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Abstract. We study the well-posedness of nonautonomous nonlinear delay equa-
tions in R™ as evolutionary equations in a proper Hilbert space. We present a
construction of solving operators (nonautonomous case) or nonlinear semigroups
(autonomous case) for a large class of such equations. The main idea can be
easily extended for certain PDEs with delay. Our approach has lesser limitations
and much more elementary than some previously known constructions of such
semigroups and solving operators based on the theory of accretive operators. In
the autonomous case we also study differentiability properties of these semigroups
in order to apply various dimension estimates using the Hilbert space geometry.
However, obtaining effective dimension estimates for delay equations is a nontriv-
ial problem and we explain it by means of a scalar delay equation. We also discuss
our adjacent results concerned with inertial manifolds and their construction for
delay equations.
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1 Introduction

In this paper we consider the following class of nonlinear nonautonomous delay
differential equations in R™:

i(t) = Az, + BF(t,Cxy), (1.1)

where z4(0) := z(t + 0), 0 € [—7,0], denotes the history segment; 7 > 0 is a
constant; A: C([-7,0];R") — R", B: R™ — R" and C': C([—1,0; R") — R"
are bounded linear operators and F': R x R” — R™ is a nonlinear continuous
function such that for some constant A = A(¢) > 0, which is bounded in ¢ from
compact intervals, we have

[E(t, 1) — F(ty2)| < A(t)|yr — yo| for all yr,y0 € R", 1 € R. (1.2)

Here and below by | - | we denote the Euclidean norm in R’ for any j > 0. For
t > s we put Al 1= sup,g, A(0).

From the classical theory (that is the application of the Banach fixed point
theorem), it follows that for any ¢y € C([—7,0];R") and ¢, € R there exists a
unique classical solution x(-) = z(-, to, ¢o): [to — 7, +00) — R", i. e. such that
Ty, = ¢o, o(-) € CH([tg, +00); R") and z(-) satisfies (1.1) for t > t;. We define the
family of solving operators U (¢, s): C([—7,0]; R") — C([—,0]; R"), where t > s,
by ﬁ(t, S)po = (-, s, Pp), where x(6, s, po) = x(t + 0, s, ¢g) for 6 € [—7,0].

Consider the Hilbert space H := R" x Lo(—7,0; R™) with the usual product
norm, which we denote by | - |g, i. e. for (z,¢) € H we have

0
(o)t = 1o+ [ lo(o)Pas (13)
Consider the operator A: D(A) C H — H given by
a4 [~ d

where (z,¢) € D(A) = {(z,¢) € H | ¢(0) = x,¢ € W' (—7,0;R")}. From
the monograph of A. Bdtkai and S. Piazzera [10] we have that A is a generator
of a Cp-semigroup in H (see Lemma 2.2 below). The bounded linear operator
B: R™ — H is defined as BE = (B€,0) and we define the unbounded linear
operator C: H — R as C(x, ¢) := C¢ for ¢ € C(|—7,0]; R"). Now (1.1) can be

written as an abstract evolution equation in H:

o(t) = Av(t) + BE(t,Cu(t)), (1.5)
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for which we will study the question of well-posedness. In our Theorem 1 be-
low we precisely state in what sense solutions to this evolution equation can be
understood.

We put E := C([—7,0];R") and consider the embedding E C H given by
¢ — (¢(0), ¢). We identify the elements of E and H under such an embedding.
For any T > 0 let Hp be the set of all continuous functions v: [0, 7] — H for which
there exists a continuous function x: [—7,T] — R" such that v(t) = (z(t), z;) for
all t > 0. We will also make the use of the following property, which is, in fact,
the main ingredient of our proofs in the first part.

(MES) There is a constant M¢ > 0 such that for all 7' > 0 the inequality

T
/0 [Co()ldt < Mc (Jv(0)]z + ()l Lyo7m) - (1.6)
is satisfied for all v(-) € Hr.

To explain it, consider, for example, the case of n = 1 and r = 1. Let v(t) =
(x(t), x) and C¢ := ¢(—7). Then we have (for convenience, let T' > 7)

T T 0 T—-1
/0 ‘C”(t)‘dt:/o \x(t—7)|dt:/_T|$(t)\dt+/0 z@ldt <
< (1+V7) (o) + vz, o.r:m) -

In fact, we can use the density of d-functionals in the weak-* topology of
C([—7,0]; R) and approximations by such functionals given by the Riesz rep-
resentation theorem to show that (MES) holds for any operator C (with similar
arguments in the case n > 1, r > 1, see Lemma 2.1 below). This simple obser-
vation besides the results contained in the present paper also led to a version of
the Frequency Theorem for delay equations [2]. The Lo-version of (MES) helps
to prove differentiability properties of constructed semigroups (see Section 3).

One of our main results is the following.

Theorem 1. Suppose for (1.1) that F satisfies (1.2). Then for any ty € R and
vo € H there is a unique generalized solution v(t) = v(t, tg,vo) to (1.5), which
is a continuous function [tg, +00) — H. This solution is uniquely determined by
the property that the family of solving operators U(t, s)vy = v(t,s,vg), t > s,
in H agrees with the family ﬁ(t, s) on E. Moreover, the following properties are
satisfied

Electronic Journal. http://diffjournal.spbu.ru/ 3



Differential Equations and Control Processes, N. 4, 2022

(ULIP) For any T > 0 and s € R there is a constant My = M(T,A**T) > 0
such that for allt € [s,s +T| and vy, vy € H we have

\U(t,s)vy — U(t, s)va|lm < My|vy — valm. (1.8)

Moreover, for allt > s+ 7 we have U(t,s)H C E and for anyT > 7, s € R
and t € [s+ 7,5+ T] we have

(U (t, s)vy — U(t, s)ve||g < Mi|vy — volm. (1.9)

(COM) The map U(t,s): E — E is compact for t > s + 7 and the map
U(t,s): H — H is compact for t > s+ 27.

(REG) For vy € D(A) the generalized solution v(t) = v(t, to,vy), t > to,
is a classical solution to (1.5), i. e. we have v(-) € C([tg,+00);H) N
C([tg, +o0); E), v(t) € D(A) and v(t) satisfies (1.5) for all t > ty.

(VAR) For all vg € E and ty € R we have the variation of constants formula
satisfied for v(t) = v(t;to,vo) and t >ty as

v(t) = G(t —to)vg + /t G(t — s)BF(s,Cu(s))ds, (1.10)

to
where G(t) is the Cy-semigroup generated by A in H.

Remark 1. One can interpret the variation of constants formula from (1.10) for
any vg € H. See Remark 4 for this.

The proof of Theorem 1 is given in the next section. Note that L,-versions
of (MES) (see Lemma 2.1 below) can be used to show the well-posedness in
R"™ x L,(—7,0;R").

Remark 2. For our further investigations it is important that if the constant A(t)
from (1.2) can be chosen independently of ¢, then the constants from (ULIP)
depend only on T (or t — s), but not on s.

Our approach for Theorem 1 is very simple and it is based on three steps. The
first one is the well-posedness of the linear problem in H, including exponential
estimates and the variation of constants formula. Such results for (partial) delay
equations are given in [10]. The second step is the existence of classical solutions
(in the space of continuous functions E) for the nonlinear problem, which give rise
to classical solutions of the non-linear problem in H. The existence of solutions in
E is well-known for delay equations in R" (see, for example, J.K. Hale [21]) as well
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as for some partial delay equations (see, for example, I. Chueshov [17]). The third
step is the derivation of elementary a priori estimates for the norm of classical
solutions in H with the use of the variation of constants formula, estimates for the
linear problem, (1.2) and (MES). This allows us to obtain generalized solutions
by continuity. Thus, the conclusion of Theorem 1 can be easily extended to some
partial differential equations with delay.

The well-posedness of nonlinear autonomous and nonautonomous (partial)
delay equations in Banach spaces was studied in several papers, for example, [19,
43, 42]. The main approach in these papers is based on applications of the theory
of accretive operators. Besides the fact that the theory itself is nonelementary and
its applications require pages and pages of various estimates, in applications to
delay equations one faces with several restrictions. For example, to apply results
of G. F. Webb [43] and G.F. Webb and M. Badii [42] to ODEs in R" with delay,
the number of “independent” discrete delays, roughly speaking, cannot exceed n
that is unnatural. In [42] there is also assumed some smoothness of the right-
hand side in ¢, which is linked with the construction of a family of equivalent
norms to obtain the accretiveness condition. In the paper of M. Faheem and
M.R.M. Rao [19] only the case of nonautonomous delay differential equations in
R"™ is considered. Their main restriction is posed on the nonlinear part that must
be everywhere defined in H (i. e. no discrete delays can appear in the nonlinear
term) and some smoothness in ¢ is also assumed. However, the authors of [19]
considered a nonautonomous linear part and showed the well-posedness for the
linear problem, but their assumptions on the linear part in our context allow to
consider it as a nonlinear part of (1.1), i. e. (1.2) and (MES) are satisfied. Thus,
our Theorem 1 covers in most and largely extends the final result of [19] as well as
results from [43, 42|. Moreover, if we put A = 0 in (1.1), then the generation of a
Co-semigroup for the operator A is easier to obtain. Now, if we make F(t, éxt)
to be a linear function of z; for each ¢, then Theorem 1 can be considered as a
well-posedness theorem for linear nonautonomous delay equations in H. There
are other papers on the question of well-posedness for delay equations, which use
more concrete approaches (see D. Breda [12] and links therein), but none of them
entirely covers the result of Theorem 1 and cannot compete with the simplicity
of its proof.

We also note that the studying of delay equations in the Hilbert space setting
is rarely seen in works on dynamical systems. For example, recent monographs
on infinite-dimensional dynamical systems (see A.N. Carvalho, J.A. Langa and
J.C. Robinson [13]; I. Chueshov [17]) treat delay equations in the space of contin-
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uous functions. Below we will justify advantages of the Hilbert space geometry
for understanding of the dynamics of such equations.

Namely, the obtained variation of constants formula (VAR) is useful for
applications of the Frequency Theorem |2, 28| (a theorem that allows to construct
quadratic Lyapunov functionals, which we use to construct inertial manifolds)
since it allows to pass from the nonlinear equation to a linear inhomogeneous
system, which is studied in the context of the theorem®. It is also convenient
for studying of almost periodic in time equations, where, as it is well-known, one
should compactify the equation by considering the so-called limiting equations and
check the continuous dependence with respect to perturbations of the right-hand
side. We refer to our works [1, 5| for applications to such and other equations in the
infinite-dimensional context. In finite-dimensions the Frequency Theorem (also
known as the Kalman-Yakubovich-Popov lemma) has already proved to be useful
for studying of dimensional-like properties of autonomous and almost periodic
ODEs (see, for example, M.M. Anikushin [9, 7]; M.M. Anikushin, V. Reitmann
and A.O. Romanov [8]; N.V. Kuznetsov and V. Reitmann [24] and references
therein for a range of applications).

Theorem 1 is also convenient for studying of differentiability properties of
semigroups (see Section 3) and inertial manifolds (see Section 5). We do not ex-
plicitly state these results in this introduction because strict formulations require
long preparations. Along with Theorem 1 these results form a basis for parts of
our adjacent works [1, 5, 3] concerned with delay equations.

A part of the present work is motivated by our previous paper [6] on the
existence of invariant topological manifolds for cocycles in Hilbert spaces and es-
pecially Problem 2 posed therein, which asks for extensions of the theory for delay
equations with discrete delays. At Appendix A we present such an extension of
the theory, which also gives a solution to Problem 1 from [6] asking for conditions
to provide continuous dependence of the inertial manifold fibres. In fact, under
some natural additional assumptions these manifolds possess classical properties
such as exponential tracking and normal hyperbolicity, which are proved and dis-
cussed within a more general context in our adjacent work [1]. In the present
paper we discuss these extensions for delay equations in Section 5.

