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ðîäíûõ ïîëèíîìîâ ðàçáèòî íà äåâÿòíàäöàòü êëàññîâ ýêâèâàëåíòíîñòè îòíîñèòåëüíî
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×àñòü I

Ïîñòàíîâêà çàäà÷è

1 Ââåäåíèå

Ïðåäëàãàåìàÿ ðàáîòà ïðîäîëæàåò öèêë ðàáîò ([1] � [6]), ïîñâÿùåííûõ êîíñòðóêòèâíîé
íîðìàëèçàöèè âåùåñòâåííûõ äâóìåðíûõ àâòîíîìíûõ ñèñòåì

ẋi = Pi(x) +Xi(x) (i = 1, 2), (1)

ãäå x = (x1, x2), Pi = aix
2
1 + 2bix1x2 + cix

2
2 � íåâîçìóùåííàÿ ÷àñòü, Xi =

∑∞
p=2X

(p+1)
i (x) �

âîçìóùåíèå ñèñòåìû, à X
(r)
i =

∑r
s=0X

(s,r−s)
i xs1x

r−s
2 � ôîðìà ïîðÿäêà r (Pi = P

(2)
i ).

Â [1, ÷. 1] è â [8, �3] èçëîæåí ìåòîä, íàçûâàåìûé ìåòîäîì ðåçîíàíñíûõ óðàâíåíèé,
ïîçâîëÿþùèé, åñëè óäàñòñÿ ïðåîäîëåòü ÷èñòî òåõíè÷åñêèå âû÷èñëèòåëüíûå òðóäíîñòè,
äëÿ ëþáîé ñèñòåìû ñ ôèêñèðîâàííîé íåâîçìóùåííîé ÷àñòüþ â ÿâíîì âèäå âûïèñàòü âñå
âîçìîæíûå ôîðìàëüíî ýêâèâàëåíòíûå åé îáîáùåííûå íîðìàëüíûå ôîðìû (ÎÍÔ).

Â îòëè÷èå îò åäèíîãî îïðåäåëåíèÿ ðåçîíàíñíûõ íîðìàëüíûõ ôîðì èëè, êàê èõ åùå
íàçûâàþò, íîðìàëüíûõ ôîðì Ïóàíêàðå, à ðàíüøå ïðîñòî � íîðìàëüíûõ ôîðì (ÍÔ), ðàç-
ëè÷íûõ îïðåäåëåíèé ÎÍÔ âñòðå÷àåòñÿ äîñòàòî÷íî ìíîãî. Ñ èõ êðàòêèì îïèñàíèåì ìîæíî
îçíàêîìèòüñÿ, íàïðèìåð, â [7], [8].

À äîñòàòî÷íî ïîëíàÿ, ñî âñåìè äîêàçàòåëüñòâàìè, òåîðèÿ ðåçîíàíñíûõ ÍÔ, õàðàê-
òåðèçóåìûõ íàëè÷èåì ó ñèñòåìû ëèíåéíîãî ïåðâîãî ïðèáëèæåíèÿ ñ íåíóëåâûì âåêòîðîì
ñîáñòâåííûõ ÷èñåë, èìååòñÿ â [9] è â êðàòêîì âèäå ïðåäñòàâëåíà â [10], [11].

Ïðåäëàãàåìàÿ ðàáîòà ïðåñëåäóåò äâå öåëè.

1) Ïåðâàÿ öåëü çàêëþ÷àåòñÿ â òîì, ÷òîáû ðàçáèòü ìíîæåñòâî íåâîçìóùåííûõ ïî
îòíîøåíèþ ê (1) ñèñòåì

ẋ1 = a1x
2
1 + 2b1x1x2 + c1x

2
2, ẋ2 = a2x

2
1 + 2b2x1x2 + c2x

2
2 (2)

íà êëàññû ýêâèâàëåíòíîñòè îòíîñèòåëüíî ëèíåéíûõ íåîñîáûõ çàìåí ïåðåìåííûõ,
ò. å. âûäåëèòü êîíå÷íûé íàáîð íàèáîëåå ïðîñòûõ ñèñòåì: êàíîíè÷åñêèõ ôîðì (ÊÔ), ïî-
ïàðíî ëèíåéíî íåýêâèâàëåíòíûõ äðóã äðóãó, è òàêèõ, ÷òîáû ïðîèçâîëüíàÿ ñèñòåìà (2)
ëèíåéíîé íåîñîáîé çàìåíîé ìîãëà áûòü ñâåäåíà ê îäíîé èç ÊÔ. Ïðè ýòîì ïîä "ïðîñòîòîé"
êàíîíè÷åñêîé ôîðìû ïîíèìàåòñÿ åå íàèáîëüøàÿ ïðèãîäíîñòü âûñòóïèòü â ðîëè íåâîç-
ìóùåííîé ÷àñòè ñèñòåìû (1), ïîäëåæàùåé äàëüíåéøåé íîðìàëèçàöèè ïðè ïîìîùè ïî÷òè
òîæäåñòâåííûõ çàìåí. Ôàêòè÷åñêè, ñâåäåíèå ê êàíîíè÷åñêîé ôîðìå îçíà÷àåò íîðìàëèçà-
öèþ êâàäðàòè÷íîãî ìíîãî÷ëåíà (P1, P2) â ñèñòåìå (1) èëè (2).

Â ÷àñòè II äîêàçàíî, ÷òî íåâîçìóùåííàÿ ñèñòåìà (2) èìååò äåâÿòíàäöàòü êàíîíè÷å-
ñêèõ ôîðì, ïðè ýòîì âñå îíè íàéäåíû êîíñòðóêòèâíî, ò.å. äëÿ êàæäîé ÊÔ â ÿâíîì âèäå
ïðèâåäåíû óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû (2) è óêàçàíà ëèíåéíàÿ íåîñîáàÿ çàìåíà,
ñâîäÿùàÿ ýòó ñèñòåìó ê âûáðàííîé ÊÔ. Ïðè ýòîì ïÿòü êàíîíè÷åñêèõ ôîðì èç äåâÿòíàäöà-
òè èìåþò äâà ïðåäñòàâëåíèÿ: îñíîâíîå è âûðîæäåííîå, êîòîðîå îòëè÷àåòñÿ îò îñíîâíîãî
òåì, ÷òî îäèí èç ìíîãî÷ëåíîâ â ÊÔ, íàïðèìåð P2, òîæäåñòâåííî ðàâåí íóëþ.
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Ïîäîáíàÿ êëàññèôèêàöèÿ êâàäðàòè÷íûõ êàíîíè÷åñêèõ ôîðì, âêëþ÷àÿ âûðîæäåííûå,
áûëà îñóùåñòâëåíà ðàíåå â [2, � 2]. È íà åå îñíîâå â ðàáîòàõ [2] � [6] áûëè ïðîâåäåíû èññëå-
äîâàíèÿ ôîðìàëüíîé ýêâèâàëåíòíîñòè ñèñòåì (1) ñ îäèííàäöàòüþ ÊÔ, âçÿòûìè â êà÷åñòâå
èõ íåâîçìóùåííîé ÷àñòè, è ïîñòðîåíû âñå ÎÍÔ.

Îäíàêî, îêàçàëîñü, ÷òî ïðèâåäåííàÿ êëàññèôèêàöèÿ áûëà íå ïîëíà è èìåëà ðÿä íåäî-
ñòàòêîâ, ñâÿçàííûõ ñ îòñóòñòâèåì íà òîò ìîìåíò ÷åòêî ñôîðìóëèðîâàííûõ ïðèíöèïîâ,
êàñàþùèõñÿ ðàñïîëîæåíèÿ íåíóëåâûõ êîýôôèöèåíòîâ â ìíîãî÷ëåíàõ P1, P2 è èõ íîðìè-
ðîâêè, êîòîðûå äîëæíû áûòü çàëîæåíû â îïðåäåëåíèå êàíîíè÷åñêîé ôîðìû.

Ýòè ïðèíöèïû ñôîðìóëèðîâàíû íèæå â ï. 3.3 ÷àñòè II. Îíè íå îêàçûâàþò ñóùåñòâåí-
íîãî âëèÿíèÿ íà ïîñëåäóþùóþ íîðìàëèçàöèþ ñèñòåìû (1), íî ïîçâîëÿþò åäèíñòâåííûì
îáðàçîì âûäåëèòü, òàê ñêàçàòü, îñíîâíóþ ÊÔ è ëèíåéíî ýêâèâàëåíòíûå åé äîïîëíèòåëü-
íûå ÊÔ, èìåþùèå òî æå ÷èñëî íåíóëåâûõ ýëåìåíòîâ, íî ðàñïîëîæåííûõ íå íà ëó÷øèõ
ìåñòàõ èëè íå òàê íîðìèðîâàííûõ.

Óêàçàííûå ðàçëè÷èÿ â îïðåäåëåíèè ÊÔ ïðèâåëè ê òîìó, ÷òî ïðè èññëåäîâàíèè ÎÍÔ
â íåêîòîðûõ èñõîäíûõ ñèñòåìàõ â êà÷åñòâå íåâîçìóùåííîé ÷àñòè ðàíåå âûáèðàëèñü íå
îñíîâíûå, à äîïîëíèòåëüíûå ÊÔ â ñîîòâåòñòâèè ñ ââåäåííîé â [2, � 2] êëàññèôèêàöèåé.

Â ÷àñòè II âñå ïåðå÷èñëåííûå íåäîñòàòêè ïðåäøåñòâóþùåé êëàññèôèêàöèè óñòðàíåíû,
è ñàìà êëàññèôèêàöèÿ îñóùåñòâëåíà íà äðóãîé èäåéíîé îñíîâå, ÷òî ïîçâîëèëî äîêàçàòü
ïîïàðíóþ ëèíåéíóþ íåýêâèâàëåíòíîñòü âûäåëåííûõ ÊÔ è â ÿâíîì âèäå óêàçàòü óñëîâèÿ
íà èñõîäíóþ ñèñòåìó (1), ïðè êîòîðûõ îíà ñâîäèòñÿ ê îïðåäåëåííîé êàíîíè÷åñêîé ôîðìå.

2) Âòîðàÿ öåëü ïðåäëàãàåìîé ðàáîòû çàêëþ÷àåòñÿ â òîì, ÷òîáû íîðìàëèçîâàòü âñå
ñèñòåìû (1), â êîòîðûõ â êà÷åñòâå íåâîçìóùåííîé ÷àñòè ïîñëåäîâàòåëüíî áåðóòñÿ êàæäàÿ
èç ïÿòè âûðîæäåííûõ êàíîíè÷åñêèõ ôîðì.

Òàêàÿ íîðìàëèçàöèÿ, âîîáùå ãîâîðÿ, ìåíåå ýôôåêòèâíà ïî ñðàâíåíèþ ñ íîðìàëèçà-
öèåé ñèñòåìû (1), íåâîçìóùåííàÿ ÷àñòü êîòîðîé çàäàíà îñíîâíîé êàíîíè÷åñêîé ôîðìîé,
ýêâèâàëåíòíîé âûðîæäåííîé ôîðìå. Íî â ñâÿçè ñ òåì, ÷òî îñíîâíûå êàíîíè÷åñêèå ôîðìû
îêàçàëèñü ñëîæíåå âûðîæäåííûõ, îñóùåñòâèòü ïîëíîöåííóþ íîðìàëèçàöèþ ñ íåêîòîðûìè
èç íèõ ïîêà íå óäàåòñÿ èç-çà áîëüøèõ òåõíè÷åñêèõ ñëîæíîñòåé.

Â ÷àñòè III äëÿ ñèñòåìû (1) ñ êàæäîé èç ïÿòè âûðîæäåííûõ ÊÔ, âçÿòûõ â êà÷åñòâå
íåâîçìóùåííîé ÷àñòè, è ïðîèçâîëüíûì âîçìóùåíèåì âûïèñàíû âñå îáîáùåííûå íîðìàëü-
íûå ôîðìû, êîòîðûå ìîæíî ïîëó÷èòü ïðè ïîìîùè ïî÷òè òîæäåñòâåííûõ ïðåîáðàçîâàíèé,
è ïðèâåäåíû ïðèìåðû íîðìàëüíûõ ôîðì, èìåþùèõ ñïåöèàëüíûå ñòðóêòóðû.

Äëÿ ïîëíîòû êàðòèíû ñëåäóåò îòìåòèòü, ÷òî ñóùåñòâóåò åùå îäèí ïóòü íîðìàëèçà-
öèè ñèñòåìû (1) ñ âûðîæäåííîé ÊÔ â íåâîçìóùåííîé ÷àñòè. Äëÿ ýòîãî íà ìåñòî îòñóò-
ñòâóþùåãî êâàäðàòè÷íîãî ìíîãî÷ëåíà P2 ñòàâèòñÿ è ôèêñèðóåòñÿ êàêîå-ëèáî ñëàãàåìîå
(èëè ñëàãàåìûå) áîëåå âûñîêîãî ïîðÿäêà èç âîçìóùåíèÿ X2 ñèñòåìû (1), íî òàêîå, ÷òî-
áû óäàëîñü âûðîâíÿòü ïîðÿäêè â íîâîé íåâîçìóùåííîé ÷àñòè ïóòåì ïðèäàíèÿ êàæäîé
ïåðåìåííîé ñîîòâåòñòâóþùåãî âåñà.

Óêàçàííûé ïóòü îïèñàí â [1, ÷. 1] è îñóùåñòâëåí, íàïðèìåð, â [8, � 6]. ßñíî, ÷òî â ÎÍÔ
íîâûé, óæå íå êâàäðàòè÷íûé, ìíîãî÷ëåí P2 íå èçìåíÿåòñÿ (íå àííóëèðóåòñÿ äàæå ÷àñòè÷-
íî), íî ñ åãî ïîìîùüþ óäàåòñÿ àííóëèðîâàòü ðÿä äîïîëíèòåëüíûõ ÷ëåíîâ âîçìóùåíèÿ.

Íàêîíåö, â ÷àñòè IV îïèñàíî, ÷òî ê íàñòîÿùåìó ìîìåíòó ñäåëàíî â ðåøåíèè çàäà÷è
î íàõîæäåíèè â ÿâíîì âèäå âñåõ ÎÍÔ ñèñòåì, èìåþùèõ â êà÷åñòâå íåâîçìóùåííîé ÷àñòè
îäíó èç äåâÿòíàäöàòè êàíîíè÷åñêèõ ôîðì.
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2 Ôîðìàëüíàÿ ýêâèâàëåíòíîñòü ñèñòåì

Èòàê, ðàññìîòðèì äâóìåðíóþ âåùåñòâåííóþ àâòîíîìíóþ ñèñòåìó (1)

ẋi = Pi(x) +Xi(x) (i = 1, 2),

ãäå Pi = aix
2
1 + 2bix1x2 + cix

2
2, Xi =

∑∞
p=2X

(p+1)
i (x), X

(p+1)
i =

∑p+1
s=0X

(s,p−s+1)
i xs1x

p−s+1
2 .

Ïóñòü ôîðìàëüíàÿ ïî÷òè òîæäåñòâåííàÿ çàìåíà

xi = yi + hi(y) (i = 1, 2), (3)

ãäå y = (y1, y2), hi =
∑∞

p=2 h
(p)
i (y), ïåðåâîäèò ñèñòåìó (1) â ñèñòåìó

ẏi = Pi(y) + Yi(y) (i = 1, 2), (4)

â êîòîðîé Yi =
∑∞

p=2 Y
(p+1)
i (y), Y

(p+1)
i =

∑p+1
s=0 Y

(s,p−s+1)
i ys1y

p−s+1
2 .

Ïðîäèôôåðåíöèðîâàâ ïî t çàìåíó (3) â ñèëó ñèñòåì (1) è (4), ïîëó÷àåì

2∑
j=1

(∂hi(y)

∂yj
Pj(y)− ∂Pi(y)

∂yj
hj(y)

)
= Xi(y + h) + Pi(h)−

2∑
j=1

∂hi(y)

∂yj
Yj(y)− Yi(y).

Òîãäà ïðè ëþáîì p ≥ 2 ôîðìû h
(p)
i , Y

(p+1)
i óäîâëåòâîðÿþò óðàâíåíèÿì

(a1y
2
1 + 2b1y1y2 + c1y

2
2)
∂h

(p)
i

∂y1
+ (a2y

2
1 + 2b2y1y2 + c2y

2
2)
∂h

(p)
i

∂y2
−

−2(aiy1 + biy2)h
(p)
1 − 2(biy1 + ciy2)h

(p)
2 = Ŷ

(p+1)
i (i = 1, 2),

(5)

ãäå Ŷ (p+1)
i = Ỹ

(p+1)
i (y)− Y (p+1)

i (y), à Ỹ
(p+1)
i (y) = {Xi(y + h) + P (h)−

∑2
j=1 Yj ∂hi/∂yj}(p+1)

è çàâèñÿò òîëüêî îò h(r) è Y (r+1) ñ 2 ≤ r ≤ p− 1.

Ïîýòîìó ïðè ïîñëåäîâàòåëüíîì äëÿ êàæäîãî p = 2, 3, . . . îïðåäåëåíèè ôîðì h
(p)
i

è Y
(p+1)
i â óðàâíåíèÿõ (5) ôîðìû Ỹ

(p+1)
i óæå èçâåñòíû.

Ïðèðàâíèâàÿ â óðàâíåíèÿõ (5) êîýôôèöèåíòû ïðè ys1y
p+1−s
2 (s = 0, 1, . . . , p + 1),

ïîëó÷àåì ñèñòåìó 2(p+ 2) óðàâíåíèé ñ 2(p+ 1) íåèçâåñòíûìè:

a2(p− s+ 2)h
(s−2,p−s+2)
1 + (a1(s− 3) + 2b2(p− s+ 1))h

(s−1,p−s+1)
1 +

+(2b1(s− 1) + c2(p− s))h(s,p−s)1 + c1(s+ 1)h
(s+1,p−s−1)
1 −

−2b1h
(s−1,p−s+1)
2 − 2c1h

(s,p−s)
2 = Ŷ

(s,p−s+1)
1 ,

a2(p− s+ 2)h
(s−2,p−s+2)
2 + (a1(s− 1) + 2b2(p− s))h(s−1,p−s+1)

2 +

+(2b1s+ c2(p− s− 2))h
(s,p−s)
2 + c1(s+ 1)h

(s+1,p−s−1)
2 −

−2a2h
(s−1,p−s+1)
1 − 2b2h

(s,p−s)
1 = Ŷ

(s,p−s+1)
2 .

(6)

Â ñèñòåìå (6) è âñåãäà â äàëüíåéøåì ñ÷èòàåì, ÷òî êîýôôèöèåíòû ðÿäîâ Ŷi è hi ðàâíû
íóëþ, åñëè îäèí èç âåðõíèõ èíäåêñîâ ìåíüøå íóëÿ.
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Äëÿ âñÿêîãî p ≥ 2 óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû (6) ìîæíî çàïèñàòü â âèäå np
ëèíåéíûõ óðàâíåíèé, ñâÿçûâàþùèõ êîýôôèöèåíòû îäíîðîäíûõ ïîëèíîìîâ Y

(p+1)
i :

p+1∑
s=0

(apsν1Y
(s,p−s+1)
1 + apsν2Y

(s,p−s+1)
2 ) = c̃ (ν = 1, np, np ≥ 2), (7)

ãäå â êàæäîì óðàâíåíèè c̃ =
∑p+1

s=0(apsν1Ỹ
(s,p−s+1)
1 + apsν2Ỹ

(s,p−s+1)
2 ).

Îïðåäåëåíèå 1. Óðàâíåíèÿ (7) áóäåì íàçûâàòü ðåçîíàíñíûìè.

Ïîëó÷åíèå ðåçîíàíñíûõ óðàâíåíèé â ÿâíîì âèäå, ò. å. âû÷èñëåíèå ìíîæèòåëåé apsνi ,
ÿâëÿåòñÿ îñíîâíîé öåëüþ îïèñûâàåìîãî îäíîèìåííîãî ìåòîäà.

Îäíàêî, ðåøåíèå ýòîé çàäà÷è íàòàëêèâàåòñÿ íà çíà÷èòåëüíûå òåõíè÷åñêèå òðóäíîñòè
òåì áîëüøèå, ÷åì áîëüøå íåíóëåâûõ êîýôôèöèåíòîâ èìåþò ìíîãî÷ëåíû P1, P2.

Ïîýòîìó â ïåðâóþ î÷åðåäü òðåáóåòñÿ ìàêñèìàëüíî óïðîñòèòü êâàäðàòè÷íóþ íåâîçìó-
ùåííóþ ÷àñòü ñèñòåìû (1), ñâåäÿ åå ïðè ïîìîùè ëèíåéíîé íåîñîáîé çàìåíû ê òàê íàçû-
âàåìîé êàíîíè÷åñêîé ôîðìå (ÊÔ).

Â ñëó÷àå, êîãäà ñèñòåìà èìååò ëèíåéíîå ïåðâîå ïðèáëèæåíèå, ñâåäåíèå åãî ê êàíî-
íè÷åñêîé ôîðìå, î÷åâèäíî, îçíà÷àåò ïðèâåäåíèå ìàòðèöû ëèíåéíîé ÷àñòè ê æîðäàíîâîé
ôîðìå. À â ðàññìàòðèâàåìîì ñëó÷àå îáùåïðèíÿòîãî îïðåäåëåíèÿ ÊÔ íåò.

Ïðèíöèïû îïðåäåëåíèÿ êàíîíè÷åñêîé ôîðìû áóäóò ñôîðìóëèðîâàíû íèæå èñõîäÿ
èç ïîòðåáíîñòåé, âîçíèêàþùèõ ïðè ðåøåíèè ñèñòåìû (6) è îáëåã÷àþùèõ åå ðåøåíèå.

Âàæíûì êðèòåðèåì, óïðîùàþùèì ñèñòåìó (6), ÿâëÿåòñÿ, êàê óæå îòìå÷àëîñü, ìèíè-
ìèçàöèÿ ÷èñëà íåíóëåâûõ êîýôôèöèåíòîâ ó P1 è P2.

Áîëüøîå çíà÷åíèå èìååò òàêæå òî, êàêèå êîýôôèöèåíòû ïðåäïî÷òèòåëüíåå îáðàùàòü
â íóëü â ïåðâóþ î÷åðåäü. Òàê, â ìíîãî÷ëåíå P1 ëó÷øå âñåãî, åñëè ýòî âîçìîæíî, ñäåëàòü
c1 = 0, à â P2 � a2 = 0. Îäíîãî ýòîãî îêàçûâàåòñÿ äîñòàòî÷íî, ÷òîáû â ëåâûõ ÷àñòÿõ
ñèñòåìû (6) èñ÷åçëî ïî òðè ñëàãàåìûõ.

ßñíî òàêæå, ÷òî ðåøàòü ñèñòåìó (6) áóäåò òåì ïðîùå, ÷åì áîëüøå îñòàâøèõñÿ íåíó-
ëåâûìè êîýôôèöèåíòîâ óäàñòñÿ íîðìèðîâàòü ê åäèíèöå.

Â ðÿäå ñëó÷àåâ â ñèñòåìå (1) îäèí èç ìíîãî÷ëåíîâ, íàïðèìåð P2, óäàåòñÿ ñäåëàòü
òîæäåñòâåííî ðàâíûì íóëþ. Òîãäà ïîñëåäóþùèå óïðîùåíèÿ P1 ïðèâîäÿò ê ïîÿâëåíèþ
âûðîæäåííûõ ÊÔ, êîòîðûå ëèíåéíî ýêâèâàëåíòíû îñíîâíûì è, êàê îòìå÷àëîñü âûøå,
èìåþò ñâîè ïëþñû è ìèíóñû.

Â çàêëþ÷åíèå íàïîìíèì íåîáõîäèìûå â äàëüíåéøåì îïðåäåëåíèÿ èç ðàáîòû [1].

