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ÂÛÐÎÆÄÅÍÈÅ ÏÅÐÂÎÃÎ ÐÎÄÀ

Ââåäåíèe

Ðàññìîòðèì â îáëàñòè D = {0 < x <∞, 0 < y < 1} ñëåäóþùåå óðàâíåíèå

L[U ] = Uxxx − xnUyy = 0, n > 0. (1)

Ïðè n = 0 êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ (1) áûëè èçó÷åíû H.Block [1] è
E. Del Vecchio [2-3]. Çàòåì ýòè ðåçóëüòàòû áûëè îáîáùåíû â ðàáîòàõ èòàëüÿí-
ñêîãî ìàòåìàòèêà L. Cattabriga [4], ãäå áûëè ïîñòðîåíû ôóíäàìåíòàëüíûå
ðåøåíèÿ (ïðè n = 0) è ðàçðàáîòàíà òåîðèÿ ïîòåíöèàëîâ. Ïîñëå ýòîãî ïîÿâè-
ëèñü ðàáîòû [5-6], ãäå, èñïîëüçóÿ ýòè ôóíäàìåíòàëüíûå ðåøåíèÿ, èçó÷åíû
ðàçëè÷íûe êðàåâûe çàäà÷è.

Â íàøèõ ðàáîòàõ [7-8] â ïðÿìîóãîëüíîé îáëàñòè èçó÷åíû íåêîòîðûå êðà-
åâûå çàäà÷è äëÿ óðàâíåíèÿ (1),ïðè n = 0.

Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ñ âûðîæäåíèåì âòîðîãî ðîäà

Uxxx − ymUyy = 0

áûëà ðàññìîòðåíà â íàøåé ðàáîòå [9]. Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1)
èçó÷àåòñÿ êðàåâàÿ çàäà÷à â áåñêîíå÷íîé îáëàñòè, ðåøåíèå êîòîðîé ñòðîèòñÿ
ìåòîäîì Ôóðüå.
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�1. Ïîñòàíîâêà çàäà÷è

Áóäåì ãîâîðèòü, ÷òî U(x, y) ∈ C3,2
x,y(D)∩C0,0

x,y(D∪Γ) (ãäå Γ = {x = 0}∪{y =
0} ∪ {y = 1}) � ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), åñëè îíî îãðàíè÷åíî
íà áåñêîíå÷íîñòè âìåñòå ñ ïðîèçâîäíûìè äî âòîðîãîãî ïîðÿäêà è Uy(x, y) ∈
L2(D).

Äëÿ óðàâíåíèÿ (1) èññëåäóåì ñëåäóþùóþ çàäà÷ó:

Çàäà÷à Ò. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1) ñî ñëåäóþùèìè
êðàåâûìè óñëîâèÿìè:

U(x, 0) = U(x, 1) = 0, (2)

U(0, y) = ϕ(y), (3)

lim
x→+∞

U(x, y) = lim
x→+∞

Ux(x, y) = 0, (4)

ãäå ϕ(y) ∈ C(4)[0, 1], ϕ(0) = ϕ(1) = ϕ′′(0) = ϕ′′(1) = 0.

�2. Åäèíñòâåííîñòü ðåøåíèÿ

Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (1)-(4),äîñòàòî÷íî
äîêàçàòü ñëåäóþùóþ òåîðåìó:

Òåîðåìà 1. Çàäà÷à Ò ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè (2)�(4)(ò.å. ïðè
ϕ = 0) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî U(x, y) � íåíóëåâîå ðåøåíèå çàäà÷è T.
Ðàññìîòðèì òîæäåñòâî

UL[U ] = 0.

Èìååì
∂

∂x

[
UUxx −

1

2
U 2
x

]
− ∂

∂y
(xnUUy) + xnU 2

y = 0.

Ïðîèíòåãðèðóåì ýòî òîæäåñòâî ïî îáëàñòè Da = (0 < x < a, 0 < y < 1) :

1∫
0

(
UUxx −

1

2
U 2
x

)∣∣∣∣x=a
x=0

dy −
a∫

0

xn[UUy]

∣∣∣∣y=1

y=0
dx+

∫∫
D

xnU 2
ydxdy = 0.