Concerning inertial manifolds for delay equations, here we should mention
the paper of C. Chicone [15], which extends classical results of Yu.A. Ryabov
and R.D. Driver, devoted to inertial manifolds for delay equations. The theory

*See [4, 2] for discussions on developments of the Frequency Theorem starting from the first infinite-
dimensional version proved by V.A. Yakubovich and A.L. Likhtarnikov [28].
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considered in [15] allows to construct n-dimensional inertial manifolds for delay
equations in R” with small delays. For comparison, our approach has some deli-
cateness in applications, where the Frequency Theorem for delay equations [2] is
used. In particular, it allows to construct inertial manifolds with the dimension
that is not limited to n as in [15]. Moreover, it is shown in [2]| that results from
[15] can be deduced (with relaxed in some cases conditions) in most from the Fre-
quency Theorem and our general theory from |1]| (which, as we have mentioned,
uses results of the present paper) after simple computations.

Our results from |1, 4, 2] allow to consider various inertial manifolds theo-
ries within a general geometric context based on the use of quadratic Lyapunov
functionals. In particular, it is shown by the author in [4] that the Spectral Gap
Condition, used by C. Foias, G.R. Sell and R. Temam [40] (see also the survey of
S. Zelik [44]) is a particular case of some frequency inequality arising in various
versions of the Frequency Theorem, which provides the existence of quadratic
functionals. This frequency inequality was also used by R.A. Smith [35, 34] for
his developments of the Poincaré-Bendixson theory for delay equations in R"™ and
certain reaction-diffusion equations’. Moreover, in the surveys of A. Kostianko et
al. [23] or S. Zelik |44] it is shown that the Spatial Averaging Principle, which was
proposed by J. Mallet-Paret and G. R. Sell to relax the Spectral Gap Condition in
some cases, also lead to the existence of certain quadratic functionals. For more
discussions in this direction see [1, 4, 2|. Note also that our geometric approach
can be also applied to construct stable/unstable and local center manifolds along
invariant sets.

Besides the above mentioned construction of quadratic Lyapunov function-
als, an advantage may be given by possible applications of dimension estimates,
which use the Hilbert space geometry, and approximation of dimension-like char-
acteristics and spectra (see D. Breda and E. Van Vleck [11]). In this direction
we prove in Section 3 the Cl-differentiability property for semigroups in H gen-
erated by (1.1) with F' € C! and F’ globally bounded. This allows to apply
well-known dimension estimates for the fractal dimension (see V.V. Chepyzhov
and A.A. Ilyin [14]), the Hausdorff dimension (see R. Temam [40], J. Mallet-Paret
[31]) and the topological entropy (see N.V. Kuznetsov and V. Reitmann [24]) of
compact invariant sets. However, obtaining effective dimension estimates for delay
equations seems to be a nontrivial problem and we try to discuss its nontriviality
in Section 3. This can be seen also from rare papers on the topic, where the

tNote that R.A. Smith did not use quadratic Lyapunov functionals in the infinite-dimensional case, probably
due to his inability to show their existence. Our extensions of the Frequency Theorem presented in [2, 4] show
that under Smith’s frequency inequality such functionals do exist.
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pioneering paper of J. Mallet-Paret [31] and a paper of J.W-H. So and J. Wu [3§|
should be mentioned. Both of the papers represent an approach, which somehow
utilizes compactness of the differentials to show finite-dimensionality (as well as
in the mentioned monographs [13, 17, 21]) and does not provide any effective
estimates. It seems that the authors of [38] were the first to mention some non-
triviality of the problem, but they did not provide any discussions on it (referring
to subsequent works that never appeared). Moreover, in [29]| J. Mallet-Paret and
R.D. Nussbaum studied compound processes arising from linear nonhomogeneous
scalar delay equations with monotone feedback (such equations may appear after
linearization). Their nontrivial results show that such compound processes for
certain powers (corresponding either to odd or even-dimensional volumes growth)
preserves a convex reproducing normal cone of rank 1. This allows us to treat the
problem in the general context of spectral theory. Here the variational principle
for subadditive functions proved by P. Thieullen [41]|, which allows to describe
the largest uniform Lyapunov exponent of the compound cocycle as a Lyapunov
exponent over some ergodic measure, is crucial for understanding of the problem.
In Section 4, by means of the Suarez-Schopf model for ENSO [39], we use this
approach to obtain effective conditions for the nonexistence of periodic orbits and
homoclinics. To the best of our knowledge, this is the first time when the criterion
of R.A. Smith [33] and its developments by M.Y. Li and J.S. Muldowney [27] are
effectively applied for equations with delay.

This paper is organized as follows. In Section 2 we prove Theorem 1. In
Section 3 we prove a theorem on C'-differentiability of the semigroup given by
(1.5) in the autonomous case (Theorems 2 and 3). Here we also consider the
problem of obtaining effective dimension estimates (see Problem 1) and discuss
its nontriviality. In Section 4 we consider the Suarez-Schopf model for El Nino
given by a scalar delay equation, pose a problem linked with dimension estimates
and give a partial solution. In Section 5 we discuss inertial manifolds and their
properties, including Cl-differentiability (see Theorem 11), normal hyperbolic-
ity and exponential tracking. Moreover, we obtain dimension estimates using
some Riemannian metric, which naturally arises from the construction of inertial
manifolds (see Theorem 12). In Section 6 we continue our investigation of the
Suarez-Schopf model and obtain conditions for the existence of one-dimensional
and two-dimensional inertial manifolds (see Theorems 13 and 14). At Appendix
A we present a generalization of our main result from [6], which is, in particular,
convenient for delay equations.
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2 Construction of delay semigroups

At first we state here a lemma from [2], which in particular shows that (MES)
is satisfied for any operator C. Let T > 0 and consider the subspace Sy C
C([0,T]; C([—T,0]; R™) of all continuous functions ¢: [0,7] — C([—7,0];R")
such that there exists a continuous function z: [—7,T] — R" with the property
o(t) = x; for all £ > 0. The following lemma is Lemma 8 from [2].

Lemma 2.1. Let C: C([—, 0; R") — R" be a bounded linear operator. Then
there exists a constant M = M(C) > 0 such that for all T > 0, p > 1 and any
¢ € St we have

T 1/p 1/p
([ 1Cotwri) < e (16O, s + 1Ol gren) - (21)

Using Lemma 2.1 with p = 1, we get that (MES) with M¢ := Mz(1+ /7)
is satisfied for the operator C' corresponding to C' from (1.1).

Remark 3. From the Riesz representation theorem, there exists a r X n-matrix-
valued function of bounded variation (), where § € [—7, 0], such that

B 0
Co = / dv(0)p(0) for any ¢ € C([—7,0]; R"). (2.2)

It can be shown that Mz < Var v, where Var is the total variation on [—7, 0] (see
121)-

Remark 4. Let us consider the space H7. of all functions ¢(-) €
C([0,T); Ly(—7,0); R") such that for some z(-) € L,(—7,0; R") we have ¢(t) = x;
for all ¢ > 0. It is convenient to endow 7—[1} with the norm

1/p

l6C) e = (OO oy + 12O ormey) (2.3)

Now Lemma 2.1 shows that the operator H% > ¢(-) — Zo(¢()) € L,(0,T;R"),
where

Ze(d())(s) = Co(s) for ¢ € Sy and s € [0,T] (2.4)

is well-defined. Moreover, its norm is independent of 1" and p. This is the sense
in which the variation of constants formula from (1.10) can be understood for any
vy € H.

The following lemma is Theorem 3.23 from [10].
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Lemma 2.2. The operator A given by (1.4) is the generator of a Cy-semigroup
G(t), t >0, in H. In particular, there are constants My, s > 0 such that

|G (t)volm < M e vglm for all t >0 and vy € H. (2.5)

The following lemma is a particular case of Lemma 3.6 from [10].

Lemma 2.3. Let z: [-7,00) — R" be a function such that x €
VV;)’CQ([—T, o0);R"). Define the history function* ¢(t) = x; for t > 0. Then

¢ € C'([0,+00); La(—7,0;R")) and for all t > 0 we have §(t) € W'?(—7,0;R")

and

o(t) = dile(,/)(t) in Lo(—7,0; R"). (2.6)

An immediate consequence of Lemma 2.3 is the following.

Corollary 1. Let z(t) = x(t,t9, ¢o9) be the classical solution to (1.1) such that
g € WH2(—71,0;R"). Then the function v(t) = (x(t),z), t > tg, is a classical
solution to (1.5) with vy := v(ty) = ¢ (or, more precisely, v(ty) = (¢0(0), ¢o)).
Moreover, if we put £(t) := F(Cwv(t)), then v(-) also satisfies the inhomogeneous
equation

o(t) = Av(t) + BE(t) (2.7)

and, in particular, the variation of constants formula for ¢t > ¢

o(t) = Gt — to)vo + / Gt — ) BF(Culs))ds (2.8)

0
1s valid.

Remark 5. An analog of Lemma 2.2 for parabolic or hyperbolic equations can
also be proved (see, for example, Theorem 3.29 in |10]). To proceed from Lemma
2.3 to Corollary 1 we have to establish the well-posedness (—existence of classical
solutions) in the space of continuous functions. This is also well-studied for partial
differential equations with delay. See, for example, [17].

Now we can give a proof of Theorem 1.

Proof. Let z;(t) = x;(t,to, o), where t > ¢y and j = 1,2, be two classi-
cal solutions to (1.1) and put v;(t) = (x(t),x;). If we suppose that ¢, €
Wt2(—7,0;R"), then v;(-) satisfies (2.8) due to Corollary 1. From this, (2.5),

Here, as in the previous section, z4(0) := x(t + 6) for 6 € [-7,0].
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(1.2) and (MES) we get
v1(t) — va(t) [ <

< M0y (tg) — va(to) | + MaAi [ Bl | €=9|C(vi(s) — va(s))ds <
to
< (Ma+ MaMcAR™ || B])e vy (f) — va(to) lu+
t
+MAMCA§‘O)+THBH6”°(F“) [v1(s) — va(s)|mds.
to

(2.9)

From this, by applying the Gronwall lemma, for some constant M; =
My (T, AingT) we get

|U1(t> — 'UQ(t)‘H S Ml‘vl(to) — Ug(to)‘H for all ¢ i~ [to,to + T] (210)

From (2.10) for any ¢y € R, vy € H we can define a generalized solution v(t, ¢y, vg),
t > tg, by the continuity and density of W1%(—7, 0;R") in E and H. Indeed, let a
sequence vy € W2(—1,0;R"), where k = 1,2,.. ., tend to vy in H as k — +oo.
Then (2.10) shows that the sequence vi(t) = vi(t,to,vor), t € [to,to + T}, is
fundamental in H for any 7" > 0. Its limit is the generalized solution v(t, ¢y, v),
t > ty, which is independent on the choice of vy . This proves the initial statement
of Theorem 1 and (ULIP). Moreover for T' > t > t; + 7 we have

[v1(2) — v2(t) ||l < S Vi (¢ +0) — va(t + ) [ < Mifvi(to) — va(to)|m. (2.11)
c|—T,

This proves that, in fact, the sequence v(t), t € [tg,to + T|, defined above is
fundamental in E for ¢ > ¢y + 7 and, consequently, v(¢,tg,vy) € E. This proves
the smoothing property stated in (ULIP). In particular, the map U(t,s) for
t > s+ 7 takes bounded sets in H into bounded sets in E, where U(t, s) coincides
with (7(15, s). From the Arzeld-Ascoli theorem, the map ﬁ(t, s) for t > s+ 7 takes
bounded sets in E into precompact sets in E. Consequently, U(t,s): H — E is
compact for t > s 4 27. This shows (COM). Summarizing the above, it is clear

that (REG) is also satisfied. From Corollary 1 and continuity arguments we get
(VAR). The proof is finished. O

3 Differentiability of delay semigroups

In this section we suppose that (1.1) is autonomous, i. e. F' is independent of
t. We suppose also that F' € C'(R";R™). Note that from (1.2) it immediately
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follows that F” is bounded. Let the assumptions of Theorem 1 hold. Then there
is a semiflow ': H — H given by equation (1.5), i. e. it is defined as ¢'(vy) :=
v(t,0,vp) for all ¢ > 0 and vy € H. For vy € E one can formally write from (1.5)
the linearized along the trajectory ¢'(vg) equation

V(t) = [A+ BF'(C¢'(v))C|V (2) (3.1)

Putting Nﬁ(t, y) := F'(C¢'(up))y, we see that (3.1) is of the form (1.5) with F
changed to F. Thus, we have the following well-posedness result for (3.1), which
follows$ from Theorem 1.