Îïðåäåëåíèå 2. Êîýôôèöèåíòû îäíîðîäíûõ ìíîãî÷ëåíîâ Y
(p+1)
i ñèñòåìû (4), âõî-

äÿùèå õîòÿ áû â îäíî èç ðåçîíàíñíûõ óðàâíåíèé (7), áóäåì íàçûâàòü ðåçîíàíñíûìè,

à îñòàëüíûå � íåðåçîíàíñíûìè. Êîýôôèöèåíòû îäíîðîäíûõ ìíîãî÷ëåíîâ h
(p)
i , îñòàþùè-

åñÿ ñâîáîäíûìè ïðè ðåøåíèè ñèñòåìû (6), áóäåì íàçûâàòü ðåçîíàíñíûìè.

Ïðîèçâîëüíîìó íàáîðó èç np êîýôôèöèåíòîâ Y
(sk,p+1−sk)
ik

îäíîðîäíûõ ìíîãî÷ëåíîâ

Y
(p+1)
1 , Y

(p+1)
2 , ãäå k = 1, np, sk ∈ {0, . . . , p + 1}, ik ∈ {1, 2}, ñîïîñòàâèì ìàòðèöó

Υp = {υpνk}
np

ν,k=1, â êîòîðîé υpνk = apskνik
.

Îïðåäåëåíèå 3. Íàáîð èç np êîýôôèöèåíòîâ îäíîðîäíûõ ìíîãî÷ëåíîâ Y
(p+1)
i áóäåì

íàçûâàòü ðåçîíàíñíûì, åñëè det Υp 6= 0.
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Òàêèì îáðàçîì, ïðè ëþáîì p ≥ 2 ðåçîíàíñíûé íàáîð � ýòî ìèíèìàëüíûé íàáîð êîýô-
ôèöèåíòîâ èç Y

(p+1)
1 , Y

(p+1)
2 , êàæäûé èç êîòîðûõ ðåàëüíî ïðèñóòñòâóåò õîòÿ áû â îäíîì

èç óðàâíåíèé (7) è îòíîñèòåëüíî êîòîðûõ ðåçîíàíñíûå óðàâíåíèÿ îäíîçíà÷íî ðàçðåøèìû.
Ïðè ýòîì â ðåçîíàíñíûé íàáîð ìîãóò âõîäèòü òîëüêî ðàçëè÷íûå ðåçîíàíñíûå êîýôôèöè-
åíòû, èíà÷å â Υp áóäóò îäèíàêîâûå ñòîëáöû èëè íóëåâîé ñòîëáåö.

Îïðåäåëåíèå 4. Ñèñòåìó (4) áóäåì íàçûâàòü îáîáùåííîé íîðìàëüíîé ôîðìîé

(ÎÍÔ), åñëè äëÿ ëþáîãî p ≥ 2 âñå êîýôôèöèåíòû îäíîðîäíûõ ìíîãî÷ëåíîâ Y
(p+1)
i ðàâíû

íóëþ, çà èñêëþ÷åíèåì, âîçìîæíî, êîýôôèöèåíòîâ èç êàêîãî-ëèáî ðåçîíàíñíîãî íàáîðà.

Ïðåäëîæåííîå îïðåäåëåíèå ÎÍÔ ñîîòâåòñòâóåò ïîíÿòèþ îáîáùåííîé íîðìàëüíîé
ôîðìû ïåðâîãî ïîðÿäêà, ââåäåííîìó â [12].

×àñòü II

Êàíîíè÷åñêàÿ ôîðìà íåâîçìóùåííîé

ñèñòåìû

3 Ëèíåéíàÿ ýêâèâàëåíòíîñòü êâàäðàòè÷íûõ ñèñòåì

3.1 Çàïèñü è õàðàêòåðèñòèêà êâàäðàòè÷íûõ ñèñòåì

Ðàññìîòðèì äâóìåðíóþ âåùåñòâåííóþ íåâîçìóùåííóþ ñèñòåìó (2)

ẋ = P (x) or ẋ = Aq[2](x) (P (x) 6≡ 0, A 6= 0),

ãäå P =

(
P1(x)

P2(x)

)
=

(
a1x

2
1 + 2b1x1x2 + c1x

2
2

a2x
2
1 + 2b2x1x2 + c2x

2
2

)
, A =

(
a1 2b1 c1
a2 2b2 c2

)
, q[2](x) =

 x21
x1x2
x22

 .

Îïðåäåëåíèå 5. Îáùèì ìíîæèòåëåì P0 ìíîãî÷ëåíîâ P1 è P2 áóäåì íàçûâàòü
îáùèé ìíîæèòåëü ìàêñèìàëüíîé íåíóëåâîé ñòåïåíè, êîòîðóþ áóäåì îáîçíà÷àòü ÷åðåç l
(l ∈ {1, 2}). À åñëè îáùèé ìíîæèòåëü ó ìíîãî÷ëåíîâ P1, P2 îòñóòñòâóåò, òî áóäåì
ñ÷èòàòü, ÷òî l = 0 .

Äëÿ ìíîãî÷ëåíà P ââåäåì ôóíêöèþ R, íàçûâàåìóþ ðåçóëüòàíòîì:

R =

∣∣∣∣∣∣∣∣∣
a1 2b1 c1 0

0 a1 2b1 c1
a2 2b2 c2 0

0 a2 2b2 c2

∣∣∣∣∣∣∣∣∣ = δ2ac − 4δabδbc, (8)

ãäå δab = a1b2 − a2b1, δac = a1c2 − a2c1, δbc = b1c2 − b2c1.

Óòâåðæäåíèå 1. Ìíîãî÷ëåíû P1, P2 â ñèñòåìå (2) èìåþò îáùèé ìíîæèòåëü òîãäà
è òîëüêî òîãäà, êîãäà R = 0 (ñì. [13, ñòð. 59]).
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3.2 Ëèíåéíûå ïðåîáðàçîâàíèÿ êâàäðàòè÷íûõ ñèñòåì

Áóäåì óïðîùàòü ñèñòåìó (2) ïðè ïîìîùè ëèíåéíûõ íåîñîáûõ çàìåí

x1 = r1y1 + s1y2, x2 = r2y1 + s2y2 èëè x = Ly, (9)

ãäå y =

(
y1
y2

)
, L =

(
r1 s1
r2 s2

)
, δ = δrs = detL 6= 0.

Ïóñòü çàìåíà (9) ïðåîáðàçóåò ñèñòåìó (2) â ñèñòåìó

ẏ = P̃ (y) èëè ẏ = Ã q[2](y), (10)

ãäå P̃ =

(
P̃1

P̃2

)
=

(
ã1y

2
1 + 2b̃1y1y2 + c̃1y

2
2

ã2y
2
1 + 2b̃2y1y2 + c̃2y

2
2

)
, Ã =

(
ã1 2b̃1 c̃1

ã2 2b̃2 c̃2

)
.

Äëÿ ñèñòåìû (10) ïî àíàëîãèè ñ (2) ââåäåì ðåçóëüòàíò R̃ ïî ôîðìóëå (8).

Äèôôåðåíöèðóÿ çàìåíó (9) â ñèëó ñèñòåì (2) è (10), ïîëó÷àåì P (Ly) = LP̃ (y) èëè

P̃ (y) = L−1P (Ly) = L−1Aq[2](Ly), (11)

ãäå L−1 = δ−1

(
s2 −s1
−r2 r1

)
, à L−1A = δ−1

(
δas 2δbs δcs
−δar −2δbr −δcr

)
.

Ïîýòîìó â ôîðìóëå (11) èìååì:(
ã1y

2
1 + 2b̃1y1y2 + c̃1y

2
2

ã2y
2
1 + 2b̃2y1y2 + c̃2y

2
2

)
= δ−1

(
δas 2δbs δds
−δar −2δbr −δcr

)(r1y1 + s1y2)
2

(r1y1 + s1y2)(r2y1 + s2y2)

(r2y1 + s2y2)
2

 .

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè ys1y
2−s
2 (s = 0, 2), ïîëó÷àåì

δã1 = s2P1(r1, r2)− s1P2(r1, r2), −δã2 = r2P1(r1, r2)− r1P2(r1, r2),

δb̃1 = s2(a1r1s1 + b1δ∗ + c1r2s2)− s1(a2r1s1 + b2δ∗ + c2r2s2),

−δb̃2 = r2(a1r1s1 + b1δ∗ + c1r2s2)− r1(a2r1s1 + b2δ∗ + c2r2s2),

δc̃1 = s2P1(s1, s2)− s1P2(s1, s2), −δc̃2 = r2P1(s1, s2)− r1P2(s1, s2).

(12)

ãäå δ∗ = r1s2 + r2s1.

Óòâåðæäåíèå 2. Â ñèñòåìàõ (2) è (10) èëè R, R̃ = 0, èëè RR̃ > 0, ò. å. çíàê R
èíâàðèàíòåí ïî îòíîøåíèþ ê ëþáîé ëèíåéíîé íåîñîáîé çàìåíå (9).

Äåéñòâèòåëüíî, íåòðóäíî óáåäèòüñÿ, ÷òî R̃ = δ2R.

Çàìå÷àíèå 1. Â äàëüíåéøåì äëÿ êðàòêîñòè ñèñòåìó (2) áóäåì îòîæäåñòâëÿòü ñ ìàò-
ðèöåé êîýôôèöèåíòîâ A èëè ìíîãî÷ëåíîì P, ïîñòóïàÿ òàê æå è ñ äðóãèìè ïîëó÷åííûìè
èç íåå ñèñòåìàìè. À çàìåíó (9) áóäåì îòîæäåñòâëÿòü ñ ìàòðèöåé L.

Ñðåäè çàìåí (9), ïðåîáðàçóþùèõ (2) â (10), âûäåëèì äâå ñòàíäàðòíûå:(
r1 0

0 s2

)
� íîðìèðîâêà, Ã =

(
a1r1 2b1s2 c1s

2
2r
−1
1

a2r
2
1s
−1
2 2b2r1 c2s2

)
; (13)
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(
0 1

1 0

)
� ïåðåíóìåðàöèÿ, Ã =

(
c2 2b2 a2
c1 2b1 a1

)
. (14)

3.3 Ïðèíöèïû îïðåäåëåíèÿ êàíîíè÷åñêîé ôîðìû

Ïðåäëîæåíèå 1. Â äàëüíåéøåì, íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî
â ñèñòåìå (2) ìíîãî÷ëåí P1(x) 6≡ 0, òàê êàê â ïðîòèâíîì ñëó÷àå â íåé P2(x) 6≡ 0 è
ìîæíî ñäåëàòü ïåðåíóìåðàöèþ (14).

Áóäåì ïðèïèñûâàòü êàæäîìó ýëåìåíòó ìàòðèöû A èëè êîýôôèöèåíòó ìíîãî÷ëåíîâ
P1 èëè P2 ñèñòåìû (2) èíäåêñ, ðàâíûé ÷èñëó, ñòîÿùåìó íà ìåñòå ýòîãî ýëåìåíòà â ìàòðèöå(

1 2 3

3 2 1

)
.

Îïðåäåëåíèå 6. Èíäåêñîì ìàòðèöû A ñèñòåìû (2) áóäåì íàçûâàòü ñóììó èíäåê-
ñîâ åå íåíóëåâûõ ýëåìåíòîâ.

Îïðåäåëåíèå 7. Ñèñòåìó (2) áóäåì íàçûâàòü êàíîíè÷åñêîé ôîðìîé (ÊÔ l) èëè,
÷òî òî æå ñàìîå, îñíîâíîé ÊÔ l, åñëè ëèíåéíîé íåîñîáîé çàìåíîé (9) èç íåå íåëüçÿ
ïîëó÷èòü ñèñòåìó, êîòîðàÿ ïðåäïî÷òèòåëüíåå èñõîäíîé ñ òî÷êè çðåíèÿ ñëåäóþùèõ
èåðàðõè÷åñêèõ ïðèíöèïîâ:

1) Ñèñòåìà íåâûðîæäåíà, ò. å. P1, P2 6≡ 0, è, åñëè âîçìîæíî, P1 ≡ P2.

2) ×èñëî íåíóëåâûõ ýëåìåíòîâ ìàòðèöû A ìèíèìàëüíî.

3) Èíäåêñ A ìèíèìàëåí.

4) ×èñëî ýëåìåíòîâ A, ïî ìîäóëþ ðàâíûõ åäèíèöå, ìàêñèìàëüíî.

5) Ðàñïîëîæåíèå íåíóëåâûõ êîýôôèöèåíòîâ ìíîãî÷ëåíà P1 :

5a) Ïîðÿäîê ïåðâîãî íåíóëåâîãî êîýôôèöèåíòà P1 ìèíèìàëåí.

5b) Ïîðÿäîê ïîñëåäíåãî íåíóëåâîãî êîýôôèöèåíòà P1 ìàêñèìàëåí.

6) Íîðìèðîâêà íåíóëåâûõ êîýôôèöèåíòîâ ñèñòåìû:

6a) Â P2 ëåâûé íåíóëåâîé ýëåìåíò ðàâåí åäèíèöå.

6b) Â P1 ìîäóëü ïðàâîãî íåíóëåâîãî êîýôôèöèåíòà ðàâåí åäèíèöå.

Çàìå÷àíèå 2. Êëþ÷åâûìè ïðè îïðåäåëåíèè ÊÔ l ÿâëÿþòñÿ ïðèíöèïû 1 � 4. À ïðèí-
öèïû 5 è 6 ïîçâîëÿþò âûäåëèòü ñðåäè èìåþùèõñÿ ëèíåéíî ýêâèâàëåíòíûõ êàíîíè÷åñêèõ
ôîðì, òàê ñêàçàòü, îñíîâíóþ ÊÔ l, õîòÿ îñòàëüíûå ëèíåéíî ýêâèâàëåíòíûå åé êàíîíè÷å-
ñêèå ôîðìû íå õóæå ñ òî÷êè çðåíèÿ âûáîðà ëþáîé èç íèõ â êà÷åñòâå ïåðâîãî ïðèáëèæåíèÿ
â ïðîèçâîëüíîé âîçìóùåííîé ñèñòåìå ïðè ñâåäåíèè åå ê ÎÍÔ.

Ýòè ñîîáðàæåíèÿ ïðèâîäÿò ê ïîÿâëåíèþ ïîíÿòèÿ äîïîëíèòåëüíîé ÊÔ l.

Îïðåäåëåíèå 8. Ñèñòåìó (2) áóäåì íàçûâàòü äîïîëíèòåëüíîé êàíîíè÷åñêîé ôîð-
ìîé (ÄÊÔ l), åñëè îíà ëèíåéíî ýêâèâàëåíòíà êàêîé-ëèáî îñíîâíîé ÊÔ l, íî ïðèíöèï 5 è,
âîçìîæíî, ïðèíöèï 6 äëÿ íåå íå âûïîëíÿþòñÿ. Ïðè ýòîì ÄÊÔ l, ïîëó÷åííóþ èç ëþáîé
íåñèììåòðè÷íîé ÊÔ l

i ïðè ïîìîùè ïåðåíóìåðàöèè (14), áóäåì îáîçíà÷àòü ÊÔ lï
i .
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4 Êàíîíè÷åñêèå ôîðìû ñèñòåìû (2) â ñëó÷àå l = 0

Ðàññìîòðèì ñèñòåìó (2)

(
P1

P2

)
=

(
a1x

2
1 + 2b1x1x2 + c1x

2
2

a2x
2
1 + 2b2x1x2 + c2x

2
2

)
, â êîòîðîé îäíîðîäíûå ìíîãî-

÷ëåíû P1, P2 6≡ 0 è íå èìåþò îáùåãî ìíîæèòåëÿ.

Òîãäà ïî îïðåäåëåíèþ 5 èìååò ìåñòî ñëó÷àé l = 0 è ïî óòâåðæäåíèþ 1 ââåäåííûé
â (8) ðåçóëüòàíò R = δ2ac − 4δabδbc 6= 0. Ïîýòîìó, â ÷àñòíîñòè, a21 + a22 6= 0 è c21 + c22 6= 0.

Äëÿ òîãî ÷òîáû âûïèñàòü âñå êàíîíè÷åñêèå ôîðìû, ê êîòîðûì ñèñòåìà (2) ñâîäèòñÿ
ëèíåéíîé çàìåíîé (9), íåîáõîäèìî ñôîðìóëèðîâàòü ðÿä óñëîâèé.

Ââåäåì â ðàññìîòðåíèå äâà êóáè÷åñêèõ ìíîãî÷ëåíà

Q1(t) = t3 − ut2 + vt− 1, Q2(t) = t3 + (v2 − 2u)t2 + (u2 − 2v)t+ 1, (15)

ó êîòîðûõ âõîäÿùèå â êîýôôèöèåíòû ïàðàìåòðû u, v èìåþò ñëåäóþùèå îãðàíè÷åíèÿ:

uv 6= 0; 1, u 6= v, u2 + v 6= 0, u+ v2 6= 0. (16)

Óòâåðæäåíèå 3. Íóëè ìíîãî÷ëåíîâ Q1, Q2 óäîâëåòâîðÿþò îäíîìó èç äâóõ óñëîâèé:

∃ t′1, t′′1 ∈ R : Q1(t
′
1) = 0, Q1(t

′′
1) = 0, t′1 6= t′′1;

∃ ! t1 ∈ R : Q1(t1) = 0, ∀ t2 ∈ R : Q2(t2) = 0 ⇒ t2 6= t1 (t1, t2 6= 0, u).
(17)

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî óñëîâèÿ (17) íå âûïîëíÿþòñÿ.

Ýòî çíà÷èò, ÷òî Q1(t) èìååò åäèíñòâåííûé âåùåñòâåííûé íóëü t1 = −τ è ýòîò íóëü
ÿâëÿåòñÿ òàêæå íóëåì Q2(t). Òîãäà ìíîãî÷ëåíû (15) èìåþò âèä

Qi(t) = (t+ τ)(t2 + bit+ ci) = t3 + (τ + bi)t
2 + (τbi + ci)t+ τci (i = 1, 2).

Ñëåäîâàòåëüíî,


b1 = −u− τ
c1 = −τ−1

τb1 + c1 = v

è


b2 = v2 − τ − 2u

c2 = τ−1

τb2 + c2 = u2 − 2v

. Èç âòîðîé ñèñòåìû ïîëó÷àåì

(u+ τ)2 = τ(v + τ−1)2. Ïîýòîìó τ > 0, èíà÷å u = −τ, v = −τ−1, ÷òî ïðîòèâîðå÷èò (16).
Óñëîâèå åäèíñòâåííîñòè âåùåñòâåííîãî íóëÿ Q1 âëå÷åò íåðàâåíñòâî b21 − 4c1 ≤ 0,

ðàâíîñèëüíîå íåâîçìîæíîìó íåðàâåíñòâó (u+ τ)2 + 4τ−1 ≤ 0, òàê êàê τ > 0. �

ÑÏÈÑÎÊ êàíîíè÷åñêèõ ôîðì ñèñòåìû (2) â ñëó÷àå l = 0 :

ÊÔ0
3 =

(
1 u 0

0 0 1

)
, ÊÔ0

1 =

(
1 0 0

0 0 1

)
, ÊÔ0

2 =

(
0 0 1

1 0 0

)
, ÊÔ0

7 =

(
0 u 1

1 0 0

)
,

ÊÔ0
4 =

(
u 0 1

0 0 1

)
, ÊÔ0

5 =

(
u 0 σ

0 1 0

)
, ÊÔ0

6 =

(
u 0 1

1 0 0

)
,

ÊÔ0
8 =

(
u 1 0

0 1 v

)
, ÊÔ0

9 =

(
u 0 σ

0 1 v

)
, ÊÔ0

10 =

(
1/2 u −1

0 1 0

)
,

ãäå u, v 6= 0, σ = ±1; â ÊÔ0
3 u ≥ 1, â ÊÔ0

4 u > 1/4, â ÊÔ0
5 u 6= ±1/2 ïðè R > 0,

â ÊÔ0
9 u 6= 1/2 ïðè R < 0, â ÊÔ0

10 0 < u < 21/2.
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Çàìå÷àíèå 3. Â ÊÔ0
1, ÊÔ0

2, ÊÔ0
3, ÊÔ0

6 è â ÊÔ0
7 R = 1, â ÊÔ0

4 R = u2, â ÊÔ0
5

R = uσ, â ÊÔ0
8 R = u2v2 − uv, â ÊÔ0

9 R = u2v2 + uσ, â ÊÔ0
10 R = −1/2.

Òåîðåìà 1. ÊÔ0
1 � ÊÔ0

10 â ñëó÷àå l = 0 ïîïàðíî ëèíåéíî íå ýêâèâàëåíòíû è ñèñ-
òåìà (2) ëèíåéíîé íåîñîáîé çàìåíîé (9) ñâîäèòñÿ ê îäíîé èç íèõ.

Äîêàçàòåëüñòâî.

1) R = δ2ac − 4δabδbc > 0.

Ïîêàæåì ñíà÷àëà, ÷òî íàéäåòñÿ çàìåíà (9), êîòîðàÿ ñâîäèò (2) ê ñèñòåìå (10) âèäà(
ã1 0 c̃1
ã2 0 c̃2

)
. (18)

1a) δab 6= 0. Òîãäà ïðè r1 = t∗1t
∗, s1 = t∗2t

∗, r2, s2 = t∗, ãäå t∗1 = (−δac +R1/2)(2δab)
−1,

t∗2 = (−δac − R1/2)(2δab)
−1, t∗ = R1/2(δab)

−1 (δ = t∗3), ïîëó÷àåì ñèñòåìó (18), â êîòîðîé
ãi = (−1)i(t∗3−iP2(t

∗
1, 1)− P1(t

∗
1, 1)), c̃i = (−1)i(t∗3−iP2(t

∗
2, 1)− P1(t

∗
2, 1)) (i = 1, 2).

1b) δab = 0, δbc 6= 0 (δac = 0).

1b1) a2 6= 0. Òîãäà ïðè r1 = 1, s1 = −b2, r2 = 0, s2 = a2 ïîëó÷àåì ñèñòåìó (18),
â êîòîðîé ã1 = a1 + b2, c̃1 = a1b

2
2 − 2b1a2b2 + a22c1 − b32 + a2b2c2, ã2 = 1, c̃2 = a2c2 − b22.

1b2) a2 = 0 (b2 = 0, a1, c2 6= 0). Òîãäà ïðè r1 = a−11 , s1 = −(a1c2)
−1b1, r2 = 0,

s2 = c−12 ïîëó÷àåì ñèñòåìó (18) ñ ã1 = 1, c̃1 = (a1c1 − b21 + b1c2)c
−2
2 , ã2 = 0, c̃2 = 1.

1c) b1, b2 = 0 (δac 6= 0). Òîãäà â ñèñòåìå (18) ãi = ai, c̃i = ci (i = 1, 2).

Òåïåðü ïðîèçâîëüíàÿ çàìåíà (9) ñâîäèò ñèñòåìó (18) ê ñèñòåìå ñ êîýôôèöèåíòàìè

δ̃ă1 = s2(ã1r
2
1 + c̃1r

2
2)− s1(ã2r21 + c̃2r

2
2), −δ̃ă2 = r2(ã1r

2
1 + c̃1r

2
2)− r1(ã2r21 + c̃2r

2
2),

δ̃b̆1 = s2(ã1r1s1 + c̃1r2s2)− s1(ã2r1s1 + c̃2r2s2),

−δ̃b̆2 = r2(ã1r1s1 + c̃1r2s2)− r1(ã2r1s1 + c̃2r2s2),

δ̃c̆1 = s2(ã1s
2
1 + c̃1s

2
2)− s1(ã2s21 + c̃2s

2
2), −δ̃c̆2 = r2(ã1s

2
1 + c̃1s

2
2)− r1(ã2s21 + c̃2s

2
2).

(19)

Äàëåå äëÿ êðàòêîñòè áóäåì îïóñêàòü ñèìâîë ˜ íàä êîýôôèöèåíòàìè ñèñòåìû (18).

11) a1c2 = 0. Òîãäà a2c1 6= 0.

11
1) a1, c2 = 0. Òîãäà (19) ïðè r1 = (a22c1)

−1/3, s1, r2 = 0, s2 = a2r
2
1 ÿâëÿåòñÿ ÊÔ0

2.

