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Àííîòàöèÿ

Îäíîâðåìåííî èññëåäîâàíû äâà êëàññà äâóìåðíûõ ïåðèîäè÷åñêèõ ïî âðå-
ìåíè ñèñòåì ÎÄÓ ñ ìàëûì ïîëîæèòåëüíûì ïàðàìåòðîì � ñèñòåìû ñ "áûñò-
ðûì" è "ìåäëåííûì" âðåìåíåì, ïðàâûå ÷àñòè êîòîðûõ òðèæäû íåïðåðûâíî
äèôôåðåíöèðóåìû ïî ôàçîâûì ïåðåìåííûì è ïàðàìåòðó, à ñîîòâåòñòâóþùèå
íåâîçìóùåííûå ñèñòåìû àâòîíîìíû, êîíñåðâàòèâíû è èìåþò äåâÿòü òî÷åê
ïîêîÿ, àáñöèññû è îðäèíàòû êîòîðûõ ïðèíèìàþò çíà÷åíèÿ −1, 0, 1.

Äëÿ âîçìóùåíèé ñèñòåìû, êîòîðûå íå çàâèñÿò îò ïàðàìåòðà, â ÿâíîì âèäå
ïîëó÷åíû óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ èñõîäíàÿ ñèñòåìà ïðè âñåõ äîñ-
òàòî÷íî ìàëûõ çíà÷åíèÿõ ïàðàìåòðà èìååò îïðåäåëåííîå êîëè÷åñòâî äâóìåð-
íûõ èíâàðèàíòíûõ ïîâåðõíîñòåé, ãîìåîìîðôíûõ òîðàì. È ïðèâåäåíû ôîð-
ìóëû ýòèõ ïîâåðõíîñòåé.

Â êà÷åñòâå ïðèìåðà ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ ïîëó÷åííûõ ðåçóëüòà-
òîâ âûäåëåí êëàññ ñèñòåì, êîòîðûå èìåþò òðè èíâàðèàíòíûå ïîâåðõíîñòè,
îõâàòûâàþùèå ðàçëè÷íîå ÷èñëî òî÷åê ïîêîÿ. Áèáëèîãð. 10 íàçâ.

Êëþ÷åâûå ñëîâà: èíâàðèàíòíàÿ ïîâåðõíîñòü, áèôóðêàöèÿ, óñðåäíåíèå.
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Abstract

Two classes of two-dimensional time-periodic systems of ODEss with a small positive parameter,
speci�cally, systems with "slow"and "fast"time, whose right-hand sudes are three times continuously
di�erentiable on the phase variables and the parameter perturbations, and the corresponding
unperturbed systems are autonomous, conservative and possess nine steady points, whose both
coordinates take values of -1,0 or 1, are simultaneously studied in this article. Explicit conditions,
guaranteeing the existence of a certain number of invariant two-dimensional surfaces, which are
homeomorphic to tori, for all small enough values of positive parameter for original system are given for
parameter-independent perturbations of the system. Formulae of these surfaces are provided. The class
of systems with three invariant surfaces, covering some of system's steady points, is chosen as an
example of practical usage of the obtained result. Refs 10.

Key words: invariant surface, bifurcation, averaging.
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�1. Ââåäåíèå

10. Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì ñòàíäàðòíóþ ïåðèîäè÷åñêóþ
äâóìåðíóþ ñèñòåìó ñ ìàëûì ïîëîæèòåëüíûì ïàðàìåòðîì

ẋ = (γ(y3 − y) +X(t, x, y, ε)ε)εν

ẏ = (− x3 + x+ Y (t, x, y, ε)ε)εν
(γ ∈ (0, 1], ν = 0, 1), (1)

ãäå X, Y � íåïðåðûâíûå T -ïåðèîäè÷åñêèå ïî t ôóíêöèè êëàññà C3
x, y, ε ïðè

t ∈ R1, |x| < x∗, |y| < y∗ (x∗ >
√

2, y∗ >
√

1 + γ−1/2), ε ∈ [0, ε0).

Ïî ñóùåñòâó, ôîðìóëà (1) çàäàåò äâå ðàçëè÷íûå ñèñòåìû � ñèñòåìà ñ
ν = 0 è ñèñòåìà ñ ν = 1, ñðàâíèâàÿ êîòîðûå ìîæíî ñêàçàòü, ÷òî ñèñòåìà ñ
ν = 1, îáû÷íî íàçûâàåìàÿ ñòàíäàðòíîé, èìååò "áûñòðîå" âðåìÿ, òàê êàê ïðè
ñâåäåíèè åå ê ñèñòåìå ñ ν = 0 â ïîñëåäíåé ïîëó÷àåì ïåðèîä, ðàâíûé Tε.

Ñèñòåìîé ïåðâîãî ïðèáëèæåíèÿ èëè íåâîçìóùåííîé ïî îòíîøåíèþ ê ñèñ-
òåìå (1) åñòåñòâåííî íàçûâàòü àâòîíîìíóþ ñèñòåìó

ẋ = γ(y3 − y)εν, ẏ = −(x3 − x)εν (ν = 0, 1). (2)

Î÷åâèäíî, ÷òî ó ñèñòåì (2) ñ ν = 0 è ν = 1 ôàçîâûå ïîðòðåòû ñîâïàäàþò.

Ñèñòåìà (2) êîíñåðâàòèâíà. Îíà èìååò äåâÿòü òî÷åê ïîêîÿ è åå ôàçîâàÿ
ïëîñêîñòü ïîìèìî íèõ çàïîëíåíà çàìêíóòûìè òðàåêòîðèÿìè è ñåïàðàòðèñà-
ìè, êîòîðûå çàäàþòñÿ îáùèì èíòåãðàëîì (x2 − 1)2 + γ(y2 − 1)2 = a.

Öåëü ïðåäëàãàåìîé ðàáîòû çàêëþ÷àåòñÿ â íàõîæäåíèè ó ñèñòåìû (1) ïðè
ëþáîì äîñòàòî÷íî ìàëîì ε > 0 äâóìåðíûõ öèëèíäðè÷åñêèõ èíâàðèàíòíûõ
ïîâåðõíîñòåé, ãîìåîìîðôíûõ òîðàì, åñëè ôàêòîðèçîâàòü âðåìÿ ïî ïåðèîäó,
÷üè ôàçîâûå ïðîåêöèè ëåæàò â ìàëîé îêðåñòíîñòè ñîîòâåòñòâóþùèõ çàìêíó-
òûõ òðàåêòîðèé íåâîçìóùåííîé ñèñòåìû (2).

Â ðåçóëüòàòå â ÿâíîì âèäå áóäóò âûïèñàíû çàâèñÿùèå îò γ óñëîâèÿ íà
ôóíêöèè X(t, x, y, 0), Y (t, x, y, 0), ïðè âûïîëíåíèè êîòîðûõ â âîçìóùåííîé
ñèñòåìå (1) óêàçàííûå èíâàðèàíòíûå ïîâåðõíîñòè èìåþòñÿ, è ïðåäñòàâëåíî
àñèìïòîòè÷åñêîå ðàçëîæåíèå êàæäîé èíâàðèàíòíîé ïîâåðõíîñòè ïî ñòåïåíÿì
ìàëîãî ïàðàìåòðà. Òàêæå áóäåò ïðèâåäåí ïðèìåð, â êîòîðîì äëÿ âûäåëåííî-
ãî êëàññà ñèñòåì êàæäîå èç òðåõ ïîëó÷åííûõ áèôóðêàöèîííûõ óðàâíåíèé
èìååò äîïóñòèìîå ðåøåíèå ci (i = 0, 1, 2) è ïðèáëèæåííûìè âû÷èñëåíè-
ÿìè, èñïîëüçóþùèìè èíòåðïîëÿöèè ôóíêöèé, äëÿ êàæäîãî ci ïîäñ÷èòàíà
ñîîòâåòñòâóþùàÿ êîíñòàíòà Lνi ñ ν = 1, îòëè÷èå îò íóëÿ êîòîðîé ãàðàíòè-
ðóåò íàëè÷èå ñâîåé èíâàðèàíòíîé ïîâåðõíîñòè. Ïðè ýòîì ïðîåêöèÿ îäíîé èç
íàéäåííûõ ïîâåðõíîñòåé íà ôàçîâóþ ïëîñêîñòü áóäåò îõâàòûâàòü âñå äåâÿòü
îñîáûõ òî÷åê, äðóãîé � òðè òî÷êè, à òðåòüåé � îäíó.
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Ñèñòåìû (1) ñ ν = 0 è ν = 1 îêàçàëîñü âîçìîæíûì èññëåäîâàòü îäíîâðå-
ìåííî, òàê êàê äëÿ íàõîæäåíèÿ èíâàðèàíòíûõ òîðîâ ïðèìåíÿåòñÿ îäèí è òîò
æå ìåòîä, ðàçðàáîòàííûé â ðàáîòàõ [1], [2] è ñóùåñòâåííî ìîäèôèöèðîâàííûé
â ðàáîòàõ [3]�[6]. Îäíàêî, íà îïðåäåëåííîì ýòàïå óñðåäíåíèÿ ïîëó÷åííûõ â
ðåçóëüòàòå ñïåöèàëüíîé ïîëÿðíîé çàìåíû ñèñòåì äëÿ ñëó÷àåâ ν = 0 è ν = 1
âîçíèêàþò ñåðüåçíûå ðàçëè÷èÿ, íà êîòîðûå îáðàùåíî îñîáîå âíèìàíèå.

20. Îñîáåííîñòè ìåòîäà ðåøåíèÿ è ñòðóêòóðà ðàáîòû. Îáùàÿ
ìåòîäèêà ðåøåíèÿ ïîäîáíûõ çàäà÷ â äîñòàòî÷íîé ñòåïåíè ñòàíäàðòíà. Îíà
âêëþ÷àåò â ñåáÿ òðè ýòàïà.

1. Çàïèñü ñèñòåìû (1ν) â îêðåñòíîñòè ïðîèçâîëüíîé çàìêíóòîé òðàåê-
òîðèè íåâîçìóùåííîé ñèñòåìû (2ν) â ñïåöèàëüíûõ ïîëÿðíûõ êîîðäèíàòàõ
r, ϕ, íàçâàííûõ Â.È.Àðíîëüäîì â [7, �50] "äåéñòâèå � óãîë".

2. Íàõîæäåíèå óñëîâèé íà ôóíêöèè X(t, x1, x2, 0) è Y (t, x1, x2, 0) ñèñòå-
ìû (1), äîñòàòî÷íûõ äëÿ ñóùåñòâîâàíèÿ õîòÿ áû îäíîãî äîïóñòèìîãî ðåøåíèÿ
áèôóðêàöèîííîãî óðàâíåíèÿ, ïðè êîòîðîì âûïîëíÿåòñÿ òàê íàçûâàåìîå óñëî-
âèå äèññèïàòèâíîñòè, îçíà÷àþùåå ïîÿâëåíèå íåíóëåâîé ôîêóñíîé âåëè÷èíû,
ïîðîæäàåìîé óêàçàííûìè ôóíêöèÿìè, è ïðè êîòîðîì â ñëó÷àå ν = 0 âû-
ïîëíÿåòñÿ óñëîâèå Çèãåëÿ íà ïåðèîäû ïî t è ϕ ôóíêöèé, ïîëó÷àåìûõ ïîñëå
ñîîòâåòñòâóþùåé ïîëÿðíîé çàìåíû.

3. Äëÿ êàæäîãî íàéäåííîãî íå âòîðîì ýòàïå äîïóñòèìîãî ðåøåíèÿ âû-
ïîëíåíèå ðÿäà óñðåäíÿþùèõ è ìàñøòàáèðóþùèõ çàìåí, ïðåîáðàçóþùèõ ïî-
ëó÷åííóþ èç ñèñòåìû (1) ñïåöèàëüíóþ ïîëÿðíóþ ñèñòåìó ê ñèñòåìå, êîòîðàÿ
ñîãëàñíî ëåììû Õåéëà [8] èìååò äâóìåðíóþ èíâàðèàíòíóþ ïîâåðõíîñòü.

Òàêèì îáðàçîì, ê íàñòîÿùåìó ìîìåíòó îñíîâíûå ïðîáëåìû, òðåáóþùèå
íîâûõ ïîäõîäîâ è òåõíèêè, âîçíèêàþò íà ïåðâîì ýòàïå ïðè èññëåäîâàíèè âñå
áîëåå ñëîæíûõ íåâîçìóùåííûõ ñèñòåì, èìåþùèõ ðàçëè÷íûå òî÷êè ïîêîÿ, è
ñîçäàíèè ïî íèì ñïåöèàëüíûõ àôôèííî-ïîëÿðíûõ çàìåí ñ íåíîðìèðîâàííû-
ìè îáîáùåííûìè ñèíóñàìè è êîñèíóñàìè, èõ ïðîòîòèïû âïåðâûå áûëè ââåäå-
íû À.Ì. Ëÿïóíîâûì â [9], à òàêæå âîçìîæíîñòÿìè îñóùåñòâèòü ýòè çàìåíû.

Äîïîëíèòåëüíûé èíòåðåñ ïðèîáðåòàåò òàêæå âòîðîé ýòàï, ïîñêîëüêó áè-
ôóðêàöèîííîå óðàâíåíèå, áûâøåå êâàäðàòíûì äëÿ ñèñòåì ñ áîëåå ïðîñòûìè
ïåðâûìè ïðèáëèæåíèÿìè, òåïåðü èìååò äîñòàòî÷íî ñëîæíóþ èíòåãðàëüíóþ
ñòðóêòóðó, îòêðûâàþùóþ ïðîñòîð äëÿ åå àíàëèçà.

Òðåòèé ýòàï ñòàíäàðòåí, íî äîëæåí áûòü àêêóðàòíî ðåàëèçîâàí, ïîñêîëü-
êó ïîçâîëÿåò ïîëó÷àòü ÿâíûå ôîðìóëû êàæäîé èíâàðèàíòíîé ïîâåðõíîñòè,
îòâå÷àþùåé ñâîåìó êîðíþ áèôóðêàöèîííîãî óðàâíåíèÿ.
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Ñëåäóåò îòìåòèòü, ÷òî â ïðåäëàãàåìîé ðàáîòå âïåðâûå ðàññìàòðèâàåòñÿ
ïåðèîäè÷åñêàÿ ñèñòåìà, ó êîòîðîé ñîîòâåòñòâóþùàÿ åé íåâîçìóùåííàÿ ñèñ-
òåìà èìååò òî÷êè ïîêîÿ, ðàñïîëîæåííûå íå òîëüêî íà îñè àáñöèññ.

Ïîñëå Ââåäåíèÿ â � 2 îïèñûâàåòñÿ ôàçîâûé ïîðòðåò íåâîçìóùåííîé ñèñ-
òåìû â êîîðäèíàòàõ C, S : åå èíòåãðàëû, ñåïàðàòðèñû, çàìêíóòûå òðàåêòî-
ðèè. Ïðîâîäèòñÿ ïàðàìåòðèçàöèÿ ïðîõîäÿùèõ ÷åðåç ïåðâóþ ÷åòâåðòü òðà-
åêòîðèé êàê ðåøåíèé ñèñòåìû (6) ïîñðåäñòâîì çàäàíèÿ íà÷àëüíûõ äàííûõ
ϕ(0) = 0, C(0) = c > 0, S(0) = j, ãäå j = 0 äëÿ òðàåêòîðèé, ïîêèäàþ-
ùèõ ïåðâóþ ÷åòâåðòü, è j = 1 äëÿ òðàåêòîðèé, îõâàòûâàþùèõ òîëüêî òî÷êó
(1, 1). Òàêæå âû÷èñëÿþòñÿ ïåðèîäû äâèæåíèé ïî çàìêíóòûì òðàåêòîðèÿì.

Ïàðàìåòð c èãðàåò êëþ÷åâóþ ðîëü â äàëüíåéøèõ ïîñòðîåíèÿõ, ÿâëÿÿñü
àðãóìåíòîì áèôóðêàöèîííûõ óðàâíåíèé è çàäàâàÿ â êîíå÷íîì èòîãå òðàåê-
òîðèþ, â îêðåñòíîñòè êîòîðîé è áóäåò èñêàòüñÿ èíâàðèàíòíàÿ ïîâåðõíîñòü,
à òî÷íåå, åå ïðîåêöèÿ íà ôàçîâóþ ïëîñêîñòü, ñèñòåìû (1).

Èíòåðåñíî òàêæå, ÷òî ñëó÷àé, êîãäà â ñèñòåìå (1) γ = 1, ÿâëÿåòñÿ âû-
ðîæäåííûì (ñì. ïðèëîæåíèå 1.1). Â íåì "ñêëåèâàåòñÿ" ÷àñòü ñåïàðàòðèñ è
îòñóòñòâóþò çàìêíóòûå òðàåêòîðèè, îõâàòûâàþùèå òðè òî÷êè ïîêîÿ ñ àáñ-
öèññàìè, ðàâíûìè 1 èëè �1. Ñ ýòèìè òðàåêòîðèÿìè (ñì. ïðèëîæåíèå 1.2) ñâÿ-
çàíû èíòåðåñíûå è íå âñòðå÷àâøèåñÿ â ïðåäøåñòâóþùèõ ðàáîòàõ ÿâëåíèÿ.

