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Abstract

In this paper we study the stability of linear non-autonomous time-varying system with
multiple delays. Using the Lyapunov functionals method we find sufficient conditions
for the exponential stability with a given convergence rate, in terms of linear matrix
inequalities or the solution of Riccati differential equations. The results are applied to
stabilization problem of linear non-autonomous time-varying control system with multiple
delays.
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1 Introduction

Time-delay systems are frequently encountered in various areas, including
physical and chemical processes, biology, economics, engineering, control of the
growth of global economy, control of epidemics, etc.

The stability problem of linear time-delay systems has attracted a lot of
attention in the few past decades, for example, [1, 5, 6, 7, 10, 14], etc.
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Stability criteria for linear time-delay systems can be divided into two cat-
egories, delay-independent stability criteria and delay-dependent stability cri-
teria, by whether the criteria include the information about delays or not. In
addition linear time-delay systems can be divided into two categories by the
number of delays. Single-delay systems which have only a single time-delay
constant, and multiple-delay systems which have at least two time-delay con-
stants.

Most of exciting results of stability were derived using different theories.
Some of the stability criteria are directly developed from the characteristic
equation and are characterized by the location of eigenvalues and determination
of measures and norms of matrices of the system. The main technique used
in the stability investigation relies on the using of the Lyapunov functionals
method, for example, [2, 16, 17, 18].

One of the extended stability properties is the concept of a-stability, which
relates to the exponential stability with a convergence rate o > 0. The following
retarded system

x
x(t

ft,x(t), x(t —h)), =0,
:¢(t)7 tE[—h,O],

~—

is a-stable with a > 0, if there exists a function &(.) such that for each ¢(.),
the solution z(t, ¢) of the system satisfies

lz(t, o)l < £([l0]]) e, forall t >0,

where ||¢|| = max{||¢(¢)|| : t € [—h,0]}. This implies that for a > 0 the system
can be made exponentially stable with the convergence rate a.

For time-varying systems, the investigation of the exponential stability was
treated in [3, 5, 8,9, 16, 17], where stability conditions for time-varying systems
are derived in terms of the solution of a certain Riccati differential equation
RDE and linear matrix inequalities LMI.

This paper deals also with the exponential stability with convergence rate
of linear non-autonomous time-varying system with multiple delays, and then
apply the obtained results to control problems. By using Lyapunov functionals
method we show that the existence of the solution of certain RDE or of some
LMI guarantees the exponential stability with a given convergence rate of linear
non-autonomous time-varying delay systems, and how the results can be applied
to obtain sufficient conditions for the stabilizability with a given convergence
rate of a class of linear non-autonomous time-varying control delay systems.
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This paper is organized as follows. In section 2 the problem is stated and the
required notation, definitions and auxiliary proposition are formulated. Section
3 presents the main results for the exponential stability problem with a con-
vergence rate of a linear non-autonomous multiple time-varying delays system.
Section 4 devotes to apply the obtained results to the stabilization problem.
The paper ends with conclusion and cited references.

2 Preliminaries and Statement of the Problem

We start by introducing some notation and definitions, that will be used through-
out the paper.

R* denotes the set of all real non-negative numbers.

R"™ denotes the n-dimensional space.

A™ denotes the transpose of the matrix A.

A is symmetric, if A = A",

< x,y > or "y denotes the scalar product of two vectors x, y.

|z|| denotes the Euclidean vector norm of x.

M"™ " denotes the space of all n X r- matrices.

I denotes the identity matrix.

A(A) denotes the set of the eigenvalues of A.

Amaz(A) = max{ReX : A € \(A)}.

n(A) denotes the spectral norm of the matrix A, defined by n(A) = v/ Az (ATA).
11(A) denotes the measure of the matrix A, defined by p(A) = 1\, (A + A7).
L5(]0,t],R™) denotes the Hilbert space of Lo-integrable and R™-valued func-
tions on [0, t].