Lemma 3.1. For any vy € H and & € H equation (3.1) has a unique gen-
eralized solution V(t) = V(t;&;v0) such that V(0) = &. For & € D(A) the
solution V (t) = V (t; &; v0) is a classical solution, i. e. V(-) € C1([0, +o0); H) N
C([0,4+00); E), V(t) € D(A) and V (t) satisfies (3.1) for all t > 0.

There is, in fact, continuous dependence of solutions to (3.1) on vy € E that
can be seen from the variation of constants formula (VAR) (see Lemma 5.1).

Let  C H be an invariant compact set, i. e. ¢'(K) = K for all ¢ > 0.
From the smoothing property in (ULIP) and the fact that a compact invariant
set consists of complete trajectories we have the inclusion K C D(A). Let us
formulate the following property.

(MES*) There is a constant M > 0 such that for all 7" > 0

T
| tevopa < Mg (OB + 10O o) (32)
for all v(-) € Hr.

From Lemma 2.1 with p = 2 we get that (MEES*) with Mg, := (Mp)? is satisfied
for any C' corresponding to C' from (1.1).

For the proof of differentiability properties below we need a simple observation
given by the following lemma.

Lemma 3.2. Let QQ: R" — R™ be a globally bounded continuous function and
fix some T > 0. Then the operator u(-) — Q(u(:)) is a continuous map from
Ly(0,T;R") to Le(0,T; R™)

$Although formally Theorem 1 is proved for nonlinearities F(t,y), which are defined for ¢ € R, it clearly
remains true (with obvious modifications) when we have ¢ € [0, 400) only.
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Proof. One can prove the continuity at every point by contradiction, combining
the facts that any convergent Ls sequence contains a subsequence, which converges
almost everywhere, and the Dominated Convergence Theorem. ]

Theorem 2. Suppose that F € C*(R";R™) and F' is globally bounded. Then for
any vg € H, any T > 0 and any bounded in H subset B we have

[ 19 (v + hE) — ¢ (v) — RV (w03 )
h—0 h

N 0, (3.3)

where the limit is uniform in t € [0,T] and £ € B.

Proof. Put §(t) = ¢'(vg + h€) — ©!'(vg) — V (t; vo; hE). We apply the variation of
constants formulas (see Remark 4) to get the representations

©'(vo + h€) = G(t)(vo + h€) + /0 G(t — s)BF(Cy’*(vg + h&))ds (3.4)
and for V() = V (¢; vo; hé)
V(t) = hG(t)E + /OtG(t — $)BF'(C*(v9))CV (s)ds. (3.5)

Putting A(s) := ¢*(vg + h&) — ¢*(vp) and using the Newton-Liebniz formula, we
get

F(C* (v + hg)) — F(Cyp*ug) =

L (3.6)
— ([ Fictap e+ 19+ (0 - ) )] da) 0a0)

0

t

t (3.8)
+ /0 G(t — s)BF'(Cy*(u))Cd(s)ds
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For the first integral using Lemma 2.2 and the Hoelder inequality, for any ¢ € [0, T']
we have

/OtG(t —5)B [/01 (F'(u(s)) — F'(po(s))) da] CA(s)| <
<t 11 ([P0 = Pt T o

([ eawpas)

From Lemma 2.1 we have that u(-) — uo(s) in L9(0,7;R") as h — 0+ uniformly
in £ € B. Now using the Tonelli theorem, we may apply Lemma 3.2 to conclude
that the limit

R(h; &, ) : (/ / |F' (11 F'(p O(S)QClads)l/2 —0ash—0 (3.10)

is uniform in £ € B.

Since A(-) € HE (see Remark 4), from (MES*) and (ULIP) we get a
constant M' = M'(T) > 0 such that

(/OT \CA(s)\2d5> < M'|h€|s. (3.11)

For the second integral in (3.8) we have
t

/ G(t — s)BF'(Cp®(vg))Co(s)ds
0

Since §(0) = 0, from (MES) we get that fOt|C’(5(s)|ds < Mg fot|5(s)|Hd3.
Combining this and (3.9), (3.11), (3.12) with (3.8), we get for some constant
M" = M"(B,T,v) > 0 that

t
< Mue*T . |B|| - / C5(s)ds.  (3.12)
0

t
5(0)s < M R(bEown) - el + M7 [ 5(lads. (313)

0
Now applying the Gronwall inequality, we finish the proof. H

Let K be a compact invariant set. As in [40, 14|, we say that the family ' is
quasi-differentiable on IC w. r. t. the family of quasi-differentials L(t;v) € L(H),
where t > 0 and v € K, if for all t > 0

sup |0 (v2) — @' (v1) = L(t;v1) (va — v1) |

v1,02EK |U1 - U2|H
|1 —va|m<e

—0ase— 0+ (3.14)
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and the following properties are satisfied

(QD1) sup [|L(t;0)]| < oo
te[0,1]
velC

(QD2) L(t + s;v) = L(t; ¢*(v))L(s;v) for all t,s > 0 and v € K.

Theorem 3. Suppose that F is independent of t, F € CYR";R™) and F' is
globally bounded. Consider a compact set K C H, which is invariant w. r. t.
the semiflow ©', t > 0, given by equation (1.5). Then the family ¢ is quasi-
differentiable w. r. t. the family of quasi-differentials L(t;v) given by

L(t;v)§ := V(£ v;8), (3.15)

where V(t) = V(t;v0;&) is the solution to (3.1) with V(0) = £. Moreover, the
map vy — L(t,vg) is continuous as a map from H to L(H) for all t > 0.

Proof. If the linear operator L(t;v): H — H is defined as in (3.15), Theorem 2
guarantees that (3.14) is satisfied for all ¢ > 0 since it shows that L(t;vg) is the
Fréchet differential of ¢ at vg. From (ULIP) of Theorem 1 it follows that L(t;v)
is a bounded linear operator and (QD1) is satisfied. The property in (QD2) is
equivalent to

V(t+ s;0:6) =V(to*(v); Vi(s;v;€)) forall t,s > 0,0 € K, € H,  (3.16)

but this is just the uniqueness of solutions to (3.1) given by Lemma 3.1. To show
that the map H 3 vy — L(t;v9) € L(H) is continuous for every ¢t > 0 we define
d(t) = L(t;v)€ — L(t;v0)€ = V(t;0;€) — V(t;vp;€) for some fixed vy € H and
arbitrary v € H. Let also & € H be such that |{|g < 1. Then 0(-) satisfies the
equation

5(0) = [ Gl =) BIF(CE@ICV (059 = FICE )OV (1 s )ds =
_ /0 Gt — $)BIF(Co* (1)) — F'(Cp (1)) CV (£ v0: €) s

-|—/ G(t — s)BF'(C¢*(v))Cd(s)ds.
0
(3.17)

Using the Gronwall lemma argument as in Theorem 2, one can show that v — vy
implies that d(f) — 0 uniformly in & with [{|g < 1. But this gives the desired
continuity. The proof is finished. ]
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The continuity of the map vy — L(¢; vg) plays an important role in dimension
estimates. It is shown by V.V. Chepyzhov and A.A. Ilyin [14] that this property is
the only missing ingredient that makes the Hausdorff dimension estimate obtained
by P. Constantin, C. Foias and R. Temam [40] hold for the fractal dimension also.
This property is also essential for Theorem 4 below.

Note that any invariant compact IC, thanks to (ULIP), must lie in E and
the topologies of E and H on K coincide. Moreover, from (ULIP) we get that
K is an image of itself under the Lipschitz map ¢?". Therefore, the Hausdorff
and fractal dimensions of K w. r. t. the metrics of H and E coincide. Applying
a theorem of J. Mallet-Paret [31] (see also Section 4.6 in [24]) to the compact
Fréchet differentiable map ¢?” we get the following theorem.

Theorem 4. Under the hypotheses of Theorem 3 the Hausdorff dimension of IC
18 finite.

Moreover, from [14] we can show finiteness of the fractal dimension that is
not less than the Hausdorff dimension (see Remark 3.6 in [24]). For this we need
some preparations.

For a compact linear operator L: H — H let ay > as > a3 > ... be its
singular values. For d = k + s, where k is a non-negative integer and s € (0, 1],
we consider the singular value function of L defined as

wa(L) ==y« ap-aj =w Wi (3.18)

From Theorem 2.1 in [14] applied to the map ¢’ for some fixed t > 27 we get
the following theorem.

Theorem 5. Under the hypotheses of Theorem 3 suppose that for some t > 21
and d > 0 we have

supwg(L(t;v)) < 1. (3.19)
vell

Then for the fractal dimension of IC in H we have dimp IC < d.

The main result of [14] and the above definitions can be also formulated for
the case of a non-compact operator L [40]. In our situation, the compactness of
L(t;v) for t > 27 allows us to stay in the compact context, which is simpler.
Since L(t;v) is a compact operator for ¢t > 27, its singular values tend to zero
and therefore wy(L(t;v)) < 1 is satisfied for all sufficiently large d > 0. Using the
compactness of IC and the continuity of L(¢,v) (and, consequently, wy(L(t;v)))
w. r. t. v € K, one can show that for every ¢ > 27 the inequality in (3.19)
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is satisfied for some sufficiently large d > 0. Thus, we immediately have the
following theorem which strengthens Theorem 4.

Theorem 6. Under the hypotheses of Theorem 3 the fractal dimension of K s
finite.

In particular, from Theorem 6 and the Lipschitz property of the semiflow we
immediately have finiteness of the topological entropy of ¢ restricted to K (see,
for example, [24]).

[t is interesting to obtain effective dimension estimates and this seems to be a
nontrivial problem. Let us start a discussion by formulating the following analog
of the Liouville trace formula for (3.1).

Lemma 3.3. Under the hypotheses of Theorem 3 let k > 0 be an integer and
vo € H be fized. Then for any & € D(A) and V;(t) = V(t;v0,&;), where j =
1,...,k and t > 0, we have

Vi) A A V()] g =

t 3.20
=&AL A §k|/\kHexp (/0 Tr((A+ BE'(Cp*(1y))C) o H(s))ds) : (3:20)

where T1(s) is the orthogonal projector onto Span(Vi(s), ..., Vi(s)).

