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[NPEJMCJIOBIE

Murerpanbhoe npeobpazosanue Jlamnaca F(p) dynkuun f(t),

F(p) = / TPty dt,

[peJcTaBjisieT coO0i MOIHBIA HHCTPYMEHT JIJIsi PElIeHUs] IMAPOKOIO
KJIacca MPUKJIATHBIX 3a/1a9 MaTeMaTudeckoil dusuku. OgHuM U3 ero
IJIABHBIX JIOCTOMHCTB SIBJISIETCS aJire0pan3aius Mporeyp MaTeMaTude-
CKOTO aHaJIN3a, C IOMOIIBI0 KOTOPOil y/IaeTcst CBECTH WHTErPajbHbIE U
muddepennuaibible ypaBHeHUs K 0oJtee mpocThiM. Kpome Toro, n3ob-
paxenue Jlamiaca siBJisieTcst peryJisipHoOii (byHKIIME B HEKOTOPOIA 110JTy-
IUIOCKOCTU Rep > 7y, 4TO 1103BOJISIET IPUBJIEYD K UCCIIEIOBAHUIO Pelae-
MO 381491 PE3YJIBTATHI TEOPUN (DYHKIIUN KOMILJIEKCHOTO TIEPEMEHHOTO.

Kaxk npaBuio, ipu pernennu 3a/a9 OIePAIIMOHHBIMA METOIaMU HaW-
60J1ee TPYIHBIM ITAIIOM SIBJISIETCS MIPOIECC ODPAIEHUs, T. €. Olpejieie-
HUe OPUTHHAJA 110 ero n3obpaxkenuo. CyIiecTByoT TabJIAIBI COOTBET-
crBus DYHKIUH-OPUTHHAJIOB U UX n300parkeHuit [15], TeopeMbl pasiio-
sxenust, (hopmysia obpamienus Pumana—Mesinia, O3BOJISIIOIINE TEOPe-
THYECKHU TOYHO HAXOAUTH opuruaj. Ho perreHne npakTHIecKuX 3a/1a4
YaCTO IPUBOJUT K M300PaAKEHUSIM, K KOTOPBIM HEe MOT'YT OBITH IIPUMEHE-
HBI 9TH KJIaccudecKne mpueMbl obpartennsi. Cire/1oBaTeIbHO, BOSHUKAET
HEODXOMMOCTDb Pa3pabOTKU U [IPUMEHEHUs] IPUOJINYKEHHBIX METOJIOB.

Hawnbosee moHo BO3MOXKHBIE TTOAXOABI K 3aJade OOpaIleHus U UX
peasimsanus onucanbl B Kaure [25]. O630p Apyrux crocobos obparie-
Hus, He Borepux B [25], npusesen B crarse [36]. Teopernueckue ocuo-
BBI OIIEPAIMOHHOIO UCUYUCICHUST COMEPIKATCH B KIACCHIECKIX PabOTax
[15], [72], [12], [26]. Bompocam mpuioxKeHUsI ONEPAIUOHHOIO UCTIHUCIIC-
HUS K PEIIEHUIO MPUKJIAIHBIX 331849, CPeIU [IPOYNX, MOCBSIIEHbI (DY H-
naMenTaiabable TPYbL [28], [54]. Cpenu HegaBaux paboT, COmEPIKAIIIX
00630p NPHUOJINKEHHBIX METOJIOB 00palleHus, yKazkeM Kuury [64]. Pasy-
MeeTCsI, CIIMCOK IIUTUPOBAHHOM JIMTEPATYPHI MOKHO OBLITO ObI OeCKOHE -
HO TIOIOJIHSATH, OJIHAKO CCHUIKM Ha BCe HambOJee MHTEPECHbIE PabOThI
[0 pacCMaTPUBAEMON TeMaTHKe MOYXKHO OOHAPYXKUTH B IPUBEIEHHOM
CIIICKE PaboT.

He cymecrByer yHuBepcaanpHON0 METO/Ia O0PAIIEHUST, TAIOIETO Y10~
BJIETBOPUTEJIbHBIE PE3YJILTATHI JIJIsl IIPOU3BOJILHOIO n306pazkenus F'(p).
JIr000i1 KOHKPETHBI MeTO ] OOpAaIlleHNs JIOJIXKEH YIUThIBATD CIerudu-
Ky NOBeJeHusI n300pakeHus (1 OYHKIMU-OPUTHHAIIA), YTO [IPEXKIe



BCETr0 HAXOJIUT OTPaKeHUE B BBIOODPE IMOJXOJSIINX cucTeM (DYHKIHI B
[IPOCTPAHCTBAX OPUTMHAJIOB M M300paKeHUi, ¢ KOTOPBIMHE JIETKO pabo-
TATh U C TIOMOIIBIO KOTOPBIX MOT'YT OBITH XOPOITIO TPUOJINKEHBI 38 TaH-
HBle 00pa3bl W OpUTHHAJBL. BbIOOD MeToma obpallieHusi CyIeCTBEHHO
3aBHUCHUT OT CIIOCO0A 3aJaHnsa NHMOOPMAIUN 00 N300paskeHu NCKOMOTO
opurunaJja. IlepednciuM TUTHYIHBIE CUTYAINN:

1) m3BecTHBI 3HauUeHUsl n300parkenusi F'(p) W ero NpOU3BOJIHBIX B
HEKOTOPOIi (DUKCUPOBAHHON TOYKE, OTJINIHONH OT GECKOHETHOCTH;

2) uzBecTHBI 3HaueHUs u300pakenus F(p) u ero Ipou3BOIHBIX B
HEKOTOPO# OKPECTHOCTH OECKOHEYTHO Y/IAJIEHHON TOYKU;

3) m3BeCTHBI 3HadeHUs n300paxkenus F'(p) Ha BEeCTBEHHOIT 0Ly~
ocu p > 0;

4) u3BecTHBI 3HAUEHUsT M300pakeHus F'(p) Bo BCel MOJIYILIOCKOCTH
Rep > 7.

Bribop momxomsiimx MeTo0B OOpAIeHus JIsd YKA3aHHBIX CHUTYa-
1uii, ux onmcanue JuOO OTCHIIKA K COOTBETCTBYIOIIEH JTUTepaType pac-
cMoTpeHbl B pabore [36].

[Ipeanonaraercs, 9T0 YUTATEIb 3HAKOM C IIPOOJIEMOil oOpareHmst
peobpazoBanust Jlamraca n TEOPETHUIECKUME IIOJIXO/IAMHI K €€ perire-
HUIO, U3JI0KEHHBIMU, HAIIPUMED, B KHUTe [26].

Hywmeparus hopmyit, Teopem, yTBEP:KJICHUI U T. I1. B KaXKJI0¥ IJ1aBe
CBOSI M HAYMHAETCS C €JMHUIBI. Tabiauipl 1 pUCYHKN (MIUTIOCTPATINHT)
BBHJIy UX MAaJOr0 KOJIMYECTBA MMEIOT CKBO3HYIO HYMEDAIMIO IO BCei
kuure. Konery jlokazaresbcrBa 0bo3navaeTcs 3HakoMm [.



I'rasa 1

OBPAIITEHNE ITPEOBPA3OBAHNA JIAIIJIACA
C IIOMOIIBIO PA3JIO2KEHNA B PAbBI JIATEPPA

§ 1. IlocranoBka 3azmauu. Beibop nmapamerpa pyHKIUH
Jlareppa

Jlaro ypaBHenue

(Az)(p) = / " exp(—pt)alt) dt = F(p), (1)

rie z(t) — uckoMmas BelecTBeHHasi QyHKIus-opurunai, a F(p) — eé
n3obpazkenue 1o Jlammacy.
Pacemorpum cucremy dyskimit Jlareppa

{l(®)}7Z0,  I(t) = exp(—=t/2) Lk (1),

Ly(t) = —— (t"¢™") — umorowusen Jlareppa.

Dra cucrema HOJIHA U OPTOHOPMHUPOBaHa B 1pocTpancTse Lo (0, 00).
IIycts a — npousBosibHOE TOJIO)KUTETBHOE Hcg0. Cucrema QyHK-
1187071

{ne(t)}20,  me(t) = Valy(at), (2)

TakKe Oyier moJjHa u oproHopMupoBana B Lo (0, 00).
IIpemonoxum, yro pemenue z(t) ypaBHenus (1) mpu HEKOTOpPOM
a > 0 npencraBuMo B BHJIE Psijia 1o cucreme QyHKIWmi (2):

z(t) = Z crni(t)-
k=0
Ioxacrasugs ero B ypasuenue (1), mosyuaem
> er(Ank)(p) = F(p). (3)
k=0

CresioBaresibHO, 3aja4a HaXOXkKJeHUsT Z(t) CBOIUTCS K ONPEJIEJIEHUIO
k03 dunuentos ¢ u3 ypasaenus (3).



IIpezxkie 9eM mepeiiTu K pacCMOTPEHMIO KOHKPETHBIX METOJIOB Pe-
HIEHUS 3TOI 3aJ]a91, OCTAHOBUMCSI Ha BLIOOPE 3HAYEHUs IlapaMeTpa d,
BXOJIAIIETrO B ONpeJIeJIeHne CUCTeMbl (byHKIWmii (2).

Kax ussectno, n3obpazkenne F(p) siBsiercs peryasipaoit hbyHKImneit
KOMILJIEKCHO! ITEPEMEHHOI P B HOJIYILIOCKOCTH Rep > pg mpu HEKOTO-
POM BEIECTBEHHOM P g.

3ameTuM, 4To B CJIydae KOHETHOTO P ( IePexo/l K HOBOMY OPUTHHAJLY
f1(t) = f(t) exp(—pot) npusoxur HaC K ciyvawo po = 0.

IIycThb BBLIIOJHEHBI CIEAYIOIIIE YCIOBHA:

1) F(p) perynspua B noayusockoctu Rep > 0,

2) cymecTByeT KOHeUHbIH mpenes lim, . pF'(p),

3) Bce ocobbie ToUkN F'(p) MOXKHO 3aKJIFOUNTH B 3aMKHYTBIH KPYT,
HEeJIMKOM JiesKalluil B nosyiiockoctu Rep < 0.

Ilo uzobparkerusiM MHOrOYIeHOB Jlareppa

_ [ _ =Dt
(ALy)(p) = exp(—pt) Ly (t) dt = s k=0,1,...
0
BBITHC/IsIeM U300paskenns (pyHKIuit cucreMsr (2):

1 (pla—05)
Va (pfa+05)F+1"

Nx nmoscranoBKa B (3) IPUBOAUT K yPABHEHUIO

(Ani)(p) = Va / te=/2 [, (at) dt =

> a/2 —p (a )

_ = (= F(p).
;;)( Ckf( /2+p> 2 7P)F W)
TTonoxum

b = (=D)*epv/a, k=0,1,...
u caejraeM 3aMeHny Hepel\deHHOﬁ

z=(a/2—=p)/(a/2 +p). (4)

ITpeoGpasosanue (4) KoHGOPMHO OTOOPAXKAET IPABYIO IIOJIYILJIOCKOCTD
Rep > 0 na kpyr |z| < 1. Oyuxiusa

a a a 11—z
Gi)=(24p)F ‘ - F(2. 5
(2) (2 +p) (®) p=a(1-2)/(2(1+2)) 142z (2 1 +Z> ©)

B CHIy CJIeJaHHbIX OoTHOcHTEabHO F(p) npesmosoxenuil Gyjger pery-
JsgpHa Ha Kpyre |z| < 1.



Urax, dyskims (5) umeer mpejcTaBieHne
oo
G(z) = Z bz, (6)
k=0

IpUYeM PAJILYC CXOAUMOCTH psijia (6) He MeHee eUHUIBL.

Kax u3BeCTHO, PAYC CXOAMMOCTH CTEIIEHHOTO Ps/Ia PABEH PACCTO-
AHMI0 oT Touku z = 0 1o Gumekaiimieit ocoboit Touku G(z). YkakeMm
crocob BBIGOPA TAKOIO 3HAUEHUs IIapaMeTpa d, IPH KOTOPOM PaJuyc
cxoauMocTH psiyia (6) MAKCHMMAJIeH, 9TO PABHOCHIBHO CAMOMY OBICTPO-
My yObiBanuio Koaddumentos psaa (6) (em. [62]).

Iycrs p — paguyc cxoqumoctu psiga (6) u p > 1. [Ipu orobparkenun

~a 1-=z
P=y 142
06paTHOM K I1peobpazoBaHuio (4), BHENTHOCTb Kpyra |z| > p KoHbOpM-

HO 0oTOOpaXkaercsi Ha, BHYTPEHHOCTh KpyTa |p — pg| < r pajguycom r =
ap/(p? — 1) ¢ HEHTPOM B TOUKe

_o 1+p
Po = 2 12

1o uucsio orpunarensio. Pasenctso p3 — r? = (a/2)? oznauaer, uTo
a/2 PaBHO JJIMHE OTPe3Ka KACATEIBLHON K 9TOMY KDPYTy OT TOYKH p =
0 710 TOYKHM KaCaHWs, U HA IPAHUIE ITOIO KPYTa IO IIPEIIOIOKEHUIO
JIEXKUT XOTs1 Obl oztHa ocobast Touka uzobpaxkenus F(p). Ilycrs 2¢p —
YTOJI, TIOJ], KOTOPBIM 3TOT KPYT' BHJIEH U3 HAYAJA KOODJIUHAT, TOTJIA

r 2p
Bl =n = Ao
Sra dyHknus yoeiBaer npu p > 1. 3HAYHUT, PaJIyC CXOIUMOCTH DsiJia
(6) 6ymer HambosbImM, ecu Bee ocobble Toukn dyHKImu F(p), ne-
JKalye B HOTyIIocKocTH Rep < 0, 3aK/IIOYATH B 3aMKHYTBIH KPYT C
[IEHTPOM H& OTPHIATEJHLHON II0JIyOCH, KOTOPBI BUJIEH U3 Hadasa KO-
OopZinHaT 110/ HAMMEHbINUM YTJIOM, a B Ka4deCTBE€ IIapaMeTpa a B3dTb
YZIBOEHHYIO JIINHY OTPe3Ka KaCATEJBHOH K 9TOMY KPYTy OT TOUKH Ka-
canug j0 Touku p = 0.

Bameuanwue 1. Eciu MHOXKeCTBO 0COOBIX BCeX TOUeK F'(p) jiesKuT
B mosynsiockoctu Rep < 0, HO HEOrpaHW4YeHo, TO IPHU JIOOOM BBIOOpE
HapaMeTpa @ Pajuyc CXOAUMOCTH Psja (6) He IPEBOCXOAUT €/(MHULIBL.



IIpexne ueM mepeiiT K U3y4EeHUIO OCHOBHBIX METOJIOB OOPAIeHUs
npeobpaszoBanus Jlamiaca, pacCMOTPUM OJMH MJLIFOCTPATUBHBIN ITpU-
Mep.

Bynem uckars npubsmkentoe perienue ypasaenus (1) B Buge

n—1
z(t) =~ Z crne(t).
k=0
3nauenns K03 OUINEHTOB ¢, OIpeIe MM MeTOJI0M HauMEeHbITHX KBaJl-
paToB [6] Kak pemeHne cucTeMbl ypaBHEHUIH

n—1

> ck(Ang, Anj) = (F, Any),  j=0,1,...,n—1.
k=0

3aech (-,-) 03HAadYaeT cKajApHoe mpomsBeseHne B Lo(0, 00). Bammmenm
cucreMy B MATPUYHOM BHJIE

IIOJIOZKUB
Bn = (bkj);gl;ioa Cn = (Co, e 7Cn—1)7Fn = ((F‘7 AT}Q), ey (F, A?’]n_l))

Boraucium smemenTs MaTpunipl By, :

oo k+j k+j

p—a/2 dp 1+ (=1

by = (A, Any) = - = —
by = (A, Any) a/o <p+a/2> (p+a/2)?  k+j+l

Martpuria B,, siBasercs matpurieit ['pama JuHeiiHo He3aBUCUMBIX PYHK-
it Any, mosromy ona obparuma. OTMeTHM, YTO OHA He 3aBUCHUT OT d.
Caenosarensuo, Cy, = B, ' F,,. C pocrom n nopma || B, || pacrer, uto
Oy/IeT OTPUIATEIHLHO CKA3BIBATHCSA HA TOYHOCTH PEIIEHUs], TAK KAK BEK-
top F),, Kax npaBumiio, n3BecTeH NPUOJINKEHHO (KAK U3-3a IPUOIIUKEeH-
Horo 3azanus F'(p), rak u u3-3a HETOYHOCTU BBIYHUCIIEHUSI CKAJISPHBIX
npoussegenuii (F, An;)). Ilosromy BbIMHECIEHNS HEOOXOIUMO ITPOU3BO-
JINTH TaK, 9TOOBI ONMOKY HAXOXKIeHUs F), yObIBaIM He MeJlJIeHHee, YeM
pactyT suavenus | B, !|2. Ilpeacrasienne o xapakrepe pocTa Besu-
wmn || B2 nator cenyromue orenku: | Bigt |2 < || Bg|leo & 4.3+ 10,
1B 12 < 1B oo = 111 10°.

Bameuanue 2. C pocrom n pemenne cucremsl (7) Oyuer “pasMbi-
BAThCA B HAIIPABJIEHUHM COOCTBEHHBIX BEKTOPOB MATPHUIlLI B, COOTBET-
CTBYIOIIAX €€ MAaJbIM COOCTBEHHBIM 3HaueHmsM [57]. B takoMm ciaydae



11eJ1eCO00PA3HO MCIOJIHL30BATDH METO/I PEry/IsIPU3aIAN CIBUTOM, T. €. Ha-
xozuTh BekTOp C), Kak pemenue cucremsbl (B, + aF,)C, = F, upn
MIOIXO/ISIIIEM BhIOOpE mapameTpa peryiaspusanun o > 0.

Bameuanue 3. Oynkuun cucreMbl (2) CTpeMsITCS K HYJIIO [PU
t — +4o00. EcrecrBenno cumrars, uro u opurunan f(¢) upum t — 00
TaKyKe CTPEMUTCs K Hymo. Feim suadenme f(+00) CymecTByeT um He
PABHO HYJIIO, TO MOXKHO BBecTH HOBbIH opurunad f1(t) = f(t) — f(+00)
6o fa(t) = f(t) — (1 — exp(—t))f(400). Snadenne f(400) MOXKHO
BBIYUCAUTE 10 dopmyie f(400) = lim,_,o pF(p).

§ 2. O cxogumocTu psaoB Jlareppa

2.1. CxoamMoCTh B CpeHEeM

BeesieM B paccMoTpenue obuie MHOrousiensl Jlareppa [56]
L,(t,a) = it%‘“et (tO“L”e*t)(n) n=0,1
n ? - n! ) - ) 9t
OHu MOTyT OBITH 3aIlIUCAHBI B BUJIE

Tt a+1) () (n+a)tt
La(ta) =D Tlk+a+1) kl(n—k) _g(_l)k<nk)m' ®)

Muorowienst (8) 06pa3yioT MOJHYIO CUCTEMY B HPOCTPAHCTBE C BECOM
Ly(t*e7%;0,00) U OPTOrOHAJILHBL:

k+a+1)

" e I(
/0 t*e "Ly(t,a)L;(t,a) dt = o Skj

IIpeioioKuM, 9TO IIPU HEKOTOPOM (v > —1 MCKOMbIH OpUruHaj
f(t) ymossierBopsier ycsioBUIO

/ t= 7 f(t) 2 dt < oo. (9)
0

DOyuxius g(t) =t~ f(t) rakosa, 910

/ 12t g(t)2 dt < oo,

0



T.€. g € Lg(to‘e_t; 0,00), U II09TOMY OHA IIPEJICTABUMA CXOJSIIMMCS B
cpenneM psyiom Pypbe 1o obiuM MHOroUIeHaM Jlareppa:

g(t) = 3 aLt,a). (10)
k=0

ITokaxkeM, uTo IIpH BbINOJIHEHNN yeaosus (9) uzobpaxkenue F(p) 6yner
peryssipuoit dbyukiueii B noaymiockocru Rep > 1/2. IefictBuTesnHo,
MOKHO HAIHCATD IEMIOYKY HEPABEHCTB

/0 \e’ptf(t)|dt§/0 tee"te=Rep=Dt o) | dt <

) 1/2 00 1/2
(/ t“ete2<Rep1>tdt) </ t"‘et|g(t)|2dt> -
0 0
00 1/2 00 1/2
(/ t“e(2R8p1)tdt> (/ taet|f(t)2dt> .
0 0

CrnenoBaresnbho, nzobpaxkenue F(p) npu BeinosHeHnn ycuaosuii (9) u
Rep > 1/2 upencrapumo abCOMIOTHO ¥ PABHOMEPHO CXOZSIIIMCST NHTE-
rpaJiom Jlariaca, 9To u BiI€YeT PeryJsisipHOCTb U300ParKeHusI B yKa3aH-
HOH ITOJIYIIJIOCKOCTH.

B kuwure [25| upuBesen TOUHBIA MeTOJ BhIYUCIeHUA KO hunuen-
ToB paga (10), ncrnonp3yomuit 3HaYeHUs IPOU3BOHBIX N300ParKeHHs.
OrMernM, 9TO TAKON AJrOpUTM™M OOpAIEHHs] MaJIO IPHUTOJEH B CIydae
IPUOJINKEHHOTO 3a/aHusT N300paKeHNs, ¥ K TOMY 2Ke IIPU CJeTaHHBIX
MpeIoIoXKeHusIX psiji Jlareppa MOXKeT CXOIUTHCA MEJJIEHHO.

BamerumM, uro pszpl o dhyuknusm Jlareppa (2) mocsie goMHOKeHUs
ua exp(at/2) npunnmaior Bux (10) npr o = 0.

IN

2.2. IToroyeuyHasi CXOAUMOCTDb

ITpuBenem 6e3 mOKa3aTENBCTBA YCIOBUS, IIPU KOTOPHIX psiabl Dypbe
1o MHOro4IeHaM Jlareppa cxofsarcs norodedso [56].

Teopema 1. Ecyn o > 0, a pynknus f(t) uz kracca Ly (t%e~ 450, 00)
B OKPECTHOCTH (PUKCHPOBAHHOI TOUKH X YAOBJCTBOPET ycaoBHIo JIui-
mmna

[f(z) = f@O) < Mz =1, 0<y <1, (11)

U CYHIECTBYIOT HHTETDAJIbI

1 oo
sl [ e ) an
0 1

10



10 psix Dypee pyuknun f(t) no obmmm muOrowienam Jlareppa cxo-
JIUTCST B TOYKE .

Teopema 2. Ecym ¢pynxnus f(t) knacca Li(t%e%;0,00) B okpec-
THOCTH (PUKCHPOBAHHOII TOYKH I YJIOBJETBOpseT ycjaoBmio Jlummmia
(11) u nupu —1 < o < 0 CymecTByIOT HHTEIPAJIBI

1 [e'e)
/ta/2-3/4|f<t>|dt, / 102672 f (1)) dt,
0 1

to pss Pypee ynknuu f(t) no obuum mHOrowienam Jlareppa cxo-
JIATCS B TOYKE .

2.3. PaBHOMepHas CXOUMOCTDb

ITycrs pamuyc cxomumoctn psima (6) Gosbiie equaumsl. Torma Ha
enuHAYHOM Kpyre |z| < 1 oH cxomurcsi abCONIOTHO U PABHOMEDHO, W
€ro TaM MOXKHO MOYWJIECHHO Iu(depeHImpoBaTh 10boe yucao pas. Ode-
BHJIHO, YTO B 9TOM CJIydae BBIIOJIHEHO HEPABEHCTBO » po |ak| < oo,
KOTOPOE TapaHTUPyeT PABHOMEPHYIO CXOAUMOCTDH psijia (6), MOCKOIbKY
dyukuun Jlareppa (2) paBHOMEPHO OrpaHUYEHBL.

IIpeamnoIoKumM, 9TO MbI BHIOpAIA y3JIbl HHTEPIIOJINPOBAHUS Ha KPY-
re |z| < 1 Tak, 9TO MHTEPHOJSAIMOHHBIA IIPOIECC MO HUM CXOAUTCS
pasaoMepHO K G(z). B TakoM cirydae Hapsijy CO CXOAUMOCTBIO UHTED-
HOJIAIMOHHBIX MHOrOWIEHOB K G(2) GyIyT CXOIUTHCS U MPOU3BOIHBIE
UHTEPIOJISIIIMOHHBIX MHOTOUYJIEHOB K COOTBETCTBYIONIMM TPOU3BOIHBIM
dyukuun G(z), B gactHOCTH, U UX 3HadYeHusd 1upu z = 0, T. e. Koabbdu-
IIUEHTHl HHTEPIOJISIIMOHHLIX MHOTOYJIEHOB OyJIyT CTPEMUTLCS K KO3(-
dunumentam paga (10), KOTOPbIE Mbl U PA3BICKUBAEM.

ITpuBeseM HEOOXOMUMBIE JIJIA JAJbLHEHIIEr0 CBEJACHUS U3 TEOPUH
CXOJIUMOCTHY MHTEPIOJIANMOHHBIX IIPOIECCOB HA KOMILIEKCHOHN ILIOCKO-
cru. Jljist gerajbHOrO u3ydeHus BOIPOca peKoMeryeM kuauru [7], [55].

IMycrs K — kommakTHOe MHOKeCTBO B C, nomnonnenune K¢ = C\ K
KOTOPOT'O SIBJISIETCS OJIHOCBA3HON OOJIACTHIO PACHIMPEHHON KOMILIEKC-
noii mnockoctu C. Torma cymecrByer KOHMOPMHOE 0TOOpaXKeHUE

z:@b(w):cw—i—co—l—%—i—..., c>0, (12)

BHEITHOCTH €JMHIYHOro Kpyra |w| > 1 na K°.

11



Bribepem y371bl UHTEPIIOIUPOBAHUST zlin)(k = 0,1,...n) ausa Bcex

n=20,1,... npuHajyiexxamumMu K 1 TOJ0XKUM
wn(z) = H (z - zlin)) . (13)
k=0

Paccymorpum gucia
M, = max{|w,(2)|:z€ K}, n=0,1,...

OHu y10B/IeTBOPAIOT HepaBeHcTsy M, > c" 1.

Oupengenenne. Y3ibl z,(in) HA3BIBAIOTCS PABHOMEPHO paclpele-

JIeHHbIMU (WJIH paBHOpacupeeaenupivu) na K, eciu

"N M, —— c. (14)

n—oQ

Teopema 3. [l Toro 4robbl 41T KaxKI0H PEryaspHOH Ha KOMIIAKTE

K ¢ysrmun f

L.(z)= f(2) (n— o0, z€ K),

n
HEOOXOHMO H JOCTATOIHO, ITOOBI V3/IbI HHTEPIOJISIIHT z,g ) G pas-
HOMEpHO pacrpeeaeHbl Ha K.

Wrak, st obecniedennst paBHOMEPHOM CXOMMOCTH NHTEPIIOJISIIINOH-
HBIX MHOI'OYJICHOB Yy3JIbl MHTEPIIOJUPOBAHUSA, T. €. KODHU MHOI'O4JICHOB
(13), ciemyer BHIGHpPATH TaK, YTOOBI BBIIOJIHSIIOCH yeiaosue (14).

WsBecTHBI Tpu IPUHIMIIA BEIOOPa y3/I0B HA KOMIIAKTE, 0becrieunBa-
I0II1e PABHOMEPHYIO CXOAMMOCTh: Banjgepmona (Pekere), YeObnnésa,
Deitepa.

Hpunuun Bangepmonpa. i 3amannbix Touek 2z, € K (k =
0,1,...,n) cocraBuM IIpOU3BEECHIE

P(z0,21,- .y 2n) = H |zj — zi|.
ik
D10 orpanmveHHas W HenpepbiBHag dyHKnua (n + 1) Touek ma K, m
IOTOM 6 (n) ) (m) K
y CcyliecTByeT HabOp TOYEK 2y  , 2  ...,zn  u3 K, mnias koro-
PBIX 9TO IPOU3BEJACHAE MAKCHMAJIBHO. DTOT HAGOD HA3BIBAIOT N-i CH-
cremoii y3nos ®@exere (Bangepmonga) (umm W-cucremoit). 3amernm,

12



Y9TO IIOCTaBJ/IEHHAsd 3a/la9a IKBUBaJIEHTHa 3a/a9€ MaKCUMU3allul MO/LY-
JId oIlpeaesimTe rd BangpMOH,aa

1 1 1
20 21 Zn
_ 1.2 .2 2
Wiz, 21,y 2n) = |26 21 --- 2|,
n n
20 *1 Zn

OTKY/Ia U IIPOMCXOJIUT BTOPOE HA3BaHHUE CHCTEMBI y3JI0B.

Y351 BangepMoH,1a ONIapHO Pa3/INYHbL, PACIIOJIOXKEHB] HA I'DAHUIIE
0K = 0K° komnakra K n “MakCHMAaJbHO yJaJeHbl Jpyr oT apyra. K
TOMY K€ MHOTOYJIEHBI BJINSHUS MHTEPIOJIAIMOHHOIO MHOTOYJIEHA IIO
HUM

2) — Wn(z)
(%) (z — z,(cn))w’ (z,(cn)>

yAOBJIETBOPSAIOT HepaseHcTBY |l ()] < 1 ayist Beex k u z € K.

Ecmu K — equuuvHbIi KpPyT IJIOCKOCTH Z, TO y3Jbl BanaepMomia
CYTh KOPHH MHOTOWIEHA (C TOYHOCTBIO JIO HOBOPOTA Ha JIOOOH yrou)
wn(z) = 2"t — 1. Ouesnano, B aTOM caydae M, = 2, kKondopmHOe
orobpazkenne (12) mmeer Bus z = w, n ycaosue (14) BHITOTHAETCA.

IIpunnun Yeobwimiésa. Kak u Boile, BbIOEpEeM y3JIbI MHTEPITOIH-

poBanus z,(in) (k=0,1,...n) ausa Bcex n = 0,1,... OpUHAIJIEKANUME
K u nojoxum .
wn(z) = H (z — z,in)) .
k=0

Dyukius |wy,(z)| orpannvena u HenpepbiBHa Ha K, U 1OTOMY Cylie-
CTByeT HaOOp TOYEK z(()n), z%n) ey zy(ln) n3 K, Ha KOTOPOM OHa ITPWHU-
MaeT MUHMMAaJIbHOE 3HaYeHHe. DTOT HAOOp HAa3BIBAIOT N-ii CUCTEMOM
y370B Yebbiména (mun T- cucreMoii).

Ecan K — e uHUYHBIA KPYT IJIOCKOCTH 2, TO Y3Jbl 1eObINéBa CyTh
KOpHE MHOTOUJIeHa Wy, (2) = 2" 1. Cnenosarensuo, M, = 1, koudopm-
Hoe orobpazkenue (12) umeer Buz z = w, u ycuosue (14) BBIIOIHSETCS.
O4eBHIHO, B 3TOM CJllydae pedb UjeT 06 HHTEPIOJUPOBAHAN DPMUTA, C
OZIHUM KPATHBIM y3JjioM z = 0.

Eciun K = [—1,1], To mHOrounenamu suja (13), HanMeHee yKJIOHS-
TONMMUCA OT Hyss Ha K, ABISIOTCA MHOTOYIeHB JeObIméBa nepBoro

pona wp(2) = Try1(2)/2"™ ¢ KOpHAME zl(cn) = cos((2k + 1)7/(2n + 2)).
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IIpunnun Peiiepa. [Iycts komnakT K TaxoB, 9T0 DyHKIINSA 1,
orobpazkaormast MEOKecTBO {w : |w| > 1} Ha K¢, HENPepBhIBHO NPOI0JI-

JKaercs Ha MHoxkecTBO {w : |w| > 1}. Ilycrs HaGop y3710B {w,(cn)}}j:o
pasHopacupezienen na |w| = 1. Torpa mabop Touex

A :1/;(@0,(;‘)) (k=0,1,...,n) (15)

Ha3bIBaeTcd n-if cucremoit y3nos Peitepa (mnn F-cucremoit).

IIpuwmep 1. IIycrs K = [—1,1]. B arom ciygae oroGpaxkenne (12)
zagaerca dyunknueii 2Kykosckoro z = (w + 1/w)/2, orobpazkaromieit
okpyxkHocth |w| =1 na K = [—1,1].

IMonoxum w,in) = exp(2mik/(n+1)), Toraa z,g") = cos(2mk/(n+1)).
3ameTnm, 9TO0 z%n) =2, zén) = zr(ﬁ)l, ... B 3TuX TOUKax HyKHO HC-

[I0JIb30BAaTh 3HAYEHUsI MHTEPIOJUPYEMOU (PYHKIINU U ee IIPOU3BOJIHOII.

Mpuwmep 2. Hycrs K = [—1,1], w,(Cn) = exp((4k + 1)mi/(2n + 2)),
Torja z,gn) = cos((4k + 1)w/(2n + 2)). Ux ynobuee mepeHyMepoBarTh,
TIOJIOXKUB
2k +1

m42

CrenoBarenbro, wy(z) = Thy1(2)/2", M, = 27", u ycnosue (14) BbI-
IOJIHEHO.

(n) _
2z, = cos

Sameuanue 4. Jlamee B KauecTBe KOMIakTa K IUIOCKOCTH Z pac-
CMATPUBAETCSl €IMHUYIHBIA KPYr WX HEKOTOPOE €ro IOJIMHOYKECTBO,
Ha KOTOPBIX IODOXKJIeHHasi u3obparkenueM ¢yHkius (6) peryssipHa.
CKOpOCTb CXOJIJUMOCTH PaBHOMEPHO CXOAAIMUXCA HWHTEPIIOJAIIMOHHBIX
[IPOIIECCOB 3aBUCUT OT “‘pasmepa’ HambOJIbIIIel 00JIACTH PEryJISPHOCTU
dyukun G(z). B cayuae K = [—1,1] Takoit obiacTbio Gy1eT 3J1IHIC
¢ dokycamu B Toukax +1 u cymmoit momyoceit p > 1. Torma morpem-
HOCTH MHTEPIOIANNN OyaeT BeamduHoi nopsizka p~ . Iloapobmee na
9TUX BOIPOCAX MBI He Oy/IeM OCTAHABIUBATHCS W OTCHLIAEM YUTATEJeiH
K paboram [7], [55].

Hama 3amaua 3akmrodaercs B onucaHuu 3(HEOEKTUBHBIX METOI0B
oupezenenus koaddunuenTos psios Jlareppa na ocuose ypasuenust (6).

Ona pemaercss COBCEM MPOCTO B ciiydae y3JioB UeObIméBa, ecian
K — epunnunstii kpyr. eiicrurensro, u3 ypasuenus (6) zHaxomum
by = G®(0)/k!, k=0,1,... , u B urore B cuy (5) uCKOMBIE KO3h-
(bUIEEHTH BRIPAKAIOTCs depe3 3Hadenns npoussomuabx F K (a/2).

14



§ 3. urepnoysaninoHHble METOAbI O0paIeHusd

Hanbueiiee cojiepyKaHue TON TIaBbl OTHOCUTCS K M3YUEHUIO WH-
TEPIOJAINOHHBIX MeTOJIOB g W- u T-cucteMm y3710B HHTEPIIOINPOBa-
HUs NPUMEHUTEJBHO K HAXOXKJIEHUIO DelneHus ypasHenus (1) B Bue
pana

o) =3 cxmilt). (16)
k=0

Teopema 4. ITycrs npu HekoropoMm a > 0 penrenne ypaprerust (1)
npescraBuMo B Buje psaga (16), KoagdumnuenTbr KOTOPOro yI0BJIeTBO-
PSIIOT yCJIOBHIO

> Jex] < o0, (17)
k=0

H IIyCTh Bce 0cobble TOUKH n306parkenusi F(p) 3akirodeHbl B 3aMKHY-
TBId KPyI' ¢ LEHTPOM Ha OTPHLATEJLHOH IIOJIYOCH, LIeIUKOM JIC2KAIuHd
B nosrymiockoctu Rep < 0. asree, mycrsb z(()n), ey zT(L") ectb W- mm
F-cucrema y3/10B HHTEPIOIMPOBAHHS JIJIsT €HHUYHOI'O KPYT'a IJIOCKO-
CTH z M UHTEPIOJIALUOHHBIE MHOI'OYJICH IIO 9TOH CHCTEMEe Y3JIOB JJIS

¢yurunn G(z) paBeH
Po(z) =pg"” + 9"z + ..+ p 2
Tora

—_1)k
(\/53 U~

k=0,1,...,n.

HeiicTBuTeIbHO, TAK KaK Ipu J0o6oM a > 0 dynkiun Jlareppa orpa-
unvensl [53]: [k (t)] < +/a, 1o psiz (16) cxomuTcss pABHOMEPHO, IO3TOMY
dyukuua (5) peryisipHa Ha HEKOTOPOM Kpyre PaJuycoM 0ojiee euHu-
el u npezacrasuma tam psgom (6). Kosddbunuensr sroro psga mo-
I'YT OBITH HAMJIEHBI KaK IIPeIesbl KoM OUIMEHTOB NHTEPIOIAITOHHBIX
MHOTOYJIEHOB [0 COOTBETCTBYIOMIEH CHCTEME Yy3JI0B, O6ECIeInBaIONeit
PaBHOMEPHYIO CXOJIUMOCTH MHTEPIIOJIAIMOHHOTO IIPOIECCa.

Urak, nupubiukenuble 3nadennus koadduimentos by paga (6) ua-
XOIATCS KaK PEIeHne CUCTEMBI

n

S0 = (G 4ee) o), r=01m, (18)
k=0
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110 U30PAHHBIM y3JIaM UHTEPIOIAINH Z2(, . .., 2, U COOTBETCTBYIOIIIM

UM TOYKaAM
a 1-—2z,

T2 142z,

C BBIYUC/IUTEIBHON TOYKH 3PEHUS PEAJU3AIUS ITOM CXEMBI CBOJIUT-
¢ K PEIIeHUIO CJIE/IYIOIUX 3a/1a9:

1) nocrpoenne 3¢bdeKTUBHBIX cIOCOGOB perenust cucreMsl (18) npu
JTIIOOBIX T,

2) u3yueHue BJIUMSHUS [OIPeNTHOCTell 3aanus F(p) Ha ee pemenue,
a TeM CaMbIM U Ha TPUOJMZKEHHOE pemenne ypasHerns (1) B Buje oT-
peska pana (16).

Pr

Cuyuait ysnos @eitepa. Yanamu Deiiepa qa K = [—1, 1], kax
MBI BUJIENN, SBJISIOTCS KOpHU MHOTO'WIeHa Yebbimésa T, (1)

2r +1
—T

Zp = COS
on

r=0,1,...,n—1.

Ha 1utockocTu P UM COOTBETCTBYIOT TOYKH BeHLeCTBeHHOfI ocu

a 11—z,

pr:§'1+ZT

Takue, 9T0 0 < pg < - -+ < pp—1 < 00.
I/IHTepIIOJIHLH/IOHHI)IfI MHOI'OYJIEH

n—1
Poi(2) =Y b2 (19)
k=0
onpenensiercs yeaosusivu P,_1(z.) = G(z,), r=0,1,...,n—1.

Hpe;LCTaBHM Pn—l B B 1€ PA3JIOZKECHUA 110 MHOT'OYJICHAM Yebbrménsa:
n—1
P,_1(2) = E AT, (2),
v=0

n
B KOTOPOM YHCJIA d™ toxa nemssecrubr. B CHJIy OPTOTOHAJILHOCTH 1
Hopmuposku Ty, (z) no Becy 1/v/1 — 22 umeem

1 ! P, _1(2’)
i == | g,
0 T ) 1Vl —22
2 1 P,_1(2)T,
dm == '1@)(dd, v=12...,n—1

™ ] V1—22

16



st Beraucenns nHTErpaJsioB npuMennM dopmysry Mesmepa

1 n—1
/ S T S f(z)
_11/1722 nrzo T)s
TOYHYIO IjIst JIIOODOr0 MHOTOYJIEHA CTENeHU He BbImne 2n — 1:

n—1
n 1
a5 = =3 Gla),
r=0

n—1

(20)
2 1
ZG(ZT)COS Tt v, v=1,2,...,n—1.
2n

r=0

A —

174

2
n

Tenepsb HETPYIHO BBIPA3UTH KOIDMDUITUEHTHI b,(cn) npesicrasienus: (19)
qepe3 HallJleHHbIe 3HAYEHUS d,, :

n—1 n—1 (k;)
m _ L= gmpm ) = 37 g T (0)
b =1 Zde T¢ (o)_z%czy 0 (21)
Nrak, perenne cucremsl (18) HaifieHo.

YkazkeM crocob BblYMC/IEHUs BXOAANmX B dhopmyiy (21) Besauaun
T,Ek)(O)/k!, k=0,1,....n—1, v =Fkk+1,...,n — 1 (ocraibuble,
OY€BHUJIHO, PABHBI HYJIIO).

VYrepxkaeuune 1. CrpaBeaiuBsl paBeHCTBA

T,(LT')(O) 0, n —r — HedeTHoe,
o {(—1)”? cor-tbLn C((Z;:))//;l, n —r — UeTHoe,
(22)
0<r<n,
T (0) = {O, i n — HeIEeTHOE,
(=1)z, n — gerHoe,

=2 [a+var+a-var]. (23)

r=0

HoxkazarenbcrBo. U3 npeacrasnenus T,,(x) B Buje

1 [n/2]
Ta(z) = 5 |(22)" + D (TR, — O ) (22)" | (24)
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HCIIOJIb3Yyd TOXKJIECTBO
+
204 — C1_, = %Cg,l,

JIerko mostyuaeM pasencrsa (22). Hasee, jeBas vactsb B (popmyiie (23)
paBHa cymMe Mouysieil Koaddurmentos pasnoxenus Ty, (z) mo cremne-
HAM &, 1 3HAKN KO3(DbUIMEHTOB YepeIyoTces, Kak BuHo u3 (24). Pa-
BeHCTBO (22) TosTyuaeTcs B pesy/ibTaTe MOJCTAHOBKU T = \/—1 B TIpe/I-
CTaBJIEHHUE

T(x) =

[(z+ Va2 =1)" + (2= Va2 =1)"] D

1
2
Nssecren crepyromuii pesyiasrar [11]:

Teopewma 5. Ecsiu mosysib vHenpepsiaoctd w( f;0) ¢dyukmnun | yuo-
BJIeTBOpsieT ycaoButo Jlnan—/lurmimmra,

glgg)w(f;d)lné =0,

To [ pasiaraerca B psj 110 MHOrodieHam debblméBa 1mepBoro poja,
DPAaBHOMEPHO CXoJsiuiicst Ha otpeske [—1,1].

IIpeanonoxum, uro dyukius G(z) npeacraBuMa psijioM

9= dT() (25)
v=0

U BBISICHUM, ¢ KaKOH TOYHOCTBIO KO3(DDUIUEHTDI 3TOr0 psja mpubiim-
skatorcst BeananHamu (20).
IMoxcranoska pana (25) B nepsyio dopmyiy (20) gaer

i = ;(Zd T,, zr>:§:0dm< 7:2::T z>

3HadeHne B MOCJETHUX CKODKAX BBIYUCISIETCS C TOMOIIBIO (DOPMYJTBI
Menepa: oHO paBHO HyJIO aad m = 1,2,...,2n — 1 u exunaUIE I
m = 0. Ee 3na4yenune npu m = 2n OTJIMYHO OT HYJIA, CJIEI0BATEIBHO,

d™ = do = O(|dan]), 1 — .

18



,HHH OCTaJIbHBIX HOMEPOB MMeEeM

n—1
2 2 1
d = - TE:O G(zr) cos TQZ =

n—1 00
2 Z Z 2r+1
- E r=0 <m_0 mem(zr)) . n "

oo n—1
=Y dn (Z ZTm(zr)T,,(zr)> ., v=1,2....n—1. (26)
= r=0

m=0

Nunekc m npenacraBum B Buge m = 2nj + pu, tme —n+ 1 < p < n, u
BBIIHACIAM

T (2) = cos ((an 4t 17r) _

2n
2 1 2 1 -
=cos <2nj 7;; 77) Cos (u T;; 7r> = (1) T} (2r).

Tenepb CHOBa JJIsl BBIYMCIIEHNST 3HAYEHNI B MOCTIEIHIX CKOOKax B (26)
upumeHnM dbopmyiry Mesepa U ¢ y4eToM OpTOrOHAJIBHOCTH MHOTOYJIe-
HOoB Yebbimesa n3 (26) moaydaem

dl(jn) - du + Z(_l)j(d?njfu + d2nj+u)7
j=1
OTKYyJa CJIeAyeT PaBeHCTBO
d™W —d, = O(lden—r|), v=1,2,....,n—1, n— .

Kak Buano, ¢ yBeuuenneM HOMepa TOTHOCTD BBIUUCIEHUS KO DUTIH-
eHTOB psizia (25) yMeHbIIAeTCsL.

IlepeiiieM K M3y4YeHMIO BIMSHUSA TOrPENIHOCTH 3aianust F(p) na
npubIMyKEeHHOE pelllienne B Buje orpeska psiza (16)

walt) = 3 () (27)
k=0

VYrBepxkaenne 2. ITycrs B y3rax Detiepa z, = cos((2k+1)7/(2n)),
k=0,1,...,n — 1, snavenus ¢pyukuuu G(z)) H3BECTHBI C IOrDELIHO-
cThiO €), npuieM |ei| < e. Torya Bo3HUKAOUIASI IDH 9TOM OMIHOKA B
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npasoit qactn (27) 1o MO0 He MPeBOCXoMuT BeauauHpr & - 100-384n
st Jiroboro t > 0.

’
HdokasaTennbcTBo. Obo3HaYNM UYepe3 d, OMMOKN BBIYHCICHUS

di") no dopmynam (20), BosHUKaOIME U3-3a OMUOOK €f. OUeBHIHO,

|do| < e. Hanee, mast k =1,2,...,n— 1 meem
;12 -1 2 n—1
d s 2k + 1 2k + 1
% = ,;_0 Ef COS 2:; 7| < ne? kz_;) cos? %ﬂu.

IMocaennsist cymma paBHA /2 U JerKo BbIUHCsieTcst 1o dopmyse Meie-

pa g f(z) = T,(z). CienoBarebHO, JJig BCEX V BBIIOJHIETCH HEPa-
’

Berctso |d,| < eV/2, u u3 (21) BBITEKAeT, YTO OMUOKA BLIYHCIICHIS

b,(fn) He TPEBOCXO/IAT 3HAUCHHS £v/2 ZZ;& |T,5k)(0) /E!|. B urore, ¢ yue-

n n
TOM CBSI3U b,g ) = (fl)kéf€ )\/E, HOJIy<IaeM, 9ITO OMIMOKA BLIUUCJ/ICHUSI
upaBoii uactu B dhopmysie (27) He IPEBOCXOIUT BEJIUIUHBI

. n—1n—1 V(k) . 1ol y y
s-22viy 3 |l < 5[ (14v) + (1-v2)'] <

v=0 k=0

<e\f2ni(1 FV2) =¢ {(1 + \/i)n - 1} < e-10%38n
v=0

Caywuaii y3108 Bangepmonga. ¥Y3inamu Bargepmonaa qjis Kpy-
ra |z| < 1 gBasdiOTCA KOPHU M3 €IMHUIBI, T.e. TOUKH zp = wF, w =
exp(—2mi/n), k=0,1,...,n — 1. Ha nyiockoctu p uM COOTBETCTBYIOT

TOYKN MHHUMOW OCH
a km
Pr=15tg—.
2 n
B ciyuae weTHOrOo n cpeim HUX HAXOAWUTCS M OECKOHEYHO yiaJeHHAST
TOYKA.
KosddurmenTsr MHTEPIOMATIMOHHOIO MHOTOUIEHA, KAaK U paHee,

HaXO/IMM M3 CUCTEMbI ypaBHeHI/Iﬁ

n—1
S obMay =G(z), k=0,1,...,n—1 (28)
v=0

Yuuoxum (26) na 2, ", 7 =0,1,...,n — 1, u 3aTeM TPOCyMMUPYeM UX
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mokor0mon—1:

n—1 /n—1

Z G(zr)z Z bf,")zZ . Z b(") Z
v=0

k=0 \v=0

IMocenussl BHYTPEHH:AS CyMMa B CHJLy CBOHCTB KODHEH N3 €UHUIBI
PaBHA N TIPU V = T ¥ HYJIIO B OCTAJIBHBIX CJIY9asiX, U IO3TOMY DellleHneM
cucremsl (28) GymyT uncia

n—1

1
b =23" @ v =0,1,...,n—1. 29
v nZO (Zk)zk;a v ) 7” ()

W3 cummerpun y3/10B HHTEPIIOIUPOBAHNST OTHOCUTEIBHO BEIeCTBEHHON
OCH BBITEKAET, YTO JIJIs BEIIeCTBEHHON (DYHKIMU-OPUTTHAJIA STU IHUCIIa
BEIECTBEHHBI.

IMoncranoeka psina (6) B (29) maer

— 0o n—1

bW = Z Z b2 | 21" = Z b %Zz;ﬂ—u -
k: m=0 m=0 k=0
00 n—l
Z Z(wm—u)k
m=0 k::O

Bripakenne B mocsiefHIX CKOOKAX MPU M — ¥ = nj PABHO €IUHUIE U
HYJTIO B OCTAJIBHBIX CIIy9asX, U OITOMY

b(un) —b, = Zbl/+nj =O([by4nl), v=01,....n-1
j=1

Kax Bugno, B ormmume ot y3ji0B Peitepa, Temepb ¢ pOCTOM HOMEPA
KO3 DUINEHTA TOYHOCTh UX BBIYUCJIEHUS HE YMEHbBIIIAETCS.

YrBepxkaenmue 3. Ilyctp B y31ax Bangepmonna zj, = w® 3Haderns

¢yukumu G(zy,) H3BECTHBI ¢ MIOIPEITHOCTDIO €, npudeM |ei| < €. Toraa
BO3HHKAIOIIAS [IPU TOM OINIHOKa B HpaBoii dactu (27) 10 MO0 He
IIPEBOCXOMUT BEJIMIHHDBI NE MJIs jiroboro t > 0.

JoKa3aTesbCTBO 9TOrO yTBepxKAeHusd (POPMAJBHO IPOBOIUT-
sl Tak Ke, Kak U 1y y310B Defiepa, XOTA OHO OUEBUIHO CIEAYET U3
npezcrapienus (29).
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§ 4. Paapr JIareppa u ycKOpeHuE CXOIMMOCTH
C mpuMeHeHueM npeobpaszoBauust ditrepa—KHorma

st cyMMupOBaHUs CJIaOOCXOISIIUXCH PSIIOB IIPUHATO MCXOIHBIN
P 3aMEHSATDH JIPYTUM, CXOJANIUMCS K TOH ke cymMme 6bicTpee. Takne
Ipeobpa30BaHUsl MMOJIYyYU/IN TIOIYJISIPHOCTh CO BpeMeH Jitepa. Meros
cymmuposanust (E, 1), KoTopbliil npuMensyi Diljiep, oLy Yn pasBUTHE
y MHOTHUX mccaemoBaresneit. OQHuM n3 mepBhIX 0000IeHnit OO HeIu-
HeliHoe peobpa30BaHue NCXOMLHOIO PJIa:

00 1 0 > k
E M = Ak
Sact) <3 (177) A,

k=0

rae A¥ — omeparop komeunoii pazuoctu nopsaxa k. Meron (E,1) mo-
Jiygaercss u3 nocyennero npu z = —1. JlanbHeitee 06061eHne 3TOrO
peobpa3oBaHusl MPUBOJINAT K MeTomy ditepa—KHOoIA, COCTOsIIEMY
HA CaMOM Jiejie B JIPOOHO-JTMHEHHOM OTOOPaYKEHUN HUCXOIHOTO CTEIleH-
HOTO PsJIA.

Teopema 6 (cum. [66]). ITycrs gana mocaegoBaresbHOCTh {ay, k=
0,1,2,...} u

Ap(r) = Xk: (k> (—7)*a;, k=0,1,2,...

Torma
D et =) K gy
k=0 k=0

JIJIsT BCEX 3HAYEHUH 2 U T, IPU KOTOPBIX JJIEMEHTHI CYMM CYIIIECTBYIOT
U DSIABI CXOISITCS.

OTa TeopeMa He JaéT OTBeTa Ha BOIPOC, IPU KAKUX 3HAYEHUSIX Ta-
pamMeTpa T U3 CXOJMMOCTH HMCXOJHOTO PsIJIa CJELYeT CXOAUMOCTH IIpe-
obpazoBanHOro. TakyKe HEM3BECTHO, KAKOW PsJI IPEIIOUTHTEIbHEE JIJTsT
BBIYMCJIEHUS B IEPECEUEHNN UX 00JIACTEH cXOMuMOoCcTH. A Tak Kak JaH-
HOoe Tpeobpa3oBaHme MbI OyJleM HMCHOIB30BATH JJisi YCKOPEHUST CXOJIH-
MOCTH CTEIEHHOI'O Psijia, HEOOXOAUMO OIMCATH MHOXKECTBO 3HAYEHUI
mapamMeTpa T, IPU KOTOPBIX 00JIACTb CXOIMMOCTH ITPeoOpPa30BaHHOTO
PAJIa COIEPKUT KPYT CXOAMMOCTH Mcxoauoro. [pu aTom MbI Gymem ro-
BOPHTH, 9TO TpeobpazoBanue Jitiepa—IKHoMma peryssipHo. 3aMeTnm,
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9TO NOHSATHE MIUPe PACCMATPHBAEMOrO OOBIYHO B TE€OPHH CYyMMHUPOBa-
HUSA DSJIOB.

B srom maparpade reoMeTpuvecKn OmMCaHO MHOYKECTBO 3HAYECHHMIT
napameTpa T, 00eCIeInBAIONIAX CBOMCTBO PETYIISIPHOCTH METOJA CyM-
MupoBaHus Ditnepa—KHomma. DT pe3yIbTaThl N3I02KEHBI YaCTUYHO B
paborax [18, 19].

. 1/k
Iycrs A(T) = khm |Ag(T)] /¥ Torma obmacts cxommMocTH Mpeos-
—
PA3OBAHHOTO DA OIDE/IeIIAETCS HePABeHCTBOM

A(r) | ——| < 1. (30)

1—712

J1st mabHeRero HaM moHa, 100nTCst

VYrBepxkaenue 4. Cupaseiuba opMmyiia

1
— =T

A =
(1) = max %

J

9

S k
rie z; — ocobble TOYKH QYHKIHH p(2) = Y, apz”.
HokazarenbcTBo. B camom gere, 3ammicas mpeobpa3soBaHHEIIL
psiJl B BUIE

1 o 1
;kZZOAk(T)W7

mbt BuaM, aTo (A(7)) ! ecTh pasmmyc Kpyra cXoJUMOCTH B IJIOCKOCTH
(w) npu orobpaxkennun w = z/(1 — 7z). Takxke sgcHO, YTO

1

A(T) = min 1/2]7_7_

J

)

OTKY/Ia CJIEeJyeT yTBep:KJeHue JeMMbI. [
C yuerom yreepxenust 4 HepaseHnctso (30) npeobpasyeTcst K BUJLY

z
— =T
Zj

max <1.

J

1—712

O6o3HaunM t = 1/z u 3anmiieM Hallle HEpaABEHCTBO B Bujie |t — 7| >
A(7). B miockoctu (t) OHO ompejiesisieT BHENIHOCTb KPyTa € HEHTPOM
B TOUKe T, CONEPIKAIIEro Bce ocobble ToUKM t; = 1/z;. Uem menbIme
PaJiyc 3TOro Kpyra, TeM OOJIbIle IIIONIab COOTBETCTBYIOIIETO KPyTa
B IIOCKOCTH (Z).
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Uexomublii pag e apz® cxomures B kpyre |z| < |20, n1e 2o — 6m-
JKalfiast K HaJasIy KoopauHaT ocobas Touka ¢(z). IIpeobpasoBaHHbIil
pan Y e Ak(1)2F(1 — 72)7F1 exomures B kpyre |7 — 1/2| > A(T).

Hyxno maiitn smauenust 7, npu Koropeix {|1/z — 7| > A(7)} D
{lz| < |#0|}, mmm, aro ToO ke camoe, {|1/z—7| < A(7)} C {1/]7] <
1/|20]}. OueBnamno, 910 TE 3HAYMECHUS, KOTOPBIE OLPEIEJIAIOTCS U3 Hepa-
BEHCTBA

A(T) +|7] £ 1/|20] - (31)

Ecmu 7 = 0, To A(T) = 1/|20|, H03TOMY 9TO HEPABEHCTBO OIPEIEIISAET
HeIlyCToe MHOYKECTBO.

Ecin 29 — enuHCcTBeHHAsT (KOMILIEKCHAST) OCOBEHHOCTH, TO MHOXKE-
crBo M ectb orpesok [0, 1/z], Hjl\}n A(T) mocruraercs npu T = 1/z.
Ecsu na orpeske [—1/29, 1/2o] ectb npyrue ocobennocru, o M = [0, a],
e a = (1/z9 + 1/21) /2, a 21 onpezessiercst U3 yCIoOBUsI

1 1
20 Z1

ITpu srom min A(7) mocruraercs na 7 = a. B gacrHocTH, eciau ¢(z)
M

nMeeT OCODEHHOCTH B JIMaMETPAJIHHO ITPOTHBOIIOJIOXKHBIX TOYKAX 2o U
—2Zp, & BCe OCTaJIbHbIE JieyKaT Ha HpsAMOil 0Z) ¢ BBIKMHYTBHIM OTPE3KOM
[—20, 20], To M = {0}.

IIycts BCe TOuku t; comepkarca B kpyre K (0,r). Hmsa ommcarms
MHO2KecTBa M B 0011€M CITydae PaCooKeHnsi OCOOEHHOCTEN TOCTY TIM
caeayomuM obpaszoM. OnuieM it KaxKIo0ii 0coboil Toukn t; MHOXKe-
crBo S(t;) 3HaYeHwmit T, mpu KOTOPLIX Kpyr |t — 7| < A(T) smexur B
kpyre K (0, r). IToka peds nzer o Touke t;, GyeM CIUTATD, YTO JAPYTHX
0COOBIX TOUEK HET. 3aTeM HailJieM [epecevdeHne ITUX MHOXKECTB 110 BCEM
0COOBIM TOYKaM, KOTOPOE U OYAEeT MCKOMBIM MHOXKeCTBOM M .

Wrak, mycTs 3a7aHbI TOUKa t; 1 paguyc r. Tak Kak Jpyrux TOUeK
HeT, T0 A(T) = |t; — T| 1 Hy?>KHO 00eCIIeUINTb BK/IIOUCHIE

{lt =7l <lt; =7} C{lt] <7}

Orcrona BHAHO, ITO rpaHuna MHOXKecTBa S(t;) COCTOUT U3 LEHTPOB
OKPY>KHOCT€Il, KOTOpbIe KaCArTCsi OKPY’KHOCTH [t| = 7 1 IPOXOZAT e~
pe3 touky t;. Ilyctn 7 € 0S(t;). Touka COMPUKOCHOBEHUS OKPYZKHO-
creit |t — 7| = |[t; — 7| u |t| = r JexKUT Ha panUyCc-BeKTOPE, IIPOXOMSIIIEM
gepe3 Touky t = 7. CienoBarensto, || + |t; — 7| = r upu 7 € 9S(t;).
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Ilocnenmee paBeHCTBO €CTh, HA CaMOM Jiejie, YPaBHEHHE JIIHIICA ¢ do-
kycamu 0 u t;, JymmHa 60/IBIIONR ocH KOTOpOro pasHa 7. Konmpl orpeska
Gonboit ocu [€;,7;] MOKHO HafiTu IO popMyIaM

r t; r t;
=1+ =2 i L A
& (*w)z’ L ( |tj|)2

>

£ S(t)

Puc. 1: K naxoxnenuro maoxkecrsa M

Ilepeceuenne HOJIYI€HHBIX SJIAICOB U ecTh MHOKecTBO M. IlycTs t0 =
argmax |t;|, t; = 1/zj, z; — ocobennoctu ¢(z). I3 paBencrs r =
J

[t9) u S(t°) = [0,1°], cenyer, uro M = (S(t;) = [0,at’], rue 0 <
J

a < 1. IlosicHeHNIO TeOMeTPHH H3JI0KEHHOT'O II0 YAaCTH HAXOXKJIEHUS
MHOXKecTBa M ciayxut puc. 1.

VYreepxkaeuue 5. Ecau Opu JaHHOM 3HAYCHHH T CyMMHPOBAHHE
peryJsipHo, 10 |ag| = O <(|7'| + A(T))k).

Jloka3zaTenbcTBO. B camom jieste, BBeas omepaTop casura F :
a; = Ea;_; , npencrasum Ay (7) B BUIE

k

Ap(m) =) (?)(—T)k_jEjao = (E —1)*ag .

Jj=0

U3 onpenenenus unciaa A(7) cpasdy mojydaem, 4ro

|(B = 7)*ao| = O ((A())").
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Ocraercst ere pa3 BOCHOJB30BATLCSI OlEpaTopoM F:

lap| = |E¥ao| = [(E — 7+ 7)Fag| =
— g(’;) THIE — 1) ag| < ]z:( )|r|k T(E =T1)ag| =
- 0(2_: (’j) 7 (4 ) =0 (el + 4())) .0

Teopema 7. CymmupoBanue Jitjiepa—KHorma ¢ mapamMerpoM T pe-
I'VJISIPHO TOTZA H TOJIBKO TOIJIA, KOTIa BBHIITOJIHEHBI YCJIOBHSI:

) r=at’, 0<a<l1
2) r[+A(r) =", A(r)= lim |Ax(r)['/" = max|t; — 7.
—00 J

HoxaszareabcTpo. OueBnHO, U3 BTOPOTO YTBEPXKJECHUSI TEOPEMBI

CJIEZyeT MepBoe, HO Takas (POPMYyIHPOBKa ynoOHee I NAIbHEHIIEro

HCIOIb30Banus. JlOCTATOYHOCTS BTOPOrO YCIOBHS CJCAYET U3 OLpe/e-

Jstomero HepaseHcTBa (31) jurst MuOXkectBa M. OcraeTcss mokasaTs,

a0 Ha MHOxkecTse M mepasenctso |T| + A(T) < [t°] He umeer mecra.
W3 yreepxaeHus 5 ciaemyer, 9To

lim |

kﬁwm—0<oo. (32)

YunThIBast PABEHCTBO klim lax|'/* = |t°], u3 (32) momy4aewm, aro
— 00

I [#]* c (33)
im ——— =C.
koo (|T] 4+ A(T))k

U3 (33) cueayer, uro nepasenctso |7| + A(1) < [t°] na M ne BbI-
HOJIHSETCs, TaK Kak ero ciejacreue C' = o0 NPOTHBOPEUHT YTBEPXK/ie-
nuio 6. Orcriona u u3 nepaserctsa (31) ciaeiyer J0Ka3bIBAEMOE YTBED-
Kaenue. [

DaKkTHIECKH MbI JOKA3a/I1 TaKxKe, 910 dyHKuus 1,(7) = |7+ A(T)
JocTAraeT abCoFOTHOrO MUHUMYMa Ha M, T.e.

M = {7| i%fﬂgo(Q) =np(7)}-
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Ilepeiimem K BbIUHCTEHUIO KOIDDUIIMEHTOB TPE0OPAZOBAHHOTO Psi-
na.

KosddurmenTsr ay MOryT OBITE Oy Y€HBI KaK KOIDDUITMEHTHI Pa-
3noxkenus Teitsopa dbyukimn ¢(z):

©)(0)

ap = T .

Ho sta dopmyna meycroiiunsa npu BeraucaeHusx. Bmecto Hee 00bI-
YHO IIPUMEHAIOT OPUBJIMZKEHHbIE METO/IbI BEIYUCIEHUS ay, (CM., HAIPU-
Mmep, [2]). OfuH M3 HUX OCHOBAH HA MOCTPOEHWH WHTEPIIOJISAIMOHHO-
ro nporecca st GyHKIun ¢(z). Y3Jbl MHTEPIOIUPOBAHUST BHIOHDa-
0T Tak, 9TOObI 00ECIEYUTh PABHOMEPHYIO CXOAMMOCTH MHOIOYJICHOB
K TPeJesbHON (DYHKIMM Ha HEKOTOPOM MHOXKECTBE, BBIOOD KOTOPOTO
JIMKTYETCS TIOCTAHOBKOMN 3aja4uu. JacTo B Ka4eCTBe y3JI0B JIjIsi MHOTO-
wieHa n-il crenenu 6epyT KOpHU U3 equHunpl (n + 1)-it cremenu. dro
obecrieunBaeT PABHOMEPHYIO CXOMMOCTh HHTEPIIOJIAIUOHHOIO IIPOIEC-
ca BHYTPH €JUHUYIHOTO KPyTa M MO3BOJISIET IPUBJIEYb K HAXOXKICHHIO
K03 DUIMEHTOB U OIEHKE WX IIOTPEITHOCTH XOPOIIO PA3BATHIE METOIbI
TapMOHMYIECKOTO AHAJIN3A.

Buauenus Ay (7), KOTOpble HAM U HY>KHbI, HAXOJATCS 3aTeM 110 (pop-
MyJle, IpUBeeHHOI B TeopeMe 6. IIpy 3TOM NMpoMCXoauT U3JIANIHSAS 10~
Tepst TOYHOCTH. UTOOBI M36exkaTh 3TOrO, BBEJAEM HOBYIO IEPEMEHHYTO
w = z/(1 — 72) u 3anumem

o(z) = (me> = (14 70) Y Ag(r)ut.

Pacemorpum dyHKImo

_ 1 w _ = k
O(w) = 1—|—7w(p(1+7'w) _kZ:OAk(T)w '

IIpu TpeboBanuu peryssipHocTu peobpazoBanus Jitepa—KHorma
BbinoHeno HepasencTso |7| < [t°] < 1 u na samkuyToMm Kpyre |w| < 1
ko3dunuent 1/(1 4+ 7w) perymnspen. dasnee, upu orobpazkenuu z =
w/(1+7w) xpyr |w| < 1 nepexomut B “kpyr” |7—1/z| > 1. B miockoctn
(t) (nupu orobpaxkenun t = 1/z) emy coorBercrByer “kpyr” |t — 7| > 1.
Bemommmm, aT0 Bee ocobrle Touku t; dyuxumm ¢(1/t) comepxkarcsa B
nepeceuenun kpyros K (1, A(t)) = {t| |t — 7| < A(7)} u K(0,|t°]) =
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{t| |t| < [t°|}. Takxke sicno, uro ecmu 7 € M, to A(r) < [t < 1.
Orciofa osydaeM, 9To pu TPeOOBAHUH PETYJISIPHOCTU CYMMUDPOBAaHUS
Sitnepa—Kmnormmna Bce TouKH ¢; mpuHaaiexar Kpyry |[t—7| < 1 u pyHk-
s @ (w) peryaspua B kpyre |w| < 1. 9T0 03BOJISIET IPUMEHATD TE K€
cpeicTBa HaxokK ieHust Ko dunuentos Ay (T), KOTOPbIE UCIIOJIb3YIOTCS
ISt BBIMHUC/ICHNsT K03 MUIMEHTOB HCXOIHOTO PAAa Y pe a2k = ¢(2).
[Ipu sTOM CcOoKpaImaercs u 06beM BBIYUCIEHUN U HOIPENTHOCTD, BO3HU-
KaloIasl IPU BbIYUCJIeHNH urces Ay (T) uepe3 MeJIeHHO CXOJISIIIHecs
Q.

Hastee MbI OyeM pernaTh 3aa9y yCKOPeHusi cxoaumocTn psaa Jla-
reppa, TJe HCIOJIb3yeTCsl OIMCAHHAS CXeMa BBIYHCJIEHUS KoM duIm-
eHTOB IpeobpaszoBanus Jitnepa—Knomma. Hamrydiee 3uagenune napa-
METPA Toy IIPU ITOM OIPEJIENISIETCS KaK PellleHre 33/1a491 0e3yCJIOBHOMI
(6e3 TpeGoBaHus peryJspHocTd MeToga Diepa—Kuonna) MuanMuza-
187018

A7)
Tonr = arg min ——— .
1=
Mut y6eaumcest, 9T0 |Tonr| < 11 maxe |Tone| < [t°] (mocneanee — 6e3 mo-
Ka3aTesbeTBa). 1OrJa BBHIIEONUCAHHBIE PACCYKIEHUS COXPAHSIOT CH-
JIy U 3aKOHHO MPHUMEHSITh Ty K€ CXeMy HAXOXKJeHusl KO3 DUIMEHTOB
Ak (’T )

3/1eCh MBI IOCTPOUJIH 1 OOOCHOBAJIN CXEMY BBIUHCJIEHUST KO duIu-
€HTOB IIpeobpazoBanus Jitnepa—KHomnma, B KOTOPOHl KOJIMIECTBO OIle-
panuii u omubKU OKPYIJIEHUs CYIIECTBEHHO COKPAIIAIOTCS 110 CpaBHE-
HUIO C OPSIMBIM BblUUCJeHueM 110 ¢opmysie Teopembl (6). Dra cxema
[IPUMEHNMa, KOTJIa Ha MHOXKECTBE Y3JI0B MHTEPIOJISIIHOHHOTIO IPOIEC-
ca CyMMa MCXOJIHOTO psifia U3BECTHA TOYHO WM HpHUOImKeHHO. Takast
CUTYAITNsT UMEET MECTO, HAIIPUMED, [P BBIYUCIEHUN KOIDMUIMEHTOB
peobpa3oBaHHOIO psaa Jlareppa (M. HUXKe) ¢ UCIOIb30BAHIEM 3HAYe-
HUit 3a1aHHOT0 n300paxkenus Jlamraca. Bes obocroBanust 3TOT IpHEM
BBIYHUCIIEHNST KO3 OUIMERTOB GBI IpeIoXKeH B cTaThe [19].

Nraxk, mycTsb JaHO n300parKeHmne

F(p) = Aooeptf(t) dt, Rep> A (A€R). (34)

Opurnnan pasiékuM B psji 0 MHOTOYJIeHaM Jlareppa:

£t =" anLi(bt), (35)
k=0
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rae b — nosoxkurenbuelil napamerp, b > 2\. Iloncrasus (35) B (34),
nostyanM (hOpMasIbHOE PABEHCTBO

k

Z ax T : (36)

Ipeanonoxum, uto pF(p) peryiaspHa B OKPECTHOCTH GECKOHETHOCTH.
Orobpaxennem z = (p — b)/p npeobpasyem psij (36) B cTereHHOI:

Z ak Z akz Z (37)

U3 upeamonoxkenus peryaspuoctu yukuuu pF(p) B okpectHOCTH Gec-

KOHeuHOCTH 1 ycsosua b > max{0,2\} crexyer, uro dyukuua ¢(z)

peryJsipHa B HEKOTOPOM KpyTe |z| < r pamuycom 1 > 1.
IIpeobpazosanue itnepa—Knomnna pana (37) umeer Bus

Lk ko rk i
Zakz —ZA;C (P Apg(T) :; (j)(_T) Ta;

Teopema 8. ITycrs ¢ynkius-opurunai f(t) npegcrasuma B Buze
(35), a mapamerp T yaossersopsier HepasencrBy ReT < 1. Torua

F(t) = exp (Tth1> i (1Ak7(;'3+1 Lk(l th) '

k=0

JleraabHOMY JI0KAa3aTe/IbCTBY NPUBEICHHBIX yTBEPKICHHUIT U OITH-
MaJIbHOMY BBIOOpY Hapamerpa T (B CJlydae KOMILIEKCHOZHAIHOIO OPHU-
IPUHAJIA OH KOMILIEKCHBIA) € IIEJIbI0 YCKOPEHUs CXOAUMOCTH UCXOIHOIO
paga nocssinena padora [20], K KOTOPOR MbI U OTCHLIAEM 3aMHTEPECO-
BAHHOTO YIUTATEJIS.
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§ 5. O6pamrenue nmpeobpasoBauus Jlamiaca mpu oMoy
psigoB 1o o6o6mEHHbIM dyHuknuaMm Jlareppa

IMycts npu mexkoropoMm s > 1 dyukums ¢s(p) peryiasgpHa B MOJy-
miockoctr Rep > 0 m mycrs cymectByor suadenust f(40), f(400),
ps(00).

JlabHeiiniee n3I0KeHne IBISAETCS 000DIEHNEM BBIIIEe N3JI0KEHHO-
IO MaTepHuasa, COOTBETCTBYIONIETo Caydaro s = 1.

IIycts s > 1. Hanmmem ToXK1ecTBO

es(p) =p° " (pF(p))

U YCTPEMUM B HEM P K GECKOHEYHOCTH: CJIeBa B IIPEIE/Ie IMeeM KOHEUHOE
3Hauenue g (00), BTOpoii comHoxkuTe b cupasa paser f(+0), a nepsbiit
neorpanndento sospacraer. Cienosarensho, f(0) = 0. Hasee, upezo-
qoxxuM, aro f’(t) Takke aBasercss opuruHAIoM. [Ipeobpazosanus Jla-
wiaca f(t) u f'(t) cessaner coornomenunem L(f') = pL(f) — f(0). Ho
f(0) =0, a f/(+0) = limy— 00 pL(f") = limp_00 p2F(p). Ecitu s > 2,
TO U3 [IPEJCTABJICHUS

¢s(p) =p°*(0*F(p))

AHAJIOTUYHO IPeAbLIyIUM paccyxkaenusm noiaydaeM f'(0) = 0 u . 1.
CaenroBaresibao, Touka t = 0 GyJeT KOpHEM KPaTHOCTH § — 1, T.e. upu
t = 0 6yner f(t) = Ct5~L.

Onnako, dyukuun Jlareppa (2) TakuM CBOHCTBOM He OBJIAJIAIOT,
U [09TOMY HJEAThCH HA TO, YTO OTPE30K Psijia 1O HUM TOYHO yUHU-
THIBAET XapPAKTep IOBEJIEHUsI OpUrHHAJI 1pu ¢ = 0, HEe IPUXOIAUTCH.
Cuie10BaTEIIbHO, JKeJIATeIbHO UMETh cucTeMy (DYHKIUIA, BCe 3JI€MEHTHI
KOTODO#i 3apaHee YYUTBIBAIOT 3Ty 0COOGEHHOCTh opuruHasa. Ormerum,
uro dynkiun Jlareppa npu ¢t — 00 cTpemMsATCs K HYJIIO, II0O9TOMY eCTe-
CTBEHHO CUMTATH BBINOJIHEHHBIM ycsosue f(400) = 0. Ecim ato He Tax,
BBeJIEM HOBBIH opurunad f1(t) = f(t) — f(400). OnHako Takast 3aMeHa
U3MEHsIET TOBeJleHne opurunasia B uyse. OueBuano, HyHKIms

fi(t) = f(t) = f(+o0)(1 —e™")"

pu Ji0boM 1 > s — 1 uMeer Touky t = 0 KOpHEM KPATHOCTHA HE MEHEe
s—1.
Bseném B paccMmorpenne aBe CUCTEMBI (DYHKITHH

on(t) = e_t/Qto‘/QLn(t, a), (38)
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Un(t) = e VUYL, (ta), a>0, n=0,1,..., (39)

rie Ly (t, o) — muorousenst Jlareppa (8).

Cucremsr dysxuuit {on, () }22 o, {¥n(t)}52 momsst B Lo (0, 00) [53].
IIpu o = 0 0be cucTemMbl cOBIAAIOT ¢ OObIYHBIMEU DyHKIUsIMEI Jlareppa
(2). Ckansipaoe npoussenenne dyHkumit (41) serko Bbrauciasercs [53]:

(%%):/ eftaLn(m)Lm(t,a)dt:r(a+1)<”+°‘>5nm.
0 n

CuneroBarennsho, pu JiioboMm a > 0 cucreMa yHKImM

(0 = Vaga(at) | \/r<a+ n(" 7

HoJIHA ¥ OpTOHOpMHUpOBaHa B L (0, 00).

Jlemma 1. Uzo6pasxenne pyuxiun t° L, (t,a) pasro

< rB+1(n+a+1) 5
ptBT — B-1
/0 e PP L, (t, o) dt (a1 1) D X

1
X2F1 <n7/6+1aa+17p)7 (40)

riae
= (@)g(b) a”
2F1(a,b,c,x)—k2=0 ©r K

€CTh I'MIepreoMeTPUYeCKHIl PsiT.

Jloka3zaTeabcTBo. UHTErpupyst TOKIECTBO

n

n+a)---(n+a)—(n—Fk)+1) tk+h
tBLn(t,a):Z(—l)k( ) (((n_i;)'( ) ) I

k=0

HocJje JoMHOKeHus ero Ha e P! B mpemesax or 0 110 00 M OCYIIECTBIIAS
OYEBHIHBIE IPEOOPA30BaHNUsI, HCKOMOE M300ParKeHne MOCIeI0BATEILHO
3aIMCHIBAEM CJIEIYIONUM 00Pa3oM:
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- pn+a)--(k+a+1) T(k+8+1)
2 (-1 (n—k)! CRlpRAET T

k=0

_ . —B-1 _wllrta+l) Dek+B+1) 1
P Z Ut rar) m—nR P

Pt a+ PB+Y) <, 7 _

Ay ey ;;)( D i
Pa+1) T(k+B+1)
I(k+a+1) r(5+1)

P+ a+D)I(B+1) ¢ Ye(B+ 1)k (1/p)F

—P ' n!T(a+1) Z a+1 k!

k=0
g '(n+a+ +1 1
=p B-1 (’I'L « ) (f )2F1 (—n,ﬁ+1,a+l,p).lﬂ

n!T(a+1

Jlemma 2. CkassipHoe npouzsegenue ¢ynkiuii cucrembl (39) Bbi-
IUCISETCST 0 POpMYyJIe

(Vn, Ym) = /ooo e 2 Loy (t, &) L (t, ) dt =
= (=1)™"T (20 + 1) (m : O‘) (” + O‘). (41)

m

Hoxaszarenscrso. Ucxonsa us onpenernenus (39), mmeem

m

(Yn, ¥m) =Z<—1>’“(Zfi),€1!/om e 2OTRL (ta)dt.  (42)

k=0

Bocnosbzyemcs dopmysoit (40) tpu p = 1:

o0 _ |(/3—‘r1)| (7L—|—(k—‘r1)
e ¢ BL =
/0 t n(t,a)dt n'I‘( 1) 2[‘1(—%,/3—‘1-1,(14-1,1),

[TocnenoBarenbHO IpUMEHSIsST PEKYPPEHTHOE COOTHOIIEHIE

—b—
2F1(a/_ 17b7071) = u2F1(aab>ca1)a
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JUId HaTYPaJIbHOI'O N IIOJIY9IUM TO2KJIE€CTBO

(c=b)-+-(c=b+n-—-1)
¢ (c+n-1)

2F1(_n7 b7 c, 1) = ) (43)

B CUJIy 49ero mMeemMm

/ooefttBLn(t,a)dt:M(a—ﬂ)---(a—,@—kn—l). (44)

0 n!

CiiesioBaTesIbHO, BXOJSINME B MPaBYlO 4acTh (42) MHTErpasibl MOKHO
Borauc/uTh 10 gopmysie (41) npu 8 = 2a + k. Tenepn, 0603HaUMB a)
ob6mumit wien cymMmbl B (42), ycraHaBIuBaeM PEKypPPEHTHOE COOTHOIIIE-
HUE

(—m+Ek)(2a—k+1)
—n+a+1+k)(k+1)

ap4+1 = ak(

Eciu ag # 0 (4ro umeeT MECTO IIPU HENEJIOM (¢ UJIU HEJOM ¢, GOJIbIIeM
n — 1), To UCKOMasl BeJIMYUHA DaBHA

m

E ax = ag - oF1(—m,2a+ 1, —n+a+1,1),

k=0
U J1ajiee OCTaéTcsl CHOBA IPUMEHUTH hopMmyity (43), mociie 4ero cpaBHe-
HUe JIeBOi u mpaBoil wactu B (41) He cocrasisier Tpyna. AHAJIOIMIHO

MIPOBOJAATCA BBIYUCJ/ICHUA U B CJIydae, KOI'/la II€PBOE OTIMIHOE OT HYJIfA
ciraraemoe B (42) ecrs a; mpu j > 0.

Bameuanue 5. [Ipusomumbie B [9] Ha ¢. 859 u B APYrUX PYKOBOJ-
CTBax IO OIEPAIMOHHOMY HCYMCJIEHUIO (DOPMYJIbI BBIYUC/IEHUS] [TPOM3-
BegieHuii (1y,, ¥y, ) HEBEPHBI.

IIpu sirobom a > 0 cucrema OyHKITHHI

n!T(a+1)
(n+a+1)/T2a+1)

W) = Vb (at) -

nosiHa ¥ HOpMupoBaHa B Lo (0, 00). 3amMernM, 9TO OHa OPTOrOHAIBHA
Jumb npu o = 0, a B ciiydae HaTypaJsbHOro « Marpuna I'pama sroii
cucremsl Gyzer (2 + 1)-auaronanbHoil, Kak 910 caexyer u3 (41). Bee
dyuxun cucrem (41), (42) nmertor Touky ¢ = 0 KOpHEM KPATHOCTH /2
WINA (r, COOTBETCTBEHHO, TaK YTO CJleJyer mosarath «/2 = s — 1, aubo
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a =s—1, e s — Jyoboe IMOJOKHUTEIBHOE YHCJIO, HE IIPEBOCXOJISINEe
CKOPOCTH YOBIBaHUsI U300PAKEHUS TIPU P — OO.

Jlemma 3. Cucremsr pymxmmii {n¢ ()}, {n¥(t)} pasHomepno orpa-
HHYeHbI IpH Jio6oM a > 0, T. e. cymecrsyer rnocrosiHaast M < 0o Takasi,

qT1T0
e <M, @) <M, t>0, n=0,1,...

HoxaszaTenbcTBo. Orpanuammcs pacCMOTPEHHEM BTOPOH CH-
cTeMbl, nOO I MepBoil CUCTeMbl HUKAKUX OTJIMYHIA B JI0KA3aTEILCTBE
HeT.

Teopema Ceré (cum. [53], ¢. 250) yTBepzKaer, 4To Upu 1 — 0O CIpa-
BEJJIMBO COOTHOIIIEHUE

—t/2 AL ~ Q
meaxe™" /%t |Ln(t, )| ~n®,

IIPUYIEM

ITpu n — oo cIpaBeIMBa aCUMIITOTHYeCKas hopMyJia
Pn+a+1)~nl(n+1)*
u u3 onpesesenus bynxmuit nY (t) caemyer

mac [y (£)] = O(n®™).

Ho @ — a < 0, orkyza u ciexyer yTBepKaeHne JeMMbl. [

IepeiinéM K 3amade IOCTPOCHUS HCKOMOIO OPUTHHAJIA, B BUIE PAI0OB
o cucremam {n¢ (1)}, {n¥(t)}:

o]
Z Cfnrf Z Ck nn
k=0

7 BBIGOPY ONTHUMATLHOTO 3HAYEHWs TTAPAMETPA @, BXOJSAIIETO B ONpe-
Jesenne cucreM (DYHKIHUiA, B 3aBUCHUMOCTH OT CBOHCTB JAHHOTO H300-
paxenus F(p).

Chauasa paccMoTpuM cucremy dbynximmii nY (t).
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IMonoxum « = s — 1 1 IPeIIOIOKUM, ITO MCKOMBIii opurusas f(t)
IIpeJICTaBIM B BHJIE PsJIa

F&)=> e @), (45)

k=0

KO3 PUIMEHTHI KOTOPOTO YIOBJIETBOPSIOT YCIOBUIO Z;o:o |c}f| < 00.

B cuity siemmbr 2 psig (45) cxomurcs abCOMIOTHO U PABHOMEDHO HA
aobom [0,T], T > 0, npu mo6om a > 0, Tak 9TO ero nmpeobpa3oBaHue
Jlammaca paBHO

S e Lnf (1) = F(p). (46)
k=0

ITpeoGpasosanue Jlamnaca dbyuximun t* L, (¢, @) Jerko BHIYUCISETCS C
UCHIOJIb30BaHUEeM TipeacTaBienus (44) npu = « u paBHO

& r 1 —1\"
/ e_pttaLn(t7 a) dt = (n + C'“ + ) <p ) p—a—l.
0 n: p

Teneps HaxonuM u3zobpazkenne yHKIHIT n}ft

L) = L C(a+1) <p/a—0.5>k 1
)= e STat 1) \p/a+05) (pfat 05t

Sanummem pasernctso (43) B BUIE

o L .
kzzob;f <aﬁ+§> - (“5) " F),

rie
bzkp — (1) Pla+1) aa71/26t.
I'2a+1)

Kak u panee, nonoxum z = (a/2 — p)/(a/2 + p) u BBeném dyHKIUIO

_ a aHF a 1—2
. \142z 2 142/

P=5 11z

G(z) = (p + g)aH F(p)

B urore npuxoanm K ypaBHEHUIO

G(z) = Z b}fzk,
k=0
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[OJTHOCTBIO AHAJIOTUYHOMY YPaBHeHUO (6), MOJIyIeHHOMY DaHee B CJIy-
qae a = 0. [TosTomy Bce mosrydeHHble paHee B § 1 yTBep:KIeHUs JJIst
obObruHbIX dyHKIWMit Jlareppa, B 9acTHOCTH, O BBIOOpE ONTUMAJIBLHOIO
mapaMerpa a U Ccrocobax ompeseeHns KoM UIMenToB psioB, Cripa-
BEJIJIUBBI U B HAIIIEM CJIydae.

ITycrs reneps uckomsblii opurunan f(t) upeicraBiM B BUlE DPsilia

F&) = i),

k=0

KO3 HUIIEHTBl KOTOPOIO YIOBJIETBOPSIOT YCJIOBHIO Y po o cf| < oo.
Mpumenssa dbopmyny (40) mias Boramcsienus u3obpaxkenuil GyHkuii
ny (t), cHOBa HOJIyYUM ypaBHEHUE

00 a a/2+1 a 11—z
bk = = Fl=- . 4
z;o P2 =Gk <1+z> <2 1—|—z> (47)

B ommmuame ot mpenpiayimero cirydas kKodgbduUImeHT b}f CBsI3aH CO
BCeMH ¢, ..., cf, Kak caenyer u3 (40).

HomycTuM, MBI HAILIA TPUOINKEHHDBIE 3HAYEHUsT KOI(PDUIMEHTOB
by, ..., b¢. 3Has bf, Mbl CMOXKeM HAHTH ¢f, 10CsIe 1ero, “BHIOPOCHB” U3
by, ..., b7 cocrapasomue “Buoss” n¢ (t), aHAJOTHYHO HaleM ¢, 1
T. 1. VI306pakenue 0 (t) BXoAuUT B JieByto dacThb (47) B Buje ciaraeMo-
ro (¢ koaddunuentom oFy (—n, /2 4+ 1, + 1, 2)), conepxainero Bce
cremenn 2°i = 0,1,...,n. Ecmm a = 0, 10 oFy (—n,1,1,2) = (1 — 2)™.
CuesroBaresibHO, OMMOKA BBIYUCICHUS C¥ BOWIET B 3HAYEHUS] OCTAJIb-
HBIX K03 dunuenTos ¢ GuHOMuaILHLIMI KO3 purmentamu. Ha ciey-
FOITIEM TIIare XapakTep PACIpOCTPAHEHUs! OIMMUOKN COXpaHUTCs. B urore
LOTPEIIHOCTD BHIYUCICHHs KOI(DMUIMEHTOB ¢} MOXKET OKa3aThCsl HEI0-
myctumo 60610, B ciryvae o £ 0 KapTUHA KAYECTBEHHO HE MEHSIETCSI.
YucieHHbIE SKCIIEPUMEHTHI TOJTBEP UM HEYCTONINBOCTD 3TOM MpoIie-

JyPBL.
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Thasa 2

OBPAIITEHNE ITPEOBPA3OBAHNA JIAIIJIACA
C ITIOMOIIIBbIO KBAAPATYPHBIX ®OPMYVYJI

§ 1. UHTeprionsgauoHHbie KBaApaTypHbIe (pOPMYJIbI
obparrienusi mpeodpa3oBanugd Jlamsaca

1.1. /Tano ypaBHeHUe

/0 " exp(—pt) f(t) dt = F(p),

rie f(t) — uckomas dyHkius-opuruaad, a F(p) — eé nzobpakernue 1o
Jlamracy. Kak ussectHo, nzobpaxkenue F(p) peryisipHO B HEKOTOPOW
nostymiockoctu Rep > «. Hanee Gygem cuaumrars v = 0, dero Bceraa
MOKHO JIOOMTBCS CABHIOM 110 P 3& CYET JOMHOYXKEHUsI OPUTHHAJA HA
COOTBETCTBYIONLYIO SKCIIOHEHTY.

Kak u3BectHo, obparenne npeodbpaszosanud Jlamiaca 3agaercs u-
Terpajiom Pumana—Menanna

1 c+ioo
ft) = / e’ F(p)dp, ¢>0, t>0.

270 Sl
HamoMunM, 9TO MHTErpaJl NOHUMAETCS B CMBICJIE TJIABHOTO 3HAMEHWS,
OH He 3aBHCUT OT C U B CJIy4ae Pa3pblBa OPUTHHAJA B TOYKE ¢ MBI HO-
JIy4aeM TIOJIyCYMMY IPEeJETbHBIX 3HAYEHUI OPUTHHAJIA CJIEBa U CIIpaBa
OT TOYKH t.

IMonoxum B dopmyse obpamennst p = ¢ + it, rorma exp(pt) =
exp(ct) exp(itt). [Ipu dukcupoBaHHOM ¢ NIEPBbIH COMHOKUTEIb IOCTO-
SHEH, a BTOPOI IpoOeraeT eIUHNYIHYI0 OKPY>KHOCTb HA KOMILIEKCHOM
IJIOCKOCTH HecKoHeIHoe 9ucI0 pa3. C pocTOM ¢ IEpBBIi COMHOKNATEID
U CKOPOCTH IMPOGEraHus OKPY?KHOCTH BTOPBIM COMHOYKHUTEIEM HEOTPa-
HUYEHHO BO3PACTAIOT, TAK YTO IOIBITKA IPUOIU3UTH HHTErPAJl PUMAHO-
BBIMH CyMMaMU BPsifl JIU IpHUBeIET K mean. Hampumep, B mpocTeiinem
ciyuaae Juist f(t) = 1 umeem F(p) = 1/p, tak 910 npu jobom ¢ > 0 co-
MHOKUTENH exP(ct) OBICTPO PACTET C YBETMIEHUEM f, OTHAKO OPUTHHAJT
HOCTOSAHEH U HE 3aBUCUT OT C.

Urak, nycrs F(p) peryaspHa B npasoil nosaymiockocru Rep > 0
Hapsiy ¢ dyHKmed pg(p) = p°F(p) nupu HekotopoMm s > 0 u mycrs

37



CyIIeCTBYeT 3HaueHue @g(00). 3anumem dbopmyiry obparieHust mpeod-
paszoBanus Jlamnaca B Buse nnrerpaia Pumana—Meumna

c+ioco
ft) = L/ e’'pPos(p)dp, ¢>0. (1)

210 Joioo

ITpemonoxum, 9to opuruHasi f(t) ¢ JOCTATOYHON TOUHOCTHIO MOXKET
ObITh HpUOJMKEeH JuHelHHON kKombunanmeit dyuxuuii fi(t), ..., fn(t),
u300pazkeHusi KOTOPBIX U3BECTHBI U paBHbl F (D), ..., F,,(p). [losoxum
Ok (p) = p°Fr(p), k=1,2,...,n. Teneps BoiGepeM HPOU3BOJILHBIM 06~
PAa30M [OMAPHO PA3IUIHbIE TOYKY P1, . . . , Pp B TOJTyILIIOCKOCTH Rep > 0
U [OCTPOUM HHTEPHOJSITUOHHBIH “MHOTOWIeH” 17ist GYHKIUK @4 (p) 110
eé suaueHuIM ©g5(p1),- .-, ps(Pn) orHOCHTEIBHO cucTeMbl Pq(p),. ..,
®,,(p), T. €. MOTIOKUM

n

0s(p) & Y ex®i(p), (2)

k=1

a KO3 DUIUEHTHI C) OIPEIESIUM U3 YCAOBU

=3 a®(p), j=12,....n

— ts+k:72

Hanpumep, B cayuae fi(t) noxygaem Pr(p) = p u

dopmyia (2) umeer Bu

chq)k Zlk ( ) @s(pr); 3)
rje

Ie(z) = wi(x) /wi(z), wi(z) =w(@)/(x—2k), w( H x—x),

r=1/p, xr=1/ps.

IMocse mopcranoBku npasoit gactu dhopmyasl (3) B (1) moayanm Kea-
paryphyio dopryny (KP)

F6) =Y Ar()es(pr) (4)
k=1
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¢ KoaddurmerTamMu

A(t) = — /Cﬂweptpslk (;) dp. (5)

2mi c—1i00

ITo mocTpoenmio dopmyta Touna amsa bynkmait f(t) = 5782 k =
1,2,...,n, u noromy xkosdbunuents (5) nmetor Bum t°~ 1P, x(t), rie
P,,_1 1(t) — HEKOTODBLII MHOIOYJIEH CTENIEHN He BBIIIE N — 1, OJHO3HATHO
olIpeIesIIeMblil Y3JIaMu Py, . . . , Pp. HazoseM eé naTepnosuonnoil KO
(IK®).

1.2. EcrecTBeHHO MOCTaBUTL BOIIPOC O TOM, HEJIL3sI JIA 34 CUeT CIIe-
UAJILHOIO BBIOOPA Y3JI0B MOBLICATH CTEIIEHb TOYHOCTU (BOOBINE IOBO-
Ps, Y3JIbI MOT'YT 3aBUCETH OT ), U €CJIM MOXKHO, TO H& CKOJIBKO €JIMHUIL?
OxasbIBaeTcs, 4To 6oJIee, 9eM Ha N eIUHAL HeJIb3sl YBEJIUINTh CTEICHb
TOYHOCTH (JIOKA3ATENHCTBO 9TOTO YTBEPKIEHNsI B Gosiee 00IIeM Cirydae
puBeeHo masee B rind § 3).

Teopewma 1. st roro urober popmyiia (4) 6bria Touna st GyHK-
it ps(p) = p~7, j=0,1,...,2n — 1, HeOGXOTUMO H JIOCTATOTHO BbI-
ITOJIHEHHSI JIBYX YCJIOBHI:

1) popmyna (4) uarepnossinponnasi, T. e. €6 K03(b(UIHEHTDI BHITUC-
Jistiorest 1o ¢popmyite (5),

2) BBIIOJIHSIIOTCS yCJA0BHUS “OpTOroHAIBHOCTH

c+ioco

1
[ e (Npta=0, kot ©
. p

<) -1G-5) ™

JloKa3bIBACTCS 9Ta TEOpeMa TaK Ke, KaK U JJIsl KJIACCAICCKUX KBaI-
parypHbIx (opmyn Tuna Laycca (cMm., Hanp., [22]), n umeercst B KHUre
[25]. 31ech MBI €ro He NIPHUBOAUM, IOCKOJIBKY JaJjee OyJer JI0Ka3aHo
6oJtee o0ITIee yTBEPKICHUE.

Wrak, CymecTBOBaHHE KBAAPATYypPHOI (DOPMy/Ibl HAMBBICIICH CTe-
nern Tounoctn (KOHCT) obpamenunst nmpeobpazosanus Jlammaca cso-
JIATCS K CYIIECTBOBAHUIO MHOrOuWwIeHa (7), YJIOBJIETBODSIIOIIErO yCJIO-
Buio (6).

rae
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IMonoxus z = pt, q = pxt, nepermmem yciosue (6) B BUE

c1+ioo
(1 1 1 1
/ ezz_5<—)-~-(—>z_kdz:0, k=0,1,...,n—1.
c1—io0 2 Q1 Z  dn

Hanee Gyner nokaszano (cM. takzxke [25]), 9To MHOrOwIeH

«(5)-11(-3)

C TOYHOCTBIO JO IIOCTOAHHOI'O COMHOZKHTEJIA COBIIaJaeT C MHOT'OYJIEHOM

r(2)- i(—l)”—’“(}j) (nts— Dy,

k=0

KOPHHI KOTOPOr'0, KaK OyZerT maJjiee IIOKa3aHO, IOIAPHO PA3JINIHbL U JIe-
2KaT B rosrymiockocta Re z > 0.
B 3ammcu mHOrowrena P, ncmosnb3oBan cuMBoJl Iloxrammepa

1, k=0;
(a)r = ala+1)---(a+k—1) k=1

Caenosarenpro, KOHCT Buna (4) cymecrByer u eIuHCTBEHHA, U €6
Y3JIbI IOIAPHO PAa3JIMYHBI U IPEJACTABUMBI B BUJE Pp = Qxt, TAC G —
kopuu ypasaenusi P3(1/q) = 0. Kosdpdbunmenrsr KOHCT Bbruucisem

o dopmyie (5):

gs—1  petioo t1/z—1/q; \
Ag(t) = / efz7° H z=1/e dz = Byt*™t.
. ,

270 Je—ioo o Ve —1/g

Jj#k
Urak, KOPHCT umeer Bu,
v k
FO =ty By (2. (®)
k=1

Eé xoaddurimenTs MOKHO HAWTH KaK peIeHne CUCTEMbI YpaBHEHU

1

n
Brg, ™" = ———— =0,1,...,n—1 9
; kdy, F(s—i—m)’ m ) 4o T ) ()
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9KBUBAJICHTHO, KAK HETPYJHO NIPOBEPUTH, YCJIOBUIO MHTEPIOJIAIMOH-
HOCTH KBaJpaTypHOil ropMmysbl. OUeBUIHO, 3Ta CUCTEMa OJIHOZHAYHO
paspemmMa B CUJIy HONAPHON pasiaMIHOCTH THCEIT (. 3aMETHM, ITO Ha,
camoM jiesie yeaosus (9) Beinosasiiores miug m = 0,1,...,2n — 1.

1.3. Cpaprum mexy coboit UK® (4) u KOHCT (8).

ITycre cravana s = 1. Econ yanst TK® (4) He 3aBucar ot ¢, T0 npa-
Bas 4acThb B hopmysie (4) ecrb MHOTOUJIEH CTeleHn 1 — 1, HeorpaHudeH-
HO BO3PACTAIONIUH 110 MOJYJT0 TIpH ¢ — 00. OIHAKO NCKOMBIN OPUTHHAT
MOXKeT cebsi BECTH COBCEM HMHAYe, HAIPUMED, UMETh IIPEJeIbHbIe 3Ha-
vyennst f(40), f(4+00), KOTOpBIE He TOMyYalOTCs U3 TpaBoil dacTu (4)
upu t — 0 u t = 400, coorBercraento. Popmysa (8) maér BepHbIE pe-
3yAbTaTHl Kak mpu t — 0, TaK U mpu t — 00, MMOCKOJIBKY ZZ:1 B =1
(em. (9)) m ¢1(0) = f(o0), @1(00) = f(0). Hemo 3mecy B TOM, 91O
3aBMCHMOCTD TIPUOJIMZKEHHOTO Detienusi (4) OT ¢ BXOJMT JIANIh B KO-
s uUIUeHTh, HO HE BXOJUT B @4(p), 4TO HEECTECTBEHHO, XOTsl OBbI C
yuéroM Taybepobix TeopeM (cm. [72], [37]), nbo noBeneHne opurnHaa
[PY MAJIBIX ¢ OIPEJEsAeTCs MOBEICHUEM M300PaXKeHUs IIPU OOJIBIITIX
IO MOJLYJTIO P, W HA0OOPOT: MOBEIEHNE OPUTUHAA TIPU OOJIBIIHX ¢ OTpe-
JIENISIETCS TIOBEJIEHNeM M300payKeHUsl MPHM MaJibIX [0 MO0 p. A B
dopmyse (8) aprymeHT ¢ onpejesisieT IpUBJIEKAeMble K BBIUUCIEHUSIM
3HaYEHUS U300PAKEeHUsI B IIOJIHOM COOTBETCTBUM C HA3BAHHBIME TEOPe-
MaMH.

IMycrs reneps s # 1. Ecau dbyukuus pq(p) peryispra upu p — 0o,
TO BBIOOD B KadecTBe § CKOPOCTH yObIBaHus uzobpaxkenusi F'(p) mpu
P — 00 03HAYAET MAKCUMAJIBHBIN YUIET TJIaKOCTU OPUTHHAJIA B OKPECT-
HOCcTH TOUKM ¢t = 0 (9Ta TOUKa GyJerT KOpHEM OpPHUI'MHAJA KPATHOCTH
s —1 (cm. [39])), 9TOo M menaer HepBBI COMHOXKUTENb crpaBa B (8),
OJTHAKO TIpU ¢ — 0O HUKAKWX AIPHOPHBLIX OIPAHWYEHMI Ha TOBEJICHHE
OPUTHHAJIA TIPU ITOM HE HAKJIAILIBAETCS.

ITosichum 310 nogpobree Ha npuMepe KOHCT ¢ ogauM y3i0M:

ts_l

70 = 1) = gy 0 (5) (10)

Bosbmém dyukimo-opurunan f(t) = (1 — e_t)3, ero n300paKeHue
pasao F(p) = 6/p(p + 1)(p + 2)(p + 3). OueBngno, Touka t = 0 —
TpéxKparHblii Kopenb opurunaia u f(0) = 0, f(oo) = 1. Paccmor-
pum ciydan s = 1,2,3,4. ITo dopmyse (10) Haxomum npubImKEHHbIE
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OpUTruHaJIbL

f1(t) =6t3/(1+t)(1 +2t)(1 + 3t),
fa(t) =6t3 /(1 +1)(2 + ) (2 + 3t),
f3(t) =93/ (1 +4)(3 + 1)(3 + 21),
fa(t) =326 /(2 + 1) (4 + 1)(4 + 3t),

otkyma npu t — 0 nomydaem fi(t) ~ 6t3, fo(t) =~ 1.5t3, f3(t) ~
3, fa(t) ~ 3, apu t = oo umeem f1(00) = 1, fa(oo) = 2, f3(00) =
4.5, fi(oc0) = 32/3. Kak BHIHO, C POCTOM $ B OKPECTHOCTH HYJIsI [IPU-
OJIMKeHne K OPUTHHAJLY YJIydIIaeTcs, a B OKPECTHOCTH TOYKHU § = 00,
HA000POT, YXY/IIIAETC.

B obmem ciy4aae 3a ca€T BHIOOpA S MOYKHO JI0OMBATHLCS OIPEICIEH-
HOT'O TIOBEJICHUsI IPUOJIMKEHHOTO PEIeHsT B OKPECTHOCTH TOo4UeK t = ()
u t = 0o (3aMerTuM, 9TO IPH HOCTPOCHUH JAPYIHX METOIOB OOpPAIeHus
JIOIYCTUMbBI U OTPUIATELHBIC 3HAYCHUS §).

OxasbiBaercs, MHOrOWIeHb! PS (), onpeensionime KOHCT (8), 06-
JIAJIAIOT TEMU YK€ CBOWCTBAMH, UTO W KJACCHYECKHE OPTOTOHAJIHHBIE
MHOrOWIeHbl dpmuTa, Jlareppa, dxobu [56].

1.4. Ilycre manmer aBe pasmuaabie UK® obparnenus: mpeobpasoBa-
nus Jlamaca suga (8) npu s = 1:

ZM%MME W(fi0)s F(0) =Y Brgi(an/t) = Tu(f, 1),
k=1

rounste aua bynxmuit fi,(t) = tF71 k=1,2,... n. Ucnossys ucxos-
HOE ypaBHEHNE

/0 " exp(—pt) f(t) dt = F(p),

3allueM HX IIpaBble 9aCTH B BUJAC CHUHIYJIAPHBIX MHTEIPAJIOB

St = [ N
T = [

C IIOMOIIIHIO U3BECTHOI'O COOTHOIICHUA

Z Agpit ™ exp(—ap k/t)] f(z)dx,

k=1

Z Bypit™ " exp(—xp k/t)‘| f(z) dz.

k=1

oo
/ e P de = nl/p" T n=0,1,...
0
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JIETKO JTOKA3bIBaIOTCs TOXKIeCTBa

Sy (2, t) = Art®, T (zF,t) = pnrt”,

rie
n n
—k —k
Ank = k! ZAij y g = k! Zquj .
k=1 k=1
Cnenosarensno, dynxuun t*, k = 0,1,... — cobCcTBEHHDBIC IS OIe-

paropoB Sy, T;,. Tak kak 06e K® TouHBI Jjis1 EPBBIX N U3 HUX, TO
Ank = pnk = 1, K =0,1,...,n—1. lpeamonoxkum, 910 Ay, # 1, finn 7
1, Apn # tnn- OdeBugHO, pH J1IOOBIX @, B omeparop .S, + BT, umeer
Te ke cobcTBeHHbIe (DYHKIHNHI tF ¢ COOCTBEHHBIMI THCIAMI Ok +BLink -
Boeibepem o u § u3 yeaosuit o+ = 1, adpy + B, = 1, TOrma auHe-
Hast KoMOmuarust ucxomnubix UK® ¢ rakumu koaddunmentamu Oymer
TouHa TI0 KpaiiHeit Mepe mas dbyukmmii tF, k=0,1,...,n.

AHAJIOTUYIHBIM CITIOCOOOM MOYKHO CTPOUTD YJIydII€HHBIE (POPMYJIBI
[0 TPEM MCXOJHBIM KBaJIPaTypaM, JJis IPYyTUX 3HAYEHUH S, MHOro Ha-
6opa pyHKIUN U T. 1.

§ 2. OO6mIue cBOICTBA OPTOTOHAJIBHBIX MHOTOYJIEHOB,
omnpenessoninx KOHCT

HanoMmunM, 9T0 MHOTOUWIEH Wy (1/2) yaoBIeTBOpsieT ycIoBUio “op-
TOTOHAJIBHOCTH

c+ioco 1
/ ezzswn<>zkdz(), k=0,1,....n—1, ¢>0.
. z

—100

IMocsie 3amensbl nepemernoi z = 1/x nojaydum ycjiosue
/ h(x)w, (z)2" de =0, k=0,1,...,n—1, (11)
L
rue h(z) = a° —2¢l/% 3 uHns wHTErpUpOBaHs L €CTh OKPYZKHOCTb

1
‘ =—, ¢>0.

T %




3aMeTuM, 9TO 3/IeCh ¢ — JII000e MOJIOKUTETHLHOE THUCIIO.
)
Kiaccuyeckue mHOrouwiensr dpmura, Jlareppa, dxobu ymoBierso-
PSIOT YCJIOBUIO OPTOIOHAJILHOCTH BUJIA

b
| @)Qu@Qu(e)dz =0, m£n

CO 3HAKONOCTOSIHHBIM BecoM p(z) Ha mHTepBaJe (a,b) (KOHEYHOM WM
BECKOHETHOM ), IPHIEM BEC p ABJISETCA penenneM ypasaenus [Tupcona

[56]

~ (12)

rne A(x) = po + p1z, B(x) = qo + q17 + gox? — MHOTOUJIEHBI C Bertie-
crBerHbIME KO3 dunumentamu. Kiaccuaeckne Beca dpmura, Jlareppa,
$Ikobu coorBeTcTByIOT TPéM ciaydasiM: 1) ypasaenue B(x) = 0 ne ume-
er pemennii (B(z) = const # 0); 2) ypasuenne B(z) = 0 umeer onun
IPOCTOH BEIeCTBEHHBINH KOpeHb; 3) ypasHenne B(z) = 0 umeer sBa
Pa3IMYHBLIX BEINIECTBEHHBIX KOPHA. Kiaccuieckme Beca YIOBJIETBODS-
IOT NIPEJETbHBIM yCIOBHAM

lim p(a) B(x) =0, lim p(2) B(x) = 0, (13)

a JUIsi COOTBETCTBYIOIIUX OPTOrOHAIBHBIX MHOIOYWIEHOB CIIPABEINBA
dbopmyna Poxpura [56]

(p(x)B" ()™, n=0,1,...,

i ¢, — MPOM3BOIBHbIN COMHOKUTEMb. B cnydae B(z) = x? permenne
ypasuenus ITupcona nmeer Bz 2%e”/%, ono onpeseneno s Beex & >
0, HO BeCOM He sIBJIsleTCsl (Ha KOHEYHOM OTPe3Ke 9TO BeC, HO JIIsl HETo
[Ipe/IeJIbHBIE YCJIOBUSL HE BBIIOJIHSIOTCH ).

Iocrpoennsiii namu muorowien (7), oupenessomuit KOHCT, yio-
BJICTBOPSICT yC/I0BHMIO opToromasiboctn (11) ¢ Becom h(x) = 2°2el/*,
Herpyauo nposeputs, uro h(x) yaosiersopsier ypasrenuio ITupcona
(11) npu B(z) = 22, A(z) = (s — 2)z — 1. Jdanee, h(x)B(z) = z*e/*,
TAaK 9TO BBIIOJIHAIOTCA U Npejesbhble yeaosusa (13), Toabko rernepb
BMeCTO OTpe3Ka (a,b) cielpyer uMeTh B BULY OKPYKHOCTL L, a B Kade-
cTBe a M b BBICTyTIaeT OHA W Ta Ke TOUKa & = () IpHW CTPEMJIEHUH K
Hell ¢ pa3HbIX CTOPOH BJIOJIb YKA3aHHONH OKPYKHOCTH.
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Teopema 2. /Ist muOrowIeHOB (7) cupaseaiusa gopmymna Poapura

w(z) = el (h(z)B" ()™, n=0,1,... (14)

Eé 10Ka3aTebcTBO HE IPUBOJIUM, MOCKOJIBKY OHO HUYEM HE OTJIH-
Jaercst OT uMerorerocst B [56].

Kax m 1y1sl KJIIACCHIEeCKUX OPTOrOHAJBHBIX MHOTOYJIEHOB, CIPABEI-
JIMBA W AHAJIOTUYHO JIOKA3BIBAETCSI

Teopema 3. Muorowriennt (7) yznopiaerBopsiior qucbdepeHiuaibHo-
My ypPaBHEHHIO

B(z)w) (z) + [A(z) + B'(2)]w),(z) — n(n + s — 1w, (z) =0,
N (15)
B(z) =z, A(z) =(s—2)z — L.

Jasnee, MHOTOWIEHB! Wy, () YJAOBJIETBOPSIIOT TPEXUIEHHOMY PEKYD-
PEHTHOMY COOTHOIIEHUIO BHUJIA

wn(z) = (x4 an)wn-1(z) + bpwn—2(z), n=2,3,...,

LJIE Gy, by, — HEKOTODBIE BelleCTBeHHbIe Yncaa (cM. [25]) (B ormdume or
KJIACCHIECKUX MHOTOYWIEHOB 371€Ch by, > 0).

IMony4yuM siBHOE BBIpAyKE€HHE MHOTIOUIEHOB Wy, (), ucxois us ¢op-
myaisl Ponpura (14).

ITycre g(z) — HEKOTOpasi HenpepbiBHO IuddepeHnupyemast 10cTa-
TOYHOE Uncjo pa3 pyHkiwms. OueBuiHO,

(=0 (D (5) (D)=

OTKYy/la CJIe/lyeT PaBEeHCTBO

yat (D) =279 (2)

s byuxiyum g(z) = €279, rae a — KOHCTaHTa, 9T0 PABEHCTBO MMEET

BUJI,
a a—1
9 eyl __9 ev/zt

oz yaJrl ay ya ’

OTKYJa JJid IIPOU3BOJILHOI'O HATYPAJBbHOTO 7 IIOJIyJaeM
a’ﬂ :L.a a’ﬂ :L,a*’ﬂ
— (ev/= = (1) (e¥/® . (16)
oxm ya+1 8yn ya—n+1
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ITomoxkum a = 2n + s — 2. Ilo dpopmysie Jleitbuuia mpaBast 9acTb paBHA

n on—k ok
_1)ngnts—2 n y/x ¥ —(n+s—1) _
e )

= (a2l S0 () ok s - gty

k=0

Beruncsimm npasyio gacts dbopmyist (14) ¢ momomipio pasencrsa (16),
nomarast y = 1 u yuaurssas, aro h(x)B"(x) = e'/*x?" 52 B pesys-
TaTe Yero NpuJEM K IIPEJICTABICHHIIO

wn(z) = cnz:(—l)"_lC (Z) (n+s—1)pa* =c,Pi(x). (17)

k=0

IMokaxkeM, 9T0 KOpHU X} MHOrowieHoB (17) (uam KopHH ¢ MHOrO-
wienos (7)) mpocrere. 3ameruM, uro PS(0) # 0, Tak 910 BCe X) OT-
Jmanbl o1 Hyss. Ilycrs T — KparHblii Kopenb MHOrowiena (17), T.e.
wn(T) = w, (T) = 0. U3 ypasuenus (15) cienyer, uro u w), () = 0.
nasee, nubdepennupys ypasaenue (15) u mosaras x = T, MOCJI€I0-
BaTEJBHO HaiijiéMm, uro w)'(T) = -+ = wi™ (Z) = 0. Ho nocauenee
PABEHCTBO HEBO3MOXKHO. 3uauut, Bee y3ibl KOHCT (8) monapuo pas-
JIMYHBI.

Bamerum, uro B hopmyiie (8) dyukims g (p) npemanonaraercs pery-
JIIPHOH B moustymiockocT Rep > 0, Tak uTo npasast 9acTh B (8) cymie-
crByer Jiuinb upu yejaosuu Re g > 0, T.e. Bce y3ubt KPHCT mosrkHbBI
MIPUHAJJIEXKATH IPaBoil oJryItockocTr. CrpaBeJInBOCTD 3TOrO YTBED-
JKJIeHUS OyJIeT JIOKa3aHa MMO3Ke.

Urak, KPHCT obpamenus npeobpazoBanus Jlamiaca u mopoxia-
OMFe WX OPTOrOHAJbHBIE MHOTOYJIEHBI [0 CyTH HUYEM He OTJIUIAI0T-
Csl OT KJIACCUYECKHMX BEIECTBEHHBIX ciiy4aeB. I[IpaBia, B KiacCuIecKux
caydasix y3iael KOHCT npunaiexar obiactu mHTErpupoBanusi. B Ha-
meM cirydae 6yKBAJIbHOTO aHAJOra STOMY YTBEPXKJIEHUIO ObITH HE MO-
2KeT, n0o B hopmysie oOpalnenus JTUHUS NHTETPUPOBAHUS TIPOU3BOJIBHA,
U y3JIbI KBJIPATYPhI HE MOI'YT HAXOJUTHCS HA BCEX ITUX JIMHUAX. Tem
e menee u st KOHCT obpamnenusi npeobpasosanus Jlamaca, Kak
MBI IIOKaXKeM, UMEET MECTO yTBEpPKJIEHUE, aHAJIOIMIHOE BEIeCTBEHHO-
My CJIydaro, HO nMerolee OoJiee obIuil Xxapakrep.
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§ 3. CBasp K®HCT ob6pautenus npeobpasoBaumns Jlamiaca
c annpokcumanusamu Ilaze

B npegnonoxkennu peryiaspaoctu dyukimu @ (p) upu Rep > 0 me-
penuieMm dbopmysy obparienns (1) nnade (mocie 3aMeHbI IEPEMEHHON
Buza p; = pt):

ct+i00
fi) = ts_li/ ePp~ps(p/t)dp, ¢ > 0. (18)

2T J ol ioo

JJ1st TpUGJIVZKEHHOTO BBIYHUCJICHUS] MHTErpasa 3aMeHnM DYHKIHMIO ef eé
JpobHO-parmoHaabHol annporcnmanueit [Tage (em. [23], [3]). Hamom-
HHUM UX OIPEJIEeJICHNE.

[ycts nana bynkmus f(z) = ag + a1z + agz® + ..., ag # 0.

Ounpenenenne. Aunporenmarueit [Tajge tuna [m/n| ns f(z) na-
3bIBAETCA DYHKITHST
- P, m(z)

Qn(2)’
rie P (z), Qn(z) — MHOrOUJIEHBI CTEIEHE M U 1 COOTBETCTBEHHO, Ta-
Kasi, 9T0

[m/n]s(2)

_ P (2)
@n(2)

Ecin f(z) muddepennupyema J0cTaTOYHOE YUCIO Pa3, TO yCJIOBHE
(19) paBHOCUJIBHO TAKUM:

= (g)

Hna dyakmum e cymecTByIoT anmpokcumaruu [lamge Bcex TUIIOB u
WX MOYKHO TTOCTPOUTD IO (DOPMYyJIaM

f(2) =0 (|z[™"), 2 =0, Qu0)=1.  (19)

, k=0,1,...,m+n.
z=0

P (2) =1F1(—m, —m — n, 2),
Qn(z) :1F1(_n7 —-m—-n, _Z)v

rie
k

_y @ 2
1F1((l,b,2’) —I;J (b)k k'



€CTh rurepreoMerpudeckas (GyHKIUsI. B caeayronumx yTBEpPKICHUIX
BBISICHSIETCSI TecHas1 CBs3b ammpokcumanmii [lage ¢ KOHCT.

Teopema 4. ITosrockl annpokcumaiun Iage tuna [m/n) gist pyHK-
mun € mpu m = n — 1 aeasgrorces yznavu KOHCT obparennst mpeob-
pasoBanus Jlamnaca Bujga (8).

JoxazaTesbcTBo. 3HAMEHATETb anmnpokcuManun [ae Tuma
[m/n] nns dysxmmnm f(2) = ag+ a1z +azz? + ... MOXKHO TIPEJICTABUTD
B BHJE oupeneauTesist ¢M. ([3]) (¢ TOYHOCTBIO 7O HOPMHUPOBKH)

Um—n+1 Am—-n+2 .- Qm+1
Qn(2) m Amt1 o Gman (20)
2" Z2n1 e 1

IIpu j < 0 cirepyer cuurarsh a; = 0.
B cayuae f(z) = e* nmeem

1 1 c+ioco 41
a; = — = — ePp™ 7 dp, ¢>0. (21)
! ]! 2mi c—100
Paccmorpum mHTErpastbt

1 eioe P, —(m—n+2)[r, —n —J .
Lj=5—[ ep " Qu(p)p™dp, j=01,....n—1
C—100
[Momoxkum s = m — n + 2. Ilo ycaoButo m —n + 2 > 0, tak at0 s > 1,
u uHTerpasbl cymecrsyior. [logcrasnss B Hux Boipaxkenue (20) s
Qn(z) u yanreBag npejcrasienne (21), npuaéM K paBeHCTBY

A —n4-1 A —n4-2 e Am41
I; =
QA Am+1 ce Am+n
Am—n+1+j Om—-n+2+5j --- Am414j
Ouesniao, uTo nipn Jiobom j = 0,1, ..., n — 1 mocieaHsist CTpoKa ompe-

JleJINTeJIsI COBIIAJIAET C OJHOI M3 IPEJBIILYIIUX CTPOK, TakK 49To BCe I;
PaBHBI HYJIIO. A 9T0 03HAYAEeT, 9T0 MHOrOWIeH p~ " @, (p) yaA0oBIETBODSI-
eT TeM JKe YCJIOBHsIM OpTOroHasbHocTH, uro U PS(1/p), n oHn oryn-
YAIOTCS JIUIIH HOPMUPOBKOH, T.e. @, (p) = cp™P:(1/p). Crenosaresnb-
HO, KODHU 3HAMEHATeJId anmpokcumanuy [lage coBImagaioT ¢ KOpHAME
ypasaerust P:(1/p) =0, . e. ¢ ysnamu KOHCT.
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Teopema 5. ITycrs yurmms s(p) = p* F(p) Ipu HEKOTOPOM HATY-
DPaJIBHOM § peryJsipHa B nosyitiockoctu Rep > 0. Ecin P, (p)/Qn(p)
— anmpokcumanust Ilage tuna [m/n)| g e? u s = m —n + 2, 1o npu
JIOCTATOYHO MAaJIOM HOJIOXKHTEIHLHOM 3HAYCHHH ¢ CIIPABEJJIHBO DaBCH-

c+ioco i
i gy e () =Y (7). e

rae Ak, pr, — Koappunmentsr u y3iap1 KPHCT Buga (8).

CTBO

Hoxkaszareabcrso. Ilycrs Q,(p) — 3HAMEHATENb AIIPOKCHMA-
mn [lage tuna [m/n] naa byakuum e u m —n + 2 = s. Bospmém
J1060e 4ncio ¢ takoe, uyro 0 < ¢ < ming Repy, roe pr — KopHu ypas-
Herust Q,(p). Takoe umcsio ¢ cymecrsyer, Tak Kak Bee y3iapl KOHCT
PACIIOJIOXKEHBI B IIPABOIA MOy ILIOCKOCTH.

ycrs Py, (p) — NpOU3BOIBHbI MHOIOWIEH CTeleHH m. PaccMorpum

PYHKITHIO

Qnlp) p—p1 P—bn

Ecimu m —n < 0, 10 Ryy—pn(p) = 0. IlycTh vy O3HAUAET 3aMKHYTHIH
KOHTYD, IPOXOJUMBIi 110 9acoBOil crpesike u cocrosumii ux ayru Cr
OKPYKHOCTH pajuycoM R ¢ menTtpoMm B Touke p = 0, JjiexKareil cjiesa
ot tpsimoit Rep = ¢ m orpeska 3Toit npsimoii, crarusaomieii ayry Cg.
Paccvorpum maTErpast

(23)

= 50t | SO et dp (24)

Nurerpan B (24), 6epympuiicss o xyre Cr, npu R — 00 crpeMuTest K
Hysm0, Tak Kak Ha CR crnpasemmso paserctso f(p)p~° = O(p~2), a
ps(p/t) orpanuuena. 3uaqur, npu R — 0o Beauuuna (24) crpeMurcs K
JieBoii wactu dhopmyssl (22). C apyroil CTOPOHBI, IO TEOPEME O BBIYETAaX

I=7" Djps(p;/1),

j=1

eC/Ii TOJIOXKHUTh D; = jp;S. Terneps BbIOEpEM 3HAYUECHUST BXOJALAMINX B
(23) xoaddunuenTo B; Tak, 9TOOb! BBIIOIHSINCH YCIOBHS

1
ZDJPJ =terp F=0Loon-t (25)
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Orciona naxonum, uro D; = Aj;, ubo p; — ysnst KOHCT, u yciosus
(25) na camom mesie BepHbl s k = 0,1,...,2n — 1, u unrerpan (24)
paBeH 1paBoit yactu B dopmyie (22).

Tenepb mokazkeM, 9TO [epBOe cJaraeMoe cupasa B (23) MOXKHO BbI-
6paTb TaK, 4To0bI JieBad YacThb B (23) coBuasa ¢ annpokcuMalmeii [lase
tunia [m/n| mas eP. s 9TOro JOCTATOYHO MOKA3aTh, UTO COBIAIA-
0T B HyJe 3Hadenus npomsBomubix f(p) m eP, re. fR(0) =1, k =
0,1,...,m + n. Ouddepenupyst k pas Toxmecrso (23) u mosaras
p = 0, HAXOIUM

F®(0) = Ry +k'ZB/pk+1.

Ilpu s = 1, T.e. mpu m = n — 1 HepBoe cilaraeMoe CIpaBa OTCyTCTBYET;
nasee, B; = Djp; = A;jpj, u mosrody

= k! ZB]/pk+l

IIycts Tetepp m —n = s — 2 > 0. IlIpu k > m — n umeem
f(k *k'ZB/pk'H 1, k=m-n+1lm-n+2,....,m+n.

Hausee, 3a cuér Boibopa Koaddunuentos Muorowiena R, (p) = by +
bip+--Abpm_np™ " no6béMes BoiosHeHus yesosuit fF)(0) =1, k =
0,1,...,m —n. B urore takoro Bbi6opa f(p) OKa3bIBAETCS APOKCHMAa-
nueit [ane, mia koropoit Bepra dbopmya (22). O

VTBepXKIeHne TeopeMbl 2 JOMyCKAaeT TaKyio “MOMEHTHYIO” (hopMy-
JIMPOBKY: IIyCTh 3aJ@Hbl InCJIa (MOMEHTHI)

c+100 )

ILLj:/ eppispi‘]dp’ j:0717"'7
C—100

rjie § — HATYPAJIbHOE YUCJIO, U MyCTh P, (p)/Qy(p) — anupokcumariysi

IMane tuna [m/n] ans eP, npuaém m —n + 2 = s. Torjga nMmeror MecTo

paBEHCTBA

c+i00 Pm(p)
S=ppdp=py, j=0,1,...,m+n.
/cfioo Qn(p) !
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Bameuanue 1. Kak Mbl Bugenu Boime, g eP CyNIECTBYIOT all-
upokcumaruu ITaze Beex tunos [m/n], B Tom uncie u npu m < n—1. Ux
TaK>Ke MOYKHO HCIOJIB30BATDH JJIs MOCTPOEHHs KBAIPATyPHBIX (DOPMYJI
obparrenus npeobpazoBanus Jlamiaca: 3amnuirem GhopMyIry oOpalieHust
B BH/JIE y

1 1 CT100

10=155 ), “F() %

c—100
a 3areM 3amennM eP eé anmpokcumarnueit [laze, aro npuBoguT K 1pu-
OMKEHHOM hopMmyIte

£t) ~ 11 fetie Pm(p)F(p> J (26)

NETM c—1i00 Qn(p) Z

Teneps passioxkenue (23) Ha npocreiinme Jpodu He COIEPIKUT LEJION Ya-
ctu (Ry—n(p) = 0). ToBropsist upeapbliyiye paccyKiaeHus IPUMeHU-
TeJIbHO K nHTerpady (26), mpuaém K KBajpaTypHoit popmMyste mo 3Hade-
HusiM byHKImu F(pg/t), KOTOPYIO MOXKHO peodpa3oBaTh, JOMHOKNB
U pa3JesiuB cjaraeMble B KBaIpaTypHOil cymme Ha (pg /t)°, a mogsiaTe-
panbnyio Gyukuuio B (23) Ha (p/t)°, k dopmyse Buga (8), HO Tenepb
s < 0. Takue dopmyssr npu t — 0 u t — 00 BemayT cebsi nHade, IeM
KOHCT.

SBameuanue 2. Uzyuennem cxoqumoctu KOHCT B 3700t riiaBe Mbl
HEe 3aHIMAEeMCsI, TIOCKOJIbKY fajiee B ryiaBe 4 OyJeT uccaenoBaH cirydait
“0600mmennbx” KOHCT, conepxamux B cebe KOHCT.

o1



Thasa 8

OIIEHKA ITIOTPEIITHOCTU KBAJIPATYPHBIX
DPOPMYJI OBPAIITIEHN A ITPEOBPA3SOBAHUNAI
JIAIIJIACA

§ 1. Ogua dopmyina obparenusi npeobpazoBanust Jlanaca,
cBsA3aHHad ¢ ramMmMa-@dyHKIuei

IIycrs T'(z) — ramma-dyuruus Diiiepa. Kak uspectHO, QyHKIHUS
1/T'(z) nenas. IIpu mobom KomiiekcHoM s GyHKiwst 1/T (s + z) Takke

neJiad, T.e.
5 + Z Z’YJSZ

U DSl CXOAUTCHA aDCOTIOTHO M PABHOMEPHO HA BCEH KOMILIEKCHOMN ILIOC-
kocTu. B wactHOCTH, TpM 2 = N — S + 1 TO/Ty9IaeM abCOJIIOTHO CXOJIsI-
Uica YUCJIOBON pAs,

1 :
g = nyjs(n—Fs— 1)7.
7=0

Ha muoxecrse dbyukimii, peryiaspabix Ha kpyre |[t| < r, r > 0,
BBEJIEM olleparop (CKopee, CHMBOJI)

o () <o ()

IIycrs f(t) =™, m — neorpunarenbHoe neaoe ducyao. OueBuIHO,

d\’ d\’'"" d d\’ ! .
) = () S = () = = i,
( dt) ( dt> dt m( dt) "

CremoBaTelbHO,

tm

SIEI S S

IMonoxkum, Kak 06bI4HO, ws(p) = p*F(p), rue F(p) — usobpakenue
HEKOTOPOii DyHKIMI-OPUIHHAJA, § — IOJIO0KUTEIHLHOE TUCIIO.
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JIemma 1. Ilycre ¢ymxmms Ps(t) = ¢4(1/t) peryiasipaa Ha Kpyre
[t| <7, r> 0. Torma pyHKIHUS

g(t)=T" <s + tjt) Py(t)

neJsiasi, a HCKOMbIil opurunas pasen t*~1g(t).
HoxazarenbcrBo. Oyuknust Ps(t) perynsipna Ha Kpyre [t < 7
1 IPEJCTABAMA TaM DSIOM

=> a;tl. (1)
=0

CrenoBaTesbHO,

r- (s—l—t) Zaj ( )t] ersﬂ

IlepecTanoBKa MOpAIKa CyMMHEPOBAHHS U IpIMeHeHns omeparopa I~}
oupasana abCoIOTHON U PABHOMEPHOI cxoauMocThio psija (1). Oue-

BUIHO, (DYHKITHA
t) = aQj——>
) jz::() "T(s+j)

nestast, u00 STOT P CXOJUTCS BCIOY.

Beeném dynkmuio f(t) = t°~1g(t). Ona abcomoTno UHTErpUpyeMa
Ha Jo6oM orpeske [a,b], 0 < a < b < 00, Tak Kak s > 0, U CyIecTByer
eé mpeobpasoBanue Jlamrmaca

/oo _”tz =147 dt—i %G _ sp <1>—F( )0
0 “T(s+4) pti P b

7=0

B nasnbreiinem HaM 10TpeOyeTCst OJIHO HEPABEHCTBO, K BBIBOJLY KO-
TOPOT'O MBI ceffdac mepeiiem.

ITycrs dbyukuus g(t) perynsipra Ha kpyre [t] < r, r > 0. BosbméMm
[IPOU3BOJIBHYIO TOUKY z TaKyl, 49T0 |z| < r, uw nycte C = {t | t =
re’?,0 < o < 27}. Tlo dbopmyne Komu mveenm

L[ o), 1 [T glre)
o Jot—z 2w )y 1—z/t
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ITycTb 3a1aH HEKOTODBI JINHEHHBIA HEIPEPBIBHBIA (dyHKIMOHAT L, TO-
rIa
1

o) = o [ avenrz (= ) e )

£ (1 —lz/t) B i ﬁSfiL)’

m=0

IPUYIEM 3TOT DSl CXOAUTCHA abCOIOTHO, T.€. Ipu (DUKCUPOBAHHOM Z
CXOJIATCH P,

o0
DL/
m=0
IMpumenssa nepasencrso Komu—ByHsakoBekoro K (2), mosyaum
1
Ll ——
(==7)
Wcnonp3yst opTOroHAIBHOCTD CTENEHEH Ha OKPY2KHOCTH
R 0, m#q,
/ t™"t T dp = )
0 27 /r¥™, m = q,

IIPUJIEM K TOXKJIECTBY

/ . (1 —1z/t)

B urore u3 (3) mosydnm HCKOMOE HEPABEHCTBO

de.  (3)

2w

2 < -
L9 < 3 [

2
lg(re™®) 2 di /

2 00
dp =27 Z |L(2™)|?/r?m™,
m=0

o0

Lo < 5 [ latreR)P X IR @)

m=0

IIpu 7 = 1 3T0 HEPABEHCTBO NPEBPAINAETC B M3BECTHOE HEPABEHCTBO
Xsmmepauna [21].
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§ 2. OueHKHN MOrPeIrHOCTH KBAaAPaTypPHbBIX POPMYJI
obpairienus: mpeobpasoBanus Jlamsaca

JokazanHasi B npenplyineM naparpade jeMMa 1 HepaBeHCTBO (4)
[TO3BOJISIFOT TI0JIyYUTh OIEHKHU ITOTPENTHOCTH IIIMPOKOr0 KJIacca KBaIpa-
TYpHBIX (hopMyJsI obpalleHust mpeodbpazoanust Jlamiaca, B ToM 4wuciie
u KOHCT.

IMycrs pano uzobpaxkenue F(p) u ¢4(p) = p*F(p).
Teopema 1. ITycts npu mekoropom s > 0 pymxmus Ps(t) = ps(1/t)

peryusipaa Ha Kpyre |t| < r, r > 0, u nycrs Ay, ..., A, — IpOU3BOJIbL-
HBI€ KOMILJICKCHBIC YHCJIA, & (11, - - - , fby, IIPOU3BOIBHBIE HOIAPHO PA3JIHY-
HBbIE KOMILIEKCHBIE JucIa Takme, uro |ug| < 1, k = 1,2,...,n. Torga

COOTBETCTBYIOIIIasa (byHKLU/IH-OpI/IFI/IHaJI IpeacrtaBuMa B BHJIE

fty ="

> AuP(ut) + sn<t>] , (5)

k=1

u 1pu Jiiobom p takoM, 9To 0 < t < p < 7, cHpaBeAIHBa OIICHKA

00 n 2 2 1/2
1 ¢ m
en(t)] < M, E e — g A _ , 6
‘ ( )| — 14 — F(S—I—m) —~ k)/’[/k (p) ( )

riae
1/2

1 2m )
— | = i\ |2
My = o [P a)

HokaszarenbcTro. Ha muoxecrse dbynknumit g(t), peryaspHbx
Ha Kpyre [t| < r, paccMoTpuM oneparop (s, JeHCTBYIONIH 110 TIPABHILY

Qsg(t) = (rl <s +t5t) - ZAka> g(t), Grg(t) = g(ut).
k=1

ITycts z — HpOU3BOJIbHOE KOMILJIEKCHOE YHCJIO Takoe,uTo |z| < p < 1.
IMonoxum g(t) = Ps(t) u BBenéM dyHKIMOHAN L TaK, 9TO

Lg(z) = Qsg(t) [e== -

IIo memme 1 mosrydaem

Lg(z) = LP(2) = 2" 75 f(2) — Z ApPs(pr2).
k=1
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TMonoxnum e, (z) = LPs(z), Torma

F(2) = 27 |30 AePuuiz) + ea(2)]

k=1

1. e. nojaygmwin npenacrasienue (5). s olnenku Beamdunnl £, (2) BOC-
noJb3yemcs HepasencrsoM (4). OgeBumHo,

L(z™) = ZAk (e2)™

5+m

U IIOTOMY

1 27
LR < 3 [ PGP

s+m Z

k=

D710 HEpaBEHCTBO PaBHOCUIILHO (6), ecim nojaoxkuTh z = t, caurasd 0 <
t < p < r. 3ameruMm, 9TO B CUJIy CJEJAHHBIX [PEJIITOJOKEHUN DSl
CIIpaBa, CXOJIUTCSL.

Ouesuano, dhopmyry (5) MoxuO paccmarpuBarh kak K@ obpaime-
Husl peobpazoBanus Jlamnaca ¢ koaddunuenramu Ay u yzjgamu py =
1/ 4 1 ¢ mOrpentHOCTbIO £y (1), 160 Py (1xt) = @s(pr/t). Ilepsblit comHo-
skuTeab M, B oleHKe (6) 3aBHCHT JIMIIb OT H300PaKEHUST U SBJISETCSI
HOpMO#t dbyakmmu Ps(t) HA OKpyKHOCTH paguycoMm p < T, a BTOPOWH
COMHOXKHUTEJb 3aBUCUT TOJIBKO 0T K@.

Cnencrsue 1. Cupaseiiupa 6oJee mpocrast, MEHEe TOYHA OI[EHKA

1/2
(o]

el < Mo | D |5

m=0

s+m ZAka ,0<t<p<r

Cunencrsue 2. CripaBeyinBO HEPABEHCTBO

oo

1/2
[ts £ (2)] < M <mz_0112(81—|—m)> ,0<t<p<r. (8)
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st ero mokasaTenbeTBa J0CTaTOUHO B hopMyste (5) MOI0KUTE Bee
koabdunmenTsr A paBHbIME Hys0. B wactHOCTH, pu § = 1 u3 (8)
TOJIy4aeM allPUOPHYIO OIEHKY MCKOMOI'O OPUTHHAJIA

(oo}

1/2
1
[f(t)] < Mp (Z m,2> ~151My, 0<t<p<r.

m=0

Ilepeiiném xk UK®. ITycte KO

foy =t

> Arps(pi/t) + &‘n(t)] 9)

k=1

MHTEPIONANHORHAs, T. . £,(t) = 0 ama bynkmmit ps(p) = p7, j =
0,1,...,n — 1, wIn IpyruMu CJIOBAMH, BBLIIOJHEHBI PABEHCTBA,

ZAkp,:m =1/T(s+m), m=0,1,...,n—1.
k=1

Econ umena pp = 1/pp u dbyakuus o (p) yAOBIETBOPSIOT YCIOBUIO
TeopeMbl 1, TO Jyist orpentHocTH &, (t) MK® cnpasesynea onenka

1/2
o0

2
1 n
)] < M, — N A L0<t<p<r
|€n( )|— pe n;LF(s+m) kX::l ki p<r

ITycrs reneps KO (9) ects KOHCT, rorma

n
S Awpp™ =1/T(s+m), m=0,1,...,2n 1.
k=1

Hamomaum, aro y3aer KOHCT npocrsle, mpuHajieskar HOJIYILIOCKO-
cru Rep > 0 u sisistiiorest KopHsimu ypasrenusi PS(1/p) = 0. Ilpuseném
6e3 JoKa3aTeIbCTBa CIe/Iyomee yreepxaeHue (cM. [63]).

JIemma 2. Ilpu siro6om s > 0 kopru ypasaernst P3(1/p) = 0 yuo-
BJIETBODSIIOT HEPABEHCTBY

n+s—1<|pg] <2n+s—2/3. (10)
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Ipu sro6om n > 1 yeaosue |ug| = |1/pk| < 1 BBINONHEHO, U €can DYHK-
s ps(p) yIOBIETBOPSET YCJIOBUIO TEOPEMBI 1, TO JIIs TIOIPENIHOCTH
K®HCT Buza (9) cupaseiinba OlEHKa

1/2

0o n 2 2m
len (] < Mps | D (F(SIW—ZAkpk’”> (Z) ;
k=1

m=2n

O<t<p<nr.

Ecmu s > 1, To 3Ta onenka cupasejiuBa u it n = 1. B orin-
que ot npensayux KO Tenepsb B OIEHKE OTCYTCTBYET 3HAK MOLYJIs,
nockosbKy Komiuiekcuble y3ibl KOHCT nomapuo conpsizkennt (Koad-
dbunuenTsr MHOrOwIeHOB PS BelecTBeHHbBI), KAK U COOTBETCTBYIOIIUE
1M K09 UIMEHTDI, 1 TIO9TOMY BeuanHa »_,_, Axp, " BelleCTBeHHA.

§ 3. Ckopocts cxongumoctu KP@PHCT ob6patrtenus
npeobpa3oBaHus Jlamaca

3.1. IloBegenmne y30B u koadppurnmenroB KOPHCT npu Bo3-
pactaHum 4ymncja y3J0B. Hasee y3ibr u koaddurmeHTs! OymeMm 060-
3HAYATH Py U Agy, ITOOBI TOTIEPKHYTH UX 3aBUCUMOCTH OT 7, U CAMY

K®HCT B Bume

fty=t""

Z Akn‘ps (pkn/t) +én (t)‘| :

k=1

V35Bl iy, CyTh KOpHE ypaBHenusi P2 (1/pgy,) = 0, rae

P = 3 (-1 (Z) (n+s—1)ak =

k=0
_ (71)7I /OO —tyn+s—2 n
“Tmts—1) J, e 't (1 —xt)™dt, (11)

a KoopdunmenTsr Ay, OJHO3HAYHO OINPEIEISIOTCS JUO0 M3 CHCTEMBbI
ypaBHEHU

n
3" Apapl = 1/D(s +m), m=0,1,...,n—1,
k=1
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b0 1O SBHBIM (OpMyJIaM, TPUBEAEHHBIM HuKe. [losokum 2z, =
—(2n+s—2)/prn, k=1,2,...,n. B pabore [63] nokazano, 910 npu
N — 00 TOYKH Zgy, CTPEMATCS K TOUYKAM KPHUBOH 7:

v={z :|w(z)| =1, Rez < 0},

- w(z) =exp (\/ 1+ 2*2) /[z (1 +V1+ 2*2)} .

Bynem ucxoaurs u3 npejcrapieHns [67]
(=1)"Hn! (2n + s — 2)2
5 -
nlT(n+s = 1)pg, (Ps_1(1/prn))

ITonoXuM Ty = 1/pn, 3amennm n Ha n—1 B uaTerpase (11) u crenaem
B HEM 3aMeHy TIepeMeHHoi ¢ = (2n+s—2)t’, B pe3ysbTeTe 9ero moryanmM

| ot 0ar, qa2)
0

Akn =

noq(2n + s —2)nts=2

Pi—l(xkn) = (71) F(n +s5— 2)

rae
g(t) = 57171 4 2300), h(t) = =2t + In[t(1 4 zpnt)].

Acumnroruka unrerpasia B dopmysie (12) mMoxer ObITh HafijieHa METO-
JOM nepeBasia [58], i 4ero cHavasia HaXOIUM TOYKHU HEepPEeBajia KAk
kopHu t1 ypasuenus h'(t) = 0:

1=zt 142,

_Qan

ty

a 3aTeM BbIUUC/IgeM 3HadeHus GyHkimu h(t) B HUX:

h(t )_1—an+ 1+Z’%n+ln -1
+) — )
Zkn 2 (an ++/1+ Z,%n)
2
hit 1= zp— /142, ) (an+ 1+an)
(t-) = = +In 5 .

CirieioBaTeIbHO, TIPU N — OO CIIPABE/IJINBA ACUMIITOTHIECKas (hOpMyJIa

oo 1
(n—2)h(t) ~ nh(ts) nh(t_)
A g(t)e dt 7\/5 (Cle + CQ@ ) s (13)
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rie Cq,Cy — He 3aBUCAIIIE OT N MOCTOSIHHBIE (asee Bcroay Oyksoii C
¢ MHJIEKCOM ujiu 0e3 mHjeKca OyjeM 0003HAYATH BEJUYUHBI, HE 3aBU-
csmue ot n). PaccMoTpuM TIOBEJeHUE IEPBOrO CIaraeMoro B popmyJie
(12) mpu n — 00 HOCJIE HOJCTAHOBKU B Heé acuMnTOTHKE (13):

(2n + s —2)nts—2 1 Gh(ts)
F'n+s—2) +/n ’

cunTas Jjisi TPOCTOTHI YUCJIO § HATypaabHbIM. [Ipumenenne dhopmyibt
Crupaumra JaéT st HEro aCUMITOTHIECKOE TIPEICTaBICHUE B BUIE

2rprts2 ] -1

Cs -
VIR VI 2 (s + /T A )

1 Jit2\\" 1\\"
x | exp ——1—}—ﬂ = Cyw"™(2kn) (exp ()) .

Zkn Zkn Zkn
AII&JIOI‘I/I‘IIIO IIoJIydaeM IpeacTraBjeHue Ijid BTOPOIr'o CjaaraemMoro:

Cnes—2mh2 1L )Y
Tnts—2 Vi s ) \exp (2] )

CiesioBaTesIbHO,

Py 1(zkn) ~ (exp(1/2kn))" (C5w™ (2kn) + Cow ™" (2kn)) -

Ecimu |w™(zgn)| > 1, TO IMIABHBIM B aCHMITOTHKE OyJET IIE€pBOE CJia-
raemMoe, B CIy9ae IPOTHBOIOJIOKHOIO HEPABEHCTBA — BTODPOE CJIarae-
Moe. OKa3bIBaeTCsd, 9TO BBICOTHI IIEPEBAJIOB B TOYKAX {4y, T.€. 3HAYe-
uust Re (h(t1)), OMHAKOBBI, YTO O3HAYAET BBIIOJHEHHNE COOTHOIIECHUS
|w™(2kn)| — 1 npu n — co. Utak, PS_ (k) ~ C7 (exp(1/zkn))" .

Bameuanwue 1. B pabore [63] BbickazaHa runoresa (MoaTBepK/ia-
eMast BBIYHCIEHHSME), 910 upu § > 0.0709 Benmumua |zp,| MeHbIIE
MOJLyJIsl TOYKH KPHBOIl 7y, HMEIOIIEl TOT »Ke apryMeHT, YTO U TOYKa
Zkn-

B urore ¢ y4éTOM 1Oy IEHHON aCUMITOTUKY BeUnIuHbl P2 (2,)
u siBaOTO BhIpazkeHus kodddurnuenroB KOHCT BeiTekaer

Teopema 2. /[1st kosppunmerrop KOHCT npu n — oo cupaBe-
JIHBA ACHMITTOTHYIECKAST (POPMYJIA

Apn ~ Cn~%(exp(—1/2xn))*". (14)
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Caencrsue 3. Ilpun — 0o Besmauunt n° Ay, u exp(prn) Bo3pac-
TAIOT C OIHHAKOBOIH CKOPOCTBIO.
JleitcTBUTEIBLHO,

exp(prn) = exp(—(2n+5—2)/zkn) = exp((2—5)/zxn) (exp(=1/ 210 ))*".

JasbHeiinee oueBUHBIM 00pa30M BbITeKaeT u3 (14).

Cnencrsue 4. CupaseiuBa acCAMITOTHIECKAsT (POPMYJIa,

exp(Re (1/z15))|n" A | ™) ~ 1, 1 — 0.

Bameuanue 2. Eciiu 2z € v u arg z MOHOTOHHO U3MEHSIETCS OT T /2
J10 7, TO |z| MonHoTOHHO M3MeHsercs oT 1 o 1.5088, a Re(z) — ot 0
1o —1.5088. CiienoBaresibHO, HAUOOJIBIIIUE IO MOJLYJII0 KO3(MDPUITUMEHTI
Ajyp COOTBETCTBYIOT y3J1aM Pk, C HANMEHBIIIMM apTyMEHTOM.

Bameuyanue 3. AHATOIrHYHLIM 0OPAa30M METOOM IIepeBaJia MOKeT
ObiTh nostydeHa dopmyna Buza (14) gist J060H TOYKH 2k, € 7y, OTIHY-
HOM OT 2Zg ¥ COOTBETCTBYIOMEH KO3(pPUuuenTy Ag,: Tenepb BeJUInHA
C B dopmyne Buga (14) comepxur MuHOKuUTENb exp(—inIm(h(ty))), mo
MOJIyJII0O PaBHBIN €JIMHUIIE, a OCHOBaHUe crerneHu 3.764 ciemxyer 3ame-
HUTH Ha Menbinyio sesmuuny (exp(—Re (h(ty)) —1)/2)2.

Cnencrsue 5. Ycroitunpoctb KOHCT no orHOLIeHHIO K OLIHO-
KaM 3ajanus yHKIHH ©s(p) onpenessiercs BeJuIuHoO

n
M, = Z |Apn| < Cnt—s max lexp(—1/zpn)[*™ ~ On'~53.764™. (15)
k=1

JleficTBATEIEHO, TP HEYSTHOM N BeqmdnHa maxy | exp(—1/ 25, )|
JIOCTUTAETCH Ha €IMHCTBEHHON BENECTBEHHON TouKe 29 = —1.5088 kpu-
BO# Y, COOTBETCTBYIOIIEH €MHCTBEHHOMY BEIIIECTBEHHOMY Y3JIy, U IIPHU-
OMKEHHO paBHa 3.764.

ITpuBeném HeOOXOUMBIE B IaJIbHEHIIIEM JBe BayKHbIE XapaKTepu-
ctuku KOHCT: gucaa

Hnj = Z Ak"pl;z exp(_pkn)7 j=0,1,... (16)
k=1
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7 JIeJIbTOO0OPa3HbIe sIIpa,

5n (I) = Z Aknpkn eXp(fpan)- (17)
k=1

Teopema 3. s ancen (16) upu n — o0 crpaBeiuBa acUMIITO-
THIECKasT (POPMYJIa

Hnj = O(’I’L_J), j = 0717"'

JlokazaTeabpCTBO OYEBUIHBIM 00PA30M BBITEKAET U3 yTBEPK/IEHUN TEo-
PEMBI 2 1 €€ CJIeJCTBUN C YYETOM COOTHOIIIEHUS p,;z =0(n77).

Teopema 4. IIpu n — 0O CHIPaBEIIUBBI ACHMIITOTHIECKHE TIPEJI-
CTaBJIEHUS

In(1) =0(n), d(1+¢)=o0(1)

LTSI JTFOO0r0 (DHKCHPOBAHHOTO MOJIOXKHTETHLHOTO IHCIA €.
JlokazaTeabCcTBO OCHOBAHO HA OTMEYUEHHON BBIIIE OTPAHUICHHOCTU
BesinauH NAg, exp(—pi, ) u oueBuanoi hopmyiie exp(—epgy,) = o(1/n).
Urak, siupo (17) umeer B TOuke & = 1 SIPKO BBHIPAXKEHHBINA Mak-
CHUMYM, CIIpaBa OT HEE C POCTOM N sjIpo crpemurTcs K myio. Ciesa
OT TOYKM T = | TIOBeJleHHue sijipa 0oJiee CJIO2KHOE, NI OIMUCAHUS KO-
TOPOTO HYKHBI OT/Ie/TbHBIE HCCIe0Banus. JleTabHOMY UCC/IeI0BAHUIO

K®HCT u mopozkaeMbIX UMH JI€JIbTOOOPA3HBIX sIIep MOCBAIIEHBI Pa-
6oror [29, 30, 31, 32].

3.2. Ouenku norpemHoctu KO®OHCT. g norpemoctu &, (t)
KO®HCT

fy ="

Z Arps(pr/t) + En(t)]

k=1

ObLIa MOy YeHa OIEHKA

1/2

2
o] 1 n . ¢ 2m
|5n(t)| S Mps Z <F(s+m) - kZ:lAkpk ) <p) ’ (18)

m=2n

O<t<p<r

Yauer KOHCT yunosnersopsitor nepasercrBy (10), a st BeJMIUHBL
M, = >} _, |Agn| cupaBeaymso mepasencrso (15).
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IIycts s > 0. Ilomoxxum

. 1/2
an(t) = ( > (t/p)2m> : (19)

m=2n
rie
1 n
= App. ™ =2n,2 1,....
OueBuHoO,
lam| < B B,, = L + M,
Am| = Dm, m = F(S n m) nm]?X |pk‘m'
W3 nmepasencrsa (10) caeayer
1
max — < ——— =b,.
k |pk-| n+s— 1
Hauree,
1
By = M,
PTGt man O e

Tenepb MOXKHO OIEHHUTH [TOrpenHocTsb (18).

Teopema 5. /list sioboro s > 0 npu n > 1 cupaBemjmBo HEPABEH-

CTBO 32n (t/p) on |
[1— (bat/p)4]"?

HoxkazarenbcTBo. U3 onpenenenns (19) moaydaem

on(t) <

on(t) < B, (t/p)"™" + Bl (t/p) " 4o <

] = B3, (t/p)*"

< Bou /o) [L+ /0 + 0/ + ] = T2

Bameuanue 4. ITockomnbky [t/p| < 1, TO

B2n

V1-02
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asnee, mpu n — 0o ouesntHO HepasercTso 1/T(2n + s) < M,,b2", Tak
qro By, = O(M,b2").
Wrak, ycroitauBocts u cxopumoctb KOHCT xapakrepusytorces dnc-

JlaMn
3.764\"
M, = O(n'=%3.764"), By, =0 <n15 < — > ) .

IlepeitnéM K CiIyvar0 HATyPaJbHOTO S. BO3BMEM AamITpOKCHMAITAIO
[Mane Tuna [m/n| mua dyuxiun eP, npuaém m—n+2 = s > 1. 3anumem
eé pasyioKeHue Ha TmpocTeitine 1pobu B hopme
= ftm—n (p) - — = .

@n(p) p—n1 P—Dn
Koaddumuenror Ay KOHCT, kak ObLIO TIOKA3aHO, CBA3AHBI ¢ KOI(D-
burmeHTaMI 9TOTO PA3JIOKEHHsI CBSISHBI cooTHOIeHneM Ay = Byp, °.
BsenéM B pacCMOTpeHne Yucia

(20)

m,n 1 - —r— ]' = S—Tr—
O = 5= Bip T = = ) Al r=s—Ls
Tok=1 L k=l

B cuiry uarepnossituorrocty KOHCT onu obs1aaroT cBORCTBOM
C’T(m’”) =0, r=s—-1,8...,5+2n—2
(wmr=m-n+1lm-n+2,...,m+n),
Tak 4ro BeJandrHa (19) mpencraBuMa B BHJE

1/2

S (Cls) <t/p>2<“+k>] : (21)

k=0

on(t) =

Psan (21) cxomures npu Beex t < p, MOCKOIBKY |px| > 1, cireoBarebHo,
JUIg Beex ¢ < p CHpaBeInBa OLEHKA

- 1/2
on(t) < [Z (Cfn"iﬁmrl)ﬂ = Omn- (22)

k=0

ITpormuddepernupyem r pas (r > 0) Toxzaecrso (20):

. (r)
ol Z Bp, ' = Ry, (0) - (ZZ%)

p=0
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IIpu s = 1 mepBoe ciiaraemoe cIipaBa OTCYTCTBYET, a IPU § > 2 TUCTA
™™ He paBubl HyTIO ML I T > M+ N, HO Toraa R (0) = 0.
n)

m
I/IT&K, JJId BBIYMCJICHU A Cf',E JAO0CTATOYHO YMETH BbIYHCJ/IATHL 3HAYE-
HUA ITPOU3BO/HBIX allllPOKCUMAaIIUN Haﬂe B TOYKE p = 0. ITosroxxkum

(k)
P (p)
Dy =
Qn(p)
CunTarh HEMOCPEICTBEHHO O 3TOH (GopMyJie 3aTPyIHUTEILHO. Y Ka-
KeM 06ojiee TIPOCTOI CITOCO0, MPEIBAPUTENHHO MOCTPOUB IIPEICTABIIE-
HEe ocTaTouHoro wiena anupokcumarmm [ane. Tlomoxum Ry, (2) =

— P (2)/Qn(z) .13 onpenenenus anmnpokcnmanuu [aze ciemyer, 4To
byHKIIMS

, k=0,1,...

p=0

e*Qn(2) = Pn(2) = Rinn(2)Qn(2) (23)

upu z — () mMeeT MOPSJIOK MaJIOCTH He MeHee m + n + 1.

Jlemma 3. ChopaBeayiuBbl IpeacTaB/IeHUS

(=) m!nl vt Fi(n+ 1,n+m+1,2)
(m+n+ 1)' (m+n)!Qn(z)
+ k) Zn+m+k+1

6ZQ"(Z)*P"%(Z):(*1)7l(n+m'kzo nk. (n+m+k+1)

Rmn (Z) ==

)

HdokaszarenabcTpo. Bo3pMéM or obenx uacreii (23) npon3BoiHYIO
mopsaka n +m + k + 1 u Beraucaum e€ npu z = 0, npumMensis hopMyIIy
Jleitbauna u npencrasienue annpokcuMaruu [lane vepes runepreomer-
puueckuit ps. I[IpousBogHas 1eBoit 1acTu paBHa

z":<n+mfk+1)Qg)(0):

i=0 J

<n+m+k+1> nl(m+n—j)!
(n+m)!(n—j)t

(1) n!m! i -<n+m+k+1><m+n—j>_
(m+n)! = J n—j
nlm! & n+m+k+1\/m+1

= (-1)" T B . (24)

(m+n) n—1 l
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Paccemorpum toskectso (1 + ) (1 + 2) %=1 = (1 4+ 2)" %! na
IEJIbIX HEOTPHIATENILHBIX 3HaYeHuit 7, k. O9eBUHBI [IPe/ICTABIEHUS]

(1+2)'=14aC} +2°C? 4 - +2'C},
(I42)F " =1—2C},, +22CEy— -+ (-DCL + ..,
(1+ m)iik*l =14+z2C;_p_1+ zZCiQ_k_l + -+ 2"Ci_fo1 + ...

IlepeMHOXKHUM J1Ba TEPBBIX TOXKJIECTBA U 3aTeM HaMIEM KoM UITHEHT
npu 2", on Oyzer pasen (CyMMUPOBAHUE UIET 110 BCEM JOMYCTUMBIM )

S (=yrter =Y (-nichorh
! !

[TpupaBHuBasi €ro K COOTBETCTBYIONEMY KOI(DDUIIMEHTY B TPETHEM Pa-
BEHCTBE, TOJIYINM TOXKIECTBO

Z(_l)lcllf—&-lczn_l =Cljp-
1

C ero moMombI0 BHIYUCIACTCS MOCAETHSASA cyMMa B (24):

zn:(—l)l n+m+k+1\(m+0\ . (n+k)!
n—1 A TP

=0

n3 49ero cJiaeayer

_(<1)" m! (n+Ek)!

P (n+m+k+1)
(€*Qn(2)) » tm)!

. k=0,1,...,

1 OKOHYaTeJIbHOE IIpeJICTaB/JICHUE B BUJIE PAJla
Zn+m+k+1
n+m+k+1)"
(25)

Pazyiesus 06e gacTu 3TOro npejcTaBieHus Ha Qn(2), MoTyunM JI0Ka-
3BIBAEMOE PABEHCTBO i Ry (2). O

¢ Qn(2) = Pn(z) = (1" Tin)! kE_:O . Z!k)! (

Banumem Jseyto gactb (25) B Buge Qn(p)[e? — Pn(p)/Qn(p)]; €8
npousBoHAA MopsKa T > 0 B Touke p = 0 paBHA

> (k) QW(0)(1 - D). (26)

k=0
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k
3HadeHust Q% )(O) OTJIMYHBI OT HYJIsI U PABHBI

e M(m—+n—k)!
(n+m)! (n— k)’

k
QM (0) = (—1) k=0,1,...,n.
ITpupaBuuBast 3Ha"eHNst (26) 3HAYEHWIO TPOU3BOIHON MOPSIKA I TIPa-
Boit wactu (25) npu z = 0 u nosarasi nocsienosaresnbHo r = 0,1,...,
MBI CMOYKEM OIpeaeauTh Bce 3Hadenusa Dy, k = 0,1,... OdgeBumgno,

Dy =1, eciu k < m+n (BupodyeM, 3T PaBEHCTBA CJIELYIOT U3 OLPEIe-
)

m,n

JieHus annpokcumanuu [lajie), u u3 oupeneseHus Juces C’T( BHOBb
m,n

cJIeIyeT, 4To Cﬁ ™ = 0 mpu r < m + n. B urore npuxonum K ciesy-

IOIIEMY yTBEPAKJIEHHIO.

Jemma 4. Jus v > m +n + 1 semmnsr Y™™

BBIYHCJICHBI IO (POPMYJIaM

MoryT ObIThH

Il

cmn) _(_qyn m!n!

menn = ( )(m+n)!(m+n+1)!’
m!(r —m —1)!

(mn) — (_1)n —
¢ == (n+m)l(r—m-—n-—1)!

3

(27)

_Ej:(—l)’“( ntmtn=k) o

(
r—k
= n—k) (m+n)k!

r=n+m+2,n+m+3,..., j=min{n,r —n—m—1}.

Tenepb MO2KHO yCTaHOBUTH CKOPOCTb y6bIBaHI/I$I BeJIMYNHDBI

oo 1/2
> (Ofn"l:ilkﬂ)Q] (28)

k=0

Omn =

PN BO3PACTAHUH YUCJA Y3JI0B M.

Teopema 6. /[i1s1 1106010 (pUKCHPOBAHHOTO HATYPAJIBHOIO S TAKO-
ro, yro m —n + 2 = s, Besuunna (28) npu N — 0O YIAOBJIETBOPSIET
ACHMIITOTHIECKOMY DABEHCTBY

7mn = O ((m+n)!n(%7!nnjr”+ 1)!) |

HoxkaszarenbcrBo. U3 (27) HAXOQUM PEKyPPEHTHOE COOTHOIIECHNE

+1 n
C(m,n) _ (m,n) n .
m—+n+2 m-+n+1 n + m + 2 + m + n
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dcHo, uTO TIPU N — CO W M CTPEMUTCHA K OECKOHEUIHOCTH, TAK UTO
C’T(n?Zl_Q ~ 75:712_1 Ilycte r = m+n+j, j =1,2,... Illpn yBenn-
YEHUW T HA €JUHUILYy [IePBOe cjaraeMoe cupasa B (27) yMHOXKaeTcs Ha
pesimauny (n + j)/j(n +m + j 4+ 1), T.e. OH UMeer TOT Ke HOPSAIOK
OTHOCHTEJIBHO 7, & C pocTo j ybbiBaer Kak 1/j. Hasee, nerpyauo yoe-
JIUTBCsL, ITO CyMMa MOJyJeil Ko MUIMEHTOB Ipu Cﬁrf,’cn) BO BTOPOM
cJraraeMoM crpasa B (27) orpamutena ejudnHoi (e — 1)/2, a camu Be-
JTTITHBI Oﬁ’f,;") BeslyT cebs IPUMEepPHO TaK Ke, KaK U IIePBOe CJIAracMoe
B (27). CuleioBaTenbHO, CIIPABEJIMBO ACUMITOTHYECKOE PABEHCTBO

CT(nTriZerJrl ~ aCﬁrTﬁZlq/ﬂa

rJe G — HEKOTOpas KOHCTAHTA. SHAYHUT, CKOPOCTH yOBIBAHUS BEJININHBI
(28) coBHazaeT co CKOPOCTHIO yObIBAHNS IIEPBOIO HEHYJIEBOIO KOI(Ddu-
nuentTa (26), 4ro u TpeboBaIoCh 10Ka3aTh. [

UNrak, KPHCT 6bI1cTpO CXOAATCsI, TPAKTUYECKH C TOM K€ CKOPO-
CTBIO, 9TO U KJIAaCCHIEeCKre KBaapaTypsl Tumna [aycca.

Sameuanue 5. YrBepxkaenus jieMM 3,4 u TeopeMbl 6 ocTaiorcs
B cusie u nipu nejiom s < 0. Kak u panee, 6epém amnmnpokcumaruio [la-
e Tuna [m/n] npu m —n + 2 = s u paccmarpuBaeM uHTErpaJ (26)
(rur. 2). st ero npubiauzKEHHOTO BHIYMC/ICHNs] OIUCAHHBIM PAHEE CIIO-
cobOM CTpoUTCH KBaJAparTypHas GOpMyJIa [0 KOPHIM 3HAMEHATEJIS all-
upokcumarnuu Ilagze, 1. e. kKopusaM ypasuenus @, (p) = 0. Oka3biBaercs,
4TO IpHU ycjaoBuu n 4+ s — 1 > 0 Bce KOPHU 3TOr0 ypaBHEHHUs IIOIaja-
0T B IPaBYI0 HOJIYIIIOCKOCTH [63]. Masnee, Kak U paHee, BBOJUM UHCIIA

clmm, IMokazkem, aTo pn s < 0 UMEIOT MECTO PABEHCTBA
Cﬁm’") =0, r=s—1,s,...,—1.

Tak kak m — n < 0, To annpokcumarus [lajge nmeer BuI

n

Pm(p) _ _Z B;

Qn(p) ~p-pi

IMonoxum p = 1/w, Torma

n n n o0

B; wB;
S =Y T =Y wB Y () =
i PP i=1 wpi =1 k=0

o0 n o0
_ k+1 k __ k+1
= E w g Bipi = g dpw™ ™,
k=0 i=1 k=0
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rie
n
dp = Z Bipt.
i—1

C zpyroit cTOPOHBI,

Qn(p) o q(O)pn + q(l)pn—l cee q(n) - q(")w” Tr q(O)

p(o) 2
n—mw(l—kclw—i—cgw —l—)
CrenoBarebHO,
© 2 - k+1
w”fmﬁ(l—l—clw—!—@w —I—...)z—deer,
k=0

U TaK KaK CJIEBa CTOUT MaJjiasi BeJIUINHA TOPSI KA 1. —17, TO HeOOXOINMO,
9TOOBI BBITIOTHAINCH PABEHCTBA

d0:d1 = "':dn—m—Q;

KOTOPBIE MOZKHO 3allICaTb SKBUBaAJICHTHBIM o6pa30M B BH/JIE

n

B; 1
Z r+1:m, T:S_].,S,...,—]..

i=1 41

Bcee manbmeiinme paccyKieHus TPOBOJATCS TaK Ke, KaK U B CJIydae
MTOJIOZKUTEJILHBIX S.

B Taba. 1 mpuBeneHbl 3HAYEHUS Oppp Mg § = 1, €. m = n — 1,
MMOKA3BIBAIOIINE BBICOKYIO cKOpocThb cxoanmoctu KOHCT. Oxnrako cie-
JyeT MMOMHUTD, 9TO JIJIsT JOCTUKEHUsT TAKONH TOTHOCTH MIPHUOJIMKEHHOTO
pelrenns HeoOXOAMMO ODECIeYNTh MPOBEIeHNEe BBITUCACHUNE C H0CTa-
TOYHBIM YHUCJIOM 3HAYAIUX IUdP, a TaKxkKe 00eCIeInTh COOTBETCTBY-
0Ny 0 TOYHOCTh BBIYHC/IEHUs] M300parKeHUsl, MHaYe OTMeYeHHas paHee
neycroitansocts KOHCT cBejsieT Ha HET BCe yCUITHS.

Tabauya 1
Umn n U’mn
26-1072 | 8 [1.2-10717

1.2-107% |10 | 7.1-10~%4
73-10712 |12 | 1.8-10730

o o N3
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§ 4. KBagparypubie dopmMyJibl oOpallieHrus: Ipeodpa3oBaHus
Jlanutaca ¢ ¢pukcupoBaHHBIME y3JIaMU, ONITUMAJIbHBIE
Ha KJjlacce riiagknx QyHKIui

Ilycth p1, ..., Ppp — NPOU3BOJIBHBIE MONAPHO PA3JUIHLIE TOUYKH IO-
sgymiockoeru Rep > 0, rue dyukuus ¢(p) = pF(p) perynspua. Pac-
CMOTPHUM KBaJIPaTyPHYIO (DOPMYyITy

F@O) = falt) = Axp(pi/t)- (29)

k=1

IIpm ycaoBun

S A=t (30)

k=1

ona touHa s f(f) = 1 1 TOYHO BOCCTAHABAMBAET 3HAYECHHSI OPHIH-
uana f(40), f(4+00), ecin orn cymecrsytor. O6oznaunm C" M kirace
dbyukmit, r pa3 HenpepblBHO nuddepeHEpyeMbIx Ha moiayocu t > 0
u taxnx, aro |f()(t)] < M. Pacemorpum sajauy moctpoenns KO c
(DUKCHPOBAHHBIME MTOJIOKUTEIBHBIMA Y3JIAMHE 1, . . . , Dp, HOTPEITHOCTH
KOTOpBIX Ha Kjacce C" M MuHHIMAIbHA.

ITpecraBum HpaByio 9acTb NPUOIMKEHHOIO paseHcTsa (29) B Bue

fn ZAMO pk/t / K, tl‘ )d

rjae

K,(t,z) =

w\n—

Z Agpr exp(—zpy/t).

k=1

Ecisn Boinosineno yeaosue (30), To morperinocts opmyist (29) npej-
CTaBUMa B BUJIE

:Z G / K, (t,z)(z — t)* do+

k=

/ Ky (t,z)(x—t)" £ (n(x)) de.  (31)
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Hamee cautaem, ato r < n. IlycTh BBITOTHEHB YCIOBUSI
o0
/ Ku(t,z)(x —t)Fde =0, k=1,2,...,r —1, (32)
0
Torya u3 npejcrasienus (31) ciemyer oneHka

0= 1015 [Cle-aeie @)

rie

n
(2) =) Axpr exp(—2zp).
k=1
ECTeCTBeHHO IIOCTaBUTH 3aJa9y MUHUMU3AIIUN

/oo|(z—1) n(z)|dz — min
0

upu orpanndennsx (30), (32) na xkoadduimentor Ay, ..., A,.

JIemma 5. Yesous (30), (32) 5KBUBAJICHTHBI YCIOBHIM
—j 1
ZAka:ﬁ, j=0,1,...,r—1. (34)

Hoxaszarenbcrso. [Iycrs Bomosnens yeiaosus (34). Jlerko mpo-
BEPUTH, YTO PABEHCTBO
/ 6

skBuBaJsieHTHO ycsioBmio (30). CooTHorrennst (32) MOYKHO 3aIACaTh HHA-
Te:

/ (z—=1)%6,(2)dz=0, k=1,2,...,r — 1.
0

/Ooo(z —1)k6,(2)dz = i(_l)k_j (k> /0oo 62 dz =
o (k> g;flmp;j jl,

J

Il
.
E Mw
o
P P
| \

<.
Il
o
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OTKy/Ia 3aKkiovaeM, aro npu k > 1 u3 (34) caenyer (32), HOCKOJIBKY

k

> (=1 (j) =0.0

Jj=0

Urak, ycnosus (30), (32) coBIamamT ¢ IEPBBIMU T yCIOBUSIMU MH-
repuosisnuornocT K® npu s = 1 (em. r1. 2 ). B cayuae r = n koaddu-
UeHTbl Aj OJIHO3HAYHO OLPENEIA0TCs u3 yejosuii (34), u dakrudecku
3319y MUHAMEJ3AIUN PENIaTh He HYKHO.

Hanee cauraem r < n. Samenoit z = —Int npeobpadyem 3ajady
MUHUMU3AIUA K BULY

1 n
L(A) = /o |(1+Int)" ZAkpktpk_l dt — min (35)
k=1

upu yenosuax (30), (32). fcuo, uro s1a 3amaua umeer pernenue. Ode-
BUJIHO, UTO HEpaBeHCTBO (33) obpalaercess B paBeHCTBO Ha (yHKIMN-
OpUTHHAJIE C KyCOTHO-TTOCTOSTHHOMN IIPOU3BOIHON OPAIKA T, IO MOJLYJIIO
paBHOI M W MeHSIONIEll 3HaK B TeX K€ TOYKaX, 9TO W (PYHKIUS IO
3HaKOM MOJysst B uHTerpajie (33). ®opmanbHo ra DyHKIUS HE [pH-
HasyiexuT Kiaaccy C" M, HO HUXKHssI TDAaHULA UHTEerpaJa ciesa B (35)
JIOCTHTaeTCss UMEHHO Ha Heil.

OnumeMm npubirnKeHHbIH MeTOJ1 HaXOXK IeHNs! peleHnst 3a1aau (35)
IyTeM CBEJISHUA K 3aJa9e JIMHEHHOTO MpOrpaMMHUPOBAHNSA, UCIOIL3YS
[P 9TOM HEKOTOpbIe uzen paborer [10].

O6o3naunm (2, MHOXKecTBO BeKTopoB A = (A1, ..., A,), yuoBierso-
pstrornux yesosusim (30), (32), u mosoxum

n
O(t, A) = (1+Int)" > Agppt?* . (36)
k=1
Jlemma 6. /[ist s1r06bix awmces pi,...,p, Takux, 910 1 < p1 <

o < pp, Gynkmua (t, A) ma orpeske [0, 1] umeer He 6osiee n Todek
[epeMeHbl 3HaKA.

HoxkazaTenbcTBOo. BoieceM B (36) 3a 3HAK CyMMBI MHOXKUTEJb
tP1=1 cunmrag A; # 0 (B IPOTUBHOM C/Iydae MOYKHO YMEHBIIUTDL 1) U
HOJIOXKAM

ar =pr —p1, t=exp(x), er(x)=explaz), k=1,2,...,n.
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Cucrema dynkrmii {pg(x)}}_, debblneBcKast Ha JIOOGOM OTPe3Ke, Tak
Kak a1 < ag < +-+ < Gy, W IOTOMY cyMMa B (36) mMeeT MeHee n KOp-
neii. [Ipn HEUETHOM T €CTh eIle OJJHA TOYKA TIePEeMEHbI 3HaKa (DYHKIUHN
®(t,A), pasnag t = e 1.0J

Pazobbem oTpesok [0, 1] ma N wacreit Toukamu t; : 0 =ty < t1 <
-+ <ty = 1, n momozkum hy = max{t; — t;_1}. Paccmorpum 3amady

J

MUHAME3AIEA Ha . OyHKIMNT

N

3 / b, 4) dt‘ (37)

tj—1

Ly(A) =

j=1

upu ycsosusx (30), (32). O6oznauum eé perienue Ay, a pelieHue 3a-
jaan (35) — A*.

Teopema 7. CupapejiuBpl HEDABEHCTBA
Li(Ax) < L(A") < L(Ax).

HoxkazarenbcrBo. Hepasercrso L(A*) < L(Ay) ouesumso. 13
oupesesennst Beaunannbl Ly (A) cienyer nepasencrso Ly (A) < L(A)
pu gobom A € Q,., otryna Ly (A*)<L(A*), vo Ly(An) < Ly(A*).0

CiiesioBaTesIbHO, ONTHMATIBHOE perttenne 3a5a9u Ly (A) — min mos-
BOJISIET IIOJIYYUTH JBYCTOPOHHUE OLEHKH JIIsl HCKOMOIO OHTUMAJILHOIO
snavenns L(A*).

Teopema 8. s jroboro A € Q. cripaBeInBo HEPaBEHCTBO
0< L(A)— Ly(A) < Chy,

rae C — HekoTOpast He 3aBucsIas or N BeJIHIdHA.

tj
/ o(t, A) dt‘,

tj71

HokazarensbctBo. [lomoxum

R;(A) = /tj |®(t, A)| dt —

tj71

TOT/I
N

L(A) = Ly (4) = 3 Ry(A).

j=1
Ecnu na ummrepsane (t;_1,t;) dyukmus (¢, A) 3makomocrosHHa, TO
R;(A) = 0. Ilycts (tj_1,t;) COOEPKUT €UHCTBEHHYIO TOUKY 0 IIepeMe-
ubl 3HaKa Qyuknun P(t, A), rorma R;(A) # 0. OueBuana cieyomast
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IerovKa Mpeodbpa3oBaHUIL:
tj

Rj(A):/U \<I>(t,A)|dt+/ |®(t, A)| dt—

tj71 g

g t]‘
/' @@Aﬁﬂ—(/ maAm4:
Tj-1 o

:2min{ /G B(t, A)dt /thfb(t,A)dt‘},

tj—1
u JOJId OIEHKUN Rj (A) MOKHO BOCIOJIb30BATHCS JIIOOBIM U3 CTOAIINX
CIIpaBa MHTEIr'paJioB. HaHpI/H\lep, paccMOTPpUM HepBbIﬁ U3 HUX:

ZAkpk/ (1+1nt)’“t”k1dt‘.
k=1

9

ti—1
[TockombKy
T
7" .
(1+mﬂT:§:(>hﬁa
= M
TO JOCTATOYIHO PACCMOTPETH MHTEIPAJIBI BUIA
(e
/ eI tdt, m=0,1,...,r
tj-1
IIpu m = 0 umeem
7 1
/ e ldt = — (oPF — 8 ) <oP* o —tq).
ti_1 Pk
I[Ipu m > 1 B cuty dbopmysist
m—k

In
(a4 1)k+1

ta+l m
A"t dt = —1)k )---(m—k+1
/t n™ tdt m+1kZ:0( Ym+1)---(m—k+1)

JIOCTATOYHO OLEHUTH PasHocThb Y(0) — y(t;—1) mnst dbyHKImit Buga
y(t) = t*t, b=pm, k=0,1,...,r

OuenjiHo, npoussoznas ' (t) orpanudena Ha [0,1], eciu b > 1, u B
3TOM CJTydae

ly(o) — y(t;—1)| < max|y'(t)(o —t;-1).
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B uTore mosyuum orenky
R](A) < C(O’ 7tj_1) < C(tj — tj_l) < Chy.

fcHO, 9TO OIEHKY TAKOTO K€ BUJIa MOXKHO TOJIyIUTh U B CIydae, KOria
Ha (tj_1,t;) PACIOTIOKEHO HECKOJIBKO TOUYEK IIePEMEHBI 3HAKA Oy HKINH
®(t, A). Ocraercs BCIOMHUATD, 9TO 00IIee YUCI0 TAKAX TOUYEK 110 JIEMMe
6 He IpeBOCXOUT N, He 3aBucsitero ot N.[]

BosbmeM B KauecTBe t; paBHOOTCTOSIMINE TOUKE oTpe3ka [0, 1], Torma
hy — 0 mpu N — oo. Ecim ¢ poctom N onrumajbHbie perreHust Ay
OTPAHUYEHBI, TO CXOJMMOCTDH METO/a CJIeAyeT U3 TeOPeMbI 8.

Bagaua MuHuMu3anuMu BeauduHbl (37) CBOAUTCS K OCHOBHOM 3aia-
4e JIMHEHHOIO IPOrpaMMUPOBAaHUdA: HAUTU HEOTPUILATEIBHBII BEKTOD,
YJIOBJIETBOPSAIONINI JIMHEHHBIM OI'DAHUYEHUSAM U JOCTABJISIONIUNA JTaH-
HOI1 JInHEHO hopMe MUHUMAJILHOE 3HadYeHue. /lelicTBUTE/IBHO,

(I)(lf,A) = ZAk(Pk(t)y (pk(t) = (1 + hlt)rpktpk_l.
k=1

ITostozxum

t; n
e = / ort)dt, 1;(A) = Agesp,
t k=1

j—1

TOT/1a
N
Lyn(A) = Z |1;(A)].

Hamee cranmapTHBIM 00pa3oM M30aBIsTeMCsT OT 3HAKA MOJIYJIsI, BBOIS B
PACCMOTpEHHE TIOJIOXKUTEJIbHBIE U OTPUIIATENIbHBIE YacTh (DYHKITHOHA-
708 [;(A) 1 T. 1. BareM MOXKHO BOCIIOJIb30BAThCs U3BECTHBIME MeTO/a-
MU pelleHns IoJ00HBIX 3a1ad [5].

§ 5. Obpamienne MHOroMmepHOro npeobpasoBanust Jlamiaca
npu nomoiru KP

B srom naparpade pesyiabrarsl paborsl [39], uznoxennsie B § 2,
00001IIat0TCa HA MHOTOMEPHBIH ciry4aii. JlokazaTeabcTBa 1Mo CyIecTBY
COXPAHSIOTCS, TIOITOMY MBI He Oy/IeM WX MOAPOOHO MTOBTOPSTH, a OyaeM
oTMedaTh HeOOXOMMble M3MEHEHUs] B HUX.
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Hanee paccyKaeHust IPOBOATCS JIJIsl JJBYMEPHOTO CIIydast, C IETBI0
YIPOIIEHNUsI U3JI0ZKEHUST, XOTsI OHU CIIPABE/IJIUBLI U B CJIydae IPOU3BOIh-
HOH pa3dMepHOCTU.

1°. JIsymepubiv ipeo6paszosanuen Jlamiaca dynkmmn f(t1,ts) Ha-
3BIBAETCST BEJTMYNHA,

o0
F(p1,p2) =/ / exp(—pit1 — pata) f(t1,t2) dty dis.
o Jo

CupaseyimBa popmysia odpaleHust

c1+1i00 co+ioco
f(t,t2) = @i / / exp(pit1 + pat2) F(p1, p2) dp1 dp2
c

2 —100

[IPU COOTBETCTBYIOIIEM BbIGODE €1, co (cM. [14]).
ITo anasoruu ¢ OAHOMEPHBIM CJIY9IaeM PACCMOTPUM (DYHKIUIO

@s(p) = p1' P> F(p1, p2),

rJle YUCIa S1, So He MPEBOCXO/IAT CKOPOCTel yObIBAaHUS N300PAKEHUS IO
p1 ¥ pa, coorsercrrenno. Ecm dyukmun F(p1, p2), @s, s, (P1,p2) pery-
sspusl pu Repy, Reps > 0, To dopmysry obpatnennst MOXKHO 3aIIUCATH
B BHJIE

c1+ioco  co+tioco

! P1 P2
t .t d P1+p2 o1 , d
flir,ta) = (2mi)? / P / ‘ Pt Hens <t1 ta P2

c1—100 € —100

3areM, BbIOpAB MPOU3BOJBHBIM 00Pa30M MOMAPHO Pa3JIMYHbIE TOYKU
(pg ),péj)) 1,7 = 1.2....,n, B 06/1acT PETYJIAPHOCTH U300PAKEHUS, IO
aHAJIOTUU COJHOMEDPHBIM CJIy4YaeM, BBEJIEM B PACCMOTPEHUE KBa/JIpaTyp-

Hyto dopmyry

111NN P p
Fnt) 2SS A (B2). o

i=1 j=1

Hasee, MoxkHO BBIOpaTE K03 duimenTs! A;; u3 ycaosus rounoctn KO
JUIsi HEKOTOPOro Habopa MYyHKIMA @, s, (D1, P2) AHAJIOIMIHO TOMY, Kak
3TO JIeJIaJI0Ch B OMHOMEpPHOM ciay4dae. Ha 3Toil cropone mesra Mbl He Oy-
IIeM OCTaHAaBJIUBATBCs, & OCHOBHOE BHUMAHME YJIEJIUM OIEHKE IIOrDelll-
Hoct manHol K@ Buma (38).
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20, Paccemorpum MHOMKecTBO byHKIMI ¢(21, 22), PETY/ISAPHBIX B OU-
IAJITHIpE

A, = {(21,2’2) S Cz : |Zl| <7y, |2’2| < 7”'2} (39)

¥ HEIIPEPBIBHBIX HA €ro 3aMbIKaHUNU. Takoil Kirace MyHKIIIT 0603HAINM
R,.

Iycrs T'(2) — ramma-dbyrknus itnepa. Hamomaum (em. §1), aro
npu mobom dukcnposarroM uucse s dyuxmms 1/T(s + 2) nemnas, T.e.
pazJiaraeTcs BO BCIOLY CXOUAMIUNICA CTEIICHHOR sl

1 oo
T(s+2) =
IIo anaJiorum ¢ OJHOMEPHBIM CJIyYaeM BBEJIEM OIEPATOD
d = d\"
—1 _ _
r (S+Z(l,2’> = Z Yms <Zdz) =
m=0
[e%e] [e’e} a my a m2

= Z Z Ymis1 Vmaoso 218721 22(9722

m1:0 WLQZO

oupeieJieHHbI Ha peryisapHbix B ourminaie (39) dyukuusax. Vcexong
U3 9TOrO OIPEJIEJIEHUSI, JIETKO TPOBEPUTD, 9TO HPU JIIOOOM MYJILTHUAH-
nekce « = (g, @) TakoM, 91O || = ag + ag > 0(ay, aa > 0) ciipases-
JINBO TOXKJIECTBO

r s+z— | 2% = = .
dz T(s+a) T(s;1+a)l(s2+asz)

Jlemma 7. Ilycrs ¢yuknus-opurunan f(z1,z2) npegcraBumMa ps-
JIOM

(o] o0 o0
f(z)=2° Z amz™ :zflzgz Z Z myma 21 292, (40)

|m|=0 m1=0 mo=0

KOSd)d)I/U_U/IeHTBI KOTOpOIo y/IOBJIETBOPAIOT HEPABEHCTBaAM

(01,02 >0), (41)



u eé nzobpazkenne no Jlamiacy TakoBo, 9To IpH HEKOTOPOM S = (S1, $2)
yHKIHST

Pu(2) = *0u(1/2) = Sz e (1 1) (12)

b
1 Z1 22

peryusipa B ounuaape (39). Torga umeer mecro ¢opmyiia obparie-
HHST

- d 1 1
I 1 (S + ZdZ) PS(Z) = Sl f(Z) = Wf(zl,ZQ).

21

JokaszarenbcTBo. 13 ycinoBuii ieMMbl BHITEKAET BO3ZMOKHOCTD
IIOYWICHHOIO IIPUMEHEHN IIpeobpasosanus Jlamiaca K IpecTaBIeHuio
(40) n paBeHcTBO

> L(m+B+1)
Flpr,p) = ) am— o =
|m|=0 p
_ i i L(my+p1+1)T(ma + B2 + 1)
o Amymy mi1+B81+1 ma+B2+1 ’
m1=0 ma=0 D1 23

Hepagencrsa (41) ofecrieqnBaloT CXOAUMOCTH TOTO psifa. DyHKIUsS
(42) 6yner pasua

P8182 (217 22) =

_ - = mi+p1+1_ma+pB2+1

= Z Z Amyma 2 2y L(ma + B1 + D(ma + B2 + 1).
mi1=0mo=0

Oumna peryispnaa B bunuuaape (39), u B custy €€ CBOHCTB HOJLydaeM

d o0 oo
-1 +B1+1— +B2+1—
: <+d> P2)= 3 D Gmympa I et

m1=0mo=0

oo oo
_ Bitl—s1 _Bot+1l—s2 my1, me __ 1—s1 _1—s3
=2 22 Amymay?1 %9~ = 21 2 f(Z1, 22)7

m1=0ms=0

910 U TPeOOBAIOCH JTOKA3aTh. [J
3% Ilycts 2 = (21,22) — NpousBoJbHAs TOUKa Takas, 4To |z;| <
pi, 1 = 1,2, ne. z € A, a bynkuus g(z) = g(21,22) UpUHAIEKAT
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kiaccy R,. O6osuaunm 0A, rpanuiy Oummunaiapa A, 1 3alumeM 1H-
rerpasibHy1o dhopmyry Komm [59]

1 / g(t) dt o 1 / g(tl,tg) dtl dtg
(

9(z) = (

27i)? t—z  (2mi)? t;1 — 21)(ta — 22)
A,
T 27 g(p1 explies), pa explivz) dipy dipa
1721/t1)(1722/t2) ’
tm = Pm eXp(zSDm)v =1,2.

ITycTb 3a1aH HEKOTOPBI JINHEHHBIN HETPEPBIBHBIH QyHKIMOHAT L, TO-

rIa
1 : 1
= — P _—
Lo = 5 [ st () den (43)
[0,27]2

IIpuYeM psiJ

E(l—z/t) i

abCOJIFOTHO CXOJUTCS, T. €.

Sy e

mi mso

-y y AL

my ma

npu Jmobom z € A,. 13 (43) criemyer HepaBeHCTBO

2

1 . 1
Lg(2)]? € )2 d / L dp. (44
|Lg(2)]" < (a2 / lg(pe™)|" dp = . (44)
[0,27]2 [0,27]2
Cucrema crenenei {t{}, 1 = 1,2, 5§ = 0,%£1,..., opTOoroHaJibHa Ha

OKDY2KHOCTH, T. €.

27
/ t; 'ty dips
0

0, I #m,
2m/p?™, l=m, i=1,2.
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B urore HepasercTBO (44) mpumer Buj

2

|£(z™)]
1Lg(z) _7/ g(pe’ \dez T
0,272 lm|=0

ml m2 |2

21 p2m
2
47T2/ / pleztpl /)26“92 | dgpl d(,O Z Z 27n1 sz

mi1=0mo=0
(45)
[Momoxkum \; = pgl), M = pgj), 1,7 = 1,2,...,n, T1ae pgl),pg) — y3-
ast KO (38), u mycrs |Ai], 1] < 1 mms Beex ¢,j. Temeps BBemeM B
pPacCMOTPEHHE OILEPATOD

Qs = F;l (3 + s) Z ZA”G”,

=1 j5=1
OIpeJeIeHHblit Ha Kiaacce R,, Tie
Gijg9(z) = g(Xiz1, pjzo).

ITycrs t = (t1, t2) HEKOTOpast (DUKCUPOBAHHAS TOYKA, [IPUHAJIEIKAIIAS
A,, me. |t;| < pi, @ =1,2. B kadecrBe dynkimonanta £ BO3bMeM 3Ha-
YeHue

Lg(2) = Qs9(2)

Wcxonst u3 onpeiesieHnst 1 CBOMCTB BXOSIINX CIOJIA OTIEPATOPOB, UMEEM

(46)

z=t

my __ 4migmo 1 mi , M2
L(z™) =]ty (F(51+m1)F(52+m2 ZZAUA ) (47)

i=1 j=1

Jlerko npoBepuTh, 4To Jyia pyHkuuonaua (46) BXOJMIIMe B €ro OLEHKY
(45) BeJIMUUHBL CYIIECTBYIOT.

Teopema 9. Ilycrs ¢yukuus-opurunan f(ti,te) u eé uzobpaxe-
aue F(p1,p2) yAOBIETBOPSIOT YCJOBUSM JIeMMbL 7 U IIYCTh JAHBI IPO-
H3BOJIbHBIE MTONAPHO PA3JIHIHBIE KOMILJIEKCHBIE THCJIA \;, [1; TAKHE, UTO
Aily il < 1, @ = 1,2,...,n. Torna dbyaknus f(t1,te) st g06bIX
t1,to > 0 npeacraBuma B BHJE

Fltrto) = 13757270 (Z > Aii P, (Nt pjta) + 5551’82)(1517152)),

i=1j=1

(48)
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H JIsT JIFOOBIX qHCeJI p1, po Takux, 910 0 < t; < p; <71y © = 1,2, umeer
MeCTO OIeHKA

1 22 ' . 1/2
|55181782)(t13 tZ)‘SO'slsz <4’/T2/ |P5152 (plez@1 ) p2€“p2)|2 d@l d<p2> ’
0 JO

(49)
e

2= 2

m1—0 mo= 0

1 m
81 + mq F(82+m2 ZZAU)\ 1

=1 j=1

2mq 2mao
t t
x<1> (2> . (50)
1 P2

Hokazarenncrso. [lonoxum g(z) = Ps(z) (em. (42)). Torma B
CHILy JIeMMBI 7 U OImpeneieHus (s IMeeM

,CPS(Z) = tiislt 52f tl,tg ZZAijPSlsz ()\itl,ujtg). (51)
i=1 j=1

O6osnamy €577 (1, 5) nesyto wacts (51), torna (51) MoskHO Tepe-
mncatb B dopme (48). s onenxn Besmunusl LP;(z) Bocmonb3yemcs
HepaBeHCTBOM (45), Ipu 9TOM WieHb! psAaa cupasa B (45) BbraucisaeM ¢
nomorbio dhopmyiner (47), aTo B nrore npusoautT K onexke (48). O

Bameuanue 6. Kak u B omHOMEPHOM CiIydae, HMEET MECTO PaB-
HOMepHasl OlleHKa BesnmanHbl (50), a MEeHHO
) 1/2

mes( 2 S
(52)

m1=0mo=0
49. C noMoIIBIO TOKA3AHHOI TEOPEMbI MOYKHO HOJIYIATH ONEHKH II0-
rpemHocTy pa3imdubix K@ npu KoHKpeTHOM BbIOOpe ducest A;j, A, fi;.
OcTanoBUMCS Ha, OTHOM TACTHOM cnyqae HpI/IMeHI/ITeJIbHO K JIByMep-
Homy npeobpazosanuio Jlamraca. Ilycrs Ak , p,(:) K03 DUIUEHTHI 1
y3iael KOHCT obparenust npeobpasoBanus Jlamaca B 0JHOMEPHOM

cayqae (cm. rr. 2). Ionoxum B dopmyre (48) A;; = A531)A532)7Ai =

1 m
31+m1F82+m2 ZZALJ/\ '

=1 j=1

1/p(€1), i = 1/p<§2 , 1,5 =1,2,...,n, T.e. Ay obpalllenust JIByMep-
HOTO npeo6pa3013aHHﬂ Jlamyiaca BO3bMeM IIPOM3BEJCHNE OJHOMEPHBIX
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dopmys. Mbl Buzmesn, 9T0 ISt JIIOOBIX S1,S2 > 0 mpum n > 2 cupa-
BeJUINBBI HepaBeHCTBa |\, |p;| < 1. CremoBaresbHo, mus Takoii KO
IpUMeHrMa TeopeMa 9, B MaCTHOCTH orenka (52) nmeer BHT

1 — 2\ 1/2
TS (Z Z( [(s1 4 m1)l(s2 +ma) ZZAW}\ Hi )) '

m1=0m2 i=1j=1
(53)

3aMeTuM, 9TO B Hell OTCyTCTBYeT 3HAK MOJLYJIs, TOCKOJIBKY BCE CJlara-

eMble B JIBOMHOU CyMMe BEIEeCTBEHHBI B CUJLY IIOIIAPHON KOMILJIEKCHOK

COIIPSI?KEHHOCTHU y3JI0B U K03 durmero ogaomepabix KOHCT.
Ilyctb $1, 82 — HarypajbHBIE uncia. BBemem obo3HaUEHUSI

f1(s) 2 Io(2) = 2.27958530.

nPﬂm

HerpynHo yGemuThest, 4TO BeIMUNHA B NIPaBoil actu oreHku (53) mpes-
CTaBUMa B BUIE

(fi(s1)f1(52) = 2fa(s1, ALY ) fals2, AP, i)+
+fa(s1, ACY N a0, AL Mi))1/2

Eé Burunciienue Jiis KOHKPETHBIX 1, S1, S2 TPY/A He IpecTaBisgeT. Tak,
mpu s1 = So = 1 u n = 2, 3,4 noaydyaeM 3HaUCHUS

(§17€2)

o' =5.6-1072, o™ =52.1074, " =2.6.1075.

Kak BuganMm, ¢ pocToM n OHE OBICTPO YOBIBAIOT.

5%, Onminem npuMenenue IByMepHOTro mpeobpasosanus Jlammaca K
PEIIeHNIO KPaeBoil 3a1aud JJIsi YPABHEHUSI TEILIOIPOBOIHOCTH.
amno ypaBuenue

ou  d*u

S = H@), 0<e <a, t>0, (54)
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PasbickuBaeTcst €ro pellenue, y10BIeTBOPIONee HATAIbHOMY YCIAOBUIO
u(z,0) =p(z), 0<z<a

U I'PaAaHUYIHBIM YCJIOBUAM

0 0
(doaz + €0U> » =1 (t), (dlaz + ew) . = 1s(t),

rae d;,e;, 1 = 1,2 — HeKoTOpble MOCTOsTHHBIE Ynciia. IIpeamomoxum,
9TO HCKOMast (DYHKIUSA 1 BCE €€ JTaJlee BCTPEdaoNuecs IIPOU3BOIHDIE, a
rakke bysxuuun o(z), 1 (t), ¥2(t) upeobpasyemsr no Jlammacy (nanee
LISl yIpOIieHust BBIKJIAI0K cuutaeM f(xz,t) = 0). Beegem B paccmot-
penne OYHKIIHA

Ulp,q) = / Oo/ TPty £y de dt, B(p) = / e () de,
0 0 0

o= [ et dt, i= 1,2, (0,q) = / Tertu(0,0) dt,
0

0

ﬂ(a,q):/ e "u(a,t)dt, ﬂ;(O,q)zf e ! (0,t) dt,
0 0
ﬂ;(a,q):/ e ! (a,t)dt.

0

ITpumennm ByMepHOe npeobpasoBanue Jlamiaca 110 epeMEHHBIM &,
K ypasHeHuto (54):

o0 OO oo OO 2
/ / e*p‘”*qt% dx dt = / / e*m*qta—u dx dt (55)
0 0 at 0 0 83)2

U OfHOMEpHOe ITpeobpa3oBanue Jlamiaca mo ¢ K rpaHUYIHBIM yCJIOBUSIM,
KOTOpbIE€ IPUMYT BHU/I,

dOﬂlz(Oa Q) + 60ﬂ(07 Q) = E(q% dlﬂ;(aa q) + elﬂ(aa Q) = %(Q) (56)

Bynem cuurars, uro upu x > a pemenue u(x,t) paBuo myiawo. C momo-
IO UHTErPUPOBaHKs 10 YacTaM u3 (55) HaxomuMm u300pakeHue

)= pU0.0) = 2p) +7,(0,) —peula, g) = e U (a,q).

U(p,q
( p?—q

(57)
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Croza BxosaT HemsBecTHBIe BesqmuauHbl U (0,q), @’ (a,q) (nBe mpyrume
(0, q),u(a, q) TnbO BHIPAXKAIOTCS Yepe3 HUX, JIMO0 HAXOJSATCS U3 yCJIo-
Buit (56)). [TokakeM, 9TO 3TH (DYHKIMA MOTYT OLITH BHIPASKEHDI Tepe3
HU3BECTHDBIC BEJUYUHEL.

Tax Kak IPOMEXKYTOK U3MEHEHHS MEPEMEHHON & KOHEYEH, TO Ipe-
obpazopanme Jlamaaca mo x Bua

| e saan,

0

a BMeCTe ¢ HUM U JByMepHOoe npeobpasosanue U(p, ¢) CyIIECTBYIOT IPH
JII0O0M KOHEYHOM 3HAYEHUU P, KaK C HOJOKUTEJIHHON, TAK U C OTPUTIA-
TesIbHOM BemecTBeHHOH dacThio. CirenoBaresbHO, Apobb (57) momKHA
ObITH peryJispHOf IPH BCEX p, B TOM 4uc/e U IpH p = =£,/q, Korja 3Ha-
MeHaTe b paBeH HyJo. [loaToMy TpupaBHsIeM HYJIIO YUCTUTEH JIpOoOH
(57) mpu p = /g mu p = —,/q. I3 smuX OBYX ypaBHeHMil BeJMYHHLI
u!.(0,q),u’(a,q) OMHOZHATHO OLPE/EIIAIOTCSL.

Urak, nzobpaxenune U(p,q) nsectHo. [Janee BbIOupaem 3HAYEHHUsI
[IapaMeTPOB S1, So B 3aBUCHMOCTHU OT CKOPOCTHU YOBIBAHMS M300PaKEHUS
10 TIEpEMEHHBIM P, ¢ 1 npuMensem K@ obparmenns. HamomamM, 910 B
cJIydae OrpaHUIEHHOTO OPUTHHAJA CJEYEeT MOJOKUThL S1 = So = 1.

K coxanenuio, upu ¢ — a (¢ < a) upubiruKeHHble pelleHus Oy LyT
cojiepKaTh OOJIBIIYIO OIMTUOKY, UTO OObSICHIETCS PA3PbIBOM OPUTHHAJIA
upu & = a, u6o Mbl mojokmwin u(z,t) = 0 Opu T > a HE3ABHCHMO
or 3uavenuit u(a,t). Hamomuum, uro dopmyna obpamenns Puvana-
Meutnaa focTaBiseT 3HAYEHUE OPUTUHAJA B TOYKE €ro HEIPEePLIBHO-
CTH ¥ TIOJIYyCYMMY 3HAYEHUI CJIeBa U CIIPABa OT TOYKHU Pa3pbIBa B CJIydIae
pasphiBa IEPBOrO Poja, TaK ITO B HAIEM CJIydae MPUOJIMKEHHBIH pe-
3yJIBTAT MPU T — G OYJET OTJIMYIATBCS OT TOYHOIO MPAKTUIECKH B JIBA
pasa (cM. Tabu. 2).

TTokaxkem, KaKk MOXKHO YCTPAHUTH Ty OCOOEHHOCTD.

Bsenem B pacemorpenne GpyHKITHIO

0, 0<z<a,t>0,

v(z,t) =
(2,7) u(a,t), = >a, t>0.

Pazymeercs, dyukuus u(a,t) HAM HEU3BECTHA, HO €€ M300paKeHUe

V(a,q):/ e_qtu(a,t)dt
0
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HAXOJUTCsT U3 BTOPOro ypasHeHus! B (56):

Via,q) = 2219 = lem(a’q).

Oyuknusa uq(x,t) = u(z,t) +v(x,t) B obaactu 0 < x < a, t > 0 coBma-
) ) ) 9

JIAeT C UCKOMBIM DEIIeHNEM U HEIIPEPBIBHA IIPU BCEX ITOJIOKUTEbHBIX

3HadeHusx T,t. Eé nBymepHoe mpeobpasoBanue Jlamaca paBHO

e pa

Ui(p,q) = Ulp,q) + V(a,q), (58)

TaK KaK

[ ehyiie e} 1
/ / e P y(z,t)dzdt = = e PV (a,q)
0 Jo p

(mox U (p, q) monpasymeBaercs Beamauta (57)). B gactroctn, B KO (48)
npu s; = s9 = 1 ucnoswsyercs dbyukuus (42), comepKarias 3HAUCHAS
byHKIMN

©11(p,q) = paU(p, q) + qe "V (a, q).

IIpumep. PaccmarpuBaercs 3a1a4a

ou  0%u

—_— == 1, ¢

9% a2 0<x<l, t>0,
u(z,0) =z,

U g et Ou)  _
(u 8x>z_0 B 2(1 ‘ )’ <u+ ax)x—l -

Ilis obpanienus npeobpasoBanus Jlammaca ucnosnb3osaiach KO (48),
MOJIyYEHHAS TP §1 = So = 1 NPOU3BEIEHUEM OJHOMEDPHBIX (hOPMYJI
st n = 8. B nepBoMm ciryuae obpainasnocs nzobpazkenue (57), a Bo BTo-
pom — m3obpaxkenue (58). Iljisi cpaBHEHUs 9Ta Ke 3aJaua pelaaach
TPETHUM CIIOCOBOM — PA3HOCTHBIM METOJOM IO HESBHON [IeCTUTOYeY-
HOI Pa3HOCTHON CXeMe C MPUMEHEHHEM MeTOJIa IMPOTOHKH Ha KarKJIOM
BpeMmeHHOM cJiioe ¢ tmaramu 7 = 0.05 o mepemennoit t u h = 0.025 o
nepemenHoit x. B Tabs1. 2 mpuBeIeHBI Oy YeHHbIE OIIMCAHHBIMUA TPEMS
criocobamu 3HadeHus u(z, 2).

BuHo, 9TO BO BTOPOM M TpeTheM CJIydasX PeHIeHust OJUZKU APYyT
K JIPYTY, B TO BPeMsl KaK B IIEPBOM CJIydae B OKPECTHOCTH TOYKH T = 1
MTPOUCXOIAT PE3KOE M3MEHEHNE PEIeHust, Iero U CJAEJIOBATIO OXKUIAT.
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Bo BTOpoMm ciydae B OKpPECTHOCTH TOUYKHM & = 1 peIllleHne MpakThde-
CKH HE MEHSIETCsI, UTO U OBLIO 3aJI0’KEHO B CAMOM CIIocobe yCTpaHeHUst
pas3phIBa.

Tabauya 2

Suauenus u(z,2)

x | cmocob 1 | cmocob 2 | crocob 3
0.1 1.0359 1.0359 1.0347
0.2 1.0182 1.0182 1.0142
0.3 1.0037 1.0037 1.0010
0.4 0.9923 0.9924 0.9927
0.5 0.9828 0.9840 0.9840
0.6 0.9806 0.9780 0.9776
0.7 | 0.9638 0.9738 0.9734
0.8 1.0149 0.9713 0.9714
0.9 0.9052 0.9704 0.9704
1.0 0.5339 0.9708 0.9732

Bameganue 7. B mpegenbHOM ciaydae a = 00 3a/1a9a yCTPAHEHHST
pa3pbIBa HE BO3HUKAET, U LPEJJIOKEHHAS METOIUKA 0600IaeT N3BeCT-
uyo (cm. [14]) Ha ciaydait nepsoro u3 rpannuabix yeuosuit (56). Ilpu
a < oo mMerojuka [14] menpumennma. OTMernm, 9To npu OOpAaIEHUH
npeobpazoBanus Jlannaca MpubIMIKEHHOE PENEHNE ONPEJEIAETCs 110
3aJIAHHBIM KOODJIMHATAM T, { HE3ABHCHMO JIDYT OT JIPYTa, B OTJIUIHE OT
PA3HOCTHBIX METOJIOB, [JIe PEIEHNE ONPEIEIISETCS MOCTIEI0BATEIBHO HA
BPEMEHHBIX CJIOsX. B HacrosimeM naparpade H3/I0KeHHe pe3ysibTaToB
caemyer paboram [40, 44, 8|.
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I'hasa 4

OBOBIIEHHBIE KBA/IPATYPHBIE ®OPMYVYJIBI
HANBBICIITEN CTEIIEH TOYHOCTU OBPAIITEHUN A
ITPEOBPA3SOBAHUA JIAIIJIACA

§ 1. IlocranoBka 3ama4un

Hanomaum, uro KOHCT 1o mocrpoeHnto TOYHA JJjisi OPUTMHAJIOB
suga t°1Qa,_1(t), 116 Qo,_1 — JFOGOI MHOTOUJICH CTENeHN He BhIIIe
2n — 1. B npenosoxkennn cymecrsoBanus 3uadennit f(+0), f(+o00) n
OTPaHWYEHHOCTH OpPUTHHAJA cjemyeT mojarate s = 1, torma KOHCT
nmpu t — 0 u ¢t — 0O HIPUBOJIUT K TOYHOMY PE3yJIbTATY, TaK KaK CyM-
Ma ko3pdunuenroB KOHCT pasHa enunuiie. 3aMeTUM, 9TO MIPEIEIIb-
Hble 3HaUenus opuruHana f(+0), f(400), ecian OHI CYIIECTBYIOT, MOT'YT
OBITH BBIYUCJIEHBI IO (POPMYJIAM

f(+0) = lim pF(p), f(+o0) = limpF(p).

K coxanennio, KODHCT mioxo mpucmnocobsieHbl [1iist 0Oparienust
n300paXKeHuit, COOTBETCTBYIOMIMX MEJJIEHHO MPOTEKAIONIUM JIJINTE b
HBIM TIporieccaM. Tak, B 3aja4ax JMHENRHON Bsi3koynpyrocTu [38], oru-
CBHIBAOIIIX HAIPSKEHHOE COCTOSIHUE HA OCHOBE OIPEJIEIISIIONIEr0 CO-
orHorenus Boabimana—Bosbreppa (IpOCTPaHCTBEHHBIE KOODIMHATHI
HIKE U1 IIPOCTOTHI OIYIIEHb! ), JedOpMAIiU € U HAIPSZKEHUs 0 CBsl-
3aHbI coOTHOIIeHNnEeM (00001EHHbBI 3aKoH ['yka)

“(t) = % <a(t) + )\/OtK(t — Fo(r) d7> . (1)

Iepsoe ciaraemoe crpasa B (1) cooTBeTcTBYeT MrHOBEHHOI Jedop-
Maluy, a BTOpoe — HaCJeACTBeHHOH medopmanuu. Kak npasmio, u3
SKCIIEPUMEHTA, ONPEAEAeTCsS (DYHKIUSA MMOJ3yICCTH MATEPHaJIa, — 3Ha-
venue npasoil yacru (1) upu o = const, T.e.

e(t) = % <1 Jr)\/OtK(T) d7> . 2)

Baxkwueiimmeit 3a7a1deit CTAHOBUTCST BHIOOD TOIXOISAIIETO siapa K wH-
TerpajbHoro ypasrenus (1), omnpegessoniero (byHKIHMIO HOJI3Y4YeCTH
(2). dnpo K JOIKHO MMETH HHTETPHPYEMYIO OCOOEHHOCTD B TOUKe t =
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0. Yare Bcero B KauecTBE TAKOBOTO 6€PYT JPOOHO-IKCIIOHEHITHATHHY IO
dbyuxmuo Padornosa [38] (pesosbpenta sijapa Abeds)

(ptite)t

Sa(ﬁ’t):tagor((1+a)(1+k))’ —-1<a<0. (3)

Criocob orpe/iesieHnsi TapaMeTpoB JIPOOHO-IKCIIOHEHITHAIBLHON (DYHK-
U TI0 U3MEPEHHO (DYHKIMY TI0J3yIecTr onucad B pabore [16].

WarerpaJt or 3T0ro sijpa mo noJjryocu t > 0 10JKeH ObITh KOHEYHBIM,
st gero Heobxomumo [ < 0. He ymanss obmuocTH, gasiee camTaeMm
B = —1, n nyctb cuMBOI D, (t) 03HATAET Dy (—1,1).

B macnencreennoit MexaHuWKe TBEDIOrO Teja HaApsAy ¢ QyHKImei
(3) MIMPOKO MCHONB3YETCsI U UHTErPAJ OT HEe C [ePeMEeHHBIM BEPXHUM
npesesom. J1jist obsierdeHus UCIOIb30BAHNS ITHX BEJIMYMH COCTABJIEHBI
rabrunpl GyHKImit [38]

¢
Fi(a,z) =t7*D4(z), Fa(a,z)= t*‘kl/ Du(r)dr, x =t
0

Bamerum, uto Fi(a,r) = Ey/q(—x,a), a=a+1,rrae

Z’Vl

Ft) = 2 )

ects Gynkims Murrar-JIedbdmaepa [13].

OjHaKo IpU pelleHnH KOHKPETHBIX 33734 HeoOXOJAUMO BBOIUTH B
HAMSATDH BLIYUCIUTEIHLHOM MAIIMHBI YaCTU 3TUX TabJIMII, COOTBETCTBYIO-
mye HailIeHHBIM IIapaMeTpaM S, — (QYHKIHUI, KOTOphIe 3apaHee Heus-
BECTHBI W ONPEJIENSIIOTCST B TIPOTIECCE PEIeHNs 337a9u (M B UTOTe Ta-
KOBBIX B TabJIMIEe MOXKeT He OKa3aThCsl). IIpn M3MeHeHNn mapaMeTpoB
OPUXOJUTCA 3Ty PabOTy IPOAETBIBATE 3aHOBO, YTO HEYIOOHO W COMpH-
2KEHO C BHECEHUEM OIUOOK.

IMpumensig npeobpazosanue Jlamnaca K ypasaenuio (1), mosydaem

_ 1 A _
5(P):E <1+p°‘+1—ﬁ> a(p). (4)
B gactHocTH, n3obpaxkenune OyHKINH MMOJI3YIECTH PABHO
_ c A
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IIpumensiz mpeobpaszoBamne Jlammaca K ypaBHEHUIO JBUKEHUsT CPEJIDBI,
HOJIy UM BTOPOE COOTHOIIeHNe Mexk Ly E(p) u 7(p), a 3aTeM, UCIIOIb3Ys
(4), naiiném £(p) u o(p). Ecim uckombie dynkuuu (t) u o(t) orpanu-
YEHBI, TO MOXKHO IIOJIOKUTH § = 1 U B KauecTBe @4 (p) paccMaTpuBaTh
dyukuuu pg(p) u po(p). Ouu 3aBucar dakrudecku o p, a = o + 1.
3ameTuM, UTO JJIs PEasbHbIX PONECCOB JehOPMUPOBAHUS 3HAUEHUE
5 MOYKHO YBEJMYHMTh: Tak, nzobparkeHue 1o Jlamaacy BTOpOro cjara-
eMoro B (2), OIpPEeAEIAIONEro HACACACTBEHHYIO 1edhOPMAIMIO, PABHO
M (p(p® — B)), u MoxkHO OI0KUTH § = 1 + a. Vckomble pentennst £(t)
u o(t) HA KOHEYHOM 110 ¢ OTpPe3Ke BPEMEHH JOIYCKAIOT XOPOIIUE [IPH-
ommkennst Buja t°7 Q) mpm 0 < a < 1, rme Q(t) — HexkoTopwIit
MHOI'O4YJIEH, " HpI/I yl\leHbIIIeHI/II/I a CKOpOCTb NX U3MEHEHUA yl\’IeHbIIIa—
eTcs.

B takom cirygaae nesecoobpasuo Bmecro KOHCT mocrpours u nc-
MIOJIb30BATh 0DO0ODIIEHHBIE KBAIPATYPHBIE (DOPMYJIBI HAMBBICIIIEH CTEIe-
mn roanoctn (OK®HCT), tounbie mas dbynxmait o(p) = p~ 4,5 =
0,2n — 1, wm jyig opuruHajoB Buaa t* 1 Qan_1(t%) (Q2n_1 — mpous-
BOJILHBII MHOTOYJIEH ), TJE @ — JIFO0O0E MOJIOKUTEILHOE IUCIO (HAnOO0 b
muii uHTEpec npejcrapiser ciaydail a € (0, 1]).

Takue dopmysnbl 6buM BBeZeHbl B pabore [41] u uccienoBanbl B
crarbe [45]. Pesysbrarbl ux npuMeHeHUs K DEIIEHUIO MPAKTUYECKUX
3aza4 conepxkarcs B [16].

§ 2. O6oOIIEHHBIE KBaAPATYPHbIE (POPMYJIbI HAUBBICIIEH
CTEMEeHU TOYHOCTHU

PaccmaTrpuBaercst kBajpatypHas dhopmyia

1 c+ioco B n
e’p*po(p)dp ~ Y Arp(p) (6)

27 J oo Pt

C y3JIaMH B [IPaBOIl OJIYILUIOCKOCTH, B KOTOPOii ¢ (p) peryispua. [lorpe-
Byem, aT06bI hopmya (6) 6bLia ToaHa JTst DyHKIWME ©(p) = p~*", m =
0,1,...,n —1 (1.e. obnanana (n — 1)-cBoiicTBOM), TJ€ @ — HEKOTOPOE
buKCcIpOBaHHOE OIOKUTETHLHOE TUCTO. DTO TPeOGOBAHUE PABHOCHIBHO

YCJI0BUAM

n
1
App, M= ————— =0,1,...,n—1 7
; kpk; F(s—l—am)’ m )y y ’ ( )
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KOTOpBIE GyJleM HA3bIBATH YCJIOBUSIMH HWHTEPIOJSIIIUOHHOCTH, & CaMy
dbopmyiy (6) naTepnosimnonHoi. Yeaosust (7) SKBUBaJEHTHBI (HOPMY-
Jlam ‘
Ak _ i c+1i00 - wn(p*“)
2mi c—100 (pia 7p];a)w;),(plza)

dp, (8)

i

wa(@) = [] (@ —pi®). 9)
k=1

Kak u B ciiyuae KOHCT ecrecTBEeHHO IMOCTaBUTH 33149y [TOCTPOEHUSI
dopMyJI HAUBBICIIIEH CTEIIeHN TOYHOCTH 3a CYET BbIOOPA Y3JIOB.

Teopema 1. st roro urober ¢opmyna (6) obiagana (2n — 1)-
CBOHCTBOM, HEOOXOUMO H JIOCTATOYIHO BBIMOJTHEHHUS JBYX YCJIOBHI:

1) popmyina (6) nHTEPHONAIHOHHASI, T. €. €€ KO3(DDHUIMEHTBI BBEIUHC-
Jsstrorest 1o opmyie (8);

2) nocrpoenusrii 110 y3jam ¢opmysisr MHOrOWIeH (9) yaoBaeTBopsier
VCJIOBHSAM OPTOTOHAJIBHOCTH

c+ioco
/ ELp Pw,(p”)p ™dp=0, m=0,1,...,n— 1. (10)

c—i00

Hokazarenbcrso. Ilyers dpopmyna (6) obnamaer (2n — 1)-cBoii-
crBoM. OYeBHIHO, YTO OHA WHTEPIOJISINOHHAS. BO3BMEM TPOU3BOIIB-
HBIA MHOTOUYJIEH (p,—1(p~%) M PACCMOTPUM HHTEIPAJ

1 c+ioco _— . —ay g
% e ep wn(p )Qn—l(p ) P -
Tak Kak wy (p~*)@Qn—1(p~*) ecTb MHOrOUIEH OT P~ % CTENEHN He BbIIIe
2n — 1, TO 3TOT UHTErpaJl TOYHO BbluucJsercd no dbopmyse (6), 4ro
naét mysesoe 3uadenue. Ciie10BaTeIbHO, BTOPOE YCJIOBHE BBITIOJTHEHO.
ITycThb Teneph BBHINOJIHEHBI yeiaoBus 1)—2) Teopembl. BosbMéM mpo-
U3BOJIBHBIN MHOrOWIEH Poy, 1 (p~%) u pasmesnum ero Ha wy,(p~%):

P2n—1(p7a) = Wn(pia)Qn—l(pia) + Rn—l(pia)'

CreoBaTebHO,

1 c+io00
2mi / e’p *Pyy—1(p™*)dp =

210 Jo—ioo
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1 c+ioco
- = ePp=5w —a B —ay 4
2 Joion p n(P™")Qn—1(p™") dp+
1 c+ioco
— ePp  R_1(p~ ) dp.
omi ), €7 1(p™*)dp
[epBbiit MHTErPAJ 110 YCJIOBUIO 2) PaBeH HYJIO, a BTOPO# WHTerpaJ mo

yCI0BHIO 1) TOYHO paBeH

n n
E AcRn1 (pr) = E APt (pi?)
k=1 k=1
T.e. dopmyma (6) obmamaer (2n — 1)-ceoitcreom. [

JokazaHHas TeOpeMa CBOAUT BOIPOC O CYIIECTBOBAHUY KBAPATYP-
Hoit popmytst (6) ¢ (2n — 1)-cBOIICTBOM K CYIECTBOBAHHUIO MHOIOUJIEHA
wn () Buga (9), yrosaersopsiomero ycaosuio (10).

JIemma 1. /Ijist si06bIX MOJIOKATEIBHBIX TUCE]T G, S H HPH JIOOOM
[eJIOM HEOTPHIJATEIBHOM . ONMPEIECTHTE b

1/T(s) 1/T(s+a) 1/T(s 4+ ma)
1/T(s+a) 1/T(s + 2a) .. 1/T(s+ (m+1)a) (11)
1/T(s+ma) 1T(s+(m+1)a) ... 1/T(s+2ma)

OoT/IN9€eH OT HYJIA.

HoxkaszartennbcTBo. nsg m = 1 yrBep:xkaenue odepuano. Ilycts
m > 1. JIOMHOXKUM NEPBYIO CTPOKY M MEPBBIH CTOJIOEI OIPEIeIUTENs
Ha I'(s/2), Bropyto cTpoky u BTOpOii cTosGer; — Ha I'(s/2 + a), u Tak
Jlasiee, MOCJIE THIO CTPOKY | nocJieiuuii croaber; — Ha I'(s/24+ma). Bee
3TH 9HUCJIa HE PABHBI HYJTIO. BOCIIONBb3yeMcst M3BECTHBIM COOTHOIEHUEM
Mexay B- u I-dyukuusvu Ditepa

T 1
B(z,y) = g((x)i(z’)) = /O (1 — )Y,

B pe3yJIbTaTe Yero IMOoJIyYUM OIpeaesuTe b

B(s/2,s/2) B(s/2,s8/2 + ma)
B(s/2+4a,s/2) ... B(s/2+a,s/2+ ma) (12)
B(s/2+ma,5/2) ... B(s/2+ma,s/2+ma)
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Teneps paccMOTPUM OIHOPOJHYIO CHCTEMY YDPaBHEHHUI OTHOCUTEJHHO
HEU3BECTHBIX BEIECTBEHHBIX YHCEL Cq, . . . , Cy

coB(s/2,5/2) + ...+ cmB(s/2,5/2 + ma) = 0,

coB(s/2+ma,s/2)+ ...+ ¢ B(s/2 4+ ma,s/2 + ma) =0,
WM B MHTErpaibHoi hopme
1
/ﬂmwﬁWLJ@—wfhﬁ:O,k:OJw“,m, (14)
0

rie
p(t) = [t(1—t)*/*7, Qum(z) =co+ciz+ -+ cpa™

CaeroBaresibro, g Joboro muorowiena P, (x) Gyzer cupaseijmso
pPaBEHCTBO

1
/0 D) Pon (1) Qun (1 — 1)%) dlt = 0. (15)

Ecisin muorouwnen @, (x) TOXKIECTBEHHO HE PABEH HYJIIO, TO OH HE MOXKET
umers Ha (0,1) Gosee m paziaudHbIX KopHeil. B cuity npousBosibHOCTH
MOXKHO TakK BblOparb MHOrodien P, (x) ¢ BemecrsennbiMu Koabdu-
rreHTamMu, 9To0bl GyHKIWs P, (t%) mensuta 3Hak Ha (0,1) B Tex xe
Toukax, uro u Qn,[(1 — t)?]. Ho B TakoM cirydae MHTerpaj OTJInIeH
or HyJs. 3HAUMT, ycjaoBus (13) BBITOIHSAIOTCS UL Uit @, (z) = 0,
1. e. cucrema (13) umeeT TOJILKO TPUBUAJIBHOE DEIEHUE, YTO BO3MOXK-
HO JIMIIb B cjlydae, Korja oba oupeseiurens (12), (11) ormmvubr or
HyJ1s.0]

Teopema 2. Muorowien wy,(x) Buga (9), yaoBaerBopsromuii ycio-
BusaM (10), cymmecTByeT u eIUHCTBEH.

JlokazaTeabcTBO. VICKOMBIN MHOTOYJIEH 3AIMIIEM B BUJE

wp(x) = 2™ + byt + -+ + b,. Kax ussectHo,
1 c+ioco 1
p—a g
e'ptdp = 5
c—1i00 (O()
[IO3TOMY YCJIOBHSI OPTOINOHAJIBHOCTH PaBHOCUJILHBI CUCTEME YpPaBHEHU
OTHOCHTEJIHO HEM3BECTHBIX KO3 UIUEHTOB by, ..., b, :
b T bn 1

s+ (n+k—1)a) I'[s + kal T[s + (n+ k)a]’

k=01,...,n—1.

— >0,
o @
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OmupeiemuTesb 3TOH CHCTEMBI 110 JIeMMe 1 OTJIMIeH OT HyJisd, TaK 9TO y
HeE CyIIeCTBYeT eJIMHCTBEHHOe (BelecTBeHHoe) penenue. [

Urak, MHOrOUYWIEH Wy, (), ONpeessomuil y3/bl 0606IEHHON KBa/I-
patypHoii domyssr Hausbiciiedi crenern Tounoctn (OKOHCT) ¢ (2n—
1)-cBoiicTBoM, onpenensierca oguosuaquno. Ipu a = 1 OKOHCT cos-
magaor ¢ KOHCT, mocTpoeHHBIMU paHee, U UX Y3JIbl, KAK OBLIO ITOKa~
3aHO, MTPOCThIE. 3HAYUT, U B HEKOTOPOI OKPECTHOCTH TOYKHU ¢ = 1 Bce
Toukn p, “ raxxke npocrsie. Ipu nocrpoernn OKPHCT nia pasmad-
HBIX 3HAYEHU N, S, @ y3JIbI BCET 1A OKA3bIBAJIICH IIOIAPHO PA3INYHBIMU.
Buaumo, yTeBep:KiieHre O MPOCTOTE KOPHEH CIIPaBeJIMBO MPU JIIOOOM
a > 0, OIHAKO ero JI0Ka3aTe/IbCTBOM MbI HE PACIOJIATaeM.

§ 3. PacnoJioxkeHune y3Ji0B ODOOIIEHHBIX KBaJApPaTypPHbBIX
dopmys1 HauBBICIIIEH CTEIIeHU TOYHOCTHU

B mpenpiaymem nmaparpade ObLIn mpuBeIeHbl HEOOXOIUMbBIE U JI0-
craTouHble yeaosus Toro, yro K® obmamaer (2n — 1)-ceoiicreom. To-
KaXKeM, UTO 9TO HAUBBICIIAsT BO3MOXKHASI CTEIIEHh TOYHOCTH.

Teopema 3. IIpu Jrio6oM BbIGOPE y3J10B KBAIpaTypHAsT (POPMYyJIa ¢
N y3/aMH He MOXKET 00J1a/]aTh 2n-CBOHCTBOM.

HoxkazartenbcrBo. Eciim KO obmamaer 2n-cBoiicTBOM, TO OHA
obuazaer u (2n — 1)-cBoiicTBoM. 3HAUUT, €€ Y3JIbl OJHO3HAYHO OLPE-
nesisttorest Teopemoit 1. BosbMéM 1ponsBosibHBIN MHOTOWIEH @, (2) ¢
BeIeCTBeHHbIME Ko durpentaMu u moJaokuM Po, (z) = w, (2)Qy ().
Ero kosdbdunmenTs BemecTBeHHb. PaccMOTPUM MHTErPaJT

1 c+i00o
ePpT Py (p™®) dp. (16)

c—100

2mi

[Tpumenenne Kk Hemy OK®HCT paér myseBoit pesyiabrar. C apyroi
CTOPOHBI, B IIPEJICTABJICHIN

p " Pan(p?) = [p75/2wn(p7a)} [pistn(pia)]

00a COMHOXKUTEJISI CyTh n300pakeHust (OyHKIH

file) = 232710, (2%, fo(z) = 2¥/27 g, (2%),
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rie ,(x), gn(r) — MHOTOUIEHBI C BelecTBeHHBIME KoabdunneHTamu,
tak uto uHTerpan (16) pasen sHadenuto céprru (f1 * f2)(t) B TouKe
t =1, T.e. maTErpPATY

/0 (1 — )220, (2)gn[(1 — 2)] da

Dror nrrerpasn umeer suzx (15), u K Tomy ke MHOTOWIeH ), (x) oTin-
YeH OT HyJIsl, TaK KaK IIOPOXKJIAIONIUH €r0 MHOTOUWIEH Wy, () He HYJIeBOii.
Ho torza, Kak GbLIO TIOKA3aHO BBIIIE, MOXKHO TaK BbIOpaTh Q. (), mo-
POXKJIAIONINH MHOTOYWIEH ¢y, (Z), 9TO HHTErpaJ OyJer OTJINIeH OT HYJIs.
Crenosarensno, OKOHCT mia unrerpana (15) me rouna.l
ITepeiiém k Borpocy o pacrosioxkenunn y3j08 OKOHCT.

Teopema 4. Yziasr OKPHCT y0BgeTBOPSIIOT HEPABEHCTBAM
Re(py) >0, k=1,2,...,n.

HdokasarensbcrBo. CHadasa PACCMOTPUM CJIydail BEIIECTBEHHBIX
KOpHeli (Takue Bceja CyIECTBYIOT Ipu HedérHoM n). Ilycrs r — Be-
IIECTBEHHBII KOpeHb ypasHeHus wy (z) = 0. CrenosarensHo, wy () =
(z — r)Qn-1(x), rne Qn—1(T) — HEKOTOPBII MHOIOWIEH C BEIIECTBEH-
HbIME KodbdunmenTaMu. 3anuiieM ycjaosue oprororagbroct (10) B
BUJE

1 c+ico

o | e =l Qs P () dp =0,
C—100 (17)

rae «, 3,7y — Jo0ble MOJIOKUTEIBHBIE YUC/Ia TaKue, 910 & + B+ = s,
a P,_1(x) — IpOU3BOJIbHBIA MHOIOWIEH C BelIeCTBEHHbIMU KO3(bbu-
rmeaTamu. O4YeBUIHO, KaXK1ast KBaJpaTHas CKOOKa ecTh n300pakeHue,
pUYEM IIepBasi UX HUX COOTBETCTBYET OPUIMHAJLY

o t® r
fl(t):t ! F(a—l—a)if‘(a) )

a JIBe JIpDyTHe COOTBETCTBYIOT (DYHKIHAM
fo(t) =P g1 (t), f3(t) =87 pa_1(t?),

rie ¢n—1(x), Pn—1(2) — HEKOTOPBIE MHOIOWIEHBI C BEIECTBEHHBIME KO-
sbdurmenramu. Jlesas gacrs (17) ecrb dopmysa obpamennst upu t =
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1, T.e. OHA paBHA 3HAYEHWIO OPUTMHAJIA, COOTBETCTBYIONIETO ITPOU3BE-
JIEHUIO0 TPEX m3obpakeHnil, sxonsmux B (17), 1 9TOT OPUTHHAT €CTh
cBEpTKa f1 * fo * f3, 3HAUYeHME KOTOPOi B ToUKe ¢t = 1 paBHO MHTErpaJLy
B jieBoil wactu dopmyist (17). @yuxuusa fi1(t) npu r < 0 3HAKOIOCTO-
auna Ha (0, 1), a dyuxmun fa(t), f3(t) umeror na (0, 1) He Gosee n — 1
KOpHell Kaxkas. 3HauuT, cBéprka f1 * fo umeer ua (0, 1) He Gosiee n— 1
KOpHeil (MHTerprupoBaHue 10 HEKOTOPOMY OTPE3KY HE YBEJIMUNBAET UhC-
Jia KopHeil unrerpupyemoii pykuun). Jasee, Kak U BbIIIE, MOXKHO TaK
BBIOPATH MHOIOWIEH Dy, —1 (), 9TO B CBEPTKE ( f1* f2)* f3 mopbIHTErpAJIL-
Has QYHKIMs OyJIeT 3HAKOIOCTOAHHA, TAK ITO CBEPTKA OyAeT OTIMIHA
OT HyJIsd, 9TO HpoTHBOpednT pasencTsy (17). Mrak, nHeobxomumo r > 0.
IlepeiiéM K CIIydaro KOMILIEKCHBIX KOpHeit: 1mycThb wy,(z) = (22 +
2bx 4 ¢)Qp—2(x), upuuém ancsa b, ¢ 1 Bce K03hPUIUEHTH MHOTOUIEHA
Q.. 2(x) BemecTBEHHBI, W BHIOJHEHO HEPABEHCTBO b? < ¢, T.e. KOPHU
KOMIIEKCHBI U compsizkenbl. [Ipenmosoxum, aro b > 0. Ilo amamoruu c
PEJBLY UM CIy9IaeM 3aluIeM yCJIOBHE OPTOTOHAJIBHOCTH B BUJIE

1 c+ioco B B B B B
o Plp~(p~2 +2bp~* +0)|[p P Qn_2(p~*)]x
T Je—ico

X [p " Pa1(p™)]dp=0, a,8,vy>0, a+8+~v=s. (18)

IIepBoit kKBaIpaTHOI CKOOKE OTBEYIAET OPUTHHA

a-l e +2b r +c !
(o + 2a) IMNa+a) T(a)]’

He Mensitormuit 3Haka Ha (0,1). Ero ¢cBEpTKa ¢ OpUrMHAIOM, OTBEYAIO-
meM BTOpoii ckoOke, numeer Ha (0, 1) He Gosiee n — 2 KopHeii, a 3a c4ér
BbI0Opa Py, _1 () MOXKHO CIIeJIaTh BCIO CBEPTKY 3HAKOIIOCTOSIHHOM, & TeM
caMbIM U uHTerpaJ cjaesa B (18) OTIMYHBIM OT HyJIsl, YTO IIPOTUBOPEIUT
pasencTBy (18). Suauur, b < 0, 4ro u J0Ka3bIBaeT Teopemy. [

Cnencreue. Yaapr KOHCT (cm. i 2) npunaiexkar HpaBoi
ITOJTY IJIOCKOCTH.
910 yTBEpKJeHNE BhITEKAeT u3 TeopeMbl 4 pu a = 1.
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§ 4. CxonumocTh OGODIEHHBIX KBaAPATyPHBIX (pOopMYyJT
HAWBBICIIIEH CTEIEeHN TOYHOCTU

ITycrs npu HekoropoM s > 0 byukiws ¢4(p) = p °F(p) peryispHa B
nosytockoctu Re p > 0. IIpeobpasyem bopmysy obparenus: Pumana-
Mennuna K BUIY

1 c+ioo
t)=— eP'p® dp. 19

10 =55 [ e (19)

Barem mpencrasisieM @g(p) B BHJE CyMMbI HHTEPIOJISAIMOHHOTO MHO-
rowrena Jysg weé mo yziaam OKOHCT u norpentHoctu HHTEPIOJIANNN
Tn (s, p) (cM. 1.2 § 1). g BeIMHCIEHNS IIepBOro caaraemoro B (19)

npumenum OKOHCT:

ts—l

c+ioo n
/ e’ s (p/t)dp ~ Y Arps(pr/t), (20)

210 Jo—ioo Pt

a BTOPOE CJIAraeMOe €CTh TIOrPentHocTh Ry, (s, t) OK@HCT (20), koro-
pasi BBIPAXKAETCS 9epe3 MOIPENTHOCTh MHTEPHOJIAHHA Ty (s, D) dDyHK-
n @, (p) 1o eé 3HadeHusM B y3iaax HOpMyIIon

1 c+io0
R, (ps,t) = %/ 4 e’ p = r, (ps, p) dp. (21)
C—100

Hagesrbes ma cxomumocts OKOHCT MOXKHO TOIBKO HPU CXOIU-
MOCTHU MHTEPIIOJIAIMOHHOTO MIPOIECCa, MOITOMY HMCCJIEOBAHNE HATHEM
C U3YyYeHHUsI CXOJUMOCTU MHTEPIIOJUPOBAHUSI.

Hasiee cumraeM, 9to byHKIUsS @s(p) = p*F(p) 3aBucur junb oT
p% T.e @s(p) = P(p*). B arom ciryuae KaK MHTEPIIOIAIMOHHBIA MHO-
rowreH 1yt @4 (p) = p*F(p), Tak 1 HOrPENIHOCTD UHTEPHOJIAMU TAKKE
3aBUCAT JIUIIb OT P %, ¥ HOTOMY HOI'PENIHOCT UHTepIoAmy B (21) na-
Jiee OyieM 0603HAYATH Kak Ty (s, p®). Ilomokum w = p® u npegoso-
JKHM, 9TO BCe 0cobble ToUKN dyHKIuK P(w) pacrnosoKeHsbl B KOHEIHOI
qacTu nosgyniaockoctu Rew < 0.

B pesymbraTe 3aMeHBI IEpEMEHHON

a—w
z =

, a>0, (22)
a—+w

oty Iockoctb Rew > 0 korndopmHO oTobpazkaercss Ha Kpyr |z| < 1,
Ha KOTOPOM (DYHKITHSI

Dy (2) = P(a(l - 2)/(1 + 2)) (23)
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3aBes1oMo peryiisipHa. Ecim Bce ocobble Touku ®(w) comepkarcs B Kpy-
re |w — wo| < rg, wo < 0,wg + ro < 0, HA TPaHUIE KOTOPOTO JIEKUT
xoTe 6Bl otHa 0cobast Touka P (w) M KOTOPHI BUJIEH W3 Havasa KOOp-
JNUHAT TOJ, HAMMEHBIIHM YIJIOM, & B Ka4eCTBe ¢ B3ATh JJIMHY OTPE3Ka
KacaTeJIbHOH K 3TOMy KpPyTy OT TOYKH KACAHHSA [0 HAYasa KOODJIHU-
Hat, T. €. a = \Jwi —rg , To dyuknus (23) Gyaer perysispHa B Kpyre
|z| < p, p=(a—w1)/(a+w1), tae wy = wo+ry. lIpu aToM B crity BBIIIE
CKa3aHHOTO Ha OKPY?KHOCTH |z| = p JiesKuT X0Ts GBI 0/fHA 0CObast TOUKA
dyuxun (23). 3amena (22) orobpazkaer npsiMyo Re w = 0 Ha OKpyXk-

HoCTh |z| = 1, a juuuio uHTerpupoBaHusd B (21) — HAa OKPYKHOCTH
Buga |z + (1 —€)| = ¢, 0 < € < 1, PACIOJIOKEHHYIO BHYTDH OKPYK-
Hocru |z| = 1 n kacarouryrocst ee B Touke z = —1. Touku wy = p§

orobpazkalTcst BHyTpb Kpyra |z]| < 1.

Cuenys pabore [16], nagum

Ounpenmenenue. llycts F, B, G — He mycTble 3aMKHYThIE OTDAHU-
YeHHBIE MHOXKECTBA TOYEK KOMILJIEKCHON TuIocKocTH 2z, ipudeMm F' C G
u B C G. Byzmem rosopurb, uto BhINOMHEHO ycsosue {F, B, G}, ecim
Juis Beskoit yuknuu f(z), peryasproit na G, npu JiioGoM BLIGOpE T10-
CJIEJIOBATEIbHOCTHU Y3JI0B MHTEPIIOJIMPOBAHUS z,(cn) k=1,2,...,n, n=
1,2,..., u3 goboro nmogmuoxkecTBa F* C F' mocjienoBaTeIbHOCTD WH-
TEPIOJIIUOHHBIX MHOIOWIEHOB i dbyukiuu f(z) upu n — 0o pas-
HOMepHO cxonuTcs K f(z) Ha yoboM moamuoKecTBe B* C B.

CupaBeInBa CJIe/IyOIast

Teopema 5 ([16]). IIycrs F u B — iBa 3aMKHYTbIX OIDAHHICHHBIX
MHOKECTBA TOUYEK ILIOCKOCTH . ITycrs K¢ — HaMMEHBIINIT 3aMKHY ThLI
KpYT, cojepkanuii MHOXKecTBO B u mmeronmuii nenTp B Touke € € F.
Torna mrozxkectso G = J;c p K¢ sIBIACTCS HAMMEHBITHM MHOXKECTBOM,
JIsi KoToporo BbiiosHsercs yciosue {F, B, G}.

Ecim F = B = {z : |z| < 1}, To HauMeHBIIMM MHOXKECTBOM, Y0~
BierBopstomuM yeyosuto {F, B, G} | sisasiercst kpyr G = {z : |z| < 3}.

Teopema 6. Ilycrs npu HekoropoMm s > 0 Bce ocobbie TOYKU (PYHK-
nqun P(w) saksmodensr B Kpyr |w — wo| < 1o, wo < 0, wg + 19 < 0,
KOTOPBIH BHJIeH U3 HavaJja KOODAHHAT 10 HAaUMEHLIIUM yrjioMm. Eciau
ro < —3wg/5, TO MOCIENOBATENEHOCTD HHTEPIIOISIIHOHHBIX MHOTOTIE-
woB st pyukun P(w) no yznam OKPHCT (20) upu n — oo paBHO-
MepHo cxopures K P(w) B moaymmockocrn Re w > 0.

JokazaTenbcTBo. 3amena (22) npu a = \/wi — rg npuBoauT K
dbyuxmun (23), peryasipaoii B kpyre |z| < p, p = (\Jwd — 13 —wo —

97



r0)/(/wi — réd+wo+ro). HerpyaHo y6euThest, 4TO IIPU YCII0BUM 7o <
—3wy /5 BBINOJIHSIETCSI HEPABEHCTBO p > 3, T. e. byHKIus (23) 3aBe10MO
perynspua ma kpyre G = {z : |z| < 3}. Touku wy = p§ mpu 3amene
(22) mepexomar BHyTpb Kpyra F' = {z : |z| < 1}. IlorpeGyem, aTobbI
MHTEPIOJSIIIUORHBIH mporece st hyHkmmu (23) mo obpasam TOUeK wy,
PABHOMEDHO CXOIWIICS K Hell Ha MHOXKecTBe B = F' (a TeM camMbIM # Ha
obpase auHUN nHTErpupoBanus B dopmyse (21)). B cuny ckazanHOTO
BBIIIE BBINOJIHEHO ycsoBue {F, B,G}, u3 4ero ciejyer yTBep:KIeHUEe
Teopembl.[]

Mepetinem k uzyuenuto cxoaumoctu OKOHCT suga (20).

Ec/i1 HCKOMBIil OpUIHHAJI — OrpaHHYeHHas pyHKIUs, TO ee n300pa-
JKeHHe PeryJisipHo B TIOJyILIockoeTd Rep > 0, a npe/iebHble 3HAYEHUsT
opurmnana f(+0), f(+00), eciu OHU CYECTBYIOT, MOTYT OBITH BLIUUC-
JIGHBI 110 IPUBEIeHHBIM BbIITe (popMyaaM. B TakoM cirydae mapaMerp s
clleyeT BBIOHPATD U3 YCIOBHA S > 1, 9To Jajiee 1 OyIeM IIPeIIoIaraTh.

Teopema 7. Ilycrs BbmosHeHb yciaoBusi Teopemsl 6. Torga st
moboro t € (0,T] (0 <T < 00), CIpaBeIUBO yTBEPIKIEHHE

R, (ps,t) —— 0. (24)
n—o0

HokaszarenabctBo. [lo Teopeme 6 ocTaTo4dHBINl YjIeH WHTEPIIOJIN-
poBaHus 7y, (ps, W) PABHOMEPHO CTPEMHUTCH K HYJIO B MOJIYILJIOCKOCTH
Rew > 0, B ToM uncsie Ha JiuHUEM MHTerpupoBanus B (21) nupu n — oo,
u B 6eCKOHEYHO yaaaeHnoi Touke. CrieoBaTebHo, 1 Jo60ro € > 0
Haiiziercst He 3aBucamuii or w Homep N Takoii, uro mna n > N Gyger
BBIIIOJIHSITBCS HEPABEHCTBO |1, (@5, w)| < e. lonoxkum p = c+io, Torma

eT [ do

<ol =
[Bn(ps)l < € 21 J_oo (2 + 02)s/27

u npu s > 1 yrepxenue (24) 04eBUIHO.
B cayuae s = 1 zanumewm npescrasienue (21) B Buze
1 ct+ioo
[eptp—s,rn(@s’ o) — eptp_s(rn(@sv ) — Tn(@sapa))] dp.
(25)
ITepsbiii uaTerpad B (25) crpemMurcs K HYIO, a BTOPOil IIeperuIiem
uHave:

2mi

c—100

1 c+ioco

27i ) eptpisia [P (rn(ps,00)=rn(ps,p®))] dp. (26)
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Bepuémcst k mepemenHoit w = p® W PacCCMOTPUM CTOSIIYIO B KBaJI-
paTHBIX CKOOKax B mHTerpajie (26) Besmunny, T.e. dyHkimo y(w) =
w(ry (s, 00)=Tn(ps, w)). Io yenosmo ¢,(p) = ¢(p?) = @(w) pery-
JIIPHA B OKPECTHOCTU GECKOHEWHO yIAJeHHON Toukw |w| > R, cmemo-
BATEJIbHO, U HOIPENIHOCTD Ty (@s, W) U GyHKIM T (05, w) — 7 (s, 00)
Oy/lyT PEryJIpHBI B 3TOH OKPECTHOCTH.

Buauenue unTerpana (26) He 3apucur or Boibopa c. C pocToM ¢ u-
HUsI UHTErpupoBanus B (26) cMeraercst BIIpaBo, KaK U COOTBETCTBYIO-
mas eif mapaboJia B IJIOCKOCTH W, U IIPH ¢ — 00 00€ JIMHUU HAXOJATCA B
HEKOTOPO#l OKPECTHOCTH OECKOHEYHO yaaaénHoi Toukn. CrenoBaTeb-
HO, DyHKIWA 7y (s, w) — T (s, 00) B 9T0I OKpecTHOCTH BYAET CTPE-
MUTBCS K HYJIO, KaK 1/w, a 3Haqut, u w(r, (s, w) — r,(ps, 00)] 6yaer
peryisipa B obsacti |w| > R (1 B 9Ty OKPECTHOCTB y2Ke IOIaJa Ma-
pabosa B wiockocTu w). Dyukiwys 7, (s, W) CXOAUTCA PABHOMEPHO K
HYJIIO TIpu n. — 00 B objiactu |w| > Ry upu mekoropom Ry > R. Pac-
cmorpuM DyHKIUO w(ry,(@s, w) — (s, 00)] Ha rpanune roil obia-
cru ipu . — 00. IlorpemHocTs 7y, (s, W) PABHOMEPHO OTHOCHUTEIHHO
P CTPEMUTCSI K HYJO, Kak U Ty (ps,00) — 0, a Moaynb |w| ocraérest
pasabiM R;. CaenoBarenbro, GyHKIms w(ry, (@s, w) — 1y (@s, 00)] cTpe-
MUTCS K HyJTIO Ha rpaHune objactu |w| > Ri, W B Cujly NpWHIHATA
MaKCUMyMa MOZYJIS OHA ¥ BHYTPH 3TOi 061aCTH PABHOMEPHO CTPEMUT-
ca K mymo. Termepb Tak e, KAK W BBIIIE, 3aK/JII0Ya€M, 9TO HHTErpaJl
(26) cTpemMuTCsT K HYITHO, TIOCKOIBKY $ + a > 1. O

Sameuanue. [losydeHnbie BbIIIE ONMEHKH MOIPENTHOCTH PA3JIAY-
Hbix K@ cnpaBeiuBbI JUIIb IPUA OrpaHuYeHnH Bujga t < p < r, B TO
BpeMda KaK B HOCHeﬂHeI;’I TeopeMe TaKOoro yCJIOBUA HET.

Marepuas Hacrosiiero naparpada orpazker B padore [27].
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Thasa 5

AEJIBTA-METOAbI OBPAIITEHN A
ITPEOBPA30OBAHNA JIAIIJIACA

CyIecTByoT pa3MdHble TOAXObl K HOCTPOCHHUIO TPUOIMAKEHHBIX
MeTOJI0B oOpailiienus npeobpasosanus Jlamraca. Kak npaBuio, o0bId-
HO WCXOJAT W3 TOrO, YTOOBI METOJ OBbLJI TOYEH JJisi HECKOJIBKUX IIep-
BBIX (DYHKIIMM HEKOTOPOil (DUKCUPOBAHHON CHCTEMBI. KCIM MCKOMBIi
OpUTHHAJ TIPEJICTABUM B BHUJE Psijia 0 W30paHHON cucreMe (DyHKIHIA,
TO MOXKHO HAJIEATHCs HA TOJIyIEeHUE YIOBJIETBOPUTEIHLHOIO IPUOJIAKe-
HHUsA K HEMY B pe3yJjbTaTe IIPUMEHEHNd TaKUX METOIO0B. O):LH&KO JJIA
OOJIBIIUHCTBA METOJOB OOpAaIeHNs OTCYTCTBYIOT KaKue-jaIubo OIEHKU
IIOI'PENTHOCTH, YTO 3aTPY/IHSIET CPABHEHUE METOIOB MEXK Ty OO0 1 BhI-
60p KOHKPETHOrO MeTO/a Jjis IPaKTUIecKoro npumenenus. 1lenn Ha-
CTOSITIEN TUIABBI 3aKJ/II0YAETCS B PACCMOTPEHUH PA3JIMIHBIX METOJIOB C
€JIMHOI TOYKHU 3PEHUs, a UMEHHO M3y JIeHUs TIOPOKIAEMBIX UMHU TaK Ha-
3BIBAEMbBIX JIeJIbTO0DPa3HBIX SJIEp, & TaKyKe BOIPOCaM KOHCTPYHPOBa-
HUsI JeJIbTa~-METOMIOB C 33/ IAHHBIMU CBOWCTBAMUE, OI[EHKE UX [TOTPEITHO-
CTH, YCKOPEHUIO CXOAUMOCTH U T.J. KOHKpEeTHBIE Je/IbTa-MeTO bl ObLIN
octpoeHsl B paborax [50], [60]. M aeonorns aebpra-MeTo0B IPUHAI-
JIexKuT, BuauMo, Buanepy [72], xorst u B HesBHO# dopme.

JI1060it MeTos OOpallleHnsT MCIOJB3yeT 3HAYCHUS M300paKeHUsT U
€ro IIPOU3BOIHBIX B OIIPEJIEJIEHHBIX TOYKAX BEIECTBEHHON OCH MJIA KOM-
IUIEKCHOU TJIOCKOCTH. TaK KaK MCXOJHOE YpaBHEHUE JIMHEHHO OTHOCH-
TeJIbHO OPUTHHAJA W U300PaKeHWsl, TO B OOINeM Ciydae MeTof obpa-
IIEHUsT UMEET BUJ

PO =)D A (OF® (pr (1)), (1)

k=0 j=1

rae Apj,pr;(t) — KO3bOUIMEHTH U y3/IBI, ONpPeNeIAiomue KOHKpPeT-
HbI MeTo obparenus. Bepxmue mpeiesibl CyMMUPOBaHUs MOTYT OBITH
6eckoneunbiMu. C y4uérom ompejesieHns: peodbpasobanus Jlamiaca

F(p) = /OOO exp(—pt)f(t)dt

nepenuinem dhopmyiy (1) unaue:

£(t) ~ / ) [Z S (1) Ay () exp(—apiy (1) | F(@) da. (2)

k=0 j=1
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Tlonoxum
Onm (z,1) = Z(—l)mAkj(t)mk exp(—apr;(t))- (3)

ITpubamkEHHOE paBeHCTBO (2) 03HAYAeT, UTO IapaMeTPhl MeTo/a 00pa-
menus m,n, Ay;, prj(t) xKenareapno monobparh Tak, ITOOL DyHKIHS
(3) 6buta “Ounska” K JenbTa-PYHKIUM B TOYKE T = ¢, WIH, JAPYCHUMA
csioBaMu, 9TOOBI IIpaBasi 4acThb (2) mpeiacrasiisija coboil CUHIYIISPHbIL
unTerpas [34]. Takue smpa HA30BEM J€TBTOOOPASHBIMU.

st 1506070 KOHKPETHOrO MeToJ1a OOpallleHusl HAIUCATh COOTBET-
crByIoIee sapo (3) He NpeACTaBIgeT 3aTPYAHEHUI, TOCIE Yero MOKHO
U3ydaTh ero CBoicTBa. Be3ycoBHBII HHTEpeC MpecTaB/sieT 0bpaTHAs
3aJ1a9a — MOCTPOEHUE HAMJIYYIIEr0 B HEKOTOPOM CMBICJIE SIIPA.

§ 1. Metoasl Bunaepa

1.1. PaccmoTpumMm BbIpakeHue

n+1 ] n+1
O re) = [ (arer ) fe)

n!

ITpu dukcupoBanubix n,p GyHKIUsa e P¥ HeorpuraTe/JbHa Ha I0-
ayocu x > 0 u npuHuMaer HauboOJIbIIee 3HAYEHUE B TOYKE Ty = 1/P.
Jlerko mpoBepuTh, YTO MPH JIIOOBIX 71, P CIIPABEIJINBO PABEHCTBO

[e%¢) pn-i—l
e PP dxr =1.
0 n!

CitetoBaTeIbHO, TOABIHTErPATIbHAS (DYHKIIHST MOYKET PACCMATPUBATHCS
KaK IIJIOTHOCTb paclipe/ie/IeHud HEeIPEePbIBHON CiydaliHOi BeJIMYUHDLL X
Ha noJsiyocu x > 0. Eé maTemaTudeckoe oKuJiaHue paBHO

o +1
/ $n+1€7pzlde: ntl
0 n! p

)

a JINCIepcust paBHA

2
e o] 1 n+1
/ $—n+ ghe Pl do = —29
0 D n! n+1
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YuuThIBast 9TU CBOMCTBA, BBEJAEM JIBa OIIEPATOPA

pn+1

Wo(f,t) = (—1)"TF(”)(p) |p:n/t , n=12...,
o

Su(f,t) = (—1)"717(”)(]9) lp=(nt1)e >, n=0,1,...

3anuinemM ux B BuJ€ CUHTYJ/IAPHBIX MHTEI'PaJiOB

nn+1

—nx _ .n
)

Wt = [ " wn(@) f(ta) d, wn(x) =

n!

(4)

Sn(f,t) = /O‘X’ sn(x) f(te)dz, s,(z)= (n—’_n#ﬂe—(n—&-l)wxn.

Anpa wy(x), $p(x) ynosaersopsitor yciosusim teopem U. IT. Pomanos-
ckoro u 1. K. @amneesa [34], orkyna cpady cieiyer CXOIUMOCTD, T. €.

Lim W (f.t) = f(t), lim S.(f,t) = f(t),

ecan f(x) MHTErpUpyeMa U HEPephIBHA B TOUKe T = t.
OpnHako HAC MHTEpECyeT He TOJIBKO (DAKT CXOIMMOCTH, HO U CKO-
POCTH CXOJIMMOCTH, T. €. TTIOBEJIEHNE BEJTIMINH

en (£,1) = Walf,t) = £(t), €n(f,) = Su(f.t) = (1)

upu n — 00. fdapo wy(x) HeoTpUIATENBHO, HAUOOJIBIIEIO 3HAYEHUS
nmocruraer B Touke & = 1, wy (1) & y/n/27 n npu m06oM n WIOMaIH
1oJl ero rpadpUKOM paBHa eJUHUIIE, T. €. fooo wp () de = 1.

Ipadukn anep wy,(x) s n =1, 3,7, 10 npusenensl Ha puc. 2.

=08 [ 08
gz

Puc. 2: Anpa Bungepa

[TpubnuxExnble 3HAYEHUS OPUTHHAJIA, TOJIyIaeMble TI0 POPMYJIaM

f@) = Wa(f,1), f(t) = Su(f,1), ()
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[PEJICTABISAIT cOBO ycpegHeHne nCKOMOoro opurusamna f(tz) ¢ sapa-
MU Wy, (), Sy () O TAKUM OKPECTHOCTSIM TOYKH & = 1, Tyie siapa cy-
IIECTBEHHO OTJIMYHBI OT HYJIsi. SHAYNT, €CJIU UCKOMbI OPUTHHAJ CJIa00
MEHSIETCSI HA OTPE3KAaX, JJIMHBI KOTOPBIX CPABHUMBI C “MMPUHON” spa,
TO METOJIbl OYJyT JOCTABJIATH HEIJIOXUE MPUOJIMKEHUs] K OPUTHHAJLY.
g KOHCT obpamenust mpeobpaszosanust Jlamnaca B ciaydae s = 1
a1po (3) nmeer BHJ

On(x) =Y Axpr exp(—px)-

k=1

Hanmomuwnwm, 1o y3isr u ko3 dunuentsr KPHCT kommiekcHo momapHo
COTIPSIZKEHBI, M IIOTOMY AP0 0, (x) BemecTsenno. Ero rpaduk ayst n =
15 npescrassien Ha puc. 3.

Puc. 3: dapo KOHCT

OHo 00J1a/1aeT SIPKO BBIPAYKEHHBIME JeJIbTOOPA3HBIMU CBOHCTBAMU
(4T0 GBLIO OXKUIAEMO B CUJLy BBICOKOH TOuHOCTH MeToa). OmHaKo Ha-
momuuM, 910 yeroitunBoctb KOHCT xapakrepusyercs: uncaavu M, =
> h_y |Ag|, 6BICTPO pacTymEME IDH yBeIMUEHIE THCIA Y3708 (HAIIPH-
Mep, Mg ~ 10%), Taxk 9To Mpu BBIGOPE YHC/Ia Y3JI0B 1 CJIJLyeT TIPOsiB-
JIATH OOJIBIIYI0 OCTOPOXKHOCTB BO M30eXKaHMe [MOTEPU TOYHOCTH.

He mamo aymarb, 9TO OTMedYeHHAsi OCODEHHOCTH IPUCYINA JIUIIh
K®HCT. Ilpuunna jgexXuT B CyIecTBe 3aJadu OOpAIleHns — BOCCTa-
HOBJIEHNU BCEX OCODEHHOCTEN MMOBEIEHNs] OPUTHHAJIA IO €ro n300pazke-
uuio F'(p) — riakoit, jiio6oe 4ucio pa3 HellpepblBHO dbdepeHnupy-
eMoit pyHKIHEl, K TOMY Ke CTpeMsIneiics K HyJIo pu p — 0o. Iloato-
My B JIFOOOM MeTojie OOpAIleHuUsl IIPUXOIUTCS YCTPANBATHD KOMOMHAIIUN
3HAYEHUN U300paYKeHUsI U er0 IMPOU3BOHBIX C CUJIBHO OTJIAYAIOIIMMU-
¢ o Mouyiio KoaddunuenTamMu (4TO yBEJIMIUBAECT HEYCTOHIUBOCTD
Mmerona). VI gem TovHee MeTOi, TeM CHiIbHEe OYIET IPOSBIISTHCH 3Ta
0CODEHHOCTb.

103



1.2. Ilepeiiném K usydeHnnto cBoiicTs orneparopoB Wy, S,,.

1) Oneparopst W,,, S, IOJI0KATENBHBIL, T. €. HEOTPHUIATEIbHBIE (DYH-
UK TIEPEBOJAT B HEOTPUIIATE IHHDIE;

2) ecsiu byukus-opurunas Moaorouna, 1o u W, (f,t), Sp(f, t) rak-
’Ke MOHOTOHHBIE (DYHKIINY;

3) ecom byHKIMA-OpUTHHAI BhINyKaa (BorHyTa), To u W, (f,1),
Sp(f,t) TakKe BBIMYKJIBI (BOIHYTHI).

JlokazaTe/bCTBa TUX CBOMCTB OUEBUJIHbL.

4) TIycrb a < f(x) < b, Torya cupapeIMBBl HEPABEHCTBA

a <Wo(f,t) <b, a<S,(ft)<b,

9TO CielyeT u3 HeoTpurareabHoctu dyukiwii f(x) —a, b — f(z) u
pasercts W, (1,t) = S,,(1,¢) = 1.

Jlemma 1. Ilycrs fi(z) =27, j=0,1,... Torna
Wn(fjat) = /\njfj(t)a Sn(fjat) = ,unjfj(t)7
e

(n+4)! __(n+)!

And = s M S Ay 07

Jloka3aTebCTBO BBITEKAET U3 ONPEIEJICHU aiep Wy (), s, (x)
U TOXK/IeCTBa

—mz .k _ —
/0 e x dx_mk+1’ k=0,1,...00

Urak, fj(x) — cobcrennsle dhynkuun oneparopos W, Sy, a coor-
BETCTBYIOIIHEe COOCTBEHHBIE 3HAYEHUST PABHBL Ay j, [l ;-

JIemma 2. ITycre f(x) menpepbiBao auggepernupyema Ha HOIyoCH
x>0u|f'(z) < M. Torma

e
|Wn(fat)_f(t)|§M1t\/E, t>0. (6)

JlokasaTennbctro. Pasnocrs eV (f,t) = W, (f,t) — f(t) samaurem
B BHUJIE

Wiro= [ " (@) [ (t2) — ()] da= / " (@) (@)t — 1) do,
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OTKY/Ia

0o 2
0P < e ([T unoe - nae) <
o o
< M%tg/ wp () dac/ wy(z)(x — 1) de =
0 0
= M2 (Ap2 — 2Xn1 + Apo) = M7 (1/n +2/n?),

9TO paBHOCWILHO HepaseHcTBY (6).0]
Jlemma 3. Ilycrs f € C?(0,00) u |f"(z)| < Ma. Torga

t2
W(fot) = f(H)] < My———, t>0.
SulFit) = FO] < Mo, £20 (7)
HoxkazarenbcTBo. Umeem
x) = f(t)] dv =

{ Hit(x —1) + f”(ét!( ))tz(:c —1)?| da.

- i
ARt

OueBnHO,
| sn@)e = 01 = ot = oo = 0
0
7 TTO3TOMY
Mot? Myt? 1
led(f.t)] < 2 (tmz = 241 + fimo) = —

2 n+1’

YTO PABHOCUIIbHO HepaseHCTBY (7). O

1.3. Ilepeiiiém k Hosee AeTaTbHOMY U3YUE€HUIO TIOrPenHocTel hop-
Myt (5). Kax npaBuiio, BEIBOJLI OyIeM IeJIaTh JIUIIh JJI OJHON U3 HUX,
nbo 1171 BTOPOit BCE JeIaeTcs aHAJOTUIHO, U K TOMY YK€ TTOJTy IAIOIIH-
ecsl pe3yIbTaThl KAIeCTBEHHO OTNHAKOBBI.

Iycrs f € C*(0,00), Torna

w = OOU) X xXr) — T =
V(1) = / W (@) [f(t2) — F(D)] d

:itkf(k) Oown( )z —1) dm—Ztkf )B("
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e
B,in):/ wy(z)(x — 1)*de, k=0,1,...
0

OTH YnCiIa HETPYIHO BBBIPA3UTD 4€PE3 Ap;:

k
B = 30 (M),

Jj=0

OJTHAKO 9Ta (HOpMa 3aIUCH He JAET IMPEICTABIECHUS O XapaKTepe 3aBU-

)

n
CUMOCTH Bl(c oT Nn. HOCTyHI/IM nHade, NCXO/Is1 U3 IIPpeICTaBJICHN A

n!

n+1 00
B,(Cn) = / e " (x — 1)* d.
0
ITonoxum -
D,(cn) = / e "™ (x — 1)* dx
0
U PACCMOTDHM BEJIHTIHHY
(k+1)D + kD, =
= / e " d(x — 1)k +/ e " d(z —1)F =
0 0
—— [ =1 - 1) e =
0
= /0 [(z = 1) + (2 — 1)*] (na"e " —na™ e ™) do = nD,(CZ)l.
CienoBaTeIbHO, CIPABEIIABO PEKYPPEHTHOE COOTHOIICHHE

k1 = [(k + 1B + kB |, k=1,2.... (8)

1
n
W3 onpeneneHus duces B,(C") HAXOJIIM B(()n) =1, B%n) = 1/n. Kax
BUjHO U3 (8), B,in) €CTh MHOTOWIEH OT 1/Mm ¢ HOJIOKUTENbHBIMU KO-

s¢pdurmenTamu, u HauMenbliag crernenb 1/n pasaa [(k 4 1)/2] (uenas
gacrb uucia (k+1)/2), r.e.

B — bf%]/n[%] +o b Ik 9)
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AHAJIOrNYIHO TOJTyYaeM IIpe/ICTABICHIE

i ) L

rie
E](cn) :/ sn(z)(z — l)kdaj, k=0,1,...,
0

U PEKypPPEHTHOE COOTHOIIIEHNE

n k’l n n
Bl == (B +EM), k=12

()

n
HaganpHpre 3HaUEHNS PABHBI E(() b =1, E;"” = 0. CrenosaresnbHo,
n
E,(c ) Mmorowsen sua (9) mo crenensim 1/(n + 1) TakkKe ¢ IOJOXKU-
TebHBIMU KO3 duimenramu.
Urax, norpermocts € (f,t) mpeicrasuma B BHe

(10)

B wactHnocTn, orcioma mpm OOJMBIIUX 7 MOJyIaeM TJIABHBIM ©IeH II0-
I'PEITHOCTHI )
2 £
EKV( 1, t) ~ EM
n 2
Kak Buaum, meron Bummepa ObIcTpo HACBIIIaeM, a MMEHHO: HaJIHYINE
IPOU3BOJIHBIX OPUTAHAJIA BBIIIIE BTOPOTO MOPLAIKA HE yAydIIaeT CXOIU-
MOCTH.
OiHaKO 3HaHME XapaKTepa 3aBUCHMOCTH OLIUOKH OT 7 ITO3BOJISIET
Ha, OCHOBE TIOJTyIE€HHBIX MPUOJIMAKEHUI CTPOUTH METOJIbI, OBICTPEE CXO-
Jdryecd K BCKOMOMY OpPUTHHAJLY.

§ 2. YckopeHue cXoAMMOCTHA MeTOoa0B Bumaepa

BozbMmém mpousBosibHBIE paruoHAJBHBIE ducaa di,...,dg, k > 1,
Takme, ITO Bee wmcna nd;, j = 1,2,...,k, memnle, mocyie Yero 3amm-
meM paziozkenus (10), 3amenns B Hux n Ha nd;j. CocTaBUM JIMHEHHYO
KOMOMHAITIIO

k
w
Z Crjcna, (1)
=1
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u orpebyeM, 4ToObI €€ IIpejICTaBIeHHe 110 CTeHeHsIM 1/ He cojepKallo
MIamux crerneneit n=7, j =1,2,...,k — 1, 9TO paBHOCUJILHO BBIIOJI-
HEHUIO YCJIOBUI

k
E Ckj = 17
Jj=1

k

> erd;™ =0, m=1,2,....k—1.
j=1

(11)

DTa cucremMa OJHO3HAYHO Pa3pernMa, TaK Kak eé OIpeIeIuTe b

1 1
1/d, 1/dy, (12)
1dy*=t o0 1/drt

OTJIMYEH OT HyJIs M3-32 MOMAPHON Pa3JIMIHOCTH JIHces d;.

JIemma 4. Pemenne cucrembr (11) umeer By

:”7 =1,2,...,k.
Ckj 1l dj_di, J PR )
i#j

Hoxkaszarenncrso. Kak ussecrno, oupegenuresns (12) pasen 3ua-

H (1/dl - 1/dm)'

k>1>m>1

YEHUIO

B dopmyne Kpamepa nis xosdbdumnmenta c,; B IHCAUTENE TTOTyIaeM
JoMHOKeHHbIH Ha (—1)711 onpeemurens (12) ¢ BEIMEpKHYTHIME TIep-
BOI CTPOKOM U j-M CTOJIOIIOM, T.€. BEJIMIUHY

n

11 1 1 1
(-1t — ... = (1/d; — 1/d,,). (13)
di dj—1dj dy kle;InZl
l,m#j
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Orromenne sesimuana (13) u (12) pasHo
(1)t //( 1 ]) ( 1 ]) y
Cri — — ... =
ki d1 v dj—ldj+1 v dk dk dj dj+1 dj
1

1 11 o dj
x| —— N e = O
(% %4) <% %) - dj —d;

i#]
Urak, paziokeHue BeJUIHHBI
k k
w
Z Chj€na; (f,1) = Z criWha, (f:1) — f(¢)
=1 i=1
B Pl 1O CTelleHsaM 1/n HaumHaeTcs co cTenenu n_F. ciejoBaTesbHO,
JinHeiHasT KOMOUHAIINS
k
Wn(kafat) = chjwndJ (fat) (14)

j=1

SHAMMTEILHO JIydIle IIPUOJNKAET UCKOMBIA OPUTHHAJ, 9€M BCE BXO-
namue B Hed mpubmmkerna mo Bummepy Whya, (f,t). Omneparop (14)
JIOIYCKAET UHTEIPAIBHOE IIPEICTABICHUE

Wik, 1) = /000 wn (b, 2) f () dar

C SIIPOM
k

wn(k,x) = erjwna, (z), (15)

Jj=1

KOTOPOE IPH JIIOOBIX 3HAYECHUSX N, K YIOBIETBOPSIET yCJIOBHIO

/ wy (k,x) de = 1.
0

OTO AP0 He 3HAKOIOCTOAHHO, B OTJIMIUE OT AP Wnd, (). FHaKu uu-
CeJl Cp; IepeslyloTcs, & 3HAUEHNE Cij, ITOJIOXKNTEBHO U OOJIbINe €TMHI-
nel. B Touke x = 1 umeem

k
j=1
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ITostozxmm

k
Dk = <Z C]qy/dj)/\/ dk.
j=1
Ecin okaxercs, aro Dy > 1, to 3uauenue (16) Gyzer Gosbiie Bcex

Wna, (1) (r.e. aapo (16) BBIIIE BeeX OCTAIBHBIX), U OHO OyjleT YiKe 110
CPABHEHHUIO C HUMH (CM. DHC. 2).

Jlemma 5. /1 npowusBoibHBIX dmcest dy, . ..,dy Takmx, aro 1 <
dy < ds < -+ < dy, cipaBeJIHBO HEPABEHCTBO

(2k -1 1 D _ (k=1
@E—2) va. =P e

Hokazarenbcro. Homoxum w(z) = (x —dy) -+ (x — di) u pac-
emorpum dynxmuo f(z) = 2¥705(% — z) /w(z), tae T — moboe buk-
CHPOBAaHHOE UHCJIO TaKoe, 4T0 di < T < dp, u T #d; j = 1,2,... k.
ITocrpoum mHTEPHONSAIMOHHBIA MHOrOWIeH Py_1(x) ms f(x), yaosie-
TBODSIONIUI YCIOBHSIM

(17)

Po_1(d;) = f(dj), j=1,2,... k.

IIorpemuocTs HHTEPIOJIATIAN B TOYKE T PaBHA

()
F@) - Poa(m) = L k!(n)w(f), dy < n < dp.

Ho f(z) =
e w@®
Pk—l(x) - Z (f— dz)wl(dl)f(dz) -
B k 1d05( dz) _
:ZCki\/dj‘:Dk\/ﬁa

(k)
Dk\ﬁfff )(f).
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Haurtee,
(o)1) = B (2 - kv ).

njimn

C@k— 1) z
Di/di = TR ((2k+1)\/ﬁ_ \/77> .

IMocaennsiss ckobka Kak byHKIUs 1) Bo3pacTaeT Ha [1,d], mosromy

(2k — 1)1 B (2% — 1)1 _
W(%H—x) < Dp/dg < @R {(2k+1)\/d>—\/£} ,

DT0 HEPABEHCTBO CLIPABEIMBO [IpK J00oM T € [1, di]. s nonygyenus
HIKHel orenkn B (17) monoxkum T = 1, a qyist BepxHeit — T = dj,. O

Ipumensis dpopmyny Crupiaunra jist BeIYUCIeHAs] (PaKTOPHAJIOB,
BMecTo (17) nosyunm npubInzKEHHOE HEPABEHCTBO

2 k k
E
VN di T b ™

Canenosaresnbro, pu dr < k mepasencrso Dy > 1 cupasenymuso (B
wgacTHOCTH, IIpH d; = j).

Bameuanue 1. B smneiinoit kombunanuu (14) ucnoss3yorcs npu-
ommkenust o Bunnepy ¢ mHomepamu ndy, . .., ndyg. YKa3aHHBIA CMBICI
BeJIMIUHBL D), U CONOCTABJIEHUE CBOWCTB UCXOHBIX sJIEP CO CBOUCTBAMEI
siipa (14) npuBomAT K BBIBOAY, 4TO npuMeHerne dbopmyisl (15) maér
pe3yJibTaT He Xy2Ke, YeM OObIIHOe mpubJmkeHue 1o Bujagepy ¢ Home-
POM, IPUOIIZKEHHO paBHBIM ndy DF (9T0 IneIIo He 0653aTeIBHO MENoe).
DTOT BBIBOJL MTOJITBEPKIACTCS IIPY [TPOBEIEHUH BBIYACIEHUN, a TaKkKe
CJIy>’KUT OIPABJAHNEM YCKOPEHUsI CXOJMMOCTH B ciydae n = 1, Korja
[IpUBOAUMAasi JaJjiee TeopeMa 1 popMajbHO HEIIPUMEHUMA.

Ilepeiiém K geTaabHOMY M3yUYEHUIO CBOWUCTB sEP.

Jlemma 6. Ilycto m — HaTypaJabHOE YHCIO H § — IOJOXKHTEIBHOE
uncso. Torga npu n — oo s Juoboro rejoro k > 0 cupaBeaiuBa
aCHMITOTHIECKAsT (popMy.Ia

/ wn(2)]z — 1% dz = O(n=™).

=126
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HoxazarenbcTBo. OUeBHHA [IENIOYKA HEPABEHCTB

/ wp(z) dz < / wa(z)(z — 1)2M6~2M dy <

215 |z—1]>6

< 5_2"‘/ wy(x)(z — 1) de = 5—2m "
0

2m>

rje 9ucia Bg;) ompeesstiorest hopmystoii (8). U3 npencrasnenus (9)
coreyer
Bl = 0(n™™), n— o,

OTKy1a cieayer yrsepxkaenune jemmel npu k = 0. IIpu k > 1 umeem

( /wn(x)|x—1|kd$>2< /wn(;v)dm / wp(z)(z—1)* dx <

lz—1|>6 lz—1]>0 lz—1]>0
< / Wy, (x) dx/ wp(z)(z — 1)k do = Béz) / wy,(x) dz,
[x—11>6 0 |lz—1|>6

YTO W JOKA3bIBAET JileMMy. [
Anajioruduable YTBEPXKIEHUS CIPABEIJIUBLL U JJist A1ep S, (x) (cM.

(4))-
Ilycts a,b,a1,by — npousBosibHbIE (PUKCUPOBAHHBIE UHUC/IA TaKHUE,
910 0 < a < a; < by <b < oo.

Teopema 1. ITycrs f(x) — HenpepbIBHbIIT OrpaHHYEHHBIH HA TOJIY-
ocu x > 0 opuruHaJj, UMerONNi Ha oTpe3ke [a,b] HENpepbIBHYO HIpO-
u3BoAHyI0 nopsaka 2k. Torma mpuw n — 00 PABHOMEPHO OTHOCHTEIHHO
t € [a1,b1] cpaBemmBO paBeHCcTBO

2k
n* Wk, £,6) = F(O] = D Mint™ [ (1) + 0(1),
m=k
rge M, — He 3apucsimue ot t u f(t) mocrosiHHbIe.
Hoxkazarennctso. Uexons us onpenenenns (14), nmeem
k 00
W Wk, £,8) — £ = S ey / g, (@)[f (1) — F(1)] de.
j=1 0
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Bamummem dbopmyiy Teitnopa qus f(tx) B Touke z = 1:

)

ot @ = )" (e ) (@ - )%, (18)

fltz) = f(t) =

m=1

ITycth 0 — HEKOTOPOE MOJIOXKUTEIbHOE 9ucio U t € [ag, by]. OueBumno,
YTO NPH JOCTATOYHO MAJIOM 0 U3 HepaBeHCTBa | — 1| < 0 cuenyer,
qro |e(x,t)] < €9, THe €9 — MajIoe LOJIOXKUTENbHOe YuCa0. B ciyqae
|z — 1] > 6 u3 (18) mosydaem OIEHKY

(m
e, )z — 1] < | f(ta)| + | (¢ |+Ztm'f Ol . 9

Paccmorpum maTerpan

/000 wy (x)e(x, t)(x — 1)2* do = / st / (20)

lz—1]<é |z—1|>6

IlepBorit MHTETpA CIIpaBa MO MOJYJIIO HE MTPEBOCXOIUT 3HATCHUS

€0 / wy(z)(z — 1)  dz < g /OO wy(z)(x — 1)  do =
jo—1/<5 ’
— B = o).
Bo BTOpOM MHTErpaJie Cupasa MPUCYTCTBYIOT HHTErPAJIbl TPEX BUJIOB,

COOTBETCTBYOIIHE TPEM caaraeMbiM B onierke (19). Tlepsbie nBa u3 HUX
HE TIPEBOCXOISAT BEJIMIUHBI

max |f(a)] [ wa(a)da.

lo=1]>5

CKOJIb YTOIHO OBICTPO cTpeMsIeiica K Hymo 1o jemMe 6. B Tperbem
cJIaraeMoM TIPUCYTCTBYIOT MHTErPaJIibl BU/JIA

wp(x)|z — 1™ dx, m=1,2,...,2k,
le—1/>5
HO OHM 10 TOM K€ JIEMME TaK¥Ke CKOJIb YIOJHO GBICTPO CTPEMSATCS K

Hyst0 ipu . — oo. CureroBarenbHo, Bech nHTerpas (20) crpemurest K
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nymo Kax £90(n~F). Jlanee, ¢ yuérom npescrasienns (18) u moyden-
HBIX OICHOK II0JIydaeM

n* Wik, f,t) — f(t)]

(m) () [
=n chzysmf /O Wna, (2)(x — 1)™ dx + o(1) =

m=1

—nchJZtm ) B("d)—l—o(l)

m

k
’“Z g d ) chj (bEZTL](ndj)*["?l] +---+b,<g”(ndj)*m>+

J=1

Bo BHyTpenneit cymme Bce ciiaraeMble, COOTBETCTBYIOIIHE 3HAUCHUSIM
m =1,2,...,k — 1, paBubl HyT0 B cuiry cBoiicts (11), Tak 9TO OKOH-
9aTeJIbHO TOJIYIUM

n* (W(k, £,t) Zthf(m) o(1), (21)

rae M,, — HEKOTOpBIE MOCTOSHHBIE, YTO U TPEOOBAJIOCH JTOKA3ATh. []

B gacroom cayuae k = 1 nosryuaem

T (W, (f,0) — £(0] = 5 (©2),
ampu k =2
Jim W2 £.0) = £0] = 5 (£570)) + g (¢4 Z% ;

Urak, dopmysa (21) no3sossier OIEHUTH [VIABHBIHA UJE€H HOrpell-
HOCTHU TIPUOJINKEHNST ICKOMOT'O OPUTHUHAJIA, C TTIOMOIIBIO JTHHEIHON KOM-
Gunanuu (14) nys dukcuposanuoro k npu Bospacranuu n. Jomycrum,
9T0 HAM u3BecTHBI 3HaueHust W, (f,t) miis HeCKOIbKUX 3HAYECHU 1, Ha~
gnHasg ¢ 1 = 1. B aToM cirydae MbI BBIHYZKJIeHBI IIOJIOXKUTE N = 1, d; =
g, 3 =1,2,... k. Ilpu srom Teopema popMaibHO HEIIPUMEHUMA, TEM
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He MeHee paKTU4IecKas IIOIPEITHOCTb OYIeT YMEHbIAThCs B CIILY PaHee
OTMeYeHHBIX CBOfiCTB siziep (15) u ancen Dy u Gyuer nasarh npubin-
JKEHUs He Xy2Ke, 9eM OOBIUHbBIN MeTor Buiepa ¢ HomepoM n &2 k;Di.

IIpuwmep. Jano uzobpaxenne F(p) = 1/(p+ 1) bdyakuun f(t) =
exp(—t). Bo Bropom cTosfrie HuzKecseay e Tabi. 3 IpuBe/IeHbl 3Ha-
uenust Wi(f,to), ..., Ws(f,to) B Touke tg = 0.5 (0O4eBHIHO, OHH MOTYT
OBITH BBIYHCJICHBI TOYHO, UCXOJ M3 UX ONPEJEJICHHsI), & B TPEThEM
cTOJIONE — Pe3yJIbTATBI YCKOPEHHSI CXOJMMOCTH, IIOJIyYeHHbIe 10 (Gop-
myute (14). Tounoe 3HaveHne opurnHasa pasHo exp(—to)=0.606530. . ..
Kaxk Bu M, B HCXOIHBIX IPUOIIMKEHUSX 110 Bujiiepy naxe meppasi 3Ha-
vamias udpa He yCTAHOBUJIACK, a B IIOCJIEHEM De3yJbraTe YCKOPeHHUs
NPAKTUYECKN BCE BBINUCAHHBIE 3HAKN BEPHBI.

Tabaruya 3

W, (f,0.5) | Wi(n, f,0.5)
0.444444 | 0.444444
0.512000 | 0.579556
0.539775 |  0.603210
0.554929 |  0.606204
0.564474 |  0.606503
0.571038 |  0.606532

DU W N3

Bameuanue 2. 3Hauenus seauwaun Wy, (f,t) caemyer BBIUUCIATE ¢
BO3MOKHO GOJIBINElH TOYHOCTBIO, OO B HUX COJEPKUTCS HHPpOPMAIIS O
xapakTepe sapucuvoctu omubkn £V (f,t) ot 1/n, KoTopas ncroabzyer-
Cs1 CYIIECTBEHHBIM 0OPA30M Ha IIare ycKopenust cxoauMoctu. OTmernm,
gro W, (f,t) 3aBesoMO CyIIeCTBYIOT IIPU JOCTATOYHO GOJIbIINX 7 (KaK
TOJIBKO TOUKA 1/t Momaaer B 061aCTh PEryaspHOCTH N300DAYKEHMs]).

Sameuanue 3. Boime nosenenue oneparopos Bumiepa ucceno-
BaJIOCh B TIPEJIIOJIOKEHUE JOCTATOYHOM IJIaJIKOCTH OpUTHHAIA. B cie-
JyIomiel riase OyJeT U3y4eHO UX MOBEJICHUE JIJIs PA3PLIBHBIX OPUTTHA-
JioB. OTMeTHM CJIelyomuil U3BeCTHRIN pe3ysbrar: ecyu dbyukiys f(t)
uMeeT OrpaHuyueHHyo Bapuanuio Ha orpeske [0, 7] upu mobom T > 0 u
unarerpai Jlamiaca (1) (r.l) cxogurcsa abGCOOTHO IIPU HEKOTOPOM P,
TO

1 n
lim 7( ) szrlF(") (xn) =
n—oo n!

(f(t+0)+ f(t—0)),

N |

115



e z, = (n+6,)/t, 0<6, <1. (ecm. [72], c.289). OueBnnno, B
JIEBOI YaCTH I10J1 3HAKOM IIpejiesia cTodaT oreparopsl Bummepa W, .S,
upu 0, = 0,1, COOTBETCTBEHHO.

§ 3. YucaenHas peanmsanust meTogoB Buaaepa

Peanuzarusa meronos Bunmepa TpebyeT BBIUNCIEHNS TPOU3BOTHBIX
nzobpazkenusi. Ho naxke B ciydae anajurudeckoro saganus F(p) me
BCerja yIAaércsi TOYHO BBIYHUCJIUATH ITPOU3BOJIHYI0 HYXKHOI'O IOPSIIKA,
TeM 60Jiee 3TO HEBO3MOXKHO B CJIydae UHUCJICHHOTO 33JIaHus U300pazke-
uus. [losTomy Ha TpakTHKe IPUXOIUTCS IIPUMEHATH (DOPMYJIBI IUCTICH-
Horo auddepeniuposanus [33]. st psjia MPUKIIAIHBIX 38189 MEXaHU-
KU, TJIe IPOIECCHl M3MEHEHUsI BO BPEMEHNU IIPOTEKAIOT MEJIJIEHHO, J[aXKe
caM¥ MeTojIbl Bujiepa Jat0T IpueMjIeMyi0 TOYHOCTb, a8 BO3MOXKHOCTh
YTOYHEHUSI [0 ONMCAHHONW METOJIMKE BIIOJIHE YJIOBJIETBOPSIET IOJIb30-
Baresns. OTMeTnM, 9TO TPU ITOM HEOOXOAMMBI 3HAYEHUS H300pake-
HUs JIUIIb B TOYKAX BEIECTBEHHOM ocu. B obmiem ciydae mpuxoant-
CsI MCITOJIb30BATH MPHUOIMKEHUs 110 Bumgepy ¢ OOJbITuME HOMEPAMIH,
U W3BECTHAs TEXHHUKA YNCIEHHOrO auddepeHInpoBaHus CTAHOBUTCS
HEIIPUrOJHOM].

3.1. Hucnennas peanmusanus MetoZoB Bunnepa npu 60J1b-
mmmx n. Beeaém B paccmoTpenne QyHKITAIO

Gty = 2P (122 i >0,
¢ ¢

cunrag F(p) perynsapuoii B moayisiockocru Rep > 0. Ilpu dukcupo-
BauuoMm t > 0 dynkuus G(z,t) peryssphas BHyTpu Kpyra |z| < 1 u
pa3JIaraeTca B PsijL

G(z,t) = Z an(t)z". (22)

Huddepennupys ero n pas u nojaras z = 0, TOJIyIuM

1 1 1\"
~F () (—) = nlay(t),
t t t

1 1
_ (_1\n (n) [ =
an(t) = (=1) n!t”*lF <t> .

nJI
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3aMeHUM B 9TOM paBeHCTBe ¢ Ha t/n, 9TO JAaéT

t n nn+1 (n) n
o (n) =V el (?) ’
Ho npasag gacrb B 310i1 hopmyiie cosnanaer ¢ Wy, (f,t) (em. § 1).
Urax, momyaniu dopmysry

Woa(f,t) = an (;) . (23)

IIycts r — HekoTOpOE uncyio, 0 < r < 1, ¥ m HATypaJbHOE YUCJIO,
m > n. Beeném dynkimn

em () = exp (zijx)

U paCCMOTPUM BeJIMIUHY
1 « —n Lt
nm fu E Zl 'rem rem(])u E . (24)
j=

Teopema 2. Ecjin ucXoHBIE OpUTHHAJ OTPAHUYIEH Ha ITOJIYOCH X >
0 u ero mzobpazkeHue peryjspHo B moJiyiiockocra Rep > 0, To cipa-
BEJTHBO HEPABEHCTBO

(Wom(f, 1) = Wa(f, )] < M7

rpu Beex t > 0, roe M = rgigdf(t)\

m

Tm

HokaszarenbcrBo. [logcraBum B npaByio dactsb (24) pasioxe-
uue (22) :

Wam(f,1) = ;z?j: Tem (J ial (;) (rem(§)) =

i <tl/n> Ze <2mg )).

[TepecranoBka MOPSIIKOB CyMMHUPOBaHUsT OIPABIAHA PABHOMEDPHON U
abCoIOTHOM cxommMocThio psiza (22). Jlasee, JIerKo POBEPUTH CIIpPa-
BEJINBOCTH TOXKJIECTBA,

1, l—n=qgm

72 (271'2][—11))_ )
)0, l—n#gm, ¢=0,+1,+2, ...
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CresioBaTesIbHO, yIUTBIBasi paBeHCTBO (23), nMeem

(n+qgm)/n am
nm fa Zan—i-qm( n+qm >T -

t(n 4 qm)
= Wa(f.t +ZWn+qm (f, — )
Panee Obu10 IOKA3aHO, 9TO BCe MpuOIMXKEeHNs 110 Buiiepy mo MOysIio
He TIpeBocxoaaT M, m motomy

rm

1—pm

.O

(Wom (f8) = Wi (f,8)] <D Mra™ = M
qg=1

Urak, snauenne W, (f,t) MOKHO ¢ 110607 TOTHOCTHIO 3aMEHUTH Be-
JrauHON W, (f, 1), ecain B3sITh 0CTATOYHO GOJIBINON 3HAUEHHUE M, JIH-
6o mocrarouno masoe 1. Pacuérnyio dbopmysy (24) MOXKHO 3alucaTh
nHaYe:

W (£.1) mtrnzem “n)F (S rew(@)).  (25)

st oneparopos Sy, (f,t) (cMm. (4)) o aHAIOTHK BBOJUM BEJHUHHY

n+1& . n+1 .
Sun(1.6) = S S en(cn)F (A= ren(i) - 20
j=
OHa yJ/I0BJIETBOPSIET HEPABEHCTBY

|Snm(f7t)_s ( )|<M

’m

1—gpm’

C BBIYMCIMTEIBHON TOYKM 3peHus npasble dactu dopmyn (25), (26)
yaobHee BbIpa3uTh uyepe3 3Hadenus dbyukimu ¢(p) = pF(p) (kax upa-
BUJIO, IMEHHO OHA HAXOJUTCS U3 YPABHEHHS B H300PasKEHUAX, U K TOMY
JKe OHa, B ominune or F(p), He cTpeMUTCs K HYJIIO ¢ pOCTOM |p)):

Whm = %Z [rem ()] %em(j)w {%(1 - rem(j))} ’
1 J;l 1 , (27)
_ = re. (7" nt —remn(J
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Teopema 3. Ecin sHavenust Gyakumu ©(p) = pF(p) Berauciasirorest
¢ HOrPEIIHOCTBIO, 10 MOJYJIIO HE IPEBOCXOASANICH YUCIa €, H OPUTHHAJ
orpaHuIeH, TO CIIPABEJINBBI HEPABCHCTBA

|an(fv t) - Wn(fv t)| < Av
‘Snm(fv t) - Sn(fv t)| < A,

rae
M n €
S l—rm o (1 —r)r.

A (28)
JokazaTebCTBO OUeBUIHBIM 06Pa30M BBITEKACT U3 YTBEPXKICHU
TeopeMbl 2 u npencrasiaenuit (27). O

Hanpuwmep, nycts € = 10716, M = 1,n = 200, r = 0.95. Torma npu
m = 500 mmeem A ~ 6 - 107!, JTasbueiinee yBeqmdenue m He yMeHb-
maeT 3HadeHus A, HO 3HAYNTEJIbHO yBeJIMINBACT O0bEM BBIUHCICHMIA.

B ofmiem cirydae, Korja HEKOTOPbIE U3 BXOAANMX B (opmyiy (28)
BesimauH M, 7, m, N, € ©3BECTHBI, OCTAJIbHBIE CJIEYeT BHIOMPATH U3 YCJIO-
Bust MuHuMyMa BesmaunHbl A. [IpakTudecku asroputM BeIOOpa mapa-
MEeTPOB TaKOB: II0 U3BECTHBIM XapPaKTEPUCTHKAM: 1L — HOMEDPY UCKOMOI'O
W, (f,t) u € — TounoCcTH 3aMaHNsT (BBIYUCJIEHNs) N300parkeHNsI BbIOU-
paeM mapamerp T Tak, 4ToObl BTOpoe cjiaraeMoe B cymme (28) umesno
2KEJIAEMBIN TIOPSIOK MAaJOCTH, TOCIE Uer0 HAXOAWM HAWMEHbIIee 3Ha-
YeHue apaMeTpa m, IPU KOTOPOM IIepBoe ciaraeMoe B (28) mpumMepHo
Takoe 2Ke, KaK 1 BTopoe. JlajbHeiiliee yBeIndeHne m BeET K POCTY
00béMa BeIamMCIIeHni s HaxoxkaeHuss W, (f,t), He yBeimdmsasi ero
TOYHOCTH.

Urak, dopmysibl (27) NO3BOIAIOT HAXOJAUTD MPUOJIUKEHUs 110 Bui-
Iepy € TapaHTHPOBAHHON OIEHKON IIOI'PEIIHOCTH CBEpXY, pPaBHOM A.
3aMeTuM, 9TO P ITOM TPEOYIOTCsT 3HAYEHUST N300PAKEHNsT B TOUKAX
HEKOTOPOU OKPYZKHOCTH HA KOMILTEKCHOM TIJIOCKOCTH.

3.2. UucaeHHada peaju3aliiud MeTonoB Bujanepa ajisi MHO-
roMepHoro npeobpasoBanus Jlanaca. OnucanHass TeXHUKA pea-
Jm3anuu MeTofoB Buiepa mepeHocHTCs M HA CIydail MHOTOMEPHOI'O
npeobpazoBanus Jlannaca. s npocToTsl Oy/1eM TOBOPUTH O JIBYMep-
HOM TIpe0Opa30BaAHNH.

ITycrs dyrkuuu-opurnsaany f(x,t) coorBeTCTBYeT M300pasKeHne

F(p,q) = / / P f (2, 1) da d
0 JO
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perynspuoe npu Rep > 0, Req > 0. Breném oneparop

)it (/4 giti P
(i) (j/t) T 0 F(Z‘?>,i,j1,2,...

il jl Opidgi 2t

Wij(fa z, t):(fl)H»j

n hyHKIHIO

1 1-— 1-—
G(z1,22,2,t) = F( 21’,22) .

xt T t

Ipu |2z1] < 1,]22| < 1, Kak U B OJHOMEPHOM CJIy9ae, IMEEM DA3JIOKEHUE

oo oo
G(z1, 22,3, t) = Z Z aij(z,t)2} 23,

i=0 j=0
K03 dunuenTer KOTOporo u omeparop (29) cBsA3aHbI TOXKIECTBOM

aij(@/i,t/j) = Wi;(f, z,1).

Jna npubamkénnoro serauciaennsa W;; BbIOMpaeM HaTypaJbHBIC UHC-
Ja m,n Takhe, 9TO M > %, N > j, U MaJible MOJIOXKUTEJbHbIE TUCTIa
r1,72, 0 <r; <1, 0 <ry <1, a3areM BBOJAUM BEJIUIUHBI

m n

”z]mn(fu‘r t E E rle’m T2€n(l))_jx
mn
k=11=1

X G (relemy (k),raen(l),x/i,t/7). (30)
Kak u panee, TIoTydaeM OIECHKY

m n m,.n
ri Ty =1y

(1=r)(1—rg)’

|Wijmn(faxat) - Wz_](famvt)l S M

ecn |f(z,t)| <M, z,t>0.
Anasornaasiv 06pa3soM MOKHO y9eCTh U BIUSHNE ONMOOK 3a/1aHHsI
1300paskeHnsi, a TaKzKe BBECTU OIEPATOP Sijmn.-

w
Eij (fv .I‘,t) = Wz_}(f7x7t) - f(l‘,t)
B npe/tnosiozkeHnn GeCKOHEYHOMN IVIAIKOCTU OPUTHHATA OHA [IPEeJICTaBU-
Ma B BHJIE psja 1o crenensm 1/4, 1/5:

, X, T —_—t =+t +t =+t =+t +=+...
'Lj(f ) J 12 .]2 7/3 J 2



Orcioa BBITEKAET U aJTOPUTM YCKOPEHUs CXOIUMOCTH — IOCTPOEHUE
TaKMUX JIMHEHHBbIX KoMOuHArmil npubsmkenuit (30), B KOTOPBIX HCYe-
zaror Miaamue crenenu 1/i, 1/j. CrenosaresnbHo, Hanbosee sdbdek-
TUBHOE YCKOPEHHE CXOIUMOCTH JIOCTUraeTcsa Ha "muaroHajbHbix" mpu-
OMMKEHUAX, T. €. TIPU ¢ = J, IYTO K TOMY K€ yIPOINAeT W PaCUETHBIE
dbopmyner (30). 3amernm, UTO BpeMsi MPOBEIECHUST HEOOXOIUMBIX BbI-
YUCJIEHUI PE3KO BO3PACTAET II0 CPABHEHUIO C OJHOMEPHBIM CJIYUYAEM.

§ 4. OnTuMaabHbIE METO/IbI YCKOPEHUSI CXOANMOCTH
npubJsin>kennit Buagepa

B § 2 Obu1 mocTpoen JiMHEHHBI MeTO, YCKOPEHUsI CXOIUMOCTH B
Bujle KomMOunaruii snadenuit oneparopos Wy, (f,t) ¢ mpoussobHbBI-
MH HOMepaMu ndy,...,ndy, 00ECIEeINBAIONINN CXOTUMOCTD K MCKOMO-
My OPHIWHAJIY CO CKOPOCTBIO ™~ *. Bl IVIABHOrO t/IeHA HOIPENIHOCTH
TaKOro IPUOJIMKEHUs YKa3aH B Teopeme 1.

HecomuenubIit MHTEpEC MPEICTABISIOT CIEAYIONIIE 3aadn:

1) upu durcuposanuom uucie ciaaraembix k B dopmyse (14) Bbi-
OpaThb Takme HOMepa TpuOam:keHuit mo Bummgepy m3 3aganHoro ama-
[Ia30Ha WX BO3MOXKHBIX 3HAYEHWI OT N O M), YTOOBI TJIABHBII dJjIeH
norpemtaocTu hopmyist (14) ObL1 MuUHEMATIEH;

2) npu (bUKCUPOBAHHBIX 3HAYeHUAX k,n1,ni BHIOpaTh di, ..., d
TaK, YTOOBI CyMMa MOJyJe#l KO3 (MUIHEHTOB Cf; OBIIa, MIHIMAIHHOIM.

Teopema 4. /s MEEIMHA3AIAA MOJYJIS TJIABHOTO 9JICHA MOTPEII-
vocru opmyint (14) ciaenyer ucrobzoBars 3uavenus Wy, (f,t) omepa-
TopoB Bumnepa ¢ Homepamu ng,ny — 1,...,np — k + 1.

Joka3zaTenbcTBO. B ciiyqae I0CTATOYHO TJIQIKOTO OPUTHHAJIA
upu n — oo cupasepea dopmyia (10):

a1 az
Walfsit) =ft)+—+—= +...
n(f7 ) f( ) n TL2 )
rJie G; — He 3aBUCAIINE OT 7 BEJIUIUHBI. Bribepem k pa3iudyHbIX HATY-
PAJIbHBIX 4YHUCEI N1 < Ng < --- < Nj U IOJIO2KUM dj = nj/nl, ] =

1,2,...,k (BupodyeM, B 3HaMeHATesJe MOXKHO HAIMCATH JIIO0OE HATY-
pajbHOE YHUCJIO), HOCJIe Yero obpasyeM 4ucia

d;
g =[5 =12k

121



U COCTaBHUM JIMTHEWHYIO KOMOMHAITUIO

nlkfa chj nid; f> )

Yucna cy; BEIONPAIOTCA U3 yCIOBHI

k
1, m=0
c ,d'_m: ’ 9
;k” {0, m=1,2. k-1

CieioBaTeIbHO, CIIPABEIJINBO PA3JIOKEHIE

k
Wa, (k. £8) = £(0) = 5 D ey 4. (31)
1 j=1

Kosddurment ay wHe 3aBucuT OT (PUKCUPOBAHHOTO UUCTA 7| U GHUCE]T
di,...,d}, TOITOMY JJIsi MUHUMH3AIUN TJIABHOTO YJIEHA DA3JIOYKEHUS
(31) neobxommMO, 9TOOBI BEIMINHA

k

> cwjd;”

j=1

B=

6bl1a MPHIMaJTbHA,. VICXO/I I3 OTIpe ieIeHnsl THCeT Cyj, MOTydaeM TOXK-
JIeCTBO

k
;ijdj_k Zd Hl# d —a (32)

IMonoxnm w(x) = (x —dy) - - - (x — dj,). Kak usBecrHo,

b w(x)
2 e gy "

=1

<.

OTKYy/Ia HaXOJIUM
k
1
o0 & T (33)

ITpasbie wactu (32) u (33) ormmuarorcd Jmimb 3HakoM, # |w(0)] =
dy -+ dg, Tak ar0 B = 1/(dy - - - di,). 3naunt, qy1s1 moctukenusi min B
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qucyia dy .. .dp JOKHBI OBITH MaKCUMAJIBHO OOJIBIUMHE, T.€. CJIELYeT
UCII0JIB30BaTh Hpub/nkeHus W, ¢ HaubOJIbIIUMUA HOMEPAMU T, Tj —
1,....,np—k+ 1.0

[MoyueHHBIA pe3yJIbTAT €CTECTBEH B TOM CMBICJIE, YTO MPUOJIHIKE-
HUsI ¢ OOJIBITUMEU HOMEpaMu TodHee npubmKaoT opuruaaji. C apyroi
CTOPOHBI, TaKOI BBHIOOP HOMEPOB MPUOIMKEHNN TPUBOIUT K HAUOOIIb-
MM 110 MOJY/IIO 3HAYEHHM KO3(PMHUIMEHTOB Cjj C UepeLylolIMICs
3HAKaMU, 9TO BEJET K MOTepe TOYHOCTU IIPU BHIYUC/ICHUSX.

Ilepeitném Ko BTOpPOIt 3a1a4€.

Hano gmucno k, k > 2, u rpaHuiibl ”3MEHEHUT HOMEPOB 1. OT Ny JI0
ny. BBeném HOByIO mepeMenHyio = 1/n u Touku z; = 1/(n1d;), j =
1,2,..., k. Tomoxum w(x) = (x—x1) - - - (x— 2 ). 3amuimem HHTEPIIOJIsI-
[IUOHHBI MHOTOYJIEH I10 Y3JIaM X1, - . . , L) JIJIsS HEKOTOPOIl HelIpephIBHOMN
dbyuxun f(z):

k

Pea(@) =Y e, (34)

= (@ —aj) (z5)
IIpn x = 0 monygyaem

Pa0) = 3 =00 1(a).

= '

Hemnocpencreennoit mpoBepkoit yoexxmaemcsi, 9T0 KO3 MOUIUEHTHI TpU
f(x;) B 3TOIl 3aIECK COBIANAIOT C Cjj:

w(0)

i (z)

ij =

Nraxk,
k
P 1(0) = Z crj f (). (35)

Jasee HaM mOTpeOyeTCS HECKOJIBKO M3MEHEHHBIM BapUAHT yTBEP-
JKJIeHUs u3 paboTel [17], npuBomuMblil asee 6e3 0Ka3aTEIHCTBA.

Teopema 5. Ilycrs y3/ibl B HHTEPHOISAIHOHHOM MHOrodaeHe (34)
npuHaIekar orpesky [a,b], 0 < a < b. s toro 4robsr cymma Mo-
Zy1eit K09 DUIHEeRTOB ¢k B pencrapaennn (35) Oblia MHHIMAIBHA,
cleayeT B KadeCTBe y3/I0B HHTEPIIOTUPOBAHMS BBIODATh KODHH MHO-
rousenoB Yebrprmiésa Broporo pona Uy_o(x), cMeméHHBIX Ha OTPE30K
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[a, b], a Tak>Kke KoHITBT 9TOrO OTpE3Ka. IIpH 9TOM MHHHMAJIBHOE 3HAUYCHHE
O6y1eT paBHO

k
Z lex;| = (1) T4 (0),

e Tvk,l(:zj) — cMeménnble Ha [a,b] MHOrouIeHpl HeOhIéBa mepBoro
poza.

HanoMHIM CBsI3b MHOTOYJICHOB UeGbINeBa IepBOro U BTOPOTO Po-
qoB: T! 1 (x) = (n — 1)Up—2(z). CrenoBaresbHO, ONITUMAJIBHbIE Y3JIbL,
0 KOTOPBHIX HIET pedb B Teopeme 4, CyTh TOYKH MAKCHMYyMa MOJLYJIs
muoroustena Ti_1(z).

Ha orpeske [1/ng,1/n1] paccMoTpuM cMeméHHbIN MHOrOWIeH Ye-
OBIIIIEBA IIEPBOIO PO/JIA

B 1(e) = Thos (Qx —1ny — l/nk> .

1/ny —1/ng
BosbMméM Touknu

17/1 1 jr 1 1
o= = - = —_ 4 — i =0,1,...,k—1
Tj+1 9 |:(n1 nk)cosk1+n1+nk:|7 J 07 ) 7k )
36

B KOTOPBIX |T—1(xj+1)] = 1 uw monoxum m; = 1/z;, j=1,2,...,k, a
3aTeM IO duciaaM d; = m;/m; MOCTPOUM <UHCiIa Ckj, Kak u panee. Ilo
Teopeme 4

k
> el = (1" s 0)

U 3TO 3HAYEHUE MUHUMAJIBHO.

Yucaa m;, BoobIme roBopsd, He Iesble, W MO3TOMY B KadecTBe HC-
KOMBIX HOMepoB upubsmkenuit W, (f,t) no Bumaepy cieayer B3sarb
GJinzKaiIme mesble K HUM:

1
n; = entier (mj+2>, j=12 ... k.

Taxue HOMepa OyreM Ha3BIBATH 4e0bIIEBCKUMHA. Vcob3ys TOT dakr,
9TO

k

ij _ 22—2k(n1nk)1/2—k {(M+\/n—1)2k—2 _ (\/’T— \/771)

Jj=1

2k—2
y
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HETPYIHO IOy YUTh SBHYIO IPUOINKEHHYIO (POPMYJTY JJIs BBIYUCICHUS
BEJINYNHBI
k k
E Clj dj
J=1

B CJy4ae 4YeObIIIeBCKUX HOMEpOB (OHA NPHUOJIMKEHHA, TAK KakK 4eObl-
MIEBCKHE HOMEPA II0JyJaJuCh OKPYIJIEHHEM JI0 Mesbix uncen). Ecte-
CTBEHHO, 3HaueHHe B GoJbIIe BeIMYUHLI 53, COOTBETCTBYIOMIEH ONTH-
MaJILHBIM y3JIaM, PEMAIOIIuM IIEPBYIO 3aJady — MUHUMUSAIMIO TJIAB-
HOT'O YJIEHA TIOTPEITHOCTH, OJTHAKO MTPEBBINIEHIE He 003aTeTHbHO 3HATN-
TebHOe: TaK, B ciiydae ng/ni; = 2 orHomenne B/B npu k = 3 pasHO
TpéM, a ipu k = 6 pasuo 9.3.

B 10 Xe BpeMs BeJIUIMHBI Z§:1 [Ck;| m 25:1 |ck;|, xapaxTepu-
3YIOIAEe YyCTONUIMBOCTD, PE3KO OTIMYAIOTCA JAPYT OT JIpyra: TaK, HpH
ny = 1500, ngy = 2000 u kK = 9 @i 4eOBIMIEBCKUX HOMEDPOB WMe-
eM Z?:l |ekj| ~ 108, nust mamryamux nomepos 2000, 1999, . ..,1992

E:

OJTy 4aeM Zle lekj| ~ 1.6 - 10?4, a 119 PaBHOOTCTOATIMX HOMEPOB
2000, 1970, ... 1760 nomyuaes Y2, |cx;| ~ 1012,

§ 5. IIpumeneHne MHOTOYJI€HOB UeObIIIEBA K MMOCTPOEHUIO
[eJIbTOOOPAa3HbIX siAep

IIycts p1,...,pn — TPOU3BOJIbHBIE Y3JIbI, JIEYKAIUE B IOJIYILJIOC-
koctu Rep > 0, mapamerp s pasen enunuiie u nana KP obpamenns
npeobpazoBanusd Jlammaca Buma

F@&) =Y Arer(pr/t), ¢1(p) = pF(p). (37)
k=1
C yuerom onpejesenus F'(p) sanuiiem ee nxade:
ft) =~ / Z Agpre PF | f(tx) dx.
0 \k=1

CaenoBarenbno, KO Oymer maBaTh Xopoiiee npubImKenne, ecan QyHK-
st

n
On(w) =) Appre P+
k=1
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nenbroobpasua B Touke x = 1. [Tosoxkum
Ap(z) = /5n(x) de =C — ZAke_p R
k=1

Vanet pr u ko3dunmenTsr Ay HaI0 BEIOUPATH TaK, YTOOBI IPH 1 — 0O
BBITIOJTHSIJTNCH YCJIOBUST

Ap(z) —— 1, Ay(x) — 0.
—00 x—0

[TepBoe u3 HUX ClIpaBEIMBO MPU JIOOBIX Py, Ay, ecau mooxkurs C = 1,
a BTOpO€e yCJIOBUE O3HAYAeT, ITO

n—oo

n
E Ay —— L
k=1
[Tonoxxum y = e~*. B cuiy ckazanHOro Bblle (OYHKIHA

gn(y) = Ay
k=1

IOJIZKHA TPUOIIMKATD (DYHKITUIO

()_ 07 O§y36717
W= 1, et<y<l.

IIponomxum g(y) Ha [—1, 0] HEUETHBIM 06Pa30M, HOCTE Yero GyeM uc-
KaTh Ipub/mKeHne K Heil Ha [—1, 1] B BuJle pas/ioKeHnus 10 HEYETHBIM
MHOTOWIeHaM IeGBIMmEBa MEPBOro POJIA, T. €.

n—1

9(y) = Z azk+1T2k+1(Y)- (38)
k=0

OueBuHO,

a2k+1:; o ﬁ—yQ y*ﬂ_ 2% + 1

Hanee cauraem pp, =2k — 1, k=1,2,...,n. Pasioxum npasByio 9acTtb
B (38) mo crenensam y:

2 /1 9(y)Tor+1(y) du — 4 sin ((Qk + 1) arccos e‘l)

n—1 n—1

2j+1
> askia Torra(y) = Y bajay™ ™
k=0 =0
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Crnenosarenbro, koaddurmentsr KO (37) ¢ yamamu py = 2k — 1 paBHBI

Ajt1 ="byj+1, j=0,1,...,n— 1.

Ho
1 S (2j+1)
= — J
A CTRS kgja%“%k“ (©) (39)
Herpynuo nokaszats (cM., Hanpumep, [35]), ato
2j
TR0 0) = (-1 @k + ) T 20k -+ 1),
=1

B wurore, ucnonbsys (39), noaydaeMm sgBuyio dopmyiy it Koadbduum-
entoB KO:

4 <2 sin((2k + 1) arccos e 1) i ] +i
A- = J .
AR ; 2k +1 H

Jist uzydenus siipa 0, (x) ¢ HEJIbIO BBISICHEHUS AIPUOPHON TOYHOCTH
dopmyuet (37) mesiecoobpasHo cHAYAJA IPEJCTABUTH €r0 B BHUJIE

n—1

dp(x) = Z bokt1(2k + 1) (e~ %),
k=0

a 3aTeM paccMOTPeThb (DyHKITUIO

n—1 — /
550 = 3 b2k -+ e (Zb) .
k=0 -
!
n—1
=z Z agj+1Tj+1(x)
7=0

Ncnonbays coiicTBa MHOrouIeHoB Yebpiména (cM. [35]), momyuaem

n—1

eThi 1 (x) = 22 +1) Y Topar(x) + (25 + DTy (2) =
k=0

= (27 +1) (Ugj1(2) + Toj1a(2)) =
sin(2j arccos x)

= (25+ + cos(2j + 1) arccosx | .
(24) (LD | cos(aj 4 1) avecos
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B nrore nmonydaem mpejicraBienne sijipa, He TpeOyToIee mpeIBapuTeIb-
HOT'O BBIYUCJIeHUsT KO duimeHToB Ay

n—1
4
55 () = - <x\/ 1—e2+4 Z sin(2j + 1) arccos e ™! x
j=1

{ sin 2j arccos x
V1— 22

Ipaduxk aupa 015(x) npuseaén ua puc. 4.

+ cos(2j + 1) arccos x}) .

A
VAR, v v
Puc. 4: dnpo §15(x)

C pocrom n atu aapa BeayT ceba Tak ke, Kak u gaapa KOHCT (cu.
puc. 1). IIpu Bospacranuu n cymma xosbduruenros KO (37) crpe-
MUTCS K €JIMHUIE, U B TO K€ BpeMs caMu KOd(DMDUIMEHTHI PACTYT II0
mouystro. Cymma Momyieit koadduimentos Joboit KO obparienns, kKak
MBI BHUJIEJIN, XapakTepuidyer ycroiiausocTs K@ 110 OTHOIIEHHO K OITub-
kaMm B byukuuu ¢, (p). Ckopocts pocra ko3 dunuentos KOHCT 6bi1a
ycTaHOBJIEHA B TJI. 3. B Tabur. 4 11 HEKOTOPBIX N IPUBEIECHBI 3HAYCHUST
maxy, |Ag| msa KOHCT (upu s = 1) u KO (37) ¢ y3namu py, = 2k — 1.

Tabruua 4

Suauenus max |A|
n | KOHCT | dbopmyaa (37)

11 [ 5.7-10% 1.1-10°
15 | 8.4-10° 1.6 - 108
20 | 4.6-10° 2.8 -1012

26 | 1.0-10'3 8.0-10'6

Kaxk sugum, nocrpoennsie KO yerymaror KOHCT B cMmbicite ycToii-
YUBOCTH, HO UX Y3Jbl U KOIDPUIUEHTHI BEIMECTBEHHBI. JTOT IIPUMED
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JIMITHAH pa3 MOKA3bIBAET, YTO HEOOXOMMO COTJIACOBBIBATH BHIOOD THC-
Jsia y37108 KO ¢ TOYHOCTBIO MCXOIHOM MH(POPMAIIIH.

Sameuanue 4. AHaJOrTIHBIM 00pa30M MOXKHO mmocTpouth KO Bu-
na (37) ¢ ysnamu py, = (2k — 1)a 118 IPOU3BOJIBLHOIO HOJIOKUTEIHHOTO
3HAMEHUS .

PesyabraTer aToro maparpada u3mI0KeHsl B ctaThe [47].

§ 6. leabTa-mMeTon obpariieHust mpeoopa3oBanus Jlamiaca
BBICOKOT'O MOPSIIKa TOYHOCTUA

1°. Jlo cux mop MBI HCXOAMIN U3 33JaHHOTO CHOCODa OOpaleHns
npeobpazoBanus Jlamiaca, 3aTeM CTPOMIA COOTBETCTBYIOIIEE MY JTeTh-
TOOOPA3HOE s1JIPO, U3YUaJH €ro CBOMCTBA, HA OCHOBE KOTOPBIX yCTaHAB-
JINBAJIACh CKOPOCTB CXOJIUMOCTHU METOJA, & 3aTeM C YIETOM aCHMIITO-
TUYECKOTO PA3JIOZKEHUsI TOIPEITHOCTH METO/a CTPOUJIMCH AJITOPUTMBI
YCKOPEHUS CXOMUMOCTH, TEOPETHIECKH TO3BOJISIIONIIE TOOUTHCS JTIOO0M
JKeJlaeMOil TOYHOCTH OTpeJIeJIeHnsl OpurnHaia. B jganHoM maparpade
peritaeTcst obpaTHast 3a/1a9a: TOCTPOEHHUE sIJIPa ¢ XOPOIIUMHU JeJITO00-
PA3HLIMM CBOWCTBAMU, YCTaHABJIMUBAEMBIMU J0 IIOCTPOCHUS (haKThIe-
CKOro crrocoba obpalleHns, a 3aTeM OIPe/IeJIEHUs] apaMeTPOB 9TOr0
METO/JIA.

W nest nocTpoenust jiefbra-sjiep MIPUMEHUTEIHHO K 3a/[a9e BhIIUCIe-
HUsI 3HaYeHWH (DYHKIUHE 110 €6 MOMEHTOB C ITOMOIIBIO OPTONOHAJBHBIX
MHOT'OYJIEHOB W YCTAHOBJICHUS] XaPAKTEPUCTUK JIE€ILTOOOPA3HBIX SAIEP
cojepxkuTcsi B padore [73]. Hekoropble €€ pe3ysbTarThl IIPUBEIEHbI HU-
’ke. B 1o ke BpeMmsi B 73] BBICKA3aHO COMHEHHE O BO3MOXKHOCTH IO
JIy9IeHUsI IBHBIX BBIPAXKEHUH KOI(DMDUIMEHTOB MOPOXKIAEMBIX TAKUMU
SITPAMU METOJI0 BBl YHCJEHUS UCKOMBIX BEJIMYUH, HE TOBODPs yXKe 00
yA00HBIX (bopMaxX pean3aIuy TaKOro MOAX0a K 3a/ade oOpalieHuest.
esp marHOrO Maparpada COCTOUT B IMTOCTPOEHUU METOJIOB OOpAIIeHUsT
Ha OCHOBE MJIe0JIoruu paboTsl 73], yCTaHOBIEHUN CKOPOCTH WX CXOZU-
MOCTH, & TaK¥Ke B yKa3aHUU HauboJiee palroHaIbLHOU (GOPMBI UX pea-
JIN3AIUU B 3aBUCUMOCTHU OT CIIOCO0a 3aJ[aHUsT UCXOTHON WHMOpMAIWH.
Nsnoxkenne nambHeliero Marepuana ciegyer padore [42].

20, Tycrs a, a, B — nonoxkuresbhble uncia u Ag(z,t) — HeKOTOPBbIit
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MHOTOYJIEH 110 ¢ crereHu He BoIme s, s > 0. Ilosoxkum
oo
M(a, a, 5) — / 6—(a+1)az(1 . e—az)ﬁf(z) dz,
0

fs(y) = a/oo ef(aﬂ)”(l — e*“)ﬂAs(l —e W 1—e)f(2)dz.
0
(40)

Suauenus p(a, a, ) BbIparKaOTCs Yepe3 3HaYeHUs U300paKeHus B Psi-
Jle PABHOOTCTOSAIIUX TOYEK 110 (POPMYyJIe

wa.08) =3 O par a4 1)) (a1)
k=0

e (—fo =1, (=8 = (=8) - (—=B+k—1), k > 1. Ilycrp pazioxkenue
As(x,t) no cremensiv ¢ umeer Bu

Ayl t) = 3 A(2),
§=0
TOT I

foly) = ad A3(1— e ¥)u(a, a, B+ j). (42)
§=0

ITocTaBuM CJIeIyONyI0 3aa4y: J1Jid (PUKCUPOBAHHBIX 3HAYCHUN § >
0,a > 0,y > 0 Boibparsb A(z,t) Tak, 4T0OLI IPU COIIACOBAHHOM POCTE
napamMeTpoB «, 3 comHoxkuTesb TpH f(2z) 10/ 3HaKOM HHTerpaJa B (40)
CTpeMuJICs K JeIbTa-(pyHKIUA B TOUKE .

30, TMocye zamens mepeMerHbIX t = 1—exp(—az), © = 1—exp(—ay)
u BBegenus Gyukuuit () = f(—In(l—t)/a), gs(t) = fs(—In(1—t)/a)
dbopmyna (40) mpumer Bug

1
0.(0) = [ (=0 A, 009(0) . (43)

0
IMorpebyem, uTobsr st a, S > 0 u awbom z € [0,1] BBIONHSIOCH
paseHcTBO ¢5(2) = g(z), ecim g(x) — MHOINOUIEH CTEIlEHU He BBIIIE

s. Drum ycnoueM supo Ag(x,t) oupenensiercs omHoznadno [53, 73], a
NMEHHO

As(z,t) = ™ (@)p (1) =
k=0

= (PP @l (@) = P Ops) (@) /(= ), (44)
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rje

Y=t B4 1, e = 2kt )Tk + DR+ o+ DI+ 5+ 1)),
A =(s+DT(v+s+1)/(v+2s+ )N a+s+ 1I(B+s+1)),
p,(ca’ﬂ)(a:) = Ps(a’ﬁ)(Zx — 1) — cmemennsle Ha [0, 1] MHOrOWIEHB! SIKOON.
Hast mo6oit ocrarodno riajkoil dyHknun ¢(t), OTIMYHOM 0T MHOrO-
YIeHa CTEleHW He BbINIe S, MPHOJIIKeHne K Heil B Touke ¢ = x, 0 <
x < 1, oupegensiercs 1o ¢opmyiie (43), Ho Tenepb yxke a,  He IPOU3-
BOJIBHBI, & OIPEJIEJIEHHBIM CIIOCOOOM CBSI3AHBI C TOYKOM T, 38 CIET 4ero
MOXKHO OyJIeT, KaK II0Ka3aHO HUKE, IOBBICUTH TOUHOCTD TIPUOJIMZKEHNSI.

Wrak, npubanxkernne K ¢(z) ecTh OTPE30K psifia MO MHOIOWJIEHAM
Axobu, 9ucI0 4IEeHOB KOTOPOIO OJIHO W TO K€ W paBHO S + 1, B TO
BpEMsl KaK IapaMeTphl «, (3 Beca dko6u (1 — t)t? 6ymyT Bospacrars u
OIpeIesIeHHBIM 006pa30M ¢BsA3aHbl ¢ TO4KOi x. Ilepeitnem kK nsydenuio
cBoiicTB sinpa (44) n npubimxkennii (43).

Jlemma 7. Kosppummentnr Aj(x) sapa As(z,t) porancasiores 1o
dopmymram

S

50 = S e ras s en () (15 17H),

k=j B+
7=0,1,...,s.
(45)
HoxkaszarenbcTso. OueBUmHO,
197 A( ) () L s
S _ «, «,
Aj(z) = ] j |§£:}‘ ]pk (t)t:O

[IpousBoaHbIE TIOM, 3HAKOM CYMMBbI BBIYHC/ISIIOTCS C TOMOIIBIO (POPMYJT
nuddepennupoBans MHOro4wieHoB kobu [9]

dm

—— PR (z) =2

dem™ "

7mF(n+m+a+ﬁ+1) (a+m,B+m)
'm+a+p+1) "™

().

IMocsie HECTOXKHBIX BBIKIAI0K 1oyunm dopmyny (45). Ecau 8 we ue-
Joe, 1o B hopmyiie (45) ciemyer ucnoib3oBaTh hOpMyILy

a\ Ila+1)
(b) S Tla—-b+1I(B+1)
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Bameuanue 5. Yenosne na kosdmmentnr A%(x), cocrogmee B
[IepPeBOJIe MHOTOYJIEHOB CTeleHH He Bhle s B cebst o dopmyse (43),
PABHOCUJIBHO CHCTEME ypaBHEHHI

S .
ZA;(:C)F(?+ 1)11('6_!_] +tm+1) =z, m=0,1,...,s.
= (a+B8+j+m+2)
DTO K€ YCJIOBWE PABHOCUJIBHO TOMY, UTO TIpaBas 9acTb hopMyst (42)
nepeBoguT B cebs dbyukimun (1 — e )™ m = 0,1,...,s Wi, 970 TO
ke camoe, dpyuknun e~ ™ m = 0,1,...,s g BoIOpaHHOrO (DUKCH-
POBaHHOTO d.

Ha orpeske [0, 1] bdyrknus (1 —t)t? npu a, 8 > 0 gocTuraer nan-
GompImero sHadenus B Touke tg = B/(a+ 3), 0 < ¢y < 1. Ecrectsenno
oxugaTh, uro u dynxmua (1 — t)*tP A (x,t) Gymer MakcumaibHa 110
MOJIYJIIO B TO# K€ TOYKE, €CJIU MapaMeTphl «, 3 CTPeMATCS K 0EeCKO-
HEYHOCTH TAKUM 06pa3oM, 9To BbinosmHsercs yciaosue /(o + () = to.
IMonoxum S =n,a =n(l/z—1), canras 0 < x < 1, Torja npu J060M
HATYPAJLHOM 1. UMeeM ty = .

JIemma 8 (|73]). Ilycts o = n(1/z—1), B =n,x € [0,1] u Gpynkuns
g(t) abcosrorro uaTerpupyema Ha [0, 1]. Torga npun — oo st JEO60r0
MOJIOXKHUTEILHOrO dncaa § takoro, uro 0 < x — § < x + 6 < 1, umeror
MECTO aCHMIITOTHICCKHE PABEHCTBA,

z—9
/0 (1= 6)*t7 A (, t)g(t) dt ~ Cin*T'/2q7,

1
/ (1 —t)*tP A(z, t)g(t) dt ~ Con* /%3,
x+3

pl@B) () ~ Cynl*/?),

e C1,C5,Cs,q1,q2 — He 3aBHCsIIIHE OT 1. OCTOsTHHBIE, rpudeM (0 <
q1,q2 < 1.

49, Tlepeiinem K omenke paznoctu gs(x) — g(z) B TpeATOIOKEHIN
JIOCTATOYHON ruiajikocTu pyHKIuu g(x).

B cuny Beibopa siapa nmeem

02) =gle) = [ (=070 4,060 ~ o))
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IIpu noscramoBke B 3Ty psaga Teitopa

® () (g ,
ot) —gla) =3 L 4 gy

4!

j=1
MO2KHO OT6pOCI/ITb IIepBbI€ § YJICHOB, YIUTbIBasd CBOICTBA gapa. ﬂaﬂee,
UCHosb3yst npejcrasiienue (44) u e GYHKIUIO
O glstHit+l
gl (a)

@=L )

_ x)j-i-s’

IIPUJIEM K PaBEHCTBY
1
gs(x) — g(x) =As (pga’ﬁ) (96)/0 (1= )¢ p{5 7 ()G (t) it -

1
— P (@) / (1— 1)t ()G (1) dt).

[Ipumensist vHTErpUpPOBAHEE 110 YACTIM S+ 1 pa3 Juist IEPBOTO UHTErPa-
JIa U S pa3 JJis BTOPOT'O MHTErpaJja B IIPaBOil YaCTU 9TOTO PABEHCTBA U
HCIIOJIb3Ysl COOTHOIIIEHNE

4
dt

IIOJIYYIHM IIpEJICTaBJICHUE

k
((1 — p)otLgfrip(h) (t)) =0 Hetp D), k=1,2,...,

ga() — g(x) = (—1)* Ausla—! (<s L1 () x
1
% / (1 . t)a+s+1t6+s+1G(xs+l)(t) dt+
0
1
Fals @) [0 orreedna). o)
0

Teopema 6. ITycts o = n(1/z—1),8 = n,x € (0,1) u g(t) — 6ecko-
HeuHo guggepennupyemast pyukist. Torga mpu n — 0O CIpaBEATHBO
ACHMIITOTHYIECKOE PA3JIOKEHIE

gs(x) — g(‘r) ~ n_l_[s/Q} Z cjn_j/2,
7=0
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rje ¢; — HEKOTOpble He 3aBHCSIIIHE OT T BEJIHIHHBI.
Hokazarenbcrso. U3 onpenenenns G (t) nmeem

s+7+1)
(s 9 ) t — J
o Z (5+J+ 1)( )

(s+3+2) (1) ,
Ge)y =S L~ Wy gy
e () j;ﬂ(sﬂ”)( 7)

Meroznom Jlamaca [58] npu dukcupoBanHOM b 10JIyYaeM aCHMITOTU-
YeCKUEe PA3JIOKEHUST

1
Al / (1= £)ot5B40 (4 — 2)i dt ~ C=s=1=3/2, (47)
0

Tewm caMbIM HaliJIEHBI pA3JI02KeHNsI BXOASIMX B (46) WHTErpasos, yMHO-
JKEHHBIX Ha Ag. Jlasee, mo gemme 8

(@5) () ~ Gyl +1)/2]

Psy
B CWJIy 9ero IVIaBHBII wWieH norpemuoctu (46) cofepKuT n B cTeneHn
[(s+1)/2]—s—1 = —1—[s/2]. HanbHeiinme npeobpa30BaHust OB IHBIL.
O

Caencreue 1. Eciin dynkuus ¢(t) umeer HelpepbIBHYIO POU3-
BOJIHYIO TIOPSIIIKA S + 2, TO IPU 1 — OO CIIPABEJIJINBO ACUMIITOTUYECKOE
PaBEHCTBO

9s(2) — g(z) = O(n* "),

WTak, TEOPETUIECKA MBI MOXKEM IIOCTPOUTH MeTOJ OOpAIEeHus CO
CKOJIb YI'OJIHO BBICOKOI CKOPOCTBIO CXOJMMOCTH. Paszymeercs:, Jijist mpaK-
TUYECKOH pean3anun 370 MoTpeboBao Obl HEOrPAHUIEHHON TOYHOCTH
[IPOBEICHUST BLIYUCJICHHUIA.

59. OcTamoBuMca Ha BEIGOpE 3HAYUEHHs HapaMeTpa a B (opMyle
(42) npubsuzkennoro obparienus npeobpasosanus Jlamiaca.

Kak npasuio, uckoMblii opuruas f(y) Hy>KHO OUPEIEIUTH UL
Bcex y > 0. Ecin B3sATh mapamMeTrp a GpUKCHPOBAHHBIM U HE 3aBUCSIIIM
OT ¥, TO, BO-IIEPBBIX, BXOJsIIMe B (42) MOMeHTHI fi(a, cv, 3) BBIPAKAIOTCS
gepes 3HadeHud F(p) B TOUYKAX, HE 3aBUCANIAX OT Y, YTO HEECTECTBEH-
HO, U, BO-BTOPbBIX, 3HAUEHNE BeJIMIUHLL & = 1 — exp(—ay) OyJeT CKoJb
YTOIHO MaJIO TIPU MAJIBIX i U OIU3KO K €UHAIE TIPU GOJIBIIAX ¥, & ITO
yXyamaer GuiIbTpyomue cBoiictsa aapa (ducia ¢, g 6yayT 61ausku K
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exuumIe, cM. Jemmy 8). K ToMy 2Ke ¢ m3MeHEHHEM T IIPUJIETCs 3aHOBO
BRIHCIATH Koadummentr A3 (z).

YVauTeiBas CKa3aHHOE, MOCTYIUM TaK: 110 3aJJAHHOMY Y BBIUUCJISIEM
fs(y), monoxus a = d/y, tne d — HEKOTOPOE IOJIOKUTEJIBHOE TUCIIO.
B sTtom ciyaae x octaeTcss ogHUM W TEM Ke, U KOIDPUITHEHTHI A; (z)
HE MEHSIIOTCsI C U3MEHEHHEM Y. 3aBUCUMOCTD OT Y Teleph MEJTHKOM CO-
JIEP?KUTCsI B 3HAYEHUSIX M300parKeHusi U UMeeT DoJiee eCTeCTBEHHBIN Xar-
pakTep, Kak U B JPYyTUX METOAaX o0palieHus (CM. JIPYrHUe IJIABbI).

Sameuanue 6. B wacroom ciygae s = a = = 0 npuxomum K
pubIMXKeHHoi hopmyite

FW) = pF®)],_y),

cojiepzkaiteit B cebe nipu d = 1 TONyJIIpPHYIO V¥ MEXaHUKOB (DOPMYJIY
Tep-Xaapa [65].

Iomoxxum d = In 2, Torna x = 0.5 u @ = # = n. llycts n gérHo. Tak
kax p{71)(0.5) = 0, To A3T1(0.5) = 0 u A3(0.5) = AS1(0.5), j < s,
T. €. TIPU HEYETHOM 3HAUYEHUU S+ 1 Oy daeTcst Ipeblrymast (hopMyJIa.
Urak, s ciemyer 6parb 4érHbiM. Ho B TakoM ciydae BTOpOe ciiarae-
Moe B cKoOkax B ¢dopmyse (46) pasHo Hysro. HTerpassr Buga (47)
upn & = 0.5 I 9ETHBIX j yIaeTCsd BBIPA3UTh TOYHO UYepe3 3HATEHUS
ramMa-QpyHKIUE, & IPU HEYETHBIX j OHM PaBHBI HyJI0. OKOHYATEIb-
HBI Pe3ysIbTaT JIJIsl TOM0 BAXKHOIO YACTHOIO CJIydas, aHAJOIMYHBIN
TeopeMme 6, TAKOB.

Teopema 7. IIycts x = 0.5, « = § =n, s uérao u pyuknus g(t)
ma [0, 1] 6eckoneuno auddepennupyema. Torma npu n — 0o crpaBej-
JIHBO PABEHCTBO
95(0.5) — g(0.5) = A\p™™(0.5)272(+s+D=1P( 4 5 4 2)x

y = gtt2m(0.5) I'(m —0.5) ~ (_1)°)? (s+1)!
(s+2m)2m —-2)!T'(n+s+2+m —0.5)

(s/2)! "

m=1

> (s+2m)(0.5)  T'(2m —1)
—s/2 9 ( 2—2m—2s—1 —-m
xn D (s+2m)2m—2)!  T(m) o

m=1

Cnencrsue 2. Ecim dyuxius-opurunan f(y) ABaXKIbl HEIpe-
peiBHO mucddepennupyema Ha mojyocu y > 0, To mpum n — 0O cIpa-
BEJINBO ACUMIITOTHIECKOE PABEHCTBO

foly) = Fly) = - ( W gy + 4yf/(y)> +OMm2).

n \In22 In2
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CrpaBeyInBOCTb 3TOTO YTBEPXKJIEHUS CJIE/IyeT U3 TEOPEMBI 7, €CJIN
B3aTh $ = 0,m = 1,a = In2/y u BBIpPa3UTH NPOU3BOIHBIE BDYHKIUN
g9(x) uepes f(y).

Sameuanue 6. Bropoe ciaraemoe B npasoii gacru (46) yObiBaer
Me/IJIeHHe TIepBoro, Boobuie ropops. [losromy npu nanuoMm s (He ob6s3a-
TeJIbHO 96THOM) B ciay4dae x # 0.5 mapamerp d ciemyer BHIOGUPATDH Tak,
9TOOBI BBITIOJIHAIOCH PABEHCTBO pgj‘_f ) (2) = 0. OueBnmHO, 9TO IPU yBe-
JIMYEHUH S§ HA €JUHUILY U B 3TOM CJIydae IpUOIMKeHHas (hopMyJia He
U3MEHUTCS.

6°. MuI Bunesn, uTo Hanboree yIOOHLIM I B BLIMHCIITEIHLHOM OTHO-
[IIEHUHU, W C TOYKW 3PEHUsT XOPOIIEil IeTHTO0OPA3HOCTH S/IPA STBISIETCS
BeIGOp @ = In2/y. Tak kak npu sToM 3 = n, 10 psix (41) obpbiBaeTcs,
YTO CYIIECTBEHHO YIPOIIAeT Bhranucyaenue (a, «, j). JIerko npoBepuTh,
YTO MMeeT MecTO (hopMyJIa

wla,a,m) = (=1)"A"™F(a(a + 1)), m=0,1,..., (48)
rie A™F(p) o3Ha4aeT KOHEYHYIO PA3HOCTD HOPSIJIKA M U300paKeHus B

touke p. Hasee Bciogy cuuraem a = In2/y, rak uro z = 0.5, a = § = n.
BsesieM 11151 cOKpallieHus 3a1ucu 0003HAYEHUST

As, = A3(0.5), j=0,1,...,s.

[Mpubimxkennomy Meromy obpainenus (42) COOTBETCTBYIOT Aapa
On(z) =In2. 2701 —27%) Y " A8 (1-277).
j=0

I'paduk sroro gapa nmpu n =5, s = 6 upuBeseH HA PUC. 5.

2,51
P S~
-0,8 o
-0,5+ gz

Puc. 5: Sapo d5(x)
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ITpaBasi wactb Gopmysbl (42) MOXKeT GBITH BBIpasKeHa JUOO Yepes3
3HAYEHUsI CAMOro M300paKeHusl, JIOO ero KOHEeYHbIE PA3HOCTU BUJA
(48), u B uTOrE MBI IIOJIyYaeM TAKUE TPUD/IUZKEHUsT K OPUTUHAJLY:

s n+j .
fanly) =ad A3, > (-1)F (n;:j)F(a(k‘ Y1),

7=0 k=0

fsn(y) = a Z(—l)"JrjA?nA"”F(a(n +1)).

Wnorza yaobuee 3anucarh Npub/InKeHns B TepMUHax MyHKImE @(p) =
pF(p). Ouyckas odeBuuibie 1peobpazoBanus 3TUX (HOPM, IIPUBEIEM
OKOHYATEJIbHBIN BUJI PACIETHBIX (DOPMYJI B 9TOM CJIydae:

n+s

fsn(y) = Z Bi"p(a(k +n+ 1)),
k=0
n+s

fsn(y) = Z DlsankQO(a(n +1)).
k=0

(49)

Kosddurmentsr B, D" onnosnauno Bblpaxaiorcst depes A7, . 3a-
MeTHM, 9T0 KodddurmenTsl D" BLIUACIAIOTCA B NOpsJIKe yObIBaHIA
HOMEpOB k or n + s 1o 0.

Pasymeercs, ¢ pocTom 3HaUEHUT TApAMETPOB S, I KAIECTBA SIIEP BO
BCEX YETHIPEX CJIyYasX YJIydIaeTCs, HO ¢ BBIYUCIATEIHLHON TOYKH 3Pe-
HUsI OHU BCE MOPTATCA — KOI(PDUIUEHTHI B HUX PACTY'T, XOTs U C PA3HOI
ckopoctbio. [lo cyTn oHEM Bce SIBISAIOTCH KBaApaTypPHBIMU (bOpPMyJIaMu
obpalleHusi, yCTOWYNBOCTh KOTOPBIX OIIPEJIEJISIeTCST CYMMOM MOJTyJIeit
K03 dunnenTon. ZcHo, 9TO IPU COCTABICHUN TaOIUI KOI(MDPUITNEHTOB
A;n,Bg”, 2" HeoOXOZMMO CIeUTHh He TOJBKO 38 BEJMINHON CyMMBI
X MOZYyJIeil, HO 1 00ECIIeYNBATH MAJIYIO OTHOCUTEJHHYIO [TOTPEITHOCTH
BBIUUCJIEHUS KaXKI0r0 KoaddurmenTa.

VKaxKeM OJIUH U3 KPUTEPHUEB KavueCTBa BBIUYUC/IEHUs 3TUX K0Ihdu-
muenToB. HamomunM, 9to MeTos Touen it hyHkuumit exp(—amy), m =
0,1,...,s. B wacrtaocru, o touen mug f(y) = 1, 4ro coorBeTcTByET
dyukuun ¢(p) = 1. Bee xoneunsle pazHoctu ¢(p) paBHbL HYIIO, U U3
Bropoii dopmynst (49) cpasdy Berrekaer, yro D§" = 1. Koaddurmen-
ThI Ajn BXOJAT B BhIpazkeHuda Di" co 3HaKOUepeyIoMUMuca OMHOMH-
aJbHBIMU KOo3(DdUIMenTaMu, 1 ecjim TOYHOCTh Bhluucyienus Aj, Oblia
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HEJIOCTATOYHOM, TO BBIUUC/IsSIEMbIN HociaeauM D™ OyjeT oTimdeH oT
S sn sn
eauHUIbl. Tabaunsl Ko3hOUIUueHToB Ajn, B;", Di" npusejieHbI B pa-
Gote [43].
sn
B Tabs. 5 mpuBesieHE! 3HAYEHUS HEKOTOPBIX KodddurmenTos D
s s = 4, 3amMcrBoBaHHble n3 [43].

Tabruua 5

Snavenns D"
—2, —10.125, —144, —371.25, —247.5
—3, 6, 68.75, 763.125, 1876.875, 1251.25
—4, 10, —20, —398.125, —3867.5, —9213.75, —6142.5
, —5, 15, =35, 70, 2126.25, 18978.75, 44178.75, 29452.5

=W N =3
—_ = = =
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Thasa 6

OBPAIIIEHUE U30BPAXKEHNI PA3PBIBHBIX
OPUTTTHAJIOB

§ 1. TouyHOCTH BBIYHCJIEHUSI 3HAYEHUM OpUTHHAJIA
" ero cKadykoB MmeTosioM Buanepa

1°. B npeapinymeit riase 65UIH BBeIEHLI METOIB Bumaepa 1 ucce-
JTIOBAHBI UX OMIMOKH B IIPENOJIOKEHAN JOCTATOYHOM IIAIKOCTH OPHIH-
Hasa. OHAKO OPUTUHAJ MOXKET OBITh JaXKe PA3PhIBHBIM, B OTJIHYUE OT
M300paKEHNUSI.

ITokaxkeM,9TO BEJIMYMHA CKadKa OPUTUHAJA B TOYKE pa3pbiBa Hep-
Boro poja, pasuaga f(t 4+ 0) — f(t — 0), MoxkeT ObITH BbIpasKeHa Yepe3
npubsmxkenus o Bumnepy W, (f,t), Sn(f,1t).

st 3TOTO HAM TOTpEOyeTC st

Teopema 1 ([72], c. 298). Ecin unrerpas

oo
Awp) = [ et dat
0
CXOJIUTCST IIPA HEKOTOPOM P, TO

lim (7E>n A (%) =a(t+0)—a(t—0).

n— 00 t

Teopewma 2. IIycrp opurunad f(t) umeer orpaHHIEHHYIO BAPHAIIHIO
Ha orpeske [0,T] npu srob6om T > 0, ero mzobpakenune pasao F(p) u
npoussoanas f'(t) Taxke sBisercsa pyuxmueid-opurunagaoM. Torga npu
t > 0 copaBemynBa popmyira

\/ﬂnlggox/ﬁ(wn(ﬂt) = Sn-1(f,1)) = f(E+0) = f(t—-0),

e Wi (f, ), Sn(f,t) — oneparopbr Bumaepa (cm. gopmyiy (4) r. 5).

oxazaTenbcTBO. VI3 yC/IOBUIT TEOPEMBI BBITEKAECT CYIECTBO-

oo —pt _

Banne unrerpana [, e P'df(t) u ero pasencrso Bemmumme A(p) =
pF(p) — f(0). Ilo Teopeme 1 ckauok opuruHaja B TOUKe ¢ paBeH

F(E+0) = f(t—0) = lim (—f)”AW (%) (1)

n— o0 t t
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ITIo dopwmyse Jleitbmura HaX0IUM

A0 () =50 ) o ()

C [pyroit CTOPOHBI, HEITOCPEICTBEHHON ITPOBEPKOiT yOeXK 1aeMcsi B CIIpa-
BEJJIMBOCTH TOK/IECTBA

A (%) — (—1)" ”;Lfln (Walf,t) = Sn_1(f,1)).

IMoacrasnassa 31y Besmuuny B (1) u samenss gakropuan no gpopmyle
CrupJuHra, OpujeM K yTBepKIeHUI0 TeopeMbl. [

Urak, ¢ nomomurpio npubimmkenunii W, (f,t), Sp(f,t) Mbl mosydaem
Ipe/cTaB/IeHne He TOJLKO O 3HAYCHUH OPUTHMHAJIA B HEKOTOPOH TOYKe,
HO U O HAJMYUU pa3pbiBa B Heil. JIIsa NpUOIMIKEHHOrO BLIYHC/ICHUS

Wi (f,t), Sn—1(f,t) B ruaBe 5 6bun mosyversr (opMmysl (27) u Hall-
JIeHBI OlleHKN cBepxy Besmaud |Wp, — Wo| < A[|Sp, — Sp| < A
SHAYCHHIEM
Mr™ €
1—rm + (1 —mr)rm.

A:

Tam ke nuta pedb 0 crocobax BbIOOPA BXOJMIINX CIOJA IapaMeTpPOB
m,r,e.

CnencrBue 1. Ecim npy n — oo mapamerpsl m, T, B 3aBUCH-
MOCTH OT 7 BBIOHpatoTcst Tak, uto Ay/n — 0, TO BeMYMHA CKAYKa
opuruHaJja MOXKeT ObITh HafijeHa 1Mo (hopMmysie

FE+0) = f(t=0) = Var lm Vi (Wan(£,1) = Sn-1m(£,1) . (2)

Bameuanue 1. Jng Boraucsenus BbpazkeHus cupasa B (2) mese-
c000pa3HO BOCIIOJIH30BATHCH JIETKO IIPOBEPSEMBIM TOXKJIECTBOM

Wo(£8) ~ Sucaon(£.) nﬂi (%0~ rew(@) (rew)) ™

©(p) = pF(p)-
(2)
OueBnjiHO, tpu Hajgwauu paspbiBa pasHOCTb Wi (f,t)—Sn—1m(f, 1)
yOBIBaeT, BOOOIEe TOBOPs, Kak 1/4/n. 3HAUAT, BLIYUCIEHWE CKAYKa C
YJOBJIETBOPUTENLHOM TOYHOCTHIO 110 (hopMysie (2) MOKeT 1oTpeboBaTh
[IPOBE/IEHIS BLIYUCJIEHUIT [1JTsT OYeHb DOJIBIINX 70, IYTO BBI30BET OOJIBINIE
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3aTpyaHeHns Tpu (hpaKTUIecKoit peannarun MeToa0B Buagepa. [Tosro-
My HEOOXOJIUM JIeTajIbHbI aHaJIU3 AJINOPUTMa BBIYUCIEHUS CKAYKOB,
CKOPOCTH €r0 CXOJUMOCTHU U IIPUEMBI €€ yBeJINICHUS.

20. Bozbmem umcio § € (0,1) 1 pazo6béM 061acTh THTErPUPOBAHTA

B opmyite

nn+1

/OO e " f(tx) dx (3)
0

na gernipe yuacrka [0,1—4], [1—4,1], [1,146], [1+6, o). Paccmorpum
HHTErpaJl 1o IepPBOMY U3 HUX:

,’,Ln-i-l 1-6

I = /. (xe™®)" f(tz) dx.

DOyukiusa xe~* meorpuiaresnbia, Bozpacraer Ha (0,1) u ybbiBaer Ha

(1, 00), mpuHUMas HambobIee 3HaueHne e+ B Touke z = 1. CresioBa-
TEeJILHO,

1-0

nn+1 n
nl< S (=0 t)" [ ) e

UHTErpaJI CIIpaBa KoHedeH u aucyo ¢ = (1 — 6)6_5 MEHBIIE eJIMHUIIBI.
Ucnonszyst popmyry CTupsuHra, IpuxoIuM K OIEHKe

|I1| < Civ/ngt,

rae C; He 3aBUCHT OT 7.
Tenepns paccMOTPUM HUHTErPAJL

I = nntl /loo (e,n(zfln:v)>n f(tx) de =

nt Jigs
,nn+1 o]

=— / e 0T ftx)(xe” )"0 dx, n,ng € N.
o Jits

[Tpu mocrarouro GOIBITUX Ng OYAET CIpaBeINBa OIEHKA

nn+1 ']

I < 1 ~(149) "*”0/ no ,—now
1] < S (A 0e ) | ameemer ()] do,

OTKY/la, KaK 1 BBbIIIle, IIPU N — 00 II0JIy4daeM OlLIeHKY

|I4| < CQ\/ﬁqg, 0<qg <1
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Wrax, I, ;4 mocraTouno OBICTPO cTpeMaATcsa K Hyso. Jst ornenku
IBYX JPYIUX HUHTErPAJIOB 110 CYIIECTBY WUCIOJIb3yeTcss meromn Jlarmra-
ca, OJTHAKO HAPSIy C IIEPBBIM YJEHOM ACUMIITOTHKHA HAC MHTEPECYIOT U
IIOCJIe Y IOTITHE.

OcranoBuMcs 110/IpobHEE HA WHTErpaJe

1+0
/ e @I (10 di.
1
Bocnosb3yemcst pasiozKeHusaMu

r—Inz=1+(r—1)%/2—..., fitz)=f(t+0)+tf' (t+0)(z—1)+...,

nnJrl
I3 =

n!

CUYHUTasl CyNIeCTBYIONIMMH BCe BXOJsINUe B HUX Ipoussoxsble. Ilocie
3amenbl iepemennoit y = (z — 1)2/2 nosyuum npejicrabienue

prtle=n  (9°/2 g=ny 2v/2
I3 = —— 1 SYEBE2 2 o
3 ol ; o +n 3 Y Yo+ + X

X (f(t+0)+tf’(t+0)\/@+...) dy.

Orcrona 1npu GUKCUPOBAHHOM 0 U 1 — OO C yYETOM PaBEHCTBA

/ et dy =T'(a)n™®
0

IIoJIy9aeM

I3 = ;f(t+0 ( \/7ft+0 +tf(t+0)r>+0<1).

CoBepIreHHO aHAJIOTUIHO TIOJIYIaeM IIPE/ICTABICHUE

1 1 (1 /2 , 1 1
Igf(tO)\/ﬁ<3\/;f(t0)+tf (to)m>+0<n).

Urak, Besmunna (3) UMeET aCUMITOTHYIECKOE PA3JIOKEHNE

\}

(f(t+0)+ f(t=0) +

N =

Wn(fa t) =

[

| 2o

_|_

Si-
w| =

t / /
—(ft+0) - f(t—O))+\/—27T(f (t+0)—f(t—0))>+
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CulestoBaresibHO, B TOYKE pa3pblBa opuruHajia sHadenus W, (f,t)
cxonarest K 3(f(t40)+ f(t —0)) co ckopocrbio 1/y/n. B Touke nenpe-
PBIBHOCTH CXOJUMOCTH TaKasl YKe, €CJIU TepBasi MPOU3BOIHAS OPUTHHA-
JIa B 3TOH TOYKE pa3pblBHA, & B CIydae €& HEelPepbIBHOCTH IPOLECC
cxomurest Kak 1/n. JlanbHeliee TOBBITIEHTE TIIAIKOCTH OPUTHHAJIA He
YBEJIMIMBAET CKOPOCTH CXOIUMOCTH (T. €. MeTosl Bumiepa GbIcTpo Ha-
CBHINIAeMBI ), HO Tellepb MOTPeIHOCTb MPeJICTABUMA PSJIOM IO CTEIICHIM
1/n, a He 1/y/n. Dra anpuopHas uHbOpPMALHs O XapaKTepe 3aBHCH-
MOCTH TOTPENIHOCTH OT 7. U IIO3BOJISLIA HaM PaHee CTPOUTH METOJbI
YCKOPEHUS CXOAMMOCTH B IJIaBe 5.

3°. IlepeiizieM K BOIPOCY O TOYHOCTH BBIYHCJICHHS CKAYKOB OPHIT-

naJja. Ilomoxxum
e

@u(t) = (=) A" (). Alp) = pF ().

Ucnonn3ys onpenenenue F(p), npuieM K CUHIYJISPHOMY MHTErPaJLy

o

D,(t) = ne"/o e " — 1) f(tx) dx. (4)

JleiicTBysi aHAJIOTUYIHO TIPEBIIYINEMY CJIYYal0, IPUIEM K ACAMIITOTH-
qeckoit hopmyse

Ba(0) = Ft+0) = (=0 + = [Te (7t + 0 + - 0)+0 (1),
(5

CrenoBaresbHO, B O0IIEM CJIydae CKOPOCTb CXOJMMOCTU HEBEJIUKA.
Omna yBesimauBaercs, eciiu B To4uke ¢ BoinoJagercs ycjaosue f/(t 4 0) +
f(t —0) =0 (B wacruocrun, upu f'(¢+0) = f'(t — 0) = 0).

ITpuBeeM POCThIE IPUMEPDI, UILIIOCTPUPYIOIINE CKA3AHHOE.

IIpumep 1. Bosbmem f(t) = t(t—1)(t—2) ¢ uzobpaxenuem F(p) =
6/p* — 6/p> +2/p?, Torna dbynxuus (4) pasHa

e” n! (3n+1)(n+2) 6(n+1)
- - +2
tn pn+1 p2 P

~
~

p=n/t

D (t) =

1 1 6t>

— (3t =6t +2) + —(9* — 6t) + — | .

= (6ot 4 202 -0+ %)

Ecmu 3t2—6t+2 # 0, .e. t # 1+1/v/3, 10 ®,,(t) cTpeMuTCs K HYIIO Kak
1/y/n, unase ®,(t) yoomsaer kak n~ /2. B Touxax t = 1+ 1/4/3 opu-
I'MHAJ UMEET HYJIEBYIO NMPOM3BOAHYIO, YeM M OODBACHSETCH YCKOPEHUE

Q
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CXOAUMOCTH (3aMEeTHUM, UTO OPUIHMHAJ HEIIPEPHIBEH, T.€e. CKAYOK PABEH
HYJIO, K KOTOpoMy u crpemutcss P, (t), HO ¢ pa3HON CKOPOCTHIO).
IIpumep 2. Ilycts

1, 0<t<1,
f@t) =

0, t>1,

_ (161—1#)” _
p=n/t t

lfzr)n

rorma F(p)=(1—€eP)/pu

D, (t) = (—¢/t)" (pF (p)™

Mycrs = 1/t, Torpa @,(t) = —(ze .Hpu z =t =1 nua Beex n
umeeM @, (1) = —1, T. €. OJIyUEHO TOUHOE BHAUEHHE CKAYKA, IOCKOJIBKY
CYIIECTBYIOT OJIHOCTOPOHHUE NIPEJIETIbI BCEX ITPOU3BOJIHBIX OPUIMHAJIA B
TOUYKe t = 1 M OHM paBHBI HYJIIO, [I09TOMY B OPaBOil 4acT (HOPMyYJIbI
(5) ocraéres yunb Beauduna ckadka. [pu t # 1 umeem @, (t) = —¢™,
]I ¢ HOJIOYKUTENBHO, 3ABUCHT OT f, HO 3aBEJIOMO MEHBIIE €IMHUIIBL.

4°. 3uanme anpuopHoit mabOpMaIuE o noseaerun P, (1) P N —
0O MIPUBOJIAT K CJIEYOIIEMY AJATOPUTMY YCKOPEHHsI CXOUMOCTH: yCTh
U3BECTHO, UTO

O, (t) = by 4+ byn~* +byn 2% ...,

rae b; He 3aBUCAT OT M U ¢ — U3BECTHOE 4YUCJIO (B HAIIEM Cllydae a =
0.5). Bosbmewm uucia di,...,d; Takue, uro 1 < dy < .-+ < dj u Bce
amcsa n; = nd;, j = 1,2,...,k, nenste. Beraucoum @5, (2), ..., Py, (1)
n oOpa3yeM MX JIMHEHHYI0 KOMOWHAITIIO

k k k

k
bl —a bQ —2a
chj(pnj(t) :bO;ij + ’I?fZijdj + T%LZijdj

j=1 j=1 j=1

ITorpebyem, 9TOOBI YUCIIa, Cj YAOBICTBOPAIA YCIOBUSM

k k
E cri =1, E Clj ;ma=07m=1,2...,k’—1.
= =1
STa’ CHUCTeMa nMeeT e/IMHCTBEHHOE pelleHne

k dg, .
Ckj = H e qa> ]:1,2,...,k.
A dY - df
=ty C3
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ITpu Taxom BbIOOPE KO3(D@MUIUEHTOB Cf; UMeeM

k
Z ijq)n]. (t) =by + O(nf’m)
j=1

3aMeTuM, 4TO JJIsi CIPABEIJIMBOCTH 3TOI0 YTBEPXKJIEHUs] JOCTATOYHO
srmouenns f € C?F ma (0,t) u (t,00).

CremoBaTesIbHO, 38 CUET BhIOOpa Ng U k JINHETHAsT KOMOMHAIINS 103~
BoJieT omnpenesnuTh 3Hadenue by = f(t + 0) — f(t — 0) ¢ Tpebyemoii
CTENIeHbIO TOYHOCTH.

Metost yckOpeHust CXOIUMOCTH TOCTPOeH. Ij1s mprOInKeHHOTO BbI-
qucsenus: P, () MOXKHO BOCIIOJIB30BATHCS TEOPEMOI 2, T. €. TIOJOXKHUTh

q)n(t) ~ \/%(an(fv t) - Sn—lm(f7 t)) . (6)

SBameuanue 2. Ilpu a = 1 mosygaem paHee OIMUCAHHBINA CIIOCOO
YCKOPEHHSsT CXOAMMOCTH MeTO/OB Buepa.

st HanboJIbIIedl YCTONINBOCTH 110 OTHOIIEHHIO K ONTHOKAM BBIUKC-
senns byuaxnuu P, (1) xKenareapHo BHIOPATH k HOMEPOB TAKHUX, YTOOBI
cyMMa Mogyneil Koo PUINEHTOB ¢y OblTa HanMeHBIIeH.

ITycTs HAM U3BECTEH JAMALA30H [1(, Nykon] U3MEHEHUsI HOMEPOB IPU-
onmkeHnit. Bymnem caumraTthb, ITO Ng = m%, Nyon = mﬁon, rie 4ncia
mg, Myon HATYPAJIBHBI.

Breraucisiem BesimauHbI

11 1 -1, 1,1
T3 = 2 mo Myon o k—1 mo Mxon ’

3aTeM IoJIaraeM y; = 1/x; U B KaueCcTBe ONTHMAJbHBIX HOMEPOB OepeM

qucia
2 .
nj = ly; +05], j=1,2,... k.
CkOOKM 03HAYAIOT MEIYIO 9acTh YUCIa. DTU y3/I6I HA30BEM IeObIIICE-
CKHUMIH.

Touka ckadka t MOXKeT OBITH HaiiJieHa cJeaylomuM obpazoM. Ilycrs,
HAIPUMED, U3BECTHHI 3HaYeHUd Beaududbl (6), BoraucjieHHbe 1mo $hop-
myste (2') Jyist HEKOTOPBIX JIS 11, M1 U Ny, May. 3AIUIIEM BbITEKAIONIEe
u3 npubJIMKEeHHOro paBeHcTBa (6) ypaBHeHUe

O Wiy (s ) =Sy — s () = (W (s £) =S 1ma (f 1)) = 0.

na
(7)
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Touka ckadka opurmHaJa 0JJU3KA K PENIEHUIO 3TOTO ypaBHeHus. Ecin
TaKOBBIX HECKOJIBKO, TO IIOCTPOUM aHAJOTUYHOE YPABHEHUE JJIsl JPYTUX
nap 9uces ni, My U Ng, Mo U OLUPEIEJINM TOUKY CKAdKa Kak O0Iuit
KODEHb 3THX YpPABHEHUI.

IIpumep 3. lan pa3pbIBHbII OPUTHHAI

12, 0<t<l,
cost, t>1, '

ft) =

Ero uzobpaxkenue /1711 MPOCTOTHI HE BBITTUCHIBAEM.

st onpeiesiennst TOYKH CKAdKa OPUTHHAJA BO3BMEM JIBa HAOOpa
1eOBIIIeBCKUX HOMEpOB Ha orpeskax [100,400] u [81,256], mosoxumM
k =6,m; = 2n; + 1 n mocTponM rpaduK OYHKINH, CTOSINEN B JIeBO
gactn ypasaenus (7).

0.044

0.029

a iz { 1 2
0.0
0,04

Puc. 6: 'paduk nesoii uactu ypasuenus (7)

OueBuHO, 9TO TOUKA ¢ = 1 — TOYKA CKAYKa OpUTHMHAJA, MO0 B HEil
[paBble 4acTH PaBeHCTB (6) JOCTUraloT MAKCUMyMa U [MPUOJIUKEHHO
PaBHBI IpyTr APYTY, B TO BpeMs KaK B JAPYyIUX TOYKaX, rae rpadux
mmepecekaeT och abCImce, a He KacaeTcs ee, KaAK B TOUKE MAKCUMYMa,
[IPOCTO CJIy4YailHO COBIIAJIAI0OT MEHbIIe 3HAYEHNUsI JABYX (DYHKITUI.

ITo mz0bpaskeHnto ObLIM BbIUKCIEHbl 3HavdeHust P, (t) mo dopmy-
JIe (6) IJId N = 1000, 1500,2000 : (1)1000(1) = —04181037 @1500(1) =
—0.425097, ®oppp(1) = —0.42901. Sarem no 3uavenusm n = 1000, d; =
1, d2 = 1.5, d3 = 2 OBLIN HalJEHBI C; U BLIYUCIICHA JHHEHHAS KOMOI-
HAIHST

3
> ek, (1) = —0.459506.
j=1

Tounoe 3navenne ckavuka opurnaaia pasuo cos 1 —1 = —0.459697. Kak
BHUJINM, CITOCOO YCKOPEHUSI BECbMa I(PHEKTUBEH.

146



ITpeIoI0KKMM, 9TO MBI ONPEJEIHIN TOYKY a, B KOTOPOH OpUTH-
HaJI MIMeeT CKadoK I1epBoro pona, pasubiii f(a + 0) — f(a — 0), u HaM
n3pectHbl 3Hadenus f(a+0), f(a—0). Jomycrum, aro f/(t) Takxke siB-
Jisiercs QYHKIMe-OpUTnHAJIOM, Y KOTOPOil B TOYKE t = @ CyIIEeCTBYIOT
OJHOCTOPOHHUE TIPEJIEJIbI HAPSLY CO BCEMH IIPOU3BOIHBIMH.

IMocrasum 3axady onpenenenus 3uadenuii f'(a + 0), f/(a — 0).

N3o06paxkenue no Jlamnacy npoussogsoit f'(t) paBHO

Fi(p) = /Oooexp(—pt)f’(t) dt = (/OaJr/:O) exp(—pt)f'(t) dt =

— exp(—pt) F(1)] + exp(~pt) F(£)] +p / exp(—pt) f(t) dt =
= pF(p) — f(4+0) — exp(—ap) (f(a+0) — f(a —0)).

OueBuIHO, TIOCTABJIEHHAS 32/1a49a PEIAeTCsT TPUMEHEHIEM OIMUCAHHBIX
BBIIIE METOJIOB IIPUMEHUTEJLHO K u300pazkenuio Fi(p).

AHaIOrnIHBIM 06PA30M CTABUTCS M PEIIACTCS 331a49a OIPe IeICHIST
CKAYKOB TOCJIEIYIONINX TTPOU3BOIHBIX, HA 9€M MbI OCTAHABIUBATHCS HE
oymeMm.

50, Vkazkem jipyroii criocob noctpoenus pasnoxkenuit W, (f,t), ana-
JIOTMYHBIH [IpeJJIosKeHHOMY B pabore [48] 1pu uccieoBanum KBajapa-
TYPHBIX (POPMYJI HAUBBICIIEH CTEIIEHN TOYHOCTU OOpAIleHus mpeodpa-
30BaHus Jlangaca u IPUBOAAIIIN K ITOXOXKUM PE3yJIbTaTaM.

ITycrs dyukius f(x) uMeer eIMHCTBEHHBI KOHEUHBIH Pa3pHIB B

TOYKE t U IYCTh CYIECTBYIOT OJHOCTOPOHHUE IPEIEIbI fJ(rj) (t)=f9) (t+
0), fﬁj)(t) = fU(t—0), j =0,1,... [IpeanosoKumM, 9TO OPUIHHAT
f(tx) B uaTepBasax (0,t) u (t,4+00) AOMycKaeT MpeJICTABIEHUS B BUJIE
CXOZISIIUXCS PSAJIOB

o £(4)
f(tx) :ij (t)tj(x—l)j, 0<z<l1,

= 7

00 (j)(t) (8)
flte) =" th(x —1)y, z>1.

j=0

Oueparop Bumnepa W, (f,t) nmeer Bug
Walf.t) = [ wa@)(ta) da 9)
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C AapOM
nn-l- 1

n_, —n

xTre

wa() = n!

IpejicTaBuM IpOMeXKYTOK MHTErpupoBanus B (9) B B 00beIuHEHAS
JByX mpomMexkyTkoB (0, 1)U(1, 00) 1 paccMOTPUM OT/IEJIBHO HHTErPAJ 110
KazKJIOMY U3 HUX, HCIIOJIb3Ysl TP ITOM COOTBETCTBYIOIIHE PA3IOKEHUS

(8):

[e'e] O 4 (l) n [e'e]
J1 :/1 wy (x) f(tr) de = ZMLH /1 ™ (x —1)'e " dx.

7! n!
i=0

3amMeHa mepeMeHHol & — 1 = y IPUBOMUT HOCEIHUI UHTErpaj K BUILY

oo oo n
ﬂ/ yly+1)e Wy = e / > <;) y" e dy =
0 0 m=o0
n

R nl(n —m+1)!
—° Z m!(n —m) ! nn—mtitl’
m=0

B pe3ysibTaTe 1oJIydaeM IIpeJICTaBJICHue

N e e~ (n—m+i)!
P PRI AS Y (e L T
=0 :

= m!(n —m)!
Hasee,
1 o0 i (W py nt1 pl A
Jy = /0 wy (x) f(tr) dx = Z 7‘%' ®) nn| /o 2" (x —1)'e " du.
—~ ! !

BamnnceiBas MOCASIHAN UHTErPAI B BUIE

1 [eS) o)
/ " (x —1)e ™ dr = (/ —/ > z"(z —1)'e " du,
0 0 1

U UCIOJIb3Ys MPEIbIAYINNEe PACCYXKIEHNUS U UM IIOI0OHBIE, ITOJTY IIM

i—m (’I’L + m) ! -m
ml(i —m)!

Jy = Zt fg)(t)(ﬁn,z - Vn,i)v Mn,i = E Z(_]‘)
i=0 - m=0

148



B utore npunem K pasiozKeHHIO

Wal£,0) = S 610 O+ S FD ) (i — vni) =
=0 =0

=+ Y W) — OO+ DO O (10)
i=0 i=1
I/ISy‘H/IM II0BeJIeHIEe IIePBBIX Koa(fp(bHuI/IeHTOB Un,iy Tn,i TIPA T2 — OQ.
OueBusiHo,
= ™
Vno=2¢€ Z ﬁ

m=0
BaHI/IH_Iel\l pa3J102KeHne (byHKLLI/II/I 61. B TOYKE ' = N B P#AJ 11O CTCIICHAM
Z C OCTATOYHBIM YJIEHOM B MHTErPAJIbHOM hopme:

n

“opm 1
e’ = g —+R,, R,=— el(n —t)™ dt.
m! n! Jo
m=0
Bamena mepeMeHHON ¢t = nx NPUBOJUT K MPEJCTABICHUIO
nn-l—l

R, = /0 exp(nS(z)) dz,

n!

rae S(z) = x 4+ In(1 — x). @yuxnus S(x) wa orpeske (0, 1) ybbiBaer,
npudem S(0) = S(0) = 0, u npu manbix z umeem S(x) ~ —z2/2.
IIpumennm K 3TOMy mHTErpasy meron Jlamraca mpm n — 0o :

1 1
/0 eXp(nS(x))dx%/O exp(—naz?/2) dx =

1 v ) p
=— —y*/2)dy = | —.
NG /O exp(—y°/2)dy 5
CrenoBarebHO,
n"t [ 1
— _ N~ _ o~
vpo=1—-Rye " =1 o 2ne s

3ameTnM, 4To B crity dpopmyiabl CTupimnra m1is pakTopraIa BeInInHa,
Vn,0 — 1/2 npeacraBuMa psioM 1o crenensM 1/4/n.
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Al E": o L
=e — — + — | = —.
n = m!  n! V2rn  2n

W3 onupeesieHust 9uces 1), ; HaXOMUM 7, 0 = 1 U 7,1 = 1/n. B urore
[PUXOIUM K IPUOJIMKEHHOMY PaBEHCTBY

Waf,t) = fr(t)vno + tf-/i-(t)’/n,l + () (Nn,0 — Vn,0)+

FLO0m1 — ) = 3((E+0)+ (- 0)+

, 1 1 , 1 1
+tf(t) (\ﬂan-+ zn) +tf(t) <2n/ \ﬁz)'
CiteroBaTeIbHO, IPUMEHAM paHee ONMCAHHBII CIIOCO0 YCKOPEHUs CXO-
JINMOCTH € TIOMOIIBIO TTOCTPOEHUST JIMHEHHON KOMOMHAINY HECKOJIBKIX
pUOINKEeHNit, HAWJIEHHBIX MeTOI0M Buiiepa.

Bosmozken u apyroit cocob onpeseseHnst XapaKTePUCTUK OPHUTH-
HaJla B TOYKE Pa3pblBa Ha OCHOBe pasioxkenus (10).

Iycrs sorancnensr W, (f,t) qna ny = ned;, j = 1,2,...,k. 3a-
numeM jig Hux k pasnoxkenuii Buga (10) u mocraBuM 3a1ady onpe-
neneHust u3 HuX Beawduubl f_(¢). C 9Toil Ieblo HalimeM €HCIA Ckj,
VIIOBJIETBOPSIIOIINE CUCTEME yPABHEHMIA

k k k
E cry =1, E ChkjVn;,0 =0, E ChkjNn,; 1 =0,
i=1 =1 i=1
k k k

g CkjVn; 1 =0, g CkjMn; 2 =0, E CkjVn;,2 =0

j=1 j=1 j=1

(11)

1 TaK JlaJiee JI0 TeX 0P, MOKA He 3aIlMIIeM POBHO k ypaBHEHWI. 3areM,
KaK M paHee, COCTABJIsIeM JIMHEHHYI0O KOMOMHAIIIO 25:1 kW, (f,1),
KOTODAsI ¢ BBICOKOH TOYHOCTBIO TIPUOJIMIKAET UCKOMYT0 BesmanHy f_ (t).

s BeIMuCIeHns BeuIuHbl ckadka f4 (t) — f_(t) qucna cy; Haxo-
JATCA M3 cUCTeMbl ypaBHennii (1), Bce npasble 9acT KOTOPOi PABHBI
HYJIIO, 38 MCKJIIOYEHUEM €IMHUIBI BO BTOPOM YDABHEHNUH.

Ecim nocraBuTh eMHAIY JUIIb B IPABOl 9aCTU TPETHETO ypaBHe-
HI#A, TO onpesenM Beqmauny t(f) (t) — fL(t)) u Tax nasee.
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§ 2. BerunciieHne ckadykoB opurnHasia ¢ momoinbio K@HCT

Bynem cunrars uto opurunas f(t) orpanuder Ha mosyocu t > 0 u
ero nzobpaxenue F(p) Bmecre ¢ dyakuueit ¢(p) = pF(p) peryssipHbl
B moJstymtockoctu Rep > 0. s npubimkeHHOro obpalieHust mpeod-
pasoBanus Jlanmaca IpUMEHNM KBaJIpaTypHYIO (bOPMYJy HAMBBICIIEH
crenenn tognoctu (KOPHCT)

F@O) = fa(t) = Arp(pr/t), >0, (12)

VY3s1 n koapdburmenter KOHCT s n < 15 moxkuo Haiitu B [24] (nan
BBIYHUCJIATH JJIsl JIOOOTO 1, CM. TJL. 2).

Hanomunm, uto dhopmysia (12) Touna st BCeX MHOTOYIIEHOB OT ¢
CTeIleHU He BhIIe 21 — 1, 94TO paBHOCUJIBHO CHUCTEMeE

n

> Awp? =1/4!, j=0,1,,...,2n— 1. (13)
k=1

IIpeamooKuM, 9TO OPUTHHA UMEET B TOUKE { KOHEUHBIH pasphblB
u ynossersopsier yciaousM (8). [Ipeobpasyem npasyio wacts (12):

[ $ A
/0 ;Akpke PRE f (ta) dm—/ In( (14)

on(x) = Z Appr exp(—prx).
k=1

Anpo 0, (x) nenbroobpasno u BemecTBeHHO. OYeBHUHO,
) n
/ 6n(x)xmdx:m!ZAkpk, m=0,1,.... (15)
0 k=1

ITpu m < 2n—1 Besmuunst (14) paBHbI equHANBI B crty paseHcTs (13).
C npyroit croponsl, ipu 1 < j < 2n — 1 nvmeem

/OOO S (a)(x — 1) do = EJ: (=17 (sl) /OOC Sn(x)2™ dz = 0. (16)

m=0
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VYeqosust (15), (16) osnavarot, uTo ocHOBHAs nHbOpManus o o, () co-
CpeIOTOUEHA B HEKOTOPOI okpecTHOCTH Touky & = 1. Ilpejgcrasum mpo-
MeXXyTOK nHrerpuposanusi B (14) B Buge obbenunenus [0,1]U[1,00) n
PACCMOTPHM OTJIEJILHO MHTErPAJIbI IO HIM:

ti ,
/ on(2) f(tz) dx—z f+ ZAkpk/ e PR (x — 1) do =

§=0
=300 ATe
=0 k=1

ITostozxum
= Z Ak:p]:j exp(_pk)v .7 = 07 17 R
k=1

HaJitee, mmeem

n

t]f(]) .
/ on(z) f(tz) dx—z ZAkPk/ e PRE(x — 1) da. (17)
k=1

7=0

m=0 k k
j _
J! “m Dk
— 1)I—m —plePr
Dk an_:o( ) (j —m)!

O6o3Ha4YMM BeJIMYUHY B KBaJIPATHBIX CKOOKaX aj;. O4ueBuaHO,

n
ago =1 —e Pk, E Agago =1 — pino-
k=1

Tenepp npasyto 9acTh GopMyssl (16) MOXKHO IPEICTABATH KAk
(1 Mno[) Zt] J) ZAkakj
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IIpu j > 1 umeem

J

Z Apag; = Z - _1m)! Z App™ = png =
ZAkp ] g

Yucaa B KBagpaTHbix cKoOkax npu m < 2n — 1 B cuiy (13) paBub
. n

Hymo, u noromy npu 1 < j < 2n — 1 momydaeMm y ,_ | Aparj = —fin;j.

B pesynbrare Besmunna (17) mpeacrasisiercst B Buje

j m

M“ I

m:O

o0

1 .
A&mmmm:ﬂm—ZﬂﬂmMﬁ

J=0

2P0 Y (T e flm), (Z Ap™ ~ ni,) :
i\ & |

j=2n m=2n

" OKOHYaTEeJIbHO HpI/I6JII/I)KeHHOe penienue MO2KHO IIPpEeJCTaBUTL PAJIOM

Falt) = f- +zww D () g+

+ Z 1 £9) (1) > (—1)]‘*”@@ (Z Arpp™ — Ti') . (18)
'\~ !

j=2n m=2n

Yucna fin; A1 JOCTATOYHO OONBIMAX 3HAYEHUI 1 ¢ POCTOM j OBICTPO
yObIBarOT (CM. IiI. 3), K&K ¥ TOCJIEIHIN COMHOKUTEH BO BTOPOii CyMMe
passoxkennus (18), uro o3HaYaeT ocabieHne BIANSIHAS CKAYKOB OPUTH-
HAJIa ¥ €ro NPOU3BOJHBIX HA BEJIMYUHY HPUO/IMZKEHHOIO DEIIeHUS.
Pacemorpum dynkmmo A, (z) =1— Y1, Ay exp(—pgz). Ouesu-
o, Al (z) = 0n(x), Ap(+0) = 0, Ay(l) = 1 — ppo. I1a dyHKIHS
npubmkaeT QYHKIMIO XeBucaiiia, paBuyo Hyao Ha 0 < t < 1 u enu-
mure nipu t > 1, T.e. umeroreit ckadok B Touke t = 1. M300pakenue
dbyuxnun Xesucaiiga pasao F(p) = e ?/p, a upubinkenue, mocTpo-
enHoe 1o Hemy 110 dopmyie (13), pasuo f,(t) = > p_; Axexp(—pi/t).
Dyukius f,,(t) nupu n — 0o Gyaer cTpeMuTbes K opurutay (byHKImn
XeBucaiijia) BO BCeX TOYKAX HEIPEPBIBHOCTH, T.e€. IIpU Jo6oM ¢ # 1.
Beruncsiennst mokaseisatot, 9to npu t = 1 3Havenust f,(1) ¢ poctom n
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npubimkaoresa K 0.5, T.e. pno — 0.5. Ceasp dyukuumit A, (t) u f,,(t)
OYeBUJIHA.

BrickazaHnuble cOOOpaykeHnsl MPUBOJAT Ky CJIEAYIOIEMY aJrOpUT-
My TPHOJIMKEHHOTO HAXOMKICHUS BEJNYIUH CKAYKOB OPUTHHAJA W €ro
MPOU3BOJIHBIX: ITyCTh HAM W3BECTHBI 3HAYEHWs [y (1) 71 HECKOJBKUX
HOMEPOB N, HAIIPUMEP, JIA 11, N2, N3, Ng. OTOpaceIBas mocaeIHee cia-
raemoe B (18), 3amuiemM u pemmM CUCTeMy ypaBHEHU

F-@) + (f+(t) = f= () pnso + (FL(8) = FL(E)tptn 1+
+ (FLO) = fLO) P g2 = fo, (D), §=1,2,3,4
OTB(IO)CI/ITeanO nenssecTHbIX f_ (1), fy(t)—f-(t), fL(t)—f(t), fL(t)—
7 (@@).
OcranoBuMcs Ha crocobe HAXOKJIeHUs] TOYKH CKAadKa OPUI'MHAJIA.

ITycrs, HanpuMep, u3BecTHBI 3HaYeHUA [, (t) IJIg HOMEPOB Ny, N, N3.
ITo anasioruu ¢ TPeabIAYIUM 3aIUIIEM CACTEMY

f—(t)+(f+(t)_f—(t)),unj0 :fnj(t)v J=12,3,

us3 KOTOpOﬁ noJIydaeM YypaBHEHHUE IJId HaXOXKICHUA TOYKU t cKadkKa

fns(t) — fnl(t) — fnz(t) — fnl(t)’

Hnz0 — Hn,0 Hny0 — Unqi0

OopuUuruHaJia:

(19)

JIerko mpoBepUTh, UTO B 9TO ypaBHEHNE He BXOIAT 3HAYCHUST OPUTH-
HaJla U ero Ipom3BoAHBbIX. Kak u B ciiyuae meroma Bummepa, y 3Toro
yPpaBHEHUSI MOI'YT ObITH MOCTOpOHHUE KOPHU. C IeJIbI0 UX yCTPAHEHUS!
3ammieM Jpyrue ypaBHeHus suja (19), mocTpoeHHOe Jisi APYTHUX TPO-
€K HOMEpPOB, U BBIOEpeM UX OJu3Kue oOIIue PereHusl.

SBameuanue 3. B paborax T. A. MarBeeBoit n3ydasach BO3MOK-
HOCTB OTIpeIeIeHNsT CKAUKOB OPUTHHAJIA B CIIyUIae IBYX TOUEK Pa3phIBA.

§ 3. ®opmysia obpaililleHns, OCHOBAaHHAasI Ha OJAHOI TeopeMme
Bunnepa

19, UsBecTHa coeyomas

Teopema 3 ([72], c. 385). ITycts f(t) € L(0,00) u ee npeobpasosa-
Hue Jlamiaca paBHO

F(p) = /Ooo exp(—pt)f(t) dt.
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Torga jyist TOYTH BCEX MOJIOKUTENBHBIX 3HAYEHHE t HMeeT MecTo hop-
MyJ1a 0bpaIeHust

f(t) = lim M

> —pt 2n71F(n) dn. 9
Jim n!(n—2)!/0 e "'p (p) dp (20)

Hama mesp cocrouT B mOCTpOEHUN TTPUOJIMKEHHOTO METOa 00pa-
meHns npeodpaszoBanus Jlammaca Ha OCHOBE 9TOW TEOPEMBI.
ITomoxxum

(_1)ntn—1

fnlt) = nl(n — 2)!

/ e Pt (p) dp. (21)
0

Huddepenrupys n pa3 m300pakeHne U TOJCTABJAS PE3YIbTAT IO
3HaK uHTerpasa B (21), mpuieM K IpeCTaBIeHNIO

fult) = / " b (2) (1) da. (22)

rje

_ (2n—-1)! x"
W) = S o,

HeprﬂHO y6€ﬂI/ITbCH B CIIpaBe€JINBOCTU PaBEHCTB

Nsyunm cpoitctBa siapa d,, () u xapakTep cxomumoctu fp,(t) K opurn-
HAaJLy.
20 Tlycrs f(z) = 2™, m =0,1,.... U3 (22), ncnonssys dbopmyy

/000 2" /(1 +x)?de =T(r)T'(s —r)/T(s),

nosnyauM fr, () = Apma™, Tie Apm = (n+m)(n—m—2)!/(n!(n—2)!).
Jljist GUKCUPOBAHHOTO 3HAYEHUS 11 IPU 7 — 0O CHPABEJINBA ACUMIITO-
tudeckas Gopmyna Ay, = 1+0(1/n). Orcrona BoiTekaer, 910 B 00111€M
ciyuaae fn(t) cxomuresa x f(t) ne 6pictpee, uem 1/n. Eciu cymecrsytor
suadenns f(+0), f(+00), To upu n — oo f(4+0), frn(+00) cxomarcs
HIM, UTO BBITEKAET U3 CBOMCTB sipa U mpejcTaBieHns (22).
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Iycrs f(t) € C1(0,00) u npoussoamas f(t) paBHOMEpPHO OrpaHu-
wena Ha nosyocu: |f/(¢)] < M;. B rakoM ciydae cupaBeiInBa OLEHKA

<

Falt) — F()] = \ / " b (@) f (1) — £ (1) de

o) 00 1/2

< Mlt/ Sp(z)|x — 1| dx < Myt (/ S () (2 — 1)2dx> =
0 0

= Myt Apa — 201 4+ 1|V2 = Myt((2n + 14) /((n — 3)(n — 2))/2.

Ecmu f(t) € C*(0,00), [fO(t)] < M, i=1,2, 10

<

00 2
0= 101 =| [ @) (1000 = 1)+ 51O -1
< Myt — 1] + %tmng —22m| = O(1/n).

JlanbHeiiiee yBeandenne TUIAIKOCTH OPUTHHAJA HE YBEJIUINBAET,
BOODIIlEe TOBOPS, CKOPOCTH YOBIBAHUS IIOIPEITHOCTH.

30, IlepeiiieM K W3y4YE€HUIO CBOUCTB SIIpa (5n(x) Ono mposoauT-
CsI COBEPIIIEHHO aHAJIOIMYHO MCCIeI0BaHU0 MeToaa Bumgepa B § 1 1.
29, Kyma MBI I OTTIpABJISEM UHTATES 32 HEKOTOPLIMH HOIPOOHOCTIMIL:
BO3bMEM MAaJIOe IIOJIOKUTEJIBHOE YUCJIO §, pa3o0beM 00J1acTh NHTErpU-
poBanus B (22) Ha yeTkipe yuacTka [0, 1—4], [1-4,1], [1,1+4], [1+4, 00)
u 6yﬂ€M OIleHUBAaTh MHTEr'paJibl Ha KazKIOM U3 HUX. KaK u BbIIIE, II0-
JIydaeM OTICHKU

1—-6

|| = / On(x) f(tx) dz| < C1/ngy,
0

|I4| = On(x) f(tx)dz| < Civ/ngy, C1,C02 >0, 0<q,q <1
146

JIJIst OIEHKU [BYX OCTABIIUXCS WHTETPAJIOB PACCMOTPUM (DYHKIIHAIO

3aTeM HAMmIIeM pasjoxkenue B pan byukiuu In(z/(1+ x)?)) B Touke
x = 1 ¥ IOICTABAM €ro TIOJI 3HAK SKCIIOHEHTHI U T. 1., B B UTOT€ MIPUJIEM
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K aCUMIITOTUYIECKOMY DPa3JI02KE€HUTIO

In(t) N;Kur \/% + % +> f+()+

+<1—\/%+Z+...>f(t)+...].

CrenoBaresbHo, B o6mmeM ciydae fp,(t) crpemures k (f4(t) + f-(t))/2
co ckopocThio 1/4/n. B ciiydae HENPEPBIBHOCTH OPUTMHAJIA B TOUKE ¢
CKOPOCTh BospacTaeT 1o 1/n (psx mus f,(t) comepxur crenenn 1/n).
Ota nrdopMaIys MO3B0JISIET, KAK M paHee, CTPOUTH JIMHEHHBIE METOJIbI
YCKODEHHsI CXOJJIMOCTH, Ha 9eM MBI He Oy/IeM OCTAHABIMBATHCS.
4°. PaccmoTpuM (DYHKIIMIO
nl(n —2)! n

n

gn(t) = fn(t) 5 —7 4"/

(2n —1)! ™
Eé acumnroruka rakosa:

(Fe0) = 1)+ 2+

(0) ~ £4(0) + £-(0) + =

riae b; — He 3aBUCANEE OT 7 BEJIMYUHBL IIyCTh M3BECTHBI 3HAYEHUST
Gny (8), ..., gn,, (t). Tlomozkum d; = n;/my U COCTABHM JIMHEHHYIO KOM-
OUHAIIIIO

m m 2 .
; Cign, (1) = (f(t)+f- (1)) ; CjJrW(er(t)ff_ ) ; o

KosdbdurmenTs! ¢; onpeesnm U3 CHCTEMBI

c1+...c;, =0, ca/Vdi+ . ..em/Vdm = vium

2 9
Cl/dl +Cm/dm = 0,..., Cl/dgmil)/z‘f' "'+Cm/d£,,2n_1)/2 =0.

Omna pazpemmma, ecm Incyaa d; TOMAPHO Pa3IMIHEl, I Oy/IeT CIIpaBe/I-
JINBO yTBEPKICHUE

I
2
Z)

3
~
o

S cign, (0= (140 = -()
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50, Bxoxkenne B dbopmyny (21) mponsBosHoit n306paskeHust orpa-
HUYUBAET BO3MOXKHOCTH ee TpuMeHeHnst. O THAKO HHTeTPUPOBAHUEM II0
YaCTsIM OHa MOXKeT OBbITh IIpe/icTaBjIeHa MHAYe:

Fult) = /O e Py () F(p) dp,

e

_ D En - (0 (p)
Pyy—1(p) = nl(n —2)! Z(])(anl)'

Herpyaso nipoBepuTh, 94TO STOT MHOI'OYJIEH BBIPAXKAETCsl Yepe3 MHOIO-
wieHbl Jlareppa obIero Buia

Lo(ria) = i(—l)m(””)‘”m (23)

n—m) m!
m=0

pocToit hbOpPMyJIOii:

n—1

P2n71(p): !Ln(p;n_l)-

(n—2)
B pesymbraTe 3Tx mpeobpa3oBaHUil yTBEPKICHNE TEOPEMBbI 3alli-
mercst B Buge f(t) = limy, o0 fn (),

fn(t) = L %) /OOO e Pp" 'Ly (p; n—1)F(p/t) dp.

t(n —
st IpUOJIIKEHHOTO BBIYUCIIEHUsI TTOCJETHEr0 WHTErpaJjia, MpuMe-
HUM KBaJpaTypHyio dopmyiay tuma [aycca ¢ Becom e P Buga

| o~y A, (24)

k=1

TOYHYIO JJI BCEX MHOTOWJIEHOB CTEeIleHu He Bbime 2m — 1.

Taxkoit MmeTox obparenust mpeobpaszoBanus Jlamaaca, TPUTOIHBIA 1
U181 OIIpeie/IeHnsl BeJIMYUH CKAYKOB OPUIMHAJIA B TOUYKAX Pa3phIBa Iep-
BOTO pOfia, OBLT TPEJJIOKEH U uceenosan B padore [46]. Ckopocts ero
CXOJIUMOCTH HEBEJIUKA, OJJHAKO €€ MOYKHO YBeJIMYUTh, IOCTPOUB JIHHEi-
Hble KOMOUHAIWMHA [y, (1), BBIYUCIEHHbIE Jisl pasiuaHbix 1 [46]. OnHnako
JUIS 9TOr0 MOryT morpeboBarbest hopmysbl (24) ¢ GONBIIMM YUCIOM
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y370B m (HAIpUMeD, HECKOJIBKO coTeH). ITokazkeM, KaK X MOXKHO -
JEeKTUBHO TOCTPOUTD.

V3t popmyiint (24) coBIasaOT ¢ KOpHAME MHOTOUIeHOB Jlareppa
(23) mpu o« = 0 (L () = Ly (23 0)), T €.

Ln(pr) =0, k=1m. (25)
Bynem naxozuTh KopHE ypasHeHust (25) meromom Heiorona:
it =pl — Lo(0h) /L, (L), §=0,1,... (26)

Hauasibhble npub/inKeHns KO BCeM KOPHIM MHOTOWIEHOB L, (x), mis
KOTOPBIX MeTo (26) cxomurcsi, 6epeM U3 IPUOIINKEHHBIX PABEHCTB [69)]
(HaM HyzKeH JHIb ciydail o = 0)

(1+ a)(3 + 0.92)

P T am 180
154625
P2 = PR 090 + 2.5m
_ 1 1+2. 1.2 o
Pr+2 = P+l + 2.55k n 6ka ’ . —)
Pk+1 — Pk 1+ 0.3« 1.9k 14 3.5k

ITocne maxoxkaenus ¢ TpeOYeMON TOYHOCTBIO BCEX Y3JIOB BBIYHC/ISEM
k03 dunuenter hopmysisr (13):

Pk
Ay=———  k=1,m.
P (L (o))

IIpu BBIYMCIIEHUSX MHOrO4JIEHOB Jlareppa ciemyeTr HCIOJIB30BATH
PEKYPPEHTHOE COOTHOIIIEHHE

(n+1)Lpt1(z;0) =(a+2n+1—2)Ly(x;0) — (@ +n)Ly—1(x; ),
n=12,..., Lo(z;a)=1, Li(z;a)=1+a—uz,
a BHAYEHMsI X IPOU3BOJHLIX MCK/IIOYATH C IIOMOIILI0 COOTHOIICHHST

xLl (z;0) =nLly(r;a) — (@ +n)Ly_1(z;).

IIpuwmep 4. dano mzobpazkenne F(p) = 168/(p+2)°>—8640/(p+3)7.
Boun Beraucsens! 3uadenus [y, (t) asa suadennii n = 27, 30, 33, 36
no dopmyiie (24) npu m = 40 u HOCTpOEHA UX CTAHIAPTHAS JUHEHHAS
KOMOWHAIUS B IEJISTX YCKOpeHus cxoqumocTtu. B tabi1. 6 mpeacTaBieHbr:
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B IIEPBOM CTOJIONE 3HaYeHUs f36(t), BO BTODOM — DPe3yJIbTaT YCKOPEHHS,
B TPEThEM — TOYHBbIE 3HAYEHUS OPUTMHAJIA.

Tabauua 6

t I IT 11
0.5 | 0.1472 | 0.1187 | 0.1191
1.0 | 0.3109 | 0.3515 | 0.3499
1.5 | 0.2356 | 0.2430 | 0.2459
2.0 | 0.2101 | 0.1480 | 0.1477
2.5 | 0.2506 | 0.2264 | 0.2220
3.0 | 0.2792 | 0.3262 | 0.3259
4.0 | 0.2290 | 0.2964 | 0.2991
5.0 | 0.1328 | 0.1431 | 0.1412

IIpumep 5. s BoccranoBIeHUS CKaYKa DYHKITIMH XeBucaiiaa Obi-
s Bbramcsiensl 3Hadennst fa00(1), f300(1), fa00(1), a 3arem mocrpoena
UX JInHeHasT KOMOMHAIIWS, OIUCAHHAS B 11. 4, I0OCTABUBINAs PE3yJILTAT

f+(1) = F-(1) ~ 1.0002.
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Thasa 7

AJAE®POPMUWPOBAHUNE JINMHUN NHTEI'PUPOBAHUA
B ®OPMVJIE OBPAIIIEHN A

1°. B 570ii ry1aBe HcceIyeTcsd MeTo I, BBIYACJICHIA nHTerpaa Puma-
Ha—MesumHa

c+ioco
f) ! / e*'F(z)dz, ¢>0, (1)

2mi c—1i00

3a/1aI0IIET0 OOpallenre npeobpa3oBanus Jlamaaca, ¢ TOMOIIBIO 3aMeHbI
JINHUY WHTEIPUPOBAHUS U TIOCJIEYIOIIEr0 IPUMEHEHNsI KBaIPATYPHO
opMyIBI Tpamenuii, a Tak:Ke HOJIyYeHbl allPUOPHBIE OIEHKH MOIPEI-
HOCTH TAKOI'0 METOJ[a B 3aBUCUMOCTU OT BBIOOPA KOHTYDA WHTETPUPO-
BaHUs W O0JIACTH PEryJsspHOCTH n3o0paxkenus. s mpocToTsl Oymem
CUYNUTATH, UTO BCE OCOObIE TOYKM M300PAXKEHMs] PACIIOJNIOKEHBI B JIEBOMH
HOJIYTIJIOCKOCTH, I€T0 MOYXKHO JJOOUTHCS YMHOYKEHIEM OPUTHHAJIA Ha, CO-
OTBETCTBYIONLYIO 9KCIIOHEHTY.

Hanomuum, uro uaTerpast (1) moHUMAETCs B CMBIC/IE IVIABHOTO 3HA-
YEHMsl, OH HE 3aBHCUT OT C M B CJIy4ae pa3pblBa OPUTMHAJA B TOYKE f
MBI TIOJIy9aeM TIOJIyCyMMY HPEJIENbHBIX 3HAYEHUI OpUTUHAJA CJIEBA 1
cupasa OT TOYKH t.

IMonoxum B dopmyne obpamenust (1) z = ¢ + i, Torga exp(zt) =
exp(ct) exp(itt). IIpu dpukcupoBaHHOM t EPBBI COMHOKUTEb OCTO-
sIHEH, a BTOPOIl IpoberaeT eJIuHUIHYI0 OKPY’KHOCTb HA KOMILIEKCHOM
IJIOCKOCTH GEeCKOHETHOE IrCyI0 pa3. C pocToM ¢ TepBbIii COMHOKUTED
U CKOPOCTH NMPOOEraHusi OKPYKHOCTU BTOPBIM COMHOYKUTEIEM HEOIPa-
HUYEHHO BO3PACTAlOT, TaK YTO IIONBITKA NpHO/N3uTh uHTerpat B (1)
PUMAHOBLIMHA CyMMaMU BpsiJI JIA IIPUBEJIET K IeJIN.

C nesibio yMeHbIIeHUs OCHUJLIAIMI coMHOXKUTest exp(iTt) u orpa-
HUYEHUsI CKOPOCTU POCTa COMHOXKUTEJst exp(ct) 3aMeHMM JIMHUIO WH-
rerpupoBanus B (1) 9KBUBAaJIEHTHBIM KOHTYDPOM L, HauMHAIOMEMCS U
3aKaHIMBAIOIIEMCSL B JIEBOW IOJIYILUIOCKOCTH Tak, 4ro Re(z) — —o0
Ha 000MX ero KoHnax. Takasd 3aMeHa BO3MOMKHA, €CJIU BBIIIOJHEHBI J1Ba
YCJIOBUSL:

1) BayTpH KOHTYpa L comepzKarcd Bce 0OCOOEHHOCTH U300pazKeHust
F(z2);

2) |F(z)| — 0 paBrHOMepHO B noutyiutockocta Re (z) < v upn |z| —
00 (70 — abenmeca cxopumoct uHTErpada (1)).
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OTH yCI0BUS 32BEJOMO BBIIIOJIHEHBI, €CIH N300parkeHue YI0BIeTBO-
pser ciaemyrolei JeMme.

JIemma 2Kopaana ([25] ). Ecm Ha HEKOTOPOIH TTOCTENOBATETBHO-
cru gyr okpyzkuocreii Cg,

|z| = R,, Rez<a (R, — o0, a ¢puKcupoBaHo),

¢yuknus F(p) crpeMurcss K HyJIHO pABHOMEPHO OTHOCHUTE/IBHO arg P, TO
JIJIST JTIOOOT'O TTOJIOKUTETBHOTO t

lim F(2)e*'dz = 0.

n— o0
Cry,

Jasiee BCIOLy IIPEIIIOIATaeTCs, YTO ITH YCJIOBHS BBIIOIHIIOTCA.
B paGore [70] 6buT mIpeIOXKEH KOHTYD

i
L={zlz=——2 __ wel-1,1]}.
1 — exp(—2mui)

OH cocTouT M3 ABYX CUMMETPUYIHBIX OTHOCUTEBHO BEIECTBEHHON OCH
IUIOCKOCTU 2z BeTBel, ucxomsnmx u3 touku z(0) = 1 masneso u upu
u — £1 cTpemsmuxcss K aCUMITOTaM 2z = +7i.

Tak xax kKpuBasg L coaepKuUT BHYTpHu cebs ocobble TOIKU n300pa-
JKEHUS W BBINOJIHEHBI yCI0BUs teMMbl 2Kopyana [25], To

£(t) = / exp(2(u)t) F(2(u)) 2 (u) du.

-1

it npubIMyKEeHHOTO BBIYHUCJIEHNUS 3TOTO MHTerpasia B crarse [70] mpu-
MeHsteTcs popMyJIa Tpareruii. 3aMeTuM, ITO IPHU MAJIbIX % C POCTOM t
coMmHOXKUTENb exp(z(u)t) HeorpanndeHHo pacrer. OJJHAKO 9TO 3aTPYI-
HEHUE JIETKO IIPEOA0JIeBACTC IIPEeABAPUTE/ILHON 3aMEHON NepeMeHHONR
Buza z1 = zt B uarerpase (1), B pe3ysibrare 4ero 3KCIOHEHIUAIbHbI
COMHOYKHUTEJTh CTAHOBUTCSI OIPAHUYEHHBIM U Ipu 4 — £ 1 GICTpO cTpe-
MUTCSI K HYJIIO.
B crarbe [49] npemaraercst B IpeiCcTaBIEHIN

1
Comit

f@) /eZF(z/t) dz, t>0, (2)

L
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HCIIO/Ib30BaTh KOHTYD
L={z]|z=1l(u), u€ (—o0,+0)}, I(u)=2—ch(u)+ iuth(u).

DTOT KOHTYD COCTOUT U3 JBYX CHMMETPHUIHBIX OTHOCHTEJILHO BeIlle-
CTBEHHOI OCH IJIOCKOCTH z BeTBeil, ncxosmux u3 roukn z(0) = 1 Ha-
JIEBO M UpU ¥ — +00 cTpeMsimuxcd K acumuroram z = =iy (u —
napamerp KOHTYpa).

B pesyubrare dhopmysia (2) npuHuMaer Bu

£(t) = / " Gl du, 3)

Tae
Gi(u) = 5 exp((u))l'(u) F(I(u)/¢). (4)

Dynknus (4) He uMeeT 0cOGEHHOCTE! KaK Ha JMHUU WHTETPUPOBAHUS,
TaK W B HEKOTOPOIi “mojioce”; comep:kaieil BHyTpu cebsl JIMHUIO WHTE-
rpupoBanus. Kak nokaszano B pabore [52], dopmysa Tpanenuii s Bbi-
qucsIeHui nHTerpasa (3) MoXKer JaBaTh XOPOIILYI0 TOYHOCTD, IIPU STOM
CKOPOCTB CXOJMMOCTH 3aBUCHUT OT ITUPUHBI TIOJIOCKHI U IIAra IUCICHHOTO
unTerpupoBanus [52]. K coxkaseHuo, mpuBeieHHbIE BBIIIE JIBE JIMHAK
UHTEIPUPOBAHUSI OKA3BIBAIOTCS HEYJIAYHBIMU — JIJIf HUX [10JIOCA UMEET
MEePEMEHHYIO IMUPUHY PEryASPHOCTH WHTErpupyeMoil (byHKINH U JTaXKe
CTPEMUTCST K HYJIIO [IPU HEOIPAHUIEHHOM BO3PACTAHUM MOJYJIS Tepe-
MEHHON WHTErPUPOBAHUSI.

IMycts w = uw + v, w,v € R, byaknusa g(w) peryiasipHa B mOJI0CE
—d < v < ¢ gy HeKoTopbIX ¢ > 0, d > 0, u 1pu |w| — 00 paBHOMEPHO B
atoit ostoce g(w) — 0 ¢ Takoil CKOPOCTHIO, YTO CYIIECTBYIOT HHTErPAJIBI

/ lg(u +ir)|du, re€[-d,c].
JIjis BLIUCIEHUS WHTErPaJIa
I :/ g(u) du

npuMeHuM (hbOPMYJTy TPAIENNil KAaK ¢ OECKOHEYHBIM YHCJIOM Y3JIOB:

Ty=h Y g(kh),
k=—o
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TaK U ¢ KOHEYHBbIM uncjoMm 2N + 1 y3/10B:

N
Thy=h Y g(kh

k=—N

Monoxum DE = |I —T},|, TE = |T), — Ty, N|-

Teopema. IlycTs /15T HEKOTOPBIX HOJIOKHTEIbHBIX qucea M, M_
CIpaBEIUBBI HEPABEHCTBA

/ lg(u+ir)|du < M_, r € [—d, 0], / lg(u+tis)| du < My, s € [0,c].
Torna
\[ -~ Ty| < DE, + DE_,
e
M, M_
DE,=———— DFE_ = ————. 5
T exp(2we/h) — 17 exp(2rd/h) — 1 (5)

Hoxaszarenbcrso. [lycrs 2 = x+iy u byaxuus g(z) peryiaspaa
B mojioce —d < y < ¢, Tora

/:O g(x)dx = /;i:o g(z)dz = %/(JP(Z)Q(Z) dz,

rae C — KOHTYD, cocrosmuii u3 npsambix (—ci — 0o, —ci + 00), (ci +
00, ¢i — 00) u p(z) = —signy. o dopmyse Kommu

g(kh)=i/c 9(2) dz,

271 z—mnh
TaK 9TO

o0 oo

1 h
Th=h Y g(kh)—m/cg(z)k_z:ooz_khdz

k=—o00

N3zBecTHO, uTO

1 > 1 1/(22) 1/(2z)
8= z+ ZkZZIZQ—kQWQ + Z( —kﬂ' z+ km
1 «— 1 1 = 1
7;+k:1 <z—kﬂ'+z—|—k7r> 7k;mz—kw'
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Orcrona

TZ = 1 = h
to — = _—— _—
T8 ”k;mm/h—kw k;mz—k:h’

U II03TOMY
1

=5 ; g(z) ctg kit dz,

h

a [OTPEITHOCTH (DOPMYJIBI TPAIEIuil PaBHA

Ty

Ry, = /ﬂo gx)de — Ty = %/C (p(z) +ictg 7rng(z)) dz.
CitetoBaTesIbHO,

[Bal < M(g) max |p(z) +ictg 2"

riue

M) =5 [ ot +i)| +loto —id) do < 5 (M, + M),

2 — 00
M= [ o is)do. s € 0., M= [ gt in)]ds, r € [-d,0]
Ha Bepxueii rpanune KouTypa y = ¢, p(2) = —1n
., Tz ., Tz exp(miz/h)
t—:‘—l t—‘:7, .
‘p(z) tucte h ’ ticte h sin(mz/h)
Ho
sin ™| = |exp(imz/h) — exp(—imz/h)]| < |exp(—me/h) — exp(me/h)
hil 2 - 2 ’
U TI03TOMY

‘ < 2exp(—mc/h) _ 2 .
~ exp(we/h) —exp(—me/h)  exp(2mc/h) — 1

‘(z)+ict =
p gh

Ananoruuno IIOJIy9aeM OICHKY Ha HU2KHENR HleVIOfI KOHTYDpDa:

‘ (2) +ict E‘<; O
P & ~ exp(2nd/h) — 1"
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Sameuanue 1. Drta Teopema 6e3 JI0Ka3arTe/IbCTBa IIPUBEJIEHA B
pabore [71]. B ciyuae ¢ = d noka3areabCTBO IPUBEIECHO B cTaTbe [52].

Koncrarter My u M_, Bxogsue B oneHkH (5), He 3aBUCAT OT IIara
h 4YKCJIEHHOTO WHTErPUPOBAHUS W 3HadYeHWs N, U IIOTOMY B JlajibHeii-
IIIeM OTPAHUYMMCS UX Ka4eCTBEHHBIM IOBEIECHUEM C IOMOIIBIO0 COOTHO-
TeHu

DE, = O(exp(—2nc/h)), DE_ = O(exp(—2nd/h)), h—0. (6)

st morpemaoctr T'F 3aMeHbl OECKOHETHOM CyMMBbI 1}, MeTOJia Tparre-
it cymmoit T, v, Kak 1 B pabore [71], npu OCTOAHHOM h HOJIAraeM

TE = 0(lg(hN)]), N — oc. (7)

Janee mist n36paHHOrO KOHTYypPa MHTETPUPOBAHUSI €CTECTBEHHO HCXO-
nuTh U3 paBeHcrBa xapakrepuctuk (6), (7) seswuna DE,, DE_ | TE,
9TO IPUBEIET K HEKOTOPOMY CIIOCO0Y BBIGOpa MapaMeTpoB KOHTYpa W
Hrara MHTErPUPOBAHUA B 3aBUCUMOCTH OT N M BO3MOXKHOCTH TOJTyde-
HUSI TIOJIHOM IIOTPEITHOCTH METOJIA.

20, TTapaGonuyecKkuii KOHTYpP. PaccMOTpIM KPHBYIO
z=pliw+1)?, w=u+iv, pu>0. (8)
IIpu v = 0 mosrygaem napabosty
z(u) = p(1 — u?) + 2ipu. 9)

Bozbmem ee B kauecTBe JIMHUN WHTETPUPOBAHUS, TOTa (DOpMyIa 00pa-
mienus (uarerpan Pumana—Mesunaa) npumer Buj

50 = 5r [ om0/ () du (10)

21 J_ o

IIpsimbie w = u—id, d > 0, m w = u—+ic, 0 < ¢ < 1, npu orobpakeHrn
(8) mepexoAT, COOTBETCTBEHHO, B HAPabOJIbI

2(u) = p((14d)* —u®)+2ipu(1+d), z(u) = p((1—c)*—u®)+2ipu(l—c),

TlepBast U3 KOTOPBIX PACIOJIOXKeHa TIpaBee JIMHAA WHTerpuposanus (9),
a Bropas — Jiesee (1 npu ¢ = 1 oHa BHIPOXKJIAETCH B OTPUIATEILHYIO
nosiyoch 4 < 0).
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Ha puc. 7 uzobparkernbl 00pa3bl MPSIMBIX W = U + 4V TPU 0TOOpazKe-
Huu (8) quist v = 0.5 — seBast napabosia, v = 0 — cpejiHsist apabosa
u v = —0.3 — upasasa napabosia (u = 1). CiemoBareybHO, sl TOrO
9T00bI 1obIHTEerpasibias dyukima B (10) Gblia peryispHa B I0J0CE
—0.3 < v < 0.5, HeoOxoAMMA peryJsipHOCTh u306paxkenus F(z) B 06-
JIACTH, PACIIOJIOKEHHON MeK/Iy KpaifHuMu mapabosaMu.

)

Puc. 7: ITapabosndeckne KOHTYPBI

IIpeamonoxumM, ITO BCe 0cOObIe TOUKU N300parKeHusT PACIOIOKEHBI
B KOHEYHOM 9aCTH TIOJIYIIOCKOCTH Re 2 < 0, U He BCe OHM BEIIeCTBEHHDI.
OdeBuHO, IPU HEKOTOPOM (i BCE OHU MOLAIYT BHYTPb napabobl (9),
u Tem Gosee BHYTPDL mapabosnst z(u) = u((1 + d)? — u?) + 2ipu(1l + d)
upu jiobom d > 0. C pocrom d 3uamenaresnb apobu B dopmyse (6)
nist DE_ pacrer, Ho n uncimrens M_ Toxe Bospactaet. B pabore [71]
HOKA3aHO, YTO CYIIECTBYET ONTHUMAJIBHOE 3HAYEHUE Iapamerpa d, Ipu
KOTOPOM JIOCTUTACTCSA HAUJIYYIIas OIEHKA

DE_ = O(exp(—n?/(uth)* 4+ 27/h), h — 0.

Tam ke paccMOTpeH ciiydaii, KOrja BCE 0COObIe TOYKHU M300DaKEHUsT
pacnosoxensl Ha nonyocn u < 0. CjemoBaTesnbHo, HAMIYUIIEe 3HATE-
HUeE TIapaMeTpa ¢, IIPU KOTOPOM II0JIOCA PEryJIsiPHOCTH IIOJABIHTEIPAJIb-
Holt yukiwu B (10) Bymer camoii mupokoii, papHO exuHUIE. B Haem
[IPEJIIIOJIOKEHIH BETBU AapabOJIbl He CMBIKAIOTCS, M HAUOOJIbIIEE JIOILy-
CTHMOE 3Ha4YeHne ¢ yI0BJIeTBOpAeT HepaBeHCTBY 0 < ¢ < 1.
ITorpebyem coBmaganus xapakrepuctuk Besmana DE, DE_ TE:

O(| exp(2(un)t)|) = O(exp(ut(1 — uxy))) = O(exp(ut(1 — (AN)?))),
N — oo.
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[IpupasuuBanue nokazareseit Besimuna DE_, DE,, TE upusonut K
COOTHOIIIEHUIO

27 2 2m
= ——— 4+ = = put(1 — (hN)?
hCT T T pt (1 — (hN)%),
13 KOTOPOT'O HAXOIUM
b= (1+4c(c+1)) B ™ B ™ N
N » T Dtk T et ) /I Fdeler D)

(11)

HanomuuM, 9T0 9HCI0 ¢ 3/1eCh He pon3BosbHO. Hanpumep, B ciy-

qae f(t) = sin(wt) uzobpaxkenne F(z) = w/(2% + w?) umeer ocobbie

TOYKM Fiw, KOTOPBIE JIOJKHBI JIEKATH MEXKJLy TOYKAMH MEPECEUCHHsT

nmapabosnt z(u) = pu((1 — ¢)? — u?) + 2ipu(l — ¢) ¢ MEEMOI OChIO, T. €.

JIOJZKHO BBIIOJHATLCS HepaBeHcTBo 244(1—c¢)? > |w| nim pasrOCHIbHOE
eMy HEPaBEHCTBO

N> lwlt(c+1)\/1 +4c(c+ 1) (12)

(1 —¢)2 '

HOI‘peH_IHOCTI) METOJa B TaKOM CJIydae €CTb BeJIMInHa

2m 2mc
10) _zr =0 - N , N — 0.
(exp ( h C)) P 1+4c(c+1) >
(13)

SBameuanue 2. I3 ouenku (13) upu ¢ = 1 nosydaercs pe3ynbrar
cratbu [71].

Sameuanue 3. 3aBUCHMOCTD HOJLIHTEIPAJBHON (DYyHKIUA OT t B
dbopmyse (10) B coorBercTBHE ¢ BBIpazkeHueM Jyist £t B (11) reaukom
cocpeioToueHa B nzobpakenun F'(z), u pakTHUeCKU 03HAYAET yKa3aH-
HYIO BBIIIIE 3aMeHY [IEPEMEHHON BUJa 21 = zt, IPUBOMIAILYI0 HHTETPAJI
(10) x dopme (2). HarmoMHIM, 4TO 9KCIOHEHIUATBHBIN COMHOXKUTENb B
(10) mauunaer yGbIBATH, KAK TOJHKO MbI HOIAJAEM HA YyYACTKU JIM-
Huu uHTerpupoBanus (9), PaCHOJIOKEHHbIE B JIEBOH MOJIYILJIOCKOCTH,
YTO 3HAYUTEIBHO CHUZKAET OCHUJIIAIME IOJBIHTErPAJTLHON (DYyHKIMN
B (10). B 1o xe Bpemsi ciiefyer MOMHHTDH, YTO HA OCTABIIECS YacTH
KOHTYpa OH MOKET OBITh JOCTaTOYHO BEJMK, U9TO HOTpebyeT obecrede-
HUST COOTBETCTBYIONIEH TOYHOCTH MPOBEJICHUST BHIMACTCHWIA.

Sameuanue 4. Pazymeercs, B onenke (12) MOXKHO yCTpPEeMUTD ¢ K
eJIMHAIE B HAJEKE TOJYyIATH 0OJIee TOYHDINH PE3YJIbTAT, HO IPH STOM
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PE3KO BO3pacTeT JIONyCTUMasl HUXKHsIS I'paHuia ducia N B COOTBET-
cTBUH ¢ HepaBeHCTBOM (12), 4T0 MpuBeJeT Kak K BO3PACTAHUIO 00beMa
BBIYUCJIEHUH, TaK U K HEOOXOJUMOCTH YBEJIUYEHUs] TOYHOCTH BBIYUCIIE-
HUIL.

Bameuanue 5. B pabore [61] myst obpainenusi mpeobpasoBaHust
Jlamiaca ¢ 0COGEHHOCTSIMA Ha, OTPUIATEJBLHOMN T10Jyocu (B YaCTHOCTH,
[pY HAJUYUM B Hadaje KOODJIMHAT TOYKH BETBJIEHUS) IO CYIIECTBY
npejjiaraeTcsi 3aMeHa BEPTUKAJILHONW JIMHUU WHTErPUPOBAHUS Ha, TIPe-
nembiyio napabosy z(u) = pu((1—c¢)? —u?) +2ipu(l —c) npu ¢ = 1, aro
COOTBETCTBYET HAUXY/IIEMY BBIOOPY “IMUPUHBI TIOJIOCHI PETYASIPHOCTH
unTerpupyemoii dbyukuuu. Ilpasia, B [61] B pesysabrare nCXomHbIi KOM-
IJIEKCHBII MHTErpaJl CBOJUTCSI K HHTErPAJLy MO BEIeCTBEHHOM MOJIyocH
OT BEIIECTBEHHON (DYHKIMH, O TPUOINKEHHOM BBIYUCIEHUN KOTOPOTO
pedu BOBCE He UJIET.

30, Tunep6oaudeckuii KOHTYp. PaccMoTpuM KpuByio
z=p(l+sin(iw — @), w=u+iv, (14)

OLIPEJIE/IAEMYIO BEIIECTBEHHBIMU TTapaMerpaMu t, ¢ (> 0, 0 < a <

7/2).

IIpsimble w = u+ic npu orobpazkeruu (14) nepexonsaT B rumnepboJIbl

(k) ~(erg) =t smern 9

B kagecTBe IuHUM WHTErpUPOBAaHUS BO3bMEM JIEBYIO BETBb TMIIEPOOJIHI,
noay4varomeiica u3z (15) upu ¢ = 0. IIpu Bo3pacranuu ¢ BerBu ruep6o-
JIbL COJIMZKAIOTCS, U IPU ¢ = /2 — (v OHA [IEPEXOJUT B OTPULATEILHYIO
mosryoch. [1pu yObBaHuM ¢ THIIEPOOJIa PACIITUPSIETCS U TIPU ¢ = — OHA
[EPEXOJIUT B BEPTUKAJIBHYIO IpsMylo. B pabore [71], kak u jyis napa-
60IMIEeCKOT0 KOHTYPA, PACCMOTPEH CJIydail IPUHAJJIE?KHOCTH BCEX 0CO-
OBIX TOUYEK M300pakeHUs OTPUNIATEIBHON moayocu. B Takoi curyarun
HanOOJIBINAs MUPUHA [TOJOCHl PETYASPHOCTHA HOABIHTEIPDATHHON DYy HK-
muu B (10) JocTuraercs, ecsiu rpaHUANAM STO MOJOCHI COOTBETCTBYIOT
KpaifHue runep6oJsbl pu ¢ = 7/2 — a (OTpHUIATENBHAS MOTIYOCh) W
¢ = —« (BeprukanbHas npsimMasi) (em. [71]).

IIpu HaUIUU HEBEIECTBEHHBIX OCOOBIX TOYEK TDAHUIAM ITOJIOCHI
AHAJINTUIHOCTHA COOTBETCTBYIOT IBE THIEPOOJIBI: OJIHA IIPU HEKOTOPOM
c € (0,7/2—«) u gpyras nupu ¢ = —« (BepTUKajbHast npsimast). [losro-
psisl paccysKeHus: paboTel [71], B 9TOM ciydae mpueM K CJIeIyoIuM
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ACHMITOTUYECKUM BLIPAXKEHUSAM ONIMOOK:
DE, = O(exp(—2nc/h)), DE_ = O(exp(ut — 2wa/h)), h — 0.

TE = O(exp(pt(1 — sin(a) ch(hN)))), N — oc.

[TpupaBHAEM HOPSIKA ITUX BEJIUIUH:
—2mc/h = pt — 2ra/h = pt(l — sin(a) ch(hN)).
Orcrona nogydgaem

Ala) N 27(a — ¢) -1 @
5 Sk e ma CRL M (rer rrr) B

Jns cymecrsosanus A(q) M NOJOMKUTETHLHOCTH (1 HEOOXOJUMO U JI0-
CTATOYHO BBINOJHEHUS HEPABEHCTBA ¢ < . [lapaMeTpsl (v U ¢ JIOJKHBI
YZIOBJIETBOPSATH HepaseHCTBY 0 < ¢ < min{a,7/2 — a}. B wacrHocTnH,
pu « = /4 OHO 3aBEJIOMO BBITIOJHSIETCS, TaK KaK IIpU ¢ = 7 /4 coor-
BETCTBYIONMI KOHTYP TIPEBPAIaeTCs B OTPHUIATETHHYIO MOJTyOCh.

Hanpuwmep, B cirygae f(t) = sin(wt) nzobpaxkenne F(z) = w/ (22 +
w?) mMeer ocobble TOIKN +iw, KOTOPBIE JOJKHBI JTEKATh MEZKIy TOU-
KaMM [epecevenus Jiesoii BeTsr runep6osbl (15) ¢ MEUMOIT ocbIo, T. €.
JIOJIZKHO BBITIOJIHATLCS HEPaBeHCTBO f cos®(a+ ¢)/sin(a + ¢) > |w| nm
PABHOCHJILHOE €My HEePaBeHCTEO

N 27 (a — ¢ cos?(a + ¢)
t A(a) sin(a+c)

> |wl.

OueBuIHO, MJIst JIFOOBIX JIOIYCTUMbIX 3HAYEHUN (v M ¢ OHO BBIIIOJIHSAETCS
JUISE TOCTATOYHO OoJibImmx V.
Wrorosasi OrpeniHocTh METOJIA XapaKTepPU3yeTcsl BeJIMINHOMN

O(exp(—2mc/h)) = O(exp(—B(a)N)), B(a)=2mc/A(q).

IIpuwmep. Jdano nzobpazkenne mzobpazkenne F(z) = z/(2% + w?)
opururana f(t) = cos(wt). Ilyctb w = 2, ¢t = 5. Bosbmem ¢ = 0.3.
st napaBoamIecKoro KOHTypa B COOTBETCTBHU ¢ HepaBeHCTBOM (12)
monydaeM N = 14, u npub/mKkeHHOE 3HAUEHNE OTJINIAETCST OT TOIHOTO
ma 2 - 1077, [nsa runepbosmdeckoro KoHTypa BosbMmeM ¢ = 0.3, o = 1.
W3 pasencrs (16) Haxo UM HamMeHbIIee JOIIycTHMOe 3Hadenne N = 35,
I OTJIMYMe ITPUOJIIZKEHHOr0 3HAYEHNs] OT TOYHOTO cocTasyser 4 - 1077,
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Ihasa 8

OBPAIITEHUNE ITPEOBPA3SOBAHNA JIATIJIACA
HEKOTOPBIX CITEIINAJIbBHBIX ®YHKIIVNUN

1°. Breagenue. B § 1 1. 4 6bumr nocrpoenst OKOHCT, mpucro-
COBJIEHHBIE sl PEIIeHUs 3aa4 JUHEHHON HACIEICTBEHHOCTH (BA3KO-
YIIPYTOCTH), JJis KOTOPBIX XapaKTepHa JJIUTEJIbHOCTD IIPOIECCOB Jie-
dopManuu 1 UX OTHOCUTETHLHO MaJjias CKOPOCTh. B HacTosee BpeMs
BSI3BKOYIIPpYT'Hie MaTepUaJIbl IPUMEHSIOTCH B PA3JIMYHBIX OTPAC/ISIX TeX-
Huku. OTMETHM, YTO IIPOIECC CO3IAHUsI 3JIEMEHTOB KOHCTPYKIIUN U3
HUX HEOTIEeJUM OT IIPOIECCa CO3JaHUsl MaTepuaJia, U3 KOTOPOTO OHU
M3roTaBJUBAIOTCs. 1l09TOMY, MpeXK e BCEro, B CUJLy JOPOTOBU3HBI Ha-
TYPHOTO KCIIEPUMEHTA, BayKHYIO POJIb UI'PAIOT MATEMATHICCKIE MOJIE-
JIM HA3BAHHBIX IIPOIecCOB. Kak OBLIO OTMEUYEHO, BaXKHYIO POJIb UIPAET
BBIOOD sIJIpa ITOJI3YYECTH WK PEJIaKCAIlnU, N0O SIAPO JOJIZKHO allpUOPHO
VUYUTBIBATH ClienuduIecKrne 0COOEHHOCTH Iporiecca JiebOpMalliy, Ha-
npuMep, uckomasi (pyHKIUs JT0J>KHA OBITH HEITPpEPBIBHA, HO €€ IepBast
MIPOM3BOHAS Y¥Ke He MPUHAIIEKUT KJIACCy HEIPEPBIBHLIX (DYHKIINIA,
HO 06J1a/1a€T HEKOTOPOii [IPOU3BOIHON JAPOGHOIo nopsaka (Hampumep,
TaKOBOil dABJIsIeTCs UHTErpall oT aapa Pabornosa). Pakrudecku omnpe-
JeJisolee coorHorenne bosbimana—BosibTeppa

c(t) = % (a(t) + ﬁ/ot K(t —1)o(r) dr)

SIBJISIETCS YDABHEHUEM ¢ JpOGHBIME TTpou3BoaabMu [51]. B macrosmee
BpeMsl TEMATHUKA JPOOHBIX TPOM3BOAHBIX 3aHAI IIPOYHOE MECTO B OIIU-
CaHUuu pa3JII/IqH])IX HpI/IK.Ha‘JIHI)IX 3a/iav, B TOM YUCJIe, I MEXaHUKU Jie-
dbopmupyemoro TBeporo Tesa [68].

Nzobpazkenus no Jlammacy dyukiuun D, (t) u uaTerpasa or Hee
f(f 94 (7T)dT paBHBI, COOTBETCTBEHHO,

1 1
pt+1 p(p*+1)’

a=1+ a.

EcrectBennbiM 06001IeHIEM IPOOHO-9KCIIOHEHITHAIBHBIX (DYHKITHH
u sinep FaBpunbsika—Heramu [16] stBistrorest sijppa, n300payKeHnst KOTO-
PBIX UMEIOT BH]

-1

Nop(A,p) = C([(0"F + 8) + A] (1)
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B yacrHBIX cilydasx OTCIOZA MOJIydaeM IeJyl0 9KCIOHeHTY (o = A =
0, v = 1), ssmpo Abenst (f = A =0, v = 1), ssapo Paboruosa (A
0, v = 1), saapo Faspunbaka—Heramu (A = 0).

ITpuvenenne Muoromapamerpudeckux Gyukumit Ny g~ (A, p) mos-
BOJISIET CYIIECTBEHHO PACIIUPUTH 00JIACTH MPUMEHEHUsI COOTBETCTBYIO-
X UM HACJIEJICTBEHHBIX CJIA00 CHHTYJISIDHBIX sIjIep 3a cder GoJiee Toq-
HOT'O OIUCAHUS C UX IIOMOIIBIO SKCIEPUMEHTAJBHBIX JTaHHBIX. [[0CKOIIb-
Ky COCTaBJIEHHE TabJINIL TAKUX sIIep, AaHAJOTUIHBIX TaOIuIaM JIpodHO-
SKCIIOHEHITUAJIBHBIX (DYHKIINN, Hereiecoo0pa3sHo BBULY OOJIBIIOIO KO-
JIMYECTBA BXOJHBIX IAPAMETPOB, MPAKTUIECKOE UCIOJIHL30BAHUE ITHX
SITIEp JJIsT AllPOKCUMAITUN SKCIIEPUMEHTAJIbHBIX JIAHHBIX U IPHU Perre-
HHUHN KPaeBbIX 3a/lavd BA3KOYIPYI'OCTU BO3MOZKHO JIUIIbL IIPpU pa3pa6OT—
Ke JIOCTATOYHO TOYHBIX U 3(M@PEKTUBHBIX METOJOB BBIYUCJIEHUS] STUX
byHKIMIT U OIpene/isseMbIX UMH UCKOMBIX perneruii. Mbl ucxomum u3
TOrO, YTO AJPa 33JAI0TCH UX peobpasoBanusMu 1o Jlamiacy (310 je-
JIaeTCsl CPABHUTEJILHO MPOCTO, KAK IMOKA3BIBAIOT IPUBEJICHHBIE BBIIIE
IPUMEDBI), M ITO HAM U3BECTHBI 00pa3bl HCKOMBIX opurnHasios. Ha cie-
JIYIOIIEM IT1are BO3HUKAET 3a/1a4a OOPAIEHIsT — OIIPEIeJIeHIsT HCKOMOTO
OpUTHHAJA 10 ero m300pakeHuio. B 1aHHOi Ty1aBe paccMaTpUBAIOTCS
MeTO/IbI 0bparieHust IpeobpaszoBanus Jlamiaca B MPeIIOJ0KEHUT, YTO
3aziannoe u3obpaxkenue F'(p) uckomoii dbyHKIMu-opurutaia axkTude-
CKH 3aBUCHT OT p%, IJie ¢ — IPOU3BOJBHOE IMOJIOXKUTEIBHOE YNCIIO U3
unrepsaia (0,1) (B gacTHOCTH, N300parkeHNe MOKET UMETh MMEeT BUJL
(1)). B ciryuae a = 1 mosry9arorcst M3BeCTHBIE METOIBI [25], B IPOTMBHOM
cJIydae moJrydaeM HOBbIe (hOPMYIIbI, 0018 /1af01He OO0JIbIIEll TOTHOCTHIO
10 CPABHEHUIO C M3BECTHBIMU JIJTs OIIPEJIETIEHHOTO KJIACCa M300paskeHnit
U UMeIoIye DOJIBINoe MPHUKJIAHOe 3HadeHne. Pa3ymMeercs, jisi perire-
HUST 38/[a90 OOPAIEHIsT OPUTUHAJIOB PACCMATPUBAEMOI0 BUJIA MOXKHO
[IPUMEHSITh BCE paHee OIMCAHHBIE METO/IBI, Ha YeM HOJIPOOHEee MbI OCTa-
HaBJIMBATHC He OyJIeM.

20. JledpopMmanusa KOHTypa WHTerpHUpOBaHus. 300paskenue
Jlamnaca dyurmumn 9, () umeer TouKky BeTBieHus upu p = 0, a u306-
paXkeHue WHTerpaJjia OT Hee ellle W IMPOCTON IOJIIOC B TOM Ke TOYKe
[38]. Jusi ycrpaHeHNs] MHOTO3HAYHOCTH JOCTATOYHO BLIOPATH OJ(HY W3
BeTBell, YTO eJAeTCs CTAHIAPTHBIM 00PA30M: IPUBEICHHBIE BBIIIE IIPe-
obpasoBanus Jlammaca dyskiun I, (t) U uHTErpasa OT Hee He UMEIOT
ocobennocreil Ha KomiulekcHoil mwiockoctu C'\ R_ ¢ pa3pe3om BIOJIb
IIOJIYy IPAAMOM

R_={peC : Im(p) =0, Re(p) <0}.
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Hammm uzobpazkenus: F(p) dakrudaeckn 3apucsar ot p®, T.e. F(p) =
®1(p).
Beenem B paccmorpenue dyHKImIn

F(t) = @, (t" exp(Fiar)), t> 0.
Ouennno, F*(t) = F~(t) B cuIy BemecTBeHHOCTH OpUrHHATa. Boc-
[OJIb3YeMCsI IOy IeHHBIM B pabore [61] ciemyromum pe3ymbTaToM:

JlemmMa. IlycTh BBITOJTHEHDBI YCJIOBHST

(A) F(p) = o(1) npm |p| — oo, F(p) = o(|p|~") npm |p| — 0 pasmo-
MepHO B Jir0b6oM cekTope |argp| < —mn, m > n > 0;

(B) cymectByer € > 0 Takoe, 9To0 JJIst JTIOGOTO (p, YIOBIETBOPSIONTE-
o HEPABEHCTBY T — € < @ < T, CHPABEIJIHBBI COOTHOIICHHS

F(rexp(Lip))

P € Lu(Ry), |F(rep(Eig))| < alr),

e a(r) ze 3aBucut or ¢ u a(r) exp(—or) € Ly (R4 ams mo6oro 6 > 0.

Torzma -
F@) = L NF) (@) = = /0 ~*'m F~ (¢) dt. )

™

SBameuanue 1. YTBepKAeHHE JIEMMBI MMOJIYyIAETCS B PE3YJIbTATE
3aMeHbI JIMHIYM HHTEIPUPOBaHUs B (DOPMYyJie 0OpalleHnsT KOHTYPOM, CO-
CTOSAIIMM U3 HUXKHETO M BEPXHETO PAa3pPe30B, COEJIMHEHHBIX OKPYKHO-
CTBIO CKOJIb YT'OJHO MaJIOI'o pajuyca C LIeHTpoM B Touke p = (.

Iycrs F(p) =1/(p* + 1), Torma

1 t*sinma
m - = ,
t*exp(—ima) +1 1+ 2t%cosma + t2@

F(t)=1

TaK YTO BBIIOJIHEHBI BCE yCJIOBHs JIeMMbL u hopmyiia (2) maer

3 (r) = sinma /°° ot t* dt _
T Jo 1+ 2tecosma + t2¢
_ -1 sinma /OO 2% *dz 3)
T Jo 220+ 2z2%z%cosma + 2

IIpu  — 0 mocaeanuii mHTErpaJ B HpecTaBaeHuU (3) CTPEMHUTCS K
senmunre I'(1 —a), u ¢ yaerom dopmyinet I'(a)T'(1 — a) = 7/ sin wa nupn
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x — 0 u3 npejictapaenus (3) monydaem D, (2) ~ x4~ /T'(a), aro cosna-
JIAET C TIEPBBIM YWIEHOM PAJIa JIs APOOHO-3KCIIOHEHIMATBHO Dy HKIN
(dopmymna (3) . 4).

Iomozkum

z
ga(x) = /0 D, (1) dt.
N3zobpaxkenne 1ol QYHKIINNA PABHO
1
p(p* + 1)
Hnst vee He BhIIOMHsIeTCst ycoBue (A) Teopemsr 2 (mpu p — 0 Be-

smanHa, |G, (p)| cammkoMm GbICTPO BO3pacTaer).
Ipeacrasum G, (p) B BUzE

Ga(p) = (4)

1 p
Ga = - — 5
0=~ )
U TIOJIOKUM
pafl
a = . 6
Qulp) = (©)

O6o3uaunMm uepes ¢, () dyHruuo-opurunan ¢ uzobpazkenuem (6).
@opmyma (7) ozHauaer, uTo ¢, (z) = 1 — g4 ().

N3o6paxkenue (6) yIOBIETBOPSIET YCJIOBHUSIM TEOPEMBI 2, IJIsi HETO
HAXOIM

F(t) = Imt“*1 exp(—.z'w(a —-1)) _ t*lsinma .
t®exp(—ima) + 1 1+ 2te cosma + t2@
CrenoBarenbHO,
(z) sinma /°° ot to=tdt
Tr) = =
a T Jo 1+ 2t® cos ma + t2@

LSinma [ 227 le™%dz
=z .
7 Jo 22+ 2z%°cosma + x2®

(7)
W3 onpenernenns (4) cieayer paBeHCTBO
94(0) = lim pGa(p) =0,
p—ro0

nosromy HeobxouMo ¢, (0) = 1. IlogcraBus x = 0 B nepBblii UHTErpaJ
B pejcrasiennn (7) U cresaB 3aMeHy t* = z, IpujeM K TabIMIHOMY
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JIETKO BBIYUCJISEMOMY MHTErpajly U TaKUM 00pa3oM yOeIuMcs B CIpa-
BeJJIMBOCTH paBeHcTBa ¢, (0) = 1 upu Beex a > 0.

Urak, nammu 3aga4m obpainenus npeodbpasoBanus Jlamiaca cBeJuch
K BBIYUCJICHUIO HHTETPAJIOB

: [ee] a 7zd
V() = 2! 51n7m/0 2% *dz (8)

z2a 4 2zagacosa + x2¢’

v
4a(z) = 27 sinmta [ 2% le=% dz )
o(z) = .
7 Jo 2%¢+2z%%coswa + x2@

Jl1g uX NpUOJUKEHHOTO BBIYHMC/ICHAS] MOYKHO NPUMEHHTDH KBapa-
TypHble dopmynsl Tuna Layeca [33] ¢ Becom Jlareppa z% ™ * juist mep-
BOTO MHTErpaJia u ¢ BecoM 2%~ te ™% s Broporo muTerpasa. OHAKO C
YMEHBIIEHUEM @ TOYHOCTH (POPMYJI OyIeT YMEHBIIATHCH.

IMosTomy Jyisi pUGJIMZKEHHOrO BbhlYmcjIeHnst uHTerpasios (8) u (9)

TOCTpONM ODODITEHHBIE KBAIPATYPHBIE (DOPMYJIBI BUIA

| e @ den Y apa), 5> -1 (10)
0 k=1
rounble Jyisd Gyakuuit f(z) = 2", m=0,1...,2n— 1.

Teopewma 1. s Toro uro6sr popmyiia (10) 6bLia Touna s yHK-
quii f(z) = 2", m = 0,1...,2n — 1, HEOOXOQUMO H JOCTATOYHO
BBUIOJIHEHUS ABYX YCJIOBHIL:

1) ¢popmysa (10) uHTEpHOIAIIOHHASL;

2) mocrpoensblit 1o y3iaam gopmyisl (10) MmHOroOYIEH

wa(z) =] (== 2 (11)

k=1

V/IOBJIETBOPSIET YCJIOBUSIM
o0
/ Pe 0, (2429 dz =0, m=0,1,...,n—1. (12)
0

,H O0Ka3aTeJbCTBO ITOM TeoOpeMbI ITPOBOIUTCA TOYHO TaK 2Ke, KaK

B ciryuae Kiaaccuiaecknx dopmys tana Laycea [33], u mbr He Gymem ero
3/1eChb [TOBTOPSITh.

IMokaxkem, uro muorowien (11), yaosiersopsiioniuii ycsosusim (12),
CYIIECTBYET U ONPEJIENISIeTC OTHO3HAYHO.

175



IMocsie 3ameHbl iepeMeHHOl 2% = x ycsosus (12) mpuHEMAOT BUJ

o0
/ g PtV aL exp(—at/ Y w, (z) 2™ dz =0, m=0,1,...,n— 1.
0
Oyukups w(z) = zPtD/e=Lexp(—x1/%) obnamaer cpoiicrBamu Beca
Ha nosryocu (0,00), nockoabKy (8 + 1)/a > 0, ciemoBaTesbHO, UCKO-
MBIl MHOTOWIEH CYIIeCTBYeT U €IHHCTBEH, & ero KOPHH, T.e. 2, k =
1,2,...,n, IOIApHO PA3JIMIHBI U MTOJIOXKUTEIbHBL. Bee K0adduimenTs
dopMyIIBI TTOIOKUTEIbHBI. MTak, KBampaTypHas dpopmyaa Tuma [aycca
suza (10) cymecrsyer.

OrnumreM crocod BBIYKC/IEHUs Y3JI0B U KO(DDUIMEHTOB (DOPMYJIbI
(10).

Byznem uckars muorowieH (11) B Buje
wWa(2) = 2" +b12" o 4 by

¢ HemsBecTHBIME Kodbdunnentamu by. Yeaosus (12) npusomsT K cu-
cTeMe JIMHEHBIX aJirebpandecKuX ypaBHEHUH

> T(B+(k+n—ja+1)b; = T (B+(k+n)a+1), k=0,1,...,n—1L

j=1

Ee pemienne cymecTByer u eIMHCTBEHHO, KaK ITOKa3aHO Bhire. Jlajee
HAaXOIUM KOPHH ypaBHeHUs wy,(z) = 0, T.e. uncna 2z, k =1,2,...,n.
Kosdbdunuentsr dopmysst (10) onpeesisem u3 cucreMbl ypaBHEHUN

Y AT =TB+(G-Dat1), j=1,2...,n
k=1

V3l u koaddunuentsr dbopmysibt (10) BermecTBeHHbI.
Bameuanue 2. g obpamenus npeobpazosanuii Buga (1) ¢ ycme-
xoM MoxkHO npuMenaTh OKOHCT, nocrpoennsie B 1. 4.

39. MeTon, obpaienusi nmpeobpasosanus Jlamiaca ¢ IIoMo-
IIBI0O PA3JIO’KEHUsI OPUTMHAJIA B OOOOIIleHHbIE CTENIEHHbIE Ps-
apl. Jlyiss 6onbImux 3HAYMEHUH apryMEHTOB IeJeCO0OPa3HO HCIIOIb30-
BaTh JIPYTOil MOJX0/ K BBIYUCJIEHUIO, KOTOPBIl OCHOBAaH Ha CJIeIyoeit
reopeme (cM. [15]):

Teopema 2. Ilycrs

o+iw
£ = Jim oo [ ),

w00 278 J oo
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npuyem ¢yuaknus F(p) yaosaersopsier yciousim Jiemmbr 2Kopaana,
HMeeT KOHEYHOE YHCJIO OCOOBIX TOYEK H BCE 0COOBIE TOYKH SIBJISTFOTCST
IIOJTFOCAMH HJIH TOYKAMHU BETBJIEHHUSI, © B OKPECTHOCTSIX OCOOBIX TOYEK
p = po ¢ Haubosbinell BemjecTBerHoH acrbio Gyukuus F(p) pasiara-
€TCsT B PSUTbI BHJTA

Zcu(po)(p—po))‘”, —0 <A< M < ... <A <.,
v=0

lim, soo Ap = 00 # |p — pol| < lg, 3a€Ch ¢, U A\, 3aBucsT or py. Torza
)
¢yuknus f(t) pasmaraercs B aCHMITOTHYCCKUE DIl

£~ pot cv(po) —r—1
() %}e 2T :

ey po O3HATAET CYMMHDOBAHHE II0 BCEM 0COOBIM TOYKAM Py .

Ilpumeganune. Ecin A\, = n — 1eioe HeOTPHUIIATETHHOE THCIIO,

10 1/T(=\) = 0.

B cityuae qpobHBIX 9KCIIOHEHT M300parKEeHUsI TAKOBBI:

# — 1 _ p _ 1 _pa—l i(_l)npan
plp*+1) p p*+1 p ~ ’

rie a = 1 + a. Ilpumenss onmucaHHyIo BbIIIE TeOpeMy, HOoayduM (hop-
MyJIBL JJIst BbIancsennst dbyukuuit Fy (), Fo(x) :

n=0
t
1 & (—1)" 1
Fy(x) = prom /Sa(T)dT =l-- Z Tl—a—an)z"
0 n=0
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Pacemorpum sipo Taspmibsika—Heramu GN (¢, a,b, ¢, d), nsobpa-
JKEeHUEe KOTOPOT'O PaBHO

o 1
“PGN(t,a,b,c,d)dt = F(p,a,b,c,d) = —————.
/Oe (t,a,b,c,d) (p,a,b,c,d) b

Orcrona, B wacTtHOCTH, 1ipu ¢ = 1 mostydaercs sapo PaborHosa.
s snpa laBpriibgka—HeraMu mosmyanM citeryroniee pa3iozKeHue:

b a
(" +bc+d ZW’ bc+d N CEY

(e — 1)/2(b° + d)b2 (59)22)(b° + d)2b?
+ b +d P

F(p,a,b,c,d) =

13 KOTOPOro IO Teopeme 1 IOIydaeM aCHMIITOTHYECKOE Da3JIOXKeHUe
pu OOJIBITIUX t:

— Yk
GN(t,a,b,C,d) = ZW
k=1

st BeIamCIeHNsT Tpu O0IbIMHIX ¢ QYHKITAN
t

/ GN(z,a,b,c,d)dz,
0

umeroreli nzobpaxkenne F(p,a,b, c,d)/p, anamornano nosydaem dhop-
MyJLy

; oo
Tk
/ GN(x,a,b,c,d)dr =) [(1 — ak)teF”
0 k=0

Sameuanue 3. Jpyroii momxo/ K 3aja4ue oOpallieHrsi HHTEPAJIb-
HBIX IIPeo0pa30BaHuil, OCHOBAHHDINA Ha ACUMITOTHYECKHAX METOIAX, CO-
zepzxurcd B pabore [4].

Bameuanue 4. B kaure [1] oqHa U3 171aB HOCBSIIEHA BEIYUCICHUIO
CUHI'YJIIPHBIX S7ep, B TOM 4ucjie sapa PaborHosa.
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