Â � 3 îñóùåñòâëÿþòñÿ ñäâèãè êàê ñèñòåìû (1), òàê è íåâîçìóùåííîé ñèñ-
òåìû (6), â îñîáûå òî÷êè (1, 0) è (1, 1). Ñâÿçàíî ýòî ñ òåì, ÷òî â ñèñòåìàõ
(1) è (6) ïðåäñòîèò ïåðåéòè â îêðåñòíîñòü ïîêà ÷òî ëþáîé çàìêíóòîé òðàåê-
òîðèè ïðè ïîìîùè ñïåöèàëüíîé àôôèííî-ïîëÿðíîé çàìåíû, â õîäå êîòîðîé
ïðè ðàçðåøåíèè ïîëó÷åííûõ óðàâíåíèé îòíîñèòåëüíî r è ϕ ïðè ïðîèçâîä-
íûõ ïîÿâëÿåòñÿ ìíîæèòåëü p(ϕ, c), ââîäèìûé â ôîðìóëå (13) è âñåãäà ðàâíûé
1 (≡ sin2 ϕ+ cos2 ϕ) ïðè îáû÷íîé ïîëÿðíîé çàìåíå.

Î÷åâèäíî, ÷òî ìíîæèòåëü p(ϕ, c) äîëæåí ìåíÿòü çíàê ïðè èçìåíåíèè
íàïðàâëåíèÿ îáõîäà òðàåêòîðèè, íàáëþäàåìîãî èç íà÷àëà êîîðäèíàò.

Èìåííî òàê ïðîèñõîäèò ïðè îáõîäå çåëåíûõ è æåëòûõ òðàåêòîðèé (ñì.
ïðèëîæåíèå 1.2). À äëÿ ñèíèõ òðàåêòîðèé íàïðàâëåíèÿ îáõîäà íå ìåíÿåòñÿ
è çàìåíó ìîæíî ïðîèçâîäèòü ñðàçó. Ïîýòîìó ñòàíäàðòíûì ïðèåìîì ïåðåä
ïåðåõîäîì â îêðåñòíîñòü ëþáîé çåëåíîé òðàåêòîðèè èç ïðàâîé ïîëóïëîñêîñòè
èëè ëþáîé æåëòîé òðàåêòîðèè èç ïåðâîé ÷åòâåðòè ÿâëÿåòñÿ ñäâèã íà÷àëà
êîîðäèíàò ñîîòâåòñòâåííî â òî÷êó (1, 0) èëè (1, 1).

Îáõîä ëþáîé æåëòîé òðàåêòîðèè, íàáëþäàåìîé èç òî÷êè (1, 1), ïðîèñ-
õîäèò ìîíîòîííî, è ýòî âèäíî íåâîîðóæåííûì ãëàçîì è ëåãêî äîêàçûâàåòñÿ.
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À âîò èçìåíåíèå óãëîâîé ïåðåìåííîé ϕ, íàáëþäàåìîå èç òî÷êè (1, 0) ïðè
îáõîäå çåëåíûõ òðàåêòîðèé, îêàçûâàåòñÿ ìîæåò ïðîõîäèòü íåìîíîòîííî ïðè
îïðåäåëåííûõ çíà÷åíèÿõ γ è íà÷àëüíîãî äàííîãî c. È ýòà ñèòóàöèÿ ÿâëÿåòñÿ
íîâîé è â èçâåñòíîé ñòåïåíè íåîæèäàííîé.

Ïîëó÷àåòñÿ, ÷òî ó ñèñòåìû (6) ñóùåñòâóþò çàìêíóòûå òðàåêòîðèè, â
îêðåñòíîñòü êîòîðûõ ïåðåéòè íå óäàåòñÿ, à çíà÷èò, ñóùåñòâóþùèå íà äàí-
íûé ìîìåíò ìåòîäû èññëåäîâàíèÿ íå ïîçâîëÿþò óñòàíîâèòü, ñóùåñòâóþò ëè
ó ñèñòåìû (1) èíâàðèàíòíûå ïîâåðõíîñòè, ÷üè ïðîåêöèè íà ôàçîâóþ ïëîñ-
êîñòü ëåæàò â ìàëîé îêðåñòíîñòè ýòèõ òðàåêòîðèé.

Â ðàáîòå ÿâíî íàéäåíû ïðèáëèæåííûå ãðàíèöû îáëàñòè äîïóñòèìûõ çíà-
÷åíèé c(γ) (ñì. ïðèëîæåíèå 2), ïðè êîòîðûõ ìîíîòîííîñòü ϕ ïðè îáõîäå
çåëåíûõ òðàåêòîðèé ñîõðàíÿåòñÿ è àôôèííî-ïîëÿðíàÿ çàìåíà îñóùåñòâèìà.

Â ðåçóëüòàòå äëÿ êàæäîãî äîïóñòèìîãî çíà÷åíèÿ ïàðàìåòðà c (ñì. ï.50,
îïðåäåëåíèå 1) ïîëó÷åíà àôôèííî-ïîëÿðíàÿ ñèñòåìà (18).

Â � 4 ïîñëå óñðåäíåíèÿ, ïîçâîëÿþùåãî àííóëèðîâàòü â "ðàäèàëüíîì"
óðàâíåíèè ñèñòåìû (18) ëèíåéíûå è êâàäðàòè÷íûå ÷ëåíû ïî r â ñëàãàåìûõ
íå çàâèñÿùèõ îò ε ïîÿâëÿåòñÿ âîçìîæíîñòü äëÿ êàæäîãî èç òðåõ òèïîâ çà-
ìêíóòûõ êðèâûõ íåâîçìóùåííîé ñèñòåìû (6) âûïèñàòü ñâîå áèôóðêàöèîííîå
óðàâíåíèå (ñì. ï.20, îïðåäåëåíèå 2), ëþáîå äîïóñòèìîå ðåøåíèå êîòîðîãî c∗,
åñëè, êîíå÷íî, îíî èìååòñÿ, âûäåëÿåò òó êîíêðåòíóþ òðàåêòîðèþ ñèñòåì (6),
â îêðåñòíîñòü êîòîðîé íàäî îñóùåñòâëÿòü ïåðåõîä. Íî äåëàòü ýòî ñëåäóåò
òîëüêî â òîì ñëó÷àå, åñëè îêàæóòñÿ âûïîëíåíû åùå äâà óñëîâèÿ.

Îäíî èç íèõ ñâÿçàíî ñ îñîáåííîñòÿìè ñòðóêòóðû ñèñòåìû (1) ïðè ν = 0
è òðåáóåò âûïîëíåíèÿ óñëîâèÿ Çèãåëÿ íà "ìàëûå çíàìåíàòåëè" äëÿ ïåðèîäîâ
T è ωc∗. Ïðè ν = 1 ýòî óñëîâèå íå òðåáóåòñÿ, íî âîçíèêàþò áîëüøèå òåõíè-
÷åñêèå ñëîæíîñòè, ñâÿçàííûå ñ òåì, ÷òî ôóíêöèè, âõîäÿùèå â ïîñëåäóþùèå
óñðåäíÿþùèå çàìåíû, ñîäåðæàò ðàçëè÷íûå ñòåïåíè ε.

Äðóãîå óñëîâèå íå ÿâëÿåòñÿ æåñòêèì, òàê êàê òðåáóåò îòëè÷èÿ îò íóëÿ òàê
íàçûâàåìîé äèññèïàòèâíîé êîíñòàíòû, ÷òî íåîáõîäèìî êàê äëÿ ïîñëåäóþùèõ
óñðåäíåíèé, òàê è äëÿ ïðèìåíåíèÿ ëåììû Õåéëà.

Äàëåå, â � 5 ïðîâîäèòñÿ ðÿä óñðåäíÿþùèõ çàìåí â êîíå÷íîì èòîãå ñâîäÿ-
ùèõ ñèñòåìó (1) ê ñèñòåìå, ó êîòîðîé ïî ëåììå Õåéëà ñóùåñòâóåò èíâàðèàíò-
íàÿ ïîâåðõíîñòü, è ôîðìóëèðóþòñÿ ïîëó÷åííûå ðåçóëüòàòû, ïîçâîëÿþùèå
âûïèñàòü ôîðìóëû íàéäåííûõ äâóïåðèîäè÷åñêèõ èíâàðèàíòíûõ ïîâåðõíî-
ñòåé ñèñòåìû (1) è èõ ðàçëîæåíèå ïî ìëàäøèì ñòåïåíÿì ε. À â � 6 äåìîíñòðè-
ðóåòñÿ âîçìîæíîñòü ïðàêòè÷åñêîãî ïðèìåíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ.
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�2. Ïàðàìåòðèçàöèÿ òðàåêòîðèé íåâîçìóùåííîé ñèñòåìû

10. Ôàçîâûé ïîðòðåò. Îáîçíà÷èì ÷åðåç Γa ñåìåéñòâî çàìêíóòûõ êðè-
âûõ íà ïëîñêîñòè (C, S), óäîâëåòâîðÿþùèõ óðàâíåíèþ

(C2 − 1)2 + γ(S2 − 1)2 = a (a ≥ 0, 0 < γ ≤ 1) (3)

èëè C4 − 2C2 + γ(S4 − 2S2) = a − 1 − γ (ñì. ïðèëîæåíèå 1.1 äëÿ ñëó÷àÿ
γ = 1 è ïðèëîæåíèå 1.2 äëÿ ñëó÷àÿ γ < 1).

Ïîñêîëüêó óðàâíåíèå (3) íå ìåíÿåòñÿ ïðè çàìåíå C íà −C è S íà −S,
äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî òå êðèâûå èëè ÷àñòè êðèâûõ èç Γa, îáî-
çíà÷àåìûå Γ1

a, êîòîðûå ëåæàò â ïåðâîé ÷åòâåðòè.

Âûäåëèì "ñåïàðàòðèñíûå" êðèâûå óðàâíåíèÿ (3), ò. å. êðèâûå, ïðîõîäÿ-
ùèå ÷åðåç îñîáûå òî÷êè íåâîçìóùåííîé ñèñòåìû (2). Íî ïðåäâàðèòåëüíî ââå-
äåì êîíñòàíòû, îòâå÷àþùèå ýêñòðåìàëüíûì çíà÷åíèÿì ýòèõ êðèâûõ, òîëüêî
òå, êîòîðûå çàâèñÿò îò ïàðàìåòðà γ :

bγ =
√

1− γ1/2, cγ =
√

1 + γ1/2,

cm =
√

1− (1− γ)1/2, cp =
√

1 + (1− γ)1/2, dp =
√

1 + γ−1/2.
(4)

Ïðè a = 0 ñåìåéñòâî Γa ñîñòîèò èç ÷åòûðåõ òî÷åê: (±1, 1), (±1,−1).

Ïóñòü γ ∈ (0, 1) .

Òîãäà ïðè a = γ ñåìåéñòâî Γa ñîñòîèò èç ÷åòûðåõ çàìêíóòûõ êðèâûõ
(èëè äâóõ "âîñüìåðîê"), äâå èç êîòîðûõ ñîïðèêàñàþòñÿ â îñîáîé òî÷êå (1, 0),
îõâàòûâàÿ òî÷êè (1,±1), è äâå � â îñîáîé òî÷êå (−1, 0), îõâàòûâàÿ òî÷-
êè (−1,±1). Â ïåðâîì êâàäðàíòå ëåæèò îäíà èç êðèâûõ, îáðàçóÿ Γ1

γ, �
ýòî âåðõíèé íîëèê ïðàâîé âîñüìåðêè. Ýêñòðåìóìû Γ1

γ íàõîäÿòñÿ â òî÷êàõ

(cγ, 1), (1,
√

2), (bγ, 1), (1, 0).

Ïðè a = 1 ñåìåéñòâî Γa ñîñòîèò èç äâóõ çàìêíóòûõ êðèâûõ: âíóòðåííåé
Γm1 è âíåøíåé Γp1, ñîïðèêàñàþùèõñÿ â îñîáûõ òî÷êàõ (0, 1) è (0,−1). Âíóò-
ðè Γm1 ëåæèò îñîáàÿ òî÷êà (0, 0), à â êàæäîé èç äâóõ îáëàñòåé ìåæäó Γm1 è
Γp1 ëåæèò ïî îäíîé "âîñüìåðêå" èç Γγ. Â ïåðâîé ÷åòâåðòè ëåæàò "÷åòâåðòèí-
êè" ýòèõ êðèâûõ: Γm1

1 ñ ýêñòðåìóìàìè (cm, 0), (0, 1) è Γp11 ñ ýêñòðåìóìàìè
(cp, 0), (

√
2, 1), (1, dp), (0, 1).

Åñëè æå γ = 1 è a = 1 , òî cm = cp = 1, ò. å. Γm1
1 ïåðåñåêàåòñÿ ñ Γp11 â

òî÷êå (1, 0), îáðàçóÿ âåðõíèé íîëèê âîñüìåðêè, è Γγ ñêëåèâàåòñÿ ñ Γ1.

Îñòàëüíûå ñåìåéñòâà Γa ðàçáèâàþòñÿ âûäåëåííûìè íà êëàññû 0),1),2)
(ñì. ïðèëîæåíèÿ 1.3�1.5).
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Ïåðåä îïèñàíèåì êëàññîâ ââåäåì "ýêñòðåìàëüíûå" êîíñòàíòû.

cm0 =
√

1− (a− γ)1/2 ∈ (0, cm), dm0 =
√

1− ((a− 1)/γ)1/2,
cp0 =

√
1 + (a− γ)1/2 ∈ (cp,∞), cp0 =

√
1 + a1/2,

dp0 =
√

1 + ((a− 1)/γ)1/2, d
p

0 =
√

1 + (a/γ)1/2;
c∗1 =

√
1 + (a− γ)1/2 ∈ (1, cp), c∗1 =

√
1 + a1/2,

d∗1 =
√

1 + (a/γ)1/2, b∗1 =
√

1− (a− γ)1/2, b
∗
1 =
√

1− a1/2;
c∗2 =

√
1 + a1/2 ∈ (1, cγ), d∗2 =

√
1 + (a/γ)1/2,

b∗2 =
√

1− a1/2, a∗2 =
√

1− (a/γ)1/2.

(5)

0) a > 1. Ïðè 1 < a < 1 + γ ñåìåéñòâî Γa ñîñòîèò èç äâóõ çàìêíóòûõ
êðèâûõ: âíóòðåííåé � Γma , îõâàòûâàþùåé òî÷êó (0, 0) è ëåæàùåé âíóòðè Γm1 ,
è âíåøíåé � Γpa, îõâàòûâàþùåé Γp1. Â ïåðâîé ÷åòâåðòè ëåæàò èõ "÷åòâåðòèí-
êè": êðèâàÿ Γm1

a , ïðîõîäÿùàÿ ÷åðåç (cm0 , 0), (0, dm0 ), è êðèâàÿ Γp1a , ïðîõîäÿ-
ùàÿ ÷åðåç (cp0, 0), (cp0, 1) è (1, d

p

0), (0, dp0). À ïðè a ≥ 1+γ ñîõðàíÿåòñÿ òîëüêî
êðèâàÿ Γpa, òàê êàê Γma óæå ïðè a = 1 + γ âûðîæäàåòñÿ â òî÷êó (0, 0).

Â ðåçóëüòàòå êëàññ 0) åñòåñòâåííûì îáðàçîì ðàçáèâàåòñÿ íà äâà êëàññà:
0p) äëÿ êðèâûõ Γpa (a > 1) è 0m) äëÿ êðèâûõ Γma (1 < a < 1 + γ).

1) γ < a < 1 (γ < 1). Ñåìåéñòâî Γa ñîñòîèò èç äâóõ çàìêíóòûõ
êðèâûõ. Â ïåðâîé ÷åòâåðòè ëåæèò âåðõíÿÿ ïîëîâèíà Γ1

a ïðàâîé êðèâîé,
ðàñïîëàãàÿñü ìåæäó Γ1

γ è Γm1
1 ∪ Γp11 è ïðîõîäÿ ÷åðåç òî÷êè (c∗1, 0), (c∗1, 1),

(1, d∗1), (b
∗
1, 1), (b∗1, 0).

2) 0 < a < γ. Ñåìåéñòâî Γa ñîñòîèò èç ÷åòûðåõ çàìêíóòûõ êðèâûõ.
Â ïåðâîé ÷åòâåðòè êðèâàÿ Γ1

a îõâàòûâàåò òî÷êó (1, 1) è ëåæèò âíóòðè Γ1
γ,

ïðîõîäÿ ÷åðåç òî÷êè (c∗2, 1), (1, d∗2), (b∗2, 1), (1, a∗2).