12
1) a1 = 0, c2 6= 0. Òîãäà (19) ïðè r1 = 0, s1 = c1r

2
2, r2 = (a2c

2
1)
−1/3, s2 = 0 ÿâëÿåòñÿ

ÊÔ0
6 ñ u = c2(a2c

2
1)
−1/3 6= 0.

13
1) a1 6= 0, c2 = 0. Òîãäà (19) ïðè r1 = (a22c1)

−1/3, s1, r2 = 0, r2 = a2r
2
1 ÿâëÿåòñÿ

ÊÔ0
6 ñ u = a1(a

2
2c1)

−1/3 6= 0.

12) a1c2 6= 0.

11
2) a2, c1 = 0. Òîãäà (19) ïðè r1 = a−11 , s1, r2 = 0, s2 = c−12 ÿâëÿåòñÿ ÊÔ0

1.

12
2) a2 = 0, c1 6= 0.

12
2a) 0 6= a1c1c

−2
2 ≤ 1/4. Òîãäà (19) ïðè r1 = a−11 , s1 = (2a1)

−1(1 + (1− 4a1c1c
−2
2 )1/2),

r2 = 0, s2 = c−12 ÿâëÿåòñÿ ÊÔ0
3 ñ u = 1 + (1− 4a1c1c

−2
2 )1/2 ≥ 1.

12
2b) a1c1c

−2
2 > 1/4. Òîãäà (19) ïðè r1 = c1c

−2
2 , s1, r2 = 0, s2 = c−12 ÿâëÿåòñÿ ÊÔ0

4 ñ
u = a1c1c

−2
2 > 1/4.
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13
2) a2 6= 0, c1 = 0.

13
2a) 0 6= a2c2a

−2
1 ≤ 1/4. Òîãäà ñèñòåìà (19) ïðè r1 = 0, s1 = a−11 , r2 = c−12 , s2 =

(2c2)
−1(1 + (1− 4a2c2a

−2
1 )1/2) ÿâëÿåòñÿ ÊÔ0

3 ñ u = 1 + (1− 4a2c2a
−2
1 )1/2 ≥ 1.

13
2b) a2c2a

−2
1 > 1/4. Òîãäà (19) ïðè r1 = 0, s1 = a−11 , r2 = a2a

−2
1 , s2 = 0 ÿâëÿåòñÿ

ÊÔ0
4 ñ u = a2c2a

−2
1 > 1/4.

14
2) a2c1 6= 0.

14
2a) a1c

1/3
1 = a

1/3
2 c2. Òîãäà ñèñòåìà (19) ïðè r1 = a1(2a

2
1 − 2a2c2)

−1, s1 = a1|2a41 −
2a22c

2
2|−1/2sign (a2c2), r2 = a21(2a

2
1c2−2a2c

2
2)
−1, s2 = −a21c−12 |2a41−2a22c

2
2|−1/2sign (a2c2) � ÊÔ0

5

ñ u = (a21 + a2c2)(2a
2
1 − 2a2c2)

−1 6= 0;±1/2, σ = signu. Ïðè ýòîì a21 ± a2c2 6= 0, èíà÷å â (2)
P2 = a−11 a2P1 è l = 3.

14
2b) a21 + a2c2 = 0. Òîãäà (19) ïðè r1 = a1(a

3
1 + a22c1)

−2/3, s1 = (a31 + a22c1)
−1/3, r2 =

a2(a
3
1+a22c1)

−2/3, s2 = 0 � ÊÔ0
7 ñ u = 2a1(a

3
1+a22c1)

−1/3 6= 0, ïðè÷åì a31+a22c1 = −a2δac 6= 0.

14
2c) c22 +a1c1 = 0. Òîãäà (19) ïðè r1 = c1(c

3
2 + c21a2)

−2/3, s1 = 0, r2 = c2(c
3
2 + c21a2)

−2/3,
s2 = (c32 + c21a2)

−1/3 � ÊÔ0
7 ñ u = 2c2(c

3
2 + c21a2)

−1/3 6= 0, ïðè÷åì c32 + c21a2 = −c1δac 6= 0.

14
2d) a1c

1/3
1 6= a

1/3
2 c2, a21 + a2c2 6= 0, c22 + a1c1 6= 0. Òîãäà (19) ïðè r1 = (a22c1)

−1/3,
s1, r2 = 0, s2 = (a2c

2
1)
−1/3 ïðèíèìàåò âèä

Ô0
1 =

(
u 0 1

1 0 v

)
ñ u = a1(a

2
2c1)

−1/3, v = c2(a2c
2
1)
−1/3, óäîâëåòâîðÿþùèìè (16) è R = (uv − 1)2 > 0.

Èòàê, óñòàíîâëåíî, ÷òî Ô0
1 ñ R > 0 è èíäåêñîì âîñåìü ïðè óêàçàííûõ âûøå óñëîâèÿõ

íà u è v íå ìîæåò áûòü ñâåäåíà ê ñèñòåìå, èìåþùåé áîëüøå äâóõ íóëåé. Ñâåäåì Ô0
1

ê ÊÔ0
8 ñ èíäåêñîì øåñòü, à åñëè íå ïîëó÷èòñÿ, òî ê ÊÔ0

9 ñ èíäåêñîì ñåìü.

Ïðîèçâîëüíàÿ çàìåíà (9) ñâîäèò Ô0
1 ê ñèñòåìå ñ R̃ > 0 è êîýôôèöèåíòàìè

ã1 = −((s1 − us2)r21 + (vs1 − s2)r22)δ−1, ã2 = (r31 − ur21r2 + vr1r
2
2 − r32)δ−1,

b̃1 = −((s1 − us2)r1s1 + (vs1 − s2)r2s2)δ−1, b̃2 = ((r1 − ur2)r1s1 + (vr1 − r2)r2s2)δ−1,
c̃1 = −(s31 − us21s2 + vs1s

2
2 − s32)δ−1, c̃2 = ((r1 − ur2)s21 + (vr1 − r2)s22)δ−1,

Êîýôôèöèåíòû ã2, c̃1 â ïîëó÷åííîé ñèñòåìå ìîæíî ñäåëàòü íóëåâûìè, åñëè Q1(t)
èç (15) èìååò äâà ðàçëè÷íûõ âåùåñòâåííûõ íóëÿ, ò. å. âûïîëíÿåòñÿ óñëîâèå (171).

Â ýòîì ñëó÷àå, ïîëîæèâ â çàìåíå (9) r1 = t′1r2, s1 = t′′1s2, ÷òî îñòàâëÿåò åå íåîñîáîé,
ïîëó÷èì, ÷òî ã2 = 0 è c̃1 = 0, è îñòàåòñÿ ñäåëàòü íîðìèðîâêó.

Òàêèì îáðàçîì, Ô0
1 ñ u = u∗, v = v∗, óäîâëåòâîðÿþùèìè (16) è (171), ïðè âûáðàííûõ

r1, s1 è r2 = (t′1− t′′1)(2(t′21 t
′′
1 +v∗t

′
1−u∗t′1t′′1−1))−1, s2 = (t′′1− t′1)(2(t′1t

′′2
1 −u∗t′1t′′1 +v∗t

′′
1−1))−1

ñâîäèòñÿ ê ÊÔ0
8 ñ u = (u∗t

′2
1 − t′21 t′′1 − v∗t′′1 + 1)(2(t′21 t

′′
1 + v∗t

′
1 − u∗t′1t′′1 − 1))−1, v = (u∗t

′′2
1 −

t′1t
′′2
1 − v∗t′1 + 1)(2(t′1t

′′2
1 − u∗t′1t′′1 + v∗t

′′
1 − 1))−1, ïðè÷åì uv 6= 0, èíà÷å R = 0.

Ïóñòü òåïåðü âìåñòî (171) âûïîëíÿåòñÿ óñëîâèå (172). Òîãäà ã22 + c̃21 6= 0.

Ïîëîæèâ â çàìåíå (9) r1 = (tv − 1)(u− t)−1t−1r2, s1 = ts2, ïîëó÷èì ñèñòåìó(
(tv − 1)t−1r2 0 t(t− u)r−12 s22

Q2(t)t
−2(t− u)−2r22s

−1
2 2(uv − 1)(t− u)−1r2 (tu+ v)s2

)
,

òîëüêî çàìåíà äîëæíà áûòü íåîñîáîé, ò. å. (1− tv)(t− u)−1t−1 6= t èëè Q1(t) 6= 0.
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Ñîãëàñíî (172) Q1(t2) 6= 0. Ïîýòîìó ã2 = 0 ïðè t = t2, ò. å. Ô
0
1 ñ u = u∗, v = v∗ ïðè

óñëîâèÿõ (16), (172), çàìåíîé (9) ñ t = t2 â âûáðàííûõ r1, s1 è r2 = (u∗− t2)(2u∗v∗−2)−1,
s2 = |2t2(u∗v∗− 1)|−1/2 ñâîäèòñÿ ê ÊÔ0

9 ñ σ = −sign (t2(u∗v∗− 1)), u = (u∗− t2)(t2v∗− 1)×
(2t2(u∗v∗−1))−1, v = (t2u∗+v∗)|2t2(u∗v∗−1)|−1/2. Ïðè ýòîì uv 6= 0, èíà÷å, åñëè t2v∗−1 = 0,
òî Q2(t2) = t2(t−u)2 6= 0, à åñëè t2u∗+ v∗ = 0, òî Q2(−u−1∗ v∗) = (1−u∗v∗)(1−u−3∗ v3∗) 6= 0.

2) R = δ2ac − 4δabδbc < 0. Òîãäà δabδbc > 0.

Ïîêàæåì ñíà÷àëà, ÷òî íàéäåòñÿ çàìåíà (9), êîòîðàÿ ñâîäèò (2) ê ñèñòåìå (10) âèäà(
ã1 2b̃1 c̃1

0 2b̃2 c̃2

)
(ã1b̃2 6= 0). (20)

2a) a2 6= 0. Òîãäà ïðè r1 = r∗, s1 = 1, r2 = −1, s2 = 0, ãäå r∗ � ýòî âåùåñòâåííûé
íóëü ìíîãî÷ëåíà a2r

3
1 + (2b2 − a1)r21 + (c2 − 2b1)r1 − c1, ïîëó÷àåì ñèñòåìó (20), â êîòîðîé

ã1 = a2r
2
∗ + 2b2r∗+ c2, b̃1 = −a2r∗− b2, c̃1 = a2, b̃2 = b1 + a1r∗− b2r∗− a2r2∗, c̃1 = a2r∗− a1.

2b) a2 = 0. Òîãäà â ñèñòåìå (20) ãi = ai, b̃i = bi, c̃i = ci (i = 1, 2).

Ïðîèçâîëüíàÿ çàìåíà (9) ñ r2 = 0 ñâîäèò ñèñòåìó (20) ê ñèñòåìå(
ã1r1 2(ã1 − b̃2)s1 + 2b̃1s2 ((ã1 − 2b̃2)s

2
1 + (2b̃1 − c̃2)s1s2 + c̃1s

2
2)r
−1
1

0 2b̃2r1 2b̃2s1 + c̃2s2

)
. (21)

Äàëåå îïóñêàåì ˜ íàä êîýôôèöèåíòàìè (20), à êîýôôèöèåíòû (21) îòìå÷àåì ˘.

21) (a1 − b2)c2 − 2b1b2 = 0 (ò. å. ìîæíî ñäåëàòü b̆1, c̆2 = 0). Òîãäà ñèñòåìà (21) ïðè
r1 = (2b2)

−1, s1 = −|a1|1/2c2(−2|b2|R)−1/2sign b2, r2 = 0, s2 = |2a1b2|1/2(−R)−1/2 ÿâëÿåòñÿ
ÊÔ0

5 ñ u = a1(2b2)
−1 6= 0, σ = −signu.

22) (a1 − b2)c2 − 2b1b2 6= 0. Ïóñòü d∗ = (2b1 − c2)2 + 4c1(2b2 − a1).
21
2) d∗ ≥ 0, ò. å. ìîæíî ñäåëàòü c̆1 = 0. Ïðè ýòîì b∗ = 2c1(a1 − b2) + b1(c2 − 2b1 +

d
1/2
∗ sign (c2− 2b1)) 6= 0, èíà÷å ïðè r1 = a−11 , s1 = 2c1, r2 = 0, s2 = (c2− 2b1 + d

1/2
∗ sign (c2−

2b1)) â ñèñòåìå (21) R̆ = c̆22 ≥ 0, ÷òî íåâîçìîæíî. Ïîýòîìó ïðè r1 = (2b2)
−1, s1 = c1b

−1
∗ ,

r2 = 0, s2 = (2b∗)
−1(c2 − 2b1 + d

1/2
∗ sign (c2 − 2b1)) ñèñòåìà (21) � ýòî ÊÔ0

8 ñ u = a1(2b2)
−1,

v = (2b∗)
−1(4c1b2+c22−2b1c2+c2d

1/2
∗ sign (c2−2b1)) è 0 < uv < 1, òàê êàê R = uv(uv−1) < 0.

22
2) d∗ < 0.

22
2a) a1 6= b2. Òîãäà c∗ = 2b2((a1 − b2)(a1c1 + b1c2 − c1b2) − a1b

2
1) 6= 0, èíà÷å ïðè

r1 = (2b2)
−1, s1 = b1, r2 = 0, s2 = b2−a1 â ñèñòåìå (21) c̆1 = 0 � íåâîçìîæíî ïðè d∗ < 0.

Ïðè r1 = (2b2)
−1, s1 = b1|c∗|−1/2, r2 = 0, s2 = (b2 − a1)|c∗|−1/2 ñèñòåìà (21) ÿâëÿåòñÿ

ÊÔ0
9 ñ u = a1(2b2)

−1 6= 0; 1/2, v = (2b1b2 − (a1 − b2)c2)|c∗|−1/2 6= 0, σ = sign c∗. Ïðè ýòîì
R̆ = u(uv2 + σ) = R(a1 − b2)2b−22 |4c∗|−1 < 0, ñëåäîâàòåëüíî, |u|v2 < −sign (uc∗). À çíà÷èò,
σ = −signu è |u|v2 < 1.

22
2b) a1 = b2 (b̆1 6= 0). Òîãäà (21) ïðè r1 = (2a1)

−1, s1 = −c2(−2R)−1/2sign (a1b1),
r2 = 0, s2 = 21/2a1(−R)−1/2sign (a1b1) ÿâëÿåòñÿ ÊÔ0

10 ñ u = 23/2|a1b1|(−R)−1/2, ïðè÷åì
0 < u <

√
2, òàê êàê u2 − 2 = −2a21(4b

2
1 − 4b1c2 + c22 + 4a1c1)R

−1 = −2a21d∗R
−1 < 0. �

Çàìå÷àíèå 4. ÊÔ0
3 ñ u = u∗ < 1 çàìåíîé (9) ñ r1 = 1, s1 = 1− u∗, r2 = 0, s2 = 1

îïÿòü ñâîäèòñÿ ê ÊÔ0
3, íî ñ u = 2− u∗ > 1.

ÊÔ0
4 ñ u = u∗ ≤ 1/4 � íå êàíîíè÷åñêàÿ ïî ïðèíöèïó 3. Çàìåíîé (9) ñ r1 = u−1∗ ,

s1 = (1+(1−4u∗)
1/2)(2u∗)

−1, r2 = 0, s2 = 1 îíà ñâîäèòñÿ ê ÊÔ0
3 ñ u = 1+(1−4u∗)

1/2 ≥ 1.
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ÊÔ0
5 ñ |u| = 1/2, σ = signu (R = 1/2) ïî ïðèíöèïó 2 êàíîíè÷åñêîé ôîðìîé íå ÿâëÿ-

åòñÿ. Ïðè u = 1/2 çàìåíîé (9) ñ r1, s1 = 1, r2 = 2−1/2, s2 = −2−1/2 ÊÔ0
5 ñâîäèòñÿ ê ÊÔ0

1.
À ïðè u = −1/2 çàìåíîé (9) ñ r1, s1 = −1, r2 = 2−1/2, s2 = −2−1/2 ÊÔ0

5 ñâîäèòñÿ ê ÊÔ0
2.

ÊÔ0
9 ñ u = u∗ = 1/2, σ = −1 (R = (v2 − 2)/4 < 0) � íåêàíîíè÷åñêàÿ ïî ïðèíöèïó 2.

Çàìåíîé (9) ñ r1 = 1, s1 = −21/2v(2 − v2)−1/2, r2 = 0, s2 = 21/2(2 − v2)−1/2 îíà ñâîäèòñÿ
ê ÊÔ0

5 ñ u = 1/2, σ = −1 (R = −1/2).

ÊÔ0
10 ñ u = u∗ 6∈ (0, 21/2) êàíîíè÷åñêîé íå ÿâëÿåòñÿ â ñèëó ïðèíöèïîâ 2 èëè 3.

Ïðè |u∗| = 21/2 çàìåíîé (9) ñ r1 = 1, s1 = 0, r2 = 2−1/2signu∗, s2 = signu∗ ÊÔ0
10

ñâîäèòñÿ ê ÊÔ0
9 ñ u = 1, σ = −1, v = 2−1/2 (R = −1/2). Ïðè |u∗| > 21/2 çàìåíîé (9)

ñ r1 = (u∗ + (u2∗− 2)1/2)u−1∗ , s1 = (u∗− (u2∗− 2)1/2)u−1∗ , r2, s2 = u−1∗ ÊÔ0
10 ñâîäèòñÿ ê ÊÔ0

8

ñ u = (u2∗−2+u2∗(u
2
∗−2)1/2)u−1∗ (u2∗−2)−1/2 6= 0, v = (−u2∗+2+u2∗(u

2
∗−2)1/2)u−1∗ (u2∗−2)−1/2 6= 0,

ïðè÷åì uv = 2u−2∗ < 1. À ïðè −21/2 < u∗ < 0 ÊÔ0
10 çàìåíîé (9) ñ r1 = 1, s1, r2 = 0,

s2 = −1 îïÿòü ñâîäèòñÿ ê ÊÔ0
10, íî ñ u = −u∗, ò. å. 0 < u < 21/2.

Çàìå÷àíèå 5. Ôîðìû Ô0
2 =

(
u∗ v∗ 1

1 0 0

)
ñ u∗v∗ 6= 0, R = 1, è Ô0

3 =

(
u∗ v∗ 1

0 0 1

)
ñ u∗v∗ 6= 0, R = u2∗, îòñóòñòâóþùèå â ñïèñêå, � íåêàíîíè÷åñêèå ïî ïðèíöèïó 2 èëè 3.

Ôîðìà Ô0
2 ïðè v3∗ − 4u∗v∗ − 8 = 0, v4∗ + 32v∗ < 0 çàìåíîé (9) ñ r1 = 4v−2∗ , s1 = 0,

r2 = −2v−1∗ , s2 = 2v−1∗ ñâîäèòñÿ ê ÊÔ0
4 ñ u = −8v−3∗ > 1/4; ïðè v3∗ − 4u∗v∗ − 8 = 0,

v4∗ + 32v∗ ≥ 0 çàìåíîé (9) ñ r1 = −v∗/2, s1 = 4v−1∗ (v2∗ ± (v4∗ + 32v∗)
1/2)(16 + v3∗ ±

v∗(v
4
∗ + 32v∗)

1/2)−1, r2 = v2∗/4, s2 = 32v−1∗ (16 + v3∗ ± v∗(v
4
∗ + 32v∗)

1/2)−1 ñâîäèòñÿ ê ÊÔ0
3

ñ u = 16v−2∗ (∓(v4∗ + 32v∗)
1/2− v2∗)(16 + v3∗± v∗(v4∗ + 32v∗)

1/2)−1 6= 0. À ïðè v3∗− 4u∗v∗− 8 6= 0,
åñëè 4u∗ = v2∗, òî çàìåíîé (9) ñ r1 = 0, s1 = 1, r2 = 1, s2 = −v∗/2 Ô0

2 ñâîäèòñÿ ê ÊÔ0
7

ñ u = v∗/2 6= 0; åñëè 4u∗ 6= v2∗, òî çàìåíîé (9) ñ r1 = 0, s1 = 4(v3∗ − 4u∗v∗ − 8)−2/3,
r2 = −2(v3∗ − 4u∗v∗ − 8)−1/3, s2 = −2v∗(v

3
∗ − 4u∗v∗ − 8)−2/3 Ô0

2 ñâîäèòñÿ ê Ô0
1 ñ

u = −v∗(v3∗ − 4u∗v∗ − 8)−1/3, v = (4u∗ − v2∗)(v3∗ − 4u∗v∗ − 8)−2/3, ïðè ýòîì uv 6= 0; 1.

Ôîðìà Ô0
3 ïðè v2∗ − 2v∗ − 4u∗ + 1 < 0 çàìåíîé (9) ñ r1 = (2v∗ − v2∗ + 4u∗)(4u∗)

−1,
s1 = −(2u∗)

−1v∗, r2 = 0, s2 = 1 ñâîäèòñÿ ê ÊÔ0
4 ñ u = (2v∗ − v2∗ + 4u∗)/4 > 1/4.

À ïðè v2∗ − 2v∗ − 4u∗ + 1 ≥ 0, åñëè v2∗ − 2v∗ − 4u∗ 6= 0, òî çàìåíîé (9) ñ r1 = u−1∗ ,
s1 = (1 − v∗ + (v2∗ − 2v∗ − 4u∗ + 1)1/2)(2u∗)

−1, r2 = 0, s2 = 1 Ô0
3 ñâîäèòñÿ ê ÊÔ0

3 ñ
u = 1 + (v2∗ − 2v∗ − 4u∗ + 1)1/2 ≥ 1; åñëè v2∗ − 2v∗ − 4u∗ = 0 ( v∗ 6= 2 ), òî çàìåíîé (9)
ñ r1 = u−1∗ , s1 = −v∗(2u∗)−1, r2 = 0, s2 = 1 Ô0

3 ñâîäèòñÿ ê ÊÔ0
1.

Çàìå÷àíèå 6. Ôîðìû Ô0
4 =

(
u∗ 0 1

1 v∗ 0

)
ñ u∗v∗ 6= 0, R = 1+u∗v

2
∗ è Ô0

5 =

(
0 u 1

1 v 0

)
ñ uv 6= 0, R = 1− uv 6= 0, îòñóòñòâóþùèå â ñïèñêå, � íåêàíîíè÷åñêèå ïî ïðèíöèïàì 2, 3.

Ôîðìà Ô0
4 ñ u∗ = u, v∗ = −2u ïðè R > 0 çàìåíîé (9) ñ r1 = (R + R1/2)(2u3)−1s22,

s1 = −(1 + R1/2)(2u2)−1s2, r2 = (R + R1/2)(1 + R1/2)(4u4)−1s22 ñâîäèòñÿ ê ñèñòåìå ñ êîýô-
ôèöèåíòàìè ã1, b̃1, b̃2, c̃2 = 0, ã2 = −R3/2(R1/2 + 1 + 2u3)(2u6)−1s32 6= 0, èíà÷å P̃2 ≡ 0, ÷òî
íåâîçìîæíî. Ïðè s2 = −21/3u2R−1/2(R1/2 + 1 + 2u3)−1/3 ïîëó÷åííàÿ ñèñòåìà � ÊÔ0

2.

