2

0α1−
− 12ie2τ2+τ0α0α

2
2 − 12ieτ2+2τ0α2

0α2 + 9eτ2+2τ0α2
0α2 − 3eτ2+2τ1α2

1α2

 .

Ïðè âëîæåíèè âåêòîð-ôóíêöèè F (w0, t, 0) â ïðîñòðàíñòâî U óäåðæèì
òîëüêî ýêñïîíåíòû eτj ïåðâîãî èçìåðåíèÿ:

F̂ (1) (w0, t, 0) =

 0

0

−3eτ2α1α
2
2 + 6eτ0α0α1α2 − 3eτ1α2

1α2

 =

=

 0

0

6α0α1α2

 eτ0 +

 0

0

−3α2
1α2

 eτ1 +

 0

0

−3α1α
2
2

 eτ2.

Â èòîãå ÷ëåíû ïðàâîé ÷àñòè ñèñòåìû (341), ñîäåðæàùèå ýêñïîíåíòû ïåðâîãî
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èçìåðåíèÿ, áóäóò òàêèìè:

H(1)(t, τ) = −
∑2

j=0 α̇jϕje
τj +

 0

0

−2α0 (t)

 eτ0 +

 0

0

−2iα1 (t)

 eτ1+

+

 0

0

2iα2 (t)

 eτ2 +

 0

0

6α0α1α2

 eτ0 +

 0

0

−3α2
1α2

 eτ1 +

 0

0

−3α1α
2
2

 eτ2.

Ïîä÷èíÿÿ ýòó âåêòîð-ôóíêöèþ óñëîâèÿì îðòîãîíàëüíîñòè (17), ïîëó÷èì ñè-
ñòåìó óðàâíåíèé

−α̇0 − α0 + 3α0α1α2 = 0,

−α̇1 + 1
2 (1 + i)α1 + 3

4 (1− i)α2
1α2 = 0,

−α̇2 + 1
2 (1− i)α2 + 3

4 (1 + i)α1α
2
2 = 0.

(37)

Óìíîæàÿ âòîðîå óðàâíåíèå ýòîé ñèñòåìû íà α2, à òðåòüå óðàâíåíèå íà α1 è
ñêëàäûâàÿ ðåçóëüòàòû, ïîëó÷èì óðàâíåíèå − (α1α2)

•+(α1α2)+ 3
2 (α1α2)

2 = 0.

Èç ðàâåíñòâ (36) íàõîäèì íà÷àëüíîå óñëîâèå (α1α2) (0) =
(y0)

2

8 , à çíà÷èò, è
ôóíêöèþ

α1α2 =
2
(
y0
)2

3e−t (y0)2 − 3 (y0)2 + 16e−t
. (38)

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â (37), íàéäåì îäíîçíà÷íî ðåøåíèå (35) ïåðâîé
èòåðàöèîííîé çàäà÷è (340). Ïðîèçâîäÿ â íåì ñóæåíèå íà ôóíêöèÿõ (33), ïî-
ëó÷èì ãëàâíûé ÷ëåí wε0 (t) àñèìïòîòèêè ðåøåíèÿ çàäà÷è (31). Ïåðâàÿ êîì-
ïîíåíòà yε0 (t) âåêòîð-ôóíêöèè wε0 (t) áóäåò ãëàâíûì ÷ëåíîì àñèìïòîòèêè
äëÿ èñõîäíîé çàäà÷è (30).

Äëÿ ðåøåíèÿ çàäà÷è èíèöèàëèçàöèè íàäî âûáðàòü (â ñîîòâåòñòâèè ñ óñëî-
âèÿìè (29)) çíà÷åíèå y0 = 0. Òîãäà ïðåäåëüíûì ðåøåíèåì áóäåò ôóíêöèÿ
¯̄y (t) ≡ 0 è îíà ñîâïàäàåò ñ òî÷íûì ðåøåíèåì çàäà÷è (31). Âðÿä ëè êîãî-
íèáóäü çàèíòåðåñóåò ýòîò ñëó÷àé.

Ïðîàíàëèçèðóåì ôóíêöèþ (38). Îíà èìååò âåðòèêàëüíóþ àñèìïòîòó t =

= − ln
(

3b2

3b2+16

)
, ãäå b =

(
y0
)2
. Äëÿ òîãî ÷òîáû ðåøåíèå ñèñòåìû (37) ñó-

ùåñòâîâàëî íà îòðåçêå [0, T ] ,íàäî, ÷òîáû àñèìïòîòà ïðîõîäèëà ïðàâåå ïðÿ-
ìîé t = T . Â ïðîòèâíîì ñëó÷àå ñèñòåìà (37) íå èìååò ðåøåíèé íà îòðåçêå
[0, T ] , è â ýòîé ñèòóàöèè ìû íå ìîæåì ïîñòðîèòü àñèìïòîòè÷åñêîå ðåøå-
íèå çàäà÷è (30). Âàðüèðóÿ íà÷àëüíîå óñëîâèå y0 â ñîîòâåòñòâèè ñ íåðàâåí-

ñòâîì − ln
(

3b2

3b2+16

)
> T, ìû óêàæåì îáëàñòü íà÷àëüíûõ äàííûõ y0 , äëÿ
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êîòîðûõ ñóùåñòâóåò ïîñòðîåííàÿ íàìè àñèìïòîòèêà. Çàìåòèì, ÷òî íå âñå-
ãäà â ðåçîíàíñíîé çàäà÷å (3) óñëîâèÿ îðòîãîíàëüíîñòè (24) áóäóò íåëèíåéíû-
ìè. Íàïðèìåð, åñëè â óðàâíåíèè (30) âìåñòî íåëèíåéíîñòè ε3y3 áóäåò ñòîÿòü
íåëèíåéíîñòü ε3y2, òî â ñèñòåìå (37) áóäóò îòñóòñòâîâàòü íåëèíåéíûå ÷ëå-
íû è âñå óðàâíåíèÿ áóäóò ëèíåéíûìè: −α̇0 − α0 = 0, −α̇1 + 1

2 (1 + i)α1 =
= 0, −α̇2 + 1

2 (1− i)α2 = 0. Â ýòîì ñëó÷àå îáëàñòüþ íà÷àëüíûõ äàííûõ y0

áóäåò âñÿ äåéñòâèòåëüíàÿ îñü Oy, ò.å. ïîñòðîåíèå àñèìïòîòèêè ðåøåíèÿ èñ-
õîäíîé çàäà÷è áóäåò âîçìîæíûì äëÿ ëþáûõ íà÷àëüíûõ çíà÷åíèé y0.
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