Çàìå÷àíèå 1 (î ïðèíÿòûõ â (5) îáîçíà÷åíèÿõ). Âåëè÷èíû c, d, b, a çà-
äàþò îäíó èç êîîðäèíàò ýêñòðåìàëüíîé òî÷êè êðèâîé Γ1

a, ñîîòâåòñòâåííî
ïðàâîé, âåðõíåé, ëåâîé, íèæíåé. Äàëåå, â ñëó÷àÿõ 0p) è 1) âåëè÷èíû θi è
θi ÿâëÿþòñÿ îäíîâðåìåííî àáñöèññàìè èëè îðäèíàòàìè äâóõ ýêñòðåìàëüíûõ
òî÷åê êðèâîé Γa, íî θi � ýòî êîîðäèíàòà íèæíåé òî÷êè, à θi � âåðõíåé.

Â äàëüíåéøåì èìåííî ïàðàìåòð cm0 â êëàññå 0m), cp0 â ñëó÷àå 0p), c∗1 â
êëàññå 1) è c∗2 â êëàññå 2) áóäóò âûáèðàòüñÿ â êà÷åñòâå íåçàâèñèìîé ïåðå-
ìåííîé, çàäàþùåé êðèâóþ Γa, â òî âðåìÿ êàê ïàðàìåòð a áóäåò îäíîçíà÷íî
âûðàæàòüñÿ ÷åðåç âûáðàííûé ïàðàìåòð c.
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20. Ïàðàìåòðèçàöèÿ çàìêíóòûõ êðèâûõ. Ðàññìîòðèì àâòîíîìíóþ
êîíñåðâàòèâíóþ ñèñòåìó ñ äåâÿòüþ òî÷êàìè ïîêîÿ

C ′(ϕ) = γ(S3(ϕ)− S(ϕ)), S ′(ϕ) = −(C3(ϕ)− C(ϕ)) (0 < γ ≤ 1). (6)

Ðàâåíñòâî (3) çàäàåò ïîëîæèòåëüíî îïðåäåëåííûé èíòåãðàë ñèñòåìû (6).
Èç äåâÿòè îñîáûõ òî÷åê ïÿòü ÿâëÿþòñÿ öåíòðàìè, ïðè÷åì: (±1, 1), (±1,−1)
óäîâëåòâîðÿþò (3) ïðè a = 0, à (0, 0) ïðè a = 1 + γ. Îñòàëüíûå ÷åòûðå
òî÷êè � ñåäëîâûå: (±1, 0) óäîâëåòâîðÿþò (3) ïðè a = γ, à (0,±1) ïðè
a = 1. Ïîýòîìó ñåìåéñòâà Γγ è Γ1 ïîìèìî óêàçàííûõ òî÷åê îïèñûâàþò âñå
ñåïàðàòðèñû ñèñòåìû (6).

Êðèâûå èç Γa, ïîïàäàþùèå â ïåðâóþ ÷åòâåðòü, äëÿ êàæäîãî èç òðåõ âûäå-
ëåííûõ êëàññîâ áóäóò ïàðàìåòðèçîâàíû çàìêíóòûìè òðàåêòîðèÿìè ñèñòåìû
(6) ñ íà÷àëüíûìè äàííûìè

C(0) = vj, S(0) = j (j = 0, 1), (7)

ãäå â 0m) v0 = cm0 ∈ (0, cm), â 0p) v0 = cp0 ∈ (cp,∞), â 1) v0 = c∗1 ∈ (1, cp)
(av0 = γ + (v20 − 1)2); â 2) v1 = c∗2 ∈ (1, cγ) (av1 = (v21 − 1)2).

Íà÷àëüíûå äàííûå äëÿ ïàðàìåòðèçàöèè çàìêíóòûõ êðèâûõ, öåëèêîì ëå-
æàùèõ âíå ïåðâîé ÷åòâåðòè, çàäàþòñÿ èç ñîîáðàæåíèé ñèììåòðèè:

1*) ïðè γ < a < 1 : C(0) = v0, S(0) = 0, ãäå v0 ∈ (−cp,−1).

2*) ïðè 0 < a < γ : C(0) = v1, S(0) = 1, ãäå v1 ∈ (−cγ,−1), èëè
C(0) = v−1, S(0) = −1, ãäå v−1 ∈ (−cγ,−1) ∪ (1, cγ);

Òàêèì îáðàçîì ðåøåíèÿ ñèñòåìû (6) Cvl = C(ϕ), Svl = S(ϕ) ñ íà÷àëü-
íûìè äàííûìè C(0) = vl, S(0) = l (l = −1, 0, 1) ÿâëÿþòñÿ âåùåñòâåííî
àíàëèòè÷åñêèìè ω = ωvl -ïåðèîäè÷åñêèìè ôóíêöèÿìè ϕ.

30. Ïåðèîäû äâèæåíèé ïî çàìêíóòûì òðàåêòîðèÿì. Äëÿ âñÿêîãî
vl â èíòåãðàëå (3) ñèñòåìû (6) S(C2) = ±

√
1± γ−1/2(avl − (C2 − 1)2)1/2, ãäå

ïëþñû è ìèíóñû âûáèðàþòñÿ â çàâèñèìîñòè îò ðàñïîëîæåíèÿ òî÷åê ïàðàìåò-
ðè÷åñêè çàäàííîé êðèâîé (C(ϕ), S(ϕ)) ïî îòíîøåíèþ ê ïðÿìûì S = 0,±1.

Ïîëîæèì

S±(C2) =
√

1± γ−1/2(avl − (C2 − 1)2)1/2. (8)

Âû÷èñëèì ïåðèîäû ωc òðàåêòîðèé â êàæäîì èç òðåõ îñíîâíûõ êëàññîâ,
èñïîëüçóÿ ïîëó÷àåìîå èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (6) ðàâåíñòâî

dϕ = γ−1(S3(C2)− S(C2))−1dC. (9)
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0m) v0 = cm0 ∈ (0, cm). Òàê êàê S ′(0) = cm0 − (cm0 )3 > 0 è â ïåðâîé
÷åòâåðòè S(ϕ) < 1, òî èç (9) ïîëó÷àåì ϕ− = γ−1

∫ 0

cm0
(S−3(C2)−S−(C2))−1dC

� "âðåìÿ" íàõîæäåíèÿ òðàêòîðèè â ïåðâîé ÷åòâåðòè. Â îñòàëüíûõ ÷åòâåðòÿõ
ëåæàò ÷àñòè òðàåêòîðèè, ñèììåòðè÷íûå Γm1

a . Ïîýòîìó ωcm0 = 4ϕ−.

0p) v0 = cp0 ∈ (cp,∞). Ïîñêîëüêó cp0 = (1 + (γ + ((cp0)
2 − 1)2)1/2)1/2 �

àáñöèññà òî÷êè ïåðåñå÷åíèÿ òðàåêòîðèè ñ ïðÿìîé S = 1 â ïåðâîé ÷åòâåðòè è

S ′(0) = cp0−(cp0)
3 < 0, òî èç (9) ïîëó÷àåìϕ+ = γ−1

∫ cp0
0 (S+3(C2)−S+(C2))−1dC

è ϕ− = γ−1
∫ cp0
cp0

(S−3(C2)− S−(C2))−1dC � "âðåìÿ" íàõîæäåíèÿ òðàåêòîðèè â
ïåðâîé ÷åòâåðòè ñîîòâåòñòâåííî íàä è ïîä ïðÿìîé S = 1. Â äðóãèõ ÷åòâåðòÿõ
âñå ñèììåòðè÷íî, ïîýòîìó ωcp0 = 4(ϕ+ + ϕ−).

1) v0 = c∗1 ∈ (1, cp). Ïîñêîëüêó b∗1 = (2− (c∗1)
2)1/2 � àáñöèññà ëåâîé òî÷êè

ïåðåñå÷åíèÿ òðàåêòîðèè ñ ïðÿìîé S = 0, à b
∗
1 = (1− (γ + ((c∗1)

2 − 1)2)1/2)1/2

è c∗1 = (1 + (γ + ((c∗1)
2− 1)2)1/2)1/2 � àáñöèññû òî÷åê ïåðåñå÷åíèÿ òðàåêòîðèè

ñ ïðÿìîé S = 1, ïðè÷åì S ′(0) = c∗1 − (c∗1)
3 < 0, òî èç (9) ïîëó÷àåì, ÷òî

ϕ−b = γ−1
∫ b∗1
b∗1

(S−3(C2) − S−(C2))−1dC, ϕ+ = γ−1
∫ c∗1
b
∗
1

(S+3(C2) − S+(C2))−1dC

è ϕ−c = γ−1
∫ c∗1
c∗1

(S−3(C2) − S−(C2))−1dC � "âðåìÿ" íàõîæäåíèÿ òðàåêòî-
ðèè â ïåðâîé ÷åòâåðòè ñîîòâåòñòâåííî ïîä, íàä è ñíîâà ïîä ïðÿìîé S = 1.
Âî âòîðîé ÷åòâåðòè ëåæèò âòîðàÿ ÷àñòü òðàåêòîðèè, ñèììåòðè÷íàÿ êðèâîé
Γ1
a îòíîñèòåëüíî îñè OC. Ïîýòîìó ωc∗1 = 2(ϕ−b + ϕ+ + ϕ−c ).

2) v1 = c∗2 ∈ (1, cγ). Ïîñêîëüêó b∗2 = (2− (c∗2)
2)1/2 � àáñöèññà ëåâîé òî÷êè

ïåðåñå÷åíèÿ òðàåêòîðèè ñ ïðÿìîé S = 1 è S ′(0) = c∗2 − (c∗2)
3 < 0, òî èç (9)

ïîëó÷àåì ϕ− = γ−1
∫ b∗2
c∗2

(S−3(C2) − S−(C2))−1dC è ϕ+ = γ−1
∫ c∗2
b∗2

(S+3(C2) −
S+(C2))−1dC � "âðåìÿ" íàõîæäåíèÿ òðàåêòîðèè ñîîòâåòñòâåííî ïîä è íàä
ïðÿìîé S = 1. Ïîýòîìó ωc∗2 = ϕ− + ϕ+.

�3. Ïåðåõîä â îêðåñòíîñòü çàìêíóòîé òðàåêòîðèè

10. Ïåðåíîñ íà÷àëà êîîðäèíàò â îñîáûå òî÷êè (1,0) è (1,1).

Â äàëüíåéøåì äëÿ íàõîæäåíèÿ èíâàðèàíòíûõ ïîâåðõíîñòåé ñèñòåìû (1)
áóäåò íåîáõîäèìî ñäåëàòü ñïåöèàëüíóþ íåíîðìèðîâàííóþ ïîëÿðíóþ çàìåíó,
îñóùåñòâëÿþùóþ ïåðåõîä â îêðåñòíîñòü ïðîèçâîëüíîé çàìêíóòîé òðàåêòî-
ðèè Γa íåâîçìóùåííîé ñèñòåìû (2), ïàðàìåòðèçóåìîé ðåøåíèåì çàäà÷è Êî-
øè C(ϕ), S(ϕ) ñèñòåìû (6) ñ äîëæíûì îáðàçîì âûáðàííûìè íà÷àëüíûìè
äàííûìè 0, vl, l (l ∈ {0,±1}). Ïðè ýòîì âûÿñíèòñÿ, ÷òî ñäåëàòü ýòî ñðàçó
óäàñòñÿ òîëüêî â ñëó÷àå 0), à â ñëó÷àÿõ 1), 2) ñíà÷àëà íåîáõîäèìî ïåðåíåñòè
íà÷àëî êîîðäèíàò ñèñòåìû (1) â òî÷êè (1, 0) èëè (1, 1).

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 10



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 3, 2017

Ïîýòîìó ñäåëàåì â ñèñòåìå (1) â óïîìÿíóòûõ ñëó÷àÿõ çàìåíû

0) x = x0, y = y0; 1) x = x1 + 1, y = y1; 2) x = x2 + 1, y = y2 + 1 (10)

(çàìåíà (90) � ïðîñòî ñìåíà îáîçíà÷åíèé), ïîëó÷àÿ ñëåäóþùèå ñèñòåìû:

ẋ0 = (γ(y30 − y0) +X0(t, x0, y0, ε)ε)ε
ν,

ẏ0 = (− x30 + x0 + Y0(t, x0, y0, ε)ε)ε
ν,

(10)

ãäå X0 = X(t, x0, y0, ε), Y0 = Y (t, x0, y0, ε);

ẋ1 = (γ(y31 − y1) +X1(t, x1, y1, ε)ε)ε
ν,

ẏ1 = (− x31 − 3x21 − 2x1 + Y1(t, x1, y1, ε)ε)ε
ν,

(11)

ãäå X1 = X(t, x1 + 1, y1, ε), Y1 = Y (t, x1 + 1, y1, ε);

ẋ2 = (γ(y32 + 3y22 + 2y2) +X2(t, x2, y2, ε)ε)ε
ν,

ẏ2 = (− x32 − 3x22 − 2x2 + Y2(t, x2, y2, ε)ε)ε
ν,

(12)

ãäå X2 = X(t, x2 + 1, y2 + 1, ε), Y2 = Y (t, x2 + 1, y2 + 1, ε).

Àíàëîãè÷íûå ñäâèãè îñóùåñòâèì â ñèñòåìå (6), ïàðàìåòðèçóþùåé ôàçî-
âûå ïîðòðåòû (3) íåâîçìóùåííîé ñèñòåìû (2). Ñäåëàåì çàìåíû

C = C0, S = S0 â ñëó÷àå 0) ; C = C1 + 1, S = S1 â ñëó÷àå 1) ;
C = C2 + 1, S = S1 + 1 â ñëó÷àå 2).

(11)

Â ñëó÷àå 0), êîãäà (110) � óäîáíîå ïåðåîáîçíà÷åíèå, ïîëó÷àåì ñèñòåìó

C ′0 = γ(S3
0 − S0), S ′0 = −(C3

0 − C0) (0 < γ ≤ 1), (60)

äëÿ çàäàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé êîòîðîé èñïîëüçóåì íà÷àëüíûå äàííûå:
0, c0, 0, ãäå ñ ó÷åòîì (7) c0 = cm0 ∈ (0, cm) èëè c0 = cp0 ∈ (cp,∞) (cm, cp èç
(4)), è îáîçíà÷àåì ýòè ðåøåíèÿ C0(ϕ) = C0(ϕ, c0), S0(ϕ) = S0(ϕ, c0).

Ïðè òàêèõ c0 èíòåãðàëû (60) èìåþò âèä

(C2
0 − 1)2 + γ(S2

0 − 1)2 = ac0, ac0 = γ + (c20 − 1)2 > 1,

ïðè÷åì ac0 < 1 + γ ïðè c0 ∈ (0, cm), êîãäà ðåàëèçóåòñÿ ñëó÷àé 0m).

Ïîêàæåì, ÷òî C0(ϕ, c0) � ôóíêöèÿ ÷åòíàÿ, à S0(ϕ, c0) � íå÷åòíàÿ. Äëÿ
ýòîãî ïîêàæåì, ÷òî ôóíêöèè u(ϕ) = C0(−ϕ), v(ϕ) = −S0(−ϕ) óäîâëåòâîðÿ-
þò ñèñòåìå (60). Äåéñòâèòåëüíî,

du(ϕ)/dϕ = −dC0(−ϕ)/d(−ϕ) = −γ(S3
0(−ϕ)− S0(−ϕ)) = γ(v3(ϕ)− v(ϕ)),

dv(ϕ)/dϕ = dS0(−ϕ)/d(−ϕ) = −(C3
0(−ϕ)− C0(−ϕ)) = −(u3(ϕ)− u(ϕ)).
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Ïðè ýòîì u(0) = C0(0) = c0, v(0) = −S0(0) = 0. Ñëåäîâàòåëüíî ïî òåîðåìå
î åäèíñòâåííîñòè çàäà÷è Êîøè u(ϕ) = C0(ϕ), v(ϕ) = S0(ϕ).

Çàìå÷àíèå 2. Óòî÷íèì îáëàñòü îïðåäåëåíèÿ (êîíñòàíòû x∗, y∗) ñèñòå-
ìû (10) èëè (1) â ñëó÷àå 0p), êîãäà áóäåò îñóùåñòâëÿòüñÿ ïåðåõîä â îêðåñò-
íîñòü çàìêíóòîé òðàåêòîðèè ñèñòåìû (60), ëåæàùåé âíå êîíòóðà Γp1. Äëÿ
òîãî ÷òîáû ìàëàÿ îêðåñòíîñòü òðàåêòîðèè x0 = C0(ϕ, c0), y0 = S0(ϕ, c0),
ãäå c0 > cp èç (4), ëåæàëà â îáëàñòè îïðåäåëåíèÿ ñèñòåìû (10), íà-
äî ïîòðåáîâàòü, ÷òîáû ýêñòðåìóìû òðàåêòîðèè óäîâëåòâîðÿëè íåðàâåíñòâàì
cp0 =

√
1 + (ac0)

1/2 < x∗, d
p

0 =
√

1 + (ac0/γ)1/2 < y∗, çàäàþùèì îöåíêè

x∗ >
√

1 + (γ + (c20 − 1)2)1/2, y∗ >
√

1 + (1 + γ−1(c20 − 1)2)1/2 (c0 > cp).