Ôîðìà Ô0
4 ñ u∗ = u, v∗ = v 6= −2u ïðè R > 0 çàìåíîé (9) ñ r1 = 2(R+R1/2)(uv2)−1s22,

s1 = (1 + R1/2)(uv)−1s2, r2 = (R + R1/2)(1 + R1/2)(uv)−2s22 ñâîäèòñÿ ê ñèñòåìå ñ ã2 =

s∗(uv)−3s32, ãäå s∗ = R((uv2 − 2u2v + 4)(R1/2 + 1) + 2uv2), b̃2, c̃2 = 0, ïðè ýòîì s∗ 6= 0,

èíà÷å P̃2 ≡ 0, ÷òî íåâîçìîæíî. Ïðè s2 = uvs
−1/3
∗ ïîëó÷åííàÿ ñèñòåìà ÿâëÿåòñÿ Ô0

2 ñ
u∗ = u(2u+ v)(R +R1/2)s

−2/3
∗ 6= 0, v∗ = (2u+ v)(1 +R1/2)s

−1/3
∗ 6= 0.
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Ôîðìà Ô0
4 ñ u∗ = u, v∗ = −2u ïðè R < 0 çàìåíîé (9) ñ r1 = (u+t2)(2(u2−ut2+t))−1,

s1 = |2(u2−ut2 + t)|−1/2, r2 = (1−2tu)(2(u2−ut2 + t))−1, s2 = t|2(u2−ut2 + t)|−1/2, ãäå t �
âåùåñòâåííûé êîðåíü êóáè÷åñêîãî ìíîãî÷ëåíà t3 + 6u2t2 − 3ut+ 2u3 + 1, ñâîäèòñÿ ê ÊÔ0

6

ñ u = −1/2, σ = sign(u2 − ut2 + t) = 1.

Ôîðìà Ô0
4 ñ u∗ = u, v∗ = v 6= −2u ïðè R < 0 çàìåíîé (9) ñ r1 = (u + t2)(vt2 + 2t−

uv)−1, s1 = |vt2 + 2t − uv|−1/2, r2 = (1 + tv)(vt2 + 2t − uv)−1, s2 = t|vt2 + 2t − uv|−1/2,
ãäå t � âåùåñòâåííûé êîðåíü êóáè÷åñêîãî ìíîãî÷ëåíà t3 + (v− u)vt2 + (u+ 2v)t− u2v+ 1,
ñâîäèòñÿ ê ñèñòåìå âèäà (

u∗ v∗ σ

0 1 0

)
(22)

ñ u∗ = (ut2 − t + u2 + uv)(vt2 + 2t − uv)−1 < 0, v∗ = (2u + v)|vt2 + 2t − uv|−1/2 6= 0,
σ = sign (vt2 + 2t− uv).

1) v2∗ + 4σ∗(1 − u∗) ≥ 0. Åñëè 4σ∗u∗ − 2σ∗ − v2∗ − |v∗|(v2∗ + 4σ∗(1 − u∗))
1/2 6= 0, òî

ñèñòåìà (22) çàìåíîé (9) ñ r1 = 1, s1 = 2σ∗(4σ∗u∗ − 2σ∗ − v2∗ − |v∗|(v2∗ + 4σ∗(1− u∗))1/2)−1,
r2 = 0, s2 = (−v∗− (v2∗ + 4σ∗(1−u∗))1/2sign v∗)(4σ∗u∗− 2σ∗− v2∗ − |v∗|(v2∗ + 4σ∗(1−u∗))1/2)−1
ñâîäèòñÿ ê ÊÔ0

8 ñ u = u∗, v = 2σ∗(4σ∗u∗ − 2σ∗ − v2∗ − |v∗|(v2∗ + 4σ∗(1 − u∗))1/2)−1. À åñëè
4σ∗u∗ − 2σ∗ − v2∗ − |v∗|(v2∗ + 4σ∗(1 − u∗))

1/2 = 0 (íàïðèìåð, σ∗ = 1, u∗ = 1, v∗ = ±1), òî
ñèñòåìà (22) çàìåíîé (9) ñ r1 = 1, s1 = u−1∗ , r2 = (−v∗− (v2∗+4σ∗(1−u∗))1/2sign v∗)(2σ∗)

−1,
r2 = 0 ñâîäèòñÿ ê ÊÔ0

3 ñ u = u−1∗ .

2) v2∗ + 4σ∗(1 − u∗) < 0. Çàìåíîé (9) ñ r1 = 1, s1 = v∗|u∗v2∗ − σ∗(2u∗ − 1)2|−1/2,
r2 = 0, s2 = (1 − 2u∗)|u∗v2∗ − σ(2u∗ − 1)2|−1/2 ñèñòåìà (22) ñâîäèòñÿ ê ÊÔ0

9 ñ u = u∗,
σ = −sign (u∗v

2
∗ −σ∗(2u∗− 1)2), v = v∗|u∗v2∗ −σ∗(2u∗− 1)2|−1/2, ïðè÷åì u∗v

2
∗ 6= σ∗(2u∗− 1)2,

èíà÷å v2∗ + 4σ∗(1− u∗) ≥ 0.

Ôîðìà Ô0
5 ïðè u 6= v çàìåíîé (9) ñ r1 = v(v−u2)s−2/3∗ , s1 = us

−1/3
∗ , r2 = u(u−v2)s−2/3∗ ,

s2 = −vs−1/3∗ , ãäå s∗ = (uv−1)(v−u)(u2+uv+v2) 6= 0, ñâîäèòñÿ ê Ô0
4 ñ u∗ = uv(1−uv)s

−2/3
∗ ,

v∗ = (u3− 2uv+ v3)s
−2/3
∗ . À ïðè u = v = u∗ çàìåíîé (9) ñ r1, r2 = −1/2, s1 = |2u∗− 2|−1/2,

s2 = −s1 ôîðìà Ô0
5 ñâîäèòñÿ ê ÊÔ0

5 ñ u = −(u∗ + 1)/2, σ = sign (u∗ − 1).

Â òåîðåìå 1 âñå ëèíåéíûå íåîñîáûå çàìåíû (9) ïðèâåäåíû â ÿâíîì âèäå. Ïîýòîìó
óñëîâèÿ, ãàðàíòèðóþùèå ñâåäåíèå ñèñòåìû (2) ê ñîîòâåòñòâóþùåé ÊÔ1

i , ìîæíî çàïèñàòü
íåïîñðåäñòâåííî ÷åðåç êîýôôèöèåíòû ñèñòåìû (2).

Ïðè R = δ2ac − 4δabδbc > 0 ïîëîæèì

ã1 =


P1(t

∗
1, 1)− t∗2P2(t

∗
1, 1), åñëè δab 6= 0,

a1 + b2, åñëè δab = 0, δbc 6= 0, a2 6= 0,

1, åñëè δab = 0, δbc 6= 0, a2 = 0,

a1, åñëè b1, b2 = 0,

ã2 =


t∗1P2(t

∗
1, 1)− P1(t

∗
1, 1), åñëè δab 6= 0,

1, åñëè δab = 0, δbc 6= 0, a2 6= 0,

0, åñëè δab = 0, δbc 6= 0, a2 = 0,

a2, åñëè b1, b2 = 0,

c̃1 =



P1(t
∗
2, 1)− t∗2P2(t

∗
2, 1), åñëè δab 6= 0,

a1b
2
2 − 2b1a2b2 + a22c1 − b32 + a2b2c2,

åñëè δab = 0, δbc 6= 0, a2 6= 0,

(a1c1 − b21 + b1c2)c
−2
2 ,

åñëè δab = 0, δbc 6= 0, a2 = 0,

c1, åñëè b1, b2 = 0,

c̃2 =


t∗1P2(t

∗
2, 1)− P1(t

∗
2, 1), åñëè δab 6= 0,

1, åñëè δab = 0, δbc 6= 0, a2 6= 0,

1, åñëè δab = 0, δbc 6= 0, a2 = 0,

c2, åñëè b1, b2 = 0,

(23)
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ãäå t∗1 = (−δac +R1/2)(2δab)
−1, t∗2 = (−δac −R1/2)(2δab)

−1, à ïðè R < 0 ïîëîæèì

ã1 =

[
a2r

2
∗ + 2b2r∗ + c2, åñëè a2 6= 0,

a1, åñëè a2 = 0,

b̃1 =

[
−a2r∗ − b2, åñëè a2 6= 0,

b1, åñëè a2 = 0,
b̃2 =

[
b1 + a1r∗ − b2r∗ − a2r2∗, åñëè a2 6= 0,

b2, åñëè a2 = 0,

c̃1 =

[
a2, åñëè a2 6= 0,

c1, åñëè a2 = 0,
c̃2 =

[
a2r∗ − a1, åñëè a2 6= 0,

c2, åñëè a2 = 0,

(24)

ãäå r∗ � ýòî âåùåñòâåííûé íóëü êóáè÷åñêîãî ìíîãî÷ëåíà a2r31+(2b2−a1)r21+(c2−2b1)r1−c1.

Ñëåäñòâèå 1. Ñèñòåìà (2), â êîòîðîé R = δ2ac − 4δabδbc 6= 0, ëèíåéíîé íåîñîáîé
çàìåíîé (9) ñâîäèòñÿ ê ÊÔ0

i (i = 1, 10), åñëè øåñòü êîýôôèöèåíòîâ ñèñòåìû: ai, bi, ci
(i = 1, 2) óäîâëåòâîðÿþò óñëîâèÿì:

ÊÔ0
1 : R > 0, ã1c̃2 6= 0, ã2, c̃1 = 0;

ÊÔ0
2 : R > 0, ã1, c̃2 = 0;

ÊÔ0
3 : 1) R > 0, 0 6= ã1c̃1c̃

−2
2 ≤ 1/4, ã2 = 0, òîãäà u = 1 + (1− 4ã1c̃1c̃

−2
2 )1/2 ≥ 1;

2) R > 0, 0 6= ã2c̃2ã
−2
1 ≤ 1/4, c̃1 = 0, òîãäà u = 1 + (1− 4ã2c̃2ã

−2
1 )1/2 ≥ 1;

ÊÔ0
4 : 1) R > 0, ã1c̃1c̃

−2
2 > 1/4, ã2 = 0, òîãäà u = ã1c̃1c̃

−2
2 > 1/4; 2) R > 0,

ã2c̃2ã
−2
1 > 1/4, c̃1 = 0, òîãäà u = ã2c̃2ã

−2
1 > 1/4;

ÊÔ0
5 : 1) R > 0, ã1c̃

1/3
1 = ã

1/3
2 c̃2 6= 0, òîãäà u = (ã21 + ã2c̃2)(2ã

2
1 − 2ã2c̃2)

−1 6= 0;±1/2,

σ = signu; 2) R < 0, (ã1 − b̃2)c̃2 − 2b̃1b̃2 = 0, òîãäà u = ã1(2b̃2)
−1 6= 0; σ = −signu;

ÊÔ0
6 : 1) R > 0, ã1 = 0, c̃2 6= 0, òîãäà u = c̃2(ã2c̃

2
1)
−1/3 6= 0; 2) R > 0, ã1 6= 0,

c̃2 = 0, òîãäà u = ã1(ã
2
2c̃1)

−1/3 6= 0;

ÊÔ0
7 : 1) R > 0, ã1ã2c̃1c̃2 6= 0, ã21 + ã2c̃2 = 0, òîãäà u = 2ã1(ã

3
1 + ã22c̃1)

−1/3 6= 0;
2) R > 0, ã1ã2c̃1c̃2 6= 0, c̃22 + ã1c̃1 = 0, òîãäà u = 2c̃2(c̃

3
2 + c̃21ã2)

−1/3 6= 0;

ÊÔ0
8 : 1) R > 0, ã1ã2c̃1c̃2 6= 0, ã1c̃

1/3
1 6= ã

1/3
2 c̃2, ã21 + ã2c̃2 6= 0, c̃22 + ã1c̃1 6= 0,

δãc̃ 6= 0, âûïîëíåíî óñëîâèå (171) äëÿ ìíîãî÷ëåíîâ Q1(t), Q2(t) èç (15), â êîòîðûõ u =
u∗ = ã1(ã

2
2c̃1)

−1/3, v = v∗ = c̃2(ã2c̃
2
1)
−1/3, òîãäà â ÊÔ0

8 u = (u∗t
′2
1 − t′21 t′′1− v∗t′′1 + 1)(2(t′21 t

′′
1 +

v∗t
′
1 − u∗t′1t′′1 − 1))−1 6= 0, v = (u∗t

′′2
1 − t′1t′′21 − v∗t′1 + 1)(2(t′1t

′′2
1 − u∗t′1t′′1 + v∗t

′′
1 − 1))−1 6= 0;

2) R < 0, (ã1−b̃2)c̃2−2b̃1b̃2 6= 0, d∗ = (2b̃1−c̃2)2+4c̃1(2b̃2−ã1) ≥ 0, òîãäà u = ã1(2b̃2)
−1 6= 0;

v = (4c̃1(ã1−b̃2)+2b̃1(c̃2−2b̃1+d
1/2
∗ sign (c̃2−2b̃1)))

−1(4c̃1b̃2+c̃
2
2−2b̃1c̃2+c̃2d

1/2
∗ sign (c̃2−2b̃1)) 6= 0;

ÊÔ0
9 : 1) R > 0, ã1ã2c̃1c̃2 6= 0, ã1c̃

1/3
1 6= ã

1/3
2 c̃2, ã

2
1 + ã2c̃2 6= 0, c̃22 + ã1c̃1 6= 0, δãc̃ 6= 0,

âûïîëíåíî óñëîâèå (172) äëÿ ìíîãî÷ëåíîâ Q1(t), Q2(t) èç (15), â êîòîðûõ u = u∗ =
ã1(ã

2
2c̃1)

−1/3, v = v∗ = c̃2(ã2c̃
2
1)
−1/3, òîãäà â ÊÔ0

9 u = (t2−u∗)(1−t2v∗)(2t2(u∗v∗−1))−1 6= 0,

v = (u∗t2+v∗)|2t2(u∗v∗−1)|−1/2 6= 0, σ = −sign (t2(u∗v∗−1)); 2) R < 0, (ã1−b̃2)c̃2−2b̃1b̃2 6= 0,

d∗ = (2b̃1 − c̃2)2 + 4c̃1(2b̃2 − ã1) < 0, ã1 6= b̃2, òîãäà u = ã1(2b̃2)
−1 6= 0; 1/2, σ = −signu,

v = (2b̃1b̃2 − (ã1 − b̃2)c̃2)|2b̃2((ã1 − b̃2)(ã1c̃1 + b̃1c̃2 − c̃1b̃2)− ã1b̃21)|−1/2 6= 0;

ÊÔ0
10 : R < 0, (ã1 − b̃2)c̃2 − 2b̃1b̃2 6= 0, d∗ = (2b̃1 − c̃2)2 + 4c̃1(2b̃2 − ã1) < 0, ã1 = b̃2,

òîãäà u = 23/2|ã1b̃1|(4δãb̃δb̃c̃ − δ2ãc̃)−1/2, ïðè÷åì 0 < u <
√

2.

Çäåñü ïðè R > 0 êîýôôèöèåíòû ìàòðèöû (18) ã1, c̃1, ã2, c̃2 îïðåäåëåíû â (23), à ïðè

R < 0 êîýôôèöèåíòû ìàòðèöû (20) ã1, b̃1, c̃1, b̃2, c̃2 îïðåäåëåíû â (24).
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5 Êàíîíè÷åñêèå ôîðìû ñèñòåìû (2) â ñëó÷àå l = 1

5.1 Ëèíåéíàÿ ýêâèâàëåíòíîñòü ñèñòåì ïðè l = 1

Ñèñòåìà (2) ẋ = P (x) ïðè l = 1 çàïèñûâàåòñÿ â ñëåäóþùåì âèäå(
P1

P2

)
= P0(x)

(
p1x1 + q1x2
p2x1 + q2x2

)
=
〈
(α, β), x

〉
Hx 6≡ 0 (δpq 6= 0), (25)

ò. å. â ñèñòåìå (25) îáùèé ìíîæèòåëü P0 = αx1 + βx2 6≡ 0, ìàòðèöà H =

(
p1 q1
p2 q2

)
.

Ïîýòîìó ñîáñòâåííûå ÷èñëà ìàòðèöû H îòëè÷íû îò íóëÿ è èìåþò âèä

λ1,2 = (p1 + q2 ±
√
D)/2, (26)

ãäå D = (p1 + q2)
2 − 4δpq = (p1 − q2)2 + 4p2q1

Ïðåäëîæåíèå 2. Â öåëÿõ íîðìèðîâêè îäèí èç íåíóëåâûõ êîýôôèöèåíòîâ îáùåãî
ìíîæèòåëÿ P0 â ñèñòåìå (25) ìîæíî ñäåëàòü ðàâíûì åäèíèöå. Äîãîâîðèìñÿ, ÷òî åñëè
α 6= 0, òî α = 1, à åñëè α = 0, òî β = 1.

Ïóñòü çàìåíà (9) x = Ly (detL = δ 6= 0) ïåðåâîäèò ñèñòåìó (2) âèäà (25) â ñèñòåìó
(10) ẏ = P̃ (y). Ïîëîæèì

(α̃, β̃) = (α, β)L, H̃ =

(
p̃1 q̃1
p̃2 q̃2

)
= L−1HL (δp̃q̃ = det H̃ = δpq), (27)

ò. å. α̃ = αr1 + βr2, β̃ = αs1 + βs2, H̃ = δ−1

(
r1δps + r2δqs s1δps + s2δqs
−r1δpr − r2δqr −s1δpr − s2δqr

)
Êðîìå òîãî, â ñèëó àññîöèàòèâíîñòè ìàòðè÷íîãî ïðîèçâåäåíèÿ èìååì:〈

(α, β), Ly
〉

=
〈
(α, β)L, y

〉
. (28)

Òåîðåìà 2. Ñèñòåìà (10), ïîëó÷åííàÿ èç ñèñòåìû (2) âèäà (25) ïðè ïîìîùè ëèíåé-
íîé íåîñîáîé çàìåíû (9), èìååò âèä(

P̃1

P̃2

)
= P̃0(y)

(
p̃1y1 + q̃1y2
p̃2y1 + q̃2y2

)
=
〈
(α̃, β̃), y

〉
H̃y (P̃0 6≡ 0), (29)

ãäå êîýôôèöèåíòû ìíîãî÷ëåíà P̃0 = α̃y1 + β̃y2 è ìàòðèöà H̃ ââåäåíû â (27).

Òåì ñàìûì, ñëó÷àé l = 1 èíâàðèàíòåí îòíîñèòåëüíî çàìåíû (9).

Äîêàçàòåëüñòâî. Ôîðìóëà (29) âûòåêàåò èç ñëåäóþùèõ ðàâåíñòâ:

P̃ (y)
(11)
= L−1P (Ly)

(25)
= L−1

〈
(α, β), Ly

〉
HLy

(28)
=
〈
(α, β)L, y

〉
L−1HLy

(27)
=
〈
(α̃, β̃), y

〉
H̃y.

Ïðè ýòîì óñëîâèå α̃2 + β̃2 6= 0 ðàâíîñèëüíî òîìó, ÷òî α2 + β2 6= 0, òàê êàê δrs 6= 0. �
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5.2 Ïîñòðîåíèå êàíîíè÷åñêèõ ôîðì â ñëó÷àå l = 1

Íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî â ñèñòåìå (25) α 6= 0, òàê êàê åñëè α = 0,

òî ñäåëàåì ïåðåíóìåðàöèþ (14), ïîëó÷àÿ ñèñòåìó (29) âèäà

(
P̃1

P̃2

)
= βy1

(
q2y1 + p2y2
q1y1 + p1y2

)
.

Òåïåðü, ñëåäóÿ ïðåäëîæåíèþ 2, ñäåëàåì α = 1, ò. å. â ñèñòåìå (25) âñåãäà îáùèé
ìíîæèòåëü P0 = x1 + βx2.

Äëÿ óïðîùåíèÿ ñèñòåìû (25) áóäåì âûáèðàòü ñíà÷àëà òàêóþ çàìåíó (9), êîòîðàÿ
ñâîäèò ìàòðèöó H ê æîðäàíîâîé ôîðìå H̃ â ñèñòåìå (29).

Âèä çàìåíû, î÷åâèäíî, çàâèñèò îò çíàêà äèñêðèìèíàíòà D = (p1 + q2)
2 − 4δpq èç

ôîðìóëû (26) äëÿ ñîáñòâåííûõ ÷èñåë λ1,2 6= 0 ìàòðèöû H.

Çàòåì â ñèñòåìå (29) ñ æîðäàíîâîé ìàòðèöåé H̃ áóäåì äåëàòü ïðîèçâîëüíóþ çàìå-
íó (9) è ïîäáèðàòü åå êîýôôèöèåíòû òàê, ÷òîáû ïîëó÷åííàÿ ñèñòåìà îêàçàëàñü íàèáîëåå
ïðîñòîé â ñìûñëå îïðåäåëåíèÿ 7 � êàíîíè÷åñêîé ôîðìîé (ÊÔ2).

Âñå ýëåìåíòû ïîëó÷åííîé ñèñòåìû áóäåì îòìå÷àòü ñèìâîëîì ˘ . Ïðè ýòîì àíàëîãè÷-
íî (27) êîýôôèöèåíòû P̆0 èìåþò âèä

ᾰ = α̃r1 + β̃r2, β̆ = α̃s1 + β̃s2. (30)

ÑÏÈÑÎÊ êàíîíè÷åñêèõ ôîðì ñèñòåìû (2) â ñëó÷àå l = 1 :

ÊÔ1
1 =

(
u 0 0

0 1 0

)
, ÊÔ1

2 =

(
0 σ 0

1 0 0

)
,

ÊÔ1
3 =

(
u 1 0

0 1 0

)
, ÊÔ1

4 =

(
1 0 0

1 1 0

)
, ÊÔ1

5 =

(
u −1 0

1 0 0

)
,

ãäå â ÊÔ1
1 u 6= 0, â ÊÔ1

2 σ = ±1, â ÊÔ1
3 0 < |u| < 1 èëè u = 1, â ÊÔ1

5 0 < u < 2.

Òåîðåìà 3. Â ñëó÷àå l = 1 ñèñòåìà (2) âèäà (25) ëèíåéíîé íåîñîáîé çàìåíîé (9)
ñâîäèòñÿ ê îäíîé èç ïÿòè ëèíåéíî íåýêâèâàëåíòíûõ ÊÔ1.

Äîêàçàòåëüñòâî.

1) D > 0, ò. å. â (26) λ1, λ2 6= 0, âåùåñòâåííû è ðàçëè÷íû. À òî÷íåå,

λ1 = (p1 + q2 + σ∗
√
D)/2, λ2 = (p1 + q2 − σ∗

√
D)/2, λ∗ = p1 − q2 + σ∗

√
D,

ãäå σ∗ = { sign (p1 − q2) ïðè p1 6= q2; 1 ïðè p1 = q2 }, òîãäà λ∗ 6= 0.

Çàìåíà (9) ñ L =

(
λ∗ 2q1
2p2 −λ∗

)
ñâîäèò ñèñòåìó (25) ê ñèñòåìå (29) âèäà

(
α̃λ1 β̃λ1 0

0 α̃λ2 β̃λ2

)
ñ α̃ = 2βp2 + λ∗, β̃ = 2q1 − βλ∗, H̃ =

(
λ1 0

0 λ2

)
. (31)

Òåïåðü ïðîèçâîëüíàÿ çàìåíà (9) ñâîäèò ñèñòåìó (31) ê ñèñòåìå

δ−1

(
ᾰ(λ1r1s2 − λ2r2s1) ᾰ(λ1 − λ2)s1s2 + β̆(λ1r1s2 − λ2r2s1) β̆(λ1 − λ2)s1s2
ᾰ(λ2 − λ1)r1r2 ᾰ(λ2r1s2 − λ1r2s1) + β̆(λ2 − λ1)r1r2 β̆(λ2r1s2 − λ1r2s1)

)
(32)
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ñ (ᾰ, β̆) èç (30) è H̆ = δ−1

(
λ1r1s2 − λ2r2s1 (λ1 − λ2)s1s2
−(λ1 − λ2)r1r2 λ2r1s2 − λ1r2s1

)
.

11) α̃ = 0 (β̃ 6= 0). Òîãäà β̆ = 0 ïðè s2 = 0 è ñèñòåìà (32) ïðèíèìàåò âèä(
λ2β̃r2 0 0

(λ1 − λ2)β̃r1r2s−11 λ1β̃r2 0

)
. Ïðè r1 = 0, s1 = 1, r2 = (λ1)

−1β̃ ýòà ñèñòåìà ÿâëÿåòñÿ

ÊÔ1
1 ñ u = λ−11 λ2 6= 0, 1.