Matrix A is called non-negative definite A > 0, if < Ax,z >> 0, for all z € R™.
A is called positive definite A > 0, if < Ax,x >> 0 for all x # 0; or equivalently
there exists ¢ > 0, such that

< Az,x >> cl|z|]?, forall z € R™

Matrix function A(t) is uniformly positive definite, if there exists ¢ > 0, such
that

< A(t)z,x >> c||z||?, forall t € RT and z € R".

C([—h, 0], R™) denotes the Banach space of all piecewise-continuous vector func-
tions mapping from [—h, 0] into R".
In this paper we consider linear non-autonomous time-varying system with mul-
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tiple delays
H0) = Ao(0)elt) + 3 AOhalt — 1), 1 € R,

2(t) = o(t), te[=h,0], h=0,

where z(t) € R" is the state vector; Ag(t), A;(t) € M™*" i =1,2,...,m are given
matrix functions continuous on R*, ¢ € C([—h,0],R") is the initial function
and h;(t),i =1,2,...,m are the time-varying delay functions satisfying

0 < hi(t) <h, hi(t)<é <1, forallt>0.

(2.1)

Definition 2.1. Let a > 0 be a given number. System (2.1) is said to be
a-stable, if there exists a function £(.) : R™ — R* such that for each ¢(t) €
C([—h, 0], R™) the solution z(t, ¢) of the system satisfies

lz(t, 0)|| < &(]|o]]) e, for all t € RY.

Let us consider the following free-delay linear time-varying control system

[A(t), B(1)]
@(t) = A(t)z(t) + B(t)u(t), t € RT, (2.2)

where u(t) € Ly([0,T],R"), for all T" > 0 is the control, A(t) € M™", B(t) €
MnX?“.

Definition 2.2. Linear control system (2.2) is said to be a-stabilizable, if there
exists a feedback control u(t) = K(t)z(t), K(t) € M"™", such that the closed-
loop system

z(t) = [A(t) + B(t)K(t)]x(t), t >0,
is a-stable.

Definition 2.3. Linear control system (2.2) is said to be globally null-controllable,
if for every xy € R”, there is a time 7" > 0 and control u(t) € Lo([0,T],R") such
that the solution x(t) of the system satisfies x(0) =z, «(T") = 0.

Relationship between the global null-controllability and the existence of the
solution of Riccati differential equations is given in the following proposition.

Proposition 2.1. [17] (Kalman condition) Assume that the linear control
system [A(t), B(t)] is globally null-controllable. Then for every symmetric ma-
trices Q(t) > 0, P(t) > 0 the Riccati differential equation

P(t)+ AT()P(t) + P(A(t) + P(t)B(t)BT(t)P(t) + Q(t) =0, P(0) = I,
has the solution P(t) > 0, P(t) = P7(t).
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The following technical result will be used in the proof of the main results.

Proposition 2.2. [1] (Completing of the square) Assume that S € M"™*"
1s a symmetric positive definite matrixz. Then for every matrix () € M™ " we
have

2<Qu,x>—<Sy,y><< QS 'Qx, x>, foralzx,yeR"

3 Main Results

Consider the linear non-autonomous time-varying system with multiple delays
(2.1), where the matrix functions Ay(t), A;(t) are continuous on R*. Given
positive numbers a, €, h;, €, 1 =1,2,...,m; we set

A07a(t) = Ao(t) + CI{], Az}a(t) = €ahi(t)Ai(t), 1= 1, 2, ey TN
1(Ag.a) = sup M(AO,a(t))7 W(Ai,a) = sup n(Aia(t)),
teR+ teR+
2
() = ——— A J(AT (1),
Q) = 15 Aa(DAL)
zm:e:m—I—Zeu(A )+zm: 2 n*(A;y)
- ) 0, - 1 — 52 1,00 )+

The main results are stated in the following theorems.