Óñòðåìëÿÿ a â áåñêîíå÷íîñòü è ó÷èòûâàÿ îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ,
ïîëó÷èì

1

2

1∫
0

U 2
x(0, y)dy +

∫∫
D

xnU 2
ydxdy = 0.
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Îòñþäà
U(x, y) ≡ 0.

Èòàê, åäèíñòâåííîñòü ðåøåíèÿ äîêàçàíà.

�3. Ñóùåñòâîâàíèå ðåøåíèÿ

Ïîêàæåì òåïåðü ñóùåñòâîâàíèå ðåøåíèÿ íàøåé çàäà÷è (1)-(4) ïðè óñëî-
âèè ϕ 6= 0. Áóäåì èñêàòü ðåøåíèå ïîñòàâëåííîé çàäà÷è ìåòîäîì Ôóðüå:

U(x, y) = Z(x)Y (y).

Òîãäà äëÿ óðàâíåíèÿ (1) ïîëó÷èì ñëåäóþùóþ ñèñòåìó îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé:{

Z ′′′(x) + λxnZ(x) = 0, (5)

Y ′′(y) + λY (y) = 0, (6)

ãäå λ > 0 � ïðîèçâîëüíîå ÷èñëî.
Èç óñëîâèÿ (2) èìååì Y (0) = Y (1) = 0. Îäíèì èç (ñ òî÷íîñòüþ äî óìíîæåíèÿ
íà êîíñòàíòó) ðåøåíèé óðàâíåíèÿ (6),îáíóëÿþùèõñÿ íà êîíöàõ îòðåçêà [0;1]
ÿâëÿåòñÿ ôóíêöèÿ

Yk(y) = sinπky, λk = (πk)2.

Çàôèêñèðóåì λk è ðàññìîòðèì óðàâíåíèå (5):

Z ′′′(x) + λkx
nZ(x) = 0.

Cäåëàåì çàìåíó ïåðåìåííûõ

t =
3

n+ 3
3
√
λkx

n+3
3 .

Òîãäà ïîëó÷èì ñëåäóþùåå óðàâíåíèå

z′′′ +
a

t
z′′ +

b

t2
z′ + z = 0, (7)

ãäå

a = 3

(
1− 3

n+ 3

)
, b =

a

3

(
2

3
a− 1

)
.

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (7) â âèäå

z(t) =
∞∑
j=0

cjt
j+β,
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ãäå β > 0 � íåèçâåñòíîå êîìïëåêñíîå ÷èñëî. Âû÷èñëÿÿ ïðîèçâîäíûå ïîëó÷èì

z′(t) =
∞∑
j=0

cj(j + β)tj+β−1, z′′(t) =
∞∑
j=0

cj(j + β)(j + β − 1)tj+β−2,

z′′′(t) =
∞∑
j=0

cj(j + β)(j + β − 1)(j + β − 2)tj+β−3.

Ïîäñòàâëÿÿ ïðîèçâîäíûå â (7) è ïðèðàâíèâàÿ íóëþ êîýôôèöèåíò ïðè tβ−3

ïîëó÷èì
c0β[(β − 1)(β − 2) + (β − 1)a+ b] = 0,

îòñþäà  β = 0,

(β − 1)(β − 2) + (β − 1)a+
a

3

(
2

3
a− 1

)
= 0.

Âòîðîå èç ýòèõ óðàâíåíèé ÿâëÿåòñÿ êâàäðàòíûì îòíîñèòåëüíî β è èìååò 2
êîðíÿ:

β2 = 1− a

3
, β3 = 2

(
1− a

3

)
.

Èòàê, äëÿ β ïîëó÷èëè 3 ñëó÷àÿ. Ðàññìîòðèì êàæäûé ñëó÷àé â îòäåëüíî-
ñòè:

Ñëó÷àé 1. β = 0. Ðåøåíèå óðàâíåíèÿ (7) èùåì â âèäå

z(t) =
∞∑
j=0

cjt
j.