12) β̃ = 0 (α̃ 6= 0). Òîãäà β̆ = 0 ïðè s1 = 0 è ñèñòåìà (32) ïðèíèìàåò âèä(
α̃λ1r1 0 0

α̃(λ2 − λ1)r1r2s−12 α̃λ2r1 0

)
. Ïðè r1 = (α̃λ2)

−1, r2 = 0, s2 = 1 ýòà ñèñòåìà ÿâëÿåòñÿ

ÊÔ1
1 ñ u = λ1λ

−1
2 6= 0, 1.

13) α̃, β̃ 6= 0. Òîãäà β̆ = 0 ïðè s2 = −α̃β̃−1s1 è ñèñòåìà (32) ïðèíèìàåò âèä(
λ1α̃r1 + λ2β̃r2 (λ1 − λ2)α̃s1 0

(λ1 − λ2)β̃r1r2s−11 λ2α̃r1 + λ1β̃r2 0

)
. (33)

11
3) λ1 = −λ2, òîãäà â ñèñòåìå (33) ă1 = −b̆2/2 = λ1(α̃r1 − β̃r2), ïîýòîìó ïðè r1, s1 =

(2λ1α̃)−1, r2 = (2λ1β̃)−1 îíà ÿâëÿåòñÿ ÊÔ1
2 ñ σ = 1.

12
3) λ1 6= −λ2, òîãäà ñèñòåìà (33) ïðè r1 = (λ2α̃)−1, s1 = ((λ1 − λ2)α̃)−1, r2 = 0

ÿâëÿåòñÿ ÊÔ1
3 ñ u = λ1λ

−1
2 6= 0,±1. À ïðè r1 = 0, s1 = ((λ1 − λ2)α̃)−1, r2 = (λ1β̃)−1 îíà

ÿâëÿåòñÿ ÊÔ1
3 ñ u = λ−11 λ2 6= 0,±1.

Ïîýòîìó, âûáèðàÿ íóæíóþ çàìåíó, âñåãäà ìîæíî ïîëó÷èòü 0 < |u| < 1.

2) D = 0, ò. å. â (26) λ = λ1,2 = (p1 + q2)/2 6= 0.

21) q1 6= 0. Çàìåíà

(
0 2q1
2 q2 − p1

)
ñâîäèò ñèñòåìó (25) ê ñèñòåìå (29) âèäà(

λα̃ λβ̃ 0

α̃ λα̃ + β̃ λβ̃

)
ñ α̃ = 2β, β̃ = βq2 − βp1 + 2q1, H̃ =

(
λ 0

1 λ

)
. (34)

21
1) β̃ = 0 (α̃ 6= 0). Òîãäà íîðìèðîâêà (13) ñ r1 = (α̃λ)−1, s2 = α̃−1λ−2 ñâîäèò

ñèñòåìó (34) ê ÊÔ1
4.

22
1) β̃ 6= 0. Òîãäà ïðîèçâîëüíàÿ çàìåíà (9) ñâîäèò (34) ê ñèñòåìå

δ−1

(
ᾰ(λδ − r1s1) β̆(λδ − r1s1)− ᾰs21 −β̆s21

ᾰr21 ᾰ(λδ + r1s1) + β̆r21 β̆(λδ + r1s1)

)
, (35)

â êîòîðîé (ᾰ, β̆) èç (30), à H̆ = δ−1

(
λδ − r1s1 −s21

r21 λδ + r1s1

)
.

Â ñèñòåìå (35) ñäåëàåì β̆ = 0, äëÿ ÷åãî ïîëîæèì s2 = −α̃β̃−1s1, òîãäà (35) ïðèìåò

âèä

(
(α̃λ+ β̃)r1 + β̃λr2 β̃s1 0

−β̃r21s−11 (α̃λ− β̃)r1 + β̃λr2 0

)
. Ïðè r1 = 0, s1 = β̃−1, r2 = (β̃λ)−1 �

ýòî ÊÔ1
3 ñ u = 1.
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22) q1 = 0. Òîãäà â (26) λ = p1 = q2 6= 0.

21
2) p2 = 0, ò. å. â (25) H =

(
p1 0

0 p1

)
. Ïðîèçâîëüíàÿ çàìåíà (9) ñâîäèò (25) ê ñèñòåìå(

α̃p1 β̃p1 0

0 α̃p1 β̃p1

)
ñ α̃ = r1 + βr2, β̃ = s1 + βs2, H̃ = H. Ïðè r1 = p−11 , s1 = −β, r2 = 0,

s2 = 1 � ýòî ÊÔ1
1 ñ u = 1.

22
2) p2 6= 0, ò. å. â (25) H =

(
p1 0

p2 p1

)
. Íîðìèðîâêà (13) ñ r1 = 1, s2 = p2 ñâîäèò

(25) ê ñèñòåìå (34) èç 21), íî ñ α̃ = 1, β̃ = βp2 è λ = p1.

3) D < 0, ò. å. ñîáñòâåííûå ÷èñëà λ1, λ2 â H � êîìïëåêñíî-ñîïðÿæåííûå è p2q1 < 0.

Çàìåíà

(√
−D p1 − q2
0 2p2

)
ñâîäèò ñèñòåìó (25) ê ñèñòåìå (29) âèäà

(
α̃p∗ α̃q∗ + β̃p∗ β̃q∗

−α̃q∗ α̃p∗ − β̃q∗ β̃p∗

)
ñ α̃ =

√
−D 6= 0, β̃ = p1 − q2 + 2βp2, H̃ =

(
p∗ q∗
−q∗ p∗

)
, (36)

ãäå p∗ = (p1 + q2)/2 (= Reλ1), q∗ = −
√
−D/2 (= −Imλ1) < 0.

Òåïåðü ïðîèçâîëüíàÿ çàìåíà (9) ñâîäèò ñèñòåìó (36) ê ñèñòåìå

δ−1

(
ᾰ(p∗δ + q∗δ0) ᾰq∗s0 + β̆(p∗δ + q∗δ0) β̆q∗s0
−ᾰq∗r0 ᾰ(p∗δ − q∗δ0)− β̆q∗r0 β̆(p∗δ − q∗δ0)

)
, (37)

â êîòîðîé (ᾰ, β̆) èç (30), ìàòðèöà H̆ = δ−1

(
p∗δ + q∗δ0 q∗s0
−q∗r0 p∗δ − q∗δ0

)
, ãäå δ0 = r1s1 + r2s2,

r0 = r21 + r22, s0 = s21 + s22.

Â ñèñòåìå (37) β̆ = 0 ïðè s1 = −α̃−1β̃s2 è (37) ïðèíèìàåò âèä(
(α̃p∗ − β̃q∗)r1 + (α̃q∗ + β̃p∗)r2 α̃−1(α̃2 + β̃2)q∗s2 0

−α̃(r21 + r22)q∗s
−1
2 (α̃p∗ + β̃q∗)r1 − (α̃q∗ − β̃p∗)r2 0

)
.

31) p∗ 6= 0. Òîãäà ïðè r1 =
(α̃q∗ − β̃p∗) sign p∗

q∗(α̃2 + β̃2)(p2∗ + q2∗)
1/2
, r2 =

(α̃p∗ + β̃q∗)sign p∗

q∗(α̃2 + β̃2)(p2∗ + q2∗)
1/2
,

s1 =
β̃

q∗(α̃2 + β̃2)
, s2 = − α̃

q∗(α̃2 + β̃2)
, � ýòî ÊÔ1

5 ñ u = 2|p∗|(p2∗ + q2∗)
−1/2 (0 < u < 2),

σ = −1.

32) p∗ = 0. Òîãäà ïðè òîé æå çàìåíå ïîëó÷åííàÿ ñèñòåìà � ýòî ÊÔ1
2 ñ σ = −1. �

Çàìå÷àíèå 7. ÊÔ1
3 ïðè u = −1 ïî ïðèíöèïó 2 êàíîíè÷åñêîé ôîðìîé íå ÿâëÿåòñÿ.

Çàìåíîé (9) ñ r1, r2, s2 = 1, s1 = 0 îíà ñâîäèòñÿ ê ÊÔ1
2 ñ σ = 1. À ïðè |u| > 1, êàê áûëî

ïîêàçàíî â òåîðåìå, îíà îïÿòü ñâîäèòñÿ ê ÊÔ1
3, íî ñ 0 < |u| < 1.
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Çàìå÷àíèå 8. ÊÔ1
5 ïðè |u| ≥ 2 ïî ïðèíöèïó 3 êàíîíè÷åñêîé íå ÿâëÿåòñÿ. Ïðè

u = u∗ è |u∗| = 2 çàìåíîé (9) ñ r1 = u−1∗ , s1 = 0, r2 = 1 − u−1∗ , s2 = −1 îíà ñâîäèòñÿ
ê ÊÔ1

3 ñ u = u−1∗ . À ïðè |u∗| > 2 çàìåíîé (9) ñ r1 = 2(u∗ ± (u2∗ − 4)1/2)−1, s1 = 0, r2 = 1,
s2 = −1 îíà ñâîäèòñÿ ê ÊÔ1

3 ñ u = (u∗ ∓ (u2∗ − 4))(u∗ ± (u2∗ − 4)1/2)−1, ïðè÷åì 0 < |u| < 1
çà ñ÷åò ïðàâèëüíîãî âûáîðà çíàêà â çàìåíå. Òàêæå ÊÔ1

5 ñ u = u∗ ïðè −2 < u∗ < 0
çàìåíîé (13) ñ r1 = −1, s2 = 1 ñâîäèòñÿ ê ÊÔ1

5 ñ u = −u∗.

Çàìå÷àíèå 9. Ôîðìû Ô1
1 =

(
0 u∗ 0

1 1 0

)
è Ô1

2 =

(
u∗ 1 0

1 0 0

)
ñî ñòðóêòóðîé ÊÔ1

5,

îòñóòñòâóþùèå â ñïèñêå, ñîãëàñíî ïðèíöèïó 3 êàíîíè÷åñêèìè íå ÿâëÿþòñÿ.

Ôîðìà Ô1
1 ïðè u∗ ≥ −1/4 çàìåíîé (9) ñ r1 = (1− (4u∗+1)1/2)(1+2u∗− (4u∗+1)1/2)−1,

s1 = 0, r2 = 2((4u∗+ 1)1/2− 1− 2u∗)
−1, s2 = u−1∗ ñâîäèòñÿ ê ÊÔ1

3 ñ u = 2u∗((4u∗+ 1)1/2−
1 − 2u∗)

−1 6= 0; ïðè u∗ < −1/4 çàìåíîé (9) ñ r1 = −(−u∗)−1/2, s1 = 0, r2 = (−u∗)−3/2,
s2 = −u−1∗ ñâîäèòñÿ ê ñèñòåìå âèäà ÊÔ1

5 ñ u = −(−u∗)−1/2, ïðè÷åì −2 < u < 0.

Ôîðìà Ô1
2 ñ u = u∗ çàìåíîé (9) ñ r1 = ((u2∗ + 4)1/2 − u∗)/2, s1 = 0, r2 = −1, s2 = 1

ñâîäèòñÿ ê ñèñòåìå âèäà ÊÔ1
3 ñ u = u∗((u

2
∗ + 4)1/2 − u∗)/2− 1 < 0.

Çàìå÷àíèå 10. Ôîðìà Ô1
3 =

(
u 0 0

1 1 0

)
� ýòî ÊÔ1

4 ïðè u = 1, à ïðè u 6= 1

îíà íå ÿâëÿåòñÿ êàíîíè÷åñêîé â ñèëó ïðèíöèïà 2. Çàìåíîé (9) ñ r1, s2 = 1, s1 = 0,
r2 = (u− 1)−1 Ô1

3 ñâîäèòñÿ ê ÊÔ1
1.

Çàìå÷àíèå 11. Êàæäàÿ ÊÔ1
i (i = 1, 5) ïðè ïîìîùè ïåðåíóìåðàöèè (14) ñâîäèòñÿ

ñîãëàñíî îïðåäåëåíèþ 8 ê ÊÔ1ï
i .

Â òåîðåìå 3 âñå ëèíåéíûå íåîñîáûå çàìåíû (9) ïðèâåäåíû â ÿâíîì âèäå. Ïîýòîìó
óñëîâèÿ, ãàðàíòèðóþùèå ñâåäåíèå ñèñòåìû (2) ê ñîîòâåòñòâóþùåé ÊÔ1

i , ìîæíî çàïèñàòü
íåïîñðåäñòâåííî ÷åðåç êîýôôèöèåíòû ñèñòåìû (25).

Ñëåäñòâèå 2. Ñèñòåìà (25), â êîòîðîé p1q2 − p2q1 6= 0, ëèíåéíîé íåîñîáîé çàìå-
íîé (9) ñâîäèòñÿ ê ÊÔ1

i (i = 1, 5), åñëè ïÿòü ïàðàìåòðîâ ñèñòåìû: êîýôôèöèåíò β
ìíîãî÷ëåíà P0 (α = 1) è ýëåìåíòû p1, q1, p2, q2 ìàòðèöû H óäîâëåòâîðÿþò óñëîâèÿì:

ÊÔ1
1 : 1) D > 0, 2βp2 + p1 − q2 + σ∗

√
D = 0, òîãäà u = λ−11 λ2 6= 0, 1; 2) D > 0,

2q1 − β(p1 − q2 + σ∗
√
D) = 0, òîãäà u = λ1λ

−1
2 6= 0, 1; 3) D = 0, q1 = 0, p2 = 0, òîãäà

u = 1;

ÊÔ1
2 : 1) D > 0, p1 + q2 = 0, 2βp2 + 2p1 + σ∗

√
D, 2q1 − β(2p1 + σ∗

√
D) 6= 0, òîãäà

σ = 1; 2) D < 0, p1 + q2 = 0, òîãäà σ = −1;

ÊÔ1
3 : 1) D > 0, p1 + q2 6= 0, 2βp2 + p1− q2 +σ∗

√
D 6= 0, 2q1−β(p1− q2 +σ∗

√
D) 6= 0,

òîãäà u = λ−11 λ2 ïðè |λ1| > |λ2|, u = λ1λ
−1
2 ïðè |λ1| < |λ2|, ò. å. 0 < |u| < 1; 2) D = 0,

q1 6= 0, 2q1−βp1 +βq2 6= 0, òîãäà u = 1; 3) D = 0, q1 = 0, p2 6= 0, β 6= 0, òîãäà u = 1;

ÊÔ1
4 : 1) D = 0, q1 6= 0, 2q1 − βp1 + βq2 = 0; 2) D = 0, q1 = 0, p2 6= 0, β = 0;

ÊÔ1
5 : D < 0, p1 + q2 6= 0, òîãäà u = |p1 + q2|(p1q2 − p2q1)−1/2, 0 < u < 2.

Çäåñü D = (p1−q2)2+4p2q1, λ1 = (p1+q2+σ∗
√
D)/2 6= 0, λ2 = (p1+q2−σ∗

√
D)/2 6= 0,

σ∗ = { sign (p1 − q2) ïðè p1 6= q2; 1 ïðè p1 = q2 }.
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6 Êàíîíè÷åñêèå ôîðìû ñèñòåìû (2) â ñëó÷àå l = 2

6.1 Ëèíåéíàÿ ýêâèâàëåíòíîñòü ñèñòåì ïðè l = 2

Óòâåðæäåíèå 4. Äëÿ ñèñòåìû (2) ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) l = 2, 2) ∃ k : P2 ≡ kP1 (a2 = ka1, b2 = kb1, c2 = kc1), 3) δab, δac, δbc = 0.

Äîêàçàòåëüñòâî. 1) ⇔ 2) ïî îïðåäåëåíèþ 5 è ïðåäëîæåíèþ 1 .

Î÷åâèäíî, ÷òî 2) ⇒ 3). Îáðàòíî, ïóñòü âûïîëíåíî 3), òîãäà, íàïðèìåð, a1 6= 0.
Ïîëîæèì k = a2/a1. Íî a1b2 − a2b1 = 0, ïîýòîìó b2 = kb1. Àíàëîãè÷íî c2 = kc1. �

Óòâåðæäåíèå 5. Äëÿ ñèñòåìû (2) óñëîâèå P2(x) ≡ 0 èíâàðèàíòíî îòíîñèòåëüíî
ëþáîé çàìåíû (9) ñ r2 = 0.

Äîêàçàòåëüñòâî. Ñäåëàåì â ñèñòåìå (2) ñ P2 ≡ 0 ëþáóþ çàìåíó (9). Ñîãëàñíî (12)
â ïîëó÷åííîé ñèñòåìå (10)

Ã = δ−1

(
s2P1(r1, r2) s2(a1r1s1 + b1δ∗ + c1r2s2) s2P1(s1, s2)

−r2P1(r1, r2) −r2(a1r1s1 + b1δ∗ + c1r2s2) −r2P1(s1, s2)

)
. (38)

Åñëè P̃2 ≡ 0, òî r2 = 0, òàê êàê â ïðîòèâíîì ñëó÷àå îáðàùàþòñÿ â íóëü îáùèå
ìíîæèòåëè, âõîäÿùèå â P̃1 è P̃2, ò. å. P̃1 ≡ 0. Åñëè æå r2 = 0, òî â (38) P̃2 ≡ 0. �

Óòâåðæäåíèå 6. Ëþáàÿ çàìåíà (9) ñ r2 = −s2 6= 0 ïðåîáðàçóåò ñèñòåìó (2)

ñ P2(x) ≡ 0 â ñèñòåìó (10) ñ P̃1 ≡ P̃2.

Óòâåðæäåíèå 6 íåìåäëåííî âûòåêàåò èç ôîðìóëû (38).

Â ñèëó óòâåðæäåíèÿ 4 ïðè l = 2 íàéäåòñÿ òàêîå k, ÷òî â (2) P2 = kP1. Ïîýòîìó
ñèñòåìà (2) çàïèñûâàåòñÿ â îäíîì èç ñëåäóþùèõ äâóõ âèäîâ.

I) b1 ≥ a1c1 :

(
P1

P2

)
= (αx1 + βx2)

(
p1x1 + q1x2
kp1x1 + kq1x2

) (
α2 + β2 6= 0

p21 + q21 6= 0

)
, (39)

ò. å. H =

(
p1 q1
kp1 kq1

)
è èìååò ñîáñòâåííûå ÷èñëà λ1 = p1 + kq1, λ2 = 0. Òåì ñàìûì, (39)

� ýòî ñèñòåìà (25) èç ñëó÷àÿ l = 1, â êîòîðîé p2 = kp1, q2 = kq2 è detH = δpq = 0.

Ñëåäóÿ ïðåäëîæåíèþ 2, áóäåì ñ÷èòàòü, ÷òî â ñèñòåìå (39), åñëè α 6= 0, òî α = 1
è P0 = x1 + βx2, à åñëè α = 0, òî β = 1 è P0 = x2.

II) b21 < a1c1 :

(
P1

P2

)
= (a1x

2
1 + 2b1x1x2 + c1x

2
2)

(
1

k

)
. (40)

Çàìå÷àíèå 12. Ñèñòåìó (39) ìîæíî çàïèñûâàòü â âèäå (40), íî âèä (39) ïðåäïî÷òè-
òåëüíåå, ïîñêîëüêó ïîçâîëÿåò èñïîëüçîâàòü ðåçóëüòàòû, ïîëó÷åííûå äëÿ ñèñòåìû (25).

Ïðåäëîæåíèå 3. Äëÿ òîãî ÷òîáû èçáàâèòüñÿ îò íåîäíîçíà÷íîñòè, âîçíèêàþ-
ùåé ïðè âûíåñåíèè â ñèñòåìå (39) ëèíåéíîãî îáùåãî ìíîæèòåëÿ P0 èç ìíîãî÷ëåíà P,
äîãîâîðèìñÿ, åñëè ýòî âîçìîæíî, âûíîñèòü òàêîé îáùèé ìíîæèòåëü, ÷òîáû â ìàòðèöå
H ñîáñòâåííîå ÷èñëî λ1 = p1 + kq1 6= 0.
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6.2 Ïîñòðîåíèå âûðîæäåííûõ êàíîíè÷åñêèõ ôîðì ïðè l = 2

Áóäåì óïðîùàòü ñèñòåìó (39), ñëåäóÿ ïëàíó óïðîùåíèÿ ñèñòåìû (25).

Ïî òåîðåìå 2 ïðîèçâîëüíàÿ çàìåíà (9) ñâîäèò ñèñòåìó (25) è, â ÷àñòíîñòè, ñèñòåìó (39)
ê ñèñòåìå (29) P̃ =

〈
(α̃, β̃), y

〉
H̃y, â êîòîðîé âåêòîð (α̃, β̃) è ìàòðèöà H̃ îïðåäåëåíû

â (27), íî òîëüêî δp̃q̃ = det H̃ = 0.

Âûáåðåì çàìåíó (9) òàê, ÷òîáû â ñèñòåìå (29) ìàòðèöà H̃ îêàçàëàñü æîðäàíîâîé, ÷òî
âîçìîæíî áëàãîäàðÿ ôîðìóëå (272) .

Èòàê, åñëè λ1 = p1 + kq1 6= 0, òî çàìåíà (9) ñ L1 =

(
1 q1
k −p1

)
, à åñëè λ1 = 0, òî

q1 6= 0 è çàìåíà (9) ñ L2 =

(
1 0

k q−11

)
ïðåîáðàçóåò ñèñòåìó (39) â ñèñòåìû (29) ñëåäóþùèõ

äâóõ âèäîâ ñîîòâåòñòâåííî:

α̃ = α + βk, β̃ = αq1 − βp1, H̃ =

(
p1 + kq1 0

0 0

)
èëè Ã =

(
λ1α̃ λ1β̃ 0

0 0 0

)
;

α̃ = α + βk, β̃ = βq−11 , H̃ =

(
0 1

0 0

)
èëè Ã =

(
0 α̃ β̃

0 0 0

)
.

(41)

Òàêèì îáðàçîì, íàëè÷èå íóëåâîãî ñîáñòâåííîãî ÷èñëà λ2 ó ìàòðèöû H ïðèâåëî ê
òîìó, ÷òî â ñèñòåìàõ (41) P̃2 ≡ 0.

Äàëåå ïðè ïîìîùè çàìåí (9) áóäåì ìàêñèìàëüíî óïðîùàòü è íîðìèðîâàòü ñèñòå-
ìû (411) è (412), ñîõðàíÿÿ óñëîâèå P2 ≡ 0 è ñâîäÿ èõ, òåì ñàìûì, ê êàíîíè÷åñêèì
ôîðìàì, äëÿ êîòîðûõ íå âûïîëíÿåòñÿ ïðèíöèï 1.

Ñ ó÷åòîì óòâåðæäåíèÿ 5 ïðîèçâîëüíàÿ çàìåíà (9) ñ r2 = 0 ñâîäèò ñèñòåìû (411)
è (412) ñîîòâåòñòâåííî ê ñèñòåìàì

λ1

(
α̃r1 2α̃s1 + β̃s2 (α̃s1 + β̃s2)s1r

−1
1

0 0 0

)
è

(
0 α̃s2 (α̃s1 + β̃s2)s2r

−1
1

0 0 0

)
. (42)

Èòàê, ïðè l = 2 åñòåñòâåííûì îáðàçîì âîçíèêàåò ïîíÿòèå âûðîæäåííîé ÊÔ.

Îïðåäåëåíèå 9. Â ñëó÷àå l = 2 ñèñòåìó (2) áóäåì íàçûâàòü âûðîæäåííîé êàíî-
íè÷åñêîé ôîðìîé (ÂÊÔ2), åñëè îíà ÿâëÿåòñÿ ÊÔ2 â ñìûñëå îïðåäåëåíèÿ 7, â êîòîðîì
ïðèíöèï 1 çàìåíåí óñëîâèåì P2 ≡ 0.