Â ñëó÷àå 1) ïðè ïåðåõîäå â îêðåñòíîñòü òî÷êè (1, 0) ïîëó÷àåì ñèñòåìó

C ′1 = γ(S3
1 − S1), S ′1 = −(C3

1 + 3C2
1 + 2C1) (0 < γ < 1), (61)

äëÿ çàäàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé êîòîðîé èñïîëüçóåì íà÷àëüíûå äàííûå:
0, c1, 0, ãäå c1 = c∗1 − 1 ∈ (0, cp − 1), è îáîçíà÷àåì ýòè ðåøåíèÿ C1(ϕ) =
C1(ϕ, c1), S1(ϕ) = S1(ϕ, c1). Ïðè ýòîì â ñèëó (11) C1(ϕ) � ÷åòíàÿ ôóíêöèÿ,
à S1(ϕ) � íå÷åòíàÿ.

Ïðè ôèêñèðîâàííîì c1 ∈ (0, cp − 1) èíòåãðàë ñèñòåìû (61) èìååò âèä

((C1 + 1)2 − 1)2 + γ(S2
1 − 1)2 = ac1, ac1 = γ + ((c1 + 1)2 − 1)2 (ac1 ∈ (γ, 1)).

Ïîñëå çàìåíû (111) àáñöèññû ýêñòðåìóìîâ êðèâûõ Γac1 óìåíüøàþòñÿ íà

åäèíèöó, ò. å. C1(ϕ, c1) ∈ (−1,
√

2 − 1) , S1(ϕ, c1) ∈ (0,
√

2), à ôîðìóëà (8)
ïðèíèìàåò âèä

S±1 (ϕ)) = S±1 (C1(ϕ)) =
√

1± γ−1/2(ac1 − C2
1(C1 + 2)2)1/2. (121)

Â ñëó÷àå 2) ïðè ïåðåõîäå â îêðåñòíîñòü òî÷êè (1, 1) ïîëó÷àåì ñèñòåìó

C ′2 = γ(S3
2 + 3S2

2 + 2S2), S ′2 = −(C3
2 + 3C2

2 + 2C2) (0 < γ ≤ 1); (62)

äëÿ çàäàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé êîòîðîé èñïîëüçóåì íà÷àëüíûå äàííûå:
0, c2, 0, ãäå c2 = c∗2 − 1 ∈ (0, cγ − 1) (cγ èç (4)), è îáîçíà÷àåì ýòè ðåøåíèÿ
C2(ϕ) = C2(ϕ, c2), S2(ϕ) = S2(ϕ, c2).

Ïðè òàêèõ c2 èíòåãðàë (62) èìååò âèä

((C2 + 1)2− 1)2 + γ((S2 + 1)2− 1)2 = ac2, ac2 = ((c2 + 1)2− 1)2 (ac2 ∈ (0, γ)).
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Ïîñëå çàìåíû (112) îáå êîîðäèíàòû ýêñòðåìóìîâ êðèâûõ Γac2 óìåíü-

øàþòñÿ íà åäèíèöó, ò. å. C2(ϕ, c2), S2(ϕ, c2) ∈ (−1,
√

2 − 1), à ôîðìóëà (8)
ïðèíèìàåò âèä

S±2 (ϕ) = S±2 (C2(ϕ)) =
√

(1± γ−1/2(ac2 − C2
2(C2 + 2)2)1/2)1/2 + 1. (122)

Çàìå÷àíèå 3. Ëåãêî ïðîâåðèòü, ÷òî ωc0 = ωcm0 â ñëó÷àå 0m), ωc0 = ωcp0
â ñëó÷àå 0p), ωc1 = ωc∗1, ωc2 = ωc∗2 ñîîòâåòñòâåííî â ñëó÷àÿõ 1) è 2).

Òåïåðü íà ïåðèîäè÷åñêèõ ðåøåíèÿõ ñèñòåì (6i) ðàññìîòðèì ôóíêöèè

pi = pi(ϕ, ci) = C ′i(ϕ)Si(ϕ)− Ci(ϕ)S ′i(ϕ) (i = 0, 1, 2) (13)

è èçó÷èì, êàê ìåíÿåòñÿ èõ çíàê ïðè äâèæåíèè ïî çàìêíóòûì òðàåêòîðèÿì.

20. Ïðîâåðêà ìîíîòîííîñòè óãëîâîé ïåðåìåííîé â ñëó÷àå 0).

Ïîêàæåì, ÷òî p0(ϕ, c0) � çíàêîîïðåäåëåííàÿ ôóíêöèÿ.

Ïîäñòàâëÿÿ â íåå ïðîèçâîäíûå èç ñèñòåìû (60) è óïðîùàÿ ïðè ïîìîùè
ôîðìóëû èíòåãðàëà ñèñòåìû, ïîëó÷àåì, ÷òî

p0(ϕ, c0) = C4
0 − C2

0 + γ(S4
0 − S2

0) = ac0 − 1− γ + C2
0 + γS2

0 .

Òîãäà p′0(ϕ, c0) = 2C0C
′
0 + 2γS0S

′
0 = −2γC0(ϕ)S0(ϕ)(C2

0(ϕ)− S2
0(ϕ)).

Â êëàññå 0m), êîãäà 1 < a < 1 + γ, ïðè ϕ ∈ [0, ω/4] òðàåêòîðèè ðàñ-
ïîëîæåíû â ïåðâîé ÷åòâåðòè è ïðîõîäÿò ÷åðåç òî÷êó (cm0 , 0) ïðè ϕ = 0 è
÷åðåç (0, dm0 ) ïðè ϕ = ω/4 (cm0 , d

m
0 èç (5)). Ïðè ýòîì p′0(ϕ) < 0, êîãäà

C0(ϕ) > S0(ϕ), è p′0(ϕ) > 0, êîãäà C0(ϕ) < S0(ϕ), à çíà÷èò, p0(ϕ) ïðèíèìà-
åò ìàêñèìàëüíûå çíà÷åíèÿ íà êîíöàõ îòðåçêà [0, ω/4].

Â ðåçóëüòàòå p0(0) = ac0 − 1 − γ + (cm0 )2 =
√
a− γ(

√
a− γ − 1) < 0,

p0(ω/4) = ac0−1−γ+γ(dm0 )2 =
√
ac0 − 1(

√
ac0 − 1−√γ) < 0. Èç ñîîáðàæåíèé

ñèììåòðèè ïî ÷åòâåðòÿì çàêëþ÷àåì, ÷òî p0(ϕ) < 0 äëÿ ∀ϕ.
Â êëàññå 0p), êîãäà ac0 > 1, ïðè ϕ ∈ [ω/4, 0] òðàåêòîðèè íàõîäÿòñÿ â

ïåðâîé ÷åòâåðòè è ïðîõîäÿò ÷åðåç òî÷êó (0, dp0) ïðè ϕ = ω/4 è ÷åðåç òî÷êó
(cp0, 0) ïðè ϕ = 0 (cp0, d

p
0 èç (5)). Ïðè ýòîì p′0(ϕ) > 0, ïîêà C0(ϕ) < S0(ϕ),

è p′0(ϕ) < 0, êîãäà C0(ϕ) > S0(ϕ), à çíà÷èò, ôóíêöèÿ p0(ϕ) ïðèíèìàåò
ìèíèìàëüíûå çíà÷åíèÿ íà êîíöàõ îòðåçêà [ω/4, 0].

Ïîýòîìó p0(ω/4) = ac0−1−γ+γ(dp0)
2 > 0, p0(0) = ac0−1−γ+(cp0)

2 > 0.
Èç òåõ æå ñîîáðàæåíèé ñèììåòðèè çàêëþ÷àåì, ÷òî p0(ϕ) > 0 ïðè âñåõ ϕ.

Çàìå÷àíèå 4. Ëåãêî ïðîâåðèòü, ÷òî íà òðàåêòîðèÿõ èç êëàññîâ 1), 2)
ôóíêöèè pi(ϕ, ci) (i = 1, 2) ìåíÿþò çíàê, òàê êàê ïðè îáõîäå çàìêíóòûõ
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òðàåêòîðèé, íå ñîäåðæàùèõ íà÷àëî êîîðäèíàò âíóòðè ñåáÿ, ïîëÿðíûé óãîë
èçìåíÿåòñÿ íå ìîíîòîííî. Èìåííî ïîýòîìó äëÿ èññëåäîâàíèÿ ñèñòåìû (1) â
îêðåñòíîñòè çàìêíóòûõ òðàåêòîðèé èç êëàññîâ 1) èëè 2) íà÷àëî êîîðäèíàò
ïðåäâàðèòåëüíî áûëî ñäâèíóòî â îñîáûå òî÷êè ñèñòåìû (6), ëåæàùèå âíóòðè
óêàçàííûõ òðàåêòîðèé, ñîîòâåòñòâåííî â òî÷êó (1,0) èëè (1,1).

30. Ïðîâåðêà ìîíîòîííîñòè óãëîâîé ïåðåìåííîé â ñëó÷àå 1).

Ïîêàæåì, ÷òî p1(ϕ, c1) èç (13) � çíàêîïåðåìåííàÿ ôóíêöèÿ.

Ïîäñòàâëÿÿ â íåå ïðîèçâîäíûå èç ñèñòåìû (61) è óïðîùàÿ ïðè ïîìîùè
ôîðìóëû èíòåãðàëà ñèñòåìû, ïîëó÷àåì, ÷òî

p1(ϕ, c1) = C4
1 + 3C3

1 + 2C2
1 + γ(S4

1 − S2
1) = ac1 − γ − C3

1 − 2C2
1 + γS2

1 .

Â ñèñòåìå (61) c1 ∈ (0, cp − 1) è ïðè c1 → 0 çàìêíóòûå òðàåêòîðèè
ñòðåìÿòñÿ ê ïðàâîé ñåïàðàòðèñíîé "âîñüìåðêå" Γ+

γ = Γ1
γ ∪ Γ4

γ.

Îöåíèì íà íåé p1(ϕ, c1), äëÿ ÷åãî ïîëîæèì c1 = 0.

Òîãäà ac1 = γ è, ñîãëàñíî (131) :

p1(ϕ, 0) = γS2
1 − C3

1 − 2C2
1 . (14)

Äîêàæåì, ÷òî ôóíêöèÿ p1 � çíàêîïåðåìåííà äëÿ ∀ γ ∈ (0, 1). Äëÿ ýòîãî
óêàæåì òàêèå òî÷êè (C1, S1) ∈ Γ+

γ (íà ïðàâîé ñåïàðàòðèñíîé "âîñüìåðêå"),
â êîòîðûõ p1(ϕ, 0) ïðèíèìàåò çíà÷åíèÿ êàê îäíîãî, òàê è äðóãîãî çíàêà.

Ñóùåñòâóåò ϕ∗ òàêîå, ÷òî C1(ϕ∗, 0) = 0, S1(ϕ∗, 0) = d∗1 (d∗1 =
√

2) � ýòî
âåðõíÿÿ òî÷êà Γ+

γ . Òîãäà p1(ϕ∗, 0) = 2γ > 0 äëÿ ∀ γ ∈ (0, 1).

Äëÿ íàõîæäåíèÿ òî÷åê Γ+
γ , â êîòîðûõ p1 < 0, ïîäñòàâèì (S−1 )2 èç (121)

ñ ac1 = γ â ôîðìóëó (14), ïîëó÷àÿ: p1(ϕ, 0) = γ − γ1/2(γ − C2
1(C1 + 2)2)1/2 −

C2
1(C1 + 2). Òîãäà p1 < 0 ⇔ (γ − C2

1(C1 + 2))2 < γ(γ − C2
1(C1 + 2)2) ⇔

C2
1 + 2C1 + γ > 0 ïðè C1 ∈ (−1, 0)⇔ C1 ∈ (−δγ, 0), ãäå δγ = 1− (1− γ)1/2.

Ïðè ýòîì â (121) (S−1 )2 ∈ (0, δγ).

Â ðåçóëüòàòå óñòàíîâëåíà íèæíÿÿ ãðàíèöà äëÿ îòðèöàòåëüíûõ çíà÷åíèé
C(ϕ, 0), ïðè êîòîðûõ íà "âîñüìåðêå" â îêðåñòíîñòè îñîáîé òî÷êè ôóíêöèÿ
p1(ϕ, 0) îòðèöàòåëüíà.

Òåïåðü èç íåïðåðûâíîñòè p1 êàê ôóíêöèè c1 ñëåäóåò, ÷òî ïðè c1 äîñòà-
òî÷íî áëèçêèõ ê íóëþ ôóíêöèÿ p1(ϕ, c1) òàêæå çíàêîïåðåìåííà.

Íàéäåì ÷èñëà γ∗, δ∗ è ôóíêöèè a−(γ), a+(γ) òàêèå, ÷òî âûïîëíåíî:
1) γ ≤ a−(γ) < a+(γ) ≤ 1 è ïðè ac1 ∈ (a−(γ), a+(γ)) ôóíêöèÿ p1(ϕ, c1) > 0
äëÿ ∀ γ ∈ (0, γ∗); 2) p1(ϕ, c1) çíàêîïåðåìåííà äëÿ ∀ γ ∈ (γ∗ + δ∗, 1).
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Â ðåçóëüòàòå ïðèáëèæåííûõ âû÷èñëåíèé ïîëó÷åíû ñëåäóþùèå êîíñòàíòû
è ôóíêöèè ñ òðåáóåìûìè ñâîéñòâàìè (ñì. ïðèëîæåíèå 2):

a− =


γ + 0.01, γ ∈ (0, 0.55],

1.2γ − 0.1, γ ∈ [0.55, 0.75],

4γ2 − 4.2γ + 1.7, γ ∈ [0.75, γ∗];

a+ =


1, γ ∈ (0, 0.5],

−0.84γ2 + 0.84γ + 0.79,

γ ∈ [0.5, γ∗];

γ∗ = 0.806, δ∗ = 0.001 (0.914 < a−(γ∗) < a+(γ∗) < 0.921).

Çàìå÷àíèå 5. Ïðè æåëàíèè ìîæíî äîáèòüñÿ óâåëè÷åíèÿ òî÷íîñòè çíà-
÷åíèé γ∗, δ∗, a−(γ), a+(γ), óâåëè÷èâàÿ êîëè÷åñòâî ðàññìàòðèâàåìûõ çíàêîâ
ïîñëå çàïÿòîé èëè óìåíüøàÿ øàãè ðàçáèåíèÿ ïî γ.

Òàêèì îáðàçîì, ó÷èòûâàÿ ôîðìóëó äëÿ c∗1 â (5) è ñäâèã (111), îêàçàëàñü
äîêàçàíà ñëåäóþùàÿ òåõíè÷åñêàÿ ëåììà.

Ëåììà 1. 1) Äëÿ ∀ γ ∈ (0, γ∗), c1 ∈ (c−1 (γ), c+1 (γ)) ôóíêöèÿ p1(ϕ, c1) > 0;
çäåñü c±1 = (1 + (a±(γ)− γ)1/2)1/2 − 1 è 0.153 < c−1 (γ∗) < c+1 (γ∗) < 0.157.

2) Äëÿ ∀ γ ∈ (γ∗ + δ∗, 1) ôóíêöèÿ p1(ϕ, c1) ÿâëÿåòñÿ çíàêîïåðåìåííîé
ïðè ∀ c1 ∈ (0, cp − 1), ãäå cp = (1 + (1− γ)1/2)1/2) èç (4).

40. Ïðîâåðêà ìîíîòîííîñòè óãëîâîé ïåðåìåííîé â ñëó÷àå 2).

Ïîêàæåì, ÷òî ôóíêöèÿ p2(ϕ, c2) � çíàêîïîëîæèòåëüíàÿ.

Ïîäñòàâëÿÿ â íåå ïðîèçâîäíûå èç ñèñòåìû (62) è óïðîùàÿ ïðè ïîìîùè
ôîðìóëû èíòåãðàëà ñèñòåìû, ïîëó÷àåì, ÷òî

p2 = C4
2 + 3C3

2 + 2C2
2 + γ(S4

2 + 3S3
2 + 2S2

2) = ac2− C3
2 − 2C2

2 − γ(S3
2 + 2S2

2).

Òîãäà p′2(ϕ, c2) = γC2S2(C2 − S2)(3C2S2 + 4(C2 + S2) + 6).

Ïîñêîëüêó S2 > −1 > −(4C2+6)/(3C2+4), òî 3C2S2+4(C2+S2)+6 > 0.
Àíàëèç èçìåíåíèÿ çíàêà p′2 ñ ó÷åòîì òîãî, ÷òî îáõîä òðàåêòîðèè ïðîèñõîäèò
ïî ÷àñîâîé ñòðåëêå, ïîêàçûâàåò, ÷òî ôóíêöèÿ p2(ϕ, c2) äîñòèãàåò ëîêàëü-
íûõ ìèíèìóìîâ â òî÷êàõ ϕ1, ϕ2, ϕ3, îïðåäåëÿåìûõ ðàâåíñòâàìè: C2(ϕ1) = 0
(S2(ϕ1) < 0), S2(ϕ2) = 0 (C2(ϕ2) < 0), C2(ϕ3) = S2(ϕ3) > 0, â ÷àñòíîñòè,
ϕ2 = ϕ− èç îïðåäåëåíèÿ ïåðèîäà.