Ïîäñòàâëÿÿ åãî â (7) ïîëó÷èì óðàâíåíèå

∞∑
j=0

cj[j(j − 1)(j − 2) + aj(j − 1) + bj]tj−3 = −
∞∑
j=0

cjt
j.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t áóäåì èìåòü:

c0 = 1, c1 = 0, c2 = 0, c3 = − 1

1 · 2 · 3 + 3 · 2a+ 3b
, c4 = 0, c5 = 0.

Oòñþäà ïîëó÷èì ôîðìóëû äëÿ êîýôôèöèåíòîâ

c13j =
(−1)j

j∏
l=1

3l[b+ (3l − 1)a+ (3l − 1)(3l − 2)]

, c3j+1 = c3j+2 = 0, j ∈ N.
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Òîãäà ðåøåíèå ïðèìåò ñëåäóþùèé âèä

z1(t) = 1 +
∞∑
n=1

c13jt
3j.

Ñëó÷àé 2. β = 1− a

3
. Ðåøåíèå èùåì â âèäå

z(t) =
∞∑
j=0

cjt
j+1−a

3 .

Ïîäñòàâëÿÿ åãî â óðàâíåíèå (7) èìååì

∞∑
j=0

cj

(
j + 1− a

3

)[(
j − a

3

)(
j − 1− a

3

)
+ a

(
j − a

3

)
+ b
]
tj−2−a

3 =

= −
∞∑
j=0

cjt
j+1−a

3 .

Ïðèðàâíèâàÿ êîýôôèöèeíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t ïîëó÷èì:

c0 = 1, c1 = 0, c2 = 0, c3 = − 1(
4− a

3

) [(
3− a

3

)(
2− a

3

)
+ a

(
3− a

3

)
+ b
] ,

c4 = 0, c5 = 0.

Èìååì ñëåäóþùèå ôîðìóëû äëÿ êîýôôèöèåíòîâ

c23j =
(−1)j

j∏
l=1

(
3l + 1− a

3

) [(
3l − a

3

)(
3l − 1− a

3

)
+ a

(
3l − a

3

)
+ b
] ,

c3j+1 = c3j+2 = 0, j ∈ N.
Òîãäà ðåøåíèå áóäåò èìåòü ñëåäóþùèé âèä

z2(t) = t1−
a
3

[
1 +

∞∑
j=1

c23jt
3j

]
.

Ñëó÷àé 3. β = 2
(

1− a

3

)
. Ðåøåíèå èùåì â âèäå

z(t) =
∞∑
j=0

cjt
j+2− 2a

3 .
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Ïîäñòàâèâ åãî â óðàâíåíèå (7) áóäåì èìåòü

∞∑
j=0

cj

(
j + 2− 2a

3

)[(
j + 1− 2a

3

)(
j − 2a

3

)
+ a

(
j + 1− 2a

3

)
+ b

]
tj−1− 2a

3 =

= −
∞∑
j=0

cjt
j+2− 2a

3 .

Ïðèðàâíèâàÿ êîýôôèöèeíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t ïîëó÷èì:

c0 = 1, c1 = 0, c2 = 0,

c3 =
−1(

5− 2a

3

)[(
4− 2a

3

)(
3− 2a

3

)
+ a

(
4− 2a

3

)
+ b

] .
Èìååì ñëåäóþùèå ôîðìóëû äëÿ êîýôôèöèåíòîâ

c33j =
(−1)j

j∏
l=1

(
3l + 2− 2a

3

)[(
3l + 1− 2a

3

)(
3l − 2a

3

)
+ a

(
3l + 1− 2a

3

)
+ b

] ,
c3j+1 = c3j+2 = 0, j ∈ N.

Òîãäà ðåøåíèå áóäåò èìåòü ñëåäóþùèé âèä

z3(t) = t2(1−a
3)

[
1 +

∞∑
j=1

c33jt
3j

]
.

ßñíî, ÷òî ôóíêöèè z1(t), z2(t), z3(t) îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó
ðåøåíèé óðàâíåíèÿ (7).