Çàìå÷àíèå 13. Îáîáùåííàÿ íîðìàëüíàÿ ôîðìà ïðîèçâîëüíîé ñèñòåìû ñ ÂÊÔ2

â êà÷åñòâå íåâîçìóùåííîé ÷àñòè ÿâëÿåòñÿ îáîáùåíèåì íîðìàëüíîé ôîðìû Áåëèöêîãî
(ñì. [7], [14]) íà ñëó÷àé, êîãäà íåâîçìóùåííàÿ ÷àñòü âûðîæäåííàÿ, íî íå ëèíåéíàÿ.

ÑÏÈÑÎÊ âûðîæäåííûõ êàíîíè÷åñêèõ ôîðì ñèñòåìû (2) â ñëó÷àå l = 2 :

ÂÊÔ2
1 =

(
1 0 0

0 0 0

)
, ÂÊÔ2

2 =

(
0 1 0

0 0 0

)
, ÂÊÔ2

3 =

(
0 0 1

0 0 0

)
,

ÂÊÔ2
4 =

(
1 1 0

0 0 0

)
, ÂÊÔ2

5 =

(
1 0 1

0 0 0

)
.
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Òåîðåìà 4. Ïðè l = 2 ñèñòåìà (2) âèäà (39), (40) ëèíåéíîé íåîñîáîé çàìåíîé (9)
ñâîäèòñÿ ê îäíîé èç ïÿòè ëèíåéíî íåýêâèâàëåíòíûõ ÂÊÔ2.

Äîêàçàòåëüñòâî. I) Ñèñòåìà (2) èìååò âèä (39).

1) λ1 = p1 + kq1 6= 0. Èç (39) ïîëó÷åíà ñèñòåìà (411), à èç íåå � (421).

11) β̃ = 0 (α̃ 6= 0). Òîãäà (421) ïðè r1 = (λ1α̃)−1, s1 = 0, s2 = 1 ÿâëÿåòñÿ ÂÊÔ2
1.

12) α̃ = 0 (β̃ 6= 0). Òîãäà (421) ïðè r1 = 1, s1 = 0, s2 = (λ1β̃)−1 ÿâëÿåòñÿ ÂÊÔ2
2.

13) α̃, β̃ 6= 0. Òîãäà (421) ïðè r1 = (λ1α̃)−1, s1 = 0, s2 = (λ1β̃)−1 ÿâëÿåòñÿ ÂÊÔ2
4.

2) λ1 = p1 + kq1 = 0 (q1 6= 0). Èç (39) ïîëó÷åíû ñèñòåìû (412) è (422).

21) α̃ = 0 (β̃ 6= 0). Òîãäà (422) ïðè r1 = β̃, s1 = 0, s2 = 1 ÿâëÿåòñÿ ÂÊÔ2
3.

22) β̃ = 0 (α̃ 6= 0). Òîãäà â ñèñòåìå (412) P̃1 = α̃x1x2. Ïî ïðåäëîæåíèþ 3 ñèòóàöèÿ
22) âîçíèêíóòü íå ìîæåò. Îíà îòíîñèòñÿ ê ñëó÷àþ 1).

23) α̃, β̃ 6= 0. Òîãäà â (412) P̃1 = (α̃x1 + β̃x2)x2. Ïî ïðåäëîæåíèþ 3 ñèòóàöèÿ 23)
âîçíèêíóòü íå ìîæåò. Îíà îòíîñèòñÿ ê ñëó÷àþ 1).

II) Ñèñòåìà (2) èìååò âèä (40).

Ñîãëàñíî (12) ëþáàÿ çàìåíà (9) ñâîäèò (2) ñ P2 = kP1 ê ñèñòåìå ñ êîýôôèöèåíòàìè

ã1 = (s2 − ks1)P1(r1, r2)δ
−1, ã2 = (kr1 − r2)P1(r1, r2)δ

−1,

b̃1 = (s2 − ks1)(a1r1s1 + b1(r1s2 + r2s1) + c1r2s2)δ
−1,

b̃2 = (kr1 − r2)(a1r1s1 + b1(r1s2 + r2s1) + c1r2s2)δ
−1,

c̃1 = (s2 − ks1)P1(s1, s2)δ
−1, c̃2 = (kr1 − r2)P1(s1, s2)δ

−1.

Ïðè r2 = kr1 (δ = r1(s2 − ks1) 6= 0) ïîëó÷åííàÿ ñèñòåìà ïðèíèìàåò âèä(
(a1 + 2b1k + c1k

2)r1 2(a1s1 + kb1s1 + b1s2 + kc1s2) P1(s1, s2)r
−1
1

0 0 0

)
.

Ïðè r1 = (a1 + 2b1k + c1k
2)−1, s1 = −(b1 + kc1)(a1 + 2b1k + c1k

2)−1(a1c1 − b21)
−1/2,

s2 = (a1 + kb1)(a1 + 2b1k + c1k
2)−1(a1c1 − b21)−1/2 îíà ÿâëÿåòñÿ ÂÊÔ2

5. �

Çàìå÷àíèå 14. Ôîðìû ÂÔ2
1 =

(
0 1 1

0 0 0

)
è ÂÔ2

2 =

(
1 0 −1

0 0 0

)
ñî ñòðóêòóðîé

ÂÊÔ2
5, îòñóòñòâóþùèå â ñïèñêå, â ñèëó ïðèíöèïîâ 2 è 3 êàíîíè÷åñêèìè íå ÿâëÿþòñÿ.

Ôîðìà ÂÔ2
1 çàìåíîé (9) ñ r1 = 1, s1 = −1, r2 = 0, s2 = 1 ñâîäèòñÿ ê ÂÊÔ2

2.

Ôîðìà ÂÔ2
2 çàìåíîé (9) ñ r1 = 1, s1 = 1/2, r2 = 0, s2 = −1/2 ñâîäèòñÿ ê ÂÊÔ2

4.

Ñëåäñòâèå 3. I) Ñèñòåìà (39) ëèíåéíîé íåîñîáîé çàìåíîé (9) ìîæåò áûòü ñâå-
äåíà ê ÂÊÔ2

i (i = 1, 4), åñëè ïÿòü ïàðàìåòðîâ ñèñòåìû: êîýôôèöèåíòû α, β îáùåãî
ìíîæèòåëÿ P0, ýëåìåíòû p1, q1 ìàòðèöû H è êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè k
óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

ÂÊÔ2
1 : 1) α = 1, q1 = βp1, kq1 6= −p1, 2) α = 0, β = 1, p1 = 0, kq1 6= 0;

ÂÊÔ2
2 : 1) α = 1, βk = −1, kq1 6= −p1, 2) α = 0, β = 1, p1 6= 0, k = 0;
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ÂÊÔ2
3 : 1) α = 1, βk = −1, kq1 = −p1, 2) α = 0, β = 1, p1 = 0, k = 0;

ÂÊÔ2
4 : 1) α = 1, βk 6= −1, kq1 6= −p1, q1 6= βp1, 2)α = 0, β = 1, p1 6= 0, k 6= 0, kq1 6= −p1.
II) Ñèñòåìà (40) ëèíåéíîé íåîñîáîé çàìåíîé (9) ñâîäèòñÿ ê ÂÊÔ2

5.

6.3 Ïîñòðîåíèå îñíîâíûõ è äîïîëíèòåëüíûõ ÊÔ ïðè l = 2

Ñâåñòè ñèñòåìû (41), à ñ íèìè âìåñòå ñèñòåìû (39) èëè (40) ê ÂÊÔ2, âîîáùå ãîâîðÿ,
íåäîñòàòî÷íî ñ òî÷êè çðåíèÿ ïîñëåäóþùåé íîðìàëèçàöèè âîçìóùåííûõ ñèñòåì. Äëÿ ïîë-
íîöåííîé íîðìàëèçàöèè òðåáóåòñÿ âûïîëíåíèå ïðèíöèïà 1. Ïîýòîìó òåïåðü êàæäóþ ÂÊÔ2

i

áóäåì ïðåîáðàçîâûâàòü çàìåíîé (9) â íåâûðîæäåííóþ ÊÔ2.

Çàìå÷àíèå 15. ÊÔ2, ïîëó÷åííàÿ èç ÂÊÔ2
i , êàê ïðàâèëî, áóäåò èìåòü áîëüøåå ÷èñëî

íåíóëåâûõ ýëåìåíòîâ, ÷òî ÿâëÿåòñÿ åñòåñòâåííîé "ïëàòîé" çà á�îëüøèå âîçìîæíîñòè ïðè
ïîñëåäóþùåé íîðìàëèçàöèè âîçìóùåíèé.

Çàìå÷àíèå 16. Ñïåöèôèêà ñëó÷àÿ l = 2 òàêîâà, ÷òî èç-çà ïðîïîðöèîíàëüíîñòè
êîýôôèöèåíòîâ ìíîãî÷ëåíîâ P1, P2 â ñèñòåìàõ (39) èëè (40) ïðèíöèï 1 â îïðåäåëåíèè
êàíîíè÷åñêîé ôîðìû çàäåéñòâóåòñÿ â ïîëíîì îáúåìå, ò. å. èìåííî ïðè l = 2 àêòóàëüíî
òðåáîâàíèå P1 ≡ P2 (k = 1). Íî çàòî ïðèíöèï 3 öåëèêîì òåðÿåò ñâîþ çíà÷èìîñòü.

ÑÏÈÑÎÊ êàíîíè÷åñêèõ ôîðì ñèñòåìû (2) â ñëó÷àå l = 2 :

ÊÔ2
1 =

(
1 0 0

1 0 0

)
, ÊÔ2

2 =

(
1 0 σ

1 0 σ

)
(σ = ±1), ÊÔ2

3 =

(
1 −2 1

1 −2 1

)
,

ÊÔ2
4 =

(
0 1 0

0 1 0

)
; ÄÊÔ2

2 =

(
1 −1 0

1 −1 0

)
.

Òåîðåìà 5. Êàæäàÿ ÂÊÔ2
i (i = 1, 5) ñîîòâåòñòâóþùåé ëèíåéíîé íåîñîáîé çàìå-

íîé (9) ñâîäèòñÿ ê íåêîòîðîé ÊÔ2.

Äîêàçàòåëüñòâî. Ïîñëåäîâàòåëüíî äëÿ ÂÊÔ2
1, . . . ,ÂÊÔ

2
5 áóäåì äåëàòü ñ ó÷åòîì

óòâåðæäåíèÿ 6 çàìåíó (9) ñ r2 = −s2 6= 0 è âûáèðàòü îñòàëüíûå åå êîýôôèöèåíòû òàê,
÷òîáû ïîëó÷èòü ÊÔ2. Ïóñòü δ1 = (r1 + s1)

−1.

ÂÊÔ2
1 ñâîäèòñÿ ê ñèñòåìå ñ a1 = r21δ1, b1 = r1s1δ1, c1 = s21δ1, êîòîðàÿ ïðè r1 = 1,

s1 = 0, r2 = −1, s2 = 1 ÿâëÿåòñÿ ÊÔ2
1.

ÂÊÔ2
2 ñâîäèòñÿ ê ñèñòåìå ñ a1 = −r1s2δ1, 2b1 = s2(r1 − s1)δ1, c1 = s1s2δ1, êîòîðàÿ

ïðè r1 = 1, s1 = 1, r2 = 2, s2 = −2 ÿâëÿåòñÿ ÊÔ2
2 ñ σ = −1, à ïðè r1 = 1, s1 = 0,

r2 = 1, s2 = −1 ÿâëÿåòñÿ ÄÊÔ2
2.

ÂÊÔ2
3 ñâîäèòñÿ ê ñèñòåìå ñ a1 = s22δ1, b1 = −s22δ1, c1 = s22δ1, êîòîðàÿ ïðè r1 = 1,

s1 = 1, r2 = −21/2, s2 = 21/2 ÿâëÿåòñÿ ÊÔ2
3.

ÂÊÔ2
4 ñâîäèòñÿ ê ñèñòåìå ñ a1 = r1(r1 − s2)δ1, 2b1 = (2r1s1 + r1s2 − s1s2)δ1, c1 =

s1(s1 + s2)δ1. êîòîðàÿ ïðè r1 = 1, s1 = 0, r2 = −1, s2 = 1 ÿâëÿåòñÿ ÊÔ2
4.

ÂÊÔ2
5 ñâîäèòñÿ ê ñèñòåìå ñ a1 = (r21 + s22)δ1, b1 = (r1s1 − s22)δ1, c1 = (s21 + s22)δ1,

êîòîðàÿ ïðè r1 = 1, s1 = 1, r2 = −1 s2 = 1 ÿâëÿåòñÿ ÊÔ2
2 ñ σ = 1. �

Çàìå÷àíèå 17. Êàê áûëî ïîêàçàíî, ÂÊÔ2
i ñâîäÿòñÿ ê ÊÔ2

i äëÿ i = 1, 3, 4. À ÂÊÔ2
2

è ÂÊÔ2
5 ñâîäÿòñÿ ê ÊÔ2

2 ñîîòâåòñòâåííî c σ = −1 è ñ σ = 1.
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Çàìå÷àíèå 18. Îòñóòñòâóþùàÿ â ñïèñêå ôîðìà Ô2
1 =

(
1 1 0

1 1 0

)
ïî ïðèíöèïó 2 �

íå êàíîíè÷åñêàÿ. Çàìåíîé (9) ñ r1 = 0, s1 = 1/2, r2 = 1, s2 = −1/2 îíà ñâîäèòñÿ ê ÂÊÔ2
4.

Çàìå÷àíèå 19. ÄÊÔ2
2 ñ ÊÔ2

2, ó êîòîðîé σ = −1, ñâÿçûâàåò íå ïåðåíóìåðàöèÿ, à
çàìåíà (9) ñ r1, s1 = −2, r2 = −4, s2 = 0. Ïðè ýòîì ÊÔ2

2 ïî ïðèíöèïó 5b � îñíîâíàÿ.

ÏÎËÍÛÉ ÑÏÈÑÎÊ ôîðì ñ òðåìÿ, ÷åòûðüìÿ è øåñòüþ íåíóëåâûìè ýëåìåíòàìè

ÊÔ0
1 =

(
1 0 0

0 0 1

)
2

, ÊÔ1
1 =

(
u 0 0

0 1 0

)
3

, ÊÔ2
1 =

(
1 0 0

1 0 0

)
4

,

ÊÔ 1ï
1 =

(
0 1 0

0 0 u

)
3

, ÊÔ2
4 =

(
0 1 0

0 1 0

)
4

, ÊÔ1
2 =

(
0 σ 0

1 0 0

)
5

,

ÊÔ 2ï
1 =

(
0 0 1

0 0 1

)
4

, ÊÔ 1ï
2 =

(
0 0 1

0 σ 0

)
5

, ÊÔ0
2 =

(
0 0 1

1 0 0

)
6

;

ÊÔ0
3 =

(
1 u 0

0 0 1

)
4

, ÊÔ1
3 =

(
u 1 0

0 1 0

)
5

, ÊÔ1
5 =

(
u −1 0

1 0 0

)
6

,

ÊÔ0
4 =

(
u 0 1

0 0 1

)
5

, ÊÔ0
5 =

(
u 0 σ

0 1 0

)
6

, ÊÔ0
6 =

(
u 0 1

1 0 0

)
7

,

ÊÔ 1ï
4 =

(
0 1 1

0 0 1

)
6

, Ô 1ï
1 =

(
0 1 1

0 u 0

)
7

, ÊÔ0
7 =

(
0 u 1

1 0 0

)
8

;

ÊÔ 0ï
3 =

(
1 0 0

0 u 1

)
4

, ÊÔ 1ï
3 =

(
0 1 0

0 1 u

)
5

, ÊÔ 1ï
5 =

(
0 0 1

0 −1 u

)
6

,

ÊÔ 0ï
4 =

(
1 0 0

1 0 u

)
5

, ÊÔ 0ï
5 =

(
0 1 0

σ 0 u

)
6

, ÊÔ 0ï
6 =

(
0 0 1

1 0 u

)
7

,

ÊÔ1
4 =

(
1 0 0

1 1 0

)
6

, Ô1
1 =

(
0 u 0

1 1 0

)
7

, ÊÔ 0ï
7 =

(
0 0 1

1 u 0

)
8

;

ÊÔ0
8 =

(
u 1 0

0 1 v

)
6

, ÊÔ 0ï
9 =

(
v 1 0

σ 0 u

)
7

, ÄÊÔ2
2 =

(
1 −1 0

1 −1 0

)
8

,

ÊÔ0
9 =

(
u 0 σ

0 1 v

)
7

, ÊÔ2
2 =

(
1 0 σ

1 0 σ

)
8

, Ô0
4 =

(
u 0 1

1 v 0

)
9

,

ÄÊÔ 2ï
2 =

(
0 −1 1

0 −1 1

)
8

, Ô 0ï
4 =

(
0 v 1

1 0 u

)
9

, Ô0
5 =

(
0 u 1

1 v 0

)
10

;

Ô0
3 =

(
u v 1

0 0 1

)
7

, ÊÔ0
10 =

(
1/2 u −1

0 1 0

)
8

, Ô0
2 =

(
u v 1

1 0 0

)
9

,

Ô 0ï
3 =

(
1 0 0

1 v u

)
7

, ÊÔ 0ï
10 =

(
0 1 0

−1 u 1/2

)
8

, Ô 0ï
2 =

(
0 0 1

1 v u

)
9

;

ÊÔ2
3 =

(
1 −2 1

1 −2 1

)
12

,

çäåñü âíèçó ó êàæäîé ìàòðèöû âûïèñàí èíäåêñ è ïîä÷åðêíóòû ñèììåòðè÷íûå ôîðìû.
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×àñòü III

ÎÍÔ ñèñòåì ñ âûðîæäåííîé ÊÔ

â íåâîçìóùåííîé ÷àñòè

7 Íîðìàëèçàöèÿ ñèñòåì ñ ÂÊÔ2
1

Ïóñòü â ñèñòåìå (1) íåâîçìóùåííàÿ ÷àñòü P (x) ëèíåéíîé íåîñîáîé çàìåíîé ñâîäèòñÿ

ê ÂÊÔ2
1 =

(
1 0 0

0 0 0

)
. Áóäåì ñðàçó ïðåäïîëàãàòü, ÷òî ñèñòåìà (1) èìååò âèä

ẋ1 = x21 +X1(x1, x2), ẋ2 = X2(x1, x2). (43)

Òîãäà ñèñòåìà (6) çàïèøåòñÿ â âèäå

(s− 3)h
(s−1,p+1−s)
1 = Ŷ

(s,p+1−s)
1 , (s− 1)h

(s−1,p+1−s)
2 = Ŷ

(s,p+1−s)
2 (s = 0, p+ 1; p ≥ 2). (44)

Äëÿ ðàçðåøèìîñòè ñèñòåìû (44) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ ñîîòíîøåíèé

Ŷ
(0,p+1)
1 = 0, Ŷ

(0,p+1)
2 = 0, Ŷ

(3,p−2)
1 = 0, Ŷ

(1,p)
2 = 0,

ïðè ýòîì êîýôôèöèåíòû h
(2,p−2)
1 è h

(0,p)
2 â çàìåíå (9) íå èìåþò îãðàíè÷åíèé.

Èñïîëüçóÿ ââåäåííûå äëÿ óðàâíåíèé (5) è (7) îáîçíà÷åíèÿ, ïåðåïèøåì ïîëó÷åííûå
ðåçîíàíñíûå ñâÿçè ÷åðåç êîýôôèöèåíòû ñèñòåìû (4):

Y
(0,p+1)
1 = c̃, Y

(3,p−2)
1 = c̃, Y

(0,p+1)
2 = c̃, Y

(1,p)
2 = c̃. (45)

Òåîðåìà 6. Ñèñòåìà (43) ôîðìàëüíî ýêâèâàëåíòíà ñèñòåìå (4) ñ íåâîçìóùåííîé
÷àñòüþ P = (y21, 0) òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî p ≥ 2 êîýôôèöèåíòû îäíî-

ðîäíûõ ïîëèíîìîâ Y
(p+1)
i óäîâëåòâîðÿþò ÷åòûðåì ðåçîíàíñíûì óðàâíåíèÿì (45).

Ñëåäñòâèå 4. Ðåçîíàíñíûì ÿâëÿåòñÿ åäèíñòâåííûé íàáîð, ñîñòîÿùèé èç Y
(0,p+1)
1 ,

Y
(3,p−2)
1 , Y

(0,p+1)
2 , Y

(1,p)
2 .

Òåîðåìà 7. Ïðîèçâîëüíàÿ ñèñòåìà (43) ôîðìàëüíîé çàìåíîé (9) ìîæåò áûòü ñâå-

äåíà ê ÎÍÔ (4), â êîòîðîé ïðè ëþáîì p ≥ 2 âñå êîýôôèöèåíòû Y
(p+1)
i (i = 1, 2) ðàâíû

íóëþ, êðîìå, âîçìîæíî, ÷åòûðåõ êîýôôèöèåíòîâ èç ðåçîíàíñíîãî íàáîðà, ò. å. ëþáàÿ
ÎÍÔ èìååò âèä:

ẏ1 = y22 +
∞∑
p=2

(Y
(0,p+1)
1 yp+1

2 + Y
(3,p−2)
1 y31y

p−2
2 ), ẏ2 =

∞∑
p=2

(Y
(0,p+1)
2 yp+1

2 + Y
(1,p)
2 y1y

p
2).

Çàìå÷àíèå 20. Ëþáàÿ ÎÍÔ ñèñòåìû (43) èìååò æåñòêóþ ñòðóêòóðó ñòåïåíåé ðåçî-
íàíñíûõ ÷ëåíîâ, ÷òî ÿâëÿåòñÿ õàðàêòåðíûì îòëè÷èåì ðåçîíàíñíûõ íîðìàëüíûõ ôîðì è,
êàê ïðàâèëî, íå âûïîëíÿåòñÿ äëÿ îáîáùåííûõ.
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8 Íîðìàëèçàöèÿ ñèñòåì ñ ÂÊÔ2
2

Ïóñòü â ñèñòåìå (1) íåâîçìóùåííàÿ ÷àñòü P (x) ëèíåéíîé íåîñîáîé çàìåíîé ñâîäèòñÿ

ê ÂÊÔ2
2 =

(
0 1 0

0 0 0

)
. Áóäåì ñðàçó ïðåäïîëàãàòü, ÷òî ñèñòåìà (1) èìååò âèä

ẋ1 = x1x2 +X1(x1, x2), ẋ2 = X2(x1, x2). (46)

Òîãäà ñèñòåìà (6) çàïèøåòñÿ â âèäå

(s− 1)h
(s,p−s)
1 − h(s−1,p−s+1)

2 = Ŷ
(s,p+1−s)
1 , sh

(s,p−s)
2 = Ŷ

(s,p+1−s)
2 (s = 0, p+ 1; p ≥ 2). (47)

Â ïîäñèñòåìå (472) ïðè s = 0, p+ 1 èìååì

Ŷ
(0,p+1)
2 = 0, Ŷ

(p+1,0)
2 = 0,

ïðè÷åì h
(0,p)
2 ñâîáîäåí, à ïðè s = 1, p èìååì h

(s,p−s)
2 = s−1Ŷ

(s,p−s+1)
2 .

Â ïîäñèñòåìå (471) ïðè s = 1 èìååì 0 · h(1,p−1)1 − h
(0,p)
2 = Ŷ

(1,p+1)
1 . Ýòî óðàâíåíèå

îäíîçíà÷íî ðàçðåøèìî çà ñ÷åò h
(0,p)
2 , à h

(1,p−1)
1 îñòàåòñÿ ñâîáîäíûì. Ïðè s = 0, 2, p (471)

ðàçðåøèìà çà ñ÷åò êîýôôèöèåíòîâ h
(s,p−s)
1 . À ïðè s = p+ 1 èìååì ñâÿçü

pŶ
(p+1,0)
1 + Ŷ

(p,1)
2 = 0.