Here /\k H denotes the k-th exterior power of H endowed with the inner product
| - \/\kH, which is given for my A ... A, € A"H by the k-dimensional volume
of the parallelepiped with edges 7y, ...,n; (for a more precise treatment see, for
example, [40]). Since & € D(A), we have that Vj(-) is a classical solution of
(3.1) and, in particular, V;(t) € D(A) for all ¢ > 0. Thus, the operator under
Tr is bounded, has finite-dimensional range and continuously depend on s. In
particular, its trace is well-defined. After these explanations Lemma 3.3 can be
proved in a standard way (see, for example, Subsection 2.3 of Chapter V from
[40))

As above, let L: H — H be a compact operator. It is well-known (see Propo-
sition 1.4 from Subsection 1.3 of Chapter V in [40]) that for any integer £ > 0 we
have

wi(L) = sup [L& A .. AL&[psgg = sup L&A A L&k[ iy,
51 ..... kaH 51 ..... ngD(A)
€ lm<1Vj €5 ln<1Vj
(3.21)

where the last inequality is due to the density of D(A) in H.
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Using (3.21) and Lemma 3.3, one usually provides some estimates for the
trace of the operator in (3.20), which makes it possible to apply Theorem 5.
In the case of parabolic problems there is a general estimate for the trace of a
positive self-adjoint operator (see Chapter VIin [40] or Lemma 4.21 in [13]), which
in some cases (for example, for reaction-diffusion equations) overrides the effect
of the nonlineary (that is F' in our case) and makes it possible to obtain effective
dimension estimates. Linear operators corresponding to delay equations are not
self-adjoint and thus it is not obvious how one may derive effective dimension
estimates with the use of Theorem 5 in the general case. As we will see below, a
naive approach concerned with the study of the symmetrized operator (A+ A*)/2
does not work here, although it has proved to be effective for ODEs (see [24]). We
are familiar only with the paper of JJW-H. So and J. Wu [38|, where dimension
estimates for delay equations through the trace estimates are considered (in [3§]
a class of parabolic equations with delay is studied). However, |38] ends with
an abstract application of the Constantin-Foias-Temam estimate (in the same
way we did in Theorem 6) and, as it is said in the introduction, its concrete
realizations are left for forthcoming papers, but none of such papers seems to
be appeared. Another example is the monograph of A.N. Carvalho, J.A. Langa
and J.C. Robinson [13], which in particular treats dimension estimates, contains
a chapter devoted to delay equations, but there are no discussions concerned with
effective dimension estimates for such equations. Thus, we consider it important
to draw attention to the following problem.

Problem 1. How to obtain effective dimension estimates for delay equations?

A partial solution to the above problem can be given by construction of inertial
manifolds [1, 6, 15, 40]. However, the existence of an inertial manifold only gives
an integer estimate given by its dimension and such an estimate is too rough
to apply, for example, some criteria of non-existence of periodic orbits based on
dimension estimates (see R.A. Smith [33]; M.Y. Li and J.S. Muldowney [27]). Such
criteria can be mixed with various developments of the Poincaré-Bendixson theory
for infinite-dimensional dynamical systems (see |1, 30]) to obtain convergence
properties. On the other hand, the existence of smooth inertial manifolds at
least theoretically leads to a certain ODE given by a smooth vector field (the so-
called inertial form), which describes dynamics on the manifold. The linearized
vector field can be symmetrized to obtain effective dimension estimates. To the
best of our knowledge, the only case, to which this approach can be efficiently
applied, is given by delay equations with small delays, for which C. Chicone in
[15] obtained an expansion for the vector field by the delay value considered as a
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small parameter.

Note that in the case of ODEs there is an effective approach called the Leonov
method (see N.V. Kuznetsov [25]; G.A. Leonov et al. [26]; N.V. Kuznetsov
and V. Reitmann [24]|) concerned with changes of the metric tensor via special
Lyapunov-like functions. Sometimes it allows to obtain sharp (or even exact [26])
estimates for the Lyapunov dimension (and, consequently, for the Hausdorff and
fractal dimensions) on the global attractor. To the best of our knowledge, there
is still no efficient applications of the Leonov method for infinite-dimensional sys-
tems. Its development with the synthesis of the above mentioned criteria for the
nonexistence of periodic orbits [33, 27| has particular interest.

Let A: D(A) C H — H be a closed linear operator. Let L. C D(A) be a
finite dimensional subspace and Iy, be the orthogonal (in H) projector onto L.
The trace of A on L is the value Tr(A o II). Let us define the trace numbers
B1(A), B2(A), ... by induction from the relations

Br(A) + ...+ Br(A) = sup Tr(Aolly), (3.22)
LCcD(A)
dim L=k
where k = 1,2,.... In Theorem 7 below the trace numbers are related to the

eigenvalues of a self-adjoint extension S of the symmetrized operator Sy := (A +
A*)/2. In the case of delay equations such operators as S are defined everywhere
in H and have null spaces of finite codimension. By considering some simplest
cases, one can see that the trace numbers do not depend on the delay value and
their sum can never be negative that makes them inappropriate for studying delay
equations.

Let us illustrate the problem by means of the following example. We consider
for « € (0,1) and 7 > 0 the operator A in H =R X Ly(—7,0;R) given by

(2.6) = (6(0) ~ a0(-7). 750 . (3.3

Its domain D(A) consists of all (x,¢) € H such that ¢ € Wh?*(—7,0;R) and
®»(0) = x. Such an operator arises in the example from Section 4.

Lemma 3.4. For the operator A given by (3.23) we have B1(A) = 3+Ta2 and
Br(A) =0 for all k > 2.

Proof. Let . € D(A) be any k-dimensional subspace. Let e; = (¢;(0), ¢;(+)) €
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D(A), where i = 1,2,..., k, be an orthonormal basis for . Then we have

k k

Tr(AolIly) = Z(Aei, e)H = Z (;@(0)2 — agi(—1)$i(0) — %(ﬁi(—T)Z) .
- - (3.24)
Let us consider the case k = 1. From (3.24) we have
B1(4) =sup ( 30(0 = a0(-7)e(0) - 30(-7)?) =
(3.25)

3 o(=7) 1 <</5(—T)>2
=sup(0)*- [ = — « — 5 ;
) <2 50) 2\ 600
where the first supremum is taken over all ¢ € Wh?(—7,0;R) such that
|6(0),¢(-)|m = 1 and the second has the additional constraint ¢(0) # 0. Since
$(0)? < 1 and the maximum value of the quadratic polynomial —1/22%—ax+3/2

is (3+a?)/2, we have 31(A) < (3+ «a?)/2. But it is easy to construct a sequence
of functions ¢(-) showing that (3 4+ a?)/2 is indeed the value of B1(A).

In the case k = 2 let us observe that the orthonormal basis ey, es for I can
always be chosen such that ¢1(0) = 0. Then from (3.24) we have

1 3 1
B1(A) + o) = sup (=) + 56(0) ~ an(~7)0n(0) ~ Jn(~7)?)
(3.26)
where the supremum is taken over all ¢, ¢o € Wh2(—7,0; R) such that ¢(0) = 0,
16:(0), ¢i()m = 1 and [ ¢1(6)¢2(8)df = 0. Tt is clear that the supremum do
not exceed (3 + «?)/2. But it is not hard to construct a sequence of functions

(assuming also that ¢;(—7) = 0), which shows that it is, in fact, equal to (3 +
a?)/2. Thus, B2(A) = 0.

If £ > 2 then we can choose the orthonormal basis eq, ..., e in such a way
that ¢;(0) = 0 for ¢ = 1,...,k — 1. From similar as above arguments we have
that 5p(A) =0 for k > 2. O

Although for A being self-adjoint, the supremum in (3.22) is achieved on some
eigenspace, it can be seen from the proof of Lemma 3.4 that for the operators
corresponding to delay equations the supremum in (3.22) is not achieved on any
nice subspace and the limiting subspace consists of discontinuous functions.

Remark 6. Below, we prove Theorem 7, which shows that “the limiting subspace”
is an eigenspace for a self-adjoint extension of the symmetrized operator Sy :=

Electronic Journal. http://diffjournal.spbu.ru/ 20



Differential Equations and Control Processes, N. 4, 2022

(A+ A*)/2. Let us illustrate this for A from Lemma 3.4. In this case Sy can be
extended to a bounded self-adjoint operator S in H given by

(x,0) — (3 z&2x,0> for all (z,¢) € H. (3.27)

It is clear that the trace numbers §;(A) calculated in Lemma 3.4 coincide with
the eigenvalues of S ordered by non-increasing.

Note also that there are two leading real eigenvalues Ay > 0 and A\ < 0 of the
operator A given by (3.23) (see Section 4). From the dichotomy of linear problems
for delay equations we have that the inequality A; + Ay < 0 determines a region in
the space of parameters (7, @) where two-dimensional volumes are squeezed. But
it seems impossible to reveal this region from the trace formula (3.20) without
directly referring to the spectral decomposition.

Thus, it seems that the trace numbers Fj(A), which are useful for studying
parabolic problems and ODEs, are not appropriate for delay equations.

We finish this section by proving the following theorem.

Theorem 7. Let a closed operator A be such that D(A) N D(A*) is dense in H.
Suppose the operator Sy = (A+ A*)/2, which is defined at least on D(A)ND(A*),
can be extended to a self-adjoint linear operator S having a compact resolvent,
D(S) D D(A) and such that its eigenvalues ay(S) can be ordered by non-
increasing. Then for any k= 1,2, ... we have Br(A) = ay(9).

Proof. For breviety, let (-, -) denote the inner product in H. Let us firstly prove
that we have the equality

(Ae,e) = (Se,e) for all e € D(A). (3.28)

Indeed, the equality in (3.28) holds for any e € D(A) N D(A*). But then we have
an analogous identity for the corresponding bilinear forms as

(Av,w) + (v, Aw) = 2(Sv,w) for all v,w € D(A) N D(A"). (3.29)

Now take instead of v a sequence v,, € D(A) N D(A*) converging to some v €
D(A) in H as m — +oo. Using the equalities (Avy,, w) = (v, A*w), (Svy,, w) =
(U, Sw) and D(S) D D(A), one can show that (3.29) holds with v € D(A) and,
as a consequence of the symmetry, w € D(A). Now taking v =w = e € D(A) in
(3.29) yields (3.28).
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By definition, 51(A) + ...+ Br(A) is given by the supremum over all linear
k-dimensional subspaces . C D(A) of the value Tr(A o IIy). Let L be fixed and

let eq,...,ex be its orthonormal basis. In virtue of (3.28) we have
k k k
Tr(Aolly) =) (Aeje;) =Y (Seie) <Y ai(S), (3.30)
i=1 i=1 i=1

where the last inequality is due to the variational principle for self-adjoint opera-
tors as in Lemma 2.1, Chapter VI from [40]. This inequality becomes an equality if
[L is the eigenspace corresponding to a1 (.S), ..., ax(S). The proof is finished. [J

It is, however, interesting, whether the sum from (3.22) can be negative for
some k in some nontrivial cases arising from delay equations. We do not know of
any such example.

4 Example

We consider the Suarez-Schopf model [39] for El Nino-Southern Oscillation
(ENSO), which is given by the following scalar delay equation:

t(t) = 2(t) — ax(t — 1) — 2°(1), (4.1)

where a € (0,1) and 7 > 0 are parameters. Let us put v := v/1 + « and define
the sets Cg == {¢ € C([-7,0: R) | ||¢|loc <~ + R} for R > 0. We also use Cg
to denote the interior of Cg. If a semiflow in C'([—7,0];R) is given, by w(¢g) we
denote the w-limit set of ¢y € C([—7,0];R) w. r. t. this semiflow.

Let us show that (4.1) is dissipative and generates a semiflow in C'([—7, 0]; R).
This is contained in the following lemma.

Lemma 4.1. The set Cg is positively invariant w. r. t. solutions of (4.1). In
particular, (4.1) generates a semiflow o', t > 0, in C([—7,0];R). Moreover,
w(¢o) C Co for all ¢o € C([—T,0;R).

Proof. Since the closure of a positively invariant set is positively invariant and the
intersection of positively invariants sets is also positively invariant, it is sufficient
to show that Cp is positively invariant for all R > 0. Suppose the opposite, i. e.
there exist an initial condition ¢ € éR and a time ¢t > 0 such that for the classical
solution z(-; 0, ¢g) we have ¢*(¢y) = x, € Cg for all s € [0,1) and |z(t)| = v+ R.
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From (4.1) we have

(4.2)

i(t) <y+R+a(y+R)—(y+R)3<0,ifz(t)=R+7,
(t) >—=(v+R)—a(y+R)+(y+R)?®>0, ifz(t) = —(R+7).

that leads to a contradiction.

Since any solution does not leave Cg for some R > 0, it remains bounded and
therefore can be extended for times up to +o0o (see Theorem 3.1, Section 2.3 in
|21]). Thus, (4.1) generates a semiflow in C([—, 0]; R).