Â (5) a∗2 =
√

1− (ac2/γ)1/2, b∗2 =
√

1− (ac2)
1/2, òîãäà ac2 = γ(1 − a∗2)2

è p2(ϕ1, c2) = ac2 − γ((a∗2 − 1)3 + 2(a∗2 − 1)2) = γ(1 − (a∗2)
2)2(a∗2 + 1)a∗2 > 0.

Àíàëîãè÷íî, p2(ϕ2, c2) = ac2− (b∗2−1)3−2(b∗2−1)2 = (1− (b∗2)
2)2(b∗2 + 1)b∗2 > 0.

Íàêîíåö, p2(ϕ3, c2) = (1 + γ)(C4
2 + 3C3

2 + 2C2
2) > 0.
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50. Ñïåöèàëüíàÿ àôôèííî-ïîëÿðíàÿ çàìåíà.

Îïðåäåëåíèå 1. Áóäåì íàçûâàòü äîïóñòèìûìè òå çíà÷åíèÿ ïàðà-
ìåòðà ci èëè íà÷àëüíûå äàííûå 0, ci, 0 (i = 0, 1, 2) , ïðè êîòîðûõ ôóíêöèè
pi(ϕ, ci), ââåäåííûå â (13) äëÿ ñèñòåì (6i), ÿâëÿþòñÿ çíàêîîïðåäåëåííûìè.

Èç ôîðìóë (60), (62) è ëåììû 1 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1. Ïàðàìåòðû ci äîïóñòèìû, åñëè:

â ñëó÷àå 0m) c0 ∈ (0, cm), â ñëó÷àå 0p) c0 ∈ (cp,+∞);

â ñëó÷àå 1) c1 ∈ (c−1 (γ), c+1 (γ)) (γ ∈ (0, γ∗)); â ñëó÷àå 2) c2 ∈ (0, cγ − 1).

Çäåñü cm, cp, cγ � èç (4), c−1 , c
+
1 � èç ëåììû 1.

Äëÿ ëþáîãî äîïóñòèìîãî ci ñ ó÷åòîì çàìå÷àíèÿ 2 ñäåëàåì â ñèñòåìå (1i)
ñïåöèàëüíóþ àôôèííî-ïîëÿðíóþ çàìåíó

xi = Ci(ϕ)(r + 1), yi = Si(ϕ)(r + 1) (|r| < r0 ≤ 1, i = 0, 1, 2), (15)

ãäå Ci(ϕ), Si(ϕ) � âåùåñòâåííî-àíàëèòè÷åñêîå ωci -ïåðèîäè÷åñêîå ðåøåíèå ñè-
ñòåì (6i) ñ íà÷àëüíûìè äàííûìè Ci(0) = ci, Si(0) = 0.

Äèôôåðåíöèðóÿ çàìåíó (15) ïî t è ðàçðåøàÿ ïîëó÷åííûå ðàâåíñòâà îò-
íîñèòåëüíî ṙ è ϕ̇ ñ èñïîëüçîâàíèåì ôîðìóë (13), èìååì:

pi(ϕ, ci)ṙ = C ′i(ϕ)ẏi − S ′i(ϕ)ẋi,
(r + 1)pi(ϕ, ci)ϕ̇ = Si(ϕ)ẋi − Ci(ϕ)ẏi.

(16)

Ïîëîæèì:
µ0 = c40 − 2c20, µ1 = c41 + 4c31 + 4c21, µ2 = c42 + 4c32 + 4c22;
(κi) = (t, Ci(r + 1), Si(r + 1), ε), (κ0i ) = (t, Ci, Si, 0);

Ri(t, ϕ, r, ε) = C ′iYi(κi)− S ′iXi(κi), Ri0 = Ri(t, ϕ, 0, 0);
Φi(t, ϕ, r, ε) = (SiXi(κi)− CiYi(κi))(1 + r)−1p−1i , Φi0 = Φi(t, ϕ, 0, 0),

(17)

òîãäà Ri = Ri0 + (Ri
′
r)0r + (Ri

′
ε)0ε+O((|r|+ ε)2), Φi = Φi0 +O(|r|+ ε).

Â ðåçóëüòàòå, ïîäñòàâëÿÿ ïðàâûå ÷àñòè ñèñòåì (1i) â (16) è èñïîëüçóÿ
îáîçíà÷åíèÿ (17) , ïîëó÷àåì ñïåöèàëüíóþ àôôèííî-ïîëÿðíóþ ñèñòåìó:

ε−νpiṙ = −p′ir − Pir2 +O(|r|3) + (Ri0 + (Ri
′
r)0r + (Ri

′
ε)0ε+O((|r|+ ε)2))ε,

ε−νϕ̇ = 1 + piQir +O(|r|2) + (Φi0 +O(|r|+ ε))ε (i = 0, 1, 2), (18)

â êîòîðîé Ri0 = C ′iYi(κ
0
i )− S ′iXi(κ

0
i ), (Ri

′
ε)0 = C ′iY

ε
i (κ0i )− S ′iXε

i (κ
0
i ),

(Ri
′
r)0 = C ′i(CiYi

′
xi

(κ0i ) + SiYi
′
yi

(κ0i ))− S ′i(CiXi
′
xi

(κ0i ) + SiXi
′
yi

(κ0i )),
Φi0 = (SiXi(κ

0
i ) − CiYi(κ

0
i ))p

−1
i , P0(ϕ) = (3/2)p′0, Q0(ϕ) = 4p−10 + 2µ0p

−2
0 ,

P1(ϕ) = p′1 + γC1S1(C
2
1 + 3C1S

2
1 + 2S2

1), Q1(ϕ) = 5p−11 + (2C2
1 − γS2

1 − 3µ1)p
−2
1 ,

P2(ϕ) = p′2 + γC2S2(C2 − S2)(3C2S2 + 2C2 + 2S2),
Q2(ϕ) = 5p−12 + (2C2

2 + 2γS2
2 − 3µ2)p

−2
2 .
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�4. Íà÷àëüíûå óñðåäíåíèÿ è áèôóðêàöèîííûå óðàâíåíèÿ

10. Ïåðâè÷íîå óñðåäíåíèå. Ïîëîæèì

ξi(ϕ, ci) = p−1i (ϕ, ci)(p
′
i(ϕ, ci)Qi(ϕ)− p−1i (ϕ, ci)Pi(ϕ)),

qi(ϕ, ci) =

∫ ϕ

0

ξi(s, ci) ds (i = 0, 1, 2).

Ïîêàæåì ñíà÷àëà, ÷òî ôóíêöèÿ qi(ϕ, ci) � ωci -ïåðèîäè÷åñêàÿ ïî ϕ.

Ïðè i = 0 èìååì: ξ0(ϕ) = p−20 (ϕ)p′0(ϕ)(5/2 + 2µ0p
−1
0 (ϕ)) (µ0 èç (17)).

Ïîýòîìó q0(ϕ, c0) =
∫ ϕ
0 (5p−20 (s)/2 + 2µ0p

−3
0 (s))dp0(s) = −p−10 (ϕ, c0)(5/2 +

µ0p
−1
0 (ϕ, c0))+5/2a−10 +µ0a

−2
0 , ãäå a0 = (ac0−γ)1/2((ac0−γ)1/2−1) â ñëó÷àå 0m),

a0 = (ac0−γ)1/2((ac0−γ)1/2+1) â ñëó÷àå 0p), à p0(ϕ, c0) � ωc0 -ïåðèîäè÷åñêàÿ
ïî ϕ ôóíêöèÿ.

Ïðè i = 1 èìååì:
ξ1 = p−21 p′1(4 + p−11 (2C2

1 − γS2
1 − 3µ1))− γp−21 C1S1(C

2
1 + 3C1S

2
1 + 2S2

1).

Òîãäà q1(ϕ) = I1(ϕ) + I2(ϕ), ãäå I1 =

∫ ϕ

0

p−21 (s)(4− 3µ1p
−1
1 (s)) dp1(s),

I2=

∫ ϕ

0

p−31 (s)(p′1(s)(2C
2
1(s)− γS2

1(s))− γp1(s)C1(s)S1(s)(C
2
1(s) + 3C1(s)S

2
1(s)

+ 2S2
1(s)))ds (µ1 � èç (17)).

Îòñþäà I1 = I1(p1(ϕ, c1)) = −p−11 (ϕ, c1)(4 − (3/2)µ1p
−1
1 (ϕ, c1)) + 4a−11 −

3/2µ1a
−2
1 , ãäå a1 = (ac1 − γ)1/2(1 + (ac1 − γ)1/2)1/2((1 + (ac1 − γ)1/2)1/2 − 1).

Ïîëüçóÿñü ôîðìóëîé (111), ïðåäñòàâèì ôóíêöèþ S1(s) èç I2 êàê ôóíê-
öèþ S1(C1(s)) ñëåäóþùèì îáðàçîì:

S1(C1(s)) =

{
S+
1 (C1(s)), S1(s) ≥ 1; −S−1 (C1(s)), −1 ≤ S1(s) ≤ 0;

S−1 (C1(s)), 0 ≤ S1(s) ≤ 1; −S+
1 (C1(s)), S1(s) ≤ −1

}
,

ïðè ýòîì S±1 (c∗1 − 1) = 1, S±1 (b
∗
1 − 1) = 1, ãäå b

∗
1, c
∗
1 � èç (5).

Ñîãëàñíî (61) ds = γ−1(S3
1(C1) − S1(C1))

−1dC1. Òîãäà ïîëó÷àåì, ÷òî

I2(ϕ) =
∫ C1(ϕ)

c1
(γ−1p′1(C1)(2C

2
1 − γS2

1(C1))− p1(C1)C1S1(C1)(C
2
1 + 3C1S

2
1(C1) +

2S2
1(C1)))p

−3
1 (C1)(S

3
1(C1) − S1(C1))

−1dC1 = J1(C1(ϕ)), ãäå J1(C1(ϕ)) � ωc1 -
ïåðèîäè÷åñêàÿ ïî ϕ ôóíêöèÿ, òàê êàê C1(ϕ) � ωc1 -ïåðèîäè÷åñêàÿ ïî ϕ.

Â ðåçóëüòàòå äîêàçàíî, ÷òî q1(ϕ) � ωc1 -ïåðèîäè÷åñêàÿ ïî ϕ ôóíêöèÿ.

Ïðè i = 2 èìååì:

ξ2 = p−22 p′2(4+p−12 (2C2
2 +2γS2

2−3µ2))−γp−22 C2S2(C2−S2)(2C2+3C2S2+2S2).
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Òîãäà q2(ϕ) = I1(ϕ) + I2(ϕ), ãäå I1 =

∫ ϕ

0

p−22 (s)(4− 3µ2p
−1
2 (s))dp2(s),

I2 =

∫ ϕ

0

p−32 (s)(p′2(s)(2C
2
2(s) + 2γS2

2(s))− γp2(s)C2(s)S2(s)(C2(s)−

S2(s))(2C2(s) + 3C2(s)S2(s) + 2S2(s)))ds (µ2 � èç (17)).

Îòñþäà I1 = I1(p2(ϕ, c1)) = −p−12 (ϕ, c2)(4 − (3/2)µ2p
−1
2 (ϕ, c2)) + 4a−12 −

3/2µ2a
−2
2 , ãäå a2 = a

1/2
c2 (1 + a

1/2
c2 )1/2((1 + a

1/2
c2 )1/2 − 1).

Ïîëüçóÿñü ôîðìóëîé (112), ïðåäñòàâèì ôóíêöèþ S2(s) èç I2 êàê ôóíê-
öèþ S2(C2(s)) ñëåäóþùèì îáðàçîì:

S2(C2(s)) =
{
S+
2 (C2(s)), S2(s) ≥ 0; S−2 (C2(s)), S2(s) ≤ 0

}
,

ïðè ýòîì S±2 (c∗2 − 1) = 0, S±1 (b∗2 − 1) = 0, ãäå b∗2, c
∗
2 � èç (5).

Ñîãëàñíî (62) ds = γ−1(S3
2(C2) + 3S2(C2)

2 + 2S2(C2))
−1dC2. Òîãäà

I2(ϕ) =
∫ C2(ϕ)

c2
(γ−1p−32 (C2)(p

′
2(C2)(2C

2
2 + 2γS2

2(C2))− p2(C2)C2S2(C2)(C2 −
S2(C2))(2C2 + 3C2S2(C2) + 2S2(C2))))(S

3
2(C2) + 3S2(C2)

2 + 2S2(C2))
−1dC2 =

J2(C2(ϕ)), ãäå J2(C2(ϕ)) � ωc2 -ïåðèîäè÷åñêàÿ ïî ϕ ôóíêöèÿ, òàê êàê C2(ϕ)
� ωc2 -ïåðèîäè÷åñêàÿ ïî ϕ.

Çàìå÷àíèå 6. Î÷åâèäíî, êîíñòàíòû ai = pi(0, ci) äëÿ ∀ i = 0, 1, 2.

Ïîêàæåì òåïåðü, ÷òî ωci -ïåðèîäè÷åñêàÿ óñðåäíÿþùàÿ çàìåíà

r = p−1i (ϕ, ci)(z + qi(ϕ, ci)z
2) (i = 0, 2), (19)

ãäå qi(ϕ, ci) =
∫ ϕ
0 ξi(s, ci) ds, ïðåîáðàçóåò (18) â ñèñòåìó:

ε−ν ż = O(|z|3) + (Ri0 + Ziz + (Ri
′
ε)0ε+O((|z|+ ε)2))ε,

ε−νϕ̇ = 1 +Qiz +O(|z|2) + (Φi0 +O(|z|+ ε))ε,
(20)

â êîòîðîé Zi(t, ϕ) = p−1i (Ri
′
r)0 − 2qiRi0 + p−1i p′iΦi0 (i = 0, 2).

Ïðîäèôôåðåíöèðóåì çàìåíó (19) â ñèëó (18) è (20), òîãäà −p−1i p′i(z +
qiz

2)− p−2i Piz
2 +O(|z|3) + (Ri0 + p−1i (Ri

′
r)0z + (Ri

′
ε)0ε+O((|z|+ ε)2))ε = (1 +

2qiz)(Ri0 + Ziz + (Ri
′
ε)0ε)ε+ (q′iz

2 − p−1i p′iz − p−1i p′iqiz
2)(1 +Qiz + Φi0ε).

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè zε è z2 ïîëó÷àåì ñîîòâåòñòâåííî âû-
ðàæåíèå äëÿ Zi èç (20) è óðàâíåíèå q′i = p−1i (p′iQi − p−1i Pi), èç êîòîðîãî
íàõîäèì qi(ϕ, ci) =

∫ ϕ
0 ξi(s, ci) ds.

20. Óñëîâèÿ äëÿ ñóùåñòâîâàíèÿ èíâàðèàíòíûõ ïîâåðõíîñòåé.
Ñôîðìóëèðóåì òðè óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ áóäåò äîêàçàíî, ÷òî
ñèñòåìà (1) ïðè ëþáîì äîñòàòî÷íî ìàëîì ε èìååò äâóìåðíóþ èíâàðèàíòíóþ
ïîâåðõíîñòü, ãîìåîìîðôíóþ òîðó.
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Ïðè ëþáîì äîïóñòèìîì ci (i = 0, 1, 2) èç óòâåðæäåíèÿ 1 ôóíêöèÿ Ri0,
âõîäÿùàÿ â ñèñòåìó (18), ñ ó÷åòîì (17) èìååò âèä

Ri0(t, ϕ, ci) = C ′i(ϕ)Yi(t, Ci(ϕ), Si(ϕ), 0)− S ′i(ϕ)Xi(t, Ci(ϕ), Si(ϕ), 0),

ãäå Ci(ϕ), Si(ϕ) � ýòî âåùåñòâåííî àíàëèòè÷åñêîå ωci -ïåðèîäè÷åñêîå ðåøåíèå
ñèñòåìû (6i) ñ íà÷àëüíûìè äàííûìè Ci(0) = ci, Si(0) = 0.

Îïðåäåëåíèå 2. Äëÿ âñÿêîãî i = 0, 1, 2 óðàâíåíèå

Ri0(ci) = 0, (21)

â êîòîðîì Ri0(ci) =
1

Tωci

∫ ωci

0

∫ T

0

(C ′iYi(t, Ci, Si, 0) − S ′iXi(t, Ci, Si, 0))dt dϕ

� ñðåäíåå çíà÷åíèå ôóíêöèè Ri0 ïî t è ϕ, íàçûâàåòñÿ áèôóðêàöèîííûì
óðàâíåíèåì äëÿ ñèñòåìû (1).

Óñëîâèå 1. Ñóùåñòâóþò èíäåêñ i∗ ∈ {0, 1, 2} è äîïóñòèìîå íà÷àëüíîå
äàííîå c∗ = ci∗ òàêèå, ÷òî Ri∗0(c∗) = 0.

Íàëè÷èå c∗ èç óñëîâèÿ 1 ïîçâîëÿåò äëÿ ñëó÷àÿ i∗) çàôèêñèðîâàòü ïåðè-
îäè÷åñêîå ðåøåíèå ñèñòåìû (6i∗) C∗ = Ci∗(ϕ), S∗ = Si∗(ϕ) ñ íà÷àëüíûìè
äàííûìè 0, c∗, 0. Åãî ïåðèîä ω∗ = ωc∗ ïîäñ÷èòàí â � 2, ï. 3.