Èñïîëüçóÿ ââåäåííûå äëÿ óðàâíåíèé (5) è (7) îáîçíà÷åíèÿ, ïåðåïèøåì ïîëó÷åííûå
ðåçîíàíñíûå ñâÿçè ÷åðåç êîýôôèöèåíòû ñèñòåìû (4):

Y
(p+1,0)
2 = c̃, Y

(0,p+1)
2 = c̃, pY

(p+1,0)
1 + Y

(p,1)
2 = c̃. (48)

Òåîðåìà 8. Ñèñòåìà (46) ôîðìàëüíî ýêâèâàëåíòíà ñèñòåìå (4) ñ íåâîçìóùåííîé
÷àñòüþ P = (y1y2, 0) òîãäà è òîëüêî òîãäà, êîãäà äëÿ ∀ p ≥ 2 êîýôôèöèåíòû îäíîðîäíûõ

ïîëèíîìîâ Y
(p+1)
i óäîâëåòâîðÿþò òðåì ðåçîíàíñíûì óðàâíåíèÿì (48).

Ñëåäñòâèå 5. Èìåþòñÿ äâà ðåçîíàíñíûõ íàáîðà. Â íèõ âõîäÿò Y
(0,p+1)
2 , Y

(p+1,0)
2 è

ëèáî Y
(p+1,0)
1 , ëèáî Y

(p,1)
2 .

Òåîðåìà 9. Ïðîèçâîëüíàÿ ñèñòåìà (46) ôîðìàëüíîé çàìåíîé (9) ìîæåò áûòü ñâå-

äåíà ê ÎÍÔ (4), â êîòîðîé ïðè ëþáîì p ≥ 2 âñå êîýôôèöèåíòû Y
(p+1)
i (i = 1, 2) ðàâíû

íóëþ, êðîìå, âîçìîæíî, òðåõ êîýôôèöèåíòîâ èç îäíîãî èç äâóõ èìåþùèõñÿ ðåçîíàíñíûõ
íàáîðîâ, ò. å. ëþáàÿ ÎÍÔ èìååò îäíó èç ñëåäóþùèõ äâóõ ñòðóêòóð:

ẏ1 = y22 +
∞∑
p=2

Y
(p+1,0)
1 yp+1

1 , ẏ2 =
∞∑
p=2

(Y
(0,p+1)
2 yp+1

2 + Y
(p+1,0)
2 yp+1

1 );

ẏ1 = y22, ẏ2 =
∞∑
p=2

(Y
(0,p+1)
2 yp+1

2 + Y
(p,1)
2 yp1y2 + Y

(p+1,0)
2 yp+1

1 ).
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9 Íîðìàëèçàöèÿ ñèñòåì ñ ÂÊÔ2
3

Ïóñòü â ñèñòåìå (1) íåâîçìóùåííàÿ ÷àñòü P (x) ëèíåéíîé íåîñîáîé çàìåíîé ñâîäèòñÿ

ê ÂÊÔ2
3 =

(
0 0 1

0 0 0

)
. Áóäåì ñðàçó ïðåäïîëàãàòü, ÷òî ñèñòåìà (1) èìååò âèä

ẋ1 = x22 +X1(x1, x2), ẋ2 = X2(x1, x2). (49)

Òîãäà ñèñòåìà (6) çàïèøåòñÿ â âèäå

(s+ 1)h
(s+1,p−s−1)
1 − 2h

(s,p−s)
2 = Ŷ

(s,p+1−s)
1 , (s+ 1)h

(s+1,p−s−1)
2 = Ŷ

(s,p+1−s)
2 (s = 0, p+ 1). (50)

Â ïîäñèñòåìå (502) ïðè s = p, p+ 1 èìååì ñâÿçè

Ŷ
(p,1)
2 = 0, Ŷ

(p+1,0)
2 = 0,

à ïðè s = 0, p− 1 èìååì h
(s+1,p−s−1)
2 = (s+ 1)−1Ŷ

(s,p+1−s)
2 , ïðè÷åì h

(0,p)
2 ñâîáîäåí.

Â ïîäñèñòåìå (501) ïðè s = p, p+ 1 èìååì ñâÿçè

Ŷ
(p+1,0)
1 = 0, Ŷ

(p,1)
1 + 2h

(p,0)
2 = 0,

ãäå h(p,0)2 = p−1Ŷ
(p−1,2)
2 , ò. å. âòîðàÿ ñâÿçü èìååò âèä pŶ

(p,1)
1 + 2Ŷ

(p−1,2)
2 = 0.

Êîìïîíåíòû h
(0,p)
1 è h

(0,p)
2 ñâîáîäíû, òàê êàê íå âõîäÿò â ñèñòåìó (50).

Èñïîëüçóÿ ââåäåííûå äëÿ óðàâíåíèé (5) è (7) îáîçíà÷åíèÿ, ïåðåïèøåì ïîëó÷åííûå
ðåçîíàíñíûå ñâÿçè ÷åðåç êîýôôèöèåíòû ñèñòåìû (4):

Y
(p+1,0)
1 = c̃, Y

(p,1)
2 = c̃, Y

(p+1,0)
2 = c̃, pY

(p,1)
1 + 2Y

(p−1,2)
2 = c̃. (51)

Òåîðåìà 10. Ñèñòåìà (49) ôîðìàëüíî ýêâèâàëåíòíà ñèñòåìå (4) ñ íåâîçìóùåí-
íîé ÷àñòüþ P = (y22, 0) òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî p ≥ 2 êîýôôèöèåíòû

îäíîðîäíûõ ïîëèíîìîâ Y
(p+1)
i óäîâëåòâîðÿþò ÷åòûðåì ðåçîíàíñíûì óðàâíåíèÿì (51).

Ñëåäñòâèå 6. Èìåþòñÿ äâà ðåçîíàíñíûõ íàáîðà. Â íèõ âõîäÿò Y
(p+1,0)
1 , Y

(p,1)
2 ,

Y
(p+1,0)
2 è ëèáî Y

(p,1)
1 , ëèáî Y

(p−1,2)
2 .

Òåîðåìà 11. Ïðîèçâîëüíàÿ ñèñòåìà (49) ôîðìàëüíîé çàìåíîé (9) ìîæåò áûòü

ñâåäåíà ê ÎÍÔ (4), â êîòîðîé ïðè ëþáîì p ≥ 2 âñå êîýôôèöèåíòû Y
(p+1)
i (i = 1, 2)

ðàâíû íóëþ, êðîìå, âîçìîæíî, ÷åòûðåõ êîýôôèöèåíòîâ èç îäíîãî èç äâóõ èìåþùèõñÿ
ðåçîíàíñíûõ íàáîðîâ, ò. å. ëþáàÿ ÎÍÔ èìååò îäíó èç ñëåäóþùèõ äâóõ ñòðóêòóð:

ẏ1 = y22 +
∞∑
p=2

(Y
(p+1,0)
1 yp+1

1 + Y
(p,1)
1 yp1y2), ẏ2 =

∞∑
p=2

(Y
(p,1)
2 yp1y2 + Y

(p+1,0)
2 yp+1

1 );

ẏ1 = y22 +
∞∑
p=2

Y
(p+1,0)
1 yp+1

1 , ẏ2 =
∞∑
p=2

(Y
(p−1,2)
2 yp−11 y22 + Y

(p,1)
2 yp1y2 + Y

(p+1,0)
2 yp+1

1 ).
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10 Íîðìàëèçàöèÿ ñèñòåì ñ ÂÊÔ2
4

Ïóñòü â ñèñòåìå (1) íåâîçìóùåííàÿ ÷àñòü P (x) ëèíåéíîé íåîñîáîé çàìåíîé ñâîäèòñÿ

ê ÂÊÔ2
4 =

(
1 1 0

0 0 0

)
. Áóäåì ñðàçó ïðåäïîëàãàòü, ÷òî ñèñòåìà (1) èìååò âèä

ẋ1 = x21 + x1x2 +X1(x1, x2), ẋ2 = X2(x1, x2). (52)

Òîãäà ñèñòåìà (6) çàïèøåòñÿ â âèäå

(s− 3)h
(s−1,p−s+1)
1 + (s− 1)h

(s,p−s)
1 − h(s−1,p−s+1)

2 = Ŷ
(s,p+1−s)
1 ,

(s− 1)h
(s−1,p−s+1)
2 + sh

(s,p−s)
2 = Ŷ

(s,p+1−s)
2 (s = 0, p+ 1; p ≥ 2).

(53)

Â ïîäñèñòåìå (532) ïðè s = 0 èìååì ñâÿçü

Ŷ
(0,p+1)
2 = 0,

ïðè÷åì h
(0,p)
2 ñâîáîäåí. Ïðè s = 1, p èç (532) îäíîçíà÷íî íàõîäÿòñÿ êîýôôèöèåíòû

h
(s,p−s)
2 = s−1

∑s
j=1(−1)s−jŶ

(j,p+1−j)
2 .

Ïîñëåäíåå óðàâíåíèå â (532) èìååò âèä: ph(p, 0)2 = Ŷ
(p+1,0)
2 .

Ïîäñòàâëÿÿ â íåãî íàéäåííûé h
(p, 0)
2 , ïîëó÷àåì âòîðóþ ñâÿçü

p+1∑
j=1

(−1)jŶ
(j,p+1−j)
2 = 0.

Ïîäñòàâëÿÿ òåïåðü h
(s,p−s)
2 èç (532) â (531), ïîëó÷àåì ñèñòåìó

ash
(s−1,p−s+1)
1 + bsh

(s,p−s)
1 = Y̆

(s,p+1−s)
1 (s = 0, p+ 1), (54)

â êîòîðîé as = s− 3, bs = s− 1, Y̆
(s,p+1−s)
1 = Ŷ

(s,p+1−s)
1 + h

(s−1,p−s+1)
2 .

Âûäåëèì ïîñëåäíèå p− 1 óðàâíåíèé ñèñòåìû (54) â îòäåëüíóþ ïîäñèñòåìó

Θh1 = Y̆ ,

â êîòîðîé Θ =



0 b3 0 . . . 0 0

0 a4 b4 . . . 0 0

0 0 a5 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . bp−1 0

0 0 0 . . . ap bp
0 0 0 . . . 0 ap+1


� äâóõäèàãîíàëüíàÿ (p − 1) - ìàòðèöà,

âåêòîðû h1 = (h
(2,p−2)
1 , . . . , h

(p,0)
1 ), Y̆ = (Y̆

(3,p−2)
1 , . . . , Y̆

(p+1,0)
1 ).

Ýòà ñèñòåìà ìåòîäîì Ãàóññà ìîæåò áûòü ïðåîáðàçîâàíà â ñèñòåìó

Θgh1 = Yg, (55)

ãäå Θg = diag {0, a4, . . . , ap+1}, âåêòîð Yg = (Y
(3,p−2)
g , . . . , Y

(p+1,0)
g ) èìååò êîìïîíåíòû

Y
(p+1,0)
g = Y̆

(p+1,0)
1 , Y

(s,p+1−s)
g = Y̆

(s,p+1−s)
1 − a−1s+1bsY

(s+1,p−s)
g .
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Î÷åâèäíî, Y (s,p+1−s)
g = (s− 2)−1

∑p
j=s−1(−1)j−s+1(j − 1)Y̆

(j+1,p−j)
1 (s = p+ 1, 3).

Ïðè s = p+ 1, 4 ñèñòåìà (55) îäíîçíà÷íî ðàçðåøèìà îòíîñèòåëüíî êîýôôèöèåíòîâ
h
(p,0)
1 , . . . , h

(3,p−3)
1 , à åå ïåðâîå óðàâíåíèå (s = 3) èìååò âèä: 0 · h(2,p−2)1 = Y

(3,p−2)
g , è â íåì

h
(2,p−2)
1 ñâîáîäåí.

Ïîäñòàâëÿÿ â íåãî ôîðìóëû äëÿ Y
(3,p−2)
g , Y̆

(j+1,p−j)
1 , h

(j,p−j)
2 , ïîëó÷èì:

p∑
j=2

(−1)j(j − 1)Ŷ
(j+1,p−j)
1 +

p∑
j=2

(−1)j
j − 1

j

j∑
k=1

(−1)j−kŶ
(k,p+1−k)
2 = 0

èëè ðåçîíàíñíóþ ñâÿçü

p∑
j=2

(−1)j(j − 1)Ŷ
(j+1,p−j)
1 +

p∑
j=1

(−1)j
p−1∑
k=j−1

k

k + 1
Ŷ

(j,p+1−j)
2 = 0.

Ïåðâûå òðè óðàâíåíèÿ ñèñòåìû (54) èìåþò âèä:

−h(0,p)1 = Ŷ
(0,p+1)
1 , −2h

(0,p)
1 = Ŷ

(1,p)
1 + h

(0,p)
2 , −h(1,p−1)1 + h

(2,p−2)
1 = Ŷ

(2,p+1)
1 + h

(1,p−1)
2 .

Èç ïåðâîãî óðàâíåíèÿ îäíîçíà÷íî íàõîäèòñÿ h
(0,p)
1 , à çà ñ÷åò ñâîáîäíîãî h

(0,p)
2 îäíî-

çíà÷íî ðàçðåøèìî âòîðîå óðàâíåíèå. Â òðåòüåì æå h(1,p−1)1 èëè h
(2,p−2)
1 ñâîáîäåí.

Èñïîëüçóÿ ââåäåííûå äëÿ óðàâíåíèé (5) è (7) îáîçíà÷åíèÿ, ïåðåïèøåì ïîëó÷åííûå
ðåçîíàíñíûå ñâÿçè ÷åðåç êîýôôèöèåíòû ñèñòåìû (4):

Y
(0,p+1)
2 = c̃,

p+1∑
j=1

(−1)jY
(j,p+1−j)
2 = c̃,

p∑
j=2

(−1)j(j − 1)Y
(j+1,p−j)
1 +

p∑
j=1

(−1)j
p−1∑
k=j−1

k

k + 1
Y

(j,p+1−j)
2 = c̃.

(56)

Òåîðåìà 12. Ñèñòåìà (52) ôîðìàëüíî ýêâèâàëåíòíà ñèñòåìå (4) ñ íåâîçìóùåííîé
÷àñòüþ P = (y21 + y1y2, 0) òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî p ≥ 2 êîýôôèöèåíòû

îäíîðîäíûõ ïîëèíîìîâ Y
(p+1)
i (i = 1, 2) óäîâëåòâîðÿþò òðåì ðåçîíàíñíûì óðàâíåíè-

ÿì (56).

Ñëåäñòâèå 7. Â ëþáîé ðåçîíàíñíûé íàáîð âõîäÿò òðè êîýôôèöèåíòà:

1) êîýôôèöèåíò Y
(0,p+1)
2 , 2) ëþáîé èç êîýôôèöèåíòîâ Y

(s,p+1−s)
2 (1 ≤ s ≤ p+ 1),

3) ëþáîé èç Y
(s,p+1−s)
1 (3 ≤ s ≤ p+ 1) èëè ëþáîé èç Y

(s,p+1−s)
2 (1 ≤ s ≤ p+ 1), îòëè÷íûé

îò âûáðàííîãî â 2) êîýôôèöèåíòà, êðîìå ïàðû êîýôôèöèåíòîâ Y
(1,p)
2 è Y

(2,p−1)
2 , êîòîðûå

íå ìîãóò âõîäèòü â ðåçîíàíñíûé íàáîð îäíîâðåìåííî, òàê êàê äëÿ íèõ det Υp = 0.

Òåîðåìà 13. Ïðîèçâîëüíàÿ ñèñòåìà (52) ôîðìàëüíîé çàìåíîé (9) ìîæåò áûòü ïðå-

îáðàçîâàíà â ÎÍÔ (4), â êîòîðîé ïðè ëþáîì p ≥ 2 âñå êîýôôèöèåíòû Y
(p+1)
i (i = 1, 2)

ðàâíû íóëþ, êðîìå, âîçìîæíî, òðåõ êîýôôèöèåíòîâ èç ïðîèçâîëüíî âûáðàííîãî ðåçîíàíñ-
íîãî íàáîðà.
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Ïðèìåð 1. Ïðîèçâîëüíàÿ ñèñòåìà (52) ôîðìàëüíîé çàìåíîé (9) ìîæåò áûòü ñâåäåíà
ê ÎÍÔ (4) , â ïåðâîì óðàâíåíèè êîòîðîé îòñóòñòâóåò âîçìóùåíèå:

ẏ1 = y21 + y1y2, ẏ2 =
∞∑
p=2

(Y
(0,p+1)
2 yp+1

2 + Y
(1,p)
2 y1y

p
2 + Y

(3,p−2)
2 y31y

p−2
2 ).

Îòìåòèì, ÷òî íè â êàêîé ÎÍÔ íåëüçÿ ãàðàíòèðîâàííî àííóëèðîâàòü ys2 (s ≤ 3), òàê
êàê ëþáîé ðåçîíàíñíûé íàáîð ñîäåðæèò ëèáî Y

(s,p+1−s)
1 , ëèáî Y

(s,p+1−s)
2 ñ s ≥ 3.

11 Íîðìàëèçàöèÿ ñèñòåì ñ ÂÊÔ2
5

Ïóñòü â ñèñòåìå (1) íåâîçìóùåííàÿ ÷àñòü P (x) ëèíåéíîé íåîñîáîé çàìåíîé ñâîäèòñÿ

ê ÂÊÔ2
5 =

(
1 0 1

0 0 0

)
. Áóäåì ñðàçó ïðåäïîëàãàòü, ÷òî ñèñòåìà (1) èìååò âèä

ẋ1 = x21 + x22 +X1(x1, x2), ẋ2 = X2(x1, x2). (57)

Òîãäà ñèñòåìà (6) çàïèøåòñÿ â âèäå

(s− 3)h
(s−1,p+1−s)
1 + (s+ 1)h

(s+1,p−1−s)
1 − 2h

(s,p−s)
2 = Ŷ

(s,p+1−s)
1 ,

(s− 1)h
(s−1,p+1−s)
2 + (s+ 1)h

(s+1,p−1−s)
2 = Ŷ

(s,p+1−s)
2 (s = 0, p+ 1; p ≥ 2).

(58)

Â çàâèñèìîñòè îò ÷åòíîñòè èíäåêñà s ñèñòåìà (58) ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå
ïîäñèñòåìû. Ïîýòîìó óäîáíî ââåñòè ñëåäóþùèå ðàçëîæåíèÿ:

p = 2r + µ (r ≥ 1, µ ∈ {0, 1}), s = 2τ + µ+ ν (−(ν + µ)/2 ≤ τ ≤ r, ν ∈ {0, 1}).

Â ðåçóëüòàòå äëÿ ëþáûõ r ≥ 1, µ ∈ {0, 1} ñèñòåìà (58) ïðèíèìàåò âèä:

(2τ + µ+ ν − 3)h
(2τ+µ+ν−1,2(r−τ)+1−ν)
1 + (2τ + µ+ ν + 1)h

(2τ+µ+ν+1,2(r−τ)−1−ν)
1 −

−2h
(2τ+µ+ν,2(r−τ)−ν)
2 = Ŷ

(2τ+µ+ν,2(r−τ)+1−ν)
1 ,

(2τ + µ+ ν − 1)h
(2τ+µ+ν−1,2(r−τ)+1−ν)
2 + (2τ + µ+ ν + 1)h

(2τ+µ+ν+1,2(r−τ)−1−ν)
2 =

= Ŷ
(2τ+µ+ν,2(r−τ)+1−ν)
2 .

(58µ)

Ïîëîæèâ â (58µ1) ν = 1 è â (58µ2) ν = 0, à çàòåì íàîáîðîò, äëÿ ëþáîãî p = 2r + µ
èç ñèñòåìû (58µ) ïîëó÷àåì äâå íåçàâèñèìûå ñèñòåìû:

(2τ + µ− 2)h
(2τ+µ,2(r−τ))
1 + (2τ + µ+ 2)h

(2τ+µ+2,2(r−τ)−2)
1 − 2h

(2τ+µ+1,2(r−τ)−1)
2 =

= Ŷ
(2τ+µ+1,2(r−τ))
1 (−(1 + µ)/2 ≤ τ ≤ r),

(2τ + µ− 1)h
(2τ+µ−1,2(r−τ)+1)
2 + (2τ + µ+ 1)h

(2τ+µ+1,2(r−τ)−1)
2 = Ŷ

(2τ+µ,2(r−τ)+1)
2

(0 ≤ τ ≤ r);

(59)

(2τ + µ− 3)h
(2τ+µ−1,2(r−τ)+1)
1 + (2τ + µ+ 1)h

(2τ+µ+1,2(r−τ)−1)
1 − 2h

(2τ+µ,2(r−τ))
2 =

= Ŷ
(2τ+µ,2(r−τ)+1)
1 (0 ≤ τ ≤ r),

(2τ + µ)h
(2τ+µ,2(r−τ))
2 + (2τ + µ+ 2)h

(2τ+µ+2,2(r−τ)−2)
2 = Ŷ

(2τ+µ+1,2(r−τ))
2

(−(1 + µ)/2 ≤ τ ≤ r).

(60)
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1) Èññëåäîâàíèå ñèñòåìû (59) ïðè µ = 0 è ñèñòåìû (60) ïðè µ = 1.

Ñèñòåìà (59) ïðè µ = 0 è ñèñòåìà (60) ïðè µ = 1 èìåþò âèä

(2τ − 2)h
(2τ,2(r−τ)+µ)
1 + (2τ + 2)h

(2τ+2,2(r−τ)−2+µ)
1 − 2h

(2τ+1,2(r−τ)−1+µ)
2 = Ŷ

(2τ+1,2(r−τ)+µ)
1

(0 ≤ τ ≤ r),

(2(τ + µ)− 1)h
(2(τ+µ)−1,2(r−τ)+1−µ)
2 + (2(τ + µ) + 1)h

(2(τ+µ)+1,2(r−τ)−1−µ)
2 =

= Ŷ
(2(τ+µ),2(r−τ)+1−µ)
2 (−µ ≤ τ ≤ r).

(61)

Ïðè τ = −µ, r − 1 èç (612) îäíîçíà÷íî íàõîäÿòñÿ êîýôôèöèåíòû

h
(2(τ+µ)+1,2(r−τ)−1−µ)
2 =

1

2(τ + µ) + 1

τ+µ∑
j=0

(−1)τ−j+µŶ
(2j,2(r−j)+1+µ)
2 .

Ïîñëåäíåå óðàâíåíèå â (612) èìååò âèä: (2(r + µ)− 1)h
(2(r+µ)−1,1−µ)
2 = Ŷ

(2(r+µ),1−µ)
2 .

Ïîäñòàâëÿÿ â íåãî íàéäåííûé h
(2(r+µ)−1,1−µ)
2 , ïîëó÷àåì ðåçîíàíñíóþ ñâÿçü

r+µ∑
j=0

(−1)jŶ
(2j,2(r−j)+1+µ)
2 = 0. (62)

Ïîäñòàâëÿÿ òåïåðü h
(2τ+1,2(r−τ)−1+µ)
2 èç (612) â (611), ïîëó÷àåì ñèñòåìó

aτh
(2τ,2(r−τ)+µ)
1 + bτh

(2τ+2,2(r−τ)−2+µ)
1 = Y̆

(2τ+1,2(r−τ)+µ)
1 (τ = 0, r), (63)

â êîòîðîé aτ = 2τ − 2, bτ = 2τ + 2, Y̆
(2τ+1,2(r−τ)+µ)
1 = Ŷ

(2τ+1,2(r−τ)+µ)
1 + 2h

(2τ+1,2(r−τ)−1+µ)
2 .

Âûäåëèì ïîñëåäíèå r óðàâíåíèé ñèñòåìû (63) â îòäåëüíóþ ïîäñèñòåìó

Θh1 = Y̆ ,

â êîòîðîé Θ =



0 b1 0 . . . 0 0

0 a2 b2 . . . 0 0

0 0 a3 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . ar−1 br−1
0 0 0 . . . 0 ar


� äâóõäèàãîíàëüíàÿ (r × r) - ìàòðèöà,

âåêòîðû h1 = (h
(2,2r−2+µ)
1 , . . . , h

(2r,µ)
1 ), Y̆ = (Y̆

(3,2r−2+µ)
1 , . . . , Y̆

(2r+1,µ)
1 ).