Now suppose there is ¢g € C([—7,0]; R) such that w(¢g) ¢ Cy. Then there is
R > 0 such that w(¢g) C Cr and w(¢g) ¢ Cr—c for all 0 < € < R. Since w(¢y)
cannot entirely lie on the boundary of Cr (due to similar as in (4.2) arguments),
we can find 0 < g1 < R and ¢1, ¢2 € w(gg) such that ¢, € Cp_., and @9 € Cr
with ||@e|| = v+ R. Then there is a time moment ¢, > 0 for which ™ (¢y) is close
to ¢1, namely, (o) € Cr_, for some gy < £1. But since Cr_., is positively
invariant we have that ¢'(¢g) is separated from ¢y for all ¢ > ¢, that contradicts
to ¢o € w(¢p). Thus, w(py) C Cy and the proof is finished. ]

It should be noted that from a theorem of J. Mallet-Paret and G.R. Sell [30]
it follows that for (4.1) the w-limit set of any point ¢, satisfies the Poincaré-
Bendixson trichotomy, i. e. it can be either a stationary point, either a periodic
orbit or a union of a set of stationary points and homoclinic and heteroclinic orbits
connecting them. However, numerical experiments in [39, 3| show that there is a
region, for which there are no periodic orbits (see below).

An elementary analysis shows that there are three stationary states ¢ =
V1—a, ¢° = 0 and ¢ = —/1 — . There is also a one-dimensional unsta-
ble manifold for ¢" for any parameters o € (0,1) and 7 > 0. When « and 7
are relatively small, the stationary states ¢™ and ¢~ are asymptotically stable.
These parameters correspond to the region of linear stability in [39], for which no
periodic orbits were observed. However, in our paper [3] we numerically found
hidden and unstable periodic orbits in (4.1), arising after homoclinic bifurcations,
for parameters from the region of linear stability which are close to its boundary
(called the neutral curve in [39]). Moreover, in [3] we justified that these parame-
ters (unlike the parameters from the region of linear instability) are related to the
irregular nature of ENSO since the discovered multistability is sensible to exterior
periodic forces or noise.

Since the semiflow generated by (4.1) is dissipative, there is a global attractor
IC C Cy. To make the developed theory applicable, let g: R — R be a function
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which coincides with 23 on [—(y + R),y + R] for some R > 0 and it is smoothly
extended outside of [—(y + R),v + R] in such a way that ¢ € C'(R;R) and ¢
is globally bounded. Clearly, the set IC will be also invariant for the semiflow
¢! generated by (4.1) with 23 changed to g(z). As before, we consider K as a
subset of H = R x Lo(—7,0; R) and K is also invariant w. r. t. the corresponding
semiflow in H given by Theorem 1 which we also denote by ¢.

Let vy € K, where vog = (yo,¢0). Let y(t) = z(t;0,29) be the classical
solution of (4.1) with y(0) = yo. For & € D(A), where & = (20, ¢) such that
¢g € W12(—7,0;R) and ¢o(0) = zy, we consider the solution V(t) = V (¢, vg, )
of (3.1), which in our case can be described as a solution to

£(t) = 2(t) — az(t — 1) = 3y*(t)=(t),
: . (4.3)
o(t) = 0 (t).

Here V' (t) = (2(t), ¢(t)) and V(0) = (20, ¢o)-

Let L(t;v), where ¢ > 0 and v € K, be the quasi-differentials given by
Theorem 3 for ¢!. It is clear that the zero stationary point ¢° belongs to K.
From a naive look at (4.3) one may suggest that (due to the presence of the term
—3y%(t)z(t)) the squeezing of d-dimensional volumes at ¢" (where y(t) = 0) is
the worst possible comparing with other points on the attractor K. However, the

presence of delay makes it not so obvious and we can only conjecture this (see
below).

The roots of the linear part of (4.1) are given by
l1—ae ™ —p=0. (4.4)

It can be verified that if « € (0,1) and 7 > 0 then there are always one positive
real root Aj, one negative real root Ao and the others roots are located to the
left from Ag. From the dichotomy of autonomous linear systems (see Theorem
4.1, Chapter 7 in |21]) it follows that A\; + Ay < 0 indicates the squeezing of 2-
dimensional volumes at the zero stationary state ¢°. From the above observations
we pose the following problem.

Problem 2. Let A\; = A\j(a,7) and Ay = \y(e, 7), where o € (0,1) and 7 > 0,
be the positive and the negative real roots of (4.4). Is it true that the condition
A1 + Ay < 0 excludes the presence of periodic orbits and homoclinics in (4.1)7

Remark 7. It can be shown that Ay + Ay < 0 is equivalent to
log(1+\/1—a2)

V1 —a?
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The inequality A1 + A2 < 0 indicates a large region in the space of parameters
(a, 7), which is included (but strictly smaller) in the region of linear stability
from [39] (see Fig. 1). When A\ + A2 > 0, there may exist periodic orbits and
homoclinics as it is indicated in [3]. However, the region \; + Ao < 0 is contained
(but strictly smaller) in the region of true stability (with a gradient-like behavior)
numerically obtained in [3]. Thus, [3| provides numerical evidence that the answer
to Problem 2 should be positive.

At the end of Section 3 we justified that straightforward applications of the
Liouville trace formula (3.20) are not appropriate to study delay equations.

Let us present another viewpoint onto the above problem. For this we consider
the 2nd compound cocycle, say Eg) = {Ef2)(q, )}, where t > 0 and ¢ € K,

associated with (4.3). This cocycle Z(9) acts in the 2-nd exterior power N E
of E = C([—7,0];R) and it is determined by the formula A’E 3 & A & —
E’Ez)(q,fl A &) = L(t:q)& N L(t; )& € N°E for &,& € E. Note that A’E
can be identified with the anti-symmetric functions in C([—7,0]?) (see [29] for
details). Let us consider the largest uniform Lyapunov exponent of Z) over K
given by

In SUPgeic HEfz)(% )”

by := lim sup (4.6)
t—+00 t
Then for every € > 0 there exists a constant M > 0 such that
sup HE’EQ)(q, N < Mt for t > 0. (4.7)

qer
Clearly, b; < 0 indicates the uniform squeezing of two-dimensional volumes over
IC. Thus, one may ask how to estimate b;. This can be done via the variational
principle for subadditive functions as in the following theorem.

Theorem 8. In the above introduced notation, the largest uniform Lyapunov
exponent by of the cocycle Z(9) over the global attractor KC can be realized as

1
by — M (4.8)

where 1 and po are the first two Floquet multipliers over a certain o-periodic
orbit or a stationary point (treated as a period 1 orbit).

Proof. Below, when referring to certain results for discrete-time systems, we con-

sider the discrete cocycle A(q,n) := E(TQ”)(q7 Y in A*C([—7,0];R) over the home-

omorphism? f(-) := ¢©7(-) on K. Note that the operators A(q,n) are compact.

TFor the uniqueness of backward extensions of solutions (which gives the homeomorphism property of !
restricted to the global attractor) see Theorem 4.1, Section 3.4 in [21].
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Let p be an ergodic Borel measure for f on K. Since recurrent points lying
in the support of any Borel invariant measure are typical (see item 1, Proposition
4.1.18 in [22]), the support of x must contain stationary or periodic points of the
semiflow ¢ due to the Poincaré-Bendixson trichotomy (Theorem 2.1 in [30]).

By Lemma 2.3.5 in [41], one can take p such that by is realized as a Lyapunov
exponent for u. Let gy = ¢g be any stationary or periodic point in the support at
which the Lyapunov exponent exists. Without loss of generality, we may assume
that qy is o-periodic for some o > 0. If puy and pe are the first two Floquet
multipliers (their existence is guaranteed by Theorem 5.1 in [29]), then ob; <
In |p1p2|. But it is clear that o In|pjpe| < by. This finishes the proof. O

Thus, Theorem 8 reduces Problem 2 to that any periodic orbit must be asymp-
totically stable (in the sense |uipu2| < 1) in the considered region.

For a real number r we consider the roots Aﬁ” = )\Y)(oz, T), Aé” = )\gr)(oz, T),

... enumerated in decreasing (by the real part) order according to their multiplic-
ity of the equation

1 -3 —ae ™ —p=0. (4.9)

The following theorem provides an estimate for |uips|. It highly relates on
the monotonicity results for Zy from [29].

Theorem 9. Let yy(-) be a o-periodic solution of (4.1) and let py and py be the
first two Floquet multipliers. Let ro := maxyc(o o] [Yo(t)|. Then for any r > ro we
have

1 7 r T
In |pps| <o [6-—/ (r* = y5(s)) ds+Re/\§)+Re)\;) : (4.10)
9 Jo

where )\Y) and /\g) are the first two of roots of (4.9).

Proof. Let qo € K be the o-periodic point corresponding to yo(-). Let M, =
E?Q)(qo, -) be the monodromy operator over gy for the 2nd compound cocycle Z(y).
Note that the linearization along the orbit is given by

A1) = (1= 3y2(1)2(t) — az(t — 7). (4.11)

We will compare M,, with the time-o map for the 2nd compound process, say
M., generated by
2(t) = (1= 3rH)z(t) — az(t — 7). (4.12)

Electronic Journal. http://diffjournal.spbu.ru/ 26



Differential Equations and Control Processes, N. 4, 2022

After the changes of variables given by w(t) = exp <f0t(3y§(s) — 1)d$) z(t) and
w(t) = exp (fot(?)fr — 1)d$> z(t) equations (4.11) and (4.12) transfer respectively

into
w(t) = —bi(t)w(t —7),
w(t) = —bo(t)w(t — 7').

Note that by (t) = g ftt_T(SyS( ) — 1)ds and by(t) = ayp ft (3r2 — 1)ds. Let M,
and Mr denote the time-oc maps of the correspondmg 2nd compound processes
in /\2 C([—7,0];R). Since by < be, by repeating arguments from the proof of
Proposition 5.3 in [29], we have that 0 < ]quo < M, in the sense of the partial
ordering given by a closed convex reproducing normal cone (the cone Ky from
formula (4.7) in [29]). By Proposition 5.7 in [29] we have that ,0(]\7%) < p(M,),
where p(-) denotes the spectral radius.

(4.13)

—

Now note that p(]\quO) = exp (2 [] (3y2(s) — 1)ds) p(My,) and p(M,) =
exp (2 [y (3r? — 1)ds) p(M,). Since p(Mg,) = |p1p12| and

p(Mr) _ ea(Re)\Y)-ﬁ-Re/\g))’ (414)
we obtain the desired conclusion. O

Remark 8. One can also obtain an estimate similar to (4.10) for any even number
m of the Floquet multipliers p1, pio, . .., t as

(4.15)

1 (7 - .
In|ppe ... | <o [3m;/ (TQ—yg(s))derZRe)\,({)
0 k=1

From the point of view given by Lemma 4.10, it is required to provide a bound
for periodic orbits. It turns out that the bound /1 + « given by Lemma 4.1 is not
appropriate due to its roughness. The following lemma provides sharper estimates
for the region containing the global attractor K for certain parameters.

Lemma 4.2. Suppose that at < 1/2 and put

Cla,T) := 1 fTaT :A; (1—a)- ! ; a (4.16)
Let Ry be the unique positive root of —p> + (1 —a)p + C(a; 1) = 0 and put
Ry = C(a, 1) -max{(1 —ar)™ !, (a7) '} (4.17)
Then the global attractor IC lies in the set C(Ry; Ro) defined by
C(Ry; Ra) == {¢ € C'([=7, 0 R) | 9]l < Ry, [[¢/]lc < Ra}. (4.18)
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Remark 9. Note that for the radius R; from Lemma 4.2 we always have Ry >
v/1 —a. Moreover, in the region ar < 1/2 the estimate for the radius of dis-
sipativity given by the lemma significantly improves the estimate /1 4+ « from
Lemma 4.1, especially for larger o since Ry — /1 —a as a — 1—.