Theorem 3.1. Linear non-autonomous time-varying system with multiple de-
lays (2.1) is a-stable, if there exists a symmetric matriz function P(t) > 0
satisfying the following Riccati differential equation

m m

P(t) + Aj () P(t) + P(t)Aga(t) + Z P(t)Qi(t)P(t) + Z el =0. (3.1)
=1 =1
Proof. Let P(t) > 0, t € R* be a solution of Riccati differential equation
(3.1). We take the following change of the state variable

y(t) = e*a(t),

where o > 0 is the convergence rate. Then the linear delay system (2.1) is
transformed to the delay system

m

(1) = Aoa(t)y(t) + ; Aia()y(t — hi(t)), (32)

y(t) = ep(t), te[—h,0].
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Consider the following Lyapunov-Krasovskii functional for the system (3.2) as
V(ty(t) =Vi+Va+ Vs, (3-3)
where
Vi =< P(t)y(t), y(t) >,

Vo= elly(0)]%,

m t
V=3 [ ) s

Taking the derivative of V (¢,y(t)) in ¢ along the solution y(t) of system (3.2)
we have

V(t,y(1)) << P()y(t),y(t) > +2 < P(t) Ao.a()y(1), y(1) >

+237 < PO Aial®)y(t — hilt)),y(t) > +2¢ < Aga(ty(t),y(t) >
=1

+26 37 < Aua®y(t — ha(0)) y(t) > +mlly®)]* = S (1= 6)lly(t - ha(t)]?
=1 =1

=< [P(t) + Ao (1) P(t) + P(t) Ao.a(t) + mI]y(t), y(t) >

+2) < PO Aia(t)y(t — hi(t), y(t) > +2¢ < Ao.a(t)y(t), y(t) >
=1

+263 < Aga(y(t — ha(®)y(t) > = 3 (1= 5, lly(t — ha(t))]
i=1 i=1

Therefore we get

V(t,y(t) << [P(t) + Af o (1) P(t) + P(t) Ag.a(t) +mlIly(t), y(t) >

+e < [Aoalt) + A7 o O]y(t), y(t) > +2> < P(H)Aia(t)y(t — hi(t)), y(t) >
i=1
11— A o
_; 2 <y(t_hz(t))7y(t hz(t)) > (3.4)

+ 262 < Aia(t)y(t — hi(t)),y(t) >

_221;@<y@_mu»ya—man>-
=1
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By using Proposition 2.1 we can obtain

; {2 < P(t)Aia()y(t — hi(t)), y(t) ! ; % y(t — i), y(t — hi(t)) > }
<30 1 < POALDALOPOUD, 1) >,

i {26 < Aia(Wy(t = hi(t)), y(t) > (3.5)

- 1—9;

Thus we can write (3.4) in the following form
V(t,y(1) << [P(t) + Afo(O)P(t) + P() Aga(t) + mI]y(t), y(t) >
+e < [Aalt) + Ag(D]y(t), y(t) >

5 { 1 2 = < P Aa(DALL (O PW(E). y(t) >
b2 < A DAL 0000 > |

If we let
< [Aoa(t) + Ao (D)]y(t), y(t) >

Z < Aia(D) AT (D)y(t),y(t) ><

Then we have

(Ao lly )17,

1 (Aia) lly(@)]I°.

EMS .

V(t,y(t) << [P(t) + A3 () P() + P(£) Apa(t) + Z P(t
+mIly(t), y(t) > +2eu(Aga) |yt )II2
T 92¢?
+ D T (A @)
i=1 !
Because
zm:e =m + 2eu(A )+§: 2 n*(Ai o)
i=1 Z o i=1 L= .
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Therefore we find

V(t,y(t)) << [P(t) + Af () P(t) + P(t) Apal(t) + Z P)Qi(t)P(1)
+ Zeif]y(t) y(t) >

Since P(t) is a solution of (3.1), it follows that
V(t,y(t)) <0, for allt € R™.
By integrating both sides of this inequality from 0 to ¢ we find
V(t,y(t)) — V(0,y(0)) <0, for all t € R,

then we get

< P()y(t), y(t) > +elly(t ||2+Z/ lys)]2ds

<< P(0)y(0),5(0) > +elly(0)]* + Z / I

where Py = P(0) > 0 is any initial condition. Since

mo ot
< P@y(t),y(t) >>0, 3 / ly(s)|%ds > o,
S BNUCIKEEDS / JeoPs < o> [ s
i—1 v —hi(0) —h; i—1 v —hi(0)

1 — .
=2—Z ~20m0)) || 6|2,

it follows that

m

ly(@)II* < %{< P(0)y(0),y(0) > +elly(0)|I* + % Z(l e 2O 6)%}.