Òåì ñàìûì, ôèêñèðóþòñÿ ñïåöèàëüíûå ïîëÿðíûå çàìåíà (15) è ñèñòåìà
(18), à òàêæå óñðåäíÿþùàÿ çàìåíà (19) è ñèñòåìà (20), ïðèíèìàþùàÿ âèä

ε−ν ż = O(|z|3) + (R∗0 + Z∗z + (R∗
′
ε)0ε+O((|z|+ ε)2))ε,

ε−νϕ̇ = 1 +Q∗z +O(|z|2) + (Φ∗0 +O(|z|+ ε))ε,
(22)

ãäå ñèìâîë ∗ çàìåíÿåò âûáðàííûé èíäåêñ i∗ è R∗0 = 0 â ñèëó óñëîâèÿ 1.

Òàêèì îáðàçîì, êàæäîå äîïóñòèìîå ðåøåíèå c∗ ëþáîãî èç òðåõ áèôóðêà-
öèîííûõ óðàâíåíèé (21) ïîçâîëÿåò ïðè ëþáîì t ïåðåéòè â ìàëóþ îêðåñòíîñòü
âûáðàííîãî ïî c∗ ïåðèîäè÷åñêîãî ðåøåíèÿ íåâîçìóùåííîé ñèñòåìû (6∗) è,
îñóùåñòâèâ ïåðâè÷íóþ óñðåäíÿþùóþ çàìåíó (19), ïðîäîëæèòü ïîèñê äâó-
ìåðíîé èíâàðèàíòíîé ïîâåðõíîñòè.

Äëÿ ýòîãî â ñèñòåìå (22) ïðåäñòîèò óñðåäíèòü ôóíêöèè R∗0, Z∗ è (R∗
′
ε)0.

Íî ïîñêîëüêó ϕ̇ = 1 + . . . ïðè ν = 0 è ϕ̇ = ε + . . . ïðè ν = 1, òî
ïîñëåäóþùèå óñðåäíÿþùèå çàìåíû è óñëîâèÿ äëÿ èõ ñóùåñòâîâàíèÿ áóäóò
ðàçëè÷íû ïðè ðàçëè÷íûõ ν.

Ïóñòü ν = 1. Äëÿ íåïðåðûâíûõ T -ïåðèîäè÷åñêèõ ïî t, âåùåñòâåííî àíà-
ëèòè÷åñêèõ è è ω -ïåðèîäè÷åñêèõ ïî ϕ ôóíêöèé υ(t, ϕ) áóäåì èñïîëüçîâàòü
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ñëåäóþùåå ðàçëîæåíèå:

υ = ῡ + υ̂(ϕ) + υ̃(t, ϕ), ῡ =
1

ωT

∫ ω

0

∫ T

0

υ(t, ϕ) dt dϕ, υ̂ =
1

T

∫ T

0

υ(t, ϕ) dt− ῡ.

Òîãäà ôóíêöèè
∫
υ̂(ϕ) dϕ è

∫
υ̃(t, ϕ) dt òàêæå áóäóò ïåðèîäè÷åñêèìè.

Îíè îäíîçíà÷íî ôèêñèðóþòñÿ âûáîðîì ó íèõ íóëåâîãî ñðåäíåãî çíà÷åíèÿ.

Ïóñòü ν = 0. Òîãäà áóäåì èñïîëüçîâàòü ðàçëîæåíèå υ = ῡ + υ̌(t, ϕ).

Ñôîðìóëèðóåì óñëîâèå Çèãåëÿ íà "ìàëûå çíàìåíàòåëè".

Óñëîâèå 2. Ïðè ν = 0 ïåðèîäû T è ω∗ óäîâëåòâîðÿþò íåðàâåíñòâó

|pT − qω∗| > K(p+ q)−τ (K > 0, τ ≥ 1, p, q − íàòóðàëüíûå).

Óòâåðæäåíèå 2. Ïðè âûïîëíåíèè óñëîâèÿ 2 óðàâíåíèå

ξ̇(t, ϕ) + ξ′(t, ϕ) = υ̌(t, ϕ)

èìååò ðåøåíèå ξ(t, ϕ), îáëàäàþùåå òåìè æå ñâîéñòâàìè, ÷òî è ôóíêöèÿ
υ̌. Â ýòîì ðåøåíèè ξ̌(t, ϕ) îïðåäåëÿåòñÿ îäíîçíà÷íî, à ñðåäíåå çíà÷åíèå ξ
âûáèðàåòñÿ ïðîèçâîëüíûì îáðàçîì (ñì. ëåììó Â.5 â [10, ñòð. 17]).

Çäåñü è â äàëüíåéøåì ïðîèçâîäíóþ ëþáîé ôóíêöèè t è ϕ ïî t áóäåì
îáîçíà÷àòü òî÷êîé, à ïî ϕ � øòðèõîì (â òîì ÷èñëå è ïðè ν = 1). Êðîìå òîãî,
îäíîèìåííûå ôóíêöèè è êîíñòàíòû, ôîðìóëû äëÿ êîòîðûõ ðàçëè÷àþòñÿ ïðè
ν = 0 è ν = 1, áóäóò èìåòü âåðõíèé èíäåêñ ñîîòâåòñòâåííî 0 èëè 1.

Âîçâðàùàÿñü ê ñèñòåìå (22), â êîòîðîé, êàê óæå îòìå÷àëîñü, ñèìâîë ∗
çàìåíÿåò èíäåêñ i∗, äëÿ ν = 0 ââåäåì ôóíêöèþ ǧ0∗(t, ϕ), îäíîçíà÷íî îïðå-
äåëÿåìóþ ñîãëàñíî óòâåðæäåíèþ 2 èç óðàâíåíèÿ

ġ0∗ + g0∗
′
= R∗0 (R∗0 = 0). (23)

Ïîëîæèì
L0
∗ = Z∗ − g0∗

′Q∗, L1
∗ = Z∗ − R̂∗0Q∗.

Óñëîâèå 3. Êîíñòàíòà Lν∗ 6= 0 (ν = 0, 1).

30. Âòîðè÷íîå óñðåäíåíèå. Ââåäåì â ðàññìîòðåíèå ôóíêöèè

g0∗ = g0∗ + ǧ0∗, ǧ0∗ èç (23), g
0
∗ = (g0∗

′Φ∗0 − (R∗
′
ε)0 − ǧ0∗(Z∗ − g0∗

′Q∗))/L
0
∗;

ĝ1∗
′
= R̂∗0, g1∗ = (R̂∗0Φ∗0 − (R∗

′
ε)0 − ĝ1∗(Z∗ − R̂∗0Q∗))/L1

∗. (24)
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Ïîêàæåì, ÷òî ñèñòåìà (22) ïðè óñëîâèÿõ 20, 3 çàìåíîé

z = u+Gν
∗(t, ϕ, ε)ε+Hν

∗ (t, ϕ, ε)uε+ F ν
∗ (t, ϕ, ε)ε2 (ν = 0, 1), (25)

ãäå G0
∗ = g0∗(t, ϕ), H0

∗ = ȟ0∗(t, ϕ), F 0
∗ = f̌ 0∗ (t, ϕ), G1

∗ = g1∗ + ĝ1∗(ϕ) + g̃1∗(t, ϕ)ε,

H1
∗ = ĥ1∗(ϕ) + h̃1∗(t, ϕ)ε, F 1

∗ = f̂ 1∗ (ϕ) + f̃ 1∗ (t, ϕ)ε, ñâîäèòñÿ ê ñèñòåìå

u̇ = (Lν∗uε+O((|u|+ ε)3))εν, ϕ̇ = (1 + Υν
∗ε+Q∗u+O((|u|+ ε)2))εν, (26)

â êîòîðîé, î÷åâèäíî, Υ0
∗(t, ϕ) = Φ∗0 +Q∗g

0
∗, Υ1

∗(t, ϕ) = Φ∗0 +Q∗(g1 + ĝ1).

Äëÿ ýòîãî, äèôôåðåíöèðóÿ çàìåíó (25) â ñèëó ñèñòåì (22) è (26) è ñî-
êðàùàÿ íà εν, ïîëó÷àåì òîæäåñòâî

(R∗0 + (u+Gν
∗ε)Z∗ + (R′∗ε)0ε)ε+O((|u|+ ε)3) = Lν∗uε+

+Gν′
∗ ε(1 + Υν

∗ε+Q∗u) +Hν′
∗ uε+ F ν′

∗ ε
2 + (Ġν

∗ + Ḣν
∗u+ Ḟ ν

∗ ε)ε
1−ν.

(27)

Ïóñòü ñíà÷àëà ν = 0. Ìíîæèòåëè, ñòîÿùèå â (27) ïðè ε, îáðàçóþò óðàâ-
íåíèå (23), èìåþùåå åäèíñòâåííîå äâóïåðèîäè÷åñêîå ðåøåíèå ǧ0∗.

Ìíîæèòåëè, ñòîÿùèå ïðè uε, äàþò óðàâíåíèå ḣ0∗+h0∗
′
= Z∗− g0∗

′
Q∗−L0

∗,

ïðàâàÿ ÷àñòü êîòîðîãî èìååò íóëåâîå ñðåäíåå çíà÷åíèå â ñèëó âûáîðà L0
∗, ÷òî

ïîçâîëÿåò îäíîçíà÷íî íàéòè äâóïåðèîäè÷åñêîå ðåøåíèå ȟ0∗(t, ϕ).

Óðàâíåíèå g0∗Z∗ + (R′∗ε)0 = g0∗
′
(Φ∗0 + g0∗Q∗) + f 0∗

′
+ ḟ 0∗ îáðàçóþò ìíîæèòå-

ëè, ñòîÿùèå â (27) ïðè ε2. Ïîäñòàâëÿÿ â íåãî Z∗ èç ïðåäûäóùåãî óðàâíåíèÿ,
ïîëó÷àåì òîæäåñòâî (g0∗ + ǧ0∗)(L

0
∗ + h0∗

′
+ ḣ0∗) + (R′∗ε)0 = g0∗

′
Φ∗0 + f 0∗

′
+ ḟ 0∗ ,

îòêóäà g0∗L
0
∗ = ǧ0∗

′
Φ∗0− (R′∗ε)0− ǧ0∗(h0∗

′ + ḣ0∗). Áëàãîäàðÿ óñëîâèþ 3 ýòî óðàâíå-

íèå äëÿ ñðåäíèõ çíà÷åíèé ðàçðåøèìî çà ñ÷åò âûáîðà g0∗ â (240), ïîñëå ÷åãî
îäíîçíà÷íî íàõîäèòñÿ äâóïåðèîäè÷åñêàÿ ôóíêöèÿ f̌ 0∗ (t, ϕ).

Ïóñòü òåïåðü ν = 1. Ïîäñòàâèì â òîæäåñòâî (27) ðàçëîæåíèÿ ôóíêöèé
G1, H1 è F 1, ââåäåííûå â çàìåíå (25).

Ïðè ε ïîëó÷àåì óðàâíåíèå R∗0 = ĝ1∗
′
+

˙̃
g1∗, îäíîçíà÷íî ðàçðåøèìîå, ïîñëå

ðàçáèåíèÿ íà äâà óðàâíåíèÿ: ĝ1∗
′
= R̂∗0 è

˙̃
g1∗ = R̃∗0.

Ïðè uε èìååì: Z∗ = L1
∗+ ĝ1∗

′
Q∗+ ĥ1∗

′
+

˙̃
h1∗, îòêóäà L

1
∗ = Z∗− ĝ1∗

′
Q∗. Çàòåì

íàõîäèì ĥ1∗, h̃
1
∗ èç óðàâíåíèé ĥ1∗

′
= Ẑ∗ − ĝ1∗

′

Q∗ è
˙̃
h1∗ = Z̃∗ (Q̃∗ = 0).

Ïðè ε2 èìååì: (g1∗+ ĝ1∗)Z∗+ (R′∗ε)0 = g̃1∗
′
+ ĝ1∗

′
(Φ∗0 + (g1∗+ ĝ1∗)Q∗) + f̂ 1∗

′
+

˙̃
f 1∗ .

Äåéñòâóÿ àíàëîãè÷íî ñëó÷àþ ν = 0, ïîëó÷àåì óðàâíåíèå g1∗L
1
∗ = ĝ1∗

′
Φ∗0 −

(R∗
′
ε)0− ĝ1∗(ĥ0∗

′
+

˙̃
h0∗), ôèêñèðóþùåå óêàçàííîå â (241) g1∗. Ïîñëå ýòîãî âûïè-

ñûâàþòñÿ è îäíîçíà÷íî ðåøàþòñÿ óðàâíåíèÿ äëÿ f̂ 1∗
′
è

˙̃
f 1∗ .
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�5. Àëãîðèòì ïîñòðîåíèÿ èíâàðèàíòíîé ïîâåðõíîñòè

10. Çàâåðøàþùåå óñðåäíåíèå è ìàñøòàáèðîâàíèå. Â ñèñòåìå (26)
óñðåäíèì ôóíêöèþ Υν

∗(t, ϕ) (ñèìâîë ∗ çàìåíÿåò äëÿ êðàòêîñòè âûáðàííûé
èíäåêñ i∗), ñäåëàâ T - è ωc∗ - ïåðèîäè÷åñêóþ çàìåíó óãëîâîé ïåðåìåííîé

ϕ = ψ + ∆ν
∗(t, ψ, ε)ε, (28)

ãäå ∆0
∗ = δ̌0∗(t, ψ), ∆1 = δ̂1∗(ψ) + δ̃1∗(t, ψ)ε, ïåðåâîäÿùóþ (26) â ñèñòåìó

u̇ = (Lν∗uε+O((|u|+ ε)3))εν, ψ̇ = (1 + Υν
∗ε+Q∗(ψ)u+O((|u|+ ε)2))εν. (29)

Î÷åâèäíî, ÷òî â çàìåíå (28) ∆ν
∗ îäíîçíà÷íî îïðåäåëÿåòñÿ èç óðàâíåíèé

δ̌0∗
′
+ ˙̌δ0∗ = Υ0

∗ −Υ0
∗, δ̂

1
∗
′
= Υ̂1

∗,
˙̃δ1∗ = Υ̃1

∗.

Íåòðóäíî óáåäèòüñÿ, ÷òî îáðàòíàÿ ê (28) çàìåíà èìååò âèä

ψ = ϕ+ Ων
∗(t, ϕ, ε)ε,

ãäå Ω0
∗ = −δ̌0∗(t, ϕ) + δ̌0∗(t, ϕ)δ̌0∗

′
(t, ϕ)ε + O(ε2), Ω1

∗ = −δ̂1∗(ϕ) + (δ̂1∗(ϕ)δ̂1∗
′
(ϕ) −

δ̃1∗(t, ϕ))ε+O(ε2) � T -ïåðèîäè÷åñêèå ïî t è âåùåñòâåííî àíàëèòè÷åñêèå ωc∗ -
ïåðèîäè÷åñêèå ïî ϕ ôóíêöèè.

Îñòàåòñÿ ñäåëàòü ìàñøòàáèðóþùóþ çàìåíó

u = vε3/2, (30)

êîòîðàÿ ïðåáðàçóåò ñèñòåìó (29) â ñèñòåìó

v̇ = (Lν∗vε+ V ν
∗ (t, ψ, v, ε)ε3/2)εν, ψ̇ = (1 + Υν

∗ε+ Ψ∗(t, ψ, v, ε)ε
3/2)εν, (31)

ãäå V ν
∗ , Ψν

∗ � íåïðåðûâíûå ôóíêöèè ñâîèõ àðãóìåíòîâ â ìàëîé îêðåñòíîñòè
v è ε, íåïðåðûâíî äèôôåðåíöèðóåìûå ïî v è ψ, T - ïåðèîäè÷åñêèå ïî t è
ωc∗ - ïåðèîäè÷åñêèå ïî ψ.

Â ñàìîì äåëå, V ν
∗ (t, ψ, v, ε) = O((|v|ε3/2 + ε)3)ε−3, Ψν

∗(t, ψ, v, ε) = Qv +
O((|v|ε3/2 + ε)2)ε−3/2, à ôóíêöèè O(. . .) � âåùåñòâåííî àíàëèòè÷åñêèå ïðè
âñåõ ψ è òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìû â ìàëîé îêðåñòíîñòè òî÷êè
v = ε = 0. Â ÷àñòíîñòè, ïîýòîìó â ýòîé òî÷êå V ν

∗ ,Ψ
ν
∗ ãëàäêèå ïî v.