Proof. The proof is similar to Lemma 4.1, although contains more calculations.
Let us consider the set C(Ry; R2) asin (4.18) for certain Ry and Rs (not necessarily
the ones specified in the statement of the lemma). Let C (R1; Ry) be the set
determined by strict inequalities and let us check its “positive invariance” for
certain initial conditions and values R; and R,. Suppose that ¢y € Co(Rl; Ry).
We suppose that the solution x(t) = xz(t; ¢g) satisties ©(0) = ¢;(0) and there
exists tg > 0 such that z; € C(Ry; Re) for all t € [0,%) and xy, € C(Ry; Ro).
There are only two possible cases (when one of the strict inequalities is violated).

Case 1: |z(tg)| = Ry. It is sufficient to assume that z(tg) = Ry and |2/(¢)| <
Ry for t € [0,%p]. From (4.1) we have

i(ty) = Ry — R} — ax(ty — 7). (4.19)

Note that x(tg — 7) > Ry — 7Rs. Thus, to get the impossibility of our situation
it is sufficient to require that

(1—a)R — R} +atRy <0. (4.20)

Case 2: |2/(t9)| = Ra. It is sufficient to assume that z'(ty) = Ry and |z(¢)]| <
Ry for t € [0,tp]. From (4.1) we have
to
Ry = x(tg) —ax(ty—7) —2°(tg) = (1 —a)z(ty) +a/ i(s)ds —2°(ty). (4.21)

t(]—’T

In particular, we have Ry < (1 — a)x(ty) — 23(tg) + atRs. For z(tg) > 0 we have

that
(1= a)alty) — 23(t) < (1—a) ,/1;0‘ g (4.22)

and, consequently, it is sufficient to require

Ry > (ar)™ ' Cla;7) (4.23)

to get the desired impossibility. On the other hand, if z(¢y) < 0, it is sufficient to

require that
Ry>(1—ar) ™ (=(1-a)R, +R}). (4.24)
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Let us take Ry > 0 and Ry := (a7)™ - C(a, 7) + Ry. Then (4.20) takes the form

(1—a)Ry — R} + C(a,7) + aTRy < 0. (4.25)
Moreover, for Ry := (1 — a7) 1 (—=(1 — a)Ry + R3) + Ry (4.20) takes the form
art

(1 —Oé)Rl —Ril))—f—

1 —ar (—(1— )R+ R}) +arRy <0 (4.26)

Note that ar < (1 — a7) is equivalent to ar < 1/2. Thus, for any Ry > 0
there exists Ry = Ry(Ry) such that both (4.25) and (4.26) are satisfied and the
corresponding region Co(Rl,RQ) will be positively invariant in the above given
sense if we take Ry = max{(a7)™t-C(a,7),(1—a71) ' (=(1—a)R; + R3)} + Ry.
Note that as Ry — 0+ the value R;(Ry) can be taken such that it tends to the
value defined in the statement of the lemma.

Now the final statement about the global attractor can be shown analogously
to the corresponding part of Lemma 4.1. ]

Now we use the obtained in Theorem 4.2 sharper bounds for the global at-
tractor K to get the nonexistence of periodic orbits and homoclincs for certain
parameters.

Theorem 10. Suppose that at < 1/2 and for the radius Ry from Lemma 4.2 we
have

6- B2+ ReA™ + Re A™ < 0. (4.27)
Then by < 0 and there are no periodic orbits and homoclinics in (4.1). Moreover,
any point tends to one of the stationary states ¢°,¢,¢.

Proof. Indeed, (4.27) and (4.10) imply that for any periodic orbit the first two
Floquet multipliers satisfy |uipe| < 1. Note that ar < 1/2 implies that A\j + Xy <
0 for the roots of (4.4) and that ¢* and ¢~ are asymptotically stable. Thus,
Theorem 8 implies that b < 0 and we have the uniform decay for two-dimensional
volumes over the global attractor I in the sense of (4.7).

Due to the smoothing estimate in (ULIP) from Theorem 1, one can show
that an analog of (4.7) holds also in the norm of H and from (3.21) we get that
(3.19) is satisfied for d = 2 and sufficiently large t > 0. From Theorem 5 it follows
that dimp K < 2. Then Corollary 2 from [27] implies that there are no periodic
orbits or homoclinics in . Now the Poincaré-Bendixson trichotomy (Theorem
2.11in [30]) guarantees that the w-limit set of any point must be a single stationary
point. The proof is finished. H

Fig. 1 shows the region determined by (4.27), however it is much smaller than
the expected region considered in Problem 2.
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0.2 0.4 0.6 0.8 ,7- 1.0 1.2 1.4 1.6

Figure 1: A numerically obtained region in the space of parameters (7, ) of system (4.1), where
(4.27) is satisfied (orange) and (4.5) is satisfied (orange and blue).

5 Inertial manifolds

For v € E and ¢ > 0 let us define ¢! (v, £) := L(t,v)&, where L(t,v)E, as in Section
3, is a solution to the linearized equation (3.1). From Theorem 2.2, Chapter 2 in
[21], we immediately have the following lemma.

Lemma 5.1. Let F' € CYR";R™) and F' be globally bounded. Then the map
(t,v,€) — P! (v, &) is continuous as a map from R, x E X E to E.

Now let 2l C E be an invariant w. r. t. the semiflow ¢ from Section 3 finite-
dimensional topological manifold such that the semiflow is invertible on 2l and,
consequently, in virtue of the Brouwer theorem on invariance of domain, it defines

a flow on 2. We also put ¥'(v) := ¢'|,(v) for t € R, v € A and Q := A. Then
(Q, 1) is a flow. It is obvious that we have the cocycle property satisfied as

VT, &) = P9 (v), ¥ (v, €)), for all t,5 > 0,0 € A, £ € E. (5.1)

From this and Lemma 5.1 it follows that v is a cocycle in E over the base flow
¥ = in Q = 2A. This allows us to apply results from Appendix A.

Now we suppose that F € C! with F’ globally bounded and the semi-
flow ¢ (the same as in Section 3) satisfies conditions (H1),(H2) and (H3)
from Appendix A, i. e. there exists an operator P € L(E;E*) such that for
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V(v) := (v, Pv) and some § > 0,v > 0 we have for all v,v, € E and r > 0 (in
terms of (H3) here we also put 7y = 0 for convenience) that

TV (i (01) — ¢ (v2)) = V(01 — v2) < —0 / el () — o (o) Bds (5.2)

and there exists a splitting E = E* @ E~ with dimE~ = j and such that P is
positive on ET and negative on E~. Moreover, ET and E~ can be assumed to
be V-orthogonal in the sense that V(v) = V(v") + V(v™) for all v € E, where
v = v + v~ is the unique decomposition with v* € ET and v~ € E~ (see
Appendix A). Such an operator P can be obtained with the aid of the Frequency
Theorem (see [2]| for a proof and detailed discussions which especially concern
delay equations).

Remark 10. In this section we discuss inertial manifolds in the classical phase
space E (of course, we can work directly in H). However, it seems crucial (at
least from the point of view given by the Frequency Theorem [2|) to consider the
weaker norm | - |g in the right-hand side of (5.2).

We will use the V-orthogonal projector II: [E — E~ defined by Pv := v™.
From Theorem 1 we have properties (ULIP) and (COM) satisfied for ¢ and
thus we may apply Theorem A.1 to get an invariant j-dimensional topological
manifold 2 C E, on which the semiflow is invertiblel. Our aim is to show that
we may pass to the limit in (5.2) to get the corresponding inequality for the

cocycle (1, 9) given by the linearization of ¢ on 2. Below we always assume that
F € CY(R";R™) and F” is globally bounded.

Lemma 5.2. Let the semiflow ¢ satisfy (H1),(H2) and (H3) as in (5.2). Then
for every £ € E, v € A and r > 7 we have

PV (L(rv)E) — V(E) < 6 / || L(s; 0)€ s, (53)

Proof. Let £ € E and v € 2 be fixed. Consider (5.2) with v; := v + h{ and
vy := v, divide both sides by h? and take it to the limit as b — 0 to get (5.3).
Such a passage is justified by Theorem 2. ]

Remark 11. In fact, the restriction r > 7 for (5.3) is unnecessary if we use differ-
entiability results for ¢’ in E (see Theorem 4.1, Section 2.4 in [21]).

IThis follows from the fact that an amenable trajectory passing through a given point on 2 is unique [6, 1].
Note that the continuity of the inverse to ¢! can be also shown without any appealing to the Brouwer theorem
on invariance of domain. However, our construction of 2 highly relies on this theorem.
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Thus, the cocycle 1, which is obtained through the linearization of ¢ on 2,
also satisfies the hypotheses of Theorem A.1, which gives us a family of amenable
sets for v € A, which we denote by A'(v). Clearly, 2'(v) is a j-dimensional
subspace of E. Let us consider the maps ®: E~ — E and D:AXE" — E, where
®(Iv) = v for all v € A and (v, 11€) = ¢ for all v € A and £ € A'(v). Clearly,
®(v, () is linear in ¢ so we will usually write ®(v)¢ instead of ®(v, ¢). One should
think of 2/(v) as a tangent space to 2 at v and think of ®(v) as the differential
of ® at ¢ = ITv. We shall not give a proof of this, referring the interested reader

to [1]. From this one can obtain the following theorem.

Theorem 11. Let the semiflow ¢ satisfy (H1),(H2) and (H8) as in (5.2). Then
o: E- — E is Cl-differentiable and ®'(¢) = &)(CI)(C)) for all { € E=. Moreover,
A is a C-differentiable submanifold in E; its tangent space at any point v € A is
given by A (v); the flow @ on A is Cl-smooth and the differential of o' atv € A
is given by the map L(t;v): A (v) — A (¢'(v)) for all t € R.

It is known that C'!-differentiability of 2 is the maximum that one may achieve
under the classical Spectral Gap Condition (which is included in our theory as it
is shown in [4]) for semilinear parabolic equations and to obtain the differentia-
bility of higher orders one needs a more restrictive condition (see S.-N. Chow and
G.R. Sell [16]; R. Rosa and R. Temam [32]). Results in the theory of normally
hyperbolic manifolds (see, for example, N. Fenichel [20]) suggests that 20 will be
C*-smooth if (H3) is satisfied for two parameters v5 > v (with possibly differ-
ent constants, operators and spaces, but with the same j) such that vy/1y > k.
However, such large spectral gaps are rarely seen in nonlocal applications of the
theory.

For the normal hyperbolicity of 21 it is necessary to require the following
property.

(HYP) There exists 0 < v/ < v such that the semiflow ¢ satisfies (H1) with
a possibly different operator P, (H2) with the same j and (H3) with v
changed to v/ and possibly different constants § and 7y

This property is satisfied in applications, where conditions for the existence of P
are given by strict inequalities so we can always vary v a bit (see Section 6).

In [1] it is shown that the submanifold 2 has the so-called exponential tracking
property (and the exponent of attraction is nothing more than v from (H3))
and it is normally hyperbolic under (HYP). This, in particular, answers the
questions of R.A. Smith [34] on the differentiability and normal hyperbolicity
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posed for reaction-diffusion equations (the geometric context is also applicable for
such problems [4]). Let us give brief details of the constructions. Namely, for each
vo € A there is the stable fibre over vy given by

()= 0Bl [ ) - Pl < ook (64

Let II" := Id —II be the complementary projector. Then one can show that
I+ A% (vg) — ET is a homeomorphism and A% (vy) is a C'-differentiable E*-
submanifold in [E. These stable fibres foliate [E and, consequently, for every v € E
there exists a unique I1°(v) € 2 such that v € % (I1°(v)). The continuous non-
linear map I1¢(+): E — 2 is called the central projector and the triple (IE, 2l I1¢)
is a fiber bundle. Analogously, for the linearization cocycle 1 one can define the
stable space at vy € 2 as

+00
A (vp) = {€ € E | /0 29| L (s 00)€ |4 < +o0). (5.5)

It can be verified that E = 247/(v) © A'(v) for any v € 2. Such a decomposi-
tion defines a normally hyperbolic structure for 21 with the corresponding central
progectors 115, where Ran 1T = 2U'(v) and Ker IIj, = 20%/(v). These constructions
does not depend on the exponents from (HYP) and it can be shown that for
some constant M > 0 we have for all t > 0, £ € E the inequalities

IL(t;0)(Id ~IT)E ]Iz < Me™"[|¢]e,

c V't (56)
IL(—t; 0)IT¢|le < Me”|[€] e

For j = 2 these properties allow to extend results of R.A. Smith concerned
with the Poincaré-Bendixson theory [35, 34|, isolated periodic orbits |36] and
the Poincaré index theorem [37].

