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Àííîòàöèÿ

Ïðåäëàãàåòñÿ àíàëèòèêî-÷èñëåííûé ìåòîä ðåøåíèÿ êðàåâîé çàäà÷è îïòèìàëüíîãî
áûñòðîäåéñòâèÿ ñ ôàçîâûìè, èíòåãðàëüíûìè îãðàíè÷åíèÿìè è ó÷åòîì îãðàíè÷åííî-
ñòè ðåñóðñîâ ñèñòåìû. Îñíîâîé ìåòîäà ÿâëÿåòñÿ ïðèíöèï ïîãðóæåíèÿ, îñíîâàííûé
íà îáùåì ðåøåíèè èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà è ñâåäåíèè
êðàåâîé çàäà÷è ñ îãðàíè÷åíèÿìè ê îïòèìèçàöèîííîé çàäà÷å ñî ñâîáîäíûìè ïðàâûìè
êîíöàìè òðàåêòîðèé.

Ââåäåíèå

Ñîçäàíèå ñèñòåì óïðàâëåíèÿ, îáåñïå÷èâàþùèõ ìèíèìóì âðåìåíè ïåðåõîäíîãî ïðî-
öåññà ñ ó÷åòîì òðåáîâàíèé íà èõ äèíàìè÷åñêèå ñâîéñòâà, ïðèâîäèò ê ïîñòàíîâêå çàäà-
÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ ñ ðàçëè÷íîãî âèäà îãðàíè÷åíèÿìè. Îñíîâíàÿ çàäà-
÷à ñîñòîèò â îïðåäåëåíèè òàêèõ ãðàíè÷íûõ óñëîâèé èç çàäàííûõ ìíîæåñòâ è óïðàâ-
ëåíèé èç çàäàííîãî ôóíêöèîíàëüíîãî ïðîñòðàíñòâà, êîòîðûå îáåñïå÷èâàþò ïåðåõîä
îáúåêòà óïðàâëåíèÿ èç îäíîãî ñîñòîÿíèÿ â äðóãîå çà ìèíèìàëüíî âîçìîæíîå âðåìÿ
ñ ó÷åòîì îãðàíè÷åííîñòè ðåñóðñîâ, çîíû íîðìàëüíîãî ôóíêöèîíèðîâàíèÿ ñèñòåìû è
èíòåãðàëüíûõ îãðàíè÷åíèé.

Çàäà÷à ñîçäàíèÿ îïòèìàëüíûõ ïî áûñòðîäåéñòâèþ ñèñòåì âîçíèêàåò ïðè ðàçðà-
áîòêå ñëåäÿùèõ ñèñòåì, àâòîìàòè÷åñêèõ êîìïåíñàòîðîâ, ñèñòåì óïðàâëåíèÿ ïðèâîäà-
ìè ïðîêàòíûõ ñòàíîâ, ðàêåòàìè, ïîäúåìíûìè óñòðîéñòâàìè è ñèñòåì àâòîìàòèçàöèè
òåõíîëîãè÷åñêèõ ïðîöåññîâ, à òàêæå ðÿäà ýíåðãåòè÷åñêèõ óñòàíîâîê è äðóãèõ òåõíè-
÷åñêèõ óñòðîéñòâ.
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Àêòóàëüíîé ïðîáëåìå ðàçðàáîòêè êîíñòðóêòèâíûõ ìåòîäîâ ðåøåíèÿ çàäà÷ îïòè-
ìàëüíîãî áûñòðîäåéñòâèÿ äëÿ íåëèíåéíûõ ñèñòåì ñ îãðàíè÷åíèÿìè ïîñâÿùåíà íàñòî-
ÿùàÿ ðàáîòà.

Çàäà÷à áûñòðîäåéñòâèÿ âïåðâûå ïîñòàâëåíà À.À. Ôåëüäáàóìîì [1] è èì ïîëó÷å-
íî ðåøåíèå äàííîé çàäà÷è äëÿ ÷àñòíûõ ñëó÷àåâ. Ðåøåíèå çàäà÷è áûñòðîäåéñòâèÿ
íà îñíîâå ïðèíöèïà ìàêñèìóìà ïðèâåäåíî â [2]. Îòìåòèì, ÷òî ïðèíöèï ìàêñèìó-
ìà ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì îïòèìàëüíîñòè, ñâîäÿùèì çàäà÷ó îïòèìàëüíîãî
óïðàâëåíèÿ ê ðåøåíèþ äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé. Îäíàêî ðåøåíèå êðàåâîé çàäà÷è, âî ìíîãèõ ñëó÷àÿõ, ÿâëÿåòñÿ ñëîæ-
íûì. Òîëüêî äëÿ çàäà÷ óïðàâëåíèÿ ëèíåéíûìè ñèñòåìàìè ñî ñâîáîäíûìè ïðàâûìè
êîíöàìè òðàåêòîðèé è ëèøü äëÿ ñëó÷àåâ, êîãäà ìíîæåñòâî îãðàíè÷åíèé íà çíà÷åíèÿ
óïðàâëåíèÿ, íå çàâèñèò îò âðåìåíè, ïðèíöèï ìàêñèìóìà ïîçâîëÿåò íàéòè îïòèìàëü-
íîå óïðàâëåíèå. Èçâåñòíûå ÷èñëåííûå ìåòîäû ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷ îðè-
åíòèðîâàíû íà ïîñòðîåíèå ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé äëÿ îïòèìèçàöè-
îííûõ çàäà÷ ñî ñâîáîäíûìè ïðàâûìè êîíöàìè òðàåêòîðèé. Ïîýòîìó, ðåøåíèå çàäà÷
îïòèìàëüíîãî áûñòðîäåéñòâèÿ â îáùåì ñëó÷àå, äàæå ñ èñïîëüçîâàíèåì ÷èñëåííûõ
ìåòîäîâ, ÿâëÿåòñÿ ïðîáëåìàòè÷íûì.

Â ðàáîòàõ [3-10] ïðåäëàãàþòñÿ îñíîâû àíàëèòèêî-÷èñëåííîãî ìåòîäà ðåøåíèÿ êðà-
åâîé çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ ñ ôàçîâûìè è èíòåãðàëüíûìè îãðàíè÷å-
íèÿìè. Îñíîâîé ìåòîäà ÿâëÿåòñÿ ïðèíöèï ïîãðóæåíèÿ, îñíîâàííûé íà îáùåì ðåøå-
íèè èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà è åãî àíàëèòè÷åñêîì ïðåä-
ñòàâëåíèè è çàêëþ÷àþùèéñÿ â âûäåëåíèè ìíîæåñòâà âñåõ óïðàâëåíèé ïåðåâîäÿùèõ
òðàåêòîðèþ ñèñòåìû èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ â ëþáîå æåëàåìîå êîíå÷íîå ñî-
ñòîÿíèå è ñâåäåíèè êðàåâîé çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ ñ îãðàíè÷åíèÿìè ê
îïòèìèçàöèîííîé çàäà÷å ñî ñâîáîäíûìè ïðàâûìè êîíöàìè òðàåêòîðèé. Ïðèíöèï ïî-
ãðóæåíèÿ ïîçâîëÿåò 1) âûÿñíèòü ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è áûñòðîäåéñòâèÿ; 2)
ïîñòðîèòü äîïóñòèìîå óïðàâëåíèå; 3) ïîñòðîèòü îïòèìàëüíîå óïðàâëåíèå è îïòèìàëü-
íóþ òðàåêòîðèþ äëÿ êðàåâîé çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ ñ îãðàíè÷åíèÿìè,
â òîì ÷èñëå è äëÿ ñëó÷àåâ, êîãäà ìíîæåñòâî, îïðåäåëÿþùåå îãðàíè÷åíèÿ íà çíà÷åíèÿ
óïðàâëåíèÿ, çàâèñèò îò t.

Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ýòèõ èññëåäîâàíèé.

1 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî áûñòðîäåéñòâèÿ ñëåäóþùåãî âèäà:

J(u(·), x0, x1, t1) =

t1∫
t0

1dt = t1 − t0 → inf, (1)

ïðè óñëîâèÿõ

ẋ = A(t)x+B(t)f(x, u, t), t ∈ I = [t0, t1], (2)

ñ êðàåâûìè óñëîâèÿìè

(x(t0) = x0, x(t1) = x1) ∈ S0 × S1 = S ⊂ R2n, (3)

ïðè íàëè÷èè ôàçîâûõ îãðàíè÷åíèé

x(t) ∈ G(t) : G(t) = {x ∈ Rn| w(t) ≤ F (x, t) ≤ ϕ(t), t ∈ I}, (4)

à òàêæå èíòåãðàëüíûõ îãðàíè÷åíèé

gj(u(·), x0, x1, t1) ≤ cj , j = 1,m1; gj(u(·), x0, x1, t1) = cj , j = m1 + 1,m2, (5)
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gj(u(·), x0, x1, t1) =

t1∫
t0

f0j(x(t), u(t), x0, x1, t)dt, j = 1,m2, (6)

è îãðàíè÷åíèé íà çíà÷åíèÿ óïðàâëåíèÿ

u(t) ∈ U(t) = {u(·) ∈ L2(I,Rm)| u(t) ∈ V (t) ⊂ Rm, ï.â. t ∈ I}. (7)

Çäåñü A(t), B(t) - ìàòðèöû ñ êóñî÷íî-íåïðåðûâíûìè ýëåìåíòàìè ñîîòâåòñòâåííî ïî-
ðÿäêîâ n× n, n× k, âåêòîð ôóíêöèÿ f(x, u, t) = (f1(x, u, t), ..., fk(x, u, t)) íåïðåðûâíà
ïî ñîâîêóïíîñòè ïåðåìåííûõ ïðè âñåõ (x, u, t) ∈ Rn×Rm× I, óäîâëåòâîðÿåò óñëîâèþ
Ëèïøèöà ïî ïåðåìåííîé x, ò.å.

|f(x, u, t)− f(y, u, t)| ≤ l(t)|x− y|, ∀ (x, u, t), (y, u, t) ∈ Rn ×Rm × I

è óñëîâèþ

|f(x, u, t)| ≤ c0(|x|+ |u|2) + c1(t), ∀ (x, u, t) ∈ Rn ×Rm × I,

ãäå l(t) ≥ 0, l(·) ∈ L1(I,R1), c1(t) ≥ 0, c1(·) ∈ L1(I,R1), c0 = const ≥ 0. Ôóíêöèÿ
f0(x, u, x0, x1, t) = (f01(x, u, x0, x1, t), ..., f0m2(x, u, x0, x1, t)) óäîâëåòâîðÿåò óñëîâèþ

|f0(x, u, x0, x1, t)| ≤ c2(|x|+ |u|2 + |x0|+ |x1|) + c3(t), c2 = const ≥ 0,

∀ (x, u, x0, x1, t) ∈ Rn ×Rm ×Rn ×Rn × I, c3(t) ≥ 0, c3(·) ∈ L1(I,R1).

Âåêòîð ôóíêöèÿ F (x, t) = (F1(x, t), ..., Fs(x, t)) íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåí-
íûõ ïðè âñåõ (x, t) ∈ Rn × I è óäîâëåòâîðÿåò óñëîâèþ

|F (x, t)| ≤ c4|x|+ c5(t), ∀ (x, t) ∈ Rn × I, c4 = const ≥ 0, 0 ≤ c5(t) ∈ L1(I,R1).

S = S0 × S1 ⊂ R2n, U ⊂ L2(I,Rm) - îãðàíè÷åííûå âûïóêëûå çàìêíóòûå ìíîæåñòâà,
t0 - ôèêñèðîâàííûé ìîìåíò âðåìåíè, t1 - íåôèêñèðîâàí.

Ñòàâÿòñÿ ñëåäóþùèå çàäà÷è:
Çàäà÷à 1. Íàéòè, êîíñòðóêòèâíî ïðîâåðÿåìûå, íåîáõîäèìûå è äîñòàòî÷íûå óñëî-

âèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ (1) - (7);
Çàäà÷à 2. Íàéòè îïòèìàëüíîå óïðàâëåíèå (u∗(t), x

∗
0, x
∗
1) ∈ U×S0×S1 è îïòèìàëü-

íóþ òðàåêòîðèþ x∗(t; t0, x
∗
0), t ∈ I, x∗(t1) = x∗1, à òàêæå ìîìåíò âðåìåíè t

∗
1.

Â ñòàòüå ïðèâåäåíû ðåøåíèÿ óêàçàííûõ çàäà÷. Ïðåäëàãàåìûé ìåòîä ðåøåíèÿ çà-
äà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ îñíîâàí íà îáùåì ðåøåíèè èíòåãðàëüíîãî óðàâ-
íåíèÿ èç [9]. Îñíîâà òåîðèè êðàåâûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ïðèâåäåíà â
[10].

2 Ïðåîáðàçîâàíèÿ

Ââåäåì âåêòîð-ôóíêöèþ η(t) = (η1(t), ..., ηm2(t)), t ∈ I, ãäå

ηj(t) =

t∫
t0

f0j(x(τ), u(τ), x0, x1, τ)dτ, j = 1,m2.

Òîãäà η(t), t ∈ I, ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è

η̇ = f0(x(t), u(t), x0, x1, t), t ∈ I, η(t0) = 0, η(t1) = c ∈ Ω,
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Ω = {c ∈ Rm2 | cj = cj − dj , dj ≥ 0, j = 1,m1; cj = cj , j = m1 + 1,m2}.

Òåïåðü çàäà÷à (1) - (7) çàïèøåòñÿ â âèäå:

J(u(·), x0, x1, d, t1) =

t1∫
t0

1dt = t1 − t0 → inf, (8)

ïðè óñëîâèÿõ

ξ̇ = A1(t)ξ +B1(t)f(x, u, t) +B2f0(x, u, x0, x1, t), t ∈ I, (9)

ξ(t0) = ξ0 ∈ S0 ×Om2,1, ξ(t1) = ξ1 ∈ S1 × Ω, (10)

P1ξ ∈ G(t), u(t) ∈ U(t), (11)

ãäå

ξ =

(
x

η

)
, ξ0 =

(
x0

0

)
, ξ1 =

(
x1

c

)
, P1 = (In, On,m2), x = P1ξ,

A1(t) =

(
A(t) On,m2

Om2,n Om2,m2

)
, B1(t) =

(
B(t)

Om2,k

)
, B2 =

(
On,m2

Im2

)
,

Ok,q - ïðÿìîóãîëüíàÿ ìàòðèöà ïîðÿäêà k × q ñ íóëåâûìè ýëåìåíòàìè, In, Im2 - åäè-
íè÷íûå ìàòðèöû ïîðÿäêîâ n× n, m2 ×m2 ñîîòâåòñòâåííî.

3 Äîïóñòèìîå ðåøåíèå

3.1 Ïðèíöèï ïîãðóæåíèÿ

Ñóùåñòâîâàíèå äîïóñòèìîãî óïðàâëåíèÿ ÿâëÿåòñÿ ãàðàíòèåé ñóùåñòâîâàíèÿ ðåøå-
íèÿ çàäà÷è (1)-(7). Äîïóñòèìûé íàáîð (t1, u(t), x0, x1, x(t)), ãäå t1 > t0, u(t) ∈ U, x0 ∈
S0, x1 ∈ S1, x(t) ∈ G(t), îïðåäåëÿåòñÿ ïî ðåøåíèþ çàäà÷è (9)-(11) ïðè ôèêñèðîâàí-
íîì çíà÷åíèè t1. Ïîýòîìó äëÿ îòâåòà íà âîïðîñ î ñóùåñòâîâàíèè äîïóñòèìîãî íàáîðà
(ðåøåíèÿ çàäà÷è 1) ðàññìîòðèì ñëåäóþùóþ çàäà÷ó äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ
t1 (t1 > t0):

ξ̇ = A1(t)ξ +B1(t)f(x, u, t) +B2f0(x, u, x0, x1, t), t ∈ I, (12)

ξ(t0) = ξ0 ∈ S0 ×Om2,1, ξ(t1) = ξ1 ∈ S1 × Ω, (13)

P1ξ ∈ G(t), u(t) ∈ U(t). (14)

Íàðÿäó ñ çàäà÷åé (12)-(14), ðàññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó âèäà:

ẏ = A1(t)y +B1(t)w1(t) +B2w2(t), t ∈ I, (15)

y(t0) = ξ0 ∈ S0 ×Om2,1, y(t1) = ξ1 ∈ S1 × Ω, (16)

w1(·) ∈ L2(I,Rk), w2(·) ∈ L2(I,Rm2). (17)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

B(t) = (B1(t), B2), w(t) = (w1(t), w2(t)), (18)
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a = Φ(t0, t1)ξ1 − ξ0, Φ(t, τ) = æ(t)æ−1(τ), T (t0, t1) =

t1∫
t0

Φ(t0, t)B(t)B
∗
(t)Φ∗(t0, t)dt,

Λ1(t, ξ0, ξ1) = B
∗
(t)Φ∗(t0, t)T

−1(t0, t1)a = (Λ∗11(t, ξ0, ξ1),Λ∗12(t, ξ0, ξ1))∗, (19)

Λ11(t, ξ0, ξ1) = B1
∗(t)Φ∗(t0, t)T

−1(t0, t1)a, Λ12(t, ξ0, ξ1) = B2
∗Φ∗(t0, t)T

−1(t0, t1)a,

N1(t) = −B∗(t)Φ∗(t0, t)T−1(t0, t1)Φ(t0, t1) = (N∗11(t), N∗12(t))∗, (20)

N11(t) = −B1
∗(t)Φ∗(t0, t)T

−1(t0, t1)Φ(t0, t1), N12(t) = −B2
∗Φ∗(t0, t)T

−1(t0, t1)Φ(t0, t1),

Λ2(t, ξ0, ξ1) = Φ(t, t0)T (t, t1)T−1(t0, t1)ξ0 + Φ(t, t0)T (t0, t)T
−1(t0, t1)Φ(t0, t1)ξ1, (21)

N2(t) = −Φ(t, t0)T (t0, t)T
−1(t0, t1)Φ(t0, t1), t ∈ I, (22)

ãäå æ(t), t ∈ I - ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ëèíåéíîé îäíîðîäíîé ñèñòåìû
ζ̇ = A1(t)ζ.

Òåîðåìà 1. Ïóñòü ìàòðèöà T (t0, t1) ïîëîæèòåëüíî îïðåäåëåíà. Òîãäà óïðàâëå-

íèå w(·) = (w1(·), w2(·)) ∈ L2(I,Rk+m2) ïåðåâîäèò òðàåêòîðèþ ñèñòåìû (15)-(17) èç

íà÷àëüíîé òî÷êè ξ0 ∈ S0 × Om2,1 â êîíå÷íîå ñîñòîÿíèå ξ1 ∈ S1 × Ω òîãäà è òîëüêî

òîãäà, êîãäà ôóíêöèè w1(t) ∈W1, w2(t) ∈W1, t ∈ I, ãäå

W1 =
{
w1(·) ∈ L2(I,Rk)/w1(t) = v1(t) + Λ11(t, ξ0, ξ1) +N11(t)z(t1, v), t ∈ I

}
, (23)

W2 = {w2(·) ∈ L2(I,Rm2)/w2(t) = v2(t) + Λ12(t, ξ0, ξ1) +N12(t)z(t1, v), t ∈ I} , (24)

ãäå ôóíêöèÿ z(t) = z(t, v), t ∈ I, - ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ż = A1(t)z+B1(t)v1(t)+B2(t)v2(t), z(t0) = 0, v(·) = (v1(·), v2(·)) ∈ L2(I,Rk+m2), (25)

v1(·) ∈ L2(I,Rk), v2(·) ∈ L2(I,Rm2) - ïðîèçâîëüíûå ôóíêöèè.
Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (15), ñîîòâåòñòâóþùåå óïðàâëåíèÿì

w1(t) ∈W1, w2(t) ∈W2, èìååò âèä

y(t) = z(t) + Λ2(t, ξ0, ξ1) +N2(t)z(t1, v), t ∈ I. (26)

Äîêàçàòåëüñòâî. Ðåøåíèå ñèñòåìû (15) ïðè ôèêñèðîâàííûõ óïðàâëåíèÿõ w1(t),
w2(t), t ∈ I, îïðåäåëÿåòñÿ ïî ôîðìóëå

y(t) = Φ(t, t0)ξ0 +

t∫
t0

Φ(t, τ)B1(τ)w1(τ) dτ +

t∫
t0

Φ(t, τ)B2(τ)w2(τ) dτ, t ∈ I. (27)

Ñ ó÷åòîì îáîçíà÷åíèé (18)-(22), ýëåìåíòû ìíîæåñòâ W1, W2 (ñì. (23), (24)) ìîãóò
áûòü ïðåäñòàâëåíû â ñëåäóþùåì âèäå:

w(t) = v(t) + Λ1(t, ξ0, ξ1) +N1(t)z(t1, v), t ∈ I, (28)

à âûðàæåíèå (27) çàïèøåòñÿ òàê:

y(t) = Φ(t, t0)ξ0 +

t∫
t0

Φ(t, τ)B(τ)w(τ) dτ, t ∈ I. (29)
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Òîãäà óïðàâëåíèÿ, êîòîðûå ïåðåâîäÿò òðàåêòîðèþ ñèñòåìû (15) èç íà÷àëüíîãî ñîñòî-
ÿíèÿ ξ0 ∈ Rn+m2 â ñîñòîÿíèå ξ1 ∈ Rn+m2 , îïðåäåëÿþòñÿ èç óñëîâèÿ

ξ1 = y(t1) = Φ(t1, t0)ξ0 +

t1∫
t0

Φ(t1, t)B(t)w(t) dt.

Îòñþäà èìååì

t1∫
t0

K(t0, t)w(t) dt = a, (30)

ãäå K(t0, t) = Φ(t0, t)B(t), a = Φ(t0, t1)[ξ1 − Φ(t1, t0)ξ0] ∈ Rn+m2 .
Èòàê, ðåøåíèå çàäà÷è (15)-(17) ñâÿçàíî ñ ñóùåñòâîâàíèåì ðåøåíèÿ èíòåãðàëüíîãî

óðàâíåíèÿ (30) è ïîñòðîåíèåì åãî îáùåãî ðåøåíèÿ.
Äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü ñïðàâåäëèâîñòü ñëåäóþùèõ

óòâåðæäåíèé:
10. Ôóíêöèÿ w(t) = (w1(t), w2(t)), t ∈ I, îïðåäåëÿåìàÿ ôîðìóëîé (28), óäîâëåòâî-

ðÿåò óðàâíåíèþ (30).
20. Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (30) îïðåäåëÿåòñÿ ïî ôîðìóëå (28).
30. Ôóíêöèÿ y(t), t ∈ I, èç (29), ãäå w(t) = (w1(t), w2(t)) ∈W1×W2, ïðåäñòàâèìà â

âèäå (26).
Ïîêàæåì âåðíîñòü óòâåðæäåíèÿ 10.

t1∫
t0

K(t0, t)w(t) dt =

t1∫
t0

Φ(t0, t)B1(t)w1(t) dt+

t1∫
t0

Φ(t0, t)B2w2(t) dt =

=

t1∫
t0

Φ(t0, t)B1(t)
[
v1(t) + Λ11(t, ξ0, ξ1) +N11(t)z(t1, v)

]
dt+

t1∫
t0

Φ(t0, t)B2

[
v2(t)+

+Λ12(t, ξ0, ξ1) +N12(t)z(t1, v)
]
dt =

t1∫
t0

Φ(t0, t)
[
B1(t)v1(t) +B2v2(t)

]
dt+

+

t1∫
t0

Φ(t0, t)
[
B1(t)B1

∗(t) +B2B2
∗
]
Φ∗(t0, t)T

−1(t0, t1)a dt−

−
t1∫
t0

Φ(t0, t)
[
B1(t)B1

∗(t) +B2B2
∗
]
Φ∗(t0, t)T

−1(t0, t1)Φ(t0, t1)z(t1, v) dt.

À òàê êàê Φ(t0, t) = Φ(t0, t1)Φ(t1, t), B1(t)B1
∗(t) +B2B2

∗ = B(t)B
∗
(t), òî

t1∫
t0

K(t0, t)w(t) dt = Φ(t0, t1)

t1∫
t0

Φ(t1, t)B(t)v(t) dt+

t1∫
t0

Φ(t0, t)B(t)B
∗
(t)Φ∗(t0, t) dt×

×T−1(t0, t1)a−
t1∫
t0

Φ(t0, t)B(t)B
∗
(t)Φ∗(t0, t) dtT

−1(t0, t1)Φ(t0, t1)z(t1, v) =

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 35



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2010

= Φ(t0, t1)z(t1, v) + T (t0, t1)T−1(t0, t1)a− T (t0, t1)T−1(t0, t1)Φ(t0, t1)z(t1, v) = a.

Ïîêàæåì âåðíîñòü óòâåðæäåíèÿ 20. Êàê ñëåäóåò èç ðåçóëüòàòîâ ðàáîò [8,9], îáùåå
ðåøåíèå óðàâíåíèÿ (30) èìååò âèä

w(t) = v(t) +K∗(t0, t)T
−1(t0, t1)a+N1(t)z(t1, v), t ∈ I,

ãäå v(·) ∈ L2(I,Rk+m2) - ïðîèçâîëüíàÿ ôóíêöèÿ z(t), t ∈ I - ðåøåíèå íà÷àëüíîé
çàäà÷è:

ż = A1(t)z +B(t)v(t), z(t0) = 0, v(·) ∈ L2(I,Rk+m2). (31)

Îòñþäà, ñ ó÷åòîì òîãî, ÷òîK∗(t0, t) = B
∗
(t)Φ∗(t0, t), Λ1(t) = B

∗
(t)Φ∗(t0, t)T

−1(t0, t1)a,
ïîëó÷èì ôîðìóëó (28).

Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ 30 ôóíêöèþ w(t) = (w1(t), w2(t)) ∈ W1 × W2,
îïðåäåëÿåìóþ ïî ôîðìóëå (28), ïîäñòàâèì â (29) è, ñ ó÷åòîì (19)-(20), (25), ïîëó÷èì:

y(t) = Φ(t, t0)ξ0 +

t∫
t0

Φ(t, τ)B(τ)
[
v(τ) + Λ1(τ, ξ0, ξ1) +N1(τ)z(t1, v)

]
dτ = Φ(t, t0)ξ0+

+z(t) + Φ(t, t0)

t∫
t0

Φ(t0, τ)B(τ)B
∗
(τ)Φ∗(t0, τ) dτ T−1(t0, t1)a− Φ(t, t0)×

×
t∫

t0

Φ(t0, τ)B(τ)B
∗
(τ)Φ∗(t0, τ) dτT−1(t0, t1)Φ(t0, t1)z(t1, v) = Φ(t, t0)ξ0 + z(t)+

+Φ(t, t0)T (t0, t)T
−1(t0, t1)a−Φ(t, t0)T (t0, t)T

−1(t0, t1)Φ(t0, t1)z(t1, v) = Φ(t, t0)ξ0+z(t)+

+Φ(t, t0)T (t0, t)T
−1(t0, t1)

[
Φ(t0, t1)ξ1 − ξ0

]
+N2(t)z(t1, v) = Φ(t, t0)ξ0 + z(t)+

+Φ(t, t0)T (t0, t)T
−1(t0, t1)Φ(t0, t1)ξ1 − Φ(t, t0)T (t0, t)T

−1(t0, t1)ξ0 +N2(t)z(t1, v). (32)

Ðàññìîòðèì ïðåäïîñëåäíåå ñëàãàåìîå â (32):

−Φ(t, t0)T (t0, t)T
−1(t0, t1)ξ0 =

∣∣∣∣∣T (t0, t) = T (t0, t1)− T (t, t1)

∣∣∣∣∣ =

= −Φ(t, t0)ξ0 + Φ(t, t0)T (t, t1)T−1(t0, t1)ξ0. (33)

Ïîñëå ïîäñòàâëåíèÿ ñîîòíîøåíèÿ (33) â ôîðìóëó (32) è ó÷åòà îáîçíà÷åíèé (21) ïî-
ëó÷èì ôîðìóëó (26).

Òåîðåìà 1 äîêàçàíà.
Ëåììà 1. Ïóñòü ìàòðèöà T (t0, t1) ïîëîæèòåëüíî îïðåäåëåíà. Òîãäà êðàåâàÿ çà-

äà÷à (9)-(11) ðàâíîñèëüíà ñëåäóþùåé çàäà÷å

w1(t) = f(P1y(t), u, t), w2(t) = f0(P1y(t), u, x0, x1, t), (x0, x1) ∈ S, d ∈ Γ, (34)

ż = A1(t)z +B(t)v(t), z(t0) = 0, v(·) = (v1(·), v2(·)) ∈ L2(I,Rk+m2), (35)

p(t) = F (P1y(t), t), t ∈ I, (36)

p(t) ∈ V (t) =
{
p(·) ∈ L2(I,Rs)

∣∣ w(t) ≤ p(t) ≤ ϕ(t), t ∈ I
}
, u(t) ∈ U(t), (37)

ãäå w1(t) ∈W1, w2(t) ∈W2, ôóíêöèÿ y(t), t ∈ I îïðåäåëÿåòñÿ ïî ôîðìóëå (26).
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Îïðåäåëåíèå. Ãîâîðÿò, ÷òî çàäà÷à (34)-(37) ðàçðåøèìà, åñëè ñóùåñòâóþò

(u∗(t), p∗(t), v∗(t), x
∗
0, x
∗
1, d∗) òàêèå, ÷òî âûïîëíÿþòñÿ ðàâåíñòâà (34), (36) ïðè óñëî-

âèÿõ (35), (37). Íàáîð (u∗(t), p∗(t), v∗(t), x
∗
0, x
∗
1, d∗) ∈ U×V ×L2(I,Rk+m2)×S0×S1×Γ

áóäåì íàçûâàåòñÿ ðåøåíèåì çàäà÷è (34)- (37).

Äîêàçàòåëüñòâî ëåììû 1. Ðàññìîòðèì äèôôåðåíöèàëüíûå óðàâíåíèÿ (12),
(15). Êàê ñëåäóåò èç òåîðåìû 1, óïðàâëåíèå w(t) = (w1(t), w2(t)) ïåðåâîäèò òðàåê-
òîðèþ ñèñòåìû (15) èç ξ0 â ξ1 òîãäà è òîëüêî òîãäà, êîãäà w(t) ∈ W1 ×W2. Ñëåäîâà-
òåëüíî, òðàåêòîðèÿ ñèñòåìû (12), èñõîäÿùàÿ èç òî÷êè ξ0 ∈ S0×Om2,1, ïðîõîäèò ÷åðåç
òî÷êó ξ1 ∈ S1×Ω òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû óñëîâèÿ (34), ãäå z(t), t ∈ I
- ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (22). Ñîîòíîøåíèÿ (36), (37) ñîîòâåòñòâó-
þò îãðàíè÷åíèÿì (14). Ñëåäîâàòåëüíî, çàäà÷à óïðàâëÿåìîñòè (12)-(14) ðàâíîñèëüíà
çàäà÷å (34)- (37).

Ëåììà 1 äîêàçàíà.
Çàäà÷à (34)- (37) ìîæåò áûòü çàïèñàíà â âèäå ñëåäóþùåé îïòèìèçàöèîííîé çàäà÷è:

J1(u(·), p(·), v(·), x0, x1, d) =

t∫
t0

[
|w1(t)− f(P1y(t), u(t), t)|2+

+ |w2(t)− f0(P1y(t), u(t), x0, x1, t)|2 + |p(t)− F (P1y(t), t)|2
]
dt→ inf (38)

ïðè óñëîâèÿõ

ż = A1(t)z +B1(t)v1(t) +B2(t)v2(t), z(t0) = 0, t ∈ I, (39)

v1(·) ∈ L2(I,Rk), v2(·) ∈ L2(I,Rm2), (40)

p(t) ∈ V (t), u(t) ∈ U(t), (x0, x1) ∈ S0 × S1 = S, d ∈ Γ, (41)

ãäå ôóíêöèè w1(t), w2(t), y(t), t ∈ I îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè (23), (24), (26)
ñîîòâåòñòâåííî.

Èòàê, ïîä÷åðêíåì ñëåäóþùåå:
1. Çàäà÷à îïòèìàëüíîãî áûñòðîäåéñòâèÿ (1)-(7) èìååò ðåøåíèå òîãäà è òîëüêî òî-

ãäà, êîãäà äëÿ íåêîòîðîãî t1 (t1 > t0) èìååò ðåøåíèå êðàåâàÿ çàäà÷à (12)-(14);
2. Êàê ñëåäóåò èç ëåììû 1, êðàåâàÿ çàäà÷à (12)-(14) ðàâíîñèëüíà çàäà÷å (34)-(37);
3. Åñëè äëÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñî ñâîáîäíûìè ïðàâûìè êîíöàìè

òðàåêòîðèé (38)-(41) ñóùåñòâóåò óïðàâëåíèå, ïðè êîòîðîì infJ1 = J1∗ = 0, òî òàêîãî
óïðàâëåíèÿ áóäóò âûïîëíåíû ñîîòíîøåíèÿ (34)-(37).

Ïåðåõîä îò êðàåâîé çàäà÷è (12)-(14) ê çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ (38)-(41)
ñî ñâîáîäíûìè ïðàâûìè êîíöàìè òðàåêòîðèé íàçîâåì ïðèíöèïîì ïîãðóæåíèÿ.

3.2 Ñóùåñòâîâàíèå ðåøåíèÿ

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

H = L2(I,Rm)× L2(I,Rs)× L2(I,Rk)× L2(I,Rm2)×Rn ×Rn ×Rm1 ,

Lρ2(I,Rk) =
{
v1(·) ∈ L2(I,Rk)

/
‖v1‖ ≤ ρ

}
,

Lρ2(I,Rm2) =
{
v2(·) ∈ L2(I,Rm2)

/
‖v2‖ ≤ ρ

}
, Γρ =

{
d ∈ Rm1

/
|d| ≤ ρ, d ≥ 0

}
,

X = U × V × Lρ2(I,Rk)× Lρ2(I,Rm2)× S0 × S1 × Γρ, X ⊂ H,

θ(t) = (u(t), p(t), v1(t), v2(t), x0, x1, d) ∈ X ⊂ H, q(t) = (θ(t), z(t), z(t1)),
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X∗ =
{
θ∗(·) ∈ X

/
J1(θ∗(·)) = inf

θ∈X
J1(θ(·))

}
,

w1(t) = w1(t)− f(P1y(t), u(t), t), w2(t) = w2(t)− f0(P1y(t), u(t), x0, x1, t),

w3(t) = p(t)− F (P1y(t), t), t ∈ I, F1(q(t), t) = |w1(t)|2 + |w2(t)|2 + |w3(t)|2,

ãäå ρ > 0 - äîñòàòî÷íî áîëüøîå ÷èñëî.
Äàëåå, âìåñòî çàäà÷è (38)-(41) ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè ôóíêöèîíàëà (38)

íà ìíîæåñòâå X, ò.å.

J1(θ(·)) =

t1∫
t0

F1(q(t), t)dt→ inf, θ ∈ X. (42)

Îïòèìèçàöèîííàÿ çàäà÷à (38)-(41) îòëè÷àåòñÿ îò (42) òåì, ÷òî âìåñòî ïðîñòðàíñòâ
L2(I,Rk), L2(I,Rm2) ââåäåíû ìíîæåñòâà Lρ2(I,Rk) è Lρ2(I,Rm2). Òàêèå ñóæåíèÿ îá-
ëàñòè äîïóñòèìûõ óïðàâëåíèé v1(·), v2(·) îïðàâäàíû òåì, ÷òî óïðàâëåíèÿ ñ áåñêîíå÷-
íûìè íîðìàìè ëèøåíû ôèçè÷åñêîãî ñìûñëà.

Ëåììà 2. Ïóñòü t1 (t1 > t0) - íåêîòîðîå çíà÷åíèå, ìàòðèöà T (t0, t1) ïîëî-

æèòåëüíî îïðåäåëåíà. Äëÿ òîãî ÷òîáû çàäà÷à îïòèìàëüíîãî áûñòðîäåéñòâèÿ (1)-

(7) èìåëà ðåøåíèå, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû çíà÷åíèå J1(θ∗(·)) = 0, ãäå
θ∗(·) = (u∗(·), p∗(·), v∗1(·), v∗2(·), x∗0, x∗1, d∗) ∈ X∗ - îïòèìàëüíîå óïðàâëåíèå â çàäà÷å (42).

Äîêàçàòåëüñòâî. Çàäà÷à (1)-(7) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà äëÿ
íåêîòîðîãî t1 êðàåâàÿ çàäà÷à (12)-(14) èìååò ðåøåíèå. Ñîãëàñíî ëåììå 1, êðàåâàÿ
çàäà÷à (12)-(14) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà ðàçðåøèìà çàäà÷à (34)-
(37). Äëÿ âûïîëíåíèÿ (34)-(37) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû J(θ∗) = 0, θ∗ ∈ X∗.

Ëåììà äîêàçàíà.
Èòàê, äëÿ âûÿñíåíèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (1)-(7) íåîáõîäèìî ðåøèòü

îïòèìèçàöèîííóþ çàäà÷ó (42). Åñëè õîòÿ áû äëÿ îäíîãî çíà÷åíèÿ t1 (t1 > t0) íèæíÿÿ
ãðàíü ôóíêöèîíàëà J1∗ = 0, òî çàäà÷à áûñòðîäåéñòâèÿ (1)-(7) ðàçðåøèìà, â ïðîòèâ-
íîì ñëó÷àå, ò.å., êîãäà äëÿ âñåõ t1 (t1 > t0) çíà÷åíèå J1∗ > 0, èñõîäíàÿ çàäà÷à íå èìååò
ðåøåíèÿ.

3.3 Ìèíèìèçèðóþùèå ïîñëåäîâàòåëüíîñòè

Çàäà÷à (42) ðåøàåòñÿ ïóòåì ïîñòðîåíèÿ ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé.

3.3.1 Ãðàäèåíò ôóíêöèîíàëà

Ôóíêöèè w1(t), w2(t), y(t), t ∈ I, èç (23), (24), (26) ïðåäñòàâèì â óäîáíîì äëÿ
âû÷èñëåíèÿ ãðàäèåíòà ôóíêöèîíàëà âèäå.

Ïîñêîëüêó âåêòîð

a = Φ(t0, t1)ξ1 − ξ0 =

(
Φ11(t0, t1) Φ12(t0, t1)

Φ21(t0, t1) Φ22(t0, t1)

)(
x1

c̄

)
−

(
x0

Om2,1

)
=

=

(
Φ11(t0, t1)x1 + Φ12(t0, t1)c̄− x0

Φ21(t0, t1)x1 + Φ22(t0, t1)c̄

)
,

à âåêòîðû
Φ12(t0, t1)c̄ = Φ12(t0, t1)

[
c− (d,O1,m2−m1)

]
=

= Φ12(t0, t1)c−
(
Φ121(t0, t1),Φ121(t0, t1)

)(
d,O1,m2−m1

)
= Φ12(t0, t1)c− Φ121(t0, t1)d,

Φ22(t0, t1)c̄ = Φ22(t0, t1)c− Φ221(t0, t1)d,

c = (c1, . . . , cm1 , cm1+1, . . . , cm2), Φ12(t0, t1) = (Φ121(t0, t1),Φ122(t0, t1)),
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òî ôóíêöèÿ w1(t) = v1(t) +B1
∗(t)Φ∗(t0, t)T

−1(t0, t1)a+N11(t)z(t1, v), t ∈ I, çàïèøåòñÿ
â âèäå

w1(t) = v1(t) +D0(t)x0 +D1(t)x1 −D2(t)d+N11(t)z(t1, v) + µ0(t), t ∈ I.

Àíàëîãè÷íûì ïóòåì ôóíêöèè w2(t), y(t), t ∈ I, èç (24), (26) ìîãóò áûòü ïðåäñòàâëåíû
ñëåäóþùèìè ñîîòíîøåíèÿìè

w2(t) = v2(t) + T0(t)x0 + T1(t)x1 − T2(t)d+N12(t)z(t1, v) + µ1(t), t ∈ I,

y(t) = z(t, v) + Π0(t)x0 + Π1(t)x1 −Π2(t)d+N2(t)z(t1, v) + µ2(t), t ∈ I.

Çäåñü Dj , Tj , Πj - èçâåñòíûå ìàòðèöû, µj(t) - èçâåñòíûå âåêòîð-ôóíêöèè, j = 0, 1, 2.
Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå ôóíêöèè F1(q, t), t ∈ I ïî ïåðåìåííîé q :

∂F1(q, t)

∂u
= −2f∗u(P1y, u, t)w1(t)− 2f∗0u(P1y, u, x0, x1, t)w2(t),

∂F1(q, t)

∂p
= 2w3(t),

∂F1(q, t)

∂v1
= 2w1(t),

∂F1(q, t)

∂v2
= 2w2(t),

∂F1(q, t)

∂x0
= (2D∗0 − 2Π∗0P

∗
1 f
∗
x)w1 + (2T ∗0 − 2Π∗1P

∗
0 f
∗
0x − 2f∗0x0)w2 − 2Π∗1P

∗
0F
∗
xw3,

∂F1(q, t)

∂x1
= (2D∗1 − 2Π∗1P

∗
1 f
∗
x)w1 + (2T ∗1 − 2Π∗1P

∗
1 f
∗
0x − 2f∗0x1)w2 − 2Π∗1P

∗
1F
∗
xw3,

∂F1(q, t)

∂d
= (−2D∗2 + 2Π∗2P

∗
1 f
∗
x)w1 + (−2T ∗2 + 2Π∗2P

∗
1 f
∗
0x)w2 + 2Π∗2P

∗
1F
∗
xw3.

∂F1(q, t)

∂z
= −2P ∗1 f

∗
xw1 − 2P ∗1 f

∗
0xw2 − 2P ∗1F

∗
xw3,

∂F1(q, t)

∂z(t1)
= (2N∗11 − 2N∗2P

∗
1 f
∗
x)w1 + (2N∗12 − 2N∗2P

∗
1 f
∗
0x)w2 − 2N∗2P

∗
1F
∗
xw3,

Òåîðåìà 2. Ïóñòü ìàòðèöà T (t0, t1) ïîëîæèòåëüíî îïðåäåëåíà, ôóíêöèÿ F1(q, t)
îïðåäåëåíà è íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ (q, t) âìåñòå ñ ÷àñòíûìè ïðî-

èçâîäíûìè ïî q è ÷àñòíûå ïðîèçâîäíûå F1u, F1p, F1v1, F1v2, F1x0 , F1x1 , F1d, F1z, F1z(t1)

óäîâëåòâîðÿþò óñëîâèÿì Ëèïøèöà ïî ïåðåìåííîé q. Òîãäà ôóíêöèîíàë J1(θ) â çà-

äà÷å (42) íåïðåðûâíî äèôôåðåíöèðóåì ïî Ôðåøå, ãðàäèåíò

J
′
1(θ) = (J

′
11(θ), J

′
12(θ), J

′
13(θ), J

′
14(θ), J

′
15(θ), J

′
16(θ), J

′
17(θ)) ∈ H

â ëþáîé òî÷êå θ ∈ X âû÷èñëÿåòñÿ ïî ôîðìóëå

J
′
11(θ) = F1u =

∂F1(q(t), t)

∂u
, J

′
12(θ) = F1p =

∂F1(q(t), t)

∂p
,

J
′
13(θ) = F1v1 −B∗1(t)ψ =

∂F1(q(t), t)

∂v1
−B∗1(t)ψ,

J
′
14(θ) = F1v2 −B∗2ψ =

∂F1(q(t), t)

∂v2
−B∗2ψ,

(43)

J
′
15(θ) =

t1∫
t0

∂F1(q(t), t)

∂x0
dt, J

′
16(θ) =

t1∫
t0

∂F1(q(t), t)

∂x1
dt, J

′
17(θ) =

t1∫
t0

∂F1(q(t), t)

∂d
dt,
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ãäå z(t), t ∈ I, - ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (39), ñîîòâåòñòâóþùåå

(v1(·), v2(·)) ∈ Lρ2(I,Rk) × Lρ2(I,Rm2), ôóíêöèÿ ψ(t), t ∈ I, - ðåøåíèå ñîïðÿæåííîé

ñèñòåìû

ψ̇ = F1z(q(t), t)−A∗1(t)ψ, ψ(t1) = −
t1∫
t0

F1z(t1)(q(t), t)dt. (44)

Êðîìå òîãî, ãðàäèåíò J
′
1(θ), θ ∈ X, óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

‖J ′1(θ1)− J ′1(θ2)‖ ≤ K‖θ1 − θ2‖, ∀ θ1, θ2 ∈ X, K = const > 0. (45)

Äîêàçàòåëüñòâî. Ïóñòü ∆θ = (∆u,∆p,∆v1,∆v2,∆x0,∆x1,∆d), θ, θ + ∆θ ∈ X,
è z(t, v1, v2), z(t, v1 + ∆v1, v2 + ∆v2), t ∈ I, - ðåøåíèÿ ñèñòåìû (39), ñîîòâåòñòâóþùèå
óïðàâëåíèÿì (v1, v2), (v1 + ∆v1, v2 + ∆v2). Ïóñòü z(t, v1 + ∆v1, v2 + ∆v2) = z(t, v1, v2) +
∆z(t), t ∈ I. Òîãäà ïðèðàùåíèå ∆z(t) = z(t, v1 + ∆v1, v2 + ∆v2)− z(t, v1, v2) ÿâëÿåòñÿ
ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

∆ż = A1(t)∆z(t) +B1(t)∆v1(t) +B2(t)∆v2(t), ∆z(t0) = 0, t ∈ I. (46)

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (46) çàïèøåòñÿ òàê:

∆z(t) =

t1∫
t0

Φ(t, t0)[B1(τ)∆v1(τ) +B2(τ)∆v2(τ)]dτ, t ∈ I.

Îòñþäà ñëåäóåò îöåíêà

|∆z(t)| =
t1∫
t0

‖Φ(t, 0)‖
[
‖B1(τ)‖|∆v1(τ)|+ ‖B2(τ)‖|∆v2(τ)|

]
dτ ≤

≤ C1

t1∫
t0

|∆v1(τ)|dτ + C2

t1∫
t0

|∆v2(τ)|dτ ≤ C1‖∆v1(τ)‖L2 + C2‖∆v2(τ)‖L2 , t ∈ I, (47)

ãäå ‖∆vi‖L2 = (
t1∫
t0

|∆vi(t)|2dt)1/2, Ci = Ci
√
t1 − t0, Ci = sup‖Φ(t, τ)‖‖Bi(τ)‖, t0 ≤ t,

τ ≤ t1, i=1,2.
Ïðèðàùåíèå ôóíêöèîíàëà

∆J1 = J1(θ(t) + ∆θ(t)− J1(θ(t)) =
t1∫
t0

[F1(q(t) + ∆q(t), t)− F1(q(t), t)]dt, (48)

ãäå q(t)+∆q(t) = (θ(t)+∆θ(t), z(t)+∆z(t), z(t1)+∆z(t1)). Ïîñêîëüêó ôóíêöèÿ F1(q, t)
èìååò íåïðåðûâíûå ïðîèçâîäíûå ïî q, òî

F1(q+∆q, t)−F1(q, t) = ∆u∗F1u(q+σ∆q, t)+∆p∗F1p(q+σ∆q, t)+∆v∗1F1v1(q+σ∆q, t)+

+∆v∗2F1v2(q + σ∆q, t) + ∆x∗0F1x0(q + σ∆q, t) + ∆x∗1F1x1(q + σ∆q, t)+

+∆d∗F1d(q + σ∆q, t) + ∆z∗F1z(q + σ∆q, t) + ∆z∗(t1)F1z1(q + σ∆q, t),
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ãäå 0 ≤ σ ≤ 1. Ïîäñòàâëÿÿ äàííîå âûðàæåíèå â ïðàâóþ ÷àñòü ñîîòíîøåíèÿ (48),
ïîëó÷èì:

∆J1 =

t1∫
t0

[
∆u∗(t)F1u(q(t), t) + ∆p∗F1p(q, t) + ∆v∗1(t)F1v1(q, t) + ∆v∗2(t)F1v2(q, t)+

+∆x∗0F1x0(q, t) + ∆x∗1F1x1(q, t) + ∆d∗F1d(q, t) + ∆z∗(t)F1z(q, t) + ∆z∗(t1)F1z(t1)(q, t)
]
dt+

+
9∑
i=1

Ri, (49)

ãäå

R1 =

t1∫
t0

∆u∗
[
F1u(q + σ∆q, t)− F1u(q(t), t)

]
dt,

R2 =

t1∫
t0

∆p∗
[
F1p(q + σ∆q, t)− F1p(q, t)

]
dt,

R3 =

t1∫
t0

∆v∗1
[
F1v1(q + σ∆q, t)− F1v1(q, t)

]
dt,

R5 =

t1∫
t0

∆v∗2
[
F1v2(q + σ∆q, t)− F1x0(q, t)

]
dt,

R6 =

t1∫
t0

∆x∗0
[
F1x0(q + σ∆q, t)− F1x0(q, t)

]
dt,

R7 =

t1∫
t0

∆d∗
[
F1d(q + σ∆q, t)− F1d(q, t)

]
dt,

R8 =

t1∫
t0

∆z∗
[
F1z(q + σ∆q, t)− F1z(q, t)

]
dt,

R9 =

t1∫
t0

∆z∗(t1)
[
F1z1(q + σ∆q, t)− F1z(t1)(q, t)

]
dt,

Ïî óñëîâèþ òåîðåìû ÷àñòíûå ïðîèçâîäíûå ôóíêöèè F1(q, t) ïî ïåðåìåííîé q óäî-
âëåòâîðÿþò óñëîâèÿì Ëèïøèöà. Òîãäà âåðíû ñëåäóþùèå îöåíêè

|R1| ≤
t1∫
t0

|∆u∗||F1u(q + σ∆q, t)− F1u(q(t), t)|dt ≤ l1

t1∫
t0

|∆u(t)||∆q(t)|dt,

|R2| ≤ l2

t1∫
t0

|∆p(t)||∆q(t)|dt, |R3| ≤ l3

t1∫
t0

|∆v1(t)||∆q(t)|dt,
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|R4| ≤ l4

t1∫
t0

|∆v2(t)||∆q(t)|dt, |R5| ≤ l5

t1∫
t0

|∆x0||∆q(t)|dt,

|R6| ≤ l6

t1∫
t0

|∆x1||∆q(t)|dt, |R7| ≤ l7

t1∫
t0

|∆d||∆q(t)|dt,

|R8| ≤ l8

t1∫
t0

|∆z(t)||∆q(t)|dt, |R9| ≤ l9

t1∫
t0

|∆z(t1)||∆q(t)|dt,

Çàìåòèì, ÷òî (ñì.(44),(46)):

t1∫
t0

∆z∗(t1)F1z(t1)(q, t)dt = ∆z∗(t1)

t1∫
t0

F1z(t1)(q, t)dt = −∆z∗(t1)ψ(t1) =

= −
t1∫
t0

d

dt
[∆z∗(t)ψ(t)]dt = −

t1∫
t0

∆ż∗(t)ψ(t)dt−
t1∫
t0

∆z∗(t)ψ̇(t)dt =

= −
t1∫
t0

[∆z∗(t)A∗1(t) + ∆v∗1(t)B∗1(t) + ∆v∗2(t)B∗2(t)]ψ(t)dt−
t1∫
t0

∆z∗(t)F1z(t)(q, t)dt. (50)

Èç (49) ñ ó÷åòîì (50), èìååì

∆J1 =

t1∫
t0

[
∆u∗(t)F1u(q, t) + ∆p∗F1p(q, t) + ∆v∗1(t)[F1v1(q, t)−B∗1(t)ψ(t)]+

+∆v∗1(t)[F1v1(q, t)−B∗2(t)ψ(t)] + ∆x∗0F1x0(q, t) + ∆x∗1F1x1(q, t) + ∆d∗F1d(q, t)
]
dt+

+
9∑
i=1

Ri. (51)

Ïîñêîëüêó ∆q(t) = (∆θ(t),∆z(t),∆z(t1)), òî

|∆q(t)| ≤ |∆u|+ |∆p|+ |∆v1|+ |∆v2|+ |∆x0|+ |∆x1|+ |∆d|+ |∆z(t)|+ |∆z(t1)|.

Òîãäà âåðíà ñëåäóþùàÿ îöåíêà(ñì.(47)):

‖∆q‖2 =

t1∫
t0

|∆q|2dt ≤
t1∫
t0

[
|∆u(t)|+ |∆p(t)|+ |∆v1(t)|+ |∆v2(t)|+ |∆x0|+ |∆x1|+

+|∆d|+ |∆z(t)|+ |∆z(t1)|
]2
≤ C2

1

[
‖∆u‖2 + ‖∆p‖2 + ‖∆v1‖2 + ‖∆v2‖2 + |∆x0|2+

+|∆x1|2 + |∆d|2
]

= C2
1‖θ‖2, C2

1 = const > 0, (52)

ãäå ‖∆θ‖2 = ‖∆u‖2 + ‖∆p‖2 + ‖∆v1‖2 + ‖∆v2‖2 + |∆x0|2 + |∆x1|2 + |∆d|2,

‖∆u‖2 =

t1∫
t0

|∆u|2dt, ‖∆p‖2 =

t1∫
t0

|∆p|2dt, ‖∆v1‖2 =

t1∫
t0

|∆v1|2dt, ‖∆v2‖2 =

t1∫
t0

|∆v2|2dt.
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Ñëåäîâàòåëüíî, ñïðàâåäëèâî íåðàâåíñòâî:

|R1| ≤ l1
t1∫
t0

|∆u(t)||∆q(t)|dt ≤ l1(
t1∫
t0

|∆u(t)|2)
1
2 (
t1∫
t0

|∆q(t)|2)
1
2 ≤

≤ l1‖∆u‖‖∆q‖ ≤ l1‖∆u‖C1‖∆θ‖ ≤ l1‖∆θ‖2,
|R2| ≤ l2‖∆θ‖2, |R3| ≤ l3‖∆θ‖2, |R4| ≤ l4‖∆θ‖2, |R5| ≤ l5‖∆θ‖2,
|R6| ≤ l6‖∆θ‖2, |R7| ≤ l7‖∆θ‖2, |R8| ≤ l8‖∆θ‖2, |R9| ≤ l9‖∆θ‖2.

Èòàê, åñëè R =
9∑
i=1

Ri, òî |R| ≤
9∑
i=1

Ri ≤ C2‖∆θ‖2, C2 = const > 0. Òåïåðü ñîîòíîøåíèå

(51) çàïèøåòñÿ â âèäå

∆J1 =
〈
J ′1(θ),∆θ

〉
H

+R,
R

‖∆θ‖
≤ C2‖∆θ‖2

‖∆θ‖
= C2‖∆θ‖ → 0 ïðè ‖∆θ‖ → 0.

Îòñþäà ñëåäóåò, ÷òî ãðàäèåíò J ′1(θ) îïðåäåëÿåòñÿ ïî ôîðìóëå (43). Ïåðâîå óòâåð-
æäåíèå òåîðåìû äîêàçàíî.

Ïîêàæåì, ÷òî ãðàäèåíò J ′1(θ) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà (45). Âûáåðåì
θ1 = (u+ ∆u, p+ ∆p, v1 + ∆v1, v2 + ∆v2, x0 + ∆x0, x1 + ∆x1, d+ ∆d) ∈ X è
θ2 = (u, p, v1, v2, x0, x1, d) ∈ X. Òîãäà ðàçíîñòü (ñì.(43))

J ′1(θ1)− J ′1(θ2) =
(
F1u(q + ∆q, t)− F1u(q, t), F1p(q + ∆q, t)− F1p(q, t)),

F1v1(q + ∆q, t)− F1v1(q, t)−B∗1(t)ψ(t), F1v2(q + ∆q, t)− F1v2(q, t)−B∗2(t)ψ(t),

t1∫
t0

[
F1x0(q + ∆q, t)− F1x0(q, t)

]
dt,

t1∫
t0

[
F1x1(q + ∆q, t)− F1x1(q, t)

]
dt,

t1∫
t0

[F1d(q + ∆q, t)− F1d(q, t)]dt
)
,

ãäå ∆ψ(t) = ψ(t, θ + ∆θ)− ψ(t, θ). Îòñþäà ñëåäóåò, ÷òî

‖J ′1(θ1)− J ′1(θ2)‖ = |F1u(··)− F1u(·)|+ |F1p(··)− F1p(·)|+ |F1v1(··)− F1v1(·)|+

+B1max|∆ψ(t)|+ |F1v2(··)− F1v2(·)|+B2max|∆ψ(t)|+
t1∫
t0

|F1x0(··)− F1x0(·)|dt+

+

t1∫
t0

|F1x1(··)− F1x1(·)|dt+

t1∫
t0

|F1d(··)− F1d(·)|dt,

ãäå (··) = (q(t)+∆q(t), t), (·) = (q(t), t), B1max = sup
t0≤t≤t1

‖B1(t)‖, B2max = sup
t0≤t≤t1

‖B2(t)‖.

Òàê êàê ÷àñòíûå ïðîèçâîäíûå ôóíêöèè F1(q, t) óäîâëåòâîðÿåò óñëîâèÿì Ëèïøèöà è
âåðíî íåðàâåíñòâî (52), òî

|J ′1(θ1)− J ′1(θ2)| ≤ (l1 + l2 + l3 + l4)|∆q(t)|+ (B1max +B2max)|∆ψ(t)|+

+(l5 + l6 + l7)
√
t1 − t0‖∆q(t)‖ ≤ (

4∑
i=1

li)|∆q(t)|+ (B1max +B2max)|∆ψ(t)|+
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+(l5 + l6 + l7)
√
t1 − t0 C1‖∆θ‖. (53)

Èç (53) ñëåäóåò, ÷òî

|J ′1(θ1)−J ′1(θ2)|2 ≤ 2[
4∑
i=1

li]
2|∆q(t)|2+4(B1max+B2max)2|∆ψ(t)|2+4(t1−t0)C2

1 [
7∑
i=5

li]
2‖∆θ‖2.

Â ñèëó ïîñëåäíåãî íåðàâåíñòâà

‖J ′1(θ1)− J ′1(θ2)‖2 =

t1∫
t0

|J ′1(θ1)− J ′1(θ2)|2dt ≤ 2(

4∑
i=1

li)
2

t1∫
t0

|∆q(t)|2dt+

+4(B1max +B2max)2

t1∫
t0

|∆ψ(t)|2dt+ 4(t1 − t0)2C2
1 (

7∑
i=5

li)
2‖∆θ‖2 ≤

≤
[
2(

4∑
i=1

li)
2C2

1 + 4(t1 − t0)2(
7∑
i=5

li)
2C2

1

]
‖∆θ‖2 + 4(B1max +B2max)2

t1∫
t0

|∆ψ(t)|2dt. (54)

Êàê ñëåäóåò èç óðàâíåíèÿ ñîïðÿæåííîé ñèñòåìû (44), ôóíêöèÿ ∆ψ(t), t ∈ I ÿâëÿåòñÿ
ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

∆ψ̇(t) = [F1z(··)−F1z(·)]−A∗1(t)∆ψ(t), ∆ψ(t1) = −
t1∫
t0

[F1z(t1)(··)−F1z(t1))(·)]dt. (55)

Ðåøåíèå ñèñòåìû (55) çàïèøåòñÿ òàê

∆ψ(t) = ∆ψ(t1)−
t∫
t0

[
[F1z(··)− F1z(·)]−A∗1(τ)∆ψ(τ)

]
dτ. (56)

Èç (56) ñëåäóåò, ÷òî

|∆ψ(t)| ≤ |∆ψ(t1)|+
t1∫
t0

|F1z(··)− F1z(·)|dt+A1max

t1∫
t0

|∆ψ(τ)|dτ ≤

≤ l9

t1∫
t0

|∆q(τ)|dτ + l8

t1∫
t0

|∆q(τ)|dτ +A1max

t1∫
t0

|∆ψ(τ)|dτ ≤
[
l9
√
t1 − t0C1+

+l8
√
t1 − t0C1

]
‖∆θ‖+A1max

t1∫
t0

|∆ψ(τ)|dτ,

ãäå A1max = sup
t0≤t≤t1

‖A∗1(t)‖. Îòñþäà, ïðèìåíÿÿ ëåììó Ãðîíóîëëà, ïîëó÷èì

|∆ψ(t)| ≤ (l8 + l9)
√
t1 − t0C1e

A1max(t1−t0)‖∆θ‖, t ∈ I. (57)

Ïîäñòàâëÿåì îöåíêó (57) â ïðàâóþ ÷àñòü íåðàâåíñòâà (54), è ïîëó÷èì

‖J ′1(θ1)− J ′1(θ2)‖2 ≤
[
2(

4∑
i=1

li)
2C2

1 + 4(t1 − t0)2(

7∑
i=5

li)
2C2

1+
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+4(B1max +B2max)2(t1 − t0)2(l8 + l9)2C2
1e

2A1max(t1−t0)
]
‖∆θ‖2.

Îòñþäà ñëåäóåò îöåíêà (45), ãäå

K =

√
2(

4∑
i=1

li)2C2
1 + 4(t1 − t0)2(

7∑
i=5

li)2C2
1+

+4(B1max +B2max)2(t1 − t0)2(l8 + l9)2C2
1e

2A1max(t1−t0).

(58)

Òåîðåìà äîêàçàíà.

3.3.2 Âûïóêëîñòü ôóíêöèîíàëà

Ëåììà 3. Ïóñòü ìàòðèöà T (t0, t1) ïîëîæèòåëüíî îïðåäåëåíà, ôóíêöèÿ F1(q, t)
âûïóêëà ïî ïåðåìåííîé q. Òîãäà ôóíêöèîíàë J1(θ) â çàäà÷å (42) ÿâëÿåòñÿ âûïóêëûì.

Äîêàçàòåëüñòâî. Ïóñòü

θ1 = (u1, p1, v1
1, v

1
2, x

1
0, x

1
1, d

1) ∈ X, θ2 = (u2, p2, v2
1, v

2
2, x

2
0, x

2
1, d

2) ∈ X.

Òàê êàê X âûïóêëîå ìíîæåñòâî â H, òî αθ1 + (1−α)θ2 = (αu1 + (1−α)u2, αp1 + (1−
α)p2, αv1

1 +(1−α)v2
1, αv

1
2 +(1−α)v2

2, αx
1
0 +(1−α)x2

0, αx
1
1 +(1−α)x2

1, αd
1 +(1−α)d2) ∈ X

ïðè âñåõ α ∈ [0, 1]. Òîãäà

J1(αθ1 + (1− α)θ2) =

t1∫
t0

F1(αu1 + (1− α)u2, αp1 + (1− α)p2, αv1
1 + (1− α)v2

1,

αv1
2 + (1− α)v2

2, αx
1
0 + (1− α)x2

0, αx
1
1 + (1− α)x2

1, αd
1 + (1− α)d2,

z(t, αv1
1 + (1− α)v2

1, αv
1
2 + (1− α)v2

2), z(t1, αv
1
1 + (1− α)v2

1, αv
1
2 + (1− α)v2

2))dt. (59)

Ðàññìîòðèì ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ îòíîñèòåëüíî z :

z(t) =

t∫
t0

Φ(t, τ)B1(τ)v1(τ)dτ +

t∫
t0

Φ(t, τ)B2(τ)v2(τ)dτ, t ∈ I = [t0, t1], (60)

äëÿ ëþáûõ v1(t) ∈ Lρ2(I,Rm), v2(t) ∈ Lρ2(I,Rm2). Ïîñêîëüêó ìíîæåñòâà Lρ2(I,Rm),
Lρ2(I,Rm2) âûïóêëû, òî äëÿ ëþáîãî α ∈ [0, 1] óïðàâëåíèÿ αv1

1(t) + (1 − α)v2
1(t) ∈

Lρ2(I,Rm), αv1
2(t) + (1− α)v2

2(t) ∈ Lρ2(I,Rm2). Òîãäà

z(t, αv1
1 + (1− α)v2

1, αv
1
2 + (1− α)v2

2) =

t∫
t0

Φ(t, τ)B1(τ)
[
αv1

1(τ) + (1− α)v2
1(τ)

]
dτ+

+

t∫
t0

Φ(t, τ)B2(τ)
[
αv1

2(τ) + (1− α)v2
2(τ)

]
dτ = α

[ t∫
t0

Φ(t, τ)B1(τ)v1
1(τ)dτ+

+

t∫
t0

Φ(t, τ)B2(τ)v1
2(τ)dτ

]
+ (1− α)

[ t∫
t0

Φ(t, τ)B1(τ)v1
1(τ)dτ +

t∫
t0

Φ(t, τ)B2(τ)v2
2(τ)dτ

]
=

= αz(t, v1
1, v

1
2) + (1− α)z(t, v2

1, v
2
2), t ∈ I, (61)

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 45



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2010

â ñèëó ðàâåíñòâà (60). Òåïåðü ñîîòíîøåíèå (59), ñ ó÷åòîì ïîñëåäíåãî ðàâåíñòâà è
âûïóêëîñòè ôóíêöèè F1(q, t), ïðèìåò ñëåäóþùèé âèä:

J1(αθ1 + (1− α)θ2) =

t1∫
t0

F1(αq1(t) + (1− α)q2(t))dt ≤
t1∫
t0

αF1(q1(t), t)dt+

+(1− α)

t1∫
t0

αF1(q2(t), t)dt = αJ1(θ1) + (1− α)J1(θ2), ∀θ1, θ2 ∈ X.

Ýòî îçíà÷àåò, ÷òî ôóíêöèîíàë J1(θ), θ ∈ X, ÿâëÿåòñÿ âûïóêëûì íà ìíîæåñòâå X.
Ëåììà äîêàçàíà.

3.3.3 Ìèíèìèçèðóþùèå ïîñëåäîâàòåëüíîñòè

Ïóñòü θ0 = (u0, p0, v
0
1, v

0
2, x

0
0, x

0
1, d0) ∈ X - íà÷àëüíàÿ òî÷êà. Ïîñòðîèì ïîñëåäî-

âàòåëüíîñòü {θn} = {un, pn, vn1 , vn2 , xn0 , xn1 , dn} ⊂ X ñ íà÷àëüíîé òî÷êîé θ0 ∈ X ïî
ïðàâèëó:

un+1 = PU [un − αnJ
′
11(θn)], pn+1 = PV [pn − αnJ

′
12(θn)],

vn+1
1 = PLρ2 [vn1 − αnJ

′
13(θn)], vn+1

2 = PLρ2 [vn2 − αnJ
′
14(θn)],

xn+1
0 = PS0 [xn0 − αnJ

′
15(θn)], xn+1

1 = PS1 [xn1 − αnJ
′
16(θn)], (62)

dn+1 = PΓρ [dn − αnJ
′
17(θn)], n = 0, 1, 2, ...,

ãäå αn > 0, 0 < ε0 ≤ αn ≤ 2/(K + 2ε), ε > 0, PQ[·] - ïðîåêöèÿ òî÷êè íà ìíîæåñòâå Q.
Òåîðåìà 3. Ïóñòü ìàòðèöà T (t0, t1) ïîëîæèòåëüíî îïðåäåëåíà, ôóíêöèÿ F1(q, t)

íåïðåðûâíà âìåñòå ñ ÷àñòíûìè ïðîèçâîäíûìè ïî q, ÷àñòíûå ïðîèçâîäíûå óäîâëå-

òâîðÿþò óñëîâèÿì Ëèïøèöà ïî q. Ïóñòü, êðîìå òîãî, ôóíêöèÿ F1(q, t) âûïóêëà ïî
ïåðåìåííîé q. Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) äîñòèãàåòñÿ íèæíÿÿ ãðàíü ôóíêöèîíàëà (42), ò.å. inf
θ∈X

J1(θ) = J1(θ∗), θ∗ ∈ X∗;
2) ïîñëåäîâàòåëüíîñòü {θn} ⊂ X, îïðåäåëÿåìàÿ ïî ôîðìóëå (62), ÿâëÿåòñÿ ìè-

íèìèçèðóþùåé, ò.å. lim
n→∞

J1(θn) = J1(θ∗), è ñëàáî ñõîäèòñÿ ê òî÷êå θ∗ ∈ X∗;
3) äëÿ òîãî ÷òîáû çàäà÷à îïòèìàëüíîãî áûñòðîäåéñòâèÿ (1)-(7) èìåëà ðåøåíèå

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ íåêîòîðîãî t1, t1 > t0, çíà÷åíèå ôóíêöèîíàëà
J1(θ∗) = 0;

4) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòè ñõîäèìîñòè

0 ≤ J1(θn)− J1(θ∗) ≤
m0

n
, m0 = const > 0, n = 1, 2, ....

Äîêàçàòåëüñòâî. Ïîñêîëüêó âûïîëíåíû ïðåäïîñûëêè òåîðåìû 2, òî ôóíêöèîíàë
(42) íåïðåðûâíî äèôôåðåíöèðóåì â ñìûñëå Ôðåøå è ãðàäèåíò óäîâëåòâîðÿåò óñëî-
âèþ Ëèïøèöà. À â ñèëó âûïîëíåíèÿ óñëîâèé ëåììû 3, J1(θ) - âûïóêëûé ôóíêöèîíàë.
Ìíîæåñòâî X ÿâëÿåòñÿ îãðàíè÷åííûì, âûïóêëûì, çàìêíóòûì â ðåôëåêñèâíîì áàíà-
õîâîì ïðîñòðàíñòâå H. Ñëåäîâàòåëüíî, ôóíêöèîíàë ñëàáî ïîëóíåïðåðûâåí ñíèçó íà
ñëàáî áèêîìïàêòíîì ìíîæåñòâå X è äîñòèãàåò íèæíåé ãðàíè íà X.

Ïåðâîå óòâåðæäåíèå òåîðåìû äîêàçàíî.
Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå òîãî, ÷òî θn+1 ÿâëÿåòñÿ ïðîåêöèåé òî÷êè θn−

αnJ
′
1(θn) íà ìíîæåñòâî X, çàïèøåòñÿ òàê〈

θn+1 − (θn − αnJ ′1(θn)), θ − θn+1

〉
H
≥ 0, ∀θ, θ ∈ X. (63)
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Îòñþäà, â ÷àñòíîñòè, ïðè θ = θn, ïîëó÷èì〈
J ′1(θn), θn − θn+1

〉
H
≥ 1

αn
‖θn − θn+1‖2H . (64)

Òàê êàê J1(θ) ∈ C1,1(X), òî âåðíî íåðàâåíñòâî

J1(θn)− J1(θn+1) ≥
〈
J ′1(θn), θn − θn+1

〉
− K

2
‖θn − θn+1‖2,

ãäå K > 0 - ïîñòîÿííàÿ Ëèïøèöà èç (45). Èç äàííîé îöåíêè, ñ ó÷åòîì (64), èìååì

J1(θn)−J1(θn+1) ≥
( 1

αn
−K

2

)
‖θn−θn+1‖2 ≥ ε‖θn−θn+1‖2, ε > 0, n = 0, 1, 2, . . . . (65)

Çàìåòèì, ÷òî åñëè J ′1(θn) = 0, òî ïðîöåññ ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè (62)
ïðåêðàùàåòñÿ. Ïóñòü J ′1(θn) 6= 0 äëÿ ëþáîãî n = 0, 1, 2, . . . . Òîãäà ‖θn − θn+1‖ 6= 0.
Òîãäà èç íåðàâåíñòâà (65) ñëåäóåò, ÷òî ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {J1(θn)} ñòðîãî
óáûâàåò. Ïîñêîëüêó J1(θ) ≥ 0, ∀θ, θ ∈ X1, òî çíà÷åíèå ôóíêöèîíàëà J1(θ) îãðàíè÷åíî
ñíèçó. Ñëåäîâàòåëüíî, ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {J1(θn)} ñõîäèòñÿ è âûïîëíåíî
ðàâåíñòâî lim

n→∞
[J1(θn)−J1(θn+1)] = 0. Ïåðåõîäÿ ê ïðåäåëó èç (65), èìååì ‖θn−θn+1‖ →

0 ïðè n→∞ è äëÿ ëþáîãî êîíå÷íîãî n âûïîëíåíî íåðàâåíñòâî J1(θn+1) < J1(θn).
Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {θn} ∈ X ÿâëÿåòñÿ ìèíèìèçèðóþùåé. Â ñàìîì

äåëå, ïîñêîëüêó J1(θ) ∈ C1,1(X) è ÿâëÿåòñÿ âûïóêëûì, òî íåîáõîäèìî è äîñòàòî÷íî
âûïîëíÿåòñÿ íåðàâåíñòâî

J1(θ1)− J1(θ2) ≥
〈
J ′1(θ2), θ1 − θ2

〉
H
, ∀θ1, θ2 ∈ X.

Óìíîæàÿ äàííîå ñîîòíîøåíèå íà (-1), ïðè θ2 = θn, θ1 = θ∗ ∈ X∗ ⊂ X, θn ∈ X,
èìååì

J1(θn)−J1(θ∗) ≤
〈
J ′1(θn), θn−θ∗

〉
H

=
〈
J ′1(θn), θn−θn+1

〉
H
−
〈
J ′1(θn), θ∗−θn+1

〉
H
. (66)

Èç ñîîòíîøåíèÿ (63) ïðè θ = θ∗ ∈ X èìååì〈
J ′1(θn), θ∗ − θn+1

〉
H
≥ 1

αn

〈
θn − θn+1, θ∗ − θn+1

〉
H
. (67)

Èç (66), (67), ïîëó÷èì

J1(θn)−J1(θ∗) ≤ ‖J ′1(θn)− 1

αn
(θ∗−θn+1)‖‖θn−θn+1‖ ≤

[
sup
θn∈X

‖J ′1(θn)‖+D

ε0

]
‖θn−θn+1‖,

(68)

ãäå D = sup
θ1,θ2∈X

‖θ1 − θ2‖ - äèàìåòð ìíîæåñòâà X, ‖θ∗ − θn+1‖ ≤ D,
1

αn
≤ 1

ε0
,

0 < ε0 < αn.
Òàê êàê ‖θn−θn+1‖ → 0 ïðè n→∞, òî èç (68) ñëåäóåò, ÷òî lim

n→∞
J1(θn) = J1(θ∗) =

= inf
θ∈X

J1(θ). Ýòî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü {θn} ∈ X ÿâëÿåòñÿ ìèíèìèçèðóþ-

ùåé.
Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {θn} ∈ X ñëàáî ñõîäèòñÿ ê ýëåìåíòó ìíîæåñòâà

X∗ ïðè n→∞. Â ñàìîì äåëå, ìíîæåñòâî X ñëàáî áèêîìïàêòíî, ïîñëåäîâàòåëüíîñòü
{θn} ⊂ X. Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü {θn} èìååò õîòÿ áû îäíó ïîäïîñëåäîâà-

òåëüíîñòü {θnm} ⊂ X òàêóþ, ÷òî θnm
ñë−→ θ∗ ïðè m→∞, ïðè÷åì θ∗ ∈ X. Òàê êàê ïî-

ñëåäîâàòåëüíîñòü {θn} ÿâëÿåòñÿ ìèíèìèçèðóþùåé, òî ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü
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{J1(θn)} ñõîäèòñÿ ê çíà÷åíèþ J∗ = inf
θ∈X

J1∗(θ). Òîãäà ïîñëåäîâàòåëüíîñòü {J1(θnm)}
òàêæå ñõîäèòñÿ ê J1∗, ò.å. lim

m→∞
J1(θnm) = J1∗. Ñ äðóãîé ñòîðîíû, ôóíêöèîíàë J1(θ)

ñëàáî ïîëóíåïðåðûâåí ñíèçó, ñëåäîâàòåëüíî, âûïîëíåíû ñëåäóþùèå íåðàâåíñòâà

J1∗ ≤ J1(θ∗) ≤ lim
m→∞

J1(θnm) ≤ lim
m→∞

J1(θnm) = J1∗,

ãäå θnm
ñë−→ θ∗, m → ∞. Îòñþäà èìååì J1(θ∗) = J1∗ = inf

θ∈X
J1(θ). Ýòî îçíà÷àåò, ÷òî

θ∗ ∈ X∗. Èòàê, â ñëàáî ïðåäåëüíîé òî÷êå θ∗ ïîñëåäîâàòåëüíîñòè {θn} ∈ X äîñòèãàåòñÿ
íèæíÿÿ ãðàíü ôóíêöèîíàëà J1(θ) íà ìíîæåñòâå X.

Äîêàçàòåëüñòâî òðåòüåãî óòâåðæäåíèÿ òåîðåìû ñëåäóåò èç ëåììû 2.

Äîêàæåì îöåíêó ñêîðîñòè ñõîäèìîñòè. Ïóñòü âåëè÷èíà a = sup
θn∈X

‖J ′1(θn)‖ +
D

ε0
.

Ïîñëå ââåäåíèÿ îáîçíà÷åíèÿ an = J1(θn)− J1(θ∗), èç îöåíîê (65), (68), èìååì

an ≤ a‖θn − θn+1‖, an − an+1 ≥ ε‖θn − θn+1‖2.

Äàëåå, ïðèìåíÿÿ ëåììó î ÷èñëîâîé ïîñëåäîâàòåëüíîñòè {an}, ïîëó÷èì an <
1

An
, n =

1, 2, . . . . Îòñþäà ñëåäóåò, ÷òî

J1(θn)− J1(θ∗) ≤
a2

ε

1

n
=
m0

n
, m0 =

a2

ε
= const > 0, n = 1, 2, . . . .

Òåîðåìà äîêàçàíà.

3.4 Ïîñòðîåíèå äîïóñòèìîãî ðåøåíèÿ

Äëÿ ïîñòðîåíèÿ äîïóñòèìîãî óïðàâëåíèÿ äëÿ çàäà÷è îïòèìàëüíîãî áûñòðîäåé-
ñòâèÿ (1)-(7) íåîáõîäèìî íàéòè ïîñëåäîâàòåëüíîñòü {θn} ⊂ X, êîòîðàÿ ñèëüíî ñõîäèò-
ñÿ ê òî÷êå θ∗ ∈ X∗. Äëÿ ýòîãî ðàññìîòðèì ñëåäóþùåå ñåìåéñòâî çàäà÷ îïòèìàëüíîãî
óïðàâëåíèÿ ïðè ôèêñèðîâàííîì çíà÷åíèè t1:

J1i(θ(·)) =

t1∫
t0

F1(q(t), t)dt+ εiT (θ)→ inf, i = 1, 2, ..., θ ∈ X, (69)

ãäå ïîñëåäîâàòåëüíîñòü {εi} ⊂ R1 îáëàäàåò ñâîéñòâîì: εi > 0, i = 1, 2, ..., lim
i→∞

εi = 0,

T (θ) =
t1∫
t0

[|u(t)|2 + |p(t)|2 + |v1(t)|2 + |v2(t)|2 + |x0|2 + |x1|2 + |d|2 + |z(t)|2 + |z(t1)|2]dt.

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3. Òîãäà âåðíû ñëåäóþùèå óòâåð-

æäåíèÿ :

1) äëÿ ëþáîãî εi > 0 ôóíêöèîíàë (69) ÿâëÿåòñÿ ñèëüíî âûïóêëûì;

2) ôóíêöèîíàë (69) íåïðåðûâíî äèôôåðåíöèðóåì â ëþáîé òî÷êå θ ∈ X, ïðè÷åì

J
′
1i,1(θ) = F1u + 2εiu, J

′
1i,2(θ) = F1p + 2εip, J

′
1i,3(θ) = F1v1 −B∗1(t)ψ1(t) + 2εiv1,

J
′
1i,4(θ) = F1v2 −B∗2(t)ψ1(t) + 2εiv2, J

′
1i,5(θ) =

t1∫
t0

[F1x0 + 2εix0]dt, (70)

J
′
1i,6(θ) =

t1∫
t0

[F1x1 + 2εix1]dt, J
′
1i,7(θ) =

t1∫
t0

[F1d + 2εid]dt,
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ãäå ôóíêöèÿ ψ1(t), t ∈ I - ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇1 = F1z + 2εiz(t)−A∗1(t)ψ1, ψ1(t1) = −
t1∫
t0

(F1z(t1) + 2εiz(t1))dt; (71)

3) ãðàäèåíò J
′
1i(θ) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

‖J ′1i(θ1)− J ′1i(θ2)‖ ≤ Ki‖θ1 − θ2‖, ∀ θ1, θ2 ∈ X, Ki = const > 0. (72)

Äîêàçàòåëüñòâî. Ââåäåì ñëåäóþùåå îáîçíà÷åíèå

F1i(q, t) = F1(q, t)+εi[|u(t)|2+|p(t)|2+|v1(t)|2+|v2(t)|2+|x0|2+|x1|2+|d|2+|z(t)|2+|z(t1)|2].

Ëåãêî óáåäèòñÿ â òîì, ÷òî

∂2F1i(q(t), t)

∂q2
=
∂2F1(q(t), t)

∂q2
+ 2εiIs1 ,

ãäå Is1 - åäèíè÷íàÿ ìàòðèöà ïîðÿäêà s1 × s1, s1 = m+ s+ k+m2 + 2n+m1. Îòñþäà
ñ ó÷åòîì òîãî, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3, èìååì ∂2F1i(q, t)

/
∂q2 > 0 äëÿ

ëþáîãî εi > 0. Ñëåäîâàòåëüíî, F1i(q, t) � ñèëüíî âûïóêëàÿ ôóíêöèÿ ïî ïåðåìåííîé
q, ñ êîýôôèöèåíòîì ñèëüíîé âûïóêëîñòè κ = εi > 0. Äàëåå, ïî ñõåìå, èçëîæåííîé
ïðè äîêàçàòåëüñòâå òåîðåìû 2, ìîæíî ïîêàçàòü, ÷òî ãðàäèåíò J ′1i(θ) îïðåäåëÿåòñÿ ïî
ôîðìóëå (70) è âûïîëíåíî óñëîâèå Ëèïøèöà (71).

Òåîðåìà äîêàçàíà.

Íà îñíîâå ôîðìóë (70) - (72) ñòðîèì ñëåäóþùèå ïîñëåäîâàòåëüíîñòè

uin+1 = PU [uin − αniJ
′
1i,1(θin)], pin+1 = PV [pin − αniJ

′
1i,2(θin)],

vn+1
1i = PLρ2 [vn1i − αniJ

′
1i,3(θin)], vn+1

2i = PLρ2 [vn2i − αniJ
′
1i,4(θin)],

xn+1
0i = PS0 [xn0i − αniJ

′
1i,5(θin)], xn+1

1i = PS1 [xn1i − αniJ
′
1i,6(θin)],

dn+1
i = PΓρ [d

n
i − αniJ

′
1i,7(θin)], n = 0, 1, 2, ..., i = 1, 2, ..., (73)

0 ≤ ε0 ≤ αni ≤
2

Ki + 2ε
, ε > 0.

Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3, ïîñëåäîâàòåëüíîñòü {θin} ⊂ X
îïðåäåëÿåòñÿ ïî ôîðìóëå (73). Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) äëÿ ëþáîãî εi > 0, ïîñëåäîâàòåëüíîñòü {θin} ⊂ X ÿâëÿåòñÿ ìèíèìèçèðóþùåé,

‖θin − θin+1‖ → 0 ïðè n→∞;

2) ïîñëåäîâàòåëüíîñòü {θin} ⊂ X ñõîäèòñÿ ê åäèíñòâåííîé òî÷êå θi∗ ïðè n→∞,

ãäå θi∗ ∈ Xi
∗, Xi

∗ =
{
θi∗(·) ∈ X

/
J1i(θ

i
∗(·)) = inf

θ∈X
J1i(θ(·))

}
;

3) ñïðàâåäëèâû ñëåäóþùèå îöåíêè ñêîðîñòè ñõîäèìîñòè

0 ≤ J1i(θ
i
n)− J1i(θ

i
∗) ≤

c0i

n
, ‖θin − θi∗‖ ≤

c1i

n
, i = 1, 2, ...,

ãäå c0i = const > 0, c1i = const > 0.
Äîêàçàòåëüñòâî. Ïîñêîëüêó âûïîëíåíû ïðåäïîñûëêè òåîðåìû 3, òî äëÿ ëþáîãî

ôèêñèðîâàííîãî çíà÷åíèÿ i ôóíêöèîíàë (69) íà ìíîæåñòâå X ÿâëÿåòñÿ ñèëüíî âû-
ïóêëûì è ïðèíàäëåæèò êëàññó C1,1(X). Ñëåäîâàòåëüíî, ïðè êàæäîì çíà÷åíèè i ñïðà-
âåäëèâîñòü ïåðâîãî óòâåðæäåíèÿ òåîðåìû è ïåðâîé îöåíêè ñêîðîñòè ñõîäèìîñòè (ñì.
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òðåòüå óòâåðæäåíèå òåîðåìû) äîêàçûâàåòñÿ ïî ñõåìå, àíàëîãè÷íîé äîêàçàòåëüñòâàì
ïåðâîãî è ÷åòâåðòîãî óòâåðæäåíèé òåîðåìû 3.

Ïîêàæåì ñïðàâåäëèâîñòü âòîðîé îöåíêè ñêîðîñòè ñõîäèìîñòè. Èç îïðåäåëåíèÿ

ñèëüíîé âûïóêëîñòè ôóíêöèîíàëà Ji(θ), θ ∈ X äëÿ ëþáîãî i, i = 1, 2, . . . ïðè α =
1

2
ìîæíî ïîëó÷èòü

κ

4
‖θin − θi∗‖2 ≤

1

2

[
Ji(θ

k
n)− Ji

(θin + θi∗
2

)]
≤ 1

2

[
Ji(θ

i
n)− Ji(θi∗)

]
, κ = εi > 0.

Îòñþäà, ñ ó÷åòîì ïåðâîé îöåíêè ñêîðîñòè ñõîäèìîñòè, èìååì

‖θin − θi∗‖2 ≤
2

κ

[
Ji(θ

i
n)− Ji(θi∗)

]
≤ 2

κ

c0i

n
=
c1i

n
, n = 1, 2, . . . , c1i =

2c0i

κ
.

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò, ÷òî lim
n→∞

θin = θi∗ äëÿ ëþáîãî i, ò.å. ïîñëåäî-

âàòåëüíîñòü {θin} ⊂ X ñèëüíî ñõîäèòñÿ ê òî÷êå θi∗ ∈ Xi
∗. Ïîñêîëüêó ôóíêöèîíàë

Ji(θ), θ ∈ X, ÿâëÿåòñÿ ñèëüíî âûïóêëûì, òî ìíîæåñòâî X∗i äëÿ êàæäîãî i ñîñòîèò èç
åäèíñòâåííîé òî÷êè θi∗.

Òåîðåìà äîêàçàíà.
Òåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 5. Òîãäà ïîñëåäîâàòåëüíîñòü

{θi∗} ⊂ X, ñîîòâåòñòâóþùàÿ εi > 0, i = 1, 2, ..., lim
i→∞

εi = 0, ñõîäèòñÿ ê ýëåìåíòó

θ∗ ∈ X∗, J1(θ∗) = inf
θ∈X

J1(θ).

Äîêàçàòåëüñòâî.
1) Çàìåòèì, ÷òî

J1∗ = inf
θ∈X

J1(θ∗) = J1(θ∗) ≤ J1(θi∗) ≤ J1i(θ
i
∗) ≤ J1i(θ∗) = J1(θ∗) + εiT (θ∗).

Îòñþäà, ñ ó÷åòîì òîãî, ÷òî lim
i→∞

εi = 0, èìååì lim
i→∞

J1(θi∗) = J1(θ∗), ò.å. ïîñëåäîâàòåëü-

íîñòü {θi∗} ⊂ X ÿâëÿåòñÿ ìèíèìèçèðóþùåé äëÿ çàäà÷è (69).
2) Èç íåðàâåíñòâà

J1(θi∗) + εiT (θi∗) = J1i(θ
i
∗) ≤ J1i(θ∗) = J1(θ∗) + εiT (θ∗)

ñëåäóåò, ÷òî T (θi∗) ≤ T (θ∗), ∀θ∗ ∈ X∗. Ïóñòü çíà÷åíèå T (θ∗) = β. Òîãäà {θi∗} ⊂M(β),

M(β) =
{
θ ∈ X | T (θ) ≤ β

}
.

Ôóíêöèîíàë T (θ) ÿâëÿåòñÿ ñèëüíî âûïóêëûì, ñëåäîâàòåëüíî, ìíîæåñòâî M(β)
áèêîìïàêòíî. Òîãäà èç ïîñëåäîâàòåëüíîñòè {θi∗} ⊂ M(β) ìîæíî âûäåëèòü õîòÿ áû
îäíó ïîäïîñëåäîâàòåëüíîñòü {θim∗ }, êîòîðàÿ ñèëüíî ñõîäèòñÿ ê òî÷êå θ̄∗ ∈M(β).

Òàê êàê ôóíêöèîíàë J1(θ) ñëàáî ïîëóíåïðåðûâåí ñíèçó íà ìíîæåñòâå X, è èç
ñèëüíîé ñõîäèìîñòè θim∗ → θ̄∗ ïðè m→∞ ñëåäóåò ñëàáàÿ ñõîäèìîñòü, òî

J1∗ = J1(θ∗) ≤ J1(θ̄∗) ≤ lim
m→∞

J1(θim∗ ) ≤ lim
m→∞

J1(θim∗ ) = lim
i→∞

J1(θi∗) = J1(θ∗).

Îòñþäà ñëåäóåò, ÷òî J1(θ̄∗) = J1(θ∗) = J1∗. Ñëåäîâàòåëüíî, òî÷êà θ̄∗ ∈ X∗. Òàêèì
îáðàçîì, ïîñëåäîâàòåëüíîñòü {θi∗} ñõîäèòñÿ ê ìíîæåñòâó X∗.

3) Òàê êàê ôóíêöèîíàë T (θ) ïîëóíåïðåðûâåí ñíèçó íà X è {θim∗ } ⊂M(β), òî

T (θ̄∗) ≤ lim
m→∞

T (θim∗ ) ≤ lim
m→∞

T (θim∗ ) ≤ T (θ∗), ∀θ∗ ∈ X∗.

Ïî äîêàçàííîìó âûøå θ̄∗ ∈ X∗. Îòñþäà ñëåäóåò, ÷òî T (θ̄∗) = inf T (θ∗), θ∗ ∈ X∗. Çà-
ìåòèì, ÷òî èç ñèëüíîé âûïóêëîñòè ôóíêöèîíàëà T (θ) è âûïóêëîñòè ìíîæåñòâà X∗
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ñëåäóåò,÷òî íèæíÿÿ ãðàíü T (θ) íà X∗ äîñòèãàåòñÿ â åäèíñòâåííîé òî÷êå θ∗. Òîãäà
ñïðàâåäëèâî ïðåäåëüíîå ñîîíîøåíèå θi∗ → θ∗ ïðè i→∞.

Òåîðåìà äîêàçàíà.

4 Àëãîðèòì ïîñòðîåíèÿ îïòèìàëüíîãî ðåøåíèÿ çàäà÷è (1)-(7)

1. Âûáèðàåòñÿ íåêîòîðîå çíà÷åíèå t01, t
0
1 > t0, òàê, ÷òîáû ìàòðèöà T (t0, t

0
1) > 0, à

òàêæå äîñòàòî÷íî ìàëîå ÷èñëî δ > 0 è ∆ := t01/2;

2. Ñòðîèòñÿ êàêîå-ëèáî äîïóñòèìîå óïðàâëåíèå ïî ìåòîäó, èçëîæåííîìó âûøå. Äëÿ
ýòîãî íåîáõîäèìî t1 = t01 è íàéòè ðåøåíèå îïòèìèçàöèîííîé çàäà÷è (42) ïóòåì
ïîñòðîåíèÿ ìèíèìèçèðóþùåé ïîñëåäîâàòåëüíîñòè {θn} ⊂ X c íà÷àëüíûì ïðè-
áëèæåíèåì θ0 ∈ X.

Ïóñòü íàéäåíà òî÷êà θ∗ ∈ X, J1(θ∗) = inf J1(θ), θ ∈ X. Çäåñü âîçìîæíû äâà
ñëó÷àÿ:

(a) J1(θ∗) = J1∗ > 0. Â ýòîì ñëó÷àå t01 := t01 + ∆;

(b) J1(θ∗) = J1∗ = 0. Â ýòîì ñëó÷àå t01 := t01 −∆, θ0 := θ∗;

3. Åñëè ∆ > δ, òî ∆ := ∆/2 è ïåðåõîäèì ê øàãó 2, â ïðîòèâíîì ñëó÷àå, èòåðàöè-
îííûé ïðîöåññ ïðåêðàùàåòñÿ.

Ïîâòîðÿÿ äàííóþ ïðîöåäóðó, ìîæíî ñî ñêîëü-óãîäíîé òî÷íîñòüþ íàéòè îïòè-
ìàëüíûé ìîìåíò âðåìåíè t∗1, à òàêæå θ∗ = (u∗, p∗, v

∗
1, v
∗
2, x
∗
0, x
∗
1, d∗) ∈ X∗ òàêîå, ÷òî

J1(θ∗) = 0. Òîãäà äëÿ çàäà÷è (1)-(7) îïòèìàëüíûì óïðàâëåíèåì áóäåò ÷åòâåðêà
(u∗(t), x

∗
0, x
∗
1, t
∗
1), à îïòèìàëüíàÿ òðàåêòîðèÿ x∗(t) = x∗(t, x

∗
0, u∗), t ∈ I, x∗(t1) = x∗1

âû÷èñëÿåòñÿ ïî ôîðìóëå

x∗(t) = P1[z(t, v∗) + Π1(t)x∗0 + Π2(t)x∗1 + Π3(t)e−Π4(t)d∗ +N2(t)z(t1, v
∗)], t ∈ I.

5 Ïðèìåð

Ïîëó÷åííûå òåîðåòè÷åñêèå ðåçóëüòàòû ïðîèëëþñòðèðóåì íà ñëåäóþùåì ïðèìåðå.

J(u, t1) =

∫ t1

0
1 dt = t1 → inf (74)

ïðè óñëîâèÿõ
ẋ1 = x2, ẋ2 = u, t ∈ I = [0, t1], (75)

x1(0) = 1, x2(0) = 0, x1(t1) = 0, x2(t1) = 0, (76)

u(t) ∈ U = {u(·) ∈ L2(I,R1) | − 1 ≤ u(t) ≤ +1 ïî÷òè âñþäó t ∈ I}, (77)

ãäå ìîìåíò âðåìåíè t1 - íå ôèêñèðîâàí, t0 = 0. Äëÿ äàííîãî ïðèìåðà

A =

(
0 1

0 0

)
, B =

(
0

1

)
, x(t) =

(
x1(t)

x2(t)

)
.

Òîãäà ìàòðèöû

eAt =

(
1 t

0 1

)
, e−At =

(
1 −t
0 1

)
, æ(t) = eAt, Φ(t, τ) = eA(t−τ).
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Ï ð è í ö è ï ï î ã ð ó æ å í è ÿ . Òàê êàê B1(t) = B, A1(t) = A, B2 ≡ 0, t ∈ I, òî

a = Φ(0, t1)x(t1)− x(0) = e−At1x(t1)− x(0) = −x(0) =

(
−1

0

)
, x(t1) = 0;

T (0, t1) =

t1∫
0

e−AtBB∗e−A
∗t dt =

(
t31
3 − t21

2

− t21
2 t1

)
, |T (0, t1)| = t41

3
− t41

4
=
t41
12
.

Îòñþäà ñëåäóåò, ÷òî ìàòðèöà T (0, t1) > 0 äëÿ ëþáîãî t1. Îáðàòíàÿ ìàòðèöà

T−1(0, t1) =

(
12
t31

6
t21

6
t21

4
t1

)
.

Ïîñêîëüêó (ξ0 = x(0), ξ1 = x(t1))

Λ1(t, x(0), x(t1)) = (0, 1)

(
1 0

−t 1

)(
12
t31

6
t21

6
t21

4
t1

)(
−1

0

)
=

12t

t31
− 6

t21

N1(t) = −(0, 1)

(
1 0

−t 1

)(
12
t31

6
t21

6
t21

4
t1

)(
1 −t1
0 1

)
=
(12t

t31
− 6

t21
,−6t

t21
+

2

t1

)
,

òî

w1(t) = v1(t) + (
12t

t31
− 6

t21
) + (

12t

t31
− 6

t21
)z1(t1, v1) + (−6t

t21
+

2

t1
)z2(t1, v1), (78)

ãäå ôóíêöèÿ z(t) = z(t, v1), t ∈ I - ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ż = Az +B(t)v1(t), z(0) = 0, v1(·) ∈ Lρ2(I,R1), t ∈ I. (79)

Òàê êàê

Φ(t, 0)T (t, t1)T−1(0, t1)x(0) =

(
1 t

0 1

)(
t31−t3

3
t2−t21

2
t2−t21

2 t1 − t

)(
12
t31

6
t21

6
t21

4
t1

)(
1

0

)
=

=

 t31+2t3−3t1t2

t31
6t2−6tt1

t31

 , Φ(t, 0)T (0, t)T−1(0, t1)Φ(0, t1)x(t1) = 0,

òî

Λ2(t, x(0), x(t1)) =

 t31+2t3−3t1t2

t31
6t2−6tt1

t31

 , ãäå T (t, t1) =

(
t31−t3

3
t2−t21

2
t2−t21

2 t1 − t

)
.

Ìàòðèöà

N2(t) =

(
−1 −t
0 −1

)(
t3

3 − t2

2

− t2

2 t

)(
12
t31

6
t21

6
t21

4
t1

)(
1 −t1
0 1

)
=

 2t3−3t1t2

t31

−t3+t1t2

t21
6t2−6tt1

t31

−3t2+2t1t
t21

 .

Òîãäà ôóíêöèÿ y(t) = z(t) + Λ2(t, x(0), x(t1)) + N2(t)z(t1, v) = (y1(t), y2(t))∗ , t ∈ I,
ãäå

y1(t) = z1(t) +
t31 + 2t3 − 3t1t

2

t31
+ (

2t3 − 3t2t1
t31

)z1(t1, v1) + (
−t3 + t2t1

t21
)z2(t1, v1), (80)
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y2(t) = z2(t) +
6t2 − 6tt1

t31
+ (

6t2 − 6tt1
t31

)z1(t1, v1) + (
−3t2 + 2tt1

t21
)z2(t1, v1).

Êàê ñëåäóåò èç ôîðìóë (78)-(80) çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ (38)-(41) èìååò âèä
(q(t) = (z(t), z(t1), u(t), v1(t)), θ(t) = (u(t), v1(t))):

J1(θ) =

t1∫
t0

F1(q(t), t) dt =

t1∫
0

|w1(t)− u(t)|2 dt =

=

t1∫
0

|v1(t) + (
12t

t31
− 6

t21
) + (

12t

t31
− 6

t21
)z1(t1, v1) + (−6t

t21
+

2

t1
)z2(t1, v1)− u(t)|2 dt→ inf

(81)

ïðè óñëîâèÿõ

ż = Az +B(t)v1(t), z(0) = 0, v1(·) ∈ Lρ2(I,R1), t ∈ I, (82)

u(t) ∈ U = {u(·) ∈ L2(I,R1) | − 1 ≤ u(t) ≤ +1 ïî÷òè âñþäó t ∈ I}. (83)

Äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷è è ïîñòðîåíèÿ äîïóñòèìîãî óïðàâëåíèÿ
íåîáõîäèìî ðåøèòü îïòèìèçàöèîííóþ çàäà÷ó (81)-(83) ïðè ôèêñèðîâàííîì çíà÷åíèè
t1. Â ñëó÷àå ïîëîæèòåëüíîãî îòâåòà íà âîïðîñ î ñóùåñòâîâàíèè ðåøåíèÿ, òðåáóåò-
ñÿ íåîäíîêðàòíîå ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ (81)-(83) äëÿ ðàçëè÷-
íûõ çíà÷åíèé t1. Íà îñíîâå âûøåèçëîæåííûõ ðåçóëüòàòîâ, ïîñòðîåíî ðåøåíèå çàäà÷è
áûñòðîäåéñòâèÿ (74)-(77) ïî ñëåäóþùåìó àëãîðèòìó.

I Âûáèðàþòñÿ íà÷àëüíîå çíà÷åíèå t1 = 8, âåëè÷èíà 4t = 4 è ñòðîèòñÿ äîïóñòèìîå
óïðàâëåíèå:

1. Äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ t1 ðåøàåòñÿ îïòèìèçàöèîííàÿ çàäà÷à (81)-(83)
ïóòåì ïîñòðîåíèÿ ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé ïî ñëåäóþùåìó àëãî-
ðèòìó:

(a) Âûáèðàþòñÿ íà÷àëüíûå çíà÷åíèÿ u0(t) = t/8, v0
1(t) = t/8, t ∈ I = [0, t1];

(b) Ðåøàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

ż1 = z2, ż2 = v0
1, t ∈ I, z1(0) = 0, z2(0) = 0, v0

1(·) ∈ L2(I,R1),

Â ðåçóëüòàòå íàõîäèòñÿ âåêòîð-ôóíêöèÿ z(t) = (z1(t), z2(t)), t ∈ I;

(c) Âû÷èñëÿåòñÿ ôóíêöèÿ w1(t), t ∈ I, çàòåì - ôóíêöèÿ F1(q, t), t ∈ I, ïî âûøå-
óêàçàííûì ôîðìóëàì, ïî èçâåñòíûì u0(t), v0

1(t), z(t, v0
1), t ∈ I;

(d) Âû÷èñëÿþòñÿ ÷àñòíûå ïðîèçâîäíûå ôóíêöèè F1(q, t), t ∈ I, ïî èçâåñòíûì
u0(t), v0

1(t), z(t, v0
1), t ∈ I :

F1u(q, t) = −2[w1(t)− u0(t)], F1v1(q, t) = 2[w1(t)− u0(t)], F1z(q, t) = 0,

F1z(t1)(q, t) = 2(
12t

t31
− 6

t21
)[w1(t)− u0(t)], F1z2(t1)(q, t) = 2[w1− u0](−6t

t21
+

2

t1
);

(e) Ðåøàåòñÿ ñîïðÿæåííàÿ ñèñòåìà:

ψ̇ = −A∗ψ, ψ(t1) = −
t1∫

0

∂F1(q(t), t)

∂z(t1)
dt, t ∈ I.
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Çàìåòèì, ÷òî ψ(t) = (ψ1(t), ψ2(t)), t ∈ I, çíà÷åíèÿ

ψ1(t1) = −
t1∫

0

2(w1 − u0)(
12t

t31
− 6

t21
) dt, ψ2(t1) = −

t1∫
0

2(w1 − u0)(−6t

t21
+

2

t1
) dt.

Â ðåçóëüòàòå íàõîäÿòñÿ ôóíêöèè ψ1(t), ψ2(t), t ∈ I;

(f) Âû÷èñëÿåòñÿ ãðàäèåíò ôóíêöèîíàëà J
′
1(θ) = (J

′
11(θ), J

′
12(θ)) äëÿ íà÷àëüíîãî

ïðèáëèæåíèÿ θ0(t) = (u0(t), v0
1(t)), t ∈ I :

J
′
11(θ) = F1u(q(t), t), J

′
12(θ) = F1v1(q(t), t)−B∗1ψ(t);

(g) Îïðåäåëÿåòñÿ ñëåäóþùåå ïðèáëèæåíèå:

u1 = PU [u0 − α0J
′
11(θ0)], v1

1 = PLρ2 [v0
1 − α0J

′
12(θ0)],

ãäå α0 = const. Â ðåçóëüòàòå íàõîäèòñÿ θ1(t) = (u1(t), v1
1(t)), t ∈ I. Åñëè äëÿ

íàéäåííîãî íîâîãî ïðèáëèæåíèÿ θ1 çíà÷åíèå ôóíêöèîíàëà J1(θ1) > J1(θ0),
çàíîâî âû÷èñëÿåòñÿ íîâîå ïðèáëèæåíèå θ1, ïî ïðèâåäåííûì âûøå ôîðìó-
ëàì, ïîëîæèâ α0 := α0/2;

(h) Äàëåå ïîâòîðÿþòñÿ ïï. á)-ç) äëÿ íàéäåííîãî íîâîãî ïðèáëèæåíèÿ;

(i) Ïîñëå N èòåðàöèé íàéäåíî θ∗(t) = (u∗(t), v
∗
1(t)), t ∈ I, äëÿ êîòîðîãî J1∗ =

J1(θ∗) = infJ1(θ), θ ∈ X = U × Lρ2(I,R1);

2. Òàê êàê äëÿ äàííîãî ïðèìåðà çíà÷åíèå J1(θ∗) = 0, òî óïðàâëåíèå θ∗(t) =
(u∗(t), v

∗
1(t)), t ∈ I, ÿâëÿåòñÿ äîïóñòèìûì äëÿ çàäà÷è (74)-(77).

Ïîëîæèòåëüíîñòü çíà÷åíèÿ J1∗ îçíà÷àëî áû, ÷òî äëÿ âûáðàííîãî çíà÷åíèÿ t1
íå ñóùåñòâóåò äîïóñòèìîãî óïðàâëåíèÿ. Â ýòîì ñëó÷àå, öåëåñîîáðàçíî çàäàòü
çíà÷åíèå t1 := t1 +4t è ïåðåéòè ê ïóíêòó 1);

II Íåîáõîäèìî ïðîâåðèòü, íå ÿâëÿåòñÿ ëè íàéäåííîå äîïóñòèìîå óïðàâëåíèå îïòè-
ìàëüíûì. Äëÿ ýòîãî t1 ïðèñâîåíî çíà÷åíèå t1 −4t = 4, a θ0(t) := θ∗(t), t ∈ I;

III Åñëè4t > δ, òî4t := 4t/2 è ïåðåéòè ê ïóíêòó I 1)á). Â ïðîòèâíîì ñëó÷àå, èòå-
ðàöèîííûé ïðîöåññ ïðåêðàùàåòñÿ. Äîïóñòèìîå óïðàâëåíèå θ∗(t) = (u∗(t), v

∗
1(t)), t ∈ I,

êîòîðîìó ñîîòâåòñòâóåò íàèìåíüøåå çíà÷åíèå ïåðåìåííîé t1 ÿâëÿåòñÿ îïòèìàëüíûì
óïðàâëåíèåì äëÿ çàäà÷è (74)-(77).

Èçëîæåííûé àëãîðèòì ðåàëèçîâàí â ñðåäå MATLAB. Äëÿ ÷èñëåííîãî èíòåãðèðî-
âàíèÿ ïðÿìîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé èñïîëüçîâàíà âñòðîåííàÿ ïðî-
öåäóðà ñèñòåìû MATLAB. Àïïðîêñèìàöèÿ ñåòî÷íûõ ôóíêöèé, îïðåäåëÿþùèõ çíà÷å-
íèÿ ïðàâûõ ÷àñòåé äèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ ïðîìåæóòî÷íûõ óçëîâ ñåòêè
ïðîèçâåäåíà ñ èñïîëüçîâàíèåì ïðîöåäóðû èíòåðïîëÿöèè ïî óçëàì ñåòêè. Îïòèìàëü-
íûì ïðîìåæóòêîì âðåìåíè, çà êîòîðûé âîçìîæåí ïåðåõîä ñèñòåìû ñ îãðàíè÷åííûì
óïðàâëåíèåì èç íà÷àëüíîãî ñîñòîÿíèÿ â çàäàííîå êîíå÷íîå, îêàçàëñÿ îòðåçîê [0, 2].
Ïðîãðàììû óïðàâëåíèÿ è ñîîòâåòñòâóþùèå òðàåêòîðèè (äîïóñòèìûå è îïòèìàëü-
íîå), ïîëó÷åííûå â ðåçóëüòàòå ÷èñëåííûõ ðàñ÷åòîâ, ïðåäñòàâëåíû íà ðèñóíêå 1. Îïòè-
ìàëüíîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è áûñòðîäåéñòâèÿ, íàéäåííîå ïðåäëàãàåìûì
àíàëèòèêî-÷èñëåííûì ìåòîäîì ñîâïàäàåò ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ïðèíöèïîì
ìàêñèìóìà Ë.Ñ. Ïîíòðÿãèíà.

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 54



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2010

Çàêëþ÷åíèå

Â çàêëþ÷åíèå îòìåòèì, ÷òî ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðå-
øèìîñòè îáùåé çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ â âèäå òðåáîâàíèÿ íà çíà÷åíèå
íèæíåé ãðàíè ôóíêöèîíàëà â âñïîìîãàòåëüíîé çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñî
ñâîáîäíûìè ïðàâûìè êîíöàìè òðàåêòîðèé. Òàêîé ïîäõîä ïîçâîëÿåò ïðèâëå÷ü äëÿ ðå-
øåíèÿ êðàåâûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ìàòåìàòè÷åñêèé àïïàðàò - ÷èñëåííûå
ìåòîäû ðåøåíèÿ íà÷àëüíûõ îïòèìèçàöèîííûõ çàäà÷. Ðàçðàáîòàí êîíñòðóêòèâíûé ìå-
òîä ïîñòðîåíèÿ ðåøåíèÿ ïóòåì ñóæåíèÿ ìíîæåñòâà äîïóñòèìûõ óïðàâëåíèé.
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