20. Ïðèìåíåíèå ëåììû Õåéëà. Ñèñòåìà (31) óäîâëåòâîðÿåò óñëîâè-
ÿì ëåìì 2.1, 2.2 [5], ñîãëàñíî êîòîðûì ó íåå ïðè âñåõ äîñòàòî÷íî ìàëûõ ε
ñóùåñòâóåò èíâàðèàíòíàÿ ïîâåðõíîñòü

v = Γν∗(t, ψ, ε)ε
1/2,
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ãäå Γν∗ � íåïðåðûâíàÿ, T - ïåðèîäè÷åñêàÿ ïî t, íåïðåðûâíî äèôôåðåíöèðó-
åìàÿ è ωc∗ - ïåðèîäè÷åñêàÿ ïî ψ ôóíêöèÿ.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 3. Ïðè óñëîâèÿõ 1�3 ñèñòåìà (20) ñ c = c∗ ïðè ëþáîì äîñòà-
òî÷íî ìàëîì ε > 0 èìååò íåïðåðûâíóþ, T - ïåðèîäè÷åñêóþ ïî t, íåïðå-
ðûâíî äèôôåðåíöèðóåìóþ è ωc∗ - ïåðèîäè÷åñêóþ ïî ϕ ïîâåðõíîñòü

z = zν∗ (t, ϕ, ε) (ν = 0, 1) (32)

ñ zν∗ = Gν
∗(t, ϕ, ε)ε+ (F ν

∗ (t, ϕ, ε) + Γν∗(t, ϕ+ Ων
∗(t, ϕ, ε)ε, ε)(1 +Hν

∗ (t, ϕ, ε)ε))ε
2,

ïîëó÷åííóþ ïîäñòàíîâêîé èíâàðèàíòíîé ïîâåðõíîñòè v = Γν∗(t, ψ, ε)ε
1/2 â

êîìïîçèöèþ çàìåí (25), (30) è îáðàòíîé ê (28).

Ñëåäñòâèå 1. Ïðè óñëîâèÿõ 1�3 ñèñòåìà (18) ñ c = c∗ ïðè ëþáîì
äîñòàòî÷íî ìàëîì ε > 0 èìååò íåïðåðûâíóþ, T - ïåðèîäè÷åñêóþ ïî t,

íåïðåðûâíî äèôôåðåíöèðóåìóþ è ωc∗ -ïåðèîäè÷åñêóþ ïî ϕ ïîâåðõíîñòü

r = rν∗(t, ϕ, ε) (33)

ãäå rν∗ = p−1∗ (ϕ)(zν∗ + q∗(ϕ)zν∗
2), p∗ = pi∗(ϕ), q∗ = qi∗(ϕ), i∗ èç óñëîâèÿ 1,

ïîëó÷åííóþ ïîäñòàíîâêîé èíâàðèàíòíîé ïîâåðõíîñòè (32) â çàìåíó (19).

Ñëåäñòâèå 2. Èíâàðèàíòíàÿ ïîâåðõíîñòü (33) èìååò ñëåäóþùåå
àñèìïòîòè÷åñêîå ðàçëîæåíèå:

r0∗ = p−1∗ (ϕ)(g0∗(t, ϕ)ε+ (f̌ 0∗ (t, ϕ) + Γ0
∗(t, ϕ, 0)+

q∗(ϕ)g0∗(t, ϕ)2)ε2) +O(ε3),
(340)

r1∗ = p−1∗ (ϕ)((g1∗ + ĝ1∗(ϕ))ε+ (f̂ 1∗ (ϕ) + Γ1
∗(t, ϕ, 0)+

q∗(ϕ)(g1∗ + ĝ1∗(ϕ))2)ε2) +O(ε3).
(341)

Èñïîëüçóÿ ïîëó÷åííûå ðåçóëüòàòû, ñôîðìóëèðóåì îñíîâíóþ òåîðåìó.

Òåîðåìà 1. Äëÿ âñÿêîãî äîïóñòèìîãî çíà÷åíèÿ c∗ = ci∗ (i∗ ∈ {0, 1, 2})
ñóùåñòâóåò òàêîå ε0, ÷òî ïðè ëþáîì ïîëîæèòåëüíîì ε < ε0 è ïðè âûïîë-
íåíèè óñëîâèé 1−3 ñèñòåìà (1i∗) èìååò íåïðåðûâíóþ T -ïåðèîäè÷åñêóþ ïî
t, íåïðåðûâíî äèôôåðåíöèðóåìóþ è ωc∗ - ïåðèîäè÷åñêóþ ïî ϕ ïîâåðõíîñòü

x∗ = C∗(c∗, ϕ)(rν∗(t, ϕ, ε) + 1), y∗ = S∗(c∗, ϕ)(rν∗(t, ϕ, ε) + 1), (35)

ãäå rν∗ èç (33), C∗ = Ci∗(c∗, ϕ), S∗ = Si∗(c∗, ϕ) � ωc∗ -ïåðèîäè÷åñêîå ðåøåíèå
ñèñòåìû (6i∗) ñ íà÷àëüíûìè äàííûìè 0, c∗, 0, ïðîõîäÿùóþ ïðè ϕ = 0 ÷åðåç
òî÷êó (cε∗, 0), ó êîòîðîé cε∗ ∈ (c∗ − σε, c∗ + σε) (σ > 0).
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Ñëåäñòâèå 3. Ñ ó÷åòîì ñëåäñòâèÿ 1 èíâàðèàíòíàÿ ïîâåðõíîñòü, îïè-
ñàííàÿ â òåîðåìå 1, èìååò ñëåäóþùåå àñèìïòîòè÷åñêîå ðàçëîæåíèå:

x0∗ = C∗(c∗, ϕ)(1 + p−1∗ (ϕ)(g0∗(t, ϕ)ε+ (f̌ 0∗ (t, ϕ) + Γ0
∗(t, ϕ, 0)+

q∗(ϕ)g0∗(t, ϕ)2)ε2) +O(ε3)),
y0∗ = S∗(c∗, ϕ)(1 + p−1∗ (ϕ)(g0∗(t, ϕ)ε+ (f̌ 0∗ (t, ϕ) + Γ0

∗(t, ϕ, 0)+
q∗(ϕ)g0∗(t, ϕ)2)ε2) +O(ε3));

(360)

x1∗ = C∗(c∗, ϕ)(1 + ((g1∗ + ĝ1∗(ϕ))ε+ (f̂ 1∗ (ϕ) + Γ1
∗(t, ϕ, 0)+

q∗(ϕ)(g1∗ + ĝ1∗(ϕ))2)ε2) +O(ε3),

y1∗ = S∗(c∗, ϕ)(1 + ((g1∗ + ĝ1∗(ϕ))ε+ (f̂ 1∗ (ϕ) + Γ1
∗(t, ϕ, 0)+

q∗(ϕ)(g1∗ + ĝ1∗(ϕ))2)ε2) +O(ε3).

(361)

Èñïîëüçóÿ çàìåíû (10) è (11), ñôîðìóëèðóåì ïîëó÷åííûé â òåîðåìå 1
ðåçóëüòàò äëÿ èñõîäíîé ñèñòåìû (1).

Òåîðåìà 2. Ïðè óñëîâèÿõ òåîðåìû 1 èíâàðèàíòíàÿ ïîâåðõíîñòü (35)
äëÿ ñèñòåìû (1) ïðè i∗ = 0, 1, 2 ïðèíèìàåò ñîîòâåòñòâåííî âèä:

x = C(ϕ)(rν0(t, ϕ, ε) + 1)
y = S(ϕ)(rν0(t, ϕ, ε) + 1)

,
C(ϕ) = C0(ϕ, c0)
S(ϕ) = S0(ϕ, c0)

; (370)

x = C(ϕ) + (C(ϕ)− 1)rν1(t, ϕ, ε)
y = S(ϕ)(rν1(t, ϕ, ε) + 1)

,
C(ϕ) = 1 + C1(ϕ, c1)
S(ϕ) = S1(ϕ, c1)

; (371)

x = C(ϕ) + (C(ϕ)− 1)rν2(t, ϕ, ε)
y = S(ϕ) + (S(ϕ)− 1)rν2(t, ϕ, ε)

,
C(ϕ) = 1 + C2(ϕ, c2)
S(ϕ) = 1 + S2(ϕ, c2)

; (372)

çäåñü ïîâåðõíîñòü rνi∗(t, ϕ, ε) îïðåäåëåííà â (33), à C(ϕ), S(ϕ) � ðåøåíèÿ
ñèñòåìû (6).

�6. Ïðèìåíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ.

10. Àíàëèç àíàëèòè÷åñêîãî áèôóðêàöèîííîãî óðàâíåíèÿ.

Âåðíåìñÿ ê ôîðìóëå (21). Ñîãëàñíî (11) è (1i) îíà ïðèìåò âèä:

Ri0(ci) =
1

Tωci

∫ ωci

0

∫ T

0

(C ′Y (t, C, S, 0)− S ′X(t, C, S, 0))dt dϕ, (38)

ãäå C(0) = c0, S(0) = 0 (i = 0), C(0) = ci + 1, S(0) = i − 1 (i = 1, 2),
à äîïóñòèìûå çíà÷åíèÿ ïàðàìåòðîâ ci ïðèâåäåíû â óòâåðæäåíèè 1.

Ïðåäïîëîæèì, ÷òî â îáëàñòè G0 = {(t, x, y) | t ∈ R1, |x| < x∗, |y| < y∗} ñ
êîíñòàíòàìè x∗, y∗, óòî÷íåííûìè â çàìå÷àíèè 2,

X(t, x, y, 0) =
∞∑

q,s=0

X(q,s)(t)xqys, Y (t, x, y, 0) =
∞∑

q,s=0

Y (q,s)(t)xqys (39)
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� àáñîëþòíî è ðàâíîìåðíî îòíîñèòåëüíî t ñõîäÿùèåñÿ ñòåïåííûå ðÿäû ñ âå-
ùåñòâåííûìè íåïðåðûâíûìè T -ïåðèîäè÷åñêèìè ïî t êîýôôèöèåíòàìè.

Òîãäà ôîðìóëà (38) çàäàåò àáñîëþòíî ñõîäÿùèéñÿ ðÿä

Ri0(ci) =
1

Tωci

∞∑
q=0

∞∑
s=0

(
Y (q,s)

∫ ωci

0

CqSsC ′ dϕ−X(q,s)

∫ ωci

0

CqSsS ′ dϕ

)
,

ïðè÷åì ïðè s = 0 ïåðâûé èíòåãðàë îáðàùàåòñÿ â íîëü ïî çàìå÷àíèþ 3.

Èíòåãðèðóÿ òîæäåñòâî (CqSs+1)′ = qCq−1Ss+1C ′ + (s + 1)CqSsS ′ ïî ïå-
ðèîäó è ïðèâîäÿ ïîäîáíûå ÷ëåíû, ïîëó÷àåì:

Ri0(ci) =
1

Tωci

∞∑
q=0

∞∑
s=1

(
q + 1

s
X(q+1,s−1) + Y (q,s)

)
Iq,si , (40)

ãäå Iq,si =

∫ ωci

0

Cq(ϕ)Ss(ϕ)C ′(ϕ) dϕ (i = 0, 1, 2).

Ïîäñ÷èòàåì Iq,si äëÿ äîïóñòèìûõ çíà÷åíèé ïàðàìåòðîâ ci.

0m ) Åñëè c0 = cm0 ∈ (0, cm), òî äâèæåíèå ïðîèñõîäèò ïðîòèâ ÷àñîâîé
ñòðåëêè. Ïîëîæèì I1 =

∫ 0

c0
ηq(S−(η2))s dη, I2 =

∫ −c0
0 ηq(S−(η2))s dη, I3 =∫ 0

−c0 η
q(−S−(η2))s dη, I4 =

∫ c0
0 ηq(−S−(η2))s dη, ãäå S− èç (8). Î÷åâèäíî,

÷òî Iq,s0 = 4I1, åñëè q ÷åòíîå, s íå÷åòíîå. Â îñòàëüíûõ ñëó÷àÿõ Iq,s0 = 0.

0p ) Åñëè c0 = cp0 ∈ (cp,∞), òî äâèæåíèå ïðîèñõîäèò ïî ÷àñîâîé ñòðåëêå
è ôóíêöèÿ S2(ϕ)− 1 â êàæäîé ÷åòâåðòè ìåíÿåò çíàê ïðè |C(ϕ)| = cp0.

Ïîëîæèì I1 =
∫ cp0
c0
ηq(−S−(η2))s dη +

∫ 0

cp0
ηq(−S+(η2))s dη,

I2 =
∫ −cp0
0 ηq(−S+(η2))s dη +

∫ −c0
−cp0

ηq(−S−(η2))s dη, I3 =
∫ −cp0
−c0 η

q(S−(η2))s dη +∫ 0

−cp0
ηq(S+(η2))s dη, I4 =

∫ cp0
0 ηq(S+(η2))s dη +

∫ c0
cp0
ηq(S−(η2))s dη, ãäå S−, S+

èç (8). Î÷åâèäíî, ÷òî Iq,s0 = 4I4, åñëè q ÷åòíîå, s íå÷åòíîå. Â îñòàëüíûõ
ñëó÷àÿõ Iq,s0 = 0.

Òàêèì îáðàçîì, â ñëó÷àå 0) ôîðìóëà (40) ïðèíèìàåò âèä

R00(c0) =
4

Tωc0

∞∑
q, s=0

(
2q + 1

2s+ 1
X(2q+1,2s) + Y (2q,2s+1)

)
Iq,s0 , (410)

ãäå Iq,s0 =
∫ 0

c0
η2q(S−(η2))2s+1dη äëÿ 0m) è Iq,s0 =

∫ cp0
0 η2q(S+(η2))2s+1 dη +∫ c0

cp0
η2q(S−(η2))2s+1 dη, cp0 = (1 + (γ + (c20 − 1)2)1/2)1/2 äëÿ 0p).
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Ðàññóæäàÿ àíàëîãè÷íî, çàêëþ÷àåì, ÷òî â ñëó÷àå 1) ïðè c1 = c∗1 − 1 ∈
(c−1 , c

+
1 ) ôîðìóëà (40) ïðèíèìàåò âèä

R10(c1) =
2

Tωc1

∞∑
q, s=0

(
q + 1

2s+ 1
X(q+1,2s) + Y (q,2s+1)

)
Iq,s1 , (411)

ãäå Iq,s1 =
∫ b∗1
b∗1
ηq(S−(η2))2s+1dη +

∫ c∗1
b
∗
1

ηq(S+(η2))2s+1 dη +
∫ c∗1
c∗1
ηq(S−(η2))2s+1 dη,

c∗1 = (1 + (γ + ((c1 + 1)2 − 1)2)1/2)1/2, b
∗
1 = (1 − (γ + ((c1 + 1)2 − 1)2)1/2)1/2,

b1 = (2− (c1 + 1)2)1/2.

Íàêîíåö, â ñëó÷àå 2) ïðè c2 = c∗2 − 1 ∈ (0, cγ − 1) èìååì

R20(c2) =
1

Tωc2

∞∑
q, s=0

(
q + 1

s+ 1
X(q+1,s) + Y (q,s+1)

)
Iq,s2 , (412)

ãäå Iq,s2 =
∫ c∗2
b∗2
ηq((S+(η2))s+1 − (S−(η2))s+1) dη, b∗2 = (2− (c2 + 1)2)1/2.

Çäåñü cp, cm, cγ èç (4), à ïåðèîäû ωci ñ ó÷¼òîì çàìå÷àíèÿ 3 ïîäñ÷èòàíû
â ï. 3 � 2.

20. Ïðèìåð íàõîæäåíèÿ èíâàðèàíòíûõ ïîâåðõíîñòåé.

Ðàññìîòðèì T -ïåðèîäè÷åñêóþ ïî t ñèñòåìó (1) ñ γ = 0.5, â êîòîðîé
ôóíêöèè X(t, x, y, 0) è Y (t, x, y, 0) èìåþò âèä (39), ïðè÷åì

X(q,s) = 0, Y (q,s) = 0 äëÿ ∀ q, s ∈ Z+,

êðîìå Y (0,1) = 8.9, Y (0,3) = −1.66, Y (1,1) = −3.23, Y (0,2) = 1.

(42)

Òîãäà ôîðìóëû (41i) ïðèìóò âèä Tωc0R00(c0) = 4(I0,00 Y (0,1) + I0,10 Y (0,3)),

Tωc1R01(c1) = 2(I0,01 Y (0,1) + I0,11 Y (0,3) + I1,01 Y (1,1)), Tωc2R02(c2) = I0,02 Y (0,1) +

I0,22 Y (0,3) + I1,02 Y (1,1) + I0,12 Y (0,2).

Íàéäóòñÿ cli, c
r
i (cl0 = 1.5, cr0 = 1.501, cl1 = 0.195, cr1 = 0.2, cl2 = 0.199,

cr2 = 0.2) òàêèå, ÷òî TR0i(c
l
i) < −10−6, TR0i(c

r
i ) > 10−6 â ñëó÷àÿõ 1), 2)

è TR0i(c
l
i) > 10−6, TR0i(c

r
i ) < −10−6 â ñëó÷àå 0). Ñëåäîâàòåëüíî, íàéäóò-

ñÿ òàêèå ci ∈ (cli, c
r
i ), êîòîðûå óäîâëåòâîðÿþò óñëîâèþ 1, ò. å. R0i(ci) = 0,

è ÿâëÿþòñÿ äîïóñòèìûìè ñîãëàñíî óòâåðæäåíèþ 1. Ïðè ýòîì c0 îòíîñèòñÿ
ê ñëó÷àþ 0p), à c1 è c2 ñîîòâåòñòâåííî ê ñëó÷àÿì 1) è 2).