Therefore the solution y(t, ¢) of the system (3.2) is bounded, returning to the
solution z(t, ¢) of system (2.1) and noting that

lyO)| = [[z(0)]] = ¢(0) < lloll,
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we have
lz(t, @) || < E(llol)e™, for all t € R,
where
1 1 & .
E(llell) == [E{HP(O)HIWI2 + €l|g]]* + 7 D (1= e O)g)7Y].
i=1

This implies that system (2.1) is a-stable, which completes the proof.

Theorem 3.2. Linear non-autonomous time-varying system with multiple de-
lays (2.1) is a-stable, if there exists a symmetric matriz function P(t) > 0, such
that the following condition LMI holds

X(t) P ALa(t) + eAra(t) .. P)Amalt) + eAmalt)
AT L(O)P(t) + €AT o (1) —(1 - o)1 0
: ; . . (3.7)
AT, (O)P(t) + €AT, (1) 0 (1= 8]
<0,

where
X(t) = P(t) + AT ,()P(t) + P(t) Aga(t) + e{Aoa(t) + AJ ()} + ml.
Then the system (2.1) is a-stable.

Proof. Regarding to the above condition, we can reset relation (3.4) as
follows:

V(t.y(t)) << [P(t) + A7, (8) P(t) + P(t) Ao (t) +mily(t), y(t) >

+e < [Aalt) + Ag o (D]y(t), y(t) > +2 Z < P)Aia)y(t — hi(t)), y(t) >
+ 262 < Aia()y(t = hi(t)),y(t) > - Z(l =) [ly(t — (1))
= ZT( )
X(t) () Ara(t) + €Aralt) . P(t)Ana(t) + €A a(t)
AT (O P(E) + €AT, (1) —(1 =01 0
AT () P(t) + eAT, (1) 0 —(1 — 0 )1
Z(t),
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where
2(t) = [y(t), y(t = (1), -, y(t = hin(1))].
Therefore by condition (3.7) there is a constant S > 0 such that
V(t,y(t) < =B Z(®)|]? for all t € R*.
Since ||Z(t)[|? > ||y(¢)]|*> we have
V(t,yt) < =Bly@)|? forall t e R". (3.8)

By integrating both sides of (3.8) from 0 to t we get

V(t,y(t) = V(0,9(0)) < —5/0 ly(s)[I*ds.

Hence

< P(t)y(t),y(t) > +elly(t)|* + Z /t_h}(t) ly(s)]]?ds— < P(0)y(0),y(0) >
— elly(0)]|> — Y ’ s)||2ds < — t s)|IPds.
ol %;[MMMUH < BAHMHI

Since

P= P(0) >0, < P(ty(t), y(t) >> 0, Z /_ o0

dWW>OZ/ mn%<—2<*M>wF

=1

it follows that

[ IwG6)Pds < i< POWO.0(0) > +ello @I + 50 30— e 0ol

1=1

Letting ¢ — oo and noting that P(0) > 0, we obtain that [;* [y(s)[|*ds < oo,
which proves that y(t) € Ls([0, 00), R™) and hence the solution y(¢, ¢) which is
a continuously differentiable function of linear system (3.2) is bounded, there
exists a function

£(.) : RT — R* such that

ly(t, @)l < &Cll@[]),  for all ¢ = 0.
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Returning to the solution x(¢, ¢) of system (2.1) and noting that
ly(0)]| = [[=(0)]] = ¢(0) < [[¢]l,

we have

lz(t, o)1 < &(lll)e™", forall ¢ € R,

Then the system (2.1) is a-stable.
Thus the proof of Theorem 3.2 is now complete.

Example 3.1. Consider the following linear non-autonomous time-varying de-
lay system

i(t) = Ao(t)z(t) + Ai(t)z(t — ha(t)), t € RT,
with any initial function ¢ € C([—1, 0], R?), time-varying delay hi(t) = 1sin®%
and

N}

1
2 13
0 —L1_Seteps?t — et

— 6e tsin?t — et 0 )
5 T 2 ’

\/ge_%Si"Q%sint 0
Alt) = 0 Rttt |

Therefore we have
1 1
m=1, h:§ and51:§.