Ýòà ñèñòåìà ìåòîäîì Ãàóññà ìîæåò áûòü ïðåîáðàçîâàíà â ñèñòåìó

Θgh1 = Yg, (64)

ãäå Θg = diag {0, a2, . . . , ar}, âåêòîð Yg = (Y
(3,2r−2+µ)
g , . . . , Y

(2r+1,µ)
g ) èìååò êîìïî-

íåíòû Y
(2r+1,µ)
g = Y̆

(2r+1,µ)
1 , Y

(2τ+1,2(r−τ)+µ)
g = Y̆

(2τ+1,2(r−τ)+µ)
1 − a−1τ+1bτY

(2τ+3,2(r−τ)−2+µ)
g

(τ = r − 1, 1).

Î÷åâèäíî, Y (2τ+1,2(r−τ)+µ)
g = τ−1

∑r
j=τ (−1)j−τjY̆

(2j+1,2(r−j)+µ)
1 (τ = r, 1).
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Ïðè τ = r, 2 ñèñòåìà (64) îäíîçíà÷íî ðàçðåøèìà îòíîñèòåëüíî êîýôôèöèåíòîâ
h
(4,2r−4+µ)
1 , . . . , h

(2r,µ)
1 , à åå ïåðâîå óðàâíåíèå èìååò âèä: 0 ·h(2,2r−2+µ)1 = Y

(3,2r−2+µ)
g , è â íåì

h
(2,2r−2+µ)
1 ñâîáîäåí.

Ïîäñòàâëÿÿ â ýòî óðàâíåíèå ôîðìóëû äëÿ Y (3,p−2+µ)
g , Y̆

(2j+1,2(r−j)+µ)
1 , h

(2j+1,2(r−j)−1+µ)
2 ,

ïîëó÷àåì:

r∑
j=1

(−1)j−1jŶ
(2j+1,2(r−j)+µ)
1 + 2

r−1+µ∑
j=1

j

2j + 1

j∑
k=0

(−1)k+1Ŷ
(2k,2(r−k)+1+µ)
2 = 0

èëè ðåçîíàíñíóþ ñâÿçü

r∑
j=1

(−1)j−1jŶ
(2j+1,2(r−j)+µ)
1 + 2

r−1+µ∑
j=0

(−1)j+1Ŷ
(2j,2(r−j)+1+µ)
2

r−1∑
k=j

k

2k + 1
= 0. (65)

Ïåðâîå óðàâíåíèå ñèñòåìû (63) èìååò âèä:

−2h
(0,2r+µ)
1 + 2h

(2,2r−2+µ)
1 = Y̆

(1,2r+µ)
1 .

Îíî, î÷åâèäíî, ðàçðåøèìî, è êîýôôèöèåíò h
(0,2r+µ)
1 (ëèáî h

(2,2r−2+µ)
1 ) ñâîáîäåí.

2) Èññëåäîâàíèå ñèñòåìû (59) ïðè µ = 1 è ñèñòåìû (60) ïðè µ = 0.

Ñèñòåìà (60) ïðè µ = 0 è ñèñòåìà (59) ïðè µ = 1 èìåþò âèä

(2(τ + µ)− 3)h
(2(τ+µ)−1,2(r−τ)+1−µ)
1 + (2(τ + µ) + 1)h

(2(τ+µ)+1,2(r−τ)−1−µ)
1 −

−2h
(2(τ+µ),2(r−τ)−µ)
2 = Ŷ

(2(τ+µ),2(r−τ)+1−µ)
1 (−µ ≤ τ ≤ r),

2τh
(2τ,2(r−τ)+µ)
2 + (2τ + 2)h

(2τ+2,2(r−τ)−2+µ)
2 = Ŷ

(2τ+1,2(r−τ)+µ)
2 (0 ≤ τ ≤ r).

(66)

Ïðè τ = 0, r − 1 èç (662) îäíîçíà÷íî íàõîäÿòñÿ êîýôôèöèåíòû h
(2τ+2,2(r−τ)−2+µ)
2 =

(2τ + 2)−1
∑τ

j=0(−1)τ−jŶ
(2j+1,2(r−j)+µ)
2 , è êîýôôèöèåíò h

(0,2r+µ)
2 ñâîáîäåí.

Ïîñëåäíåå óðàâíåíèå â (662) èìååò âèä: 2rh
(2r,µ)
2 = Ŷ

(2r+1,µ)
2 .

Ïîäñòàâëÿÿ â íåãî íàéäåííûé h
(2r,µ)
2 , ïîëó÷àåì ðåçîíàíñíóþ ñâÿçü

r∑
j=0

(−1)jŶ
(2j+1,2(r−j)+µ)
2 = 0. (67)

Ïîäñòàâëÿÿ òåïåðü h
(2τ+2,2(r−τ)−2+µ)
2 èç (662) â (661), ïîëó÷àåì ñèñòåìó

aτh
(2(τ+µ)−1,2(r−τ)+1−µ)
1 + bτh

(2(τ+µ)+1,2(r−τ)−1−µ)
1 = Y̆

(2(τ+µ),2(r−τ)+1−µ)
1 (τ = −µ, r), (68)

â êîòîðîé Y̆
(2(τ+µ),2(r−τ)+1−µ)
1 = Ŷ

(2(τ+µ),2(r−τ)+1−µ)
1 + 2h

(2(τ+µ),2(r−τ)−µ)
2 , aτ = 2(τ + µ) − 3,

bτ = 2(τ + µ) + 1.

Âûäåëèì ïîñëåäíèå r + µ óðàâíåíèé ñèñòåìû (68) â îòäåëüíóþ ïîäñèñòåìó

Θh1 = Y̆ ,
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â êîòîðîé Θ =



a1−µ b1−µ 0 . . . 0 0

0 a2−µ b2−µ . . . 0 0

0 0 a3−µ . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . ar−1 br−1
0 0 0 . . . 0 ar


� äâóõäèàãîíàëüíàÿ (r+µ) - ìàòðèöà,

âåêòîðû h1 = (h
(1,2r−1+µ)
1 , . . . , h

(2(r+µ)−1,1−µ)
1 ), Y̆ = (Y̆

(2,2r−1+µ)
1 , . . . , Y̆

(2(r+µ),1−µ)
1 ).

Äàííàÿ ñèñòåìà îäíîçíà÷íî ðàçðåøèìà, ïîñêîëüêó ñòîÿùèå íà ãëàâíîé äèàãîíàëè
êîýôôèöèåíòû aτ = 2(τ + µ)− 3 6= 0 (τ = 1− µ, r).

Ïåðâîå óðàâíåíèå â (68) (τ = −µ) èìååò âèä: h(1,2r−1+µ)1 = Ŷ
(0,2r+1+µ)
1 + 2h

(0,2r+µ)
2

è îäíîçíà÷íî ðàçðåøèìî çà ñ÷åò îñòàâøåãîñÿ ñâîáîäíûì êîýôôèöèåíòà h
(0,2r+µ)
2 .

Èñïîëüçóÿ ââåäåííûå äëÿ óðàâíåíèé (5) è (7) îáîçíà÷åíèÿ, ïåðåïèøåì ïîëó÷åííûå
ðåçîíàíñíûå ñâÿçè (65), (62), (67) äëÿ µ = 0 è µ = 1 ÷åðåç êîýôôèöèåíòû ñèñòåìû (4):

r∑
j=1

(−1)j−1jY
(2j+1,2(r−j))
1 + 2

r−1∑
j=0

(−1)j+1Y
(2j,2(r−j)+1)
2

r−1∑
k=j

k

2k + 1
= c̃,

r∑
j=0

(−1)jY
(2j,2(r−j)+1)
2 = c̃;

r∑
j=0

(−1)jY
(2j+1,2(r−j))
2 = c̃ (µ = 0);

(69)

r∑
j=1

(−1)j−1jY
(2j+1,2(r−j)+1)
1 + 2

r∑
j=0

(−1)j+1Y
(2j,2(r−j)+2)
2

r∑
k=j

k

2k + 1
= c̃,

r+1∑
j=0

(−1)jY
(2j,2(r−j)+2)
2 = c̃;

r∑
j=0

(−1)jY
(2j+1,2(r−j)+1)
2 = c̃ (µ = 1).

(70)

Òåîðåìà 14. Ñèñòåìà (57) ôîðìàëüíî ýêâèâàëåíòíà ñèñòåìå (4) ñ íåâîçìóùåííîé
÷àñòüþ P = (y21 + y22, 0) òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî p = 2r + µ (r ≥ 1,

µ ∈ {0, 1}) êîýôôèöèåíòû îäíîðîäíûõ ïîëèíîìîâ Y
(p+1)
i (i = 1, 2) óäîâëåòâîðÿþò òðåì

ðåçîíàíñíûì óðàâíåíèÿì, à èìåííî:

1) ïðè p = 2r (r ≥ 1, µ = 0) êîýôôèöèåíòû Y
(2τ+1,2(r−τ))
1 (1 ≤ τ ≤ r), Y

(2τ,2(r−τ)+1)
2

(0 ≤ τ ≤ r) óäîâëåòâîðÿþò óðàâíåíèÿì (691), (692), à êîýôôèöèåíòû Y
(2τ+1,2(r−τ))
2

(0 ≤ τ ≤ r) óäîâëåòâîðÿþò óðàâíåíèþ (693);

2) ïðè p = 2r + 1 (r ≥ 1, µ = 1) êîýôôèöèåíòû Y
(2τ+1,2(r−τ)+1)
1 (1 ≤ τ ≤ r),

Y
(2τ,2(r−τ)+2)
2 (0 ≤ τ ≤ r + 1) óäîâëåòâîðÿþò óðàâíåíèÿì (701), (702), êîýôôèöèåíòû

Y
(2τ+1,2(r−τ)+1)
2 (0 ≤ τ ≤ r) óäîâëåòâîðÿþò óðàâíåíèþ (703).

Ñëåäñòâèå 8. Â ëþáîé ðåçîíàíñíûé íàáîð âõîäÿò òðè êîýôôèöèåíòà.

Ïðè p = 2r (r ≥ 1, µ = 0) � ýòî ñëåäóþùèå êîýôôèöèåíòû:

1) ëþáîé èç Y
(2τ,2(r−τ)+1)
2 (0 ≤ τ ≤ r); 2) ëþáîé èç Y

(2τ+1,2(r−τ))
2 (0 ≤ τ ≤ r);

3) ëþáîé èç Y
(2τ+1,2(r−τ))
1 (1 ≤ τ ≤ r) èëè ëþáîé èç Y

(2τ,2(r−τ)+1)
2 (0 ≤ τ ≤ r), îòëè÷-

íûé îò âûáðàííîãî â 1), êðîìå ïàðû Y
(0,2r+1)
2 è Y

(2,2r−1)
2 , êîòîðûå íå ìîãóò âõîäèòü

â ðåçîíàíñíûé íàáîð îäíîâðåìåííî, ïîñêîëüêó äëÿ íèõ det Υp = 0.
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Ïðè p = 2r + 1 (r ≥ 1, µ = 1) � ýòî ñëåäóþùèå êîýôôèöèåíòû:

1) ëþáîé èç Y
(2τ,2(r−τ)+2)
2 (0 ≤ τ ≤ r + 1); 2) ëþáîé èç Y

(2τ+1,2(r−τ)+1)
2 (0 ≤ τ ≤ r);

3) ëþáîé èç Y
(2τ+1,2(r−τ)+1)
1 (1 ≤ τ ≤ r) èëè ëþáîé èç Y

(2τ,2(r−τ)+2)
2 (0 ≤ τ ≤ r + 1),

îòëè÷íûé îò âûáðàííîãî â 1), êðîìå ïàðû Y
(0,2r+2)
2 è Y

(2,2r)
2 , êîòîðûå íå ìîãóò âõîäèòü

â ðåçîíàíñíûé íàáîð îäíîâðåìåííî, ïîñêîëüêó äëÿ íèõ det Υp = 0.

Òåîðåìà 15. Ïðîèçâîëüíàÿ ñèñòåìà (57) ôîðìàëüíîé çàìåíîé (9) ìîæåò áûòü ïðå-

îáðàçîâàíà â ÎÍÔ (4), â êîòîðîé ïðè ëþáîì p ≥ 2 âñå êîýôôèöèåíòû Y
(p+1)
i (i = 1, 2)

ðàâíû íóëþ, êðîìå, âîçìîæíî, òðåõ êîýôôèöèåíòîâ èç ïðîèçâîëüíî âûáðàííîãî ðåçîíàíñ-
íîãî íàáîðà, îïèñàííîãî â ñëåäñòâèè 8.

Ïðèìåð 2. Ïðîèçâîëüíàÿ ñèñòåìà (57) ôîðìàëüíîé çàìåíîé (9) ìîæåò áûòü ñâåäåíà
ê ÎÍÔ (4), êîòîðàÿ ëèíåéíà ïî y2 :

ẏ1 = y21 + y1y2 +
∞∑
r=1

(Y
(2r+1,0)
1 + Y

(2r+1,1)
1 y2)y

2r+1
1 ,

ẏ2 =
∞∑
r=1

(Y
(2r+1,0)
2 y1 + Y

(2r+2,0)
2 y21 + Y

(2r,1)
2 y2 + Y

(2r+1,1)
2 y1y2)y

2r
1 .

×àñòü IV

Çàêëþ÷åíèå

Êàê îòìå÷àëîñü â ÷àñòè I, ïðîöåññ íîðìàëèçàöèè âåùåñòâåííîé äâóìåðíîé ñèñòåìû (1)
ẋi = Pi(x) + Xi(x), â êîòîðîé Pi = aix

2
1 + 2bix1x2 + cix

2
2 � ýòî íåâîçìóùåííàÿ ÷àñòü,

Xi =
∑∞

p=2X
(p+1)
i (x) � âîçìóùåíèå, à X

(r)
i � îäíîðîäíûé ìíîãî÷ëåí ïîðÿäêà r (i = 1, 2),

åñòåñòâåííûì îáðàçîì ðàñïàäàåòñÿ íà äâà ýòàïà.

I) Íà ïåðâîì ýòàïå ïðè ïîìîùè ëèíåéíûõ íåîñîáûõ çàìåí (9) óïðîùàåòñÿ íåâîçìóùåí-
íàÿ ÷àñòü ñèñòåìû (1), ò. å. âåêòîðíûé îäíîðîäíûé êâàäðàòè÷íûé ìíîãî÷ëåí P = (P1, P2).

Â ÷àñòè II ìíîæåñòâî ñèñòåì (2) ðàçáèâàåòñÿ íà äåâÿòíàäöàòü ëèíåéíî íåýêâèâàëåíò-
íûõ ìåæäó ñîáîé êëàññîâ. Ïðîñòåéøèì ïðåäñòàâèòåëåì êàæäîãî êëàññà ÿâëÿåòñÿ êàíîíè-
÷åñêàÿ ôîðìà (ñì. îïðåäåëåíèå 7) � àíàëîã æîðäàíîâîé ìàòðèöû äëÿ ëèíåéíûõ ñèñòåì.

Ñåìåéñòâî êàíîíè÷åñêèõ ôîðì ðàçáèâàåòñÿ íà òðè ïîäñåìåéñòâà â çàâèñèìîñòè îò
ñòåïåíè l îáùåãî ìíîæèòåëÿ ìíîãî÷ëåíîâ P1 è P2 (ñì. îïðåäåëåíèå 5).

Âûÿñíèëîñü, ÷òî åñëè P1 è P2 íå èìåþò îáùåãî ìíîæèòåëÿ (l = 0), à ýòî ïî
óòâåðæäåíèþ 1 ðàâíîñèëüíî òîìó, ÷òî ñîîòâåòñòâóþùèé èì ðåçóëüòàíò R 6= 0, òî ñè-
ñòåìà (2) ìîæåò áûòü ñâåäåíà ê îäíîé èç äåñÿòè êàíîíè÷åñêèõ ôîðì: ÊÔ0

1 � ÊÔ0
10. Åñëè

P1 è P2 èìåþò îáùèé ìíîæèòåëü ïåðâîé ñòåïåíè, òî ñèñòåìà (2) ñâîäèòñÿ ê îäíîé èç
ïÿòè êàíîíè÷åñêèõ ôîðì: ÊÔ1

1 � ÊÔ1
5. Íàêîíåö, åñëè P1 è P2 ïðîïîðöèîíàëüíû (l = 2),

òî ñèñòåìà (2) ñâîäèòñÿ ê îäíîé èç ÷åòûðåõ êàíîíè÷åñêèõ ôîðì: ÊÔ2
1 � ÊÔ2

4.

Îñòàíîâèìñÿ ïîäðîáíåå íà äâóõ ìîìåíòàõ.

1) Ïåðåíóìåðàöèÿ (14) ñâîäèò ëþáóþ ÊÔl
i, êîíå÷íî, åñëè îíà íå èíâàðèàíòíà îòíî-

ñèòåëüíî ýòîé çàìåíû, ê äîïîëíèòåëüíîé êàíîíè÷åñêîé ôîðìå ÊÔ lï
i (ñì. îïðåäåëåíèå 8),

äëÿ êîòîðîé íå âûïîëíÿåòñÿ ïðèíöèï 5 èç îïðåäåëåíèÿ ÊÔ.
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À ïðè l = 2 èìååò ìåñòî äðóãàÿ ðàçíîâèäíîñòü äîïîëíèòåëüíîé ÊÔ: ÄÊÔ2
2 ñîãëàñíî

çàìå÷àíèþ 19 ïîëó÷åíà èç ÊÔ2
2 ñ σ = −1 ëèíåéíîé çàìåíîé, îòëè÷íîé îò ïåðåíóìåðàöèè,

è èìååò ñâîþ ÄÊÔ 2ï
2 .

2) Â ñëó÷àå l = 2 êàæäàÿ èç ïÿòè ÊÔ2, åñëè ÊÔ2
2 ðàçáèòü íà äâå ôîðìû â çàâèñèìî-

ñòè îò çíàêà σ, ëèíåéíî ýêâèâàëåíòíà ñâîåé âûðîæäåííîé ÊÔ (ñì. îïðåäåëåíèå 9). Äîñòî-
èíñòâîì ÂÊÔ2 ÿâëÿåòñÿ åå ìåíüøèé ïî ñðàâíåíèþ ñ ñîîòâåòñòâóþùåé ÊÔ2 èíäåêñ, ÷òî
ïîçâîëÿåò äîâîëüíî ëåãêî èññëåäîâàòü ÎÍÔ ñèñòåì (1) ñ ÂÊÔ2 â íåâîçìóùåííîé ÷àñòè.
Íî îòñóòñòâèå P2 íå ïîçâîëÿåò àííóëèðîâàòü ðÿä ñëàãàåìûõ â âîçìóùåíèè, ÷òî óäàåòñÿ
ñäåëàòü ïðè íåâûðîæäåííîé ÊÔ, êîíå÷íî, åñëè ïîçâîëÿþò òåõíè÷åñêèå âîçìîæíîñòè.

II) Âòîðîé ýòàï çàêëþ÷àåòñÿ â òîì, ÷òîáû èç ñèñòåìû (1), íåâîçìóùåííóþ ÷àñòü êî-
òîðîé îáðàçóåò îäíà èç ÊÔl èëè ÂÊÔ2, ïðè ïîìîùè ïî÷òè òîæäåñòâåííîé çàìåíû (3)
â ÿâíîì âèäå ïîëó÷èòü âñå îáîáùåííûå íîðìàëüíûå ôîðìû (ñì. îïðåäåëåíèå 4).

Â ÷àñòè III ýòà çàäà÷à ðåøåíà äëÿ ñèñòåì ñ ÂÊÔ2
1, . . . ,ÂÊÔ

2
5 â íåâîçìóùåííîé ÷àñòè.

Îïèøåì òåïåðü, ÷òî ñäåëàíî ñ äðóãèìè ÊÔl
i èëè ñ èõ áëèçêèìè àíàëîãàìè, òàê êàê

äî ýòîé ñòàòüè èñïîëüçîâàëàñü êëàññèôèêàöèÿ êàíîíè÷åñêèõ ôîðì, ââåäåííàÿ â [2, � 2],
â êîòîðîé ïÿòûé è øåñòîé ïðèíöèïû îïðåäåëåíèÿ ÊÔ íå áûëè ÷åòêî ñôîðìóëèðîâàíû.

Â ñëó÷àå l = 0 ðàíåå èññëåäîâàíû ñèñòåìû (1) ñî ñëåäóþùèìè ÷åòûðüìÿ ôîðìàìè:

ñ ÊÔ0
1 =

(
1 0 0

0 0 1

)
� â [2, � 6], ñ ÊÔ0

2 =

(
0 0 1

1 0 0

)
� â [4, � 11], ñ ÊÔ0∗

4 =

(
1 0 u∗
0 0 1

)
,

îòëè÷àþùåéñÿ îò ÊÔ0
4 =

(
u 0 1

0 0 1

)
íîðìèðîâêîé, � â [2, � 6], ñ ÊÔ0

5 =

(
u 0 σ

0 1 0

)
, â

êîòîðîé σ = −signu (R < 0), � â [5, � 12] (ê ñîæàëåíèþ, ÊÔ0
5 c R > 0 åùå íå âûÿâèëè).

Â ñëó÷àå l = 1 ðàíåå èññëåäîâàíû ñèñòåìû (1) ñî ñëåäóþùèìè ÷åòûðüìÿ ôîðìàìè:

ñ ÊÔ1
1 =

(
u 0 0

0 1 0

)
� â [2, � 5], ñ ÊÔ1

2 =

(
0 σ 0

1 0 0

)
� â [3, � 8], ñ ÊÔ1

3 =

(
u 1 0

0 1 0

)
,

âêëþ÷àÿ u = −1, � â [3, � 7], ñ ÊÔ1
4 =

(
1 0 0

1 1 0

)
� â [4, � 9].

Òàêèì îáðàçîì, â îäíîì èç ñëó÷àåâ ïîëó÷åíû äâà íàáîðà ôîðìàëüíî ýêâèâàëåíòíûõ
ÎÍÔ. Â ïåðâîì íàáîðå íåâîçìóùåííàÿ ÷àñòü ïðåäñòàâëåíà ÊÔ1

2 c σ = 1, à âî âòîðîì �
ôîðìîé âèäà ÊÔ1

3, íî ñ u = −1, è ýòè ÊÔ ñîãëàñíî çàìå÷àíèþ 7 ëèíåéíî ýêâèâàëåíòíû.

Â ñëó÷àå l = 2 ðàíåå èññëåäîâàíû ñèñòåìû (1) ñî ñëåäóþùèìè òðåìÿ ôîðìàìè:

ñ ÊÔ2
1 =

(
1 0 0

1 0 0

)
� â ðàáîòå [2, � 4], ñ ÄÊÔ2∗

2 =

(
−1 −1 0

1 1 0

)
, îòëè÷àþùåéñÿ îò

ÄÊÔ2
2 =

(
1 −1 0

1 −1 0

)
íîðìèðîâêîé, � â [4, � 10], ñ ÊÔ2

4 =

(
0 1 0

0 1 0

)
� â [2, � 3].

Çäåñü óæå â òðåõ ñëó÷àÿõ ïîëó÷åíû ïî äâà íàáîðà ôîðìàëüíî ýêâèâàëåíòíûõ ÎÍÔ.
Ïî òåîðåìå 5 ÂÊÔ2

i ëèíåéíî ýêâèâàëåíòíà ÊÔ2
i (i = 1, 3, 4), ÂÊÔ2

2 ýêâèâàëåíòíà ÊÔ2
2

ñ σ = −1 (è ÄÊÔ2
2), à ÂÊÔ2

5 ýêâèâàëåíòíà ÊÔ2
2 ñ σ = 1.

Îòìåòèì òàêæå, ÷òî ñèñòåìà (1), èññëåäîâàííàÿ â [4, � 10], � ýòî ïîêà åäèíñòâåííàÿ
ñèñòåìà, íåâîçìóùåííàÿ ÷àñòü êîòîðîé ñîäåðæèò ÷åòûðå íåíóëåâûõ ñëàãàåìûõ (ÄÊÔ2∗

2 ).
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