Íàñ òåïåðü èíòåðåñóåò ïîâåäåíèå ðåøåíèÿ óðàâíåíèÿ (7) ïðè t→ +∞.
Ñäåëàåì ñëåäóþùóþ çàìåíó z(t) = t−

a
3w(t). Òîãäà îòíîñèòåëüíî ôóíêöèè

w(t) ïîëó÷èì ñëåäóþùåå óðàâíåíèå

w′′′ +
a(6− a)

9t2
w′ +

(
1− a

3t2

(
a2

3
+
a

3
+ 1

))
w = 0. (8)

Òåïåðü ïðèìåíèì ñëåäóþùóþ òåîðåìó èç [10; ãë.2,ï.6,òåîðåìà 7]:
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Òåîðåìà 2. Åñëè óðàâíåíèå
dz

dt
= (A+B(t))z(t), ãäå z(t) � n-ìåðíàÿ âåêòîð-

ôóíêöèÿ, A � ïîñòîÿííàÿ ìàòðèöà ðàçìåðíîñòè n×n, B(t) � ïåðåìåííàÿ
ìàòðèöà, óäîâëåòâîðÿåò óñëîâèÿì:

1) A � ïîñòîÿííàÿ ìàòðèöà ñ ïðîñòûìè õàðàêòåðèñòè÷åñêèìè ÷èñëà-
ìè;

2) ‖B(t)‖ → 0 ïðè t → ∞, ãäå ïîä íîðìîé ìàòðèöû B(t) ïîíèìàåò-
ñÿ ñóììà àáñîëþòíûõ âåëè÷èí âñåõ ýëåìåíòîâ ìàòðèöû, ò.å. ‖B(t)‖ =
n∑

i,j=1
|bij|, òî êàæäîìó õàðàêòåðèñòè÷åñêîìó ÷èñëó µk ñîîòâåòñòâóåò ðå-

øåíèå z(k), óäîâëåòâîðÿþùåå íåðàâåíñòâàì

c2 exp

Re(µk)t− d2

t∫
t0

‖B(t)‖dt

 6

6‖z(k)(t)‖6

c1 exp

Re(µk)t+ d1

t∫
t0

‖B(t)‖dt


(ãäå ‖z(k)(t)‖ =

n∑
j=1
|z(k)
j |, z

(k)
j � êîìïîíåíòû âåêòîðà z(k)(t))

äëÿ t> t0, ãäå c1, c2, d1, d2 � ïîëîæèòåëüíûå ïîñòîÿííûå, ïðè ýòîì ñèñòåìà
ðåøåíèé z(k) ëèíåéíî íåçàâèñèìà.

Óðàâíåíèå (8) ìîæíî ïðèâåñòè ê ñëåäóþùåé ñèñòåìå óðàâíåíèé 1-ãî ïî-
ðÿäêà

d

dt

 w1

w2

w3

 =

 0 1 0

0 0 1

−1 0 0


 w1

w2

w3

+


0 0 0

0 0 0
a

3t3

(
a2

3 + a
3 + 1

)
a(a−6)

9t2 0


 w1

w2

w3

 ,

ãäå  w1

w2

w3

 =

 w′

w′′

w′′′

 .
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Â íàøåì ñëó÷àå äåéñòâèòåëüíûå ÷àñòè õàðàêòåðèñòè÷åñêèõ ÷èñåë ïîñòî-
ÿííîé ìàòðèöû èìåþò âèä

Re(µ1) = −1, Re(µ2) = Re(µ3) =
1

2
,

∞∫
t0

‖B(t)‖dt <∞.

Òîãäà ñîãëàñíî òåîðåìå 2 ñóùåñòâóþò ëèíåéíî-íåçàâèñèìûå ðåøåíèÿ F1k(t),
F2k(t), F3k(t) óðàâíåíèÿ (7), äëÿ êîòîðûõ ñïðàâåäëèâû ñëåäóþùèå îöåíêè
ïðè t→ +∞ :

M 1
1 t
−a

3e−t 6 |F1k(t)| 6 M 1
2 t
−a

3e−t,

M 2
1 t
−a

3e
t
2 6 |F2k(t)| 6 M 2

2 t
−a

3e
t
2 , (9)

M 3
1 t
−a

3e
t
2 6 |F3k(t)| 6 M 3

2 t
−a

3e
t
2 ,

ãäå M s
j � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå. Äëÿ ïðîèçâîäíûõ äî 2-ãî

ïîðÿäêà âêëþ÷èòåëüíî ôóíêöèé Fij(t) ïîëó÷èì òå æå ñàìûå îöåíêè, òîëüêî
ñ äðóãèìè ïîñòîÿííûìè.