For a = 1, we obtain

1 —tog 2 t
= —06be 'sint —e 0

Ag,(t) =1 2

00(t) ( 0 %—%e‘tcos%—et )’

y \/gsmt 0

alt) = .
L ( ) 0 \/gcost
Hence we find

1(Aoe) = =2, n(A1,) =3 and

12sin?t 0
(t) = ( 0 Gcos?t ) )
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Let e = 2, we have ¢, = 2.
Then the solution of the following Riccati differential equation

P(t) + A7 (P(t) + P(t)Ana(t) + POQP(E) + el =0
is found by

et 0 n
P(t) = ot | > 0, forall teR".

Thus, by Theorem 3.1, the system is 1-stable.

4 Application to control problem

We apply the above results to the strong stabilizability problem of the follow-
ing linear non-autonomous multiple time-varying delays system with control
problem

(t) = Ao(t)a(t) + > Ai(t)x(t — hi(t)) + B(t)u(t), t € RY, (4.1)
i=1
where z(t) € R" is the state vector; u(t) € R" is the control, Ay(t), A;(t) €
M™" 4 =1,2,...,m and B(t) € M"™" are given matrix functions continuous
on R,
Strong stabilizability means that for every given number a > 0, there exists

a delay-free feedback control u(t) = K(t)x(t), K(t) € M™" such that the
closed-loop system

m
i(t) = [Ao(t) + BOK (®)]a(t) + Y Ai(t)x(t — hi(t)),
i=1
is exponentialy stable with the rate convergence «.
Recently the stabilization problem has been studied by using Lyapunov func-
tionals method, for example, [2, 3], etc.
As a direct consequence of Theorem 3.1 and Theorem 3.2 we obtain the
following sufficient conditions for the strong stabilizability in terms of Linear
matrix inequality and the solution of Riccati differential equation.

Theorem 4.1. Linear non-autonomous time-varying control system with mul-
tiple delays (4.1) is a-stabilizable, if there exists a symmetric matriz function
P(t) > 0 satisfying the following Riccati differential equation

P(t) + Af () P(t) + P(t) A a(t) Z P(t )+ &l =0, (4.2)
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where

1B = sup [|B@)],

teR+

> Qi) = BOB(0) = 3 =5 AL ()

m 2

> & =m+ B+ 2ep(Ap.) +Zl_5n(,4 o).

1=1

Moreover the feedback control is determined by
1
u(t) = —5 BTOIP() ~ ella(h),

where P(t) is the solution of Riccati differential equation (4.2).

Proof. Let us make a variable transformation
y(t) = ex(t), t>0.

Under the feedback control u(t) = K (¢)z(t), where K(t) = —1B"(¢)[P(t) — el],
the system (4.1) is reduced to

m

y(t) = [Aoa(t) + BE)K()]y(t) + Z Ao (t)y(t — hi(t)),
y(t) = e™o(t), te€[—h,0].

For the system (4.3), we apply the same Lyapunov-Krasovskii functional (3.3).
Then for the derivative of V (¢, y(¢)) in ¢ along the solution y(¢) of system (4.3)
we have
V(ty(t)) << [P(t) + A7 () P(t) + P(t)Aga(t) — P(t)B(t)BT (1) P(t)
+mly(t),y(t) > + < [EB(t)B7(t) + e(Aoalt) + Aj o ()]y(t), y(t) >

‘|‘2€Z<Aza t_h( ))7y(t)>

(4.3)

(4.4)
+2 Z < P(t)Aio(t)y(t — hi(2)), y(t) >

—Z (1—6) <yt —hi(t), y(t —hi(t)) > .
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From the inequalities (3.5) and (3.6), then we can obtain

V(ty(t)) < < [P(t) + A, (8)P(t) + P(t) Aoal(t) ZP )Qi(t)

+mlIly(t),y(t) > +e*| B|* < y(t )ay( ) > +2eu(Ava)ly()]*

m

2€?
FY T A ol
i=1

Let
i@ =m+ €| B||* + 2eu(Aga) + Emj 2¢ n*(Ai )
- ) 0, - 1— 5@ 1,00 )
Thus we get
V(ty(t) << [P(t) + Ago(t)P(t) + P(1)Aoal(t) = Y P(H)Qi(1)P(t)
=1

Since P(t) is a solution of (4.2), therefore
V(t,y(t) <0, for all t € RT.
Since the completion of this proof is similar to that of Theorem 3.1, which

implies that system (4.1) is a-stabilizable.

Theorem 4.2. Linear non-autonomous time-varying control system with mul-
tiple delays (4.1) is «a-stabilizable, if there exists a symmetric matriz function

P(t) > 0, such that the following condition LMI holds

X(t) P(t)A1,0(t) + €A1a(t) ... Pt)Apalt) +€Ama(t)
AT (DP(E) + €A (t) (1)1 0
: : : : (4.5)
AT (O)P(E) + €AT, (1) 0 (1= dn)]
<0,
where
| B|| = sup || B[,
teR+

&1 =m+ €| B|]%,
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X(t) =P(t) + Ag o (t)P(t) + P(t)Aou(t) — P(t)B(t)B"(t)P(t)
+ e{Aoalt) + Ag ()} + &l

Moreover the feedback control is determined by
1
u(t) = —§B7(t)[P(t) — el]x(t).

Proof. Regarding to the above condition, we can write the relation (4.4) in
the following form:

V(t,y(t) << [P(t) + AL ()P (t) + P(t) Aoa(t) — P()B(t)BT(1)P(t)
+ e(Aoalt) + Afo(t) + EIBI* + miIly(t), y(t) >

+ 262 < Aoyt — hi(2)), y(t) > +2 Z < P(t)Aio(t)y(t — hi(1)), y(t) >

= D00 6) < ylt = ), ult — u(e) >
— 7
() P(8)Ara(t) + Ara(t) . P(O)Ama(t) + cApa(t)

AT (1)P(1) + €AT (1) (- &)1 0
A (OPE) + e, 0 o (18,1

Z(1),

where
Z(t) = [y@), y(t —Ma(t)), -, y(t — hn(?))].

Therefore by condition (4.5) there is a constant § > 0 such that
V(t,y(t) < =BlIZ@®)|? for all t € R".

Since the completion of this proof is the same to the proof of Theorem 3.2, then
the linear non-autonomous time-varying control system with multiple delays
(4.1) is a-stabilizable.

Example 4.1. Consider the following linear non-autonomous time-varying de-
lay system with control problem

() = Ag()z(t) + Ay()z(t — hi(t)) + B(t)u(t), t € RT,
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with any initial function ¢ € C([—3,0],R?), the time-varying delay hy(¢) is the
same of Example 3.1, and

—% + detsin?t — 2¢t 0
et )’

— 2
Ao(t) ( 0 —1+ e fcos’t — 2

V2e" 255 gint 0 4sint 0
A(t) = ( 0 \/§6_58i”23605t and B(t) = ( 0  2v2cost ) '

For a = 1, therefore we obtain

1 1
m = 17 h = 57 51 = 57 M(AO,CY) = _27 U(Al,a) - \/§ and ||BH =4.

— ) 2
Let e=4, wefinde =4 and Qi(f) = 4820n ! 2033% )

Then the solution of the following Riccati differential equation
P(t) + A§ o (O)P(1) + P(t) Aoa(t) = P()Q1 (1) P(t) + &1 = 0,

is found by
et 0 .
P(t) = ot ] > 0, forall teR™.

Thus, by Theorem 4.1, the system is 1-stabilizable with feedback control

)= (T L )

5 Conclusion

In this paper we have presented sufficient conditions for the a-stable (expo-
nential stability with a given rate «) of a class of linear non-autonomous time-
varying system with multiple delays. The conditions are derived in terms of the
solution of Riccati differential equation or of linear matrix inequality. The re-
sults are applied to obtain a-stabilizable conditions for linear non-autonomous
time-varying control system with multiple delays.
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