Òî÷êàìè (c0, 0), (c1 + 1, 0), (c2 + 1, 1) çàäàäèì íà÷àëüíûå äàííûå äëÿ
ñèñòåìû (6) è íàéäåì òðè ïåðèîäè÷åñêèõ ðåøåíèÿ (C(ϕ, ci), S(ϕ, ci)) ñ ïåðè-
îäàìè ωci (ω0 = ωc0 ≈ 6.95, ω1 = ωc1 ≈ 12.46, ω2 = ωc2 ≈ 5.05).
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Îñòàíîâèìñÿ òåïåðü íà âûïîëíåíèè óñëîâèé 2 è 3 èç �4, ï.20, íåîáõîäèìûõ
äëÿ ïðèìåíåíèÿ òåîðåì 1 è 2.

Õîðîøî èçâåñòíî, ÷òî óñëîâèå Çèãåëÿ âûïîëíÿåòñÿ ïî÷òè âñåãäà ïî ìåðå
Ëåáåãà, è åãî âûïîëíåíèå òðåáóåòñÿ òîëüêî äëÿ ñèñòåì ñ ν = 0, ò. å. äëÿ
ñèñòåì ñ "ìåäëåííûì" âðåìåíåì.

×òî êàñàåòñÿ êîíñòàíò Lνi èç óñëîâèÿ 3, òî îíè ìîãóò áûòü ñ äîñòàòî÷íîé
ñòåïåíüþ òî÷íîñòè âû÷èñëåíû.

Ïîñêîëüêó â óñëîâèè 3 êîíñòàíòà L1
i = Zi − R̂i0Qi (i = 0, 1, 2), òî

L1
i =

1

ωT

∫ ωi

0

∫ T

0

(
Zi(t, ϕ)−

(
1

T

∫ T

0

Ri0(t, ϕ)dt

)
Qi(ϕ)

)
dtdϕ, (43)

ãäå Zi = p−1i (ϕ)C ′i(ϕ)(Ri
′
r)0(t, ϕ) − 2qi(ϕ)Ri0(t, ϕ) + p−1i (ϕ)p′i(ϕ)Φi0(t, ϕ) ñî-

ãëàñíî (20), à Ri0 = C ′iY (t, C0, S0, 0)− S ′iX(t, C0, S0, 0) ñîãëàñíî (15) è (18).

Òåïåðü ñ ó÷åòîì ïðåäïîëîæåíèé (42) T−1
∫ T
0 Ri0(t, ϕ)dt = C ′i(ϕ)Y(ϕ), ãäå

Y = Y (0,1)S0(ϕ) + Y (0,3)S3
0(ϕ) + Y (1,1)C0(ϕ)S0(ϕ) + Y (0,2)S2

0(ϕ). Àíàëîãè÷íî

ñîãëàñíî (18) T−1
∫ T
0 Φi0(t, ϕ)dt = −Ci(ϕ)p−1i (ϕ)Y(ϕ), T−1

∫ T
0 (Ri

′
r)0(t, ϕ)dt =

C0(ϕ)Y (1,1)S0(ϕ) + S0(ϕ)(Y (0,1) + 3Y (0,3)S2
0(ϕ) + Y (1,1)C0(ϕ) + 2Y (0,2)S0(ϕ)).

Â � 4, ï.10) áûëè íàéäåíû q0(ϕ, c0) = −p−10 (ϕ, c0)(5/2 + µ0p
−1
0 (ϕ, c0)) +

5/2a−10 + µ0a
−2
0 ñ a0 = (ac0 − γ)1/2((ac0 − γ)1/2 + 1), ac0

(7)
= γ + ((cp0)

2 − 1)2 è

cp0
(60)
= c0; q1(ϕ, c1) = −p−11 (ϕ, c1)(4 − (3/2)µ1p

−1
1 (ϕ, c1)) + 4a−11 − 3/2µ1a

−2
1 +∫ ϕ

0 p
−3
1 (s)(p′1(s)(2C

2
1(s) − γS2

1(s)) − γp1(s)C1(s)S1(s)(C
2
1(s) + 3C1(s)S

2
1(s) +

2S2
1(s)))ds ñ a1 = (ac1 − γ)1/2(1 + (ac1 − γ)1/2)1/2((1 + (ac1 − γ)1/2)1/2 − 1),

ac1
(7)
= γ + ((c1 + 1)2 − 1)2; q2(ϕ, c2) = −p−12 (ϕ, c2)(4 − (3/2)µ2p

−1
2 (ϕ, c2)) +

4a−12 −3/2µ2a
−2
2 +

∫ ϕ
0 p
−3
2 (s)(p′2(s)(2C

2
2(s)+2γS2

2(s))−γp2(s)C2(s)S2(s)(C2(s)−
S2(s))(2C2(s)+3C2(s)S2(s)+2S2(s)))ds ñ a2 = a

1/2
c2 (1+a

1/2
c2 )1/2((1+a

1/2
c2 )1/2−1),

ac2
(7)
= ((c2 + 1)2 − 1)2.

Ðàññìîòðèì ñëó÷àé 0p). Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ïî ϕ â (430) èíòåð-
ïîëèðóåì ñ âûáðàííîé òî÷íîñòüþ ðåøåíèå C0(ϕ, c0), S0(ϕ, c0) ñèñòåìû (60).

Äóãó òðàåêòîðèè, ëåæàùóþ â ïåðâîé ÷åòâåðòè (ñì. ïðèëîæåíèå 1.3), óäîá-
íî ðàçáèòü íà òðè ÷àñòè. Ïðè èçìåíåíèè −ϕ îò 0 äî ω0/4 (äâèæåíèå èäåò

ïî ÷àñîâîé ñòðåëêå) ñ ó÷åòîì (9) è (8) ïîëîæèì: ϕ1
0 = −γ−1

∫ cp0
cp0

(S−
3

0 (C2
0) −

S−0 (C2
0))−1dC0 ≈ 0.475 � çíà÷åíèå, ïðè êîòîðîì C0(ϕ

1
0) = cp0, S0(ϕ

1
0) = 1;

ϕ2
0 = ϕ1

0 − γ−1
∫ 1

cp0
(S+3

0 (C2
0) − S+

0 (C2
0))−1dC0 ≈ 1.027 � çíà÷åíèå, ïðè êîòîðîì

C0(ϕ
2
0) = 1, S0(ϕ

2
0) = d

p

0, è, êîíå÷íî, ϕ
3
0 = ω0/4 = ϕ2

0 − γ−1
∫ 0

cp0
(S+3

0 (C2
0) −
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S+
0 (C2

0))−1dC0 ≈ 1.7375 � çíà÷åíèå, ïðè êîòîðîì C0(ϕ
3
0) = 0, S0(ϕ

3
0) = dp0.

Áóäåì èñïîëüçîâàòü ñëåäóþùèå èíòåðïîëÿöèîííûå ïîëèíîìû: C̃0(−ϕ) =
−1.480848440ϕ4 + 0.3737787311ϕ3 + 0.3829829216ϕ2 + 0.204833881ϕ +
1.5, S̃0(−ϕ) = −6.363433937ϕ4 + 7.573768925ϕ3 − 2.663502511ϕ2 +
2.342719297ϕ ïðè −ϕ ∈ [0, ϕ1]; C̃0(−ϕ) = −1.877600437ϕ5 +
11.74007434ϕ4−23.54604069ϕ3+18.99987935ϕ2−6.690731344ϕ+2.423281182,
S̃0(−ϕ) = 5.577683510ϕ5− 15.86876842ϕ4 + 13.97550563ϕ3− 4.168896722ϕ2 +
2.110673232ϕ + 0.112799982 ïðè −ϕ ∈ [ϕ1, ϕ2]; C̃0(−ϕ) = 1.238106214ϕ5 −
9.242964406ϕ4+26.96946864ϕ3−37.95118490ϕ2 +24.00487472ϕ−3.968892727
S̃0(−ϕ) = 1.032821721ϕ5− 8.335427756ϕ4 + 27.07822041ϕ3− 43.70733374ϕ2 +
34.47136449ϕ− 8.800246690 ïðè −ϕ ∈ [ϕ2, ϕ3]. Ïðè ïîäñòàíîâêå ýòèõ ïîëè-
íîìîâ â èíòåãðàë (3) ïîãðåøíîñòü íå ïðåâûøàåò 0.005.

Äëÿ ïðèáëèæåíèé ðåøåíèÿ â òðåõ äðóãèõ ÷åòâåðòÿõ èñïîëüçóåì ôîðìó-
ëû: C0(−ϕ) = −C0(ω0/2 +ϕ), S0(−ϕ) = S0(ω0/2 +ϕ) ïðè −ϕ ∈ [ω0/4, ω0/2];
C0(−ϕ) = C0(ω0+ϕ), S0(−ϕ) = −S0(ω0+ϕ) ïðè −ϕ ∈ [3ω0/4, ω0]; C0(−ϕ) =
−C0(−ω0/2− ϕ), S0(−ϕ) = −S0(−ω0/2− ϕ) ïðè −ϕ ∈ [ω0/2, 3ω0/4].

Äîêàæåì ñíà÷àëà ïåðâóþ èç íèõ. Ôóíêöèè u(ϕ) = −C0(ω0/2 − ϕ, c0),
v(ϕ) = S0(ω0/2− ϕ, c0) ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû (60). Äåéñòâèòåëüíî,

du(ϕ)/dϕ = γ((S3
0(ω0/2− ϕ))− (S0(ω0/2− ϕ)) = γ(v3(ϕ)− v(ϕ)),

dv(ϕ)/dϕ = C3
0(ω0/2− ϕ))− C0(ω0/2− ϕ) = −(u3(ϕ)− u(ϕ)).

Ïðè ýòîì u(0) = −C0(ω0/2) = c0, v(0) = S0(ω/2) = 0. Ïîýòîìó ïî òåîðåìå î
åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè u(ϕ) = C0(ϕ, c0), v(ϕ) = S0(ϕ, c0).

Âòîðàÿ ôîðìóëà âûòåêàåò èç ÷åòíîñòè C0(ϕ) è íå÷åòíîñòè S0(ϕ), à òðå-
òüÿ � èç ïåðâîé: C0(ϕ) = C0(ω0−ϕ) = −C0(ω0/2−(ω0−ϕ)) = −C0(ω0/2+ϕ),
äëÿ ôóíêöèè S0(ϕ) � àíàëîãè÷íî. Ãðàôèêè ôóíêöèé C0(ϕ) è S0(ϕ) ïðèâå-
äåíû â ïðèëîæåíèè 3.

Ïîäñòàâëÿÿ ïîëó÷åííûå èíòåðïîëÿöèîííûå ôóíêöèè â óæå âûïèñàííûå
ôîðìóëû äëÿ íàõîæäåíèÿ êîíñòàíòû L1

0 è ðàçáèâàÿ èíòåãðàë ïî ïåðèîäó ω0

â ñóììó ÷åòûðåõ èíòåãðàëîâ ïî ÷åòâåðòÿì ïåðèîäà, ïîñëå èíòåãðèðîâàíèÿ
óñòàíàâëèâàåì, ÷òî L1

0 ≈ −2.8− 4.6− 3.5− 1.8 = −12.7 .

Ïðè i = 1, 2 äëÿ óäîáñòâà âû÷èñëåíèé áóäåì ïðèáëèæàòü ðåøåíèÿ íå
ñèñòåìû (6i), à ðåøåíèÿ C0(ϕ, ci + 1), S0(ϕ, ci + 1) ñèñòåìû (60) èëè, ÷òî òî
æå ñàìîå, ñèñòåìû (6), ò. å. íå ïðîèçâîäèòü ñäâèãè ôóíêöèé C(ϕ) è S(ϕ).

Â ñëó÷àå 1) äóãó òðàåêòîðèè, ëåæàùóþ â ïåðâîé ÷åòâåðòè (ñì. ïðèëî-
æåíèå 1.4), òàêæå óäîáíî ðàçáèòü íà òðè ÷àñòè. Ïðè èçìåíåíèè −ϕ îò 0
äî ω1/2 (äâèæåíèå èäåò ïî ÷àñîâîé ñòðåëêå) ñ ó÷åòîì (9) è (8) ïîëîæèì:
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ϕ1
1 = −γ−1

∫ c∗1
c1+1((S0)

−3

((C0)
2)− (S0)

−(C2
0))−1dC0 ≈ 1.299 � çíà÷åíèå, ïðè êî-

òîðîì C0(ϕ
1
1) = c∗1, S0(ϕ

1
1) = 1; ϕ2

1 = ϕ1
1− γ−1

∫ b∗1
c∗1

(S+3

0 (C2
0)−S+

0 (C2
0))−1dC0 ≈

3.448 � çíà÷åíèå, ïðè êîòîðîì C1(ϕ
2
1) = b

∗
1, S1(ϕ

2
1) = 1, è, êîíå÷íî,

ϕ3
1 = ω1/2 = ϕ2

1 − γ−1
∫ b∗1
b
∗
1

(S−
3

0 (C2
0) − S−0 (C2

0))−1dC0 ≈ 6.228 � çíà÷åíèå, ïðè

êîòîðîì C0(ϕ
3
1) = b∗1, S0(ϕ

3
1) = 0.

Äëÿ ïðèáëèæåíèÿ ðåøåíèé â ÷åòâåðòîé ÷åòâåðòè èñïîëüçóåì ÷åòíîñòü è
íå÷åòíîñòü ôóíêöèé C0(ϕ), S0(ϕ).

Â ñëó÷àå 2) èç-çà îòñóòñòâèÿ ñèììåòðèè ðåøåíèå àïïðîêñèìèðóåòñÿ íà
âñåì ïåðèîäå. Çäåñü äóãó òðàåêòîðèè (ñì. ïðèëîæåíèå 1.5) óäîáíî ðàçáèòü íà
äâå ÷àñòè ("âåðõíþþ" è "íèæíþþ"). Ïðè èçìåíåíèè −ϕ îò 0 äî ω2 (äâè-
æåíèå òàêæå èäåò ïî ÷àñîâîé ñòðåëêå) ñ ó÷åòîì (9) è (8) ïîëîæèì: ϕ1

2 =

−γ−1
∫ b∗2
c2+1((S0)

+3

((C0)
2)− (S0)

+(C2
0))−1dC0 ≈ 1.976 � çíà÷åíèå, ïðè êîòîðîì

C0(ϕ
1
2) = b∗1, S0(ϕ

1
2) = 1; ϕ2

2 = ω2 = ϕ1
2−γ−1

∫ c2+1

b∗2
(S−

3

0 (C2
0)−S−0 (C2

0))−1dC0 ≈
5.048 � çíà÷åíèå, ïðè êîòîðîì C0(ϕ

2
2) = c2 + 1, S0(ϕ

2
2) = 1.

Ïîäñòàâëÿÿ èíòåðïîëÿöèîííûå ôóíêöèè àíàëîãè÷íî ñëó÷àþ 0) â ôîðìó-
ëû (431), (432) è ðàçáèâàÿ èíòåãðàë ïî ïîëîâèíàì ïåðèîäà â ñëó÷àå 1), ïîñëå
èíòåãðèðîâàíèÿ ïîëó÷àåì, ÷òî L1

1 ≈ −1.75− 1.03 = −2.78, L1
2 ≈ 0.49.

Îòìåòèì, ÷òî ïðè ïîäñòàíîâêå âûáðàííûõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ
(ñì. ïðèëîæåíèå 3) âìåñòî ðåøåíèÿ â èíòåãðàë (3) ïîãðåøíîñòü, êàê è â ñëó-
÷àå 0) íå ïðåâûøàåò 0.005. Êðîìå òîãî, èíòåãðàëüíûå ÷àñòè ôóíêöèé q1 è q2
ïðèøëîñü ïðèáëèæàòü ïîëèíîìàìè äîñòàòî÷íî âûñîêîé ñòåïåíè.

Òàêèì îáðàçîì, óñòàíîâëåíî, ÷òî ñèñòåìà (1) ñ γ = 0.5 ïðè óñëîâèÿõ (42)
ñîãëàñíî òåîðåìå 1 ïðè ëþáîì äîñòàòî÷íî ìàëîì ε > 0 èìååò òðè èíâàðèàíò-
íûå ïîâåðõíîñòè, ãîìåîìîðôíûå òîðàì. Èõ ïðîåêöèè íà ôàçîâóþ ïëîñêîñòü
ïðîõîäÿò ÷åðåç ìàëûå îêðåñòíîñòè òî÷åê (c0, 0), (c1 + 1, 0) è (c2 + 1, 1), ãäå
ci ∈ (cli, c

r
i ), çíà÷åíèÿ cli, c

r
i ïðèâåäåíû âûøå, è îõâàòûâàþò ñîîòâåòñòâåííî

âñå 9 îñîáûõ òî÷åê, òî÷êè (1,−1), (1, 0), (1, 1) èëè òîëüêî òî÷êó (1, 1).
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