From the V-orthogonal projector II we obtain a chart on 2. However, to
study coordinate representation of the vector field on 2 (i.e. inertial forms) it
is convenient to use other charts on 2. Namely, under (H3) we call a bounded
projector I1* in E admissible if for any nonzero v € RanII* we have V(v) < 0
and for any nonzero v € KerII* we have V(v) > 0. Under the conditions of
Theorem 11 it turns out that II: 2l — RanII® is also a homeomorphism and
I1%: A'(v) — Ranll* is an isomorphism for any v € 2. Consequently, due to
the C'-differentiability of 2 and linearity of II?, the inverse map ®¢ is also C-
differentiable and globally Lipschitz. Moreover, transition maps between such
admissible charts are globally Lipschitz and C'-differentiable (see [1]).
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The following lemma describes the dynamics of ¢ on 2 and its linearization
L(t;v) on A'(v) by ordinary differential equations in E~. Equation (5.7) is called
the inertial form of ¢ on A. We give a sketch of its proof based on the above
introduced arguments.

Lemma 5.3. Let the semiflow ¢ satisfy (H1),(H2) and (H3) as in (5.2). Sup-
pose there exists a spectral projector for A which is admissible. Then

1. There is a one-to-one correspondence between the trajectories of the flow

@ on A and solutions of the following ODE in E~:

C(t) = I [AD(((1) + BF(C(C(1)] = f(S(2)). (5.7)

where the vector field f: B~ — B~ is Cl-differentiable. This correspondence is

given by the identities ®(C(t; o)) = @ (P({p)) and ! (P((y)) = C(t; o) for all
teR and (o € E.

2. There is a one-to-one correspondence between the trajectories of the cocycle

Y and solutions of the following ODE in E~:

() = H[A + BF'(C' (v))CIR(¢' (0))n(t) = Ar(@' (0)n(t),  (5.8)

where the linear operator Arp(v): E= — E~ depend continuously on v € 2 and
norms of Arp(v) are uniformly bounded in v € A. This correspondence is given by
the identities (' (v))n(t; no; v) = L(t; v)®(v)ne and TLL(t; v)(v)ne = 1(t; 703 v)
forallte R, veA andn € E™.

Proof. The main obstacle to study the vector field f in (5.7) is due to fact that
the V-orthogonal projector Il has nothing to do with the operators A and B and,
consequently, the differentiability properties of f are not obvious in the chart
given by II. Due to this, it is convenient to use different charts on 2 given by
other projectors.

By the hypothesis, there exists a spectral projector II* for A which is ad-
missible. Note that such a projector can be defined everywhere in H (since A
is an operator in H) and commutes with A. Thus, 1A = AII* and I[I°B are
bounded linear maps and in the chart given by I1* the conclusions of Lemma 5.3
are obvious. Then the arguments before lemma show that the same holds in any

admissible chart and, in particular, the one given by the V-orthogonal projector
IT. O

The following theorem is a generalization of Corollary 2.2 from [33|, where
the case of ODEs in R"” with 5 = n is considered. The main idea is to use the
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quadratic form —V/ () restricted to each tangent space 2'(v) as a Riemannian
metric on 2A. Condition (5.3) gives a lower bound for the singular values of
L(t;v): A'(v) — A(¢'(v)) in this metric. This lower bound can be used to
estimate the product of the first [ < j singular values through the product of
all 7 singular values, which, in turn, can be estimated through the trace that is
independent of metric changes.

Theorem 12. Under the conditions of Lemma 5.3 suppose that K is an invariant
compact and for some d € [0, j| we have

(j —d)v+Tr(Ar(v)) <0 for allv € K, (5.9)
where Ar(+) is defined in (5.8). Then dimp K < d.

Proof. 1t is sufficient to estimate the fractal dimension of II/C, which is an invariant
compact w. r. t. the flow given by (5.7) in E~. From Theorem 11 and Lemma
5.3 it follows that the vector field f: E= — E~ from (5.7) is C'-smooth and
its derivative at ¢ € E™ is given by Ap(®(¢)). For any t > 0 and {; € E™ put
L(t: Co) := IIL(t; ®(¢o))®' (). Clearly, L(t; () : E- — E~ is the differential at ¢,
of the map E~ 3 {y — ((¢; (o) € E~. Let us endow the space E~ with any scalar
product. Let o1(t;¢y) > ... > 0;(t;¢) denote the singular values of L(t; ()
w. r. t. this scalar product. From the Liouville trace formula for (5.8), we have

o1(t;Co) - ... - 0j(t; Go) < exp (/0 Tr AL(QOS<(I)(C0)))CZS) . (5.10)

Now for a fixed ¢ > 0 and (y, € E~ let us consider the scalar products in
E~ defined trough the quadratic forms (n,n); = =V (®'({y)n) and (n,n) =
—V(®'(¢(t; o))n) for all n € E~. Let E; and Ey be the space E~ endowed with
scalar products (-, )1 and (-, )2 respectively. Let o(t;¢o) > ... > o’(¢; (o) denote
the singular values of Z(t; (o): E; — E5. By the Courant—Fischer—Weyl min-max
principle, we have for k = 1,..., 7 that

(U//c(tsfo))ZZ sup  inf (L(%; Go)n, L(E; Co)n)2

: 5.11
W, cE- 1€Wgr,n7#0 (n, 7)1 ( )

where the supremum is taken over all k-dimensional subspaces Wj of E~. From
(5.3) with & := ®'({o)n, r :==t and v := ®((y) we have

(L(t; Go)n, L(t: Co)n)o
(n,mMh

> e (5.12)
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From this and (5.11) we have o7.(¢; (o) > e™"*. Moreover, from (5.11) and the min-
max principle for oy it is also clear that there exists a constant C' = C'(¢; () > 0
such that oy (t; (o) > C(t; ()0’ (t; () for all t > 0 and (, € E~. Moreover, since IC
is compact and ®'(¢y) depend continuously on (p, there exists a constant Cy > 0
such that o (t; (o) > Croy(t;¢o) > Cre ¥ for all t > 0 and ¢, € TIK. From this
and (5.10) for any k = 1,...,j we have

o1(t; o)« - - 7;(t; Co)

Ul(t;CO) o .O'k(t; CO) - 0_k+1(t; CO) . Uj(t;co) -

| t (5.13)
< Ve ([ 16 b+ AL @@ ds).
Now let d = k + 9, where k is a nonnegative integer and § € (0, 1]. Since
1_?1(15; Go) - k(5 Go) - 0 - (5.14)
= (01(t:Go) - on(t:G0)) " - (ou(E:C0) - - - - o (E5G0))"
from (5.13) we have
o1(t:Go) - - on(t Qo) - (onia (o))’ <
(5.15)

< 00 e [[1G -+ DAL @G s ).

If (5.9) is satisfied then the right-hand side of (5.15) tends to 0 as t — +o0. But

this implies that dimp I[IXC < d (see Theorem 2.1 from [14]) and since K = ®(I1K)
and ® is a Lipschitz map, we get dimp K < d. ]

6 Example (continued)

Let us consider again the Suarez-Schopf model (4.1). Here we will provide con-
ditions for the existence of one-dimensional and two-dimensional inertial mani-
folds in the model. These manifolds are actually perturbations of the eigenspaces
corresponding to the leading characteristic roots A1 and A9 at the zero equilib-
rium ¢°. Conditions for persistence of such eigenspaces are given in terms of
the so-called transfer function of the linear part (see [2]) and take the form of
an inequality (called frequency inequality), which generalizes the Spectral Gap
Condition [4]. In the case of (4.1) written in the form (1.5) the transfer function
W(p) = C(A — pI)"'B is given by

W(p) = -1 . (6.1)

Cl—ae ™ —p
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Here we assumed that A¢ = »(0) —ap(—T), B=-1,C¢= $(0) and F(y) = 9°.

Let A be the Lipschitz constant of 23 on [~ Ry, R1], where R; is defined in
Lemma 4.2, that is A = 3R?.

Theorem 13. Suppose that at < 1/2 and for some v € (0, —N\s) the frequency
inequality
ReW (—v +iw) + A" >0 for allw € R (6.2)

is satisfied. Then the global attractor KC of (4.1) is contained in a one-dimensional
Cl-differentiable inertial manifold.

The proof is standard: we truncate™ the nonlinearity z* outside a small
neighborhood of K and study the modified equation. From (6.2) we can apply'’
the Frequency Theorem from [2] to get a proper operator P as in Section 5. Then
we can construct an inertial manifold for the modified system, which contains /C
by definition (since v > 0, see Appendix (A)) by methods of [1|. Restricting the
manifold to the small neighborhood of K gives the desired manifold.

Thus, under the conditions of Theorem 13, IC is just the union of equilibria
and the unstable manifold of ¢°.

Numerical simulations in [3] show that the global attractor IC for a wide range
of parameters of interest lies in the ball of radius 1. Let A3 and A4 be the first
pair of complex-conjugate roots of (4.4).

Theorem 14. Suppose for some v € (—Xy, — Re A3) the frequency inequality
ReW(—v+iw)+1/3 >0 for allw € R (6.3)

is satisfied. Then any invariant set of (4.1), lying in the ball of radius 1, is
contained in a two-dimensional C-differentiable inertial manifold.

Fig. 2 shows a region where the conditions of Theorem 13 or Theorem 14 are
satisfied. Note that a part of the blue region can be obtained also using the rough
estimate v/1 + « from Lemma 4.1 to bound the global attractor K. This allows to
rigorously justify the existence of two-dimensional inertial manifolds containing
IC. However, this part does not contain interesting parameters from [3|, for which
periodic orbits can be observed. We expect that the relative simplicity of the
Suarez-Schopf model may allow to construct sharper regions and, consequently,
rigorously justify the existence of inertial manifolds for the interesting parameters.

**Note that it is important to preserve the condition ¢'(z) > 0.
" For this we consider the quadratic form (in terms of [2]) given by F (v, &) = & (ACv—€), where € € = := R,

v = (9(0),¢) and Cv = $(0).
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Figure 2: A numerically obtained region in the space of parameters (7, a) of system (4.1) for
which the conditions of Theorem 13 (orange) or Theorem 14 (blue) are satisfied.
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A An addition to the reduction principle

Let Q be a metric space and 9': Q — Q, where t € R, be a flow on Q. Let E
be a real Banach space. We say that the family of maps ¥'(q,-): E — E, where
g€ Qandt>0,is a cocycle in E over the driving system (Q, ) if

1. ¥%(q,v) = v and Y(q,v) = P (9(q),1*(q,v)) for all t,s > 0, v € E and
q € Q.

2. The map (t,q,v) — (g, v) is continuous as a map R, x @ x E — E.

Now suppose that £ is continuously embedded into some real normed space
H, which is assumed to be Hilbert for convenience We identify elements of £ and
H under such an embedding. Let (v, f) denote the dual pairing between v €
and f € E*.

Let P: E — E* be a bounded linear operator, i. e. P € L(E;E*). We say
that P is symmetric if (v, Pvy) = (vq, Pvy) for all v,v9 € E. For a subspace
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L C E we say that P is positive (respectively, negative) on L if (v, Pv) > 0
(respectively, (v, Pv) < 0) for all v € L with v # 0.

(H1) There is P € L(E;E*), which is symmetric and such that E splits into the
direct sum of some subspaces ET and E7, 1. e. E=E" ®E™, such that P is
positive on E* and negative on E~.