Ò.ê. Fik(t) ëèíåéíî-íåçàâèñèìû, òî îíè òîæå îáðàçóþò ôóíäàìåíòàëüíóþ
ñèñòåìó ðåøåíèé óðàâíåíèÿ (7), ò.å. îáùåå ðåøåíèå óðàâíåíèÿ (7) ìîæåò áûòü
çàïèñàíî â âèäå

Zk(t) = c1F1k(t) + c2F2k(t) + c3F3k(t),

íî âìåñòå ñ òåì Fik(t) ìîãóò áûòü âûðàæåííû ÷åðåç íàéäåííûå íàìè ôóíêöèè
Zik(t) :

F1k(t) = A1kZ1k(t) +B1kZ2k(t) +N1kZ3k(t),

F2k(t) = A2kZ1k(t) +B2kZ2k(t) +N2kZ3k(t),

F3k(t) = A3kZ1k(t) +B3kZ2k(t) +N3kZ3k(t),

ãäå Aik, Bik, Nik � íåêîòîðûå ïîñòîÿííûå.

Âîçâðàùàÿñü ê ñòàðûì ïåðåìåííûì ïîëó÷èì

Z1k(x) = 1 +
∞∑
j=1

c13j

(
27π2k2xn+3

(n+ 3)3

)j
, (10)

Z2k(x) = n+3

√
27π2k2

(n+ 3)3 · x ·

[
1 +

∞∑
j=1

c23j

(
27π2k2xn+3

(n+ 3)3

)j]
, (11)

Z3k(x) = n+3

√
729π4k4

(n+ 3)6 · x
2 ·

[
1 +

∞∑
j=1

c33j

(
27π2k2xn+3

(n+ 3)3

)j]
. (12)
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Ëåãêî ïðîâåðèòü, ÷òî ïðè ôèêñèðîâàííîì k ðÿäû (10), (11), (12) âìåñòå
ñ ïðîèçâîäíûìè ëþáîãî ïîðÿäêà ïî ïåðåìåííîé x ñõîäÿòñÿ ðàâíîìåðíî è
àáñîëþòíî ïî ïðèçíàêó Äàëàìáåðà.

Ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèþ (2), èìååò âèä

U(x, y) =
∞∑
k=1

Zk(x) sinπky, (13)

ãäå
Zk(x) = c1kF1k(x) + c2kF2k(x) + c3kF3k(x).

Äëÿ óäîâëåòâîðåíèÿ óñëîâèÿì (4) çàäà÷è Ò íóæíî ïîòðåáîâàòü, ÷òîáû
c2k = c3k = 0. Îñòàëîñü íàéòè c1k.

Óäîâëåòâîðèâ óñëîâèþ (3) ïîëó÷èì

U(0, y) = ϕ(y) =
∞∑
k=0

c1kA1k sinπky,

îòñþäà

A1kc1k = 2

1∫
0

ϕ(ξ) sinπkξdξ.

Ïîêàæåì ðàâíîìåðíóþ ñõîäèìîñòü ðÿäà (13). Èìååì

|U(x, y)| 6

∞∑
k=0

|c1k||F1k(x)| =
∞∑
k=0

|c1kA1k|
∣∣∣∣F1k(x)

A1k

∣∣∣∣ .
Ó÷èòûâàÿ îöåíêó (9), íåðàâåíñòâà |ϕ(4)(y)| 6 M = const è

|A1kc1k| 6
2M

(πk)4

ïîëó÷èì

|U(x, y)| 6 N
∞∑
k=0

1

k4 <∞, (14)

ãäå N � íåêîòîðàÿ ïîñòîÿííàÿ.

Ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäîâ, ñîñòàâëåííûõ èç ÷àñòíûõ ïðîèçâîäíûõ
ïî ïåðåìåííûì x è y, ïîêàçûâàåòñÿ àíàëîãè÷íî.
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