(H2) For some integer j > 0 we have dimE~ = j.

(H3) For V(v) := (v, Pv) and some numbers § > 0, v > 0, 7 > 0 we have

eV (Y (g, v1) — ¥ (q,v2)) — €'V (Y (g, v1) — ¥ (q,v2)) <
<5 / 14 (g, v1) — (g, va) s (A1)

satisfied for every vy,v9 € E, ¢ € Q and 0 <[ < r such that r — [ > 7y.

Note that due to the cocycle property it is sufficient to require that (H3)
holds for [ = 0 and any r > 7. A more general case when P and v depends on
q € Q is considered in [1].

Remark 12. Let the assumptions (H1) and (H2) be satisfied. Since E™ is finite-
dimensional and V/(-) is of constant sign on it, one can find the V-orthogonal
complement of K~ in [E, which is defined as follows. The symmetric bilinear
form (v, —Puvy) defines an inner product in E7. Every v € E gives rise to
a continuous linear functional on E~ as (-, Pv). By the Riesz representation
theorem, there exists a unique element IIv € E~ such that (w, Pv) = (w, PIlv)
for all w € E~. Clearly, Il € L(E;E). Put EHY := Ker(I — II). It is easy
to verify that E = EMY @ E~ and P is positive on E-Y. Thus, we can always
assume that the subspaces E* and E~ from (H1) are V-orthogonal in the sense
that V(v) = V(v") + V(v™), where v = v + v~ is the unique decomposition
with o™ € ET and v~ € E~. We say that II is the V-orthogonal projector onto
E~. For E = H this construction of V-orthogonal projectors also allows to avoid
the use of the continuous functional calculus for bounded self-adjoint operators
considered in [6].

Let v(-): R — E be a continuous function. We say that v(-) is a complete
trajectory of the cocycle if there exists ¢ € Q such that v(t+s) = ' (9(q),v(s))
for all t > 0 and s € R. In this case we say that v(+) is passing through v(0) at ¢
(or simple, v(-) is a complete trajectory at ¢). Under (H3) a complete trajectory
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v(+) is called amenable if

0
/ e |v(s)|fds < +oo. (A.2)

o

Let us consider the following assumption.

(S) There is a number tg > 0 and there is a constant C's > 0 such that

[ (g, v1) = ¥ (g, v2) |le < Cslvr — vals for all ¢ € Q and vy, vy € E.
(A3)

Note that in the case E = H considered in [6] we have (S) automatically satisfied
with tS =0 and CS = 1.

In the construction of invariant manifolds by the methods of [6] a compactness
assumption is required as follows.

(COM) There exists teom > 0 such that the map ¢'m(q,-): E — E is compact
for all ¢ € Q.

Let 2A(q) be the set of all amenable trajectories at gq. A generalization of
Theorem 1 from [6] can be given as follows.

Theorem A.1. Let the cocycle ¢ in E satisfy (H1),(H2), (H3), (S) and
(COM). Let 11 be the V-orthogonal projector onto B~ (see Remark 12). Then
for any q € Q either A(q) is empty or the map 11, = H’m(q): A(q) — E~ is a
homeomorphism.

A proof can be given following the same arguments as in |6] and using the
above given remarks. A proof for the more general case, where P and v depends
on ¢ € Q, is presented in our adjacent work [1]. Note that we also considered
a number 7y > 0 in (H1) (in [6] there was no such a number), which may be
convenient sometimes. Convergence theorems for periodic cocycles given in [6] can
be also generalized to this setting (see [1]). Along with the Frequency Theorem
from [2], which covers delay equations and allows to construct operators as in
(H3), this satisfactorily solves Problem 2 from [6].

Let the conditions of Theorem A.1 be satisfied and the sets 2A(¢q) be not
empty for all ¢ € Q. Then we can consider the map ®: Q x E~ — 2A(q) defined
as ®(q,() := 9,(¢), where ®,: E= — 2(q) is the inverse to I, = H‘Q{(q): A(q) —

E~. For every fixed ¢ the map ®(q,-) is a homeomorphism between E~ and
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2A(q) due to Theorem A.1. In [6] it was posed a problem (see Problem 1 therein),
whether the map ®: QxE~ — [ is continuous. Here we present an answer, which
extends the case of semiflows and periodic cocycles studied in [6] and covers many
interesting cases arising in practice (see Remark 13 below).

(BA) For any q € Q there is a bounded in the past complete trajectory w;(-) at
q and there exists a constant M > 0 such that sup, [|w; (t)|[g < M, for all

q € Q.

We say that ®: Q x E™ — E is uniformly compact if ®(C, B) is precompact
in [E for any precompact set C C Q and bounded set B C E™.

Theorem A.2. Under the hypotheses of Theorem A.1 suppose in addition that
(BA) holds and the map ® is uniformly compact. Then ®: Q x E- — E is
continuous.

Proof. Let qr,q € Q and (,( € E7, where £k = 1,2,..., and ¢ — ¢q, (x — ( as
k — +oo. Let vg(-),v(-) be amenable trajectories at qr and ¢ respectively and
such that ® (g, ;) = v(0) and ®(q, () = v(0). Then from (H3) for I < —7 we
have

V (0 (0) = wg, (0) = €'V (g (1) =y, (1)) < —5/l vk (s) —wg, (s)|ds. (A.4)

If k is fixed, a subsequence [,,, m = 1,2,..., [,, —& —o0 as m — +00 can be
chosen™ such that eV (vy.(I,,) — wy, (Im)) — 0 as m — +o0. Putting [ = [, in
(A.4) and taking it to the limit as m — 400, we get

—5_1‘/(%(0)—%(0))2/ e[k (s) — wq,(s)|ads (A-5)

—00

Since E* and E~ are V-orthogonal, we have —V (vj,(0) — w,, (0)) < ||II]] - ||¢x —
[w,, (0)||3. Using the uniform boundedness of w,, we have

0 1/2 0 1/2
([ oo - waots) = ([ @ puiokas) -
0 1/2 0 1/2 M
([ emnotas) = ([ tuga) -5

21/5

(A.6)

HSince vy (-) and w,, (-) are amenable, we have [°_ ¢2%||ug(s) — wq, s)||Eds < +o0. To get I,, one may
apply the mean value formula to the previous integral on [l — 1,1] for I = —1,2,.

Electronic Journal. http://diffjournal.spbu.ru/ 41



Differential Equations and Control Processes, N. 4, 2022

From this, (A.5) and (S) there exists a constant M (independent of k) such that

0
M > / 2% || vg(s)||3ds. (A.7)
Now suppose that ®(qx, (x) = vr(0) does not converge in E to v(0) = ®(q, ().
Then for a subsequence (we keep the same index) we have that |v,(0) — v(0)|g is
separated from zero. Let us for every k consider the integral in (A.7) on segments
[l—1,1], where | = —1,—2,.... Using the mean value theorem, we get a family of
numbers tg) € [l —1,1] such that vectors vk(t,g)) are bounded in E uniformly in k
and the bound depends on [. Taking a subsequence, if necessary, we may assume
that t,(? — t; as k — +oo for some ¢; € [l — 1,1]. For a fixed [ let us consider
C = {0 (q) | k=1,2,..} and B := {Top(t") | k = 1,2,...}. Cleatly, C
is precompact and B is bounded. Then Uk(tg)) lies in the precompact (in E)
set ®(C, B). Thus, there exist a converging subsequence. Using Cantor’s diagonal
argument, we may assume that vy, (t,(fl)) converges in E to some 7; € E as k — 400
for all | = —1,—2,.... Let us define 7;(t) := ' (9" (q),7;) for t > 7;. From
the continuity of the cocycle we have that vi.(t) — 7;(t) as k — 400 for t > 1.
This implies that v;_1(t) = v;(¢) for all [ and all ¢ > ¢;. For any t € R define
v*(t) := 7;(t), where [ such that ¢ > ¢;. Then v*(-) is a complete trajectory at ¢
and vy (t) — v*(t) in E for all t € R. From (A.7) it follows that v*(-) is amenable.
Since [vg(0) = ( — Mv*(0) and ¢z — ¢, we must have ITv*(0) = ¢. But since
v(-) and v*(-) are both amenable at ¢ and II: 2(¢q) — E~ is a homeomorphism,
we must have v(-) = v*(-) and, consequently, v;(0) — v(0) in E. This leads to a
contradiction. O

Remark 13. Let us discuss the conditions of Theorem A.2. Assumption (BA)
is natural in the following two cases. The first one is when (Q, ) is a minimal
almost periodic (in the sense of Bohr) flow. In this case this condition will be
satisfied if there is a bounded in the future semitrajectory at some ¢, i. e. when
the limit dynamics is nontrivial. The second case is when the cocycle is linear (as
in Section 5). Here the zero trajectory at each g satisfies the required property.
The assumption of uniform compactness for ® is also natural. It will be satisfied
if we assume that assumptions (UCOM) and (ULIP) below hold. Thus, this

condition is also natural.

(UCOM) There exists Tyeom > 0 such that for any precompact set C C Q and
any bounded set B C E the set @)™ (C, B) is precompact in E.
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(ULIP) There exists tg > 0 such that for any 7" > 0 there is a constant Ly > 0
such that for all v1,v9 € E and ¢ € O we have

19" (q,v1) — ¥ (q,v2)|[g < Lr|vy — valy for t € [tg,tg + T] (A.8)

and also
19" (q, v1) = ¥'(q, v2)lle < OF||lvr — wval|g for t € [0, T]. (A.9)

Lemma A.1. Under the hypotheses of Theorem A.1 suppose in addition that 2(q)
is nonempty for all ¢ € Q and let (BA), (UCOM) and (ULIP) be satisfied.

Then ® is uniformly compact.

Proof. Consider a precompact set C C Q and a bounded set B C E. Consider
any sequence vy € ®(C x B), where k£ = 1,2,..., for which we shall find a
converging subsequence. Then vy = ®(qx, (i) for some g, € C, (; € B and there
are amenable trajectories v;(-) at g such that v;(0) = vy . We may assume that
g converges to some ¢ as k — +o0o. Similarly to (A.5) from (ULIP) for some
constant M > 0 we get

—T

_ 0
WMz [ i) —up o)hds = [ i) - (o) s =

—00 —7—1

_2y(7-+1)( ;+1)_2HUZ(_T“CO7”) — w;k(—Tucom)H]%]’

(A.10)

= 2o (sy) — w (s)fE > ¢

where 7 = max{7g, Tycom} and s € [—7 — 1, —7] are some numbers. From this
and (BA) we get that v;(—7ycom) lies in some bounded set B’ and, consequently,
v5(0) € YpTueen(C', B'), where C' = {97 Twm(qi,) | k = 1,2,...}. Then by (UCOM)
one can find a converging subsequence of v;(0) = vo . The lemma is proved. [

Lemma A.2. Under the hypotheses of Theorem A.1 suppose in addition that
(ULIP) is satisfied. Let A(q) be nonempty for some ¢ € Q. Then &,: E- — E
s Lipschitz and the Lipschitz constants are bounded uniformly in q € Q. In
particular, A(q) is a Lipschitz submanifold in E.

Proof. Similarly to (A.5) for any two amenable trajectories vi(-) and v3(-) at ¢
we have
0

OHIP|| - (I TTvi (0) — TTuy (0)]|F > / e™*[vi(s) — v3(s)[fxds >
. o (A.11)
- / ! e lvg(s) — v3(s)[f = € [v1(s0) — v3(s0) iy
o
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for some sy € [-75 — 1, —75]. From (ULIP) we have
[07(0) = v3(0)[[& < C7yia[v7(50) — v3(50) |- (A.12)
Now if ITvf(0) = (; for i = 1,2, we get

194(C1) = @4(C2) [l = [[7(0) — v3(0) e < Cpy "™ IVOPI| - [|GL — ol

(A.13)
Thus, we may put Cp := C;SHeV(TSH)\/cS—lHPH and this shows the required
